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1 Introduction 

Let O be a bounded domain in町 (n2: 3) with smooth boundaryぬ． Weconsider the 
following doubly nonlinear degenerate and singular parabolic equation, called p-Sobolev 

flow, 

(1.1) 
｛瓢!q:[〗＼u1v-2▽u) ＝入(t)uq
U=  Uo 

in fl00 := fl X (0, oo) 
fort：：：：：〇
on a出OO :＝叩 X (0, oo) 

where p > l, p Sq+ l Sp* with p* :=ユ~ if 1 < p < n and any fi 
n-p 

< n and any finite positive number 
if p :::,. n, u = u(x, t) is a nonnegative function defined for (x, t) E n(X)9 ▽a=  8/8xa, 

a=  1,...,m,如＝ （▽叫 isthe spatial gradient of a function u, I▽叩＝江翌＝1（▽孔）2

and {J四 isthe derivative on time t. The initial and boundary data u0 = u0(x) is in the 

Sobolev space W。国）， nonnegativeand lluollqH = 1. By multiplying the equation by u 
and integration by parts on space, 

羞土llu(t)|| ：打＋ 1| ▽u(t)II~ ＝入（t)llu(t)ll~t} ⇒ 入（t) = I| • u(t)II~, 

where llfllP is the LP(n)-norm of a function f, E(u) := II • ull~/p is the p-energy of a 
function u. The system above describes the negative directed gradient flow in the con-

strained extremal problem for the p-energy. The corresponding Euler-Lagrange equation 

is given as the p-Laplace type equation, which has only trivial solution if the domain n 

is star-shaped with the origin. It is proved by a Pohozaev type identity and Hopf's maxi-
mum principle, which are available for regularized p-Laplace equation (see [M. Guedda, 

L. Veron: Nonlinear Anal. 13 (1989) 879-902]). Thus, a solution of the evolution equation 

may have concentration points of volume, local (q + l)-powered integral, at infinite time, 

by the volume conservation llu(t) llq+l = 1. Our main purpose is to study such asymptotic 

behavior of a solution to the evolution equation above. In this paper we shall report on 
some results recently obtained. 

The first result is the global existence a weak solution of (1.1) and its regularity (see 

[T. Kuusi, M. Misawa, K. Nakamura: J. Goem. Anal. 30 (2020) 1918-1964; J. Differential 
Equation 279 (2021) 245-281]). 

Theorem 1 (A global existence and regularity) Let p > l and p S q + l Sp*. Suppose 
that uo belongs to W炉(n),is nonnegative, bounded, lluoll(X) ＜ oo, and lluollq+l = 1. 
Then, there exists a global weak solution u EC  ([O, oo); Lq+l(D)) n L(X)(0, oo; w;化(n))of 
the Cauchy-Dirichlet problem (1.1}, satisfying the energy inequalities 

(1.2) 

(1.3) 

lu(t)llq+i = 1, w:::: o, 
如門恥ぃ＋ supE(u(t)）'.'o'. E(uo). 

O<t<oo 

(*） RIMS共同研究（公開型）「関数空間論とその周辺」での発表概要．この研究は部分的に中村謙太氏（熊
大数理センタ）， TuomoKuusi氏(Universityof Helsinki)との共同研究による．また，準備中の論文の抜粋で
ある．
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Moreover, the solution u is positive and bounded, 0 < u(t,x)::; ePE(uo)t/qlluoll(X)for any 

(t,x)E!J(X)，and u and its spatial gradient▽u are locally in time-space continuous in n(X)・

The boundedness and non-negativity of a solution is proved by a comparison type ar-

gument (see [Propositions 3.4, 3.5 and Lemma 3.6, J. Goem. Anal. 30 (2020)]). An 

expansion of positivity of a solution is derived by some De Giorgi's truncated local energy 

estimates and De Giorgi's Sobolev type inequalities with the truncation (see [Sect. 4, J. 
Goem. Anal. 30 (2020)], [Theorem 5.2, p. 258, Propositions 5.4 and 5.4, p.259, Appendix 

A, J. Differential Equation 279 (2021)]), those are reminiscent of the weak type estimate 
in LP estimates. These local estimates are performed under a scaling setting intrinsic to 

the doubly nonlinear parabolic operator which is the principal term of our equation. The 

existence of a weak solution is based on that of the doubly nonlinear equation only with 

principal part (see [J. Geom. Anal. 33 (2023), no. 33]) and a special scaling transfor-
mation (see [Proposition 4.1, p. 255, J. Differential Equation 279 (2021)] and refer to 
[M. Misawa, N. Nakamura: Adv. Calc. Var. (2021)]), yielding a solution satisfying the 

conservation of volume llu(t) llq+l = 1, t ?: 0. 

We are interested in studying the asymptotic behavior around infinite time of the global 

solution to (1.1) obtained in Theorem 1. There may exist two possibilities about the 

behavior: The global solution of (1.1) strongly converges to a limit function in Wi;'%(O) 

along a time-sequence increasingly tending to oo. Otherwise, the global solution only 

weakly does so. The limit function is naturally a weak solution of the stationary equation 

corresponding to (1.l)i. In the case of the weak convergence there may appear the so-called 

energy and volume gap at infinite time, which leads to energy and volume concentration. 

We study a concentration phenomenon of the weakly convergent solutions to (1.1). 

We shall state the following results, the asymptotic behavior of the global solution of (1.1), 

obtained in Theroem 1. The first one characterizes concentration at infinity time, controls 

the global solution of (1.1) for large time and leads to deriving the asymptotic convergence 

to a limit function which is a stationary solution corresponding to (1.1). 

Theorem 2 (c-strong compactness) Let翌 <p< n and q + 1 = p*. Let { tk}, tk /'oo 
ask→oo. There exist subsequence { tk} (non-relabelled), a positive number Eo > 0 and at 
most finite points { x1,..., x N} c n, 0 < N < oo, such that there holds for any positive 
number r::; 1 and all i = 1,..., N, 

(1.4) 
1 t; 

”f石／ llu(t)ll£q+1(B(x,,r))dt 2 co 
tk-rP 

and the sequence { u(tk)} is strongly convergent in the Sobolev space W1,P on any compact 

subset ofO¥ {x1,...,砂｝．

The following result yields the asymptotic profile at a concetration point of the global 

soluton of (1.1). 

Theorem 3 (Volume and energy concentration) Let幽
n+2 < p < n and q + 1 = p*. Let 

｛杜｝， tk/'oo and｛叫， rk'¥tO as k→oo. There exist subsequences {tk},｛叫 (non-
relabelled), a sequence Lk /'oo as k→oo and, a positive number Eo > 0 and at most 
finite points {x1,---,XN} C n, 0 < N く oo,such that the followings hold for each x':= 
each Xi, i = 1,..., N, 

li,m)nf llu(tk) 11Lq+1(B(x'心）） 2:so; 
k/b3 
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叫(x) ：＝い（が＋L~ユX,tk) 
→ w strongly and locally in w1,P n Lq+l(JR門(k→oo),

where w is a positive and bounded weak solution of -div(I▽wlp-2▽w)＝極wqin IRn with 

a positive constant極， andw and its gradient▽w are locally continuous in IR匹

To explain the meaning of Theorems 2 and 3 we recall some results on the asymptotic 

convergence of the Palais-Smale like sequence. In the Laplacian case (p=2) we have the 

global compactness result established by Struwe ([M. Struwe: Math. Z 187 (1984) 511-

517). The result was extended to the p-Laplacian case for 1 < p < n (see [C. Mercuri, 

M. Willem: Discrete Contin. Dyn. Syst. A 28 (2010) 469-493; N. Santier: Cale. Var. 

25 (2006) 299-331; A. Farina, C. Mercuri, M. Willem: Cale. Var. 58:153 (2019)]). 

Based on Theorems 2 and 3, we can establish the so-called energy and volume equalities, 
which completely characterize the asymptotic behavior as infinity-time of the nonnegative 

solutions to (1.1). See [Proposition 2.1, p. 513, Math. Z 187 (1984)], [Lemma 3.4, p.72, 
H. Schwetlick, M. Struwe, J. reine angew. Math. 563 (2003)] for the case p = 2, [Theorem 
1.2, pp. 471-472, Discrete Contin. Dyn. Syst. A 28 (2010)] for the casel < p < n. We 
shall present the result elsewhere in the near future. 

The limit function w at time-infinity in Theorem 3 is given as the extremal function 

attaining the best constant in the Sobolev inequality, called Talenti function. Refer to 

[G. Talenti: Ann. Mat. Pura Appl. (4) 110 (1976) 353-372] for the Laplacian case, 
[B. Sciunzi: Adv. Math. 291 (2016) 12 -23; L. Damascelli, S. Merchan, L. Montoro, B. 

Sciumzi: Adv. Math. 256 (2014) 313-335; J. Vetois: J. Differential Equations 260 (1) 
(2016) 149-161] for the p-Laplacian case. In Theorem 2, any boundary concentration does 
not appear because the limit function is a positive stationary solution with zero Dirichlet 

boundary condition in the half space IR+, which, however should be trivial (see [Theorem 

1.1, pp. 470-471, Discrete Contin. Dyn. Syst. A 28 (2010)]), where the strong maximum 

principle is used (refer to [J. L. Vazquez: Appl. Math. Optim. 12 (1984) 191-202). Thus, 
the concentration points are in the interior of the domain !1. 

2 Lemmata 

We present the local boundedness available for a nonnegative weak solution to (1.1), 

obtained in Theorem 1. This is the key estimation for showing the volume concentration 

at the limit as time tends to oo of a solution of (1.1). 

Lemma 4 (Local boundedness) Let牟 <p< n and q + 1 = p*. Suppose that u a n+2 
nonnegative weak solution to (1.1), obtained in Theorem 1. Let ro be a positive number 

satisfying roE(uo)::; 1 and Q(ro)三 B(xo, ro) x (t。— (ro)P, to) C 000. Put"(= 瓜

There exists a positive constantふ＝応(n,p, q) ::; 1 such that the following holds true: For 
any positive number J。こ 6。,thereexist a positive number ko such that 

(2.1) k。こず鸞, 1 ＝心（瑶：味。＋古[:;：: dxdt)1/T' 

where Q(k。,ro)三 B(xo, k6p-(q+l))/pr0) x (t。— rf;, t0), and there holds 

(2.2) u(xo, to)~ 4k。•
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The proof of Lemma 4 is based on De Giorgi's type local energy estimates for truncated 

solutions, of which the detail will be appeared in a fothcoming paper. Here we shall 

show how to determine the local boundedness constant, of which the way is intrinsic to a 

solution and may be of its own interest. We emph邸 izethat the equation (2.1) corresponds 

to (2.3) in the following proposition. 

Proposition 5 (Intrinsic local boundedness) Let ro > 0 and Oo E (0, 1). Let Q(ro) = 
B (xo, ro) x (to -(ro)丸to)c 000. Put f3 = 瓜瓜n and 1 = ~ (so that f3十,=q+l=
p*). Then there is a unique positive real number ko such that if u E Lq+l (Q(ro)) and 

u ~ 0, then there is a unique solution ko, k。2rりn-poり',to the equation 

(2.3) K。=i (KrG;1++pTQ:k/ro) ：U勺心dt) ， 1/7 

where Q(k。,ro)= B (xo, kt-(q+l))/pro) x (to -(ro)P, to). Moreover, the root satisfies k。三
k(u, roふo)/'oo as ro ¥,, 0 or,5。¥0.
Proof. Since 

f ~記 dxdt= ~。
-/3＋号(q+1-p)

/3 
Q(k~,ro) k。

嬬門B(0,1)| J u/3十"Idxdt 
Q(ko,ro) 

and n n n-P 
-/3 +.:..::(q + 1 -p) = 1 -q -1 +.:..::(q + 1) -n = 1 + ~(q + 1) -n = 1, 
p p p 

we have that 

(Kri;1+＋p'YQ:k[ro) ：かdxdt)1/'Y 

(2.4) = K。(喘二［心+|B(｝，1) Q(K!ro) Uq+1 dxdtl)1/'Y 

The function 

K。→h(ko)， h(ko) ＝ r;+p [i + |B(］, 1)|Q(k[ro) Uq+1 dxdtl, 
is continuous and strictly decreasing function of ko and h(ko)↓0 as ko↑oo for any given 
ro > 0. Moreover h(rりn-p)?: 1. Therefore there must be a unique k0 > r0n-p such that 

h（島）＝碍．

It is easy to see that this root converges to infinity as ro or O。tendsto zero. This proves 
the claim. ロ

By the use of Lemma 4 we show the uniform local boundedness for solutions of (1.1). 
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Lemma 6 (Uniform boundedness) Let血 <p< n and q + l = p*. Suppose that u a n+2 
nonnegative weak solution to (1.1), obtained in Theorem 1. Suppose that, for some positive 

numbrs Eo, ro :::; 1 and Q(ro) = B(xo, ro) x (to -rg, to) C n00, 

(2.5) 
1 t。
碍Jllul1Lq+1(B(x0,r0)) :';'. Eo-
to―咄

Then there holds, for positive numbers rb = rb(ro, co), C = C(ro, co) and Q(rb) = 

B(xo, rb) x (to -(rb)P, to), 

(2.6) sup lul'.'::'. C. 
(x,t)EQ(rも）

Proof. Let (x0, t0) E Q(ro/2) be an arbitrarily taken and fixed. We shall employ 

Lemma 4 for the proof, where ro and (xo, to) are replaced by ro/2 and (x0, t0), respectively. 

Clearly, Q'(r0/2)二 B(x0,ro/2) x (t0 -(ro/2)P, t0) is contained in Q(ro). Letko be chosen 
n(p-(q+ 1)) np 

as in (2.1) ofLemma 4. From ~ = -~ = -(q + 1) and (2.5), it follows that, 
P n-p 

letting Q'(k。,ro/2)= B (x~, kt-(q+l))/p(ro/2)) x (t~ 一 (ro/2)丸 t~)'

1 J □ 2n+p 
kg+1 
dxdt = 

心(ko,ro/2)1 
Q'(ko,ro/2) 

r戸 B(1)|J 
Q(ro) 

(2.7) uq+l dxdt < 
2n+pEo 

~ r0IB(l)I' 

where we note that k。2::lbyo。::;1 and ro ::; 1. Choosing kも2".ko so large that 

(2.8) 1 ：：：：：上（ 1 ＋ 2n十PCo)< 2n十p+1Co
6。嗜＋喝喘 B(l)I ―吋r~l2B(l)I'

we obtain from (2.2) in Lemma 4 that 

(2.9) u(xb, tb) :S: 4kb for any （エも， t~) E Q(ro/2). 

Here we notice the dependence of k0, k0 = kも(ro,8。,r::0,n,p),and thus, the assertion (2.6) 
follows from (2.9), letting rb = (k! 

P-(q+1) 
, letting r。=（K。)v-"-(ro/2)（さro/2)．ロ

Proof of Theorem 2. First we notice that the conditions迦ー <p< n and q+l , n+2 =p, 
imply that q 2: 1. Let u be nonnegative weak solution to (1.1), obtained in Theorem 1. 
We shall show the following: There exists a sequence of times｛叫，冗 /'ooask→OO 
such that the sequence of solutions { u（叫｝ convergesto a weak solution of the stationary 
equation corresponding to (1.1). 

First we take a subsequence { t%} of { tD such that tい— t% 2: 1 for all k = l,... and 

t%/'ooask→oo. Write邸 I(k)=（烙， tい）， k= l,.... Now we prove that there exists 
a sequence { Tk} such that Tk E Ik, k = l,..., Tk /'oo邸 k→oo and 

(2.10) k豆J亨（Tk)Idx=O. 
Q 

Indeed, by (1.3) in Theorem 1 there holds 

°° 1 
00 

trhf !如~12 dxdt：：：：：！！い叫 dxdt< oo 
k=1IKo o o 
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where we use that the length I.Z:叶ofIk is larger than 1 by the choice oft%. From the 
mean-value theorem, for each k = l,... there exists a number Tk E h such that, as 
K →oo, 

J如臼） 2 dx <上jf latu~l2 
II叶

8tu2I dxdt→0. 
Q Ik Q 

For q 2: 1 the chain rule of weak differential enables us to compute as 

(2.11) at炉＝
2q 戸ヰ
u 2 8tu 2 

q+l 
， 

2q 
since the function zo+I is locally Lipschitz on z E [O,oo). The fact above and the Holder 

inequality yield the estimation 

J亨 (Tk)|dx< 2q - q+ l lluデ (nlll2ll8t占 (rk)ll2
Q 

< 
2q 
|0|出 与

q+l 
sup. llu(t) 11:fi 118四デは）112
tE(O,(X)） 

さ lluoll:fi加庁(rk)ll2一0
ask→oo, which gives (2.10). 
Next we claim that the integral equation 

(2.12) /叫（→＋ |向|p-2▽正）．▽¢-（入研）は）¢)dx = 0 

Q 

holds true for any ¢ E Cfr° (0). 

Let O < c:, h ":,t O and define a cut-off function on time枷＝叫t)such that 1/h is Lipschitz 
on JR,枷＝ 1in [Tk -c: + h, Tk + c: -h],枷＝ 0in JR¥ (Tk -c:, Tk + c:) and 18川hi::; 1/h in 
JR. Then, we use the test function吻/hin the weak form of (1.l)i. Noting the integrability 
of each term appearing in the resulting equality, by the Lebesgue convergence theorem we 

pass to the limit as h ":,t O and have 

Tk+c 
Tk[ {［仇uqcp+ IVulp-2▽U・▽¢-（入研）の） dx}dt=O

and then, dividing the both side of the above equation by 2c, from the Lebesgue's differ-

enrtial theorem available for integrable functions we can take the limit as c ",, 0 in the 

resulting equation to obtain the claim (2.12). 

From (1.2) and (1.3) in Theorem 1 we see that the sequence { u（叫｝ isbounded in 
W1,P(f!) and thus, by the compactness of Sobolev empbedding into the Lebesgue space 

we have a (non-relabeled) subsequence｛叫， thelimit function w E w;討(r!)and a finite 
number入00such that, as k→ oo, 

u(Tk)→ W weakly in W1,P(!1), 
u(Tk)→ w strongly in U(!1), Vr E [1,p*), and almost everywhere !1, 

(2.13) 入(Tk)→入oo,

where we use Mazur's theorem verifying that the closed subspace w;炉(f!)of W1,P(f!) is 
weakly closed in w1,P(f!). 
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We also have the following strong convergence of gradients: There exists a (non-relabeled) 

subsequence { u（叫 suchthat 

(2.14) Du(Tk)---+Dw strongly in Lr(D), ¥/r E [1,p), 

of which the proof is referred in [Lemma 5.3, p. 19, Appendix E, p. 43, M. Misawa, K. 

Nakamura, Md Abu Hanif Sarkar: Nonlinear Differ. Eqn. Appl. (2023) 30 :43]. 

By means of the convergences (2.10), (2.13) and (2.14) we have the identity holding true 

for any¢ E C00(n) 

(2.15) j (I▽wlp-2▽W・ ▽¢ー心wqq;)dx = 0. 
Q 

Further we can verify that the sequence { u（冗）｝ stronglyconverges to the limit w in 
W1,P (0 ¥ N) for some set of finitely many points N = { x1,..., x N}. In fact we shall 
demonstrate the convergence 

(2.16) Du(Tk)→ Dw strongly in Lに(!1¥ N). 

For the proof we shall employ the local boundedness of the solution to (1.1). 

Fix xo E !J and assume that for some positive ro :::; 1 there holds 

1 tk 

li攣 f可jllu(t)||ぃ＋1(B(xo,ro)）く co.
tK-r[ 

Then we choose a subsequence { tD of { tk} such that 

(2.17) 
1 tfa 
可jllu(t)I応（B(xo,ro)) di S Eo, 
tん一嗜

Applying Lemma 6 with (2.17), we have positive numbers Tb = rb(ro, Eo), C = C(ro, Eo) 
and Q(ro; xo, tk)三 B(xo,rb) x (tk -(rb)P, tU, 

(2.18) sup lul ~ C, 
Q(ro;xo,tい

yields the uniform on t~ boundedness of the solutions { u in Q(ro; xo, tU }, k = 1,.... 
Next we shall show the validity of the following convergences as k→oo: 

(2.19) 

(2.20) 

J知（叫(u(rk)-w) dx→ 0, 
11 / (uq(rk)-wり（U（叫— w) dx---+0. 
B(xo,rb/2) 

Noting (2.11) again we estimate as 

J如 (Tk)llu(Tk)-wl dx 
Q 

(2.21) 

< 2q J/（在）1(げ（在）＋占(Tk)lw|）心
q+l ， 
< 2q |8叶（（デ q-1
q+l 

Tk)ll2 (11u(Tk)ll:fi + llu(Tk)ll~+illwllq+l), 
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where the Holder inequality is used in the second inequality with qミ 1. Thus, the 
convergence (2.19) folows from (2.10). 

For the proof of (2.20) we note the strong integral convergence as 

(2.22) u(Tk)→ w strongly inじ (B(xo,rb))for any finite 12 1, 

wichi is verified by the use of the convergence (2.13) and the uniform boundedness (2.18). 
By the Holder inequality we simply estimate and take the limit as k→oo in the resulting 
inequality as 

j lu臼）ーwqllu（叫ー叫 dx ::; J (lu(冗)|q+ lwlq) lu(冗)-wl dx 
B(xo,rb) B(xo，玲）

::; (llu(Tk) 11~+1 + llwlい)| u（叫ーwllLq+l(B(xo,rb))--+0,
where the convergence (2.22) is used in the last line. The validity of (2.20) is shown. 

Here we recall the algebraic inequalities as follows: There holds for any vectors P, Q E 
IRn that 

(IPlp-2 p -IQIP-2Q) ・ (P -Q)：：：： C1 (IPI + IQll-2 IP -Ql2' 

(2.23) I IPlp-2 p -IQIP-2QI'.S'.ら (IPI+ IQlr2 IP -QI. 

Now we subtract (2.15) from (2.12) and use the test functionが（u（叫ーw)in the resulting 

eq叫 ion,where the function rJ = rJ(x) is Lipschitz on IRn such that T/ = 1 in B(xo,rb/2), 
rJ = 0 outside B(xo, rb) and|▽TJI ::; 2/rb. By the use of (2.23) we have, if p > 2, 

C'J'I)2団（叫―▽wlp

B(xo，怜）

'.S'. c j I▽祖(|▽u(冗)|＋ |匹|）p-2位（m-叶 dx
B(xo，怜）

- J'I)2如（冗） （u（叫ーw)dx十入00 J が（研（叫ーwり（u（叫ーw)dx 

B(xo，怜） B(xo,rb)

(2.24) +（入（叫ーぃ J 心（叫(u(Tk)-w) dx 

B(xo,rb) 

一0 ask→oo, 
where we use the convergences (2.19), (2.20) and (2.13)3. 

If 1 < p < 2 we use (2.23) to have the ineq叫 ity

J'I)2団（叫―▽wlp

B(xo,rb) 

~ I ¥ ~ 

S (J,S),,'(IVn(,;)I + IVwlY,-'IVu(,;) -Vwl'dx) < (Xo Tし）が(|▽u(T>)I+|匹|）P-2団（叫―▽叫2dx) ［]Ti)'I)2図（在）I+IVwl)'dx) 
三C(J'I)2 (I▽五）1P-2向（叫― |Vw|P-2▽w)．（▽u(m-Vw) dx 

!3(xo,rb) 

xし［吋）が(|▽u(Tk)|＋ 1▽w)p dx) 

デ）g
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At this stage we evaluate the last term in the above inequality. The integral term in the 

1st brace is equal to the same as 3rd one in (2.24) and the integral term in the 2nd brace 

is bounded by (1.3) in Theorem 1. Thus, from the same resoning as (2.24) this last term 

converges to O as k→ (X)． 
Therefore we have that▽u(Tk) converges to▽w strongly inび (B(xo,rb/2)) as k→ 
oo. The convergence (2.16) follows from by a usual covering argument with the strong 
convergence of gradients above. 

The finiteness of concetration points Nin (1.4) is verfied as follows: We compute as 

N 1 吐 t; N 

苫可lllu(t)IILqい（B(x;,ro)) dt =占 区llu(t)|応 (B(x,,ro)) dt 
咋一哨

r。J
栓一嗜
i=l 

l 栓

碍／ llu(t)IILい (u似B（叩，ro))dt 
tし一嗜

1 栓

三可 jllu(t)II応 (fl)dt = l, 
伶一哨

where we use (1.2) in the last line. Taking the limitinf on k /'oo in both side in the above 
inequality yields the estimation 
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and thus, 

(2.25) 
1 

N~ ー．
co 

The proof of Theorem 2 is completed. ロ

Proof of Theorem 3. We shall show the validity of Theorem 3. Let xo = x,, 
i = 1,..., N be any point where (1.4) holds true for any positive r :S 1. Let { tk}, tk /'oo 
as k→oo. Let {rz} be a sequence of postive numbers rz ¥, 0 as Z→oo. Then, by (1.4) 
we have, for any rz, l = 1,..., 

(2.26) 
1 tk 

應囲伍）p j llu(t)||正（B（エ0,r,))dt 2".: co 
tk-(r,)P 

and from the mean-value theorem there exists a number tkl, tkー (rz)P< tklく tkfor each 
k, l =I,... such that 

(2.27) 
1 杜

llu(tkz)llq+i = ~ J llu(t)IIL"+'(B(x0,r,)) dt. 
tk-(rz)P 
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By Cantor's diagonal argument, (2.26) and (2.27) we can take subsequences｛咋｝ of{r1} 

and {t伍｝ of｛如｝ suchthat tk -(r汀<t伍<tkand 

(2.28) 

t~k /'oo, r~ ",, 0 as k→oo, 
liminf ||u(t'）|| ＞ 

co 

k/'= 
kk) 11Lq+1(B(xo,咋）） ＿ー・2 

Let us write { t伍｝ as{th} and｛咋｝ as｛叫．
Hereafter we shall fix k = 1,... and write as t。=tkand ro = rk. Let Q(ro) = 
B(xo, ro) x (to -(ro)丸to).Let (x~, t~) E Q(ro) be arbitrarily taken and be fixed. Make 
a local prabolic cylinder Q'(r0) = B(x~, r0) x (t~ -(r0)P, t~) with vertex at (x~, t~)- We 
now employ Lemma 4 in Q'(r0). Thus, we have positive numbers <50：：：：： 1 and L'such that 

(2.29) 

(2.30) 
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Here, in (2.29)3 and (2.30), the positive number L'may depend on (xb, tb)- Now we 

claim that the positive numbers L'is bounded uniformly on (xb, tb)-Indeed there exists 
a positive L > L'such that 

L ~ (2ro)―n-p汀，

(2.31) d⑭o)7 (（ro)：十PL+ |Q(1ro)|Q([o) Uq+1 dxdt) ＜ （6。V|2Q(ro)|Q([o)Uq+1 dxdt 
Because the positive constant L in (2.31) does not depend on any (xb, tb) E Q. In fact, 

for any positive l 2". 1 and any point (xb, tb) E Q(ro), Q'(l, ro) is contained in Q(2ro) and 
thus, we have, 

(2.32) 
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L'is a root of the equation (2.29) and Lis that of (2.31) and thus, L doed not dpend on 

(xb, tb) E Q and L'< L. 
Therefore from (2.30) and the observation above it follows that 

(2.33) u(x~, t~)'.S 4L for any (xG, tG) E Q. 
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We write L as Lk to indicate the dependence of L on tk and rk, Now we introduce the 

scaled solution defined as 

(2.34) 
u (xo + L~三， tk+ t 

叫x,t)＝ Lk)'  

(x,t) E Q'(k) = B(k) x J(k), B(k) = B (o, r:千E),Jk =（-（疇 0).
From (2.31)i, the space-width of Q'(k) is computed as 

q+l-p 
(2.35) rkL-;. :,::（妬）―岳；（rk)

ーが1+n+pl-n
~ /'oo ask→oo, 

because 
-p(1+n+p)-n p < 0 and J。isa fixed positive number, and the time-length (rk)P'¥(0 n-p 

ask→oo, and thus, the sequence of sets { Q'(k)} converges to all of space IR匹 By(2.33), 
we have the boundedness 

(2.36) sup Vk :S 4 
Q'(k) 

and compute the integral quantities of Vk for any t E (-(rk)P, 0), as 

(2.37) llvk(t) IILq+'(B(k)) = llu(tk + t) IIL叶 1(B(xo心）：
(2.38)||▽阪(t)IILP(B(k)) =|▽u(tk + t)IILv(B(xo心）

(2.39) j II知 (t)lli2(B(k)) dt = l II如 (t)lli2(B(xo,rk/2))dt 
-(rk)P tk-(rk)P 

By virtue of the boundedness (1.2) and (1.3) we can argue similarly as (2.10)-(2.15) to 

have subsequences {tD,｛咋｝ （non-relabelled), a sequence｛Tk} and the limit w E w1,P n 
Lq+1(IR門suchthat 

tい— f~:;:>1, TkE(t~ ー (rげ）P, t~) for all k = l,..., 

J応 (TK)|2dx→ 0 ask→oo, 
B(k) 

J （如叫）← |▽既(Tk)IP-2向 (Tk)・▽¢-（入v'!c)（叫） dx= 0 for all </J E ego (JR門，
]Rn 

叫Tk)→ w weakly in W1,P(JR門，
叫叫→w strongly in Lr国）， VrE [1,p*), and almost everywhere JR叫

入(Tk)→入OO9

応（Tk)→ Dw strongly in Lr(IR門， Vr E [1,p), 

j (I▽wlp-2▽W・ ▽¢-極wq¢)dx = 0 for all</> E C0(JRn). 
JR,n 

Further we have the strong convergence of gradients 

(2.40) Dvkは）→ Dw strongly in LP(IRn), 

of which the proof is performed similarly as in (2.19)-(2.24) by the use of (2.36). The 

proof of Theorem 3 is completed. ロ
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