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Cohomology of vector fields on a complex manifold

‘Toru Tsujishita
‘(University of Tokyo)
§1, Introduction
Let M be a complex manifold of complex dimension n, and
let A(M) denote the Lie algebra of smooth vector fields of

type (1, 0) on M, Elements of A(M) can be expressed locally

n

« -

as . § (z, 2z) 2 ; in terms of a local holomorphic coordinate
=1 2z

«
{zl,,,,,zn}, § (L £ « £ n) being smooth functions, and the
bracket operation is defined by
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Recently it is proved that this Lie algebra determines the
complex structure of M :

Theorem (I, Amemiya [1]), Let M and M' be complex mani-
folds and assume that there is an isomorphism of Lie algebras
¢ : AM)-——>A(M'), Then there is a biholomorphic mapping & : M
“ZsM' which induces ¢, |

On the other hand, in these years, I, M; Gel'fand and D, B,

Fuks have developed the cohomology theory for the infinite



1Y
dimensional Lie algebras such as the Lie algebra of all the
smooth vector fields on a smooth manifold and the Lie algebra
of formal vector fields (cf, [3])., Their methods can be
applied to our infinite-dimensional Lie algebra A(M), In view
of Amemiya's theorem, it is expected that the cohomology of

AM) 1is useful in the study of the complex manifold M

§2. Lie algebra cohomology

We shall recall briefly the definition of the Lie algebra
cohomology,

Let g be a Lie algebra and W a g-module,
Put CP(g:W) ={wigx ...x g—)W‘w is multi-linear and skew

_ ,
symmetric} for p> O,Vp Co(g;W) =W and Cp(g;W) =0 for p«gO,
Define the coboundary operator d: Cp(g;W)——-) Cp+l(g;W) by the
following formula : ptl |
@9 (%, 0% ) = 2 DT W Ry )

H A

1’9.) i,"’Xj’..’Xp“‘l)

e

+ = (-1)1+3w([xi,x.],x
1<i<j<p+l J

(wecp(g;W), Xl,,,,,Xp+leg), It is easy to check d~ = 0,
, g
® cP(g;w)

p=0
is denoted by Hp(g;W). If W has a ring structure and every

The p-th cohomology of the cochain complex C(g;W)

element X of g acts on W as a derivation, that is, X(uv)
= (Xu)v + u(Xv) for all u,vEW, then the total cohomology

* 0

H (g;W) = @ Hp(g;W) has a natural graded ring structure,

p=0
(For more details, see [8] for example,)
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When g 1is an infinite dimensional Lie algebra (e,g, A(M)),
we .often diminish the cochain space by imposing auxiliary
conditions such as continuity with respect to some topology'of g.

In the next seétion, we shall review some of the main

results in the case of a smooth manifold,

$3 Lie algebra of smooth vector fields

Let N be a smooth manifold of dimension n and a(N)

the Lie algebra of all . the smooth vector fields on N,
1° w=c (N), Here C®(N) denotes the ring of smooth

functions on N and elements of a(N) acts on C%(N) as
derivatipns; (Recall that we can iden;;fy the Lie algebra a(N)
‘with the Lie algebra of all the derivations of the ring C%®(N),)
Deline the space of support preserving cochains Qf(a(N);C”(N))
~{wecP (a() ;¢™(N)) | supp w(Xy,...,X)c (p\lsuw X, (X,.. S,Xpea(N))} .
Then C,(a(N); CP(N)) = %5 qz(a(N)';C“%Q)) forms a subcomplex of
C(a(N);C™(N)), whose p:£§=gohomolbgy group will be denoted by
Hg(a(N);C“(N)), Note that both |

(), ¢*M) and Hy(aM367M) = @ H(a@®; M)
have a natural graded ring structure, p=0

Theorem (Losik [6]), We have an isomorphism of graded rings:
HZ(a(N); C“(N))f: H*(B(IF);(R), Here T denotes the real tan-
gent bundle of N and B(’UC), the principal U(n)= bundle

associated with the cbmplexification 1? of T,
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20, W= a(N), Here a(N) is regarded as an a(N)-module

by the adjoint representation : an element X of a(N) acts
on a(N) by Y+~—[X, Y] (Yea(N)), In this case also, we
define CX(a(N))g a(N)) to be the subspace of Cp(a(N); a(N))
consisting of the support preserving cochains, and the"diagonal
cohomology"' HX(a(N); a()) = EE HE(a(N); a(N)) 1is defined,
Then we have p=0

Theorem S (K, Shiga [8]). Hs(a(M; a(M) = 0,

Corollary, Every derivation of the Lie algebra a(N) is

inner,

o]

3 W =R, Here R 1is regarded as a trivial a(N)-module,
In this case, we give ~a(N) the smooth jet topology (that is;
the uniform convergence topology of all derivatives on each
compact subset of N) and we put

CE(a(N); R) ={weCp(a(N); R)|w is continuous and cu(Xl,,_,Xp)
=0 if [5lsupp Xi = @ (Xl;,,;;Xpe a(N)) ., Thenit follows
that d(éE(a(N); R))Clcz+l(a(N)); R) and the p-th cohomology of

(o]
the complex € qg(a(N); R) 1is denoted by Hz(a(N); R),
p=0

Theorem (Gel'fand;Fucks, Losik, Guillemin),
Let N be a compact oriented smooth manifold, Then Hz(a(N);B)
~HPT (L, R) for all p.

Here L 1is a fiber bundle over N associated to the

principal U(n)-bundle B(TF) with the U(n)-space Xn as

4
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the fiber; Xﬁ is defined as the inverse image of the 2n-skelton
of the Grassmann manifold Gr(m, n) (m}»2n) with the usual
structure of CW-complex by the natural projection map of the
complex Stiefel manifold E(m, n) onto Gr(m, n), (It turns out
that Xn does not depend on the number m,)

(For more details, see Guiliemin [5], Losik [7], etc,)
4., Complex analytic case
We return to the case of complex manifolds, The notations
are the same as in §l,

1° W=C®M)., Here C®M) 1is the ring of €-valued smooth

functions on M and C®(M) is regarded as an A(M)-module in the

n
following way: XeA(M) acts on C®(M) by Xf = Zﬁa ?—f—w where
=1 Pz
et D . . 1
X = 5 in terms of a local holomorphic coordinates {é e
=1 oz

,,,,zn}, Note that X acts on C®™(M) as a derivation., Denote
by CE(A(M); Cwﬂﬁ)) the subspace of CP(A(M); CG%M)) consisting
of support preserving cochains, and by Cg(A(M); C®(M)) the sub-
space of QE(A(M); Ca?M)) consisting of the elements w such
that, if f € CP(M) is anti;holomorphic on an open subset U of.

M, then w(le,Xz,,;,;Xp) = fw(X, X ,,.,Xp) on U for all

122
Xl""Xp € A(M), The cohomology of the complex
0 2N AP/ 09,
C,(A@M); CT(M) = D CA(A(M); c (M) (resp,
p=0 ‘ i

Ca(AM); CQXM))= éﬁ CE(A(M); C®M))) is indicated by Hi(A(M);
p=0

c*M)) = 50 BP(AQD; C°0N)  (resp. HEMAQ) ; C™00) = & HAaqn);
p= p=0
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* %*
c®M)). Note that both Hy(A(M); C”(M)) and Hy(AM); CT(M))
have natural structures of graded rings,

oo

We remark that the anti-Dolbeault complex T(AT') = @
p=0

TKAPT') is a subcomplex of Cy(A(M); C*(M)) since P(APT') =
HomC“YM)(AP(A(M)); C®(M)) can be identified with the subspace
of CE(A(M); C®M)) consisting of the elements & such that

w(£X,,X ,_,_,xp) = fw(X,,X Xp) for all fec®(M), X X

2’0.0’ 1)-:-’p

€ AM), (Here T 1is the holomorphic tangent bundle of M, T'
is the dual bundle of T,‘ FKAPT') denotes the space of the
smooth cross-sections of the vector bundle APT') The inclusion
holomorphisms

T(AT') =25 Co(AQM) ; C0M)) £ C (AMD; C7(D))

induce homomorphisms of graded rings :

% - 73‘ * V—* *
H (M, 0) —— Ha (AQM); C”(M)) — H(AQM); CT(M)),

(Note that the cohomology of the complex ["(AT') conincides
with H*(M, 0), since [(AT') is a fine resolution of the
sheaf 0 of germs of anti-holomorphic functions én M,

Now we can state the main theorems,

Theorem 1, We have a commutative diagram of graded ring

holomorphisms :
H' (M, )
R
* * - *
Hy(A(M); C®(M)) 5 H M, 0)®H (gl(n, C); €),
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Here the horizontal map is an isomorphism and € 1is regarded as

the trivial gl(n, C)-module,

Theorem 2. AP : HP(AQW); C¥(M)) —>H: (AQD); C¥(M))

is an isomorphism for p < n,

° W=AM), Here A(M) 1is regarded as an A(M)-module

2

by the adjoint action of A(M), We can define in the same way
* *

as before two cohomology groups Hz(A(M); A(M)) and H,(AM);

AM)) ., First we havve

%
Theorem 3, Hz(AM); A(M)) = 0,
This result corresponds to the Theorem S, The following
result is outstanding compared with the smooth case,

Theorem 4, We have an isomorphism :

H(AM; AM)) » @ - H M, 0)PH (gl(n;C);C)
r+s=p-1

for p £ n, Here. © donotes the sheaf of germs of anti-hélomor-

phic vector fields of type ’(O, 1) on M,

As a corollary, we can determine the space of outer deriva-
tions of A, Let Der(A(M)) be the Lie algebra of all the
derivations of A(M) and let ad(A(M)) be the ideal of Der(A)
spanned by the inner derivétions, Then we have

Corollary to Theorem &, We have an isomorphism of Lie

algebras : Der(A(M))/ad(A(M)) ~ HO(M, é ), where HO(M,é) is

regarded as a Lie algebra by the usual bracket operation of



vector fields,

Proof of Corollary, By definition Der(A(M)) = {w: AM)
—> AM) | 'w is €-linear and &([X, Y]) = [w(X), Y] + [X, w(y)]
for all X, YeA(M)} , ad(A(M)) = {weDer(AM)) | There is
some Y&€A(M) such that wX)= [Y,‘ X]_ for all XGA(M)}.
Then, from the definition of the coboundary operator and from
the fact thaﬁ every derivation is support preserving (cf, [2]),
it follows that Der(A(M)) ={weCl(AD); AGD) | dw= 0]} and
ad(A(M)) = d(QS(A(M); AM))). Hence we have Der(A(M))/ad(A(M))
hY Hi'(A(M); AM)), which is isomorphic to HO(M é) by Theorem 4,
It is easily verified that this is in fact an isomorphism of

Lie algebras’, _ Q. E, D,

3° W=20C, Here € 1is regarded as the trivial A-module,

AM) = [’(T) 1is given the gmooth jet t‘0pology and we define
Hj(A(M)'; €) just as in the smooth case (cf 3° 1in §3),

What we know is that Hg(A(M);' € = € (by definition) and
Hy(AQ); AQD) = 0 since [A(D), AMD] = AQD (e, [2]).

Problem, If M is compact, is the total cohomology

* *
‘HA(A; C) finite-dimensional? Calculate H,(A; C),

$5. Outline of the proofs of the theorems

We shall sketch the proof of Theorem 1,
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Lemma 1. (cf, [10]).,  cBa@n; c¥o) & M(AP@D").

Here JaT = 1i Jk’O(T) and Jk’O(T) is the k-th holo-
g

morphic jet bundle of T, whose fiber over a point x of M

k+1
X

is [(T)/(1 + E;)]"(T), IX (resp, Eg) being the ideal of

»f

Bza

C®(M) generated by the smooth functions £ such that (x)=0

] ,
<re5p. ji——{x) = ?) for a« =1, . .,n with respect to a holo-
2%

9 o0 oS

morphic coordinate system {zl zn} around x, (For more
details, see [9]),
We introduce a filtration due to Gel'fand and Fuks in the

cochain complex Cg(A(M); C(M)): We put

+ .
PO = PUAPTD A (ATEmy ),
where (,APT')/4 (/\q(JBT)') is the subbundle of ,ﬂp+q(J9T)'
whose fiber over x 1is spanned by the elements of the form
. [] T
u)l Accc Au)p /\ 721/\ e o o /\ 7Zq Wlth U')i e Tx and 7Zj e (JBT)X‘
Then we have

0=-F,  CocFCh = r(ATTYC... CF,Ch = CoAQD; C¥OD),

m+1

and d(FpC?)<: FPC . We denote by {Eg’q, dg’q} the spectral

sequence induced by the filtration, which is obviously convergent

to Ha(AM); C¥M))' Then

Lemma 2, 224 = wP v, 0) ® Hi(gl(n, ©);

b ; ©)
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Using a formula in the Chern-Weil theory, we can prove

Lemma 3, ®:9 =0 for r»2,
A r

These lemmas imply Theorem 1,

In order to prove Theorem 2, we introduce a similar filtra-
tion in the complex CA(AGM); C®M)) and compare the El-term
of the spectral sequence induced by this filtration with that of
the previous spectral sequence, Then the proof is reduced to
the calculation of cohomology of formal vector fields,

Theorem 3’and Theorem 4 are proved in similar ways, (For

more details, see [11]),

$6. An application
Let E be a smooth complex vector bundle over M and
["(E) the space of all the smooth cross-sections of E,

Definition, T(E) 1is called a differential .A(M)-module

if [(E) is an A(M)-module such that
(1) supp(Xs) < supp X Nsupp s for all Xe A(M) and s e [(E),
(This definition is due to K,.Shiga [sh.

Definition, A differential A(M)-module [7(E) is of con-

nection-type if

(2) X(fs) = (Xf)s + £(Xs) for all X< AQ), £€C (), s e [*(E),

Chern(E) 1is meant by the subalgebra of H*(M, C) generated

by the Chern classes 4ci(E) (1 2 1), Then we have

10
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Theorem 5, If [X(E) is a differential A(M)-module of

connection type, then i*(Chern (E)) = 0

Here- i* : H*(M, C)
—>H*(M, 0) comes from i : €C >0, |
Outline of the proof, A C€-linear map ¢ : A(M) ——

Homc(l”(E); T’(E)) satisfying (1) and (2) is called a generalized

connection of type (1L.,0) on E, ¥From any generalized connection

ff of type (1,0) on E, we can construct a generalized Chern
class € (E) € H; (AQD; C™00), 1> 1 (cf, [10)). &,(E) van-
ishes if % 1is a Lie algebra homomorphism, Moreover it turns
out that A(e,(E)) = ,(E) (i 1), where p= poXot"

(see $4). 1f PKE).is a differential A-module, then E;(E) =0
(i > 1), whence (/**;)f°i*)(ci(E)) = E;(E) =0 (i2 1), Since
/“*ojf is an injection map by Theorem 1 and Theorem 2, we have
i*(c;(B)) = 0, 1 21, Q.ED,

Corollary, Suppose that M 1is connected and L 1is a
smooth complex line bundle over M, Then [(L) 1is a non-trivial
A(M)-ﬁodule if and only if L has a structure of holomorphic
line bundle,

Proof, By a direct calculation; we can show that; if L
is a line bundle; then a non-frivial differential A(M)-module
fi(L) turns out to be of connection type, Hence by Theorem 4,
we have i*(cl(L)) = 0, This implies that L has a structure
of holomorphié line bundle, The other implication is well;

known, Q,E,D,

11
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