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Abstract

The main aim of this thesis is to clarify a class of nonlinear systems described
by ordinary differential equations and reference trajectories such that trajectory
tracking controls are easily realized. To this end, the thesis shows a class of
nonlinear systems whose linearizations are uniformly completely controllable and
uniformly completely observable. On this account, the thesis introduces two novel
concepts called algebraic controllability and algebraic observability. In order to
characterize them, this thesis also introduces new concepts called controllable
trajectory and observable trajectory. It is indicated that if a given nonlinear
system is differentially flat, controllable and observable trajectory can be eas-
ily generated. As a main result, it is shown that if a given nonlinear system is
algebraically controllable, then every linearized system along any (periodic) con-
trollable trajectory is (uniformly) completely controllable. As a dual result, it is
also shown that if a given nonlinear system is algebraically observable, then every
linearized system along any (periodic) observable trajectory is (uniformly) com-
pletely observable. Moreover, it is explained that if a given system is algebraically
controllable and observable, a linear quadratic optimal control method is useful
to design a feedback controller such that the actual trajectory asymptotically
approaches a periodic reference trajectory. Furthermore, the thesis proves that
the concepts of algebraic controllability and accessibility are equivalent and for
nonlinear mechanical control systems, a reduction condition for checking whether
or not the given system is algebraically controllable is provided.

The contributions of the second in the thesis is to give a class of nonlinear
differential algebraic systems (DAS) with geometric index one and reference tra-
jectories such that trajectory tracking controls are easily realized. Furthermore,
it is demonstrated that it is difficult to examine differential flatness in the usual
sense of nonlinear systems expressed by DAS with geometric index one. To resolve
the problem, the thesis provides an extended definition of differential flatness for
such systems. Moreover, for general DAS, it is also explained that a choice of
independent variables is not obvious because there are algebraic equations. For
this reason, the thesis studies differential flatness for DAS which does not distin-
guish state, input, and output variables. As a result, it is shown that if one could
find a flat output, one can find other flat outputs by smooth functions of the flat
output.



ii Abstract

The chapter 4 elaborates the differences between variational and flatness-
based trajectory generation methods. Moreover, using a nonholonomic mobile
robot described by ordinary differential equations and a simple circuit model
expressed by DAS with geometric index one, it is demonstrated that trajectory
tracking controls of algebraically controllable and observable systems are easily
achieved.
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Notations

The following notation is used in this thesis.

VA set of integer numbers

R real number field

R, set of nonnegative real numbers

C>*(X,Y) set of smooth functions from X to Y

. set of smooth functions except for a countable set

Cow subset of C3% whose elements are piecewise smooth
functions defined on R

€ belong to

C subset (strict or not)

Onsxm (or simply 0)
I, (or simply 1)
MT

n X m zero matrix
n X n identity matrix

transpose of the matrix M

M1 inverse of the matrix M

rank(M) rank of the matrix M

diag(ay, as, ..., an) m x m diagonal matrix with a; as its i-th diagonal
element

IE4] the Euclidean norm of the vector z € R"

I|A]| |A]| = max,.l2slh for A € R



Chapter 1

Introduction

Autonomous systems have received increased high attention because for mechan-
ical systems the needs arise to perform tasks in many situations. Many con-
trol problems of such systems consist of following a desired trajectory. In fact,
there have been many previous works on trajectory tracking control problems
[5,18,19,22,33,39,44-46,51-53,61,62,67,68,72,73,76,79-81,97,99,105, 108, 109],
and the following applications can be considered.
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Figure 1.1: Applications of trajectory tracking control

The main aim of this thesis is to give a class of nonlinear systems
and reference trajectories such that trajectory tracking controls are
easily achieved.
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1.1 Trajectory tracking control

To achieve a trajectory tracking control of a given nonlinear system, the given
system is often transformed into a simple system by applying a nonlinear coor-
dinate transformation and a nonlinear feedback [36,76,78,79,82]. In particular,
it is known that exact linearization method for affine nonlinear systems is useful
to design a stabilizing controller [36,82] (see appendix F). A trajectory tracking
control based on exact linearization method can be regarded as a two-degree-
of-freedom control [108] (see appendix F). Two-degree-of-freedom controller
design technique is composed of the following procedures (see Figs. 1.2 and 1.3).

1. Give a reference trajectory of a given system.

2. Apply an appropriate feedforward control input such that the actual tra-
jectory approximates the reference trajectory.

3. In order to stabilize the actual trajectory around the reference trajectory,
use an appropriate state feedback control together with the feedforward
control.

reference trajectory

FF and FB control

FF control

Figure 1.2: Trajectory tracking control
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Figure 1.3: Two-degree-of-freedom controller design

However, in general, it is difficult to apply exact linearization method because
many practical cases are difficult to obtain an appropriate coordinate transforma-
tion. Moreover, if one can get an appropriate coordinate transformation, and if
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the transformation is applied, the state constraint may be produced because such
a coordinate transformation is only locally defined [36,82]. Furthermore, when
there is an input saturation requirement, a feedback based on exact lineariza-
tion method violates the input saturation requirement [39] (see appendix F.2).
To avoid the difficulties, the thesis uses linear approximation along a trajectory,
instead of using exact linearization method.

At the above step 3 of two-degree-of-freedom control, the resulting error sys-
tem between the reference trajectory and the actual trajectory is approximately
expressed as a linear time varying system if the actual trajectory is sufficiently
close to the reference trajectory. If a linear feedback controller of the linearized
system such that the origin is exponentially stabilizable is designed, by apply-
ing the same controller into the original nonlinear error system, the origin of
the closed-loop of the original nonlinear error system is locally exponentially
stable [48]. Consequently, then the actual trajectory locally exponentially ap-
proaches the reference trajectory. Uniform complete controllability of the lin-
earized error system is a sufficient condition for the origin of the linearized error
system to be exponentially stabilizable [34]. Although it is possible to examine
whether or not uniform complete controllability is satisfied by using conventional
methods, the examination can be carried out only for a fixed linearized system
along a specific trajectory. That is, it is not clear what is a class of nonlinear
systems whose linearizations are uniformly completely controllable. Therefore
the following questions are posed.

Question 1.1 What is a class of nonlinear systems whose linearizations along
trajectories are uniformly completely controllable?

Question 1.2 What is a class of trajectories stated in the above question?

In chapter 2, it will be shown that if a given nonlinear system described by
ordinary differential equations is algebraically controllable, then every linearized
system along any (periodic) controllable trajectory is (uniformly) completely con-
trollable. In chapter 3, it will be shown that similar results are obtained for
nonlinear differential algebraic systems with geometric index one.

On the other hand, if the available signal in nonlinear systems is only output
signal, state feedback cannot be available. In this case, to stabilize the actual
trajectory around the reference trajectory, it is needed to design a state observer
such as a Luenberger type observer. It is known that if the linearized error
system is uniformly completely controllable and uniformly completely observable,
then there exist a feedback gain and an observer gain such that the origin of a
linear closed-loop obtained by applying a state-estimate feedback is exponentially
stable [35]. Although it is possible to examine whether or not uniform complete
observability is satisfied by using conventional methods, the examination can
be carried out only for a fixed linearized system along a specific trajectory.
That is, it is not clear what is a class of nonlinear systems whose linearizations
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are uniformly completely observable. Therefore the following questions are also
posed.

Question 1.3 What is a class of nonlinear systems whose linearizations along
trajectories are uniformly completely observable?

Question 1.4 What is a class of feasible trajectories stated in the above ques-
tion?

In chapter 2, it will be shown that if a given nonlinear system described by
ordinary differential equations is algebraically observable, then every linearized
system along any (periodic) observable trajectory is (uniformly) completely ob-
servable. In chapter 3, it will be shown that similar results are obtained for
nonlinear differential algebraic systems with geometric index one.

1.2 Algebraic approach in systems theory

In order to answer the questions 1.1, 1.2, 1.3, 1.4, this thesis applies algebraic
approach in systems theory. Behavioral theory [88,111-113] for linear systems
has applied algebraic approach [14,83,90,115,116,118,119]. Concretely, algebraic
analysis [47] has applied to study controllability and observability properties of
a behavior defined by solutions of linear ordinary (partial) differential equations
[14,83,90,115,116,118,119]. In particular, when a behavior is defined by solutions
of linear ordinary differential equations with meromorphic coefficients, it has been
shown that the Jacobson form of a polynomial matrix, whose each element is
composed of a differential operator with meromorphic coefficients, is useful for
an algebraic analysis of system’s properties [118].

On the other hand, for nonlinear systems, differential algebra was introduced
by J. F. Ritt [96] as an extension of commutative algebra for algebraic equations.
In particular, it was introduced to study differential algebraic equations and was
first applied to nonlinear control systems by M. Fliess to resolve the problem
of invertibility of nonlinear input-output differential systems in [20]. Currently,
there exist two approaches on differential algebraic analysis in nonlinear control
theory. The first approach frequently uses Kéahler differentials introduced in [40].
This is purely algebraic. For example, see [17,21,22,29] and references therein. On
the other hand, the second approach uses pseudo-linear algebra [8] (see appendix
C). This approach applies the formal vector space of differential one-forms, which
is not purely algebraic. For example, see [2,16, 28,55, 56, 120] and references
therein. G. Fu etc. [24] have shown that a quotient space of Kéhler differentials
is isomorphic to the formal vector space of differential one-forms. These two
spaces coincide if they are over the field of algebraic functions. The thesis adopts
the latter approach, that is, this thesis applies pseudo-linear algebra to nonlinear
systems.
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In order to examine whether or not a given nonlinear system is algebraically
controllable (observable), it is possible to use computer algebra such as Mathe-
matica and Maple. In particular, since algebraic controllability (observability) is
defined by using the Jacobson form of a skew polynomial matrix derived from a
given nonlinear system, they can be checked by applying computer algebra based
on Grobner basis theory [63,64,74,100].

1.3 Trajectory generation

In order to achieve trajectory tracking control by using two-degree-of-freedom
controller design techniques, given a reference trajectory, it is required to ap-
ply an appropriate feedforward control. That is, it is needed to carry out the
step 2 as mentioned in section 1.1. To this end, it is possible to apply opti-
mal control methods such as a variational method and a dynamic programming
method [103]. For a nonlinear system, to solve an optimal control problem by
using a variational method, it is needed to solve a nonlinear ordinary differential
equation called an Euler-Lagrange equation. On the other hand, to solve an op-
timal control problem by using a dynamic programming method, it is required to
solve a nonlinear partial differential equation called a Hamilton-Jacobi-Bellman
(HJB) equation. Hence, if a given system is nonlinear, it is difficult to solve
optimal control problems. Fortunately, it has been known that if a given non-
linear system is differentially flat, trajectory generations of the system are very
easy [5,19,22,52,53,67,68,72,73,79-81,97,99, 105, 108,109]. M. Fliess etc. [22]
first introduced the concept of differential flatness in a differential algebraic con-
text [54,96] and later in a differential geometric context by using Lie-Backlund
transformation [23] (see appendix E). State and control input values of differ-
entially flat systems are completely determined by a set of variables called a
flat output composed of as many variables as input variables [22,23,65]. On this
account, a flatness-based trajectory generation method is easy compared with op-
timization techniques by solving an FEuler-Lagrange equation or a HJB equation.
In fact, given initial and final states, they possess the following characteristics for
generating trajectories connecting their states.

e Variational method: Solve an Euler-Lagrange equation (nonlinear ordinary
differential equation). Then a feedforward control input is obtained.

e Dynamic programming method: Solve a HJB equation (nonlinear partial
differential equation). Then a feedback control input is obtained.

e Flatness-based trajectory generation method: Solve linear algebraic equa-
tions. Then a feedforward control input is obtained.

Chapter 4 elaborates the differences between variational and flatness-based tra-
jectory generation methods. Note that although a flatness-based trajectory gen-
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eration method in chapter 4 does not guarantee to generate an optimal trajec-
tory, there are some works on a flatness-approach which guarantees optimal-
ity [19,67,68,98]. Reference [98] has pointed out that a flatness-approach fre-
quently converts the original convex constraints to non-convex constraints. To
resolve the problem, references [67,68] have studied convex approximations of the
non-convex constraints inspired by [19].

In general, given initial and final states, there are infinite trajectories which
concatenates their states (See Fig. 1.4).

Final

. state
Initial
state

Figure 1.4: Trajectories connecting initial and final states

Thus it is important to choose a “good” trajectory from among the infinite tra-
jectories. For this reason, the thesis presents the following statements.

e Suppose that a given nonlinear system is algebraically controllable and
a periodic controllable trajectory is given. Let the reference trajectory
be the state part of the controllable trajectory. Then it is possible to design
a controller such that the actual trajectory locally exponentially approaches
the reference trajectory.

e Suppose that a given nonlinear system is algebraically observable and
a periodic observable trajectory is given. Let the reference trajectory
be the state part of the observable trajectory. Then it is possible to design
an observer gain such that the origin of error dynamics between the actual
error state and the estimated error state of the linearized system of the
given nonlinear system is exponentially stable. Moreover, if the nonlinear
system is also algebraically controllable and the observable trajectory is also
controllable trajectory, it is expected that one can design a controller and
an observer such that the actual trajectory locally exponentially approaches
the reference trajectory.

1.4 Contributions and organization of the thesis

The main aim of this thesis is to clarify a class of nonlinear systems such that
trajectory tracking controls are easily realized. To this end, the thesis gives a
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class of nonlinear systems whose linearizations along certain trajectories are uni-
formly completely controllable and uniformly completely observable. In order to
describe such a class, algebraic controllability and algebraic observability are in-
troduced. Moreover, to characterize them, the concepts of controllable trajectory
and observable trajectory are also introduced.

The contributions of the thesis are as follows:

Novel concepts such as algebraic controllability, algebraic observability, con-
trollable trajectory, and observable trajectory are introduced (Chapter 2).

It is shown that if a given nonlinear system described by ordinary differential
equations is algebraically controllable, every linearized system along any
(periodic) controllable trajectory is (uniformly) completely controllable. As
a dual result, it is shown that if a given nonlinear system described by
ordinary differential equations is algebraically observable, every linearized
system along any (periodic) observable trajectory is (uniformly) completely
observable (Chapter 2).

It is shown that the concepts of algebraic controllability and accessibility
are equivalent (Chapter 2).

For nonlinear mechanical control systems, a reduction condition for check-
ing whether or not the system is algebraically controllable is provided
(Chapter 2).

For nonlinear differential algebraic systems (DAS) with geometric index
one, algebraic controllability, algebraic observability, controllable trajec-
tory, and observable trajectory are also introduced. Furthermore, it is
shown that similar results to ordinary differential equations are obtained
(Chapter 3).

It is given the definition of differential flatness of DAS and provided how
to produce other flat outputs from a given flat output (Chapter 3).

It is clarified the difference between variational and flatness-based trajectory
generation methods (Chapter 4).

It is demonstrated that LQ optimal control and LMI methods are useful
to design for a trajectory tracking control of algebraically controllable and
observable systems (Chapter 4).

This thesis is organized as follows.

Chapter 2 first explains in detail that the concepts of uniform complete con-
trollability and uniform complete observability are useful for trajectory tracking
control. Next, the concepts of algebraic controllability and algebraic observability
are introduced and to characterize them, controllable trajectory and observable
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trajectory are also introduced. As a main result, it is shown that if a given non-
linear system is algebraically controllable, every linearized system along any (pe-
riodic) controllable trajectory is (uniformly) completely controllable. As a dual
result, it is shown that if a given nonlinear system is algebraically observable,
every linearized system along any (periodic) observable trajectory is (uniformly)
completely observable. It is explained that although the concepts of controllable
trajectory and observable trajectory is not required in the case of linear systems,
they are needed in the case of nonlinear systems. Moreover, it is explained that
if a given system is algebraically controllable and observable, a linear quadratic
optimal control method is useful to design a feedback controller such that the
actual trajectory asymptotically approaches a periodic reference trajectory. Fur-
thermore it is proven that the concept of algebraic controllability coincides with
the concept of accessibility. Finally, for nonlinear mechanical control systems, a
reduction condition for algebraic controllability is provided.

Chapter 3 introduces the concepts of algebraic controllability and algebraic
observability for nonlinear DAS with geometric index one and shows the results
similar to main results of chapter 2. Furthermore, it is explained that it is difficult
to examine differential flatness in the usual sense of nonlinear systems described
by DAS with geometric index one, and, as a result, it makes difficult to generate
controllable and observable trajectory. To resolve this problem, the definition
of differential flatness is extended for DAS with geometric index one. Moreover,
for general DAS, a choice of independent input variables is not obvious because
there are algebraic equations. Hence it is meaningful to study DAS which does
not distinguish state, input, and output variables. For this reason, the definition
of differential flatness of general DAS and how to produce other flat outputs from
a given flat output are provided.

Chapter 4, first, elaborates the difference between variational and flatness-
based trajectory generation methods. Concretely, using a nonholonomic mobile
robot model, it is shown that although in the case of a variational method, it
is required to solve nonlinear differential equations, it is just needed to solve
linear algebraic equations in the case of a flatness-based trajectory generation.
Moreover, using a nonholonomic mobile robot expressed by ordinary differential
equations and a simple circuit model expressed by DAS with geometric index one,
it is demonstrated that trajectory tracking controls of algebraically controllable
and algebraically observable systems are easily realized.

Chapter 5 concludes the thesis.



Chapter 2

Algebraic controllability and
algebraic observability

The aim of this chapter is to give a class of nonlinear systems and reference tra-
jectories such that trajectory tracking controls are easily realized. To this end,
the chapter shows a class of nonlinear systems whose linearizations are uniformly
completely controllable and uniformly completely observable. Concretely, it is
shown that if a given nonlinear system is algebraically controllable, then every
linearized system along any (periodic) controllable trajectory is (uniformly) com-
pletely controllable. As a dual result, it is shown that if a given nonlinear system
is algebraically observable, then every linearized system along any (periodic) ob-
servable trajectory is (uniformly) completely observable. It is explained that LQ
optimal control method is useful to design a feedback controller design of al-
gebraically controllable and observable systems such that the actual trajectory
asymptotically approaches the reference trajectory. Moreover, it is shown that
the concept of algebraic controllability coincides with the concept of accessibility.
Furthermore, for nonlinear mechanical control systems, a reduction condition for
checking whether or not the system is algebraically controllable is provided.

2.1 Motivation for introducing algebraic con-
trollability and algebraic observability

This section describes the motivation for introducing algebraic controllability and
algebraic observability in this thesis. Let us consider a trajectory tracking control
of the following system.

T = f(x,u), (2.1)
y = h(z), 22)

where x € R", u € R™, and y € R? denote state, input, and output variables,
respectively. Moreover, f: R" x R™ — R" and h : R" — RP are meromorphic.
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Here, we note that meromorphic functions are defined as elements of the quotient
field of the ring of analytic functions (see appendix D).
First, we define trajectory of system (2.1)-(2.2).

Definition 2.1 A trajectory of system (2.1)-(2.2) is a pair (z*(t),u*(t)) satis-
fying

#*(t) = f(z*(t),u"(t)) for almost all te€ R.

A tragectory (x*(t), u*(t)) of system (2.1)-(2.2) is called periodic if z}(t), uj(t),
1 <1< n, 1 <5 <m are periodic with the same period.

Suppose that we have a trajectory (z*(t),u*(t)) of system (2.1)-(2.2). Then if
we take z(0) = 2*(0) and apply a feedforward control u(t) = u*(¢t) for all ¢ > 0
into system (2.1)-(2.2), by the theorem on uniqueness of solution of ordinary
differential equation [102], we have

z(t) =a2"(t) on R,.

Therefore, if 2*(t) is a reference trajectory on R, , by taking z(0) = 2*(0) and
applying the feedforward control u*(¢) for all t > 0, the trajectory tracking control
is achieved.

However, practically it is impossible to take an initial state as z(0) = 2*(0).
Thus we analyze the error z(t) := x(t) — 2*(t) between the actual trajectory z(t)
and the reference trajectory z*(t). Let u(t) := u(t) — u*(¢). The error dynamics
obey

*
—~
<~
N—
N—
~
—
S
*
o)
~
N—
e
*
—~
~
N—
N—

{336 = f(ze +2%(t), uc +u (2.3)

Ye = hze +27(1)) — h(z

*
—~
~
S—
S~—

If f is nonlinear with respect to x and u variables, it is a difficult task to design a
feedback control u(z.) such that x. = 0 is stabilized without linearizing system
(2.3). For the reason, we linearize system (2.3) at (z, u.) = (0,0) as follows.

of of

te= 5@ O O) x4 5@ (0,0 (1) v (2.4)
A\(,t) B‘(,t)
o= (@ (1) (2.5)
(e —
ct)

We also say that system (2.4)-(2.5) is a linearized system of system (2.1)-(2.2)
along (z*(t),u*(t)). For the linear time varying system (2.4), by using an ap-
propriate control design technique, we can design a linear feedback control law
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u. = K(t)z. such that stabilize z. = 0. In fact, it is known that if the matrices
A(t) and B(t) are bounded on t € R, and if system (2.4) is uniformly completely
controllable, then system (2.4)-(2.5) is uniformly completely stabilizable [34].
Then there exists a feedback gain K (-) such that the origin of closed-loop

i = (A(t) + BH)K (1)) (2.6)

is exponentially stable [48]. Furthermore, if the origin of linear closed-loop (2.6)
is exponentially stable, the origin of nonlinear closed-loop

e = fxe + " (1), K(t)ve + u* (1)) — f(2" (), u™(1)) (2.7)

is locally exponentially stable [48]. Therefore if linearized system (2.4)-(2.5) is
uniformly completely controllable, by applying a feedforward and an appropriate
feedback control

u=u"(t) + K(t)(x —z*(t)) (2.8)

into system (2.1)-(2.2), the actual trajectory locally exponentially approaches the
reference trajectory.

To describe exactly the above, first, let us define controllability on some time
interval [42].

Definition 2.2 System (2.4)-(2.5) is called controllable on [ty,t1] if for all e €
R", there exists a control u. : R — R™ such that x.(ty) = e and x.(t;) = 0.

Next, let us define complete controllability [10,42].

Definition 2.3 System (2.4)-(2.5) is called completely controllable if for all
e € R" and all tg € R, there exist t; > ty and a control u. : R — R™ such that
x(tg) = e and z(t;) = 0.

It is known that system (2.4)-(2.5) is completely controllable if and only if for all
to € R, there exists t; > ty such that

W (to,t1) = /tl ®(to, t)B(t) BT (t)®T (to, t)dt

is invertible [10], where ®(-,-) is the transition matrix of #. = A(t)z.. Uniform
complete controllability is defined as follows [35,42].

Definition 2.4 System (2.4)-(2.5) is called uniformly completely control-
lable if there exist 0 > 0 and oa; > 0, 1 =1,2,3,4 such that for allt € R

arl <W(t,t+0) < asl,
asl <Ot +o,t)W(t,t+0o)PL(t+o,t) < ayl.
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Uniform complete stabilizability is defined as follows [34].

Definition 2.5 System (2.4)-(2.5) is called uniformly completely stabiliz-
able if for any r > 0, there exist a feedback gain K(t) and k > 0 such that

[|Pa(t, to)|| < kexp(—r(t —to)) forall toe R, t>t,
where @ (-, -) be the state transition matriz of closed-loop (2.6).
Exponential stability is defined as follows [48].

Definition 2.6 Consider system
T = F(t,x), (2.9)

where F': R x R" — R". The origin of system (2.9) is called exponentially
stable if there exist ¢ > 0, k > 0, and r > 0 such that

(]| < llz(to)|| exp(=r(t —to)) forall |lx(to)]] < c.

For linear system (2.6), the origin of system (2.6) is exponentially stable if and
only if there exist £ > 0 and r > 0 such that [48]

[[@a(t, to)|| < kexp(—r(t —to)) forall to€ R, t>t.

Hence if system (2.4)-(2.5) is uniformly completely stabilizable, the origin of sys-
tem (2.4)-(2.5) is exponentially stabilizable. Therefore, as the above mentioned,
if system (2.4)-(2.5) is uniformly completely controllable, system (2.4)-(2.5) is
exponentially stabilizable [34], and then there exists a control input such that
the actual trajectory locally approaches the reference trajectory. Therefore it is
important to examine whether or not linearized system (2.4)-(2.5) is uniformly
completely controllable. However we can only check whether or not definition
2.4 is satisfied only for a fixed linearized system along a specific trajectory
(x*(t),u*(t)). Hence the following questions are posed.

Question 2.1 What is a class of nonlinear systems (2.1)-(2.2) whose lineariza-
tions (2.4)-(2.5) along trajectories are uniformly completely controllable?

Question 2.2 What is a class of trajectories stated in question 2.17

We will answer questions 2.1 and 2.2 in the section 2.2.

On the other hand, the available signal in system (2.1)-(2.2) might be only
output signal y, that is, state feedback might be not available. In this case, we
design a state observer called a Luenberger type observer

Te = A(t)de + B(t)ue + L(t)(ye — C(t)Z). (2.10)
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observability 13

Let e := . — .. By Eqgs. (2.4)-(2.5) and (2.10), the dynamics of e obey

¢ = (A(t) — LIH)C(1)) e. (2.11)

It is known [35] that if system (2.4)-(2.5) is uniformly completely observable,
then there exists an observer gain L(:) such that the origin of system (2.11)
is exponentially stable. Moreover, it is known [35] that if system (2.4)-(2.5)
is uniformly completely controllable and uniformly completely observable, then
there exist a feedback gain K(-) and an observer gain L(-) such that the origin
of closed-loop

() - (Lél)(cw@) Aft) - L(g(ct*)g(?B(t)K(t)) ()

is exponentially stable. Therefore if system (2.4)-(2.5) is uniformly completely
controllable and uniformly completely observable, then by applying a feedforward
and an appropriate error-state estimate feedback control

u=u"(t) + K(t)z.

into system (2.1)-(2.2), it is expected that the actual trajectory locally exponen-
tially approaches the reference trajectory z*(t).

In order to design an appropriate observer gain L(-), we also need the concept
of uniform complete observability [42]. First, let us define observability on [¢y, t1].

Definition 2.7 System (2.4)-(2.5) is called observable on [ty, t1] if for all present
state x(t1) € R" can be uniquely determined by (yc(t), uc(t)) on [to,t1].

Next, let us define complete observability [10].

Definition 2.8 System (2.4)-(2.5) is called completely observable if for all
t1 € R, there exists tg < t1 such that all present state x.(t1) € R" can be uniquely
determined by (ye(t), uc(t)) on [to,t1].

It is known that system (2.4)-(2.5) is completely observable if and only if for all
t;1 € R, there exists ty < t; such that
t1
Mt to) = / BT (¢, 1,)CT () C (DD (t, 1) dt
to

is invertible [10]. Uniform complete observability is defined as follows [42].

Definition 2.9 System (2.4)-(2.5) is called uniformly completely observable
if there exist 0 > 0 and a; > 0, 1 =1,2,3,4 such that for allt € R,

arl < M(t,t—o0) < asl,
asl < OT(t,t —o)M(t,t —o)P(t,t — o) < aul.
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As the above mentioned, it is important to verify whether or not linearized system
(2.4)-(2.5) is uniformly completely observable and the following questions are
posed for the same reason as questions 2.1 and 2.2.

Question 2.3 What is a class of nonlinear systems (2.1)-(2.2) whose lineariza-
tions (2.4)-(2.5) along trajectories are uniformly completely observable?

Question 2.4 What is a class of trajectories stated in question 2.57
We will answer questions 2.3 and 2.4 in the section 2.3.

Remark 2.1 For a special class of nonlinear systems called nonholonomic chained
systems, reference [89] has given a sufficient condition for certain linearizations
of nonlinear systems in the class to be uniformly completely controllable and uni-
formly completely observable. [ |

In the above discussion, it is significant that a given reference trajectory com-
poses of a trajectory of system (2.1)-(2.2). Unfortunately, in general, it is difficult
to verify whether or not a given reference trajectory composes of a trajectory of
system (2.1)-(2.2) because the vector field f is nonlinear with respect to x and w.
However, fortunately, if a given nonlinear system (2.1)-(2.2) is differentially flat,
we can easily verify that. Differential flatness of system (2.1)-(2.2) is defined as
follows [22] (see appendix E).

Definition 2.10 System (2.1)-(2.2) is called differentially flat if there exist
smooth mappings ¢1 : R" x R™ x -+ - R", ¢ - R" x R" x --- — R™, and
Y R" X (R™x --+) = R™ depending only on a finite number of variables,
respectively, such that

. _ z\ [ ¢1(v,0,9,---)
vi=(@,u, i, 0) = (u) = (9252(@7@7@7...)) :
In addition, if system (2.1)-(2.2) is differentially flat, the variable v satisfying the
above condition is called o flat output of system (2.1)-(2.2).

Assume that system (2.1)-(2.2) is differentially flat with a flat output v. Then
there exist smooth mappings ¢; : R" X R"™x--- — R"and ¢ : R" X R™ X -+ —

R™ such that

:E _ ¢1(U’ /l.), DY )

m ¢2<U,1>,"') :
Now assume that v(t) has been defined on R. Taking an initial state z(0) =
¢1(v(0),9(0),---) and applying feedforward control u(t) = ¢o(v(t),0(t),---) on
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R to system (2.1)-(2.2), by the theorem on uniqueness of solution of ordinary
differential equation [102], we have

z(t) = ¢1(v(t),0(t),---) on R.
Therefore if we consider a reference trajectory of system (2.1)-(2.2) as

o1(v(t),0(t),--+), the trajectory (z(t), u(t)) = (d1(v(t), 0(t),- -+ ), pa(v(t), 0(t),-+))
is . We will show how to apply differentially flat property in example 2.38 in the
next section.

2.2 Algebraic controllability

In order to answer the questions 2.1 and 2.2, this section introduces novel concepts
called algebraic controllability and controllable trajectory of system (2.1)-(2.2).
It is shown that if a given nonlinear system (2.1)-(2.2) is algebraically control-
lable, then every linearized system along any (periodic) controllable trajectory is
(uniformly) completely controllable.

First, we give some preliminaries in order to define algebraic controllability.
Let M, denote the field of all meromorphic functions depending on a finite
number of variables of

{xl,uk)|1<l<n1<k‘<ml>0}

The field M, ., can be endowed with a differential structure determined by Eq.
(2.1) as follows:

o, u, ity ) = ) + Z utth,

where ¢(z,u, 1, -+ ) € M(zu). Thus M, is a differential field (see appendix C).
A vector space &, of differential one-forms spanned over M, ) is defined [16]
as

Ea) = spany {dxi,du,(cl) [1<i<n,1<k<ml> 0} )

Then for any ¢ € M, ), differential d : M, ) — & 4) is defined as

d +Z = ydu. (2.12)

4y s

. d _ m dt
Let 'D(x,u) = M(x,u) [3] For o« = Zi:O Qi g7 € 'D(x’u), o; € M(Lu), 7

defined as
m dz+1 dz
Z < gt 2%) :

=0
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Hence D, ) is a left skew polynomial ring, and thus elements of D, ,) can act
on the vector space &) (see appendix C), that is, the vector space £, can
be endowed with a differential structure by defining a derivative operator % as
follows:

% (Z a;dz; + Z Z Cr, lduk ) = Z (aidxi + a; Z g—i;d@)

>0 k=1 i=1

+ZZ cklduk + ¢k du l+1)),

>0 k=1

where Y7 a;dr; + )00 D ey ck’ldu,(j) € Ewu). More generally, see appendix
C. Furthermore, Dy, ) is simple and a non-commutative Euclidean domain (see
proposition B.3 in appendix B). Thus since D, is a left and right principal
ideal domain [15], Dy, ) has the left and right Ore property (see proposition A.2
in appendix A). Thus, D(,,) admits a skew field KC(, ) of fractions containing
elements of the form k = r~'n or k = nr=!, where 0 # r € D,y and n € D,
(see proposition A.3 in appendix A). Hence, the rank of a matrix R, . € Daxb

(z,u)
is well defined as rank R, ) := dim (lClX“ R, u)) = dim (R(x,u)lCl(’Lu)) )

(z,u)

Definition 2.11 A matriz U € D?:CXZ) s called unimodular if there exists a

matriz U~ € Dy with UU~ l=yU-U=1,.
The following proposition [15] is important to give the definition of algebraic
controllability (see proposition B.4 and lemma B.5 in appendix B.3).

axb

Proposition 2.1 Suppose that R, € D(m " Then there exist unimodular ma-

trices Uzu) € DE‘;Z) and Vig.) € D?;Z) such that

diag(1,---,1,a) O

where 0 # o € Dy,), and where s := rank R, ,). Moreover, the degree of the
polynomial « is constant for any unimodular matmces Uy and Vig ) satisfying
(2.13).

Remark 2.2 The above normal form is called the Jacobson form [15]. Since
Dy is Euclidean [15], the matrices U and Vigu) can be obtained by repeat-
ing elementary row and column operations for the matriv R.). Here,
elementary row (column) operations are defined as follows:

1. Interchange row (column) i and row (column) j.

2. To row (column) i add d € Dy, times row (column) j, i # j.
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3. Multiply row (column) i by a non-zero element in M ).

Each elementary row (column) operation on a matrixz corresponds to the left
(right) multiplication of the matriz by an appropriate unimodular matriz.
Moreover in order to obtain the Jacobson form of the matriz R, ., for exam-
ple, we can use symbolic packages of computer algebra such as SINGULAR [25]
and OreModules [14]. |

To define algebraic controllability and algebraic observability, we define hyper-
regularity [65,66].

Definition 2.12 Let R, ) € D The matriz Rz 18 called hyper-regular

(z,u)

if there exist unimodular matrices U, ) € D?xxg) and Vig.) € DE’;Z) such that

U(;t,u)R(:r,u)Vv(x,u) = (Ia 0) if a < b,

UewyRauw)View = (f;’) if a>b.

From now on, we define algebraic controllability and controllable trajectory.
First, differentiating both sides of Eq. (2.1), we have

. dx
where
P(CLU) = (%[ — %(m,u) —%(az,u)) ) (2.15)

Since f is meromorphic with respect to each variable, coefficients of polynomials
of each element of Pf,  are meromorphic functions. Thus P, ;€ D?;E?er). If
we can transform the matrix P, , defined by (2.15) into the simplest form of the

Jacobson form, we say that system (2.1)-(2.2) is algebraically controllable.

Definition 2.13 System (2.1)-(2.2) is called algebraically controllable if P,
defined by (2.15) is hyper-reqular, that is, there exist unimodular matrices Uy ) €
DE‘;{L‘) and Vi) € DU i fying

(z,u)

Uty Py Viww) = (In 0). (2.16)

Remark 2.3 Algebraic controllability is a necessary condition for differential
flatness ( see proposition 3 in [66]). Furthermore, system (2.1)-(2.2) is alge-
braically controllable if and only if system (2.1)-(2.2) is accessible [16] (see section
2.6). n
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Remark 2.4 As a special system of system (2.1), let us consider

it = 2t ut), (2.17)
P = f2(2?,u?), (2.18)

where 1 € R™, 19 € R™ are state variables and u; € R™, uy € R™* are input
variables. Furthermore, f' and f* are meromorphic with respect to each variable.
Then if subsystem (2.17) and subsystem (2.18) are both algebraically controllable,
system (2.17)-(2.18) is algebraically controllable. In fact, differentiating both sides
of (2.17)-(2.18), we have

dzt

Pt 0 du! _0
0 P? de2 | — 7

— \ du?

P
where
1. (d Oft oft
P = (afm—w _W>’
2. (d of? of?
pPti= (afnz — oz —m> :

Since subsystem (2.17) is algebraically controllable, there exist unimodular matri-

ces U and V' such that U PV = ([n1 O). Hence

ut o V1 0 I,, 0 O
(0 fnz> g ( 0 fn2+mz> N ( 0 0 P(z)) 219
On the other hand, since system (2.18) is algebraically controllable, there exist
unimodular matrices U? and V? such that U*P*V? = (In2 0). Therefore by
(2.19), there exist unimodular matrices U and V' such that UPV = (I, 4y, 0).
Hence system (2.17)-(2.18) s algebraically controllable.
In section 2.8, we study another system which has a more special structure.
|

Note that if system (2.1)-(2.2) is linear, algebraic controllability is equivalent to
controllability in the usual sense. In fact, let us consider linear time invariant
systems

& = Az + Bu, (2.20)
y=Cu, (2.21)

where A € RV", B € R™™, and C € RP*" are constant matrices. Then
differentiating both sides of (2.20), we have

dx
(41,-4 -B) ( du) —0,

c
linear




2.2 Algebraic controllability 19

We note that P¢

linear S (R[d])nX(n+m) C an(n—i—m). Thus we can transform the
matrix P

dt (,u)
into the Jacobson form. Actually, there exist unimodular matrices

linear
U e (R[%])nxn and V € (R[%])(Mm)x(wm) such that
Uf)ﬁnearv = (A O) ’
where A := diag(l,---,1,a) and 0 # a € R[%]. Since R[%] is a commutative

ring, this form is called the Smith form [88]. On this account, in the case of
linear time invariant systems, we should say that system (2.20)-(2.21) is alge-

braically controllable if there exists unimodular matrices U € (R[4])"™" and
Ve (R[%])(nm)x(nm) such that

UPfpeasV = (I, 0). (2.22)

It is known [88] that system (2.20)-(2.21) is controllable if and only if there exist

unimodular matrices U € (R[4])"™" and V € (R[%])(n+m)x(n+m) satisfying
(2.22). Therefore system (2.20)-(2.21) is algebraically controllable if and only if
system (2.20)-(2.21) is controllable.

Algebraic controllability is invariant under an analytic coordinate transfor-

mation.

Theorem 2.2 Suppose that system (2.1)-(2.2) is algebraically controllable. More-
over, suppose that x = (&) is an analytic coordinate transformation with the
analytic inverse. Then the transformed system

- (g¢) F(6(2), ) (2.23)
y = h(6(#)) (2.24)

1s also algebraically controllable.

Proof Differentiating both sides of (2.23), we have

(47 = 2 [A@) " F(6(0),w)] —A(@)5L) (Zli) 0
P

where A(%) := %2(%). Since

[A@) " f(6(2),u)] = —A(3) !

oz,
by a direct calculation, we obtain

A

pe = A@)! (A(ge)%H(g—g;é %f)—f’—;A(z) —ﬂ).

(2,u)
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Furthermore, since

86%]' . 32¢i . Oay,

0iy 03,08, 03

we have
_8@11 - o Oain, 2 . e Oa1y - e Oain -
93, L1 T gatdn 93, In T+
DA 94 ;
0% OFn
—8a”1 2 oo _aann > o e _8an1 - o e _aann ;\
95, L1 Tt 3y, In T T aln
dayy 4 s Baungs . Bain 4 ... Oain
93, L1t G 92, In T Gty
dan1 2 dani A Oann 2, dann 2,
9z, L1t G 92, In o Gt
= A(%)
Therefore

: - A(#) 0
c o 1 pc
P = Al@)F (¢<x>,u>( 0 1>'

On the other hand, since system (2.1)-(2.2) is algebraically controllable, there
exist unimodular matrices U, .y € D&X;L) and Vi, € DEZ:;’UX(’H’”) satisfying
(2.16). Hence we have

N e A@) 0
(Uts()0A(2)) Pl ) (( (0) [) V(¢(az>,u>> = (I 0).
—_——
Y ‘7(;rm

Since U@,u) and 17(j7u) are unimodular, system (2.23)-(2.24) is algebraically con-
trollable. O

As a corollary of theorem 2.2, algebraic controllability is invariant under a linear
coordinate transformation.

Corollary 2.3 Suppose that system (2.1)-(2.2) is algebraically controllable. Let
x = Az, where A € R™" is invertible. Then the transformed system

AT f(AZ, ),

h(Az)

< K
I

18 also algebraically controllable.

Moreover, algebraic controllability is invariant under a static feedback.
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Theorem 2.4 Suppose that system (2.1)-(2.2) is algebraically controllable. More-
over, suppose that u = (x,v) is an analytic static feedback and det %(m, v) £ 0,
where v(t) € R™ is a new input variable. Then the resulting system

&= [z, ¢(z,v)) (2.25)
y = h(x) (2.26)

18 also algebraically controllable.

Proof Differentiating both sides of (2.25)-(2.26), we have

(47— 500 0(0,0) — o vl )30 0) B (o) Ble0) () =o.

(S J/
'

pDc
Pl

By a straightforward calculation, we get

. . I 0\ /I 0
Faew) = Paw@a)) (g_w ]> (0 g_w)

On the other hand, since system (2.1)-(2.2) is algebraically controllable, there

exist unimodular matrices U,y € D% and Vi, € Dgzt;n)x(ner) satisfying

(z,u)
(2.16). Therefore

A 1 0 I 0
Ua: v chv _ Vx, T,V = In 0).
(0(@0)) <,>K0 (22) 1) (—g—f [) (@ ))1 (7o 0)

. /
~~

V(w,v)

U(x,v)

Since U(M) and \A/(M) are unimodular, system (2.25)-(2.26) is also algebraically
controllable. a

By theorems 2.2 and 2.4, we have the following corollary.

Corollary 2.5 Suppose that system (2.1)-(2.2) is algebraically controllable. More-

over, suppose that x = ¢(&) is an analytic coordinate transformation with the
. N . . . 9

analytic inverse, uw = Y(Z,v) is an analytic static feedback, and det 8—f(x, v) £ 0,

where v(t) € R™ is a new input variable. Then the resulting system

s (N
x:(%) F(6(8), (@, v)),
y = h(o(2))

18 also algebraically controllable.
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In order to relate algebraic controllability and uniform complete controllabil-

ity, we define controllable trajectory of system (2.1)-(2.2). To define controllable
trajectory, we need the following definition.
Definition 2.14 Let R,y € D) and let (z*(t),u*(t)) € R" x R™ be a trajec-
tory of system (2.1)-(2.2). The matriz R~y is defined by substituting x*(t)
and u*(t) into x and u in each polynomial element of Ry, respectively. Fur-
thermore, the matriz R« . 15 called bounded if every coefficient function
of each polynomaial element of Riz+(t),uxv)) s bounded on R.

When we use a variational method to generate a trajectory, we often get a piece-
wise smooth trajectory. For example, see chapter 4. Hence, we herein define
a set of piecewise smooth functions. Let Cg% be the set of all functions which
are smooth except for a countable set of exception points E(a) C R for each
a € C,, that is, for each a € C% there exists a countable set E(a) C R such

that a € C*°(R\E(a), R). For example, the following functions are constrained
in C2% .

—t (t<-1),
o {t+1 (—1<t<0),
et (t>0).

For each a € C, a time derivative a is defined on R\ E(a) in the usual sense.

We do not define the value a(t) for ¢t € E(a). For example,

—t (t<-1), -1 (t<-1),
a(t) =¢t+1 (-1<t<0), =at)=¢1 (-1<t<0),
et (t>0). —e b (t>0).
For a,b € C , a+band a-b are defined on R\(E(a)U E(b)) as follows.
(@ +b)(t) == alt) + b(t),
(a-b)(t) :==al(t) - b(t).
For a = Y% Oazdtl € Cx 4], a; € C%, Lais defined as

k

d di+1 ) dz
%Oé = Z <051W + Oél%> .
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We define a set of piecewise smooth functions defined for all t € R as

Cow i=1a € CX, | a(t) is defined for all t € R}.

+ fort € R\{0}
P 0 fort=0
algebraically controllable system (
of functions in C3.

For example, although ¢ C is contained in C53. For an

2.1)-(2.2), controllable trajectory is composed

Definition 2.15 Suppose that system (2.1)-(2.2) is algebraically controllable. A
trajectory (x*(t),u*(t)) of system (2.1)-(2.2) is called a controllable trajectory
if the following conditions are satisfied:

1. (%, u*) € (C)™ x (Coe)™.

2. The matriz P( “(t)u (1) 18 bounded.

3. There exist unimodular matrices U, ) € DE‘;ZZ) and Vigu) € DEZZ;’I)X("W)

satisfying (2.16) such that

d nxn
1 S
U(x* (t)»u*(t))’ U(m*(t)7 ( (C |:dt:| ) ’

d (n+m)x (n+m)
1 o)
Viar @0 ©) Va0 ) (C {dt} ) '

Remark 2.5 “The matriz P( @) () U5 bounded” means that each element of
A(t) and B(t) defined in (2.4) is bounded on R. |

Remark 2.6 If a given system (2.1)-(2.2) is algebraically controllable, there exist
unimodular matrices U,y and Vg satisfying (2.16). However, the matrices
are not unique. For the reason, we have defined controllable trajectory such as

definition 2.15. [
Remark 2.7 If a given system (2.1)-(2.2) is differentially flat, we can easily find
a controllable trajectory of system (2.1)-(2.2). [

In the case of linear time invariant systems (2.20)-(2.21), the concept of con-
trollability coincides with the concept of complete controllability [42]. Hence
if we consider linear time invariant systems (2.20)-(2.21), in order to charac-
terize algebraic controllability, the concept of controllable trajectory is not re-
quired. Furthermore, in [104], it has been shown that system (2.20)-(2.21) is

linearly flat if and only if there exist unimodular matrices U € (R[%])nxn and

Ve (R[%])(n+m)x(n+m) satisfying (2.22). Although in general, it has been only
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known that algebraic controllability of nonlinear systems (2.1)-(2.2) is a necessary
condition for differential flatness [66], in the case of linear time invariant systems
(2.20)-(2.21), the concept of algebraic controllability coincides with the concept
of linear flatness.

Example 2.1 Let us consider a simple system

{%1 - a (2.27)

To = T1.

Differentiating both sides of system (2.27), we have (E _1 0 dzy | =
S dt o\ du
(C-Zl ,TQ,U)
0. By elementary row and column operations, we have
0 1 4
dt
L0 pe 0 0 1 _ (L 0 0)
0 —1 (@1,22,0) 1 1 d u 1 d?2 u d 010
7\/—“ @ mdt m md? wdt/
(‘z ,T9,u) ¢ ~
o ‘/(931’12s")
Hence system (2.27) is algebraically controllable.
Furthermore,
-1 1 0
Ulramy) = (0 —1) !
d
. i o U Od —I
(V(m,xz,u)) = 1 —a 0
0 1 0
Viewing each element of P, v, US, o (UG, 4,00)” L Vi oo (W‘;hmu))_l,

we can know that any (perlodlc) trajectory (x}(t), z5(t),u*(t)) € (Cpy)® such
that z7(t) and u*(t) are bounded on R, and z73(t) # 0 for almost all t € R is a
(periodic) controllable trajectory.

Since
T = T,
{ . (2.28)

system (2.27) is differentially flat with a flat output z5. Thus we can easily find
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a controllable trajectory as follows.

e J1Hexp(=1) + pexp(—3) (t>0),
ml(t)_{l (t <0)

e JtHtexp(—7) (t > 0),
7(t) = {t (t<0),

] (t>0)
u* (t) - t3(1+exp(—%)+t2 exp(—%) ,
0 (t <0).

—~
:uO
=

+m)x (n+m)
(31(0),85 (), (8) o . Therefore at
this stage, we cannot conclude that (Z7(t), Z3(t), @*(¢)) is a controllable trajectory.
|

= , 1) is a smooth trajec-
tory on R of system (2.27), V& ¢ (Coo [4 >
)

Example 2.2 Let us consider a nonholonomic mobile robot [5,39,44,51-53,62,
76]

T cos 0
y|=|sind [ur+ {0] ug, (2.29)
0 0 1

where (z,y) and 6 denote the wheel-axis-center position and the orientation of
the robot, respectively, and u; and us denote the translational and rotational ve-
locities, respectively. Here (x,y,6) and (uy,us) denote state and input variables,
respectively. Differentiating both sides of system (2.29), we have

dx
% 0 sinfu; —cosf 0 dy
0 % —cosbu; —sinf 0 do | =0.
0 0 4 0 -1/ |du

pe dug
(z,y,0,u1,u2)

By elementary column and row operations, we have

U(%yﬁ,ul7u2)P(Cx,y,6,u1,u2)‘/(Ly,@,ulmz) = ) (230>

o O =
O = O
_— o O
o O O
o O O
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where
1 __cosf 0
sin 6
U(w,y,@,ul,ug) =10 _si1119 0 ,
0 0 -1
0 00 0 1
0 00 sin? ¢ 0
i in2 . U sin
Viewbanu) = | &0 (0 #nfeod 3‘“’59% +2sinfcos’ gz =m0 |
—cosf 1 0 sin 9% + 2sin? O cosOuy  cos 9%
o 01 &sin@cos@% + 20 cos? Qs —04%
and where
sinf d Uy U
o= — +costl— — —
(75} dt U1 1
Hence system (2.29) is algebraically controllable.
Furthermore,
1 —cosf 0
-1 N .
U(Lyﬁ,uLW) =10 —sinf 0 |,
0 0 -1
d cosf d u
& “oqog g )
1 0 " sin6 dt sin@fl 10
‘/(ac,yﬁ,uhug) = 0 (1) T dt 0 1
0 sin? 0 0 0 0
1 0 0 0

. . c
VleWIHg eaCh element Of P(z,yﬂ,ul,uz)’ U(‘riy70au17u2)7 ‘/(m7ya07u17u2)’ (U(z7y’9)ul7u2)) ?

(Viay.0,u1.u9)) ", We can know that any (periodic) trajectory

(z*(t), y*(t), 0" (1), ui(t), us(t)) € (Cgs)® of system (2.29) such that uj(t) is bounded
on R, and uf(t) # 0 and 0(t)* # nx for almost all t € R, n € Z, is a (periodic)
controllable trajectory. [ |

Let (z*(t),u*(t)) € (Cg)" x (Cg)™ be any trajectory of system (2.1)-(2.2)
such that P(. ) ) is bounded. Then we can define the behavior

B(;p*(t),u*(t)) = {w c (C;(;)n+m ‘ P(Cx*(t),u*(t))w = O} . (231)

Controllability of the behavior B« (¢)u+ () is defined in the same way as definition
B.6 in appendix B. In general, we cannot guarantee that there exist Uy, U, ' €

(C[4])™ " and Vi, V; ' € (€22 [4]) ™™™ uch that

UtPGe e pVe = (In 0).
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However, if system (2.1)-(2.2) is algebraically controllable, there exist unimodular

matrices Uy € D? "oand Vg, € DgnJr;n)X(ner satisfying (2.16). Thus if

(x*(t),u*(t)) is a controllable trajectory,
Uta 000 ) Do 0,009 Vi @00 = (In 0)

-1 oo [d nxn 1
where Ut (),ux(t)s Ugepar(y) € (C @) and Vigs ). 0): Vier@yur ) €

(C.14)) (b am) gy this, we have the following lemma.

Lemma 2.16 Suppose that system (2.1)-(2.2) is algebraically controllable. Let
(x*(t),u*(t)) be any controllable trajectory. Then behavior B« )= s control-
lable.

Proof Since system (2.1)-(2.2) is algebraically controllable, there exist unimod-

ular matrices U, € D?xxg) and Vi) € DEZB”) (nt+m) satisfying (2.16). Since

(x*(t),u*(t)) is a controllable trajectory, we have
oo \n+m c _
Bar ) (1)) = {w € (Co2 )™ | Ut ur ) Pl 0y, () Vi 007 0) Vi ) v (0 = 0}
={we (C2)"™™ | Wjw=0},

where

1 th
V u* (t)) (Wt2 .

Note that by condition 3 of definition 2.15, W' € (C22, [di})nx(nm) and W7 €

(Cos. [a])™ "™,
Let

Ve = (Vi1 V7).

Note that by condition 3 of definition 2.15, V' € (C, [i})(n+m)xn nd V72 €

(2, [4]) ™™™ Then VW] + VEWE = ILyyp. Thus if @ € Bige e 1)), We
have

b= VWb

Hence for any wq, wy € B(y(1),u* (1)), there exist l1, Iy € (C5% )™ such that

wy = ‘/;2l17
Wy = ‘/;212.



28 2. Algebraic controllability and algebraic observability

Let ¢ty be in R\(E(l;) U E(ly) U E(V;?)). Then there exists an open interval
to € Z C R such that [y, [ and wy, wy, are smooth on Z. Let [ be a smooth

function on Z with
1 (¢t t <t
l(t) _ l( )a >~ o,
l2<t)7 tZ tla

where t; € Z and t; > to. Then we can conclude that
w = Vil € B e (v)-

In fact, since

vl Vier ) 1)) = (Wévti W'inZ) = (In O)
(@ O (®) @O, W2V W2V AL

WiVE =o.

we have

Therefore
Wlhw =WHV?) = 0.

Hence for any wy, wa € B(e+)u)) and almost all ¢, € R, there exist w €
B+ (t),u(t)), an open interval to € Z C R, and t; > tg such that wy, wy, w are
smooth on Z and for all t € 7

wlt) = {wl(t), t<ty,

’LUQ(t), t Z tl.

Therefore Bg«()4+(1)) is controllable. O

By lemma 2.16, if (2*(¢),u*(t)) is a controllable trajectory, the behavior
B 2+ (#),u*(t)) defined by (2.31) is controllable. Since

B(m*(t),u*(t)) = {(ZI)E,UE) S (C:;.Oe.)n X (Cﬁ)m ‘jje = A(t)afe + B(t)UE} )
for all (o, e0); (TeasUe1) € Braxw)ur)), and for almost all ¢y € R, there exist

(Ze,ue) € Bar(t)ur (1)), an open interval to € Z C R and t; > t with ¢, € Z such
that (co, Ueo), (Te1,Uen), (T, ue) are smooth on Z and

(xe,O(t)a ue,O(t))a ift S tO?
(Xea(t),ucqi(t)), ift >ty

where A(-) and B(-) are defined in (2.4). Since we can take any x.(ty) € R" and
any x.(t1) € R", the relation (2.32) implies that for all e € R" and almost all
to € R, there exist an open interval tg € Z and t; > to with ¢; € Z, and a control
input u. € C*°(Z, R™) such that x.(ty) = e and z.(t;) = 0. Actually, this is
satisfied at all {5 € R. Namely, we have the following theorem.

(ze(t), uc(t)) = { (2.32)
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Theorem 2.6 Suppose that system (2.1)-(2.2) is algebraically controllable. Then
every linearized system (2.4)-(2.5) along any controllable trajectory (x*(t), u*(t))
of system (2.1)-(2.2) is completely controllable.

Proof Suppose that there exists a singular point ¢, € R, that is, for all e € R",
there do not exist ¢; > t, and a control input u, € C*°(Z, R™) such that x(t;) = e
and z.(t;) = 0. Since (z*(t),u*(t)) is a controllable trajectory of system (2.1)-
(2.2), A(-) and B(-) are bounded on R. Thus if we apply u. = 0 into system
(2.4), for all ) € R and e € R", we have an absolutely continuous solution z.(t)
on R such that z.(tg) = e (see appendix C in [102]). Hence if we apply u. = 0
into system (2.4), for all 6 > 0, there exists ¢ € R" such that z.(t; + 0) = é.
Note that if we take § sufficiently small, ¢5 4§ is not a singular point. Therefore
for all e € R", there exist an open interval t, € Z,, t; > t, + 0 with t; € Z,
and a control input u. € C*°(Z;, R™) such that z.(t;) = e and z.(t;) = 0. This
is a contradiction because t, is a singular point. Hence there does not exist
any singular point. Thus for all e € R" and all ¢, € R, there exist an open
interval ¢ty € Z, t; > ty with ¢; € Z, and a control input u. € C*(Z, R™) such
that x.(ty) = e and z(t1) = 0. This means that linear system (2.4)-(2.5) is
completely controllable. |

By applying theorem 2.6 and a result of [101], we can relate algebraic controlla-
bility and uniform complete controllability.

Corollary 2.7 Suppose that system (2.1)-(2.2) is algebraically controllable. Then
every linearized system (2.4)-(2.5) along any periodic controllable trajectory
(x*(t),u*(t)) of system (2.1)-(2.2) is uniformly completely controllable.

Proof Since (2*(f),u"(?)) is a controllable trajectory, the matrix Pf. . -
is bounded. Hence A(t) and B(t) of system (2.4) are bounded on R because

Pty ) Te) = 0is equivalent to system (2.4). Moreover, if a controllable

trajectory (x*(t),u*(t)) is periodic, A(t) and B(t) are periodic. Then system
(2.4)-(2.5) is uniformly completely controllable if and only if system (2.4)-(2.5)
is completely controllable [101]. Hence by theorem 2.6, we obtain the conclusion.
O

By corollary 2.7, answers in questions 2.1 and 2.2 are algebraically controllable
and periodic controllable trajectory, respectively.

Interpretation 2.1 Suppose that a given system (2.1)-(2.2) is algebraically con-
trollable and (z*(t),u*(t)) is a periodic controllable trajectory. Let x*(t) be the
reference trajectory of system (2.1)-(2.2). Then by corollary 2.7, as mentioned
in section 2.1, there exist a feedback gain K(t) such that if we apply (2.8) into
system (2.1)-(2.2), the actual trajectory x(t) locally exponentially approaches the
reference trajectory x*(t).



30 2. Algebraic controllability and algebraic observability

As shown in example 2.2, any trajectory (z*(t),y*(t),0%(t),ui(t),us(t)) €
(Cpe)° of system (2.29) such that wj(t) is bounded on R, and uj(t) # 0 and
0*(t) # nm for almost all t € R, n € Z, is a controllable trajectory of system
(2.29). Hence by theorem 2.6 and corollary 2.7, a linearized system along such a
(periodic) trajectory in the class

Te 0 0 —sin(0*(t))u;i(t) Te cos(6*(t)) 0 "
Y| =10 0 Cos(é’*( )ui(t) ye | + | sin(6*(¢)) 0 (ule)
6. 0 0 6. 0 1 <

is (uniformly) completely controllable. However, it has not been clarified that a
trajectory (z*(t), y*(¢),0,ui(t), us(t)) of system (2.29) is a controllable trajectory
of system (2.29), yet. The next subsection explains that if a trajectory of system
(2.1)-(2.2) is analytic on R, we can apply a result of appendix B.

2.2.1 Analytic trajectory

This subsection explains that if a trajectory of system (2.1)-(2.2) is analytic on R,
we can examine complete controllability of a linearized system along the analytic
trajectory by using a result of appendix B. Let D; := Mt[%], where M; is a
field of all meromorphic functions on R with respect to ¢ (see appendix B.3 and
appendix D).

First, we prepare the following lemma.

Lemma 2.17 Suppose that a trajectory (x*(t),u*(t)) of system (2.1)-(2.2) is an-
alytic on R such that Pf. . ) 15 bounded. Then P(. ) ) € (Dy ) (ntm)

Proof Since every coefficient function of each polynomial element of P(‘; ) IS
meromorphic function depending on a finite number of variables of {x, u,u,- - -},
we can describe it as % by using some analytic functions « and . Since
a composite function of an analytic function and an analytic function is ana-

lytic [57], substituting («*(¢), u*(¢)) into (x, u) of a(z, u, @, --) and B(z,u, @, - ),
a(t) == a(z*(t),u*(t), a*(t),---) and G(t) := B(x*(t),u*(t), u*(t), - - ) are analytic
on R. In addition, since F(,. () is bounded, we have (t) # 0 on R. Hence
every coefficient function of each polynomial element of PC “(t)u (1)) CALL be de-

scribed as the form 2 Et which is a meromorphic function with respect to¢t. O

Let (z*(t),u*(t)) be an analytic trajectory on R of system (2.1)-(2.2) such
that P(Cm*( (1) is bounded. Thus by lemma 2.17 and proposition B.8 in appendix
B, the behavior B« u-(+) defined by (2.31) is controllable if and only if there

exist unimodular matrices U; € D™ and V; € D, (ntm)x(n+m) qich that



2.2 Algebraic controllability 31

Hence then in the same way as the proof of theorem 2.6 and corollary 2.7, we get
the following corollary.

Corollary 2.8 Suppose that a (periodic) trajectory (x*(t), u*(t)) of system (2.1)-
(2.2) is analytic on R such that Py ury) U8 bounded. Then if there ewist uni-

modular matrices Uy € D™ and V; € D§n+m)x(n+m) satisfying (2.33), a linearized
system (2.4)-(2.5) along the trajectory (z*(t),u*(t)) is (uniformly) completely con-
trollable.

Example 2.3 Let us go back to example 2.2, again. Suppose that
(x*(t),y*(t),0,ui(t),us(t)) of system (2.29) is an analytic trajectory. Then we
have

4 8 ui(t) -1 0
P = Parwwrwououme = | 0 & —ul®) 00
0 0 % 0 -1
By elementary row and column operations, we have
0 0 0 1 0
-1 0 0 0 0 0 O 1 10 0 00
c 1 1 d |
01 0|F|0 —zm 00 Zmaw|=101000],
0 0 —1 1 0 04 0 00100
d
0 I 0 —ay
where o 1= —u,}(t) d% + (ﬁ(%)y. Hence by corollary 2.8, a linearized system along
the trajectory (z*(t), y* (1), 0, uf (£), u3(1))
Te 00 O Te 10 "
Je | =10 0 wi®) | [y ) +{0 0 (ul)
0. 00 0 6. 0 1 2

is completely controllable, where uj(¢) is bounded on R and uj(t) # 0 for almost
all t € R. |

Remark 2.8 If a trajectory (z*(t), u*(t)) is analytic and P )
we can use corollary 2.8 without calculating U;' and V™', Note that if a trajectory
(z*(t),u*(t)) € (Co)" X (Coe)™ is not analytic, to use theorem 2.6 and corollary
2.7, we have to obtain U(; 71“) and V(;L), where Uy and Vg are unimodular

matrices satisfying (2.16). [

) 1s bounded,
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2.3 Algebraic observability

In order to answer the questions 2.3 and 2.4, this section introduces novel concepts
called algebraic observability and observable trajectory of system (2.1)-(2.2). It is
shown that if a given nonlinear system (2.1)-(2.2) is algebraically observable, then
every linearized system along any (periodic) observable trajectory is (uniformly)
completely observable.

Differentiating both sides of Egs. (2.1)-(2.2), we have

0 0 du
where
o i[n - ﬂ(m, 'U,) (7’L+p)><n
P(a:,u) = (dt _8_}181‘3:) - D(I,u) , (235)

u) 0 ) & Pt x(mn),

In the same way as algebraic controllability, algebraic observability is defined.

Definition 2.18 System (2.1)-(2.2) is called algebraically observable if I, u)
defined by (2.35) is hyper-reqular, that is, there exist unimodular matrices U, ) €
prtexnte) on g Viau) € D”X" such that

(a:,u) (g; u

Opxn

0 I,

Differentiating both sides of (2.20)-(2.21

(e oe= (0 5) @)

lmear

, we have

We note that P? can be transformed

hnear

(R[%])Oﬁ_p)x C DE’H‘p " - Since Plcl)near
into the Smith form, we should say that system (2.20)-(2.21) is algebraically
observable if there exist unimodular matrices U € (R[i])(n+p)x(n+p) and V €

dt
(R[%])nm such that

UPfpensV = (IO) . (2.37)

It is known [88] that system (2.20)-(2.21) is observable if and only if there exist

unimodular matrices U € (R[%])nxn and V € (R[%])(Mm)x(nm) satisfying
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(2.37). Therefore system (2.20)-(2.21) is algebraically observable if and only if
system (2.20)-(2.21) is observable.

Similarly to the case of algebraic controllability, algebraic observability is
invariant under an analytic coordinate transformation.

Theorem 2.9 Suppose that system (2.1)-(2.2) is algebraically observable. More-
over, suppose that x = ¢() is an analytic coordinate transformation with the
analytic inverse. Then the transformed system (2.23)-(2.24) is also algebraically
observable.

Proof Differentiating both sides of (2.23)-(2.24), we have

(B ) = (1R ) (5),

a"'e

PG )

where A(Z) := %(qb(:f:)). In the same way as the proof of theorem 2.2, we obtain

50 A@)h 0) L N
Flow) = ( 0 ]> Bl AL).

On the other hand, system (2.1)-(2.2) is algebraically observable, there exist
unimodular matrices U, ) € DE;B’)X("W ) and View) € Dp, satisfying (2.36).
Hence we have

A(#) 0] .
{Uw(fc),u) ( E) ) ]>] Piaw [A2) Viga ] = (I 0).

J

v~

LY V(ﬁ:,u)
Ua,u)

Since U@u) and ‘A/(g;,u) are unimodular, system (2.23)-(2.24) is also algebraically
observable. a

As a corollary of theorem 2.9, algebraic observability is invariant under a linear
coordinate transformation.

Corollary 2.10 Suppose that system (2.1)-(2.2) is algebraically observable. Let
x = AZ, where A € R™" is invertible. Then the transformed system (2.23)-(2.24)
15 also algebraically observable.

Similarly to the case of algebraic controllability, in order to relate algebraic ob-
servability and uniform complete observability, we define observable trajectory of
system (2.1)-(2.2).
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Definition 2.19 Suppose that system (2.1)-(2.2) is algebraically observable. A
trajectory (x*(t),u*(t)) of system (2.1)-(2.2) is called an observable trajectory
if the following conditions are satisfied:

1 (z%u*) € (Cp)" x (Coe)™.
2. The matrices Pol,*(t)’u “(1)) and Q “(1)) are bounded.

3. There exist unimodular matrices Uy € Dgzg)x("ﬂ ) and View) € D&Xg)
satisfying (2.36) such that

1 d (n+p) X (n+p)
U(-T*(t)vu* (t))7 U(z*(t),u ( (COO |:dt:| ) ’

d nxn
1 (o)

In the case of linear time invariant systems (2.20)-(2.21), the concept of ob-
servability coincides with the concept of complete observability [10]. Hence if
we consider linear time invariant systems (2.20)-(2.21), in order to characterize
algebraic observability, the concept of observable trajectory is not required.

Example 2.4 Let us go back to example 2.1 with an output variable y = xs.
That is, let us consider

i'l = IiU,
i‘g =T, (238)
Y = To.

Differentiating both sides of system (2.38), we have

a4 _

dt_lug (dxl)_ 161 8 (du)

1 0) \dw 0 —1) \W
———

P&LIQ,U) (Omlwz,u)
Repeating elementary row and column operations for P(x s uz) WE have
d
0 1 o ) 1 0 10
) d ! d2 . d P(wl’m’u) 0o —-1)~ 01
e (z1,m2,u)

o
U(zlaEQa”)
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Hence system (2.38) is algebraically observable. Furthermore, we have

—% +u 0 1
0 -1 d
(U(a:1,a:2,U)) = 1 T dt 0],
0 1 0

: : o o o o o —1
Viewing each element of P(m,wz,u)’ Q($17$27u), U($17$27u), V(mm,u), (U(ccl,ccg,u)) ,

(V(‘:’Cl’%u))_l, we can know that any (periodic) smooth trajectory
(x5(t), x5(t),u*(t)) such that zi(¢) and u*(¢) are bounded on R is a (periodic)
controllable trajectory. |

Example 2.5 Let us go back to example 2.2 with output variables y; = =,
1o = y. That is, let us consider

;

T cos 6 0
gyl =1snb |u + |0] us,
0 0 1 (2.39)
Y1 =,
(Y2 = Y.

Differentiating both sides of (2.39), we have

% 0 sin OQu,y cos@ 0 0O O
d . du1
0 4 —cosbu dz sinf 0 0 O du
0 0 4 dy| =10 1 0 01],”"
-1 0 0 do 0 0 -1 o]\
0 -1 0 0 0 0 —1) \"
P(Olu,yﬁyulvuz)
Repeating elementary row and column operations for P(oas,y,@,ul,ug)7 we have

(o] _
U001 u2) Fe,0,01 09) Vi 0,01 u2) =

o O O O
o OO = O
O O = OO
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where
0 0 0 1 0
0 0 0 0 1
Ulw,y,0,u1,us) = cosf 0 0 cOS 9% ] 0 ;
U — U1% —uyUy  ujsinf H1% - ulj? —u1u2%
cos 6 sin 6 0 CoS 9% sin 9%
-1 0 0
Vieyouu) = | 0 —1 0
0 0 ———

sin 0 cos Ouq

Hence system (2.39) is algebraically observable.
Furthermore, we have

d 1
T dt (1] d 00819 0 (1]
. 0 T sinfdt  sind (1) s;&lze
(z,y,0,u1,u2) — 0 0 v ufsind  wupsin?f |
1 0 0 0 0
0 1 0 0 0
-1 0 0
1 _
Vx ,0,u1,us) 0 —1 ] 0 5
0 0 sinfcosfBuy
where v := ul;in - (% — Z—i) — - Sm’feu Viewing each element of P¢, 4, .

U(:r,y,@,ul,ug)a ‘/(xyGul u2) (U(:EyBul ug)) (‘/(xyOul,uz))_la we can know that any
(periodic) trajectory (z*(t),y*(t), 0*(t), uj(t), us(t)) € (Cg)® such that ui(t) is
bounded on R, uj(t) # 0 and 0*(t) # % for almost all t € R, n € Z, is a
(periodic) observable trajectory. |

As a duality of theorem 2.6, we have the following theorem.

Theorem 2.11 Suppose that system (2.1)-(2.2) is algebraically observable. Then
every linearized system (2.4)-(2.5) along any observable trajectory (z*(t), u*(t))
of system (2.1)-(2.2) is completely observable.

Proof Since system (2 1)- (2 2) is algebraically observable, there exist unimodu-
(D) and Vg € Dy satisfying (2.36). Hence we

lar matrices U,,) € D(zu

have

T o TyrT
Ve (Plw) Uty = (In Onxp) -

Let (z*(t),u*(t)) be any observable trajectory of system (2.1)-(2.2) and let

. T
Bi= {w € (C2)" | (Poraeay) w= o},
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where ¢ := —t. Since (z*(t), u*(t)) is an observable trajectory, putting (U(m*@u*@))*l =:

1
(E//g), where th c (C:.%.[%])nx(n-i-p) and Wt2 c (C:%.[%])pX(n—‘rp), we have
t

T
00 \n T 0 T -1
B= {w € (O | Vi ey (Pr@arm) Voo Ue@uem) v = 0} :
— {w e (€)™ | Wiw =0}

Hence, in the way as the proof of lemma 2.16, we can prove that B is controllable.
Therefore, in the same way as the proof of theorem 2.6, we can prove that linear
system

AT,
dt
is completely controllable, where A(-) and C(-) are defined in (2.4)-(2.5). Hence
by the well-known duality between complete controllability and complete observ-

ability of a time varying linear system [10], complete controllability of system
(2.40) is equivalent to complete observability of

te = Alt)ze, (2.41)
ye = C(t)x..

= A"z + C() ., (2.40)

Since Q&*(t)w(t)) is bounded, complete observability of (2.41) is equivalent to
that of system (2.4)-(2.5). O

Similarly to corollary 2.7, we obtain the following corollary of theorem 2.11.

Corollary 2.12 Suppose that system (2.1)-(2.2) is algebraically observable. Then
every linearized system (2.4)-(2.5) along any periodic observable trajectory (x*(t), u*(t))
of system (2.1)-(2.2) is uniformly completely observable.

By corollary 2.12, answers in questions 2.3 and 2.4 are algebraically observable
and observable trajectory, respectively.

Interpretation 2.2 Suppose that an algebraically observable system was given
and that we got a periodic observable trajectory (x*(t),u*(t)) of the system. Let
x*(t) be the reference trajectory of system (2.1)-(2.2). Then by corollary 2.12, as
mentioned in section 2.1, we can design an observer gain such that the origin of
error dynamics (2.11) between the actual error state and the estimated error state
of the linearized error system (2.4)-(2.5) is exponentially stable. Moreover, if the
system is also algebraically controllable and (x*(t),u*(t)) is also a controllable
trajectory, as mentioned in section 2.1, it is expected that we can design a con-
troller and an observer such that the actual trajectory x(t) locally exponentially
approaches the reference trajectory x*(t).
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Similarly to the discussion in subsection 2.2.1, in the same way as the proof
of theorem 2.11, we can prove the following corollary.

Corollary 2.13 Suppose that a (periodic) trajectory (z*(t),u*(t)) of system (2.1)-
(2.2) is analytic on R such that P, ) and Qs u-(r)) are bounded. Then

if there exist unimodular matrices U, € D" PP and V, € D™ satisfying

[0} ‘[n
lﬁawmmwwwzz(0>’

a linearized system (2.4)-(2.5) along the trajectory (x*(t),u*(t)) is (uniformly)
completely observable.

Note that if a trajectory (z*(t),u*(t)) is analytic on R, and P(. ) and
Qe (). (1)) are bounded, we can use corollary 2.13 without calculating U7 ! and
‘/t—l

Example 2.6 Let us consider system (2.39), again. From examples 2.9 and 2.5,
any (periodic) smooth trajectory (z*(t),y*(t),0*(t), ui(t), us(t)) such that ui(t)
is bounded, and uj(t) # 0, 6*(t) # % for almost all t € R, n € Z, is a (periodic)
controllable and observable trajectory. By theorems 2.6, 2.11 and corollaries 2.7,
2.12, every linearized system along any (periodic) trajectories in the above class
is (uniformly) completely controllable and (uniformly) completely observable. B

The following example shows that there are non-algebraically controllable and
algebraically observable systems.

Example 2.7 Let us consider

T1 = 11279 + U, (2.42)
jfg = — X9, (243)
y =1 (2.44)

Differentiating both sides of (2.42)-(2.43), we have

dzx
d _ _ 1
(dt 2 d 1 1) d:L‘z = 0.
N @i 1o du

Repeating elementary column operations, we have

0 0 1

. 1 0 0

P(9617J327u) 0 1 J 0 - ( d ) :
—1 —X1 a i)
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Hence system (2.42)-(2.43) is not algebraically controllable.
On the other hand, differentiating both sides of (2.42)-(2.44), we have

4 _ _
%~ T2 dxl dz, 1 0 du
0 g+t ) =10 o)(4):
1 0 2 0 —1 y

g

o
P(11»$27u)

Repeating elementary row operations, we have

—1

0 100
0 R | e =010
F+1)L 1 @E+)(24-2)) " oo

g

U(11»127u)

Therefore system (2.42)-(2.44) is algebraically observable.
Furthermore, we have

(z1,22,u)

0
Ut 0 441 1
0 0

Viewing each element of P&hm’u), Uler,z0,u), and U (;,xz,u)’ we can know that any
smooth trajectory (x%(t),z3(t), u*(t)) such that x%(t) and 22  (t) are bounded
on R, and z7i(t) # 0 for almost all £ € R is an observable trajectory. Therefore
by theorem 2.11 and corollary 2.12, every linearized system along any (periodic)
trajectory in the above class is (uniformly) completely observable.

However, since algebraic controllability is a necessary condition for differential
flatness [66], the system is not differentially flat. Thus to generate a (periodic)
trajectory in the above class, we need to apply other trajectory generation tech-

niques such as optimal control methods (see chapter 4). [ |

The following example shows that there are non-algebraically controllable and
non-algebraically observable systems.

Example 2.8 Let us consider

jl'l = X129 + u, (245)
i‘g = — X9, (246)
y = 1 (2.47)

From example 2.7, system (2.45)-(2.46) is not algebraically controllable.
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On the other hand, differentiating both sides of

d
T To —T1 1
0 441 (Z?) = o
0 —1 2 0

—~

2.45)-(2.47), we have
(@)
1)\

Repeating elementary row and column operations, we have

00 -1 01 1 0
0 d
1 O —T1 P(J?1,ac2,u) (1 0) = O 7 )
01 +
2.

o O

v~
1o}

P(Ibwzyu)

d
4 0 0
5)-

1
47) is not algebraically observable. [

(

Therefore system (2.4

2.4 Controller design for tracking of periodic
reference trajectory

This section explains that if a given system is algebraically controllable and if a
reference trajectory is periodic controllable trajectory, by the results of theorem
2.6 and corollary 2.7, we can design a feedback controller based on the Floquet-
Lyapunov theory [9, 41, 75] and LQ optimal control theory [1]. Suppose that
system (2.1)-(2.2) is algebraically controllable and there exists a controllable tra-
jectory of the system. Then by corollary 2.7, linearizing system (2.1)-(2.2) along
any controllable trajectory (z*(t),u*(t)) with period T, we have a uniformly com-
pletely controllable system (2.4)-(2.5), where A(t+T') = A(t), B(t+ 1) = B(t).
This section only studies uniformly completely controllable (2.4)-(2.5) with the
period T'.

2.4.1 Feedback controller design based on the Floquet-
Lyapunov theory

Let ®(t,7) be the state transition matrix of (2.4)-(2.5). The matrix ®(7,0) is
called monodromy matrix. Furthermore, let

Wit to) = / " (1 1) BB ()0 (1, 1)t

The following proposition shows the relation between controllability of system
(2.4)-(2.5) and the monodromy matrix [41].

Proposition 2.14 Linear system (2.4)-(2.5) is completely controllable if and
only if linear discrete time system

we((i + 1)T) = (T, 0)z(iT) + W, (T, 0)uc(iT) (2.48)

1s controllable.
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Let us consider the monodromy eigenvalue assignment by using the concept of
sampled state periodic hold control [41] of the form

ue(t) = F,(t)z.(iT), t € [iT, (i + V)T), i € Z, (2.49)
F,(t+T) = F,(t). (2.50)

Applying a feedback (2.49)-(2.50) into system (2.4)-(2.5), the state transition
satisfies

(1T +0) = |:<I>(J, 0) + /OJCD(J, T)B(T)Fs(7)dT | 2.(iT), 0 € [0,T), i € Z.

(2.51)
If we set
F,(t) = BT (t)®" (T, t)F,
(2.51) yields a linear time invariant discrete system
z((i+1)T) = Agx (iT), (2.52)

where Ay := ®(T,0) + W,.(T,0)F. By proposition 2.14, linearized system (2.4)-
(2.5) is completely controllable if and only if linear discrete time system (2.48)
is controllable. Since linear discrete system (2.48) is controllable, eigenvalues of
the matrix A, of closed-loop (2.52) of system (2.48) can be assigned arbitrary
values [32]. Hence if we assign all eigenvalues of Ay in the unit circle,

z(iT) -0 (i = o0). (2.53)
We note that if linearized system (2.4)-(2.5) is controllable on [0, 7], and if
F,(t) = BT (t)®" (T, t)W,(T,0)(Aq — ®(T,0)), (2.54)
we have
l|zc((T 4+ 0)|]| =0 (i —o00), 0 €]0,T) (2.55)
This means that the origin of the resulting closed loop of system (2.4)-(2.5)
T (t) = A(t)xc(t) + B(t)Fs(t)x(iT), teiT,(i+1)T), i€ Z

can be made asymptotically stabilizable.

From now on, let us prove the above fact. Since (z*(t),u*(t)) is a controllable
trajectory, P, - is bounded. Hence A(t) and B(t) are bounded on R. Thus
there exist k4 > 0 and kg > 0 such that

1A < ka,  [[BO)]] < ks
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Furthermore by the Peano-Baker formula [102], ®(o, 7) can be expressed by

O(o,7)=1+ /U A(sy)dsy + /U /81 A(s1)A(sg)dsadsy + - - -
+ /U / . / A(s1)A(s) -+~ Asy)ds - - - dsadsy + -
Therefore
1®(0, 7)[| < exp((o — T)ka).

Hence (2.51) implies that
o 0T+ o) < (explThn) + haT exp(Thn) - s () D) (250

Furthermore
[Fo(7)|| < kg exp(Tha)|[W, (T, 0)|] (/| Aal| + exp(Tka)) . (2.57)

Note that ||[W,71(T,0)|| is bounded because linearized system (2.4)-(2.5) is con-
trollable on [0,7]. Egs. (2.56)-(2.57) implies that there exists a constant ¢ > 0
such that

|lz(iT + 0)|| < ¢f|z(T)|] (2.58)

Since (2.53) is satisfied, (2.58) yields (2.55).

Remark 2.9 To use (2.54), it is necessary that W,.(T,0) is invertible. This
means that linearized system (2.4)-(2.5) is controllable on [0, T]. By corollary 2.7,
a linearized system of algebraically controllable system (2.1)-(2.2) along a periodic
controllable trajectory is uniformly completely controllable, that is, completely
controllable. Although the concept of complete controllability is not clear how long
a time interval is needed for controllability, by observing the proofs of lemma 2.16
and theorem 2.6, we can take arbitrarily small an time interval for controllability.

Therefore we can conclude that the linearized system (2.4)-(2.5) is controllable on
0,77. |

To use the sampled state periodic hold control (2.49)-(2.50), where Fi(t) is
defined as (2.54), we have to calculate the state transition matrix ®(7',¢) for all
0 <t < T. The next subsection elaborates another feedback controller design
method by using a monodromy matrix.
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2.4.2 Feedback controller design based on L(Q optimal con-
trol theory

Let us consider a periodic linear quadratic (LQ) optimal control

min % /0 ) e () CT () C(t)wc(t) + ul () R(t)u(t)dt (2.59)

Ue

subject to  (2.4) — (2.5), x(0) = xo,

where R(t) = RT(t) > 0 is periodic with the period T and continuous. It is
known (see theorem 2 in [3] and see theorem 4 in [4]) that if system (2.4)-(2.5)
is completely controllable and completely observable, the optimal control uP*(t)
is uniquely given by

ugP(t) = —R™H (B (t) P(t)z(1), (2.60)

where P(t) is the unique positive definite periodic solution of the periodic Riccati
differential equation (PRDE)

—P(t) = ATt)P(t) + P®)AT(t) — PO)B(t)R™*(t)BT (t)P(t) + CT(t)C(¢).
(2.61)

Moreover, since system (2.4)-(2.5) is periodic, and completely controllable and
observable, the origin of closed-loop

i = (A(t) — BE)R'(t)B" (t)P(t)) x.
is exponentially stable (see theorem 2 in [3]).

Interpretation 2.3 Suppose that a given system (2.1)-(2.2) is algebraically con-
trollable and observable, and (z*(t),u*(t)) is a periodic controllable and observable
trajectory. Let x*(t) be the reference trajectory of system (2.1)-(2.2). Then by
corollaries 2.7 and 2.12, as mentioned in section 2.1, if we apply

ut) =w'(t) — R () B (1) P(t)(x(t) — 2*(t))

into system (2.1)-(2.2), the actual trajectory x(t) locally exponentially approaches
the reference trajectory x*(t).

We note that references [27,31,110] have studied numerical analysis methods
to solve (2.61). From now on, we explain a simple method called a periodic
generator method [27] to solve (2.61). Let Si(t), S2(t) € R"". Suppose that
S1(t) is invertible for all ¢ € R and each element of Si(¢) and Sy(t) is smooth.
Then if we put P(t) satisfying (2.61) as Sy(¢)S;*(t), (2.61) is equivalent to

(So+ AT(1)S2 + QS1)Sr " — $551(S1 — A(t)S1 + B(t)R™' () BT (1)) S ' = 0.
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Hence if
_ -1 T
1 B(t)R™(t)B (t)) (Sl) (2.62)

@) N (—Ac; ) —A”(t) Ss

N J/

H(t)

is satisfied, PRDE (2.61) is also satisfied. The matrix H(¢) in (2.62) is called
the Hamiltonian matrix corresponding to PRDE (2.61). Let ®y(¢,7) denote the
transition matrix of H(t). The periodic generator method is composed of the
following procedures.

1. Compute the monodromy matrix &y (7, 0).

2. Compute the ordered real Schur form such that

U7 (0)D (T, 0)U(0) = (@Oﬂ 82) , (2.63)

where ©1; has n eigenvalues inside the unit circle.

3. Set U(t) := &y (t,0)U(0) and partition U(t) into n x n blocks

_ (Un(t) Un()
) = (Um(t) Uzz(t)> '

Compute P(t) = Usy () Uy (2).
Note that P(t) is the periodic solution of (2.61). In fact, by definition of U(t),

the matrix (gHgD satisfies (2.62). Moreover, since U(T) = ®(T,0)U(0) is
21

equivalent to

~ (U11(0)014 U11(0)O12 + U12(0)Og9
ur) = (U21(0)@11 Us1(0)O12 + U22(0)922) ’

(i) = () 5

P(T) = U21(T)Ufl(T> = Uzl(O)Ufl(O) = P(O)-

we have

Hence

In chapter 4, we apply the above periodic LQ optimal control for a trajectory
tracking control.
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2.5 Coordinate transformation of error system

Let us consider system (2.3) again. Now we perform a coordinate transformation
such as

T = aft, z.), (2.64)
where o : Rx R" — R" is smooth, a(t,0) = 0, $%(¢,0) = 0, and S(t) := g—i(t, 0)
is invertible for all ¢ > 0. Although, rigorously, the dynamics of z. obey
. Oa O . . . .
o= D0t + (1) (2 (0), e+ (1) — F(* (), (1), (2:65)

since we can regard the dynamics of z. as (2.4) around z. = 0, we can consider
that the dynamics of z. around z. = 0 is approximated by

. Oa 0% Oa
Te=—(t,0) + Mxe(t,()) + oz

T (t,0)(A(t)ze + B(t)ue).

Furthermore, around z. = 0, since a(t,0) = 0, (2.64) is approximated by
Te = S(t)x.. (2.66)

Since %2(¢,0) = 0, and S(t) is invertible, around z. = 0, the dynamics of Z. is
approximated by

Te= (SOAB)SH) ™+ SH)S™) 7 + S(t)B(1) ue. (2.67)
N 3’ s/ _~ P
A(t) B(t)

If we can design a feedback gain K (t) such that the origin of the closed-loop

Go= (A(t) + B(t)K(t)) Fe, (2.68)

is exponentially stable, by applying the feedback control u, = K(t)Z. into system
(2.65), the origin of the resulting closed-loop is locally exponentially stable [48].
From (2.66), z. = S(t)"'%. around z. = 0. Hence if . = 0 of (2.66) is exponen-
tially stable, z. = 0 of (2.4) is also exponentially stable. Correspondingly, using
the same K (t), if we apply

u=u"(t) + K(t)z.

into system (2.1)-(2.2), the actual trajectory z(t) locally exponentially approaches
the reference trajectory x*(¢). As mentioned in section 2.1, complete controlla-
bility of system (2.67) is strongly related with exponential stabilizability of the
origin of system (2.67). For this reason, the the following lemma [50] is valuable.
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Lemma 2.20 System (2.4) is completely controllable if and only if system (2.67)
15 completely controllable.

Proof Let
W(ty,t) = /t " () B BT ()07 (4, 7)d
Since
W (ty,t) = ®(t, o) /tt1 ®(to, 7)B(1) BT (1)@ (to, T)dTdT (¢, 10),

differentiating W (t1,t) with respect to t, we have

dcz/(tl,t) = —®(t,t)B(t) BT (t)®* (,1) +/ At VB(T)BT (1)®T(t,7)dr

+/th)(”) ()BT ()87 (¢, 7) AT (r)dr

Since ®(t,t) = I, the matrix W(ty,t) satisfies

d;tv ABW + WAT(#) — Bi)B(t), (2.69)
Wt t) = 0. (2.70)

Moreover, if we constitute W (t1,t) corresponding to system (2.67), W (ty,t) sat-
isfies

AW
dt
W (ty,t,) =

AW + WAT(t) — B(t)B(t)T, (2.71)
0. (2.72)

On the other hand, if we define

by (2.69), W (t) satisfies

= AtYW + WA (t) — B(t)B" (t). (2.73)

Furthermore, (2.70) yields

W(ty) = 0. (2.74)
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By (2.71), (2.72), and (2.73), (2.74), W and W obey the same linear ordinary dif-
ferential equation and initial condition. Therefore by the theorem on uniqueness
of solution of ordinary differential equation,

W(t) = W(t,1).
Hence
W (ty,to) = S(t)W (t1,t0)ST (t).

Since S(t) is invertible, W (¢, to) is invertible if and only if W (ty,t,) is invertible.
O

By theorem 2.6, corollary 2.7, and lemma 2.20, we have the following corollary.
Corollary 2.15 Suppose that system (2.1)-(2.2) is algebraically controllable. Let
(x*(t),u*(t)) be any (periodic) controllable trajectory. Then linear system (2.67)

is (uniformly) completely controllable.

Example 2.9 Let us go back to example 2.2. Let

e v u up — ul

* 176 1= 1
Y | =Y~V | = « |-
0, 0 _ 0* <“27€> (u2 - u2>

Then Eq. (2.29) yields

Te (cos(0*(t) + 0.) — cos 0*(t))ui(t) + cos(0*(t) + Oc)ur .
Ye | = | (sin(0%(t) + 0c) —sin0*(¢))ui(t) + sin(0*(t) + OJure | . (2.75)
78 Ug,e

Linearizing at (x, ye, 0:) = (0,0,0) and (uy ¢, use) = (0,0), we have

Te 0 0 —sin(0*(t))ui(t) Te cos(0*(t)) 0 "
Ye | =10 0 cos(6(t))ui(t) Ye | + | sin(0*(t)) 0 <u17€> . (2.76)
6. 00 0 0. 0 1 2
Now we apply a coordinate transformation
el cos(f) sin(f) 0\ [z
ea | = | —sin(d) cos(d) 0 Ye
es 0 0o 1/ \a.
cos(0*(t) + ) sin(6*(t) +0.) 0\ [x.
= | —sin(6 *(t) 0.) cos(6*(t)+6.) 0 Ye (2.77)
0 1 0.
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into (2.75). At (¢, ¥, 0.) = (0,0,0), the above transformation can be approxi-
mated as

el cos(0*(t)) sin(6*(t)) 0\ [x.
ey | = | —sin(0*(t)) cos(6*(t)) 0 Ye
€3 0 0 1 0.

Hence then around (z., y., 6.) = (0,0,0) and (uy, uz) = (0,0), linearized system
(2.76) is transformed into

é1 0 us(t) 0 el 10 "
el =-w@® 0 w@)]|e]+|0 0 (ul) (2.78)
é3 0 0 0 e3 01 2

By example 2.2, system (2.29) is algebraically controllable. Hence corollary 2.15
implies that if (z*(¢),y*(t),0"(t), ui(t),us(t)) is a (periodic) controllable trajec-
tory, linear system (2.78) is (uniformly) completely controllable.

Fig. 2.1 illustrates the coordinate transformation (2.77). We note that the
transformation (2.77) has been frequently used for trajectory tracking control of
nonholonomic mobile robot (2.29) [5,39,44,45,53].

R4
Y o
A~ \ ~ 0
L e 5.
‘-_‘.v"é1 * reference trajectory
€L, IJI-""> N
é‘::: e" \‘
-~
\
” >
’ T

Figure 2.1: Coordinate transformation (2.77)

Similarly, we have the following corollary.

Corollary 2.16 Suppose that system (2.1)-(2.2) is algebraically observable. Let
(x*(t),u*(t)) be any (periodic) observable trajectory. Then linear system (2.67)
with output y. = C(t)S™1(t)Zc is (uniformly) completely observable.

2.6 The relation of algebraic controllability and
accessibility

This section shows that nonlinear system (2.1)-(2.2) is algebraically controllable
if and only if the system is accessible. Accessibility is defined by using a concept
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of autonomous variable [16]. Let X denote the subspace of £, ) defined as
X = spany {dx;;i=1,--- ,n}.

Definition 2.21 A one-form w € X s called an autonomous variable of
system (2.1)-(2.2) if there exists o € Dy ), dega > 1 such that

aw = 0. (2.79)

Definition 2.22 System (2.1)-(2.2) is called accessible if there does not exist
any non-zero autonomous variable in X.

In general, if a given system (2.1)-(2.2) is not accessible, there exist several au-
tonomous variables.

Example 2.10 Let us consider

Ltl = T2,
S (2.80)
T3 = Ty,
.fi,'4 = —x3+u,
where xy,--- , x4 are state variables and w is an input variable. Putting w :=
d(zs — 1), (2.80) yields
d2

Hence w is an autonomous variable of system (2.80).
On the other hand, putting @ := d(z2 — 24), (2.80) yields

d? .
Therefore @ is also an autonomous variable of system (2.80).
Note that
(1 + d—2)w = —iwl — Wwa + iw;), + wy
dt? dt dt ’
(1 + d—Q)C:) = —W1 + iCUQ +CU3 — iw4
dt? dt dt "
where

w1 = d.’L’l — dIQ,
Wy = djjg + diBl — du,
Wwsg = dl’g — dl’4,

wy = dxy + drs — du.
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The concept of relative degree can be extended to one-form [16] (see definition
F.1 in appendix F).

Definition 2.23 The relative degree v of a one-form w € &, is defined as
ri=inf{k € Z | spany,, {w, - w7 XY

In particular, we say that ¢ has finite relative degree if r is finite and that ¢
has infinite relative degree if r = cc.

Remark 2.10 Let ¢ € M, ). If d¢ has infinite relative degree, o®) k>0 is
not influenced by a control input u. [

The following propositions can be found in [16].

Proposition 2.17 A one-form w € X is an autonomous variable if and only if
it has an infinite relative degree.

Proof Suppose that w € X has an infinite relative degree. Since dim X = n,
dim spam {w,w, -} <n.

Hence there exists o € Dy, ), dega > 1 satisfying (2.79).
Conversely, if w has finite relative degree,

dimspan u){w, v wEDY =k

for any k& > 1. This means that there does not exist a € D(;,), dega > 1
satisfying (2.79). O

From now on, we relate algebraic controllability and accessibility of system
(2.1)-(2.2). On this account, we give some mathematical facts.

Lemma 2.24 Let A € Dgxu’)" If there exists a matriz B € D" such that

(z,u)

AB =1, (2.81)

then A is unimodular.

Proof By definition of rank (see section 2.2), we have
m = rank I,,, = rank (AB) < rank A < m.

Hence rank A = m. Eq. (2.81) implies ABA = A, so that A(BA—1I,,,) = 0. Since
rank A = m,

BA=1,,.
Therefore A is unimodular. O

As a special case of proposition 2.1, the following corollary can be obtained
[56,114].
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Proposition 2.18 Let R € Dgfg be a matriz with full row rank. Then there
exists a unimodular matrizc U € D?quf) such that

R=(G 0)U, (2.82)
where
911
.= |7 e D, (2.83)
gm1 Gm2 " Ymm
Moreover, if deg g > 0, the polynomials gx;, ©+ = 1,--- .k — 1 are of lower

degree than the polynomials ggi for k =1,--- ,;m. If deg g = 0, the polynomials
Iki=0,1=1,--- [k —1.

Definition 2.25 Let R € Dgi’; A matriz A € DZXU’)" 1s called a left divisor

of R if there exists a matrix B € DZZXJ)‘ such that

R =AB.

Definition 2.26 Let R € DZXJ; A matriz A € Dgxu’;"’ is called a greatest left
divisor (gld) of R if the following conditions are satisfied:

1. A is a left divisor of R.

2. If A € D(mngn s also a left divisor of R, then there exists a matrix B €

DZ’;XU’)" such that
A= AB.

We can obtain the following proposition [56].

Proposition 2.19 Let R € D" " be a matriz with full row rank. The matriz

(z,u)

G e DZ’;XU’)” satisfying (2.82) is a greatest left divisor of R.

Definition 2.27 Let R € Dgxu’; be a matriz with full row rank. The matriz R
is called left prime if there exist matrices L € DZXJ)” and R’ € DE’;XJ; such that
R = LR, where L is unimodular.

Lemma 2.28 Let R € DZ’;E’)‘ be a matriz with full row rank. Then the matriz R
1s left prime if and only if R is hyper-reqular.
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Proof Suppose that R is left prime. By proposition 2.1, there exist unimodular
matrices U € D?;XJ)” and V € D?xxn such that

)

URV = (A 0),

where A := diag (1,---,1,a) € Dgi’)”, 0 # o € D(z,. Then if we denote V!
Vi
by [ 24 Y
R (U7'8) (W 1),

Since R is left prime, U~'A is unimodular. Then since U~! is unimodular, A is
unimodular. If deg o > 1, A is not unimodular, so that dega = 0.

Conversely, suppose that R is hyper-regular, that is, there exist unimodular
matrices U € D(mIEV)” and V € D?xxg) satisfying

URV = (I, 0).

vt o0

. 3 R
Then by a straightforward calculation, (T) = ( 0o I,

) V=1 where T :=

(0 In—m) V1. Hence ? is unimodular, so that there exists ( R T) € ng:)

(zu)
that RR = I,,. Thus if there exist matrices L € D™ and R’ € Dgxu’; such that

(z,u)

such that (?) (R T) = ([m I ) Therefore there exists R € D™*™ such

R = LR, using the matrix R, we have

Then by lemma 2.24, L is unimodular. O

Lemma 2.29 Let R € D?;fg be a matriz with full row rank. Suppose that G €
DE’;?’)" and G' € D?;Xu’)" are two arbitrary greatest left divisors of R. Then there
exists a unimodular matrix T € DZ”X’)” such that

G=GT.
Proof By the definition of gld, there exist matrices T € D**"" and T" € D"

(z,u) (z,u)
such that

G =G'T,
G' = GT'.
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This implies that

{G(T’T —I,) =0, (284)

G'(TT - I,,) = 0.

On the other hand, since G and G’ are left divisors of R, there exist R, € DmX"

and R, € Dmff such that -

{R — GR,,

R =G'R,.
Since R has full row rank, this implies that
m = rank R < rank G, rank G' < m,
that is, rank G = rank G’ = m. Therefore Eq. (2.84) leads to
TT =TT =1,

Thus 7" is unimodular. O

Lemma 2.30 Let R € DmX" be a matriz with full row rank. If R is not left
prime, then any greatest left dwzsor of R is not unimodular.

Proof Suppose that R is not left prime. Then by proposition 2.1 and lemma
2.28, there exist unimodular matrices U € Dme and V € D”X” such that

(z,u) (z,u)
URV = (A 0),
where A := diag (1, e, f), deg f > 1, so that A is not unimodular. Then if
ViV,

we denote V! by (‘73 ‘~/4), we have

R=(U'A) (W, V).

Thus U7'A is a left divisor of R. From now on, we show that U'A is a gld. If
we denote V' by (V1 Vg), we have

R(V1 Vg) = (UflA O).
Hence U'A = RV,. If L € DEZXJ)” is an arbitrary left divisor of R, there exists
R € D[ such that R = LR. Therefore

U'A = L(RV}).
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Thus U~ A is a gld of R.
Let G € DEZXU’)" be an arbitrary gld of R. Then by lemma 2.29, there exists

unimodular matrix 7' € D(mmi’;‘ such that
Gp = (UTA)T. (2.85)

If G, is unimodular, Eq. (2.85) implies that A = UG T~!, so that A is also
unimodular. This is a contradiction. a

Now, we are in a position to describe the relation between left primeness of
the matrix F, , and the absence of autonomous variables of system (2.1)-(2.2).
Similar discussion can be found in [56].

Theorem 2.20 System (2.1)-(2.2) 1s accessible if and only if P, ) defined by
(2.15) is left prime.

Proof Suppose that P, ) is not left prime. Then by propositions 2.18 and 2.19,
there exists a gld G, € D (o)

(2.83). Thus there exists a matrix P(QC uw € D?X(;L+m) such that

of P(wu where G, is described as the form

c dl‘ ~ d!E’
dx . .
Let @; be th row of Pm (,u) (d ) Then Eq. (2.86) is equivalent to
g11 w1
w
g ‘| =0 (2.87)
gn1 Gn2 " Gnn fIJn

Since P( ) 1s not left prime and G, ) is a gld of qu , by lemma 2.30, G4 )
is not unimodular. Assume that deggy, = 0, & = 1,--- ,n. Then gy = 0,
i=1,---,k—1. Thus G, ) is unimodular. This is a contradiction, so that there
exists k such that deg grr > 0 and degg; = 0,7 =1,--- ,k — 1. Then Eq. (2.87)
implies that

Gi=0, =1, k-1,
grrwy = 0.

Since (2.86) and (2.87) are equivalent and deg gy, > 0, we can conclude Wy €
X. Therefore the nonzero differential one-form @y is an autonomous variable of
system (2.1)-(2.2).
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Conversely, suppose that there exists an autonomous variable w € X of system
(2.1)-(2.2). Then by definition 2.21, there exists & € D, ), deg v > 1 satisfying
(2.79). Then there exist 8y, -+, B, € D(y,u) such that

aw = ﬁlwl +e 571@717 (288)

. dx dx
where w; be -th row of F(, . In fact, P, =0 w =0, ,w, =
0 are constraints on one—forms from & = f (J:,u) Other constraints on one-
forms from & = f(z,u) are expressed by fiw; + -+ + [uw, = 0 for some

Bi,+, Bn € D If there do not exist By, -+, 5, € Dz satisfying (2.88), it
contradlcts with the fact. Without loss of generality, we assume that deg 3, =
min; <;<,{deg 3;, f; # 0}.

Case 1: Suppose that deg 5 = 0. Then

o B ﬁn
aw i Ba -+ B w1 ! B, —ﬁ T w
W9 W9 Wa 1 W9
Wn 1 Wn, Wn, 1 Wn,
La,u)

dx

Since w can be expressed as Q%x’u) ( du

) where Ql ) Is a some matrix contained

in D(I;S;+m), we have
1
Qo)
Pl
P(;p’u) - L(CE,U) : )
(2,0)

where P(ia:,u) denotes #-th row of P(‘;u). Since L) € D?IXZLL) is not unimodular,
P(Cw ) is not left prime.

Case 2: Suppose that deg 8, > 0. Since D(,,,) is an Euclidean domain, there
exist 52, e ,Bn, ro, Ty € D(zuy, where degry, - -+, degr, < deg 1 such that

aw = By (wr + Pows 4 -+ - + Buwn) + Tows + - - - 4 T,

. . . . . d
Since w is contained in X and w; is #-th row of P(Cx ) .
du

there exist &, r € D, such that a = fia +r, dega > 1, and degr < deg 3;.
Therefore, since Dy, ) is a domain, we obtain

>, deg o > deg 1. Thus

dw:CU1+BQW2+"'+ann.
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Hence similarly to the case 1, we can show that P° . is not left prime. ]

(zu)
By lemma 2.28 and theorem 2.20, we can relate algebraic controllability and
accessibility.

Corollary 2.21 System (2.1)-(2.2) is algebraically controllable if and only if the
system is accessible.

Therefore by theorem 2.6, corollary 2.7, and corollary 2.21, we have the following
corollary.

Corollary 2.22 Suppose that system (2.1)-(2.2) is accessible. Then every lin-
earized system (2.4)-(2.5) along any (periodic) controllable trajectory (z*(t), u*(t))
of system (2.1)-(2.2) is (uniformly) completely controllable.

2.7 Algebraic controllability of mechanical con-
trol systems

Algebraic controllability of a given nonlinear system (2.1)-(2.2) can be examined
by elementary matrix operations for a polynomial matrix derived from the given
system. However many calculations might be required for checking whether or
not a given nonlinear system is algebraically controllable. This is troublesome
for practical applications.

In order to resolve the problem, the section restricts attention to a mechanical
control system and gives a low computational complexity for checking whether
or not the system is algebraically controllable.

Let us consider the mechanical control system

M(q)j = Clq.q) + Blq)u, (2.89)

~
9(q,g,u)

where ¢ € R" and u € R™ denote configuration and input variables, respectively,
M (q) € R™" is invertible at all ¢ € R". Here, each entry of M(q) and ¢(q, ¢, u)
are meromorphic with respect to each variable. Although we can transform (2.89)
into the form (2.1), if each element of M(q) is a complicated function with respect
to ¢, the calculation of the inverse matrix of M(q) may be very hard. Hence
we define algebraic controllability of mechanical control systems (2.89) without
using the relation ¢ = M(q)"'g(q, ¢, v). To this end, we need some mathematical
preliminaries.

Let ./\;l(qyu) denote the field of all meromorphic functions depending on a finite

number of variables of {qgl),ugl) |[1<i<n,1<j5<m,l >0} Herewe do not
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use the relation § = M :l(q)g(q, ¢, u) for the above mentioned reason. For any
¢(q7 Gy e U Uy ) € M(q,u) we define

5(q, g - 99 99
O(g, sy ustl o) =) (anm " aua)“(HD) |
>0

A vector space g(q,u) of differential one forms spanned over ./\;l(qm) is defined as

Elgu) = span g {dqz(l),dugl) ‘ 1<i<n,1<j<m,l> O} .

Then for any ¢ € /\;l(qyu), differential d : ./\;l(w) — é:(w) is defined as

¢ 0¢
d¢::2(a S da" + 5 dul )

>0

Let D( v = M(qu) [jt] If we take o = >0 Oozzj; € ﬁ(qu where «o; €
/\/l( . then < is defined as

dt
d - dtt d’ -
EO& = E (Oz dtH_l + Oéld > S 'D((LU).

Hence ﬁ(q,u) is a left skew polynomial ring, and thus elements of ﬁ(qju) can act

on the vector space é’(q,u) (see appendix C), that is, the vector space &) can
be endowed with a differential structure by defining a derivative operator % as
follows:

Z <Z aiadg)” + Z by du! )

l>O =1
= Z (Z a; ldqz + ag dq( +1) Z 6k7ldug) + bk,ldul(cprl)) s
>0 =1 k=1

where >, (Z?Zl ai,ldq,fl) +> 0 bhldug)) IS g(w). Furthermore, Yi(q,u) is a
non-commutative simple Euclidean domain (see proposition B.3 in appendix B).
Now, differentiating both sides of system (2.89), we have

2 9gd oM OM =\ O P dq
(M) - s+ Gt - Sla) -3 -2 (du>:0.

'

Pla,uw)

Since each entry of M(q ) and ¢(q,q,u) are meromorphic with respect to each

variable, P, € D"X()” ™) Since we have a similar proposition with proposition

2.1, we can define algebraic controllability of system (2.89) as follows.
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Definition 2.31 System (2.89) is called algebralcally controllable Zquu) 18
hyper-reqular, that is, there exist unimodular matrices U (au) € D?XJ; and un

DY such that

U(‘Ivu)P(Q»U)‘?(q,u) - (In O) .

From now on, we show that if system (2.89) is algebraically controllable, the
transformed system expressed by first order differential equations is also alge-
braically controllable.

Lemma 2.32 System (2.89) is algebraically controllable if and only if system

G=M"(q)g(q,q,u) (2.90)

15 algebraically controllable.

Proof From (2.90), we define F' := ¢ — M~*(q)g9(q,¢,u) = 0. Then dF =

P(M) (ZZ) , where

Since
OM—1! oM
= -—M1'1=—M" =1
an 8(:22 b Z ) 7”’
we have
0 o “1y .\ (OM oM 1,199
7 (M~Y(@)g(q, 4, w)) = —M*(q) (5§ LY + M (@3,

Thus, we obtain
Py = M_1<Q)P(q7U)'

Hence if system (2.89) is algebraically controllable, there exist unimodular ma-
trices Ugu), Vigu) such that

Therefore system (2.90) is also algebraically controllable.
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Conversely, if system (2.90) is algebraically controllable, there exist unimod-
ular matrices Ugu), V(gu) such that

& (UM (@) (M(9) Py Vi) = (I 0)
& (Vg M (9) Py Vigaw) = (In 0) -
Therefore system (2.89) is also algebraically controllable. O

Lemma 2.33 System

G = h(g,q,u) (2.91)

is algebraically controllable if and only if system

{q - (2.92)

v = h(q,v,u)

1s algebraically controllable, where h : R" x R" x R™ — R" is meromorphic with
respect to each variable.

Proof From (2.91), we define F} := ¢ — h(q,q4,u) = 0. Then dF} = P, (gZ),

where

— (47 _0Ohd _ 0h _0h
Py = <dt21” dq dt dq Bu>'

In addition, from (2.92), we define F, := (q.} _q—v ) = 0. Then dF, =

h(q,v,u)
dgq
Py | dv |, where
du
d
Py = (fg dr I_n@ _%_h)'
Oq dt™ ™ v ou

Then by a straightforward calculation,

Py :=U PV, = (131 IO) , (2.93)
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Ay _on g I, O 0
where U; := (dt I dv 5), Vi = %Oln [0 —({n . If system (2.91) is alge-

braically controllable, there exist unimodular matrices U, V' such that UP,V =
([n O). Hence

UOPVO_UP1VO_]nOO
0 L,)"*\o )\ 0o I,) \0 0 L)
Thus system (2.92) is algebraically controllable.
Conversely, suppose that system (2.92) is algebraically controllable. Since

(2.93) is satisfied, if P3 is hyper-regular, P; is also hyper-regular. Thus system
(2.91) is algebraically controllable. O

Lemmas 2.32 and 2.33 yield the following theorem.

Theorem 2.23 System (2.89) is algebraically controllable if and only if system

{q -0 (2.94)

o= M""(q)g(q,v,u)

15 algebraically controllable.

By theorem 2.23, if each entry of the matrix M (q) is very complicated func-
tion, algebraic controllability of (2.94) can be examined by checking algebraic
controllability of (2.89) without calculating M ~!(g). However, many calculations
might be required to directly check algebraic controllability of a given system
(2.89). To reduce a computational complexity, in the next subsection, we show a
more tractable condition for checking algebraic controllability of system (2.89).

2.7.1 Reduction condition for algebraic controllability

The section gives a reduction condition for checking algebraic controllability of
mechanical control systems (2.89). To this end, we define

A(q,4,4) = M(q)§ — C(q,9).
Then system (2.89) can be expressed by

E = A(q,4,4) — B(q)u=0.
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1 1 . .o 1
. . q - A (‘L‘LCI) B (Q>
First, let lit g = A = 7 d B =
irst, let us split ¢ <q2)7 (4,4, ) (Az(%q,q)), and B(q) (BQ@ :

where

q1 Qn—m+1
¢=| |, =+ |,
n—m qn
Al(Qa qs (:i) An—m+1(€l> q, Q)
A'(q,4,G) = : , ANq.4,q) = : ,
An—m((b(jaéj) An(Q»Qa(j)
Bia(g) -+ Bimlq)
B'(q) := : : :
B(n—m),l(q) T B(n—m),m(Q)
Bi—mi1)1(q) - Bu—m+1)m(q)
B*(q) = : :
BnJ(Q) T Bn,m(Q)

Then, differentiating £ = 0, we get

Pl Pl _Bl dq;
dE:(Pi? P2 —B?) a7 ) -

P

where

0T oAd oA d
b =% Y odat " o5 a2 Z ’“

and B (q) represents k-th column vector of B'(q).
To get a sufficient condition for algebraic controllability, we put the following
assumption.

Assumption 2.1 The matriz B*(q) € R™™ is invertible on R" with some
exceptional sets of measure zero.

We note that for many practical systems, assumption 2.1 is satisfied because this
assumption means that the number of independent control inputs equals m. Let
us suppose that assumption 2.1 holds. Then,

_ (P B} BB
P Vl—(Pf oo, )
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where

In addition,

P = U, PV,V,V;
_ (Pf — BYB*)"'P? Py —BY(B*)7'P;y 0 )
- 0 0 I,)’

where
I, I,
_ Rl 2\—1 n—m n—m
Uy = (I"_m B ;B ) ) , Vo = L, , V3= I,
m —pP? I, -P? I,

We can conclude that if assumption 2.1 and the following assumption hold,
then system (2.89) is algebraically controllable.

Assumption 2.2 The matriz P} — BY(B?)"'P? € ﬁg;;;n)x(”_m) is unimodular
m)

or the matriz P} — BY(B?)"'P} € 15((2;) “™ s hyper-reqular.
From now on, we prove the above mentioned fact.

Case 1: P! — B'(B*)~'P? is unimodular

Since P} — BY(B*)7'P? 15((2;;” (=m) i unimodular, there exists unimod-
ular matrix Ry € 75((;1;;” X(n=m) ich that

(P} — BYB*) 'P)Ry = I,,_p.
Correspondingly, we have

- (I, P'—BYB»)7'P? 0
PV‘*‘( 0 0 In)’

where

Hence

U2 PV,VsVs = (I, 0), (2.95)
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where

In-m —(Py = BY(B*)"'F;)
‘/5 = [m ;

[nfm

Ve i= 0 Iy
I, O

From (2.95), if assumption 2.1 holds and P} — B'(B?)~!P? is unimodular, system
(2.89) is algebraically controllable.

Case 2: Py — B'(B?)"'P? is hyper-regular

Since Py — BY(B?)™'P% € @ggl)m)m is hyper-regular, n < 2m and there exist
unimoudular matrices L; € 25((;7,;)m P¥(=m) and R, € f)zzgn such that

Ly(P} — BY(B?)'P2)Ry = (I 0).

Correspondingly, we have

= (Ly(P}-=BYB*»"'P?) I,,, 0 0
Vb V7_< 0 0 0 I,)’
where
In—m
U, = (L1 ),w - Ry
I,
I,
Hence
UsP(Vz -+ Vig) = (I, 0), (2.96)
where
]n—m
Vo - —Ly(Pl = B'B*)™'P}) Liew O
5 0 0 I2m—n ’
I,
0o I, 0
n—m Infm
Ve | om0 Y Vo = 0 I,
2mfn ]m 0

I

From (2.96), if assumption 2.1 holds and Py — B'(B?)~'P? is hyper-regular,
system (2.89) is algebraically controllable.
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f2
smgo "
mg
Mo,

X

Figure 2.2: Quadrotor UAV.

2.7.2 Quadrotor unmanned aerial vehicle

Using a quadrotor unmanned aerial vehicle example [49], which is a mechanical
control system with six degrees of freedom and four control inputs, we demon-
strate that assumptions 2.1 and 2.2 reduce a computational complexity for check-
ing whether or not a given system (2.89) is algebraically controllable, that is,
accessible.

We regard the quadrotor UAV as a rigid body, whose configuration space
is R* x SO(3) [77]. Since R* x SO(3) is a six dimensional manifold, we can
locally consider R® x SO(3) as R°. Let (x,y,z,¢,0,v) be local coordinates of
R? x SO(3), where (z,y,2) denotes the position of the center of gravity of the
quadrotor UAV, and ¢, 6, and v denote the roll, pitch, and yaw angles of UAV
in an inertial frame, respectively. The Lagrangian of this system L : T(R® x

J 0 0
SO(3)) — R is given by L := %m(iz + 92+ %) + %wT 0 Jo 0 |w—mgz,
0 0 J3

where m denotes the mass of the vehicle and ¢ is the gravitational acceleration.

Further, w denotes the angular velocity of the vehicle in the body frame [77], and
1 0 —sin# ¢

is expressed as w = | 0 cos¢ sin¢gcosé 6 | . In terms of the local
0 —sing cos¢cosf ¥

coordinates ¢ := (x,y, z, ¢, 0,1), the Lagrangian control system of the quadrotor

UAV is then subject to the equations of motion
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where u := (uy,- -+ ,u4) and
m 0 0 0 0 0
0 m O 0 0 0
0 0 m 0 0 0
M@a:=19 0 0 4 0 —Jy sinf
0 0 0 0 Jo cos? ¢ + Jzsin® ¢ my
0 0 0 —J;sin# my Mo
0
0
: —mg
Clen=1 .|
Co
C3
cos ¢ sin 0 cos 1) + sin ¢ sin ¢ 0 0 0
cos ¢ sin ' sin ¢ — sin ¢ cos ¥ 0 0 0
cos ¢ cos 0 0 0 0
Bla) = 0 1 0 0 ’
0 0 cos ¢ sin ¢
0 —sinf singcosf cos¢cosb
and where

my := (Jo — J3) sin ¢ cos ¢ cos 0,
me = Jysin? 0 + (Jo sin® ¢ + J3 cos? o) cos® 6,
1 = J; cos 0y — (Jo — J3)sin ¢ cos d(6% — )2 cos? 0 — (sin? ¢ — cos® ¢) cos 064,
¢y = —Jy cosf(¢p — sin 9)1/1 — (Jo — J3) <(cos2 ¢ — sin ¢) cos O}
+ sin ¢ cos gbgb&) — (Josin® ¢ + Js cos® ¢) sin @ cos 04,

c3 = (J1 — (Jo — J3)(cos® ¢ — sin® @)) cos 6 - »0
—2(Jy = (Jasin® ¢ + J3cos® ¢)) sinf cos 0 - 01
(Jo — J3) cos ¢ sin ¢ (sine 0% — cos? 6 - @P) :

Here, u; is the total thrust produced by the four rotors Mo;, i = 1,--- , 4, that is,
it is given by uy := fi+ fo+ f3+ f4, where f; := kw? is the thrust generated by Mo,
and k; > 0 is a constant, and w; is the angular speed of Mo;. The control inputs
ug, us, and uy are the generalized moments; they are given by us := (f3 — f1)h,
ug := (f2 — fa)h and wy := (fo + fa — f1 — f3)k, where h represents the distance
from each Mo, to the center of gravity of the quadrotor UAV and « is a constant.

From Eq. (2.97) let E := M(q)§ — C(q,q) — B(q)u = 0. Differentiating F, we
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get

dq*
dE = P | d¢?
du

Y

where ¢! := (z,y), P = (2,0,0,9), and

P = Pl1 P21 -B'
—\o P -B)

and where
d2
Pll — (mg 0d2> : P21 — (0 ayp Qg 0,3
0 mis 0 a4 as &6
m% uy sinpcos wuqcosgsing 0
2 0 * * *
Fy= 0 * * *
* *
Bl._ cosgzﬁsm&comﬁ +singsiny 0 0 0
" \cos¢sinfsiny —singcosyy 0 0 0
cos ¢ cos 0 0 0 0
B2 0 1 0 0
’ 0 0 cos ¢ —sin ¢ ’
0 —sinf cosfsing cos¢cosl
where a; := wu; (sin¢sinf cosp — cos psin)), ay := —uy cospcosfcost), azg :=
uy (cos ¢psin@siny — singcos)), ay = wuy (sin@sinfsiny + cospcosv)), as =
—uy cos g cosfsiny, ag := —uy (cospsinf cosp + singsiny), and * are omitted

because they are not necessary in later calculations. If we check whether or not
system (2.97) is algebraically controllable, many calculations are required because
matrix size of P is 6 x 10. In order to reduce a computational complexity, we
should check whether or not assumptions 2.1 and 2.2 hold because if assumptions
2.1 and 2.2 hold, system (2.97) is algebraically controllable.

Since det B? = cos ¢ cos? ), assumption 2.1 holds. By a direct calculation,

1
Cos(¢)()cos(9) 0 8 8
2\—1 *
(B~ = 0 * ok %
0 * k%

Next, let us check whether or not assumption 2.2 holds. Clearly, P! is not
unimodular. Thus we check whether or not P} — B'(B?)~'P? is hyper-regular.
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Now we put Py — BY(B?)~1P? = (p1 P2 P3 p4) , where ps = as, ps = ag. To
Ps Ps Pr DPs

check whether or not Py — BY(B?)'P} is hyper-regular, we repeat elementary
column operations. Correspondingly, we get the following unimodular matrices.

1 1 1
1 1 1
‘/1 - 1 9 ‘/2 - 1 I ‘/3 = 1 i
o~ —ps 1 —pr 1
1 1
ps 1
= P3P8—pP4p7 —
Vi 1 Vs —p2 + Eips ’
1 1
1 1 1
1 B4 1 1
= ps = =
‘/é 1 b V7 . _pl 1 Y ‘/é 1 )
1 1 —Ps 1
0 1 1
1 0 1
‘/9 = 1 0 ) ‘/10 = 1 )
1 1 0
where ps = ag = —ma and p3pg — pspr = u? tand. Then we have

(Py = BY(B*)7'P;) (Vi---Vig) = (I 0).

Hence P — BY(B?)~!P} is hyper-regular and assumption 2.2 holds. Thus there
exist unimodular matrices U and V' such that

UPV = (I 0).

Therefore system (2.97) is algebraically controllable, that is, accessible.

2.8 Trajectory tracking control of non-algebraically
controllable systems

This section considers a trajectory tracking control of non-algebraically control-
lable affine system

&= f(z)+ ngxm, (2.98)
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where f,g; : R" — R", 1 <1i < m are meromorphic with respect to each variable.
In particular, for simplicity, let us consider the following special system of the
affine nonlinear system

it = fl(a!,2%) + ¢’ (2", %), (2.99)
i = f2(z?), (2.100)
where x' := (21,--+ ,x,,) € R™ and 2% := (Tp,01,** , Mnyan,) € R™ denote

state variables, and u € R™ denotes an input variable. Moreover, f! : R™ x
R” - R", f2: R — R™,and g; : R x R™ — R™™ are meromorphic with
respect to each variable. Fig. 2.3 illustrates the structure of system (2.99)-(2.100).

U x!

—— | subsystem |——

f-

subsystem

Figure 2.3: Structure of system (2.99)-(2.100)

Remark 2.11 Let us consider linear time tnvariant system
& = Az + Bu, (2.101)

where © € R" and v € R™ Now assume that (i) there ezists a d-dimensional
subspace V' of R" such that V' is invariant under A.
After a change of coordinates, without loss of generality, we can suppose that

V =span{(vy,---,v4,0,---,0), v, e R, i=1,--- d}.

Then because of the invariance of V- under A, the matriz A has a block triangular
structure
_(An Aw

Moreover, suppose that (ii) Bu € V for all w € R™. Then after the same
change of coordinates, the matriz B forms

B = (fg)
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Therefore if there exists a subspace V' satisfying (i) and (ii), after a change
of coordinates, linear system (2.101) can be decomposed into

.fkl = Alll'l + A12$2 -+ Blu, (2102)
i = Apa®. (2.103)

The structure of linear system (2.102)-(2.103) is the same form as (2.99)-(2.100).
Similarly, it is known [36,82] that under certain assumptions, affine nonlinear
system (2.98) can be decomposed into (2.99)-(2.100). [

Since the variable z? is not influenced by a control input, a differential d¢(z?)
of a meromorphic function ¢(x?) has infinite relative degree. Hence by proposition
2.17, dp(x?) is an autonomous variable and system (2.99)-(2.100) is not accessible.
Therefore by corollary 2.21, system (2.99)-(2.100) is not algebraically controllable.

However, a trajectory tracking control of total system (2.99)-(2.100) can be
realized as shown in the following example.

Example 2.11 Let us consider example 2.7, again. From example 2.7, system
(2.42)-(2.43) is not algebraically controllable.

However, if we apply a feedback u = —x1x9 4+ v into subsystem (2.42), sub-
system (2.42) is transformed into

I.'l =,
where v is a new input variable. Furthermore, Eq. (2.43) implies that
xo(t) = x2(0) exp(—t).

Hence if we consider (z;(t), x2(t)) = (27(¢),0) as a reference trajectory of system
(2.42)-(2.43), and if we apply v = @}(t) — k(z1 — 23(¢)), £ > 0, that is, v =
—z129 + (25(t) — k(x; — 27(t))) into system (2.42)-(2.43), the actual trajectory
(x1(t), z2(t)) asymptotically approaches the reference trajectory (x3(t),0). W

In the above example, we have used exact feedback linearization method [36,82]
(see appendix F). If subsystem (2.99) can be transformed into a linear system
using exact feedback linearization method and if zo = 0 of subsystem (2.100) is
asymptotically stable, it is possible to design a controller such that the actual
trajectory (z!(t),z%(t)) asymptotically approaches (z'*(t),0), where z'*(¢) is an
appropriate reference trajectory of z'(#).

Even if we cannot use exact feedback linearization method, it is possible to
realize a trajectory tracking control based on linear approximation method along
a reference trajectory (z7(t),0) as follows.

() = (M0 20y ()« (0w oo
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where
oft . ., 095 4, .
An(t) == %(xl (t),0) + a_l,]l(xl (£), 0)u;(2),
i=1
A12(t) = @(Il (t),O) + 8_13]2(x1 (t),O)UJ<t),
i=1
of?

A (t) == @(xl*(t),O),
Bi(t) := g*(z"*(t),0).

Although linear system (2.104) is not completely controllable, if the system is
exponentially stabilizable, it is possible to design a controller such that the actual
trajectory (z'(t),2?(t)) asymptotically approaches (z'*(t),0).

Remark 2.12 [t is an open problem that “What is a class of non-algebraically
controllable systems (2.99)-(2.100) whose linearizations (2.104) along trajectories
(z*(t),0) are exponentially stabilizable?” However, we note that in [26], it has
been shown one theoretical limit to the tracking performance that can be obtained
in systems with zero dynamics (see appendix F). [ |

2.9 Summary

This chapter has clarified a class of nonlinear systems described by ordinary dif-
ferential equations such that trajectory tracking controls are easily realized. First,
we have introduced algebraic controllability and controllable trajectory in order to
give a class of nonlinear systems whose linearizations are uniformly completely
controllable. Next, we have introduced algebraic observability and observable
trajectory in order to give a class of nonlinear systems whose linearizations are
uniformly completely observable. We have also explained that the concepts of
controllable trajectory and observable trajectory are needed only for nonlinear
systems. Furthermore, we have shown that if a given system is algebraically con-
trollable and observable, L(Q optimal control method is useful to design a feedback
controller such that the actual trajectory asymptotically approaches a periodic
reference trajectory. Moreover, we have proven that the concepts of algebraic
controllability and accessibility are equivalent, and for nonlinear mechanical con-
trol systems, we have given a reduction condition for checking whether or not
the system is algebraically controllable. Finally, we have considered a trajectory
tracking control of non-algebraically controllable affine system.



Chapter 3

Differential algebraic systems

Differential algebraic systems (DAS) arise naturally as dynamical model of electri-
cal [95], mechanical [59], and chemical engineering [60] applications. The chapter
studies DAS with geometric index one. Similarly to the case of nonlinear systems
described by ordinary differential equations, we have the following questions.

e What is a class of DAS whose linearizations along trajectories are uniformly
completely controllable (observable)?

e What is a class of trajectories stated in the above question?

If we can answer the above questions, we get a class of DAS and reference tra-
jectories such that trajectory tracking controls are easily realized. In order to
answer the questions, the chapter also introduces algebraic controllability and
algebraic observability for DAS with geometric index one, and introduces con-
trollable trajectory and observable trajectory. Similarly to the case of nonlin-
ear systems expressed by ordinary differential equations, it is shown that if a
given nonlinear DAS with geometric index one is algebraically controllable, ev-
ery linearized system along any (periodic) controllable trajectory is (uniformly)
completely controllable. As a dual result, it is shown that if a given nonlinear
DAS with geometric index one is algebraically observable, every linearized system
along any (periodic) observable trajectory is (uniformly) completely observable.

Incidentally, when we study DAS, a choice of independent input variables
might be not obvious because the system is constrained by algebraic equations.
For example, according to [17], when Y or A connections are used in a three-phase
permanent-magnet synchronous machine (PMSM), a choice of independent input
variables is not obvious because the system is constrained by the Kirchhoff’s law.
Hence it is meaningful not to split up into state and input variables. In section
3.3, we study differential flatness of DAS which does not distinguish state, input,
and output variables.
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3.1 DAS with geometric index one

In this chapter, we study a trajectory tracking control of the following system.

T = f(x,Z,u), (3.1)
0=g(z, ), (3.2)
Yy = h(aja j)» (33)

where (2,%Z) € R" x R", uw € R™, and y € R? denote state, input, and output
variables, respectively. Moreover, f: R*"x R"x R™ - R", g: R"x R" - R",
and h : R" x R"™ — RP are meromorphic on R" x R" x R™, R" x R", and
R" x R", respectively. Let

- 0
W= {(x,i) € R"x R" | g(x,%) =0, det @—g(x,i’) # 0} .
System (3.1)-(3.3) is called a differential algebraic system with geometric index
one if W # (). More precisely, see [91,95].

Remark 3.1 Differential algebraic systems are also called descriptor systems
[69, 70] [

Remark 3.2 In addition to geometric index, there are some concepts of index
such as differentiation index [95/. Roughly speaking, the differentiation index
is defined as the number of differentiations with respect to t needed to express
in terms of x [7]. If we use the differentiation index framework, it is difficult
to choose appropriate initial conditions more than in the case of geometric index
framework.

For example, let us consider

0)-(2)
0= a3+ 29 — 71 (3.5)

Case 1: Geometric index framework
Clearly, system (3.4)-(3.5) has geometric index one. Substituting xs = x1 — xo
deduced from (3.5) into (3.4), we have

=0 D)

Integrating the above equation, we obtain

ra(t) = (2(0) + 2(0)) + 5 (1(0) — 2(0)) exp(~20),
£2(1) = 5(01(0) + 23(0)) — 5 (22(0) — 2(0)) exp(~20),

3(t) = (21(0) — 22(0)) exp(—2t).
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Since x3(t) + x2(t) — x1(t) = 0 for all t € R, the above solution always satisfies
(3.5).
Case 2: Differentiation index framework

Differentiating (3.5) with respect to t, we get the following equation

1 00 d 1 —XI3 d T1 —XI3
0 10 % To | = T3 <~ % To | = xs3 (36)
-1 11 T3 0 T3 0

Integrating the above equation, we obtain

21(t) = —23(0)t + 21(0),
.Tz(t> = .1]3(0)t + .TQ(O),
l’g(t) = .2?3(0)
Since x3(t) + xa(t) — x1(t) = 23(0) + 21(0) — 22(0) + 223(0)¢t, of
Il(O) = SL’Q(O), 1’3(0) = 0, (37)

algebraic constraint (3.5) is alway satisfied. However if (3.7) is not satisfied, (3.5)
1s not always satisfied.

We note that in contrast to the underlying ODE arising in the differentiation
index framework, the state dimension of the resulting ODE in the geometric index
framework is strictly lower than that of the original DAE. |

First, we define trajectory of system (3.1)-(3.3).

Definition 3.1 A trajectory of system (3.1)-(3.3) is a triple (x*(t),Z*(t), u*(t))
satisfying

for almost all ¢t € R.

), (1))
), u*(t)) of system (3.1)-(3.3) is called periodic if z}(t),
1

A trajectory (x*(t),z*(t
1 <4 <j<n, 1< k< m are periodic with the same

T3(t), and ui(t),
period.

Let (z*(t), 2*(t), u*(t)) be a trajectory for system (3.1)-(3.3), and let (z*(t), z*(t))

be a reference trajectory for system (3.1)-(3.3). Moreover suppose that (z*(t),2*(t)) €
W on R. Then we can analyze error dynamics between the actual and reference
trajectories as follows. Let x, := x—2*, T, .= T—2*, u, := u—u*, and y. := y—y*.
Then we have

e = fwe+ 2" (), Ze + (), ue + u(t)) — f (2" (1), 27(1), u(2)),
0= glae + a*(t), B + *(t))

, (3.8)
Ye = h(xe + 2*(t), Tc + (1)) — h(z*(t), T*(1)).
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Linearizing system (3.8) at . = 0, . = 0, and u. = 0, we have

(3.9)

Since (z*(t), z*(t),u*(t)) is a trajectory of system (3.1)-(3.3) and (z*(t), 2*(t)) €
W on R, g(z*(t),7*(t)) = 0 and the matrix %(x*(t),f (t)) is invertible on R.
Hence (3.9) is equivalent to

{jce = A(t)zc + B(t)ue, (3.10)

Ye = C(t)ZL‘E,

where
Alt) = 52 (@7(1), 77(1), u™(t)) — 5= (27 (1), (1), " (1))

<(Faorm) a0 (3.11)
BU) = 02 (a*(1),2° (), (1), (3.12)

Ct) = T (1,3 (1)) — oo (o (1), 7 (1)

< (Fwr.5w) L) (3.13

Hence if we design a feedback controller of system (3.10) such that the origin is
exponentially stable, by applying the same controller into system (3.8), the origin
of the resulting closed-loop is locally exponentially stable [48]. As a result, if 2(0),
z(0), and u(0) are sufficiently close to z*(0), £*(0), and u*(0), respectively, by
applying the above mentioned controller into system (3.1)-(3.3), the actual trajec-
tory (z(t),Z(t)) exponentially approaches the reference trajectory (x*(t),z*(t)).
As mentioned in chapter 2, if system (3.10) is uniformly completely controllable,
the system is exponentially stabilizable. Thus it is important to check whether
or not linearized system (3.10) is uniformly completely controllable. Hence, simi-
larly to the case of nonlinear systems described by ordinary differential equations,
the following questions are posed.

Question 3.1 What is a class of nonlinear DAS (3.1)-(3.3) whose linearizations
along trajectories are uniformly completely controllable?

Question 3.2 What is a class of trajectories stated in question 3.17



3.1 DAS with geometric index one 75

Similarly to the case of nonlinear systems described by ordinary differential equa-
tions, we will show that if system (3.1)-(3.3) is algebraically controllable, then
every linearized system (3.10) along any (periodic) controllable trajectory is (uni-
formly) completely controllable in the next section.

On the other hand, the available signal in system (3.1)-(3.3) might be only
output signal y. In this case, we design a state observer defined by (2.10), where
A(t), B(t), and C(t) are defined by (3.11), (3.12), and (3.13), respectively. As
mentioned chapter 2, if system (3.10) is uniformly completely controllable and
uniformly completely observable, it is expected that we can design a controller
and an observer such that system (3.1)-(3.3) becomes locally exponentially sta-
bilizable. Thus it is also important to check whether or not linearized system
(3.10) is uniformly completely observable. Hence, similarly to the case of nonlin-
ear systems described by ordinary differential equations, the following questions
are posed.

Question 3.3 What is a class of nonlinear DAS (3.1)-(3.3) whose linearizations
along trajectories are uniformly completely observable?

Question 3.4 What is a class of trajectories stated in question 3.37

Similarly to the case of nonlinear systems described by ordinary differential equa-
tions, we will show that if system (3.1)-(3.3) is algebraically observable, then every
linearized system (3.10) along any (periodic) controllable trajectory is (uniformly)
completely observable in the next section.

In the above discussion, it is significant that a given reference trajectory com-
poses of a trajectory of system (3.1)-(3.3). Unfortunately, in general, it is difficult
to examine whether or not a given reference trajectory composes of a trajectory
of system (3.1)-(3.3) because f and ¢ in (3.1) and (3.3) are nonlinear with re-
spect to each variable, we may not be able to obtain a trajectory. As mentioned
chapter 2, if a given system is expressed by ordinary differential equations such
as (2.1)-(2.2) and the system is differentially flat, we can easily obtain a trajec-
tory (see section 2.1). However, although DAS (3.1)-(3.3) is equivalent to system
(3.23) on the set W, since one may not be able to get an explicit representation
of g as a function of z, it might be impossible to examine whether or not system
(3.23) is differentially flat in the sense of definition 2.10.

Example 3.1 Let us consider a simple circuit model shown in Fig. 3.1.
The system is described by

di

le—tl = —e+u, (3.14)
di

Lgd—; —e, (3.15)
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Figure 3.1: A simple circuit
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where 7; and 4o, e, Ly and Lo, G, u, y denote currents, a terminal voltage,
inductances of linear inductors, a linear or nonlinear resistance, an input, an
output, respectively.

Casel: Linear Resistance
Suppose that

G(e) = ce,
where ¢ € R,. Then (3.16) implies that

L.
e= E(zl —ig).

Hence system (3.14)-(3.17) is equivalent to

(m) (L—Qc _L_2c> (”) (O) (3.18)
=) (7)

From (3.18), by a direct calculation, we have

&l

. diag .
— L _—
(31 2C dt + 19,
d?iy Lo\ disg
= Loc—= 14+ =] ==
u QCdt2+< +L1) 7

Hence system (3.18) is differentially flat with a flat output i,.

Case2: PN junction diode
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Suppose that
Gle) = Ifexplke) — 1),
where Iy, k € Ry [13]. Then (3.16) implies that
1
e= %log IO( 1 —z2)+1)

where iy — i + [y > 0. Hence then (3.14)-(3.17) is equivalent to

dt Ik 108 <%<Zl — i) + 1) + U,
La — plog (£ (i — i) + 1), (3.19)
- il'

From (3.19), by a direct calculation, we have

di
’il = IO exp(Lgk%) + ig - I(),

d*i diy diy

di 5 exp(LQk‘ di ) + (L L2> dt

Hence system (3.19) is differentially flat with a flat output 5.

u = LlLQIOkZ

Case3: Parallel connection of linear resistance and PN junction diode
Suppose that

G(e) = ce + Iy(exp(ke) — 1).

Then by the implicit function theorem, Eq. (3.16) implies that there exists some
analytic function a : R* — R such that e = (i1, i3). Then system (3.14)-(3.17)
can be transformed into

dip _ _alinis) | u

dt ( L1) L7

dio _ a1,

iy _ alida) (3.20)
y=mu

Nevertheless, we cannot obtain an explicit representation of « as a function of ;
and io. Hence it is impossible to check whether or not system (3.20) is differen-
tially flat in the sense of definition 2.10. |

Generally speaking, by the implicit function theorem, there exist open sets
X C R", X C R" satisfying X x X C W and some analytic function § : X — X
such that

0=yg(x,2) & 7 =g(x), (3.21)

g\x
o) = - (ea) (o) 5.22)
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Hence, on the set W, system (3.1)-(3.3) is equivalent to
(3.23)

However, as mentioned in case 3 of example 3.1, in general, it is impossible to
examine whether or not system (3.23) is differentially flat in the sense of definition
2.10 For this reason, we define differential flatness of system (3.1)-(3.3) as follows.

Definition 3.2 System (3.1)-(5.3) is called differentially flat if there exist
smooth mappings ¢1 : R x R™" X -+ - R", ¢ : R" x R™ x --- — R",
p3: R" X R" x--- = R™ and ¢ : R" x R" x (R™ x ---) — R™ depending
only on a finite number of variables, respectively, such that

€T ¢1(U7@7®.7"')
v :@ZJ(ZE,i',U,U, ): T = ¢2(U7@7i}7'“)
(% ¢3(U71}767"')

In addition, if system (3.1)-(3.3) is differentially flat, the variable v satisfying
the above condition is called o flat output of system (3.1)-(3.3).

Remark 3.3 Let system (3.1)-(3.3) be differentially flat and let a flat output be
(x,Z,u,u, ). Then on the set W, system (3.23) is differentially flat. In par-

ticular, then a flat output of system (3.23) can be expressed by ¥ (x, §(x), u,u, - ).
|

Example 3.2 Let us go back to case 3 in example 3.1. From (3.14)-(3.16), by a
direct calculation, we have

= CL2 dt2 + ]O(GXPUCLQ dw) — 1) + iQ,

e = Ly%z, (3.24)
u = (Ll + Lg) + L LQ(C + [0/{5 exp(kL2 diz ))Cilt? .
Hence system (3.14)-(3.17) is differentially flat with a flat output is. |

Assume that system (3.1)-(3.3) is differentially flat with a flat output v. Then
there exist smooth mappings ¢; : R"xR"x--- =5 R" ¢9: R"xXR"x--- — R",
¢3: R™" x R™ x --- — R™ such that

ZE(t) le(vai)vﬁf")
j(t) = ¢2(Ua1‘)77‘j7”')
u(t) o3(v, 0,0, )

Now assume that v () has been defined for all ¢ > 0. Taking an initial state z(0) =
¢1(v(0),9(0), - - - ) and applying a feedforward control u(t) = ¢3(v(t),v(t),- - ) for
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all ¢ > 0 to system (3.23), by the theorem on uniqueness of solution of ordinary
differential equation, we have

z(t) =x"(t) forall ¢>0.

Since system (3.1)-(3.3) is equivalent to system (3.23) on the set W, this means
that on the set W under an initial state (x(0), 2(0)) = (¢1(v(0),9(0),- - ), P2 (v(0),
if we apply the feedforward control u(t) = ¢3(v(t), 0(t),---) for all ¢ > 0 to system
(3.1)-(3.3), we have

(2(t), (1)) = (@1 (v(t), 0(8), - ), Ga(v(t), 0(1), ) for all ¢ > 0.

Therefore, if we consider a reference trajectory of system (3.1)-(3.3) as

(¢1(U(t)7@(t)v e )7¢2(U<t)7@(t)7 T ))7

(:E(t),:i‘(t),u(t)) - gbﬂ’l)(t),f)(t), e )7¢2(U(t)7®(t)7 T )7¢3(U(t)’i}(t)v e ))

is a trajectory of system (3.1)-(3.3).

3.2 Algebraic controllability and algebraic ob-
servability of DAS

In order to answer questions 3.1, 3.2, 3.3, and 3.4, we define algebraic controlla-
bility (observability) and controllable (observable) trajectory for DAS (3.1)-(3.3).
For that, we give some preliminaries. Let M, ;. denote the field of all mero-
morphic functions depending on a finite number of variables of

{x“xy),uk‘1<z<n1<] 1gkgm,zzo}.

The field M, 3.) can be endowed with a differential structure determined by
system (3.1)-(3.3) as follows:

T . ' 6¢ N 00 _qi1y | 09 (D)
qb(x,:p,x,---,u,u,---). (?x +Z(0xl) +8Ul) )
where ¢(x, T, u, 4, -+ ) € M . We note that on the set W, (3.21) and (3.22)
imply that © = — (%) g—(x x)x A vector space &z, of differential one

forms spanned over M, ;. is defined as

Ewin) = spany

){dwi,dx du |1<i<n1<j< 1§k§m,l20}.

(0), - - -



80 3. Differential algebraic systems

Then for any ¢ € M(mi,u), differential d : My 3.4) — @) 15 defined as
¢
d i du® 2
+Z(M v 2 (3.25)

Let D) = M(mxu) [%] If we take o« = Z;‘Zo aij—; € D(y3u), Where
a; € Mz, then 4 Zais defined as

m diJrl ]

d o d
EO& = Z (OQW + Oéz%) - D(m’j7u).

Thus D, 3,4 is a left skew polynomial ring, and thus elements of D, ;. can act
on the vector space &, z.4) (see appendix C). In fact, the vector space £ ;) can
be endowed with a differential structure by defining a derivative operator % as
follows:

7 (Z a;dzx; + Z Z bj, ldx + Z Cr, lduk, >

>0 j=1
= Z (aidz; + a;di;) + Z (Z ]lda: +byydi (l+1 ) + Z Cklduk + cpadu z+1))> '
i=1 l>0 J 1 k=1

where > " a;dx; + 2120(2?21 bj,ldfcg-l) + > ck,ldug)) € Eu,3,0)- Furthermore,
Dy 5u) is simple and a non-commutative Euclidean domain (see proposition B.3
in appendix B).

Now, differentiating both sides of system (3.1)-(3.2), we have

dx
P(Cx,f,u) dl‘ = O,
du
where
d of _9of 5 _of 5
Plopy = (#1508 gt S5lGi) g
s 5 (x,7) o I(x,7) 0

Since f and ¢ are meromorphic with respect to each variable, coefficients of
polynomials of each element of P(C ) are meromorphic functions. Thus Pc ) €

(n+n)x (n+n+m) (rdu
(z,Z,u)

Definition 3.3 System (3.1)-(5.5) is called algebraically controllable if P, ;
defined by (3.26) is hyper-regular, that is, there exist unimodular matrices Uy z.u) €
plrtxmtn) 0 g Viegu) € plrtatmxtitm) o b that

(z,2,u) (z,Z,u)

U(x,:i,u)P((;’gE’u)‘/(ac,i,u) - (In-i-ﬁ O(n+ﬁ)><m) . (327>
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Remark 3.4 Similarly to the case of nonlinear systems (2.1)-(2.2) described by
ordinary differential equations, algebraic controllability for DAS (3.1)-(3.3) is in-
variant under an analytic coordinate transformation. [

Similarly to the case of (2.1)-(2.2), we define controllable trajectory of system
(3.1)-(3.3). To define controllable trajectory, we need to prepare some definitions.
Definition 3.4 Let R, ;) € DE‘;;’U and let (z*(t), 7*(t),u*(t)) € R"x R"x R™
be a trajectory of system (3.1)-(3.3). The matriz Ri«u)z+@1)ur ) 5 defined by
substituting x*(t), *(t), and u*(t) into x, &, and u in Rz, respectively.
Definition 3.5 Let Ryzu) € Diye ) and let (x*(t),7"(t),u*(t)) € R" x R" x
R™ be a trajectory of system (3.1)-(3.3). The matriz R~z @)u) 95 called
bounded if every coefficient function of each polynomaial element of Rz (t),5+ (t),u (1))
15 bounded on R.

For an algebraically controllable system (3.1)-(3.3), controllable trajectory is com-
posed of functions in C and the state trajectory part is contained in the set W

for all t € R.

Definition 3.6 Suppose that system (3.1)-(3.3) is algebraically controllable. Then
a trajectory (x*(t), z*(t),u*(t)) of system (3.1)-(3.3) is called a controllable tra-
jectory if the following conditions are satisfied:
1o (z%, 7% u*) € (C)" x (C2)" x (C)™ and (z*(t),7*(t)) € W on R.
2. The matrix P(c:c*(t)j:*(t),u*(t)) 15 bounded.
3. There exist unimodular matrices Uy 3 4) € Dg ))X(n+n and Vigz.u) €
satisfying (3.27) such that

1 d (n+7) X (n+7)
U= (0).6* ()2 (1) U(ﬂf*(t),f*(t)u“*( (C [dt}) ’

d (n+n+m) X (n+n+m)
Vier (.2 00 (1) Vo (85 (1) = (1)) € (C e { dt} ) :

D(nJrﬁer) X (n+n+m)
(z,Z,u)

Example 3.3 Let us go back to example 3.1 and consider the case 3. Then
system (3.14)-(3.17) is equivalent to

diy e U

Bt E 2

dt Ly * Ly’ (3:28)

d’ig (&

— = — 3.29
0 = ce + Ip(exp(ke) — 1) + iy — i1, (3.30)

Y=t (3.31)
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Differentiating both sides (3.28)-(3.30), we have

dt L1 I dZ
d 1 9 B
0 & I 0 & | =0
-1 1 ¢+ Ihkexp(ke) O iy
(Ci1vi2»€7u)
Repeating elementary column operations for P(CZ.M,%W)7 we have
1 00 00
P(Cil,iz,e,u)‘/(’il,ig,e,u) = O 1 0 0 0 ,
00100
where
0 —Laa -1 1+ Lga%
Howe =0 0 L4 ,
—Li —Ly(Ihda+1) ~Lid Lid+(Lidat+1)ld
and where

a = ¢+ Ipk exp(ke).

Hence system (3.31) is algebraically controllable.

Furthermore,
d 1 1
0 h
P U S
(i1siz.e,u) -1'1 a 0
0 1 0 0
Viewing each element of P(‘;l iae)’ Viirissen)s and V(;llm euyy W can know that
any smooth trajectory (if(t),5(t), e*(t),u*(t)) of system (3.14)-(3.17) such that
exp(ke*(t)) is bounded on R is a controllable trajectory. |

Let (z*(t),2*(t), u"(t)) be any trajectory of system (3.1)-(3.3) such that P(,. ; .

t),u*(t))
is bounded. Then we can define the behavior

B a0 = {(xe,fe,ue) € (C)" X (CR)" x ()™

Le
P(cx* (t),:f:*(t)u*(t)) .CZ'E — 0 . (332)
Ue

Similarly to lemma 2.16, we have the following lemma.
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Lemma 3.7 Suppose that system (3.1)-(3.3) is algebraically controllable. Let
(x*(t),2*(t),u*(t)) be any controllable trajectory. Then behavior B« z()u* (1)
15 controllable.

Now, we can relate algebraic controllability and complete controllability in the
same way as theorem 2.6.

Theorem 3.1 Suppose that system (3.1)-(3.3) is algebraically controllable. Then
every linearized system (3.10) along any controllable trajectory (x*(t), T*(t), u*(t))
of system (3.1)-(3.3) is completely controllable.

Proof By lemma 3.7, the behavior B« z+)u* (1)) defined by (3.32) is control-

Te
lable. Since P(Cx* (), (0) . (0) Ze | = 0 is equivalent to
Ue
e = SL(x* (1), (1), u(8))ze + SE(2* (1), Z2(1), u* (1)) e
+ 5 (e (1), &2 (t), u (1) )ue, (3.33)

09 (*(t), & (t))ae + 22 (2% (), #*(1))F. = 0.

t
Moreover, since (z*(t),Z*(t),u*(t)) is a controllable trajectory of system (3.1)-
(3.3), (z*(t),7*(t)) € W on R. Thus 2 (z*(t), #*(t)) is invertible for all t € R.

oz
Hence (3.33) is equivalent to linear system (3.10). Therefore similarly to the
proof of theorem 2.6, we have the conclusion. O
If PGeityur(ry 1s bounded and W is bounded on R, A(:) and B()

defined as (3.11) and (3.12), respectively, are bounded on R. Hence in the same
way as corollary 2.7, we have the following corollary.

Corollary 3.2 Suppose that system (3.1)-(3.3) is algebraically controllable. Then
every linearized system (3.10) along any periodic controllable trajectory (x*(t), Z*(t), u*(t))

of system (3.1)-(3.3) such that m is bounded on R is uniformly com-

pletely controllable.

Next, we introduce a concept of algebraic observability of system (3.1)-(3.3).
Differentiating both sides of system (3.1)-(3.3), we have

o dI du
where
(g zu) —L(x, &, u
o . dt agax( 5 ) %2( . ) (nt ) x ()
P(;cj?,u) Cha %(l’, 33') 8_5(1:7 x) < D(m,i,u) 5 (335)
_a_Z(xvj) _a_g x,f)

%(x, Z,u) 0 ]

Q(x,:i,u) = 0 0 S D((Z;Z—;p)x(m-’_p).
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In the same way as algebraic controllability, algebraic observability is defined.

Definition 3.8 System (3.1)-(3.3) is called algebraically observable if P, ; .
defined by (3.35) is hyper-reqular, that is, there exist unimodular matrices Uz €

DéZiﬁp) ) and Vi € DEZ;Z)) () such that

0 In n
Ula, &) Pl 3 Viwa ) = < 0+ ) . (3.36)

Remark 3.5 Similarly to the case of nonlinear systems (2.1)-(2.2) described by
ordinary differential equations, algebraic observability for DAS (3.1)-(3.3) is in-
variant under an analytic coordinate transformation. [

Similarly to the case of algebraic controllability, in order to relate algebraic ob-
servability and uniform complete observability, we define observable trajectory of
system (3.1)-(3.3).

Definition 3.9 Suppose that system (3.1)-(3.3) is algebraically observable. Then
a trajectory (x*(t), T*(t),u*(t)) of system (3.1)-(3.3) is called an observable tra-
jectory if the following conditions are satisfied:

1 (z%, 7% u*) € (CF)" x (C2)" x (C)™ and (z*(t),7*(t)) € W on R.

2. The matrices P(x ()5 ()t () and Q )a () (1)) AT€ bounded.

3. There exist unimodular matrices U, 5.4y € DEZJ;ZJ)rp)x(nJerp and Vi) €
DEZ;?)X(WF&) satisfying (2.36) such that

d 1\ ()X (ntiitp)
U(x*(t),i*(t)ﬂ*(t))’U( *(8),8* (1) ,u* (1)) (C [dt]) 7

d (n+n)x(n+n)
—1 0o
Vi (9.6 ()07 () ‘/(;r*(t),ir*(t),u*(t) <C { dt] ) :

As dualities of theorem 3.1 and corollary 3.2, we have the following theorem
and corollary, respectively.

Theorem 3.3 Suppose that system (3.1)-(3.3) is algebraically observable. Then
every linearized system (3.10) along any observable trajectory (xz*(t), T*(t), u*(t))
of system (3.1)-(3.3) is completely observable.

Proof Since system (3.1)-(3.3) is algebraically observable, there exist unimod-
c D(n+n+p)><(n+n+p) and V c D(n+n)><(n+n

ular matrices U z.u) (2.0) ) (.10 satisfying

(3.36). Hence we have
ViT~ (PO )TUx:ru - ([n—i-ﬁ O) .

z,Zu)\* (z,Z,u)
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Let (z*(t),2*(t),u*(t)) be any observable trajectory of system (3.1)-(3.3). Now
consider

Te
(P((;*(ﬂ,f*(i),u*({)))T z. | =0, (3.37)
Ue
where 7, € (C2)", Z. € (C2)", G € (C=2), and t :== —t. Eq. (3.37) is

equivalent to

ije = (%(ﬁ@» ‘%*(E)’ u* 7?)))
+ (G (@ (D), f*(f)))[, e, .
~ %k * = * ~ % = * ~ % T _
(55 (@ (0,80, w (@) 2~ (53" (0, 5(D) &+ (5D, 3°(H)) v =0.
(3.38)
Since (z*(t), 2*(t), u*(t)) is an observable trajectory of system (3.1)-(3.3), (z*(¢), 2*(t)) €
W on R. Thus, % x*(t), 2*(t)) is invertible for all ¢ € R. Hence (3.38) is equiv-
alent to

T

7o — (2 (5),5(5) &

dz.

dt = A(E)T"Z‘E + C(aTaev
where A(-) and C(-) are defined in (3.10). Therefore similarly to the proof of
theorem 2.11, we have the conclusion. O

Corollary 3.4 Suppose that system (3.1)-(3.3) is algebraically observable. Then
every linearized system (3.10) along any periodic observable trajectory (x*(t), Z*(t), u*(t))

of system (3.1)-(3.3) such that m is bounded on R is uniformly com-

pletely observable.

Example 3.4 Let us go back to example 3.3. Differentiating both sides (3.28)-
(3.31), we have

d 1 1
! Iy diy i Y
0 & —Liz din | — 0 O du
—1 1 ¢+ Ipkexp(ke) d; 0 0 dy
-1 0 0 0 -1
P(Dibizweyu)
Repeating elementary row operations for P? we have

(i1,i2,e,u)?

U(il Ji2,6,U) P

(i1,32,eu)

o O O
OO = O
o= O O
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where
0 0O O —1
_aLl O 1 —1 - aL]_%
U(il,ig,e,u) = L1 0 O Ll% ’
L d d d d | d
Tt Liga 1 -5 (L%Jra@)LlaJra
and where

a = c+ lykexp(ke).

Hence system (3.28)-(3.31) is algebraically observable. Furthermore, we have

d 1
“ oy M
vt |V oa !
Gaen = | Z1 T 4 0
-1 0 0 O
Viewing each element of P(‘;l o o) Uliy ji,eu), and U(;lm eu)y WE Can know that

any smooth trajectory (if(t),i5(t),e*(t),u*(t)) of system (3.14)-(3.17) such that
exp(ke*(t)) is bounded on R is an observable trajectory.

By the discussion in example 3.2, system (3.28)-(3.31) is differentially flat with
a flat output 7. Hence we can easily find a periodic controllable and observable
trajectory. In fact, as an example of such a trajectory, from relation (3.24) we
have

(

i1(t) = cLocost + Iy (exp(kLycost) — 1) + sint,
io(t) = sint,

(t) = Ly cost, (3.39)
u(t) = (L1 + Lo) cost

— Ly Ly(c + Ik exp(kLs cost)) sint.

)

\

3.3 Differential flatness of DAS

In this section, we consider differential flatness of a nonlinear differential algebraic
system

F(w, i, ) =0, (3.40)

where w = (wy,--,w,) and F : R x R? x --- — R' is a smooth mapping
depending only on a finite number of variables of {w,w,w,---}. We note that
system (3.40) does not distinguish state, input, and output variables. As an

extension of differential flatness of [22,23], we define differential flatness of system
(3.40).
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Definition 3.10 System (3.40) is called differentially flat if there exist smooth
mappings Y : RT X RY x --- — RP and ¢ : R’ X R x --- — R? depending only
on a finite number of variables of {w,w,---} and {y,y, -}, respectively, such
that

1.
y:w(waw7):>w:¢(y7y7)7

2. y1, - ,yp are differentially independent, that is, for an arbitrary positive
mteger n,

Sdy + -+ Ay, + -+ Gyl + -+ Pyl =0
implies that

where ¢! is a smooth function.

In addition, if system (3.40) is differentially flat, the variable y satisfying the
above conditions is called a flat output.

Remark 3.6 In the case of systems (2.1)-(2.2) and (3.1)-(3.3), condition 2 is not
required if input variables are differentially independent. That is, we implicitly

assume differential independence of input variables for systems (2.1)-(2.2) and
(3.1)-(3.3). [

We note that a flat output of differentially flat system (3.40) is not unique. If we
could find a flat output of differentially flat system (3.40), we can obtain other
flat outputs. In fact, we have the following theorem.

Theorem 3.5 Suppose that system (3.40) is differentially flat with a flat output
y € RP. Then

g = aly)

is also a flat output of system (3.40), where o : R? — RP is an arbitrary smooth
mapping such that g—cy“ is invertible at every point y € RP.

Proof First, we show that there exist smooth mappings V:RIXRIX---— RP
and ¢ : R x RP x --- — RY such that

J=1(wb, ) =w=0(F4, ). (3.41)
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Since « : R” — RP is smooth such that g—‘; is invertible at every point y € R?, by
the inverse function theorem there exists a smooth mapping & : R” — R” such
that

y = a(y).
Since system (3.40) is differentially flat, there exist smooth mappings ¥ : R? X
R'x---— RPand ¢: R x RP x --- — RY such that y = ¢(w,w,--+) = w =
&(y,y,- ). Hence putting
7 T~ 2 ~ 86[~
w:aoiﬂ and ¢<y7y7) = ¢<04(3/)78_gy>);

we have (3.41).
Next, we show that #,--- ,y, are differentially independent. Now suppose
that for an arbitrary positive integer n,

Adijy + -+ + nggp et C?d%n) NN C;ldgl()n) =0, (3.42)

where ¢/ is a smooth function. Since dj&i(k) = %dy§k)+2?l:1 a?jg;l yldy(.k_l)—|—
J ’ J

o 1<i<p, 1 <k <n, (3.42) is equivalent to the form

0001y 000y s Oon 121’: Oy oo g+
c —_— - e c — C — DY C DY
"oy Py o P L oy -
foJe} " 92« P 9%«
0 1 0V 1 1 1 P
+ Gt te,—+ Up + o+ Uk + dy, +
<1a,, Py, 1;apayk p;aypayk b
_ 8@1 _ 3@ 2a1 P 8204 (n—l)
T T +tcp Loy | d -
( by Py kzzl 10y ? ; o0y * |
_10aq _, 0« P 201 L
+ n 17_’_ 4 1773_’_6” Uk + 4 P y dy(n 1)+
(1 Yy Py, 1;8108% P;apay P
0 1 0 D n) 0 1 aap
Since y is a flat output of system (3.40), y; - - - , y, are differentially independent.
Thus the coefficients of dyﬁn), e ,dy;(,n) are equal to zero, that is,
0 oap B) O
R LI I AN
: S| : Sl =0 (3.43)
i d 9 Do n
gttt =0 oy ) \%
Since g—‘; is invertible at every point y € R?, (3.43) implies that
o =--=¢, =0
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Hence the coefficients of dyi”_l), o, dyd ™ reduce to
)6 )6 oo Oa
0711—1_1_’_'._ Cz_l_p,"' ’C?_l_l _|_ CZ_I_p,
Iy Oy Oy Yy
respectively. Thus similarly ¢! = ... = cg_l = 0. Repeating the same calcula-
tion, we have
Thus we have the conclusion. O

Example 3.5 In this section, we demonstrate that the three-phase permanent-
magnet synchronous machine (PMSM) in the case of Y connection [17,58] is
differentially flat. The model of the PMSM is described as

Vg — Tala — "%}a
vy — Ty — Py
Ve — rc'ic - wc
¢a — Lggtq — Labib — Lgcte — Q;Z)m Sin(npe)

Fomsm = Uy — Lba?a - Lbe:b - Lbc?c = Ym s%n(np - ?) =0.
e — Leata — Lepiy — Lecie — ¥m Sln(npe + %)
Te — npthm {(za — %ib — %zc) cos(npl) + @(ib — i) Sin(npﬁ)}
JH - Te + Tmec
ia + 1p + i
(3.44)

(A9

Here each phase of the machine is denoted by “a”, “b”, and “c”. Each variable
of the PMSM denotes:

1. voltage across windings: v, vy, and v, for phases “a”, “b”, and “c”, respec-
tively.

(1)

2. currents through windings: 1i,, 75, and . for phases “a”, “b”, and “c”,
respectively.

3. fluxes: 1,, ¥y, Y. for the phases windings.

4. torques: the electromechanical torque produced by the machine 7, and the
mechanical torque by the shaft of the machine T},c.

5. the angular position of the rotor with respect to the stator: 6.
Each parameter of the PMSM denotes:

1. winding resistances: r,, 7, and 7. for each phase.
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2. winding inductances:

L+ L, ifz=uy,
ny - ll . Y T,y € {CL, b,C},
_§Lm if z 7é Ys
where L; denotes the leakage inductance and L,, the magnetizing induc-

tance.
3. flux: 1, for the permanent magnet.
4. the number of pole pairs: n,,.
5. rotor inertia: J.

Let (y1,Y2,y3) := (0,1, 1.). Then (y1,y2,y3) is a flat output of system (3.44).
In fact, by a direct calculation, we get

(

lg = —Y2 — Y3,

Yo = — (Li+ 3Lm) (y2 + ys3) + Ymsin(n,yn),

vy = (Ll + %Lm) Yo + U Sin(npyl - Z?W)’

e = (Li+ §Lm) ys + Ymsin(nyy + %),

Qva = —1aly2 +y3) = (Li+ 5Lm) (92 + Y3) + Ymnygr cos(nyyn),
Uy = TpY2 + (Lz + %Lm) Y2 + Ymnpyr cos(npyr — 2%)’

Ve = TYs3 + (Ll + %Lm) ?]3 + @Dmnpyl COS(npyl + 2%)7

T, = ngtin { ~3(02 + o) cos(myn) + (2 — ya) sin(myn) }

| T = mptin { =3 (02 + 0 cos(mppn) + (92 — ) sin(nun) | = Jij.
(3.45)

Hence condition 1 of definition 3.10 of differential flatness is satisfied. In addition,
clearly, condition 2 of definition 3.10 is also satisfied.

Finally, let us consider a smooth map o : R® — R® § := (0,i4,i,) = a(y),
defined by

9:3-/17

' i i ' Y2 = Y3
(ld) > (sm(npyl) sin(npyr — 2m)  sin(nyyr + %m)

“=4/2 Y2
i 3\ cos(npy1) cos(nyyr — %77) cos(npy1 + %W) y
3

q

(3.46)

By a straightforward calculation, we have

det (3_04) = i
dy V3
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Hence g—‘; is invertible at every point y € R*. Therefore by theorem 3.5, (6,4, 1,)
is also a flat output of system (3.44). Thus system variables
(Vay Vb, Ves Y, Yoy Yoy Tey Tinecs 0, a, i, 4) can be represented by (6,i4,1,). Here, i4

and i, mean currents in fictitious windings rotating at synchronous speed. [ |

Remark 3.7 In example 3.5, suppose that r :=r, = r, = r.. Then if we apply
the transformation

1

1

2 V2 V2 V2

foiq =1/ 5 | sin(ny8) sin(nyd — 2m) sin(nyd + 27) | fabe (3.47)
cos(nyfl) cos(nyd — 2m) cos(nyd + 37)

to system (3.44), then system (3.44) is transformed into a simple form

lo
- di
Vo — Tl — Ly g¢
¢o - Llio
Va — Tia — Yq — npty
Fpmsm = Yo = T ™ wq B npewd = 0; (348)

Ya— (L + 3Ly )iq — \/g%n
Vg — (L + 2L,,)1,
T. — \/gnpwmiq

Jé—Te"'Tmec

where fup. denotes either Vape, iapes O Yape. Clearly, (0,iq4,1,) is a flat output
of system (3.48). Since transformation (3.47), which is called Park transforma-
tion [17,58, 87], is invertible, by a direct calculation, we can check that (0,iq4,1,)
is a flat output of system (3.44). However, if rq, 1y, and . are not equal to each
other, we cannot obtain a simple system such as system (3.48) by using transfor-
mation (3.47). Nevertheless, even if v, 1, and r. are not equal to each other,
transformation (3.46) shows that (8,14,1,) is a flat output of system (3.44). M

3.4 Summary

This chapter has given a class of nonlinear differential algebraic systems with geo-
metric index one such that trajectory tracking are easily realized. First, we have
defined algebraic controllability and controllable trajectory. As dual concepts,
we have introduced algebraic observability and observable trajectory. It has been
shown that if a given nonlinear differential algebraic systems with geometric in-
dex one is algebraically controllable, every linearized system along any (periodic)
controllable trajectory is (uniformly) completely controllable. As a dual result,
it has been shown that if a given nonlinear differential algebraic systems with ge-
ometric index one is algebraically observable, every linearized system along any
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(periodic) observable trajectory is (uniformly) completely observable. Finally, for
differential algebraic systems which do not distinguish state, input, and output
variables, we have studied differential flatness.



Chapter 4

Trajectory tracking control of
nonlinear systems

As mentioned in interpretation 1 in section 2.2, if a given system is algebraically
controllable and (xz*(t),u*(t)) is a periodic controllable trajectory, we can
design a controller K (t) such that the actual trajectory z(t) locally exponentially
approaches the reference trajectory x*(t) by applying a feedforward and state
feedback control

u(t) = u*(t) + K(t)(z(t) — x*(t)) (4.1)

into system (2.1)-(2.2). To see this, we should simulate the actual trajectory z(t)
of the closed-loop obtained by applying (4.1) into a given system (2.1)-(2.2).

Furthermore, as mentioned in interpretation 2 in section 2.3, if a given system
is algebraically controllable and algebraically observable and (z*(t), u*(t))
is a periodic controllable and observable trajectory, it is expected that we
can design a controller gain K (t) and an observer gain L(t) such that the actual
trajectory x(t) locally exponentially approaches the reference trajectory z*(t) by
applying a feedforward and state-estimate feedback control u(t) = u*(t) + K (t)Z.
into system (2.1)-(2.2). To see this, we should simulate

T = flx,u*(t) + K(t)z.),

(1) = (1) — (1),

ye = C)ze,

e = A(t)Z. + Bt)K(t)z + L(t)(y. — C(t)Z.).

(4.2)

Here, we design a feedback gain K(t) such that the actual trajectory locally
exponentially approaches the reference trajectory by applying (4.1) into system
(2.1)-(2.2). On the other hand, we must design an observer gain L(t) such that
Z.(t) exponentially approaches z.(t). To this end, we can use the observer gain
proposed in [11]. Concretely, we use

L(t) := y®(t, kT)P(t)® (¢, kT)CT(t) (4.3)
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forallt € [kT,(k+1)T),T >0,k =0,1,2,---, where

P = —yPOT(t, KT)CT (t)C(t)®(t, kTP,
P(ET) = pI > 0,

and where v and p are chosen sufficiently large. Here, ®(¢,7) denotes the state
transition matrix of the open-loop (2.4).

The aim of this chapter is to demonstrate that trajectory tracking controls of
algebraically controllable and observable systems are easily realized.

4.1 Trajectory generation

This section explains trajectory generation methods for nonlinear system (2.1).
As mentioned in chapter 1, we consider optimal control or flatness-based tra-
jectory generation methods. Although dynamic programming and variational
methods as optimal control methods are famous, it is difficult to apply the dy-
namic programming method for general nonlinear system (2.1) because we have to
solve a nonlinear partial differential equation called a Hamilton-Jacobi-Bellman
equation [84,103]. Thus for a trajectory generation, this section only considers a
variational method and a flatness-based trajectory generation method.

4.1.1 Variational method

This subsection elaborates a trajectory generation based on a variational method.
We refer to [43,84,103]. Suppose that L : R" x R™ — R is given. Let us consider

min JZ:/lL(LE(t),U(t))dt (4.4)

to
subject to  (2.1),
QT(tQ) = To, ZE(t1> = XT1. (45)

Note that a linear quadratic optimal control in subsection 2.4.2 is a special case
of the above optimal problem. Let

J = /t 1 {L(x(t),u(t)) + AT (&) (f(x(t), u(t)) — ()} dt
and let

H(z,u,\) == L(z,u) + \' f(z,u).
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Calculating the first variation of J, we have
t1 T T
- [ {(@_H) sos (20) M_m}dt
to Ox ou
bofrom\" oH\" :
— _N\T i1 dainl et T
= —[A"(t)ox(t)];h + /to {((%) dx + <8u> ou+ N (t)ox p dt

- [ (e gy () o

Therefore §J = 0 implies that

A= —aa—lx{(:v,u, A), (4.6)
a—H(m,u, A) =0. (4.7)

ou

We say that Egs. (2.1), (4.5) (4.6), (4.7) are Euler-Lagrange equations. Hence
we have the following proposition.

Proposition 4.1 Suppose that there exists the optimal control input u(t) € R™,
to < t <ty such that (4.4) is minimized. Let x(t) € R" be the corresponding
optimal trajectory. Then there exists A(t) € R" such that (2.1), (4.5), (4.6), and
(4.7) are satisfied.

From now on, let us consider solving Egs. (2.1), (4.5), (4.6), and (4.7) as
follows.

1. Give )\(fo)

2. By (4.7), express a control variable u by a state variable x and an adjoint
variable .

3. Solve the initial value problem of (2.1) and (4.6).

4. If ||x(t1) — x1|| is sufficiently small, we finish the simulation. If ||z(t1) — x1]|
is not sufficiently small, modify A(¢p) and return to step 2.

The above numerical procedure is called a shooting method [84,103].

From now on, we give a method of modification of A(#y). If A(¢y) changed,
x, A, u also change, that is, then x, A\, u become to x + dx, A + 0\, u + du.
Furthermore, x + dz, A 4+ 0\, u + du obey the Euler-Lagrange equations

Lz +6z) = f(z + 6z, u+ du),
LN+ X)) = =% (z + bz, u+ du, A+ 6N), (4.8)

%—g(w—l—éx,u—l—éu,)\—i-wx):(),
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where 0(xg) = 0 and dA(tp) = dAg. Let e be sufficiently small positive number.
Our goal is to give d\g such that ||z(t;) — x1|| < e. Eq.(4.8) implies that

5 = gi(x(t), u(t))dx + gi(x(t),u(t))éu, (4.9)
. 0*’H 0’H 0’H
oA = —W(w(t),U(t), A(t))6 — Dwdu (z(t), u(t), A(t))ou — B2IN (z(t), u(t), A(t))oA,
(4.10)
0% H O*H 02H
8u8m( z(t), u(t))dx + W( z(t), u(t))du + auéu(~”8(7f),u(1t))<SA = (4.11)
Since
2 S

Eq. (4.11) implies that

9\ —1 2 T
su=—(G) (@l u@. @) (gug; (w(0)u(0) A0y + (1) <w<t>7u<t>>>-

ou?
(4.12)
Substituting (4.12) into (4.9) and (4.10), we have
d (éx\ [ A(t) —B(t) ox
a (5)\) = (—C(t) —AT(t)> <5)\) ’ (4.13)
where
of of 2H\ ! 2 H
A = w0 ut) - St u) (55) @000 A0 JrL wl0) o). A0,

ooy —1 T
(1) = 5 o)) (G ) @0,u0.00) (51) (alo)uto)

o) = T2 w(t) ut), A1)

B gxé)u ((2), u(), A®) (83,5) (w(t), u(t), A(t) gugc (2 (), u(t), A(2)).

Let ®(t) be the transition matrix of (4.13), that is,

de A(t)  —B(t)
dat (—C(t) —AT(t)> o, B(to) = 1.

Then if we denote ¢ by (in o ) we get
21 Pao

(53) =20 () = (005 v
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Let E := z(t;) — z1. Then
OFE = dx(t1) = D12(t1)dNo.
If we put
0E = —pE, (4.14)
we have
SXo = —p (Bra(t1)) " B, (4.15)
where p € R, is a parameter.

Example 4.1 Let us consider an optimal control of system (2.29). Consider

t1
min / ui(t) + us(t)dt (4.16)
0
subject to  (2.29),

(
(2(0),9(0),6(0)) = (0, yo, 0o),
(I(tl)vy(t1)>€(tl)) = (xhylaHl)'

Then we have the following Euler-Lagrange equation.

T 41 cos 0
y | = | usind |,
0 U9

(2(0),5(0),60(0)) = (0, Yo, bo);
(z(t1),y(t1),0(t1)) = (z1,91,01),
}\3 = A\ugsinf — Aouq cosf,
A(t) = Ai(0),
)‘2(75) = /\2(0);

2uy + A cosf 4 Aysinf) (0
(Pt et e = () (417

Eq. (4.17) implies that

1
U = —5()\1 cos + Ay sin 0), (4.18)

1
Uy = _5,\3 (4.19)
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Thus using the shooting method, let us solve the initial value problem

@ —2cosf(A cosf + Ay sinf)
y = —%sin@()\l cos @ + A\ysind) |,
; 1y,
(:E(O)v y(O), 0(0)) = (1’0, Yo, 90)7
A %()\2 cos — Ay sin @) (A cos + Ay sin 0),
Au(t) = >\1( ),
Aa(t) = A2(0),

(A1(0), A2(0), A3(0)) = (A1,0, A2,0, As0)-

By a direct calculation, in the case of the example, we have A(t), B(t), C(t)
n (4.13) as follows:

0 0 —sind(t)ui(t) — 3 (M (t)sinb(t) cos 9(2&) Ao (t) cos?(0(t))
At):==[0 0 cosf(t)ui(t) — 5 (Ai(t)sin*(0 ( )) — Xa(t) sin(A(t)) cos(6(1)) | ,
0 0

(4.20)
1 cos?(0(t)) cos(0(t))sin(6(t)) 0
B(t) =5 sin(6(t)) cos(6(t)) sin?(0(t)) 0], (4.21)
0 0 1
00 O
cty:==100 o |, (4.22)
0 0 ¢t
where

c(t) := —A1(t) cos(0(t))ur(t) — Aa(t) sin(0(t))ur (t) — (A1 (¢) sin(0(t)) — Aa(t) cos(@((t)))gj
4.23

Let tQ = 0, tl = 10, (l‘o,yo,go) = (0,0, 0), (xl,yl,Hl) = (4,3,2), and )\0 =
(10,10,0). Then putting the parameter p in (4.15) as 100, we get Fig.4.1.
However, by using the above method, we cannot generate a trajectory which
connect (zg,yo,6p) = (0,0,0) and (z1,y1,01) = (4,3, 7/4) because the numerical
iterative calculation does not converge. In the next subsection, we demonstrate
that if we use a flatness-based trajectory generation technique, we can generate
such a trajectory. [ |

Example 4.2 Let us generate a periodic trajectory of system (2.29). Consider
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(a) The behavior of (z(t),y(t),0(t)). (b) Feedforward signals.

Figure 4.1: Trajectory generation

optimal control problem (4.16) and

min /fz ui(t) + us(t)dt (4.24)

t1

subject to  (2.29),
(z(t1),y(t1),0(t1)) = (z1,91,01),
(z(t2),y(t2), 0(t2)) = (w0, Yo, bo)-

By solving optimal control problems (4.16) and (4.27), we can obtain a periodic
trajectory with the period ¢y of system (2.29). From now on, let us examine it.
Let t1 =4, ts = 7, (z0,%0,00) = (0,0,0), (z1,y1,01) = (4,3,2). Then we can get
a trajectory (x*(t),y*(t),0*(t),ui(t),us(t)) illustrated in Fig.4.2.

If we apply feedforward control

t+ ) =uj(t
w(t+m =ult) 7 ez (4.25)
us(t + Tn) = ud(t)
and if we take an initial condition (z,yo,6y) = (0,0,0), we have a periodic

trajectory with the period 7
z(t + Tn) = z*(t)
y(t+Tn) = y*(t) 0<t<T7, neZ. (4.26)
O(t + Tn) = 0*(t)

We write the above periodic trajectory as (z*(t),y*(t), 6*(t), ui(t), u(t)), again.
Although wj(t) and u}(t) are discontinuous at t = n and ¢t = 4n, n € Z,
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(a) The behavior of (z(t),y(t), 0(t)). (b) Feedforward signals.

Figure 4.2: Periodic trajectory generation

we can consider that (x*(t),y*(t), 0*(t), ui(t), us(t)) is a periodic controllable and
observable trajectory. [ |

Example 4.3 Let us generate a periodic trajectory of system (2.29). Consider
optimal control problem (4.16) and the following problems.

min /t2 ui(t) + us(t)dt (4.27)

t1

subject to  (2.29),
y(t), 0(t1)) = (21,91, 61),
(z(t2), y(t2), 0(t2)) = (22,42, 02).

min ui(t) + us(t)dt (4.28)

subject to (2.
(l’(tz),y( 2),0(t2)) = (2,12, 62),
(x(ts), y(ts), 0(t3)) = (0,30, bo)-

By solving optimal control problems (4.16), (4.27), and (4.28), we can con-
struct a periodic trajectory with the period t3 of system (2.29). From now
on, let us examine it. Let t; = 3, to = 7, t3 = 10, (x0,%0,60) = (0,0,0),
(x1,9y1,61) = (1,5, —1), (x2,y2,62) = (4,3,2). Then we can get a trajectory
(x*(t),y*™(t),0%(t), ui(t),us(t)) illustrated in Fig.4.3.
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(a) The behavior of (z(t),y(t),0(t)). (b) Feedforward signals.

Figure 4.3: Periodic trajectory generation

If we apply feedforward control

t+ 10n) = uj(t
w(t+10n) =wit) oy 10 ez, (4.29)
ug(t 4+ 10n) = uj(t)
and if we take an initial condition (z¢,¥o,600) = (0,0,0), we have a periodic

trajectory with the period 10

z(t + 10n) = x*(¢)
y(t+10n) = y*(¢) 0<t<10, ne Z. (4.30)
O(t + 10n) = 0*(t)

We write the above periodic trajectory as (z*(t),y*(t), 6*(t), ui(t), u(t)), again.
Although uj(t) and ui(t) are discontinuous at t = n,t = 3n,and t = Tn,n € Z,
we can consider that (z*(t),y*(t), 0*(t), uj(t), us(t)) is a periodic controllable and
observable trajectory. [ |

4.1.2 Flatness-based trajectory generation method

This subsection elaborates a flatness-based trajectory generation method. We
refer to [72]. Suppose that system (2.1) is differentially flat with a flat output v.
Then we can parameterize the components of the flat output v;, i = 1,--- ,m by

vi(t) = Zaz’j%’(f%
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where ¢;(t), j = 1,---,N are basis functions. This reduces the problem
from finding a function in an infinite dimensional space to finding a
finite set of parameters.

Suppose that we have available to us an initial state xy at time ¢y and a final
state x; at time t;. Then we have

v;(to) = Zaij¢j<t0) vi(t1) = Z aijdi(t1)

0 (o) =D ayd? (te) vl (1) =Y ayey? (1)

J J

Therefore to determine {a;;}, we should solve the following linear algebraic
equation

d1(to)  @s(to) v1(to) - Um (to)
Q?l(tl) <Z_53(t1) vi(t) - U (t1)
¢1(to)  Ps(to) i fim1 i(to) -+ Om(to)
$1(t)  P3(th) ZE Zmz — | wut) - O (t1)
7 (to) 8" (to) v (to) -+ ok (to)
D(t) o () o (1) ol (1)

Example 4.4 Let us consider system (2.29). By a direct calculation from (2.29),
we have

0 = arctan (%) ,

w = £1/32 + 2, (4.31)
us = 570
Hence system (2.29) is differentially flat with a flat output (z,y).
Let to = 0 and ¢t; = 7. Now we parameterize (z,y) as follows.
Jﬁ(t) =ay + algt + a13t2 + (114t3, (4 32>
y(t) = asn + asnt + axt® + axut®.

To determine ajy, -+, aig, @21, -+, agq4 in (4.32), we solve the following linear
equation

1 0 0 0 a1p Qo1 JI(O) y(O)

1 T T2 Td 12 A929 ZL’(T) y(T)

0 1 0 0 a13 Q93 IL‘(O) y(O)

0 1 2T 3T2 a14 Q924 .CL’(T) y(T)
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Let T = 10, ((0),5(0),6(0)) = (0,0,0), (x(T),y(T),0(T)) = (43,7/4).
Since (4.31) must be satisfied, we assume that #(0) = 0.1, (0) =0, #(T") = 0.1,
y(T) = 0.1. Then we have 6(0) = 0 and 6(T) = 7/4. To determine ayy, - -, a4,

asi, + -+, asy in (4.32), we solve the following linear equation
1 0 0 0 a1 Qo1 0 0
1 10 100 1000 12 a929 . 4 3
0 1 0 0 a13 Q93 B 0.1 0
0 1 20 300 (14 Qo4 0.1 0.1

By a direct calculation, we have

@11 Q21 0 0
a12 Q922 . 0.1 0
a13 Q93 - 0.09 0.08
a14 Q24 —0.006 —0.005

Hence from (4.31) we have a feedforward control input

u*(t) _ (0.16—0.03t)(0.1+0.18t—0.018t%) —(0.16t—0.015¢2)(0.18—0.036t) (4'33)
2\") — (0.140.18t—0.018¢2)2+(0.16t—0.015¢2)2

{u’{(t) = /(0.1 4 0.18¢ — 0.0182) + (0.16¢ — 0.0152)2

Under (z(0),y(0),0(0)) = (0,0,0), applying the feedforward control (4.33) into
system (2.29), we have Fig.4.4.

(a) The behavior of (z(t),y(t),0(t)). (b) Feedforward signals.

Figure 4.4: Trajectory generation

If a given system is differentially flat, using the above flatness-based trajec-
tory generation method, we can generate a trajectory by solving linear algebraic
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equations although if we use variational methods, we have to solve nonlinear ordi-
nary differential equations. Moreover, if a given system is differentially flat and a
reference trajectory is given, we can directly calculate an appropriate feedforward
control by definition 2.10 of differential flatness.

Remark 4.1 Note that the above flatness-based trajectory gemeration method
does not guarantee to generate an optimal trajectory. However, there are some
works on a flatness-approach which guarantees optimality [19, 67, 68, 98]. Refer-
ence [98] has pointed out that a flatness-approach frequently converts the origi-
nal convex constraints to non-convex constraints. To resolve the problem, refer-
ences [67,68] have studied convex approzimations of the non-convex constraints

inspired by [19]. |

4.2 Tracking control of algebraically controllable
and observable systems

This section shows that a two-degree-of-freedom control is useful for a trajectory
tracking control of algebraically controllable and observable systems. For sim-
plicity, the following nonholonomic mobile robot as shown in Fig. 2.1 is studied
because the mathematical model is algebraically controllable and observ-
able (see examples 2.2 and 2.5).

(

x cosf 0
gyl =1sinf | u+ |0] ug,
0 0 1 : (4.34)
Y1 =7,
(Y2 =Y

where (z,y) and 0 denote the wheel-axis-center position and the orientation of
the robot, respectively, and u; and us denote the translational and rotational ve-
locities, respectively. Here (x,y,6) and (uy,us) denote state and input variables,
respectively.

From examples 2.2 and 2.5, any (periodic) trajectory (z*(t), y*(t), 0*(t), ui(t), us(t)) €
(Cpe)? such that uj(t) is bounded on R, and uj(t) # 0 and 6*(t) # %¢ for almost
all t € R, n € Z is a (periodic) controllable and observable trajectory.
Hence if (z*(t),y*(t), 0 (t), ui(t),us(t)) is such a trajectory, and if we consider
(x*(t),y*(t),0*(t)) as a reference trajectory, it is expected that we can design
a controller such that the actual trajectory (x(t),y(t),0(t)) locally exponentially
approaches the reference trajectory (z*(t),y*(t), 0*(t)). From now on, we examine
it.
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4.2.1 Feedback controller design based on LQ) optimal con-
trol

In order to design a controller such that the actual trajectory locally exponentially
approaches the reference trajectory, let us design a feedback controller based on
LQ optimal control explained in subsection 2.4.2.

Casel: Let a reference trajectory of system (4.34) be

x*(t) = cos(wt),
y*(t) = sin(2wt), (4.35)
0*(t) = arctan( i wt > .

As shown in example 4.4, since system (4.34) is differentially flat with a flat
output (z,y), we can design a feedforward control. In fact, by relation (4.31), an
appropriate feedforward control (uf(t),u3(t)) is derived as

(4.36)

* o 2 sin(2wt) sm(wt)—i—cos(Zwt) Cos(wt)
Uz <t) = 2w sin?(wt)+4 cos? (2wt)

{u*{(t) = wy/sin?(wt) + 4 cos?(2wt),

We note that the trajectory (z*(t), y*(t), 0*(t), ui(t), us(t)) is a periodic control-
lable and observable trajectory. Linearizing system (4.34) along the periodic
controllable trajectory (z*(t),y*(t), 6*(t), u;(t), us(t)), we have

;

Te 0 0 —sin(0*(t))ui(t) T cos(6*(t)) 0
gl =10 0 cos@@)uz@t) | v |+ |sin@ @) o (“1)
6. 00 0 6. 0 1) \"2e
A‘(,t) B\(’t)
vy (1 00 Te
v2)  \0 1 0/ \u
X -

(4.37)

By theorems 2.6 and 2.11, linearized system (4.37) is completely controllable and
completely observable. Thus the Riccati equation (2.61) has the unique positive
definite periodic solution [3,4]. We put R(t) in (2.59) as R(t) = +I5. Let w := 2.
Te
Note that system (4.37) has the period w. If we apply u. = —5BT(t)P(t) | v.
O
into (4.37), the origin of the resulting closed-loop is exponentially stable [3,4].
Then as mentioned in interpretation 2.3, if we apply a feedforward and feedback
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control
x(t) — x*(t)
u(t) =u*(t) + | =587 () P(t) | y(t) -y (1) (4.38)
0(t) — 07(t)

into system (4.34), the actual trajectory (x(t),y(t),0(t)) locally exponentially
approaches the reference trajectory (z*(t),y*(t),0%(t)). To see this, applying
(4.38) into system (4.34), we simulate the actual trajectory (z(t),y(t),0(t)) of
the resulting closed-loop. Fig. 4.5 illustrates the behavior of the resulting closed-
loop under (z(0),y(0),6(0)) = (0.6,0.5,5 + 0.1) although (z*(0),%*(0),0%(0)) =
(1,0,7/2). We can see that the actual trajectory (x(t),y(t),0(t)) exponentially
approaches the reference trajectory (z*(t), y*(t), 6*(t)).

(a) The behavior of (z(t),y(t)). (b) The behavior of 6(t).

Figure 4.5: The behavior of the resulting closed-loop

On the other hand, if w := 1, system (4.41) has the period 27. Unfortunately,
by using the periodic generator method explained in subsection 2.4.2, we can-
not numerically solve the Riccati equation (2.61) because the method is highly
sensitive due to the ill-conditioning of linear Hamiltonian ODE (2.62). Thus in
general, we cannot use the periodic generator method in the case of a large period.
If we have to solve the Riccati equation (2.61) which has a large period, we should
use another numerical method such as the multiple shooting method [27,110].

Case 2: Let a reference trajectory of system (4.34) be (4.26). Assume that
(x*(t), y*(t), 0" (t), ui(t),us(t)) is defined by (4.25)-(4.26). Then as mentioned
in example 4.2, (z*(t),y*(t),0*(t),ul(t),us(t)) is periodic controllable and
observable trajectory of system (4.34). Linearizing system (4.34) along the
periodic controllable trajectory (z*(t),y*(t),0*(t), ui(t), u3(t)), we have (4.37).
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By theorems 2.6 and 2.11, linearized system (4.37) is completely controllable and
completely observable. Thus the Riccati equation (2.61) has the unique positive
definite periodic solution [3,4]. We put R(t) in (2.59) as R(t) = 10I. Then as
mentioned in interpretation 2.3, if we apply a feedforward and feedback control

1 x(t) — x*(t)
u(t) = (1) + |~ BT | (e) (1) (439)
o(t) — 0°(1)

into system (4.34), the actual trajectory (x(t),y(t),0(t)) locally exponentially
approaches the reference trajectory (z*(t),y*(t),0%(t)). To see this, applying
(4.39) into system (4.34), we simulate the actual trajectory (x(t),y(t),0(t)) of
the resulting closed-loop. Fig. 4.6 illustrates the behavior of the resulting closed-
loop under (z(0),y(0),0(0)) = (3, —1,1) although (z*(0),y*(0),0*(0)) = (0,0,0).
We can see that the actual trajectory (z(t),y(t),0(t)) exponentially approaches
the reference trajectory (z*(t), y*(t), 0*(t)).

Actual trajectory

(a) The behavior of (z(t),y(t)). (b) The behavior of 6(¢).

Figure 4.6: The behavior of the resulting closed-loop

Case 3: Let a reference trajectory of system (4.34) be (4.30). Assume that
(x*(t),y*(t),0%(t), ui(t),us(t)) is defined by (4.29)-(4.30). Then as mentioned
in example 4.3, (z*(t),y*(t),0%(t),u}(t),us(t)) is periodic controllable and
observable trajectory of system (4.34). Linearizing system (4.34) along the
periodic controllable trajectory (x*(t),y*(t), 0*(t), ui(t), us(t)), we have (4.37).
By theorems 2.6 and 2.11, linearized system (4.37) is completely controllable and
completely observable. Thus the Riccati equation (2.61) has the unique positive
definite periodic solution [3,4]. We put R(t) in (2.59) as R(t) = 1401;. Then as



108 4. Trajectory tracking control of nonlinear systems

mentioned in interpretation 2.3, if we apply a feedforward and feedback control

1 x(t) — x*(t)
u(t) = w (1) + | =B (OPWO) | y(t) =y (1) (4.40)
6(t) — 0*(t)

into system (4.34), the actual trajectory (x(t),y(t),0(t)) locally exponentially
approaches the reference trajectory (z*(t),y*(t),0*(t)). To see this, applying
(4.40) into system (4.34), we simulate the actual trajectory (x(t),y(t),0(t)) of
the resulting closed-loop. Fig. 4.7 illustrates the behavior of the resulting closed-
loop under (z(0),y(0),0(0)) = (4, —2,1) although (z*(0),3*(0),0*(0)) = (0,0,0).
We can see that the actual trajectory (z(t),y(t),0(t)) exponentially approaches
the reference trajectory (z*(t), y*(t), 0*(t)).

(a) The behavior of (z(t),y(t)). (b) The behavior of 6(t).

Figure 4.7: The behavior of the resulting closed-loop

4.2.2 Feedback controller design based on LMI

As mentioned in subsection 4.2.1, if linearized system (4.37) has a large period,
it is difficult to apply a feedback controller design based on LQ optimal control.
However, we can also use a linear matrix inequality (LMI) technique [6] to
design a stabilizing feedback controller. For system (4.37), it is not easy to apply
an LMI technique. Thus we transform a coordinate of (4.37) such as

el cos(0*(t)) sin(0*(t)) 0\ [z
ex | = | —sin(0*(t)) cos(0*(t)) O Ye
€3 0 0 1 0.
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Then system (4.37) is transformed into

0w o0 10
e=|—-us(t) 0 wi(t)|le+ [0 O] u (4.41)

0 0 0 01

At) B

We note that linear system (4.41) has been derived from (4.34) in example
2.9. If we apply a feedback control u. = K(t)e to system (4.41), then we have
the closed-loop

é = (A(t) + BK(t))e. (4.42)

In example 2.9, we have shown that system (4.41) is uniformly completely control-
lable if (z*(t), y*(t), 0*(t), ui(t), u3(t)) is a periodic controllable trajectory. Hence
as mentioned in section 2.1, we can design a feedback gain K () such that e =0
of (4.42) is exponentially stable. For simplicity, let us consider to find a constant
gain K such that e = 0 of (4.42) is exponentially stable instead of a time varying
gain K (t)

Let P € R*® be a positive definite symmetric matrix. To analyze stability
of the origin of system (4.42), we introduce

V(e) := e’ Pe. (4.43)

The derivative of V'(e) along the trajectories of (4.42) is given by
V’(4.42)(t, e) = aa—V(A(t) + BK)e = 2¢" P(A(t) + BK)e.
e
If there exists an > 0 such that
4

(4.42) (t,e) < =2rV(e) (4.44)

for all e € R* and for all t > 0, the origin of system (4.42) is exponentially
stable [48]. Clearly, we have the following sufficient condition for (4.44) to hold.

Lemma 4.1 Suppose that r > 0 is given. If there exist 0 < P € R*3 and
K € R* such that

P(A(t)+ BK) + (A(t) + BK)"P < —2rP forall t>0, (4.45)
then (4.44) holds.

In the above lemma, (4.45) is not a linear matrix inequality (LMI). Multiplying
P := P! from the left and right of (4.45), we have an LMI condition for (4.44)
to hold as follows.
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Lemma 4.2 Suppose that r > 0 is given. If there exist 0 < P € R*® and
Y € R*3 such that

A()P + BY + PAT(t) + YTBY < —2rP forall t >0, (4.46)

then (4.44) holds.

In order to numerically check whether or not (4.46) holds, we relax the infinite
number of LMI constraints into a finite number of LMI constraints. Suppose that
ui(t), i = 1,2 are bounded for all £ > 0. Then there exist u;;,; and u},,, 1 = 1,2
such that uj;, = inf{u;(¢) | t > 0} and wuj,, = sup{u;(¢) | t > 0}. Hence we
have

Uf{ (t)) <UT inf) (UT inf)

! = M\ (% S + Mot o 4.47
<u2(t) 1( ) U’2,inf 2( ) u2,sup ( )
uisup ui,sup

* /\3(t) (u;,inf> N /\4(t) <u§,sup> 7

where \;(t) > 0,i=1,---,4, and A\ (f) + - - - A\4(t) = 1. Hence we obtain
0 u;,inf 0 0 u;,sup 0
A(t) = /\1(t) _uz,inf 0 ui,inf +>‘2(t) _uz,sup 0 uiinf (448)
0 0 0 0 0 0
A A
0 u;,mf 0 0 u;,sup 0
+ )\3 (t> U; inf 0 uisup +)\4 (t) _u;sup 0 uisup
0 0 0 0 0 0
As Ay
(4.49)
Since
AP+ BY + PAT 4 YTBT < —2rP, i=1,--- 4 (4.50)

are a sufficient condition for (4.46) to hold, we have the following theorem:

Theorem 4.2 Suppose that u;(t), i = 1,2 are bounded on R. Let uj;, =
inf{u;(t) | t > 0} and uj,, = sup{ui(t) |t > 0}. Moreover, suppose that r >0
is given. If there exist 0 < P € R¥® and Y € R¥® such that (4.50) holds, then

the feedback gain K =Y P! exponentially stabilizes the origin of system (4.42).
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Simulations: State feedback

By solving LMIs (4.50), we can obtain a feedback gain K such that the origin of
closed-loop (4.42) is exponentially stable. Then as mentioned in subsection 2.5,
if we apply a feedforward and feedback control

u(t) =u*(t) + Ke (4.51)

into system (4.34), the actual trajectory (x(t),y(t),0(t)) locally exponentially
approaches the reference trajectory (z*(t),y*(t),0%(t)). To see this, applying
(4.51) into system (4.34), we simulate the actual trajectory (z(t),y(t),0(t)) of
the resulting closed-loop. In this case, we should simulate

/

x cosf 0
g | =1]sind 0] (u*(t)+ Ke),
0 0 1
cos(0(t)) sin(0(t)) 0\ [x(t)—2*() (4.52)
e(t) = | —sin(0(t)) cos(d(t)) 0 y(t) — v (1)
\ 0 0 1 H(t) — b (t)

Case 1: Let a reference trajectory of system (4.34) be (4.35). Then an appro-
priate feedforward control (uj(t),us(t)) is derived as (4.36). Since

1.3 < wi(t) < 4.5,

—12 < ui(t) < 12

on R, we put uj;, = 1.3, uj g, = 4.5, us;p = —12, uj,, = 12. Then under
r = 0.4, we got a feedback gain
—5.6132 0 0
K= ( 0 —6.5089 —9.9614) ' (4.53)

Fig. 4.8 illustrates the behavior of closed-loop (4.52) by using the feedback gain
(4.53) under (x(0), y(0),0(0)) = (0.6,0.5, 5 +0.1) although (2*(0), y*(0),6%(0)) =
(1,0,7/2). We can see that the actual trajectory (x(t),y(t),0(t)) exponentially
approaches the reference trajectory (z*(t),y*(t),0*(t)). Moreover, Fig.4.9 illus-
trates feedback signals of the LQ optimal control and the LMI methods. We can
see that the LMI method uses large signals compared to the LQ optimal control
method.

Next, let w := 0.34. Then since linearized system (4.37) has a large period,
by using the periodic generator method, we cannot design a feedback controller
based on LQ optimal control. However, we can design a feedback controller based
on LMI. In fact, since
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on R, we put uj;, = 0.2, ujg, = 0.8, us;y = =2, ujg,, = 2. Then under
r = 0.25, we got a feedback gain
—14.6894 0 0
K _( 0 —267.9342 —41.7846)‘ (4.54)

Fig. 4.10 illustrates the behavior of closed-loop (4.52) by using the feedback gain
(4.54) under (x(0),y(0),6(0)) = (—0.65,2.79, —1.30) although
(2(0),47(0),6%(0)) = (1,0,7/2).

We can see that the actual trajectory (z(t),y(t), 6(t)) exponentially approaches
the reference trajectory (z*(t), y*(t), 0*(t)).

Case 2: Let a reference trajectory of system (4.34) be

*(t) = sin(2wt),
y*(t) = sin(3wt), (4.55)
(1) = avctan (32202

where w := 0.2. By relation (4.31), an appropriate feedforward control (uj(t), u5(t))
is derived as

1
* (t) — 6w 2 sin(2wt) cos(3wt)—3 sin(3wt) cos(2wt) (456)
2 — .

u 4 cos? (2wt )+9 cos? (3wt)

{u (t) = wy/4cos?(2wt) + 9 cos?(3wt),

We note that the trajectory (z*(t),y*(t),0*(t), ui(t),u3(t)) is a periodic con-
trollable and observable trajectory. Since

0.18 < wi(t) < 0.73,
—2.1<wuj(t) <0

on R, we put ujins = 0.18, Uy max = 0.73, Uginf = —2.1, U gyp = 0. Then under
r = 0.25, we got a feedback gain

(4.57)

K- —3.4692 —3.7711 —1.4439
-\ —4.4038 —11.0112 —-5.2592 /"

We note that the form of K does not correspond with that of a feedback gain pro-
posed in reference [51]. Fig.4.11 illustrates the behavior of closed-loop (4.52) by
using the feedback gain (4.57) under (2(0),y(0),6(0)) = (0.8804, —4.1954, —0.7053)
although (2*(0), y*(0),6*(0)) = (0,0,0.9828).

We can see that the actual trajectory (z(t),y(t), 6(t)) exponentially approaches
the reference trajectory (z*(t), y*(t), 0*(t)).
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Figure 4.8: The behavior of the resulting closed-loop.
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Figure 4.10: The behavior of the resulting closed-loop.
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(a) The behavior of (z(t),y(t)). (b) The behavior of 6(t).

Figure 4.11: The behavior of the resulting closed-loop.

Case 3: Let us go back to example 4.4. That is, let a reference trajectory of
system (4.34) be

z*(t) = 0.1t + 0.09¢*> — 0.006¢3,
y*(t) = 0.08¢* — 0.005¢%, (4.58)

() — _ 0.16t-0.015¢> _
0% (t) = arctan <0.1+0.18t—0,018t2> :

on [0, 10]. The corresponding feedforward control is given by (4.33). We note that
the trajectory (z*(t),y*(t), 0*(t), ui(t), u3(t)) is a controllable and observable
trajectory if the trajectory is defined on R.

In contrast to the cases 1 and 2, the reference trajectory of this case has been
only defined on [0,10]. To apply theorem 4.2, we consider that uj(t) and ub(t)
are defined on R and

0.1 <wj(t) <0.7

< uill) <07, (4.59)
0<ui(t) <1.6

on R although actually (4.59) is satisfied only on [0, 10]. Thus, we put uj ;,; = 0.1,

= 0.7, uy;r = 0, u3 g, = 1.6. Then under r = 0.25, we got a feedback gain

K:<—6.8261 17.8238 4.8280>

*
ul,sup

11.8126 —49.9347 —14.9373 (4.60)

Fig. 4.12 illustrates the behavior of closed-loop (4.52) by using the feedback gain
(4.60) under (z(0),y(0),0(0)) = (0.5, —-0.4,0.2) although (z*(0),y*(0),6*(0)) =
0,0,0).

We can see that the actual trajectory (z(t),y(t), 6(t)) exponentially approaches
the reference trajectory (z*(t), y*(t), 0*(t)).
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(a) The behavior of (z(t),y(t)). (b) The behavior of 6(t).

Figure 4.12: The behavior of the resulting closed-loop.

Simulations: State-estimate feedback

If the available signal in system (4.34) is only output signal (y1,y2), we cannot
use the control (4.51). Alternatively we need to design an appropriate state
observer. In this case, to see exponential stability of the reference trajectory
(x*(t),y*(t),0"(t)), we should simulate

;

T cost 0
g | =1sind 0] (u*(t)+ Ké),
0 0 1
cos(A(t)) sin(A(t)) 0O x(t) — x*(t)
e(t) = [ —sin(0(t)) cos(0(t)) 0] [y(t) =y () |,
0 0 1 0(t) — 0%(t) (4.61)
yiey (1 00
Y2,e S \0 10 ©
-
c
é = (A(t) + BK)é + L(t) ((zl> - Cé) ,

where L(t) is defined by (4.3).

Case 1: Let areference trajectory of system (4.34) be (4.35), where w := 0.34. By
relation (4.31), an appropriate feedforward control (uj(t), u(t)) is given by (4.36).
In this case, we have a feedback gain (4.54). Let T = 20, v = 50, p = 10. Fig.4.13
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illustrates the behavior of closed-loop (4.61) by using the feedback gain (
under (z(0),y(0),0(0)) = (1.2,0.1,7/2 — 0.2) although (z*(0),4*(0),0*(0))

(1,0,7/2).

-1 -0.5 0 0.5 1
X

(a) The behavior of (z(t),y(t)).

T
State feedback

(b) The behavior of 6(t).

Figure 4.13: The behavior of the resulting closed-loop.

4.54)
) =

Case 2: Let a reference trajectory of system (4.34) be (4.55), where w := 0.2. By
relation (4.31), an appropriate feedforward control (uj(t), u5(t)) is given by (4.56).

In this case, we have a feedback gain (4.57). Fig.4.14 illustrates the behavior of

closed-loop (4.61) by using the feedback gain (4.57) under (z(0),y(0),6(0))
(—0.2,0.3,0.7828) although (27(0),y*(0), 6%(0)) = (0,0,0.9828).

State feedback

State-estimate feedback

(a) The behavior of (z(t),y(t)).

State feedback
4F

Reference trajectory

State-estimate feedback

(b) The behavior of ().

Figure 4.14: The behavior of the resulting closed-loop.
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Case 3: Let a reference trajectory of system (4.34) be (4.58) on [0,10]. By
relation (4.31), an appropriate feedforward control (uj(t), us(t)) is given by (4.33).
In this case, we have a feedback gain (4.60). Fig.4.15 illustrates the behavior of
closed-loop (4.61) by using the feedback gain (4.60) under (z(0),y(0),6(0)) =
(—0.3,—0.4, —0.1) although (z*(0),y*(0),0*(0)) = (0,0,0).

(a) The behavior of (z(t),y(t)). (b) The behavior of 6(t).

Figure 4.15: The behavior of the resulting closed-loop.

4.3 Tracking control of algebraically controllable
and observable DAS

This section shows that a two-degree-of-freedom control is useful for a trajectory
tracking control of algebraically controllable and observable DAS with geometric
index For simplicity, the following simple circuit model as shown in Fig. 3.1 is
studied because the mathematical model is algebraically controllable and
observable (sce examples 3.3 and 3.4).

Ll% = —e+u,
Lyt =
Zar T © o (4.62)
0 =ce+ Ip(exp(ke) — 1) + iy — i1,
Yy :ila

From examples 3.3 and 3.4, any (periodic)trajectory (i5(t),i5(t), e*(t), u*(t)) €
(Coe)*t of system (4.62) such that exp(ke*(t)) is bounded on R is a (periodic)
controllable and observable trajectory. Hence if (if(t),i5(t), e*(t),u*(t))
is such a trajectory, and if we consider (if(t),5(t),e*(t)) as a reference trajec-
tory, it is expected that we can design a controller such that the actual trajec-
tory (i1(t),12(t),e(t)) locally exponentially approaches the reference trajectory
(45(t),45(t), e*(t)). From now on, we examine it.
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For simplicity, we suppose that Ly = Ly = ¢ = Iy = k = 1. Then (4.62) is
equivalent to

(4.63)

To design a controller such that the actual trajectory locally exponentially ap-
proaches the reference trajectory, we linearize system (4.63) as follows:

d (i, 1 1 1\ (i), (1

R 7 = - T €9 464

dt (lg,e) 1 4 exp(e*(t)) ( 1 —1> (22@) i (0> ’ oy
N S/ v

A(t) B

ye= (1 0) <Z:1’6> , (4.65)

where iy = i1 (t) — i3(), i (t) 1= in(t) — i5(t), ue(t) == u(t) — w*(t).

4.3.1 Feedback controller design based on LQ optimal con-
trol

In order to design a controller such that the actual trajectory locally exponentially
approaches the reference trajectory, let us design a feedback controller based on
LQ optimal control explained in subsection 2.4.2. Let a reference trajectory of
system (4.63) be

it (t) = sin(¢)
i5(t) = sin(¢)

e*(t) = cos(t).

+ cos(t) + exp(cos(t)) — 1,
(4.66)

Y

As shown in example 3.2, since system (4.63) is differentially flat with a flat
output iy, we can design a feedforward control. In fact, by relation (3.24), an
appropriate feedforward control u*(t) is derived as

u*(t) = 2cos(t) — sin(t)(1 + exp(cos(t))). (4.67)

We note that the trajectory (i3(t),5(t), e*(t), u*(t)) is a periodic controllable
and observable trajectory. We put R(t) in (2.59) as R(t) = 5. Then since lin-
earized system (4.64)-(4.65) is completely controllable and completely observable,
the Riccati equation (2.61) has the unique positive definite periodic solution [3,4].
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If we apply u = —: BT P(t) zl’e) into (4.64)-(4.65), the origin of the resulting

2,€
closed-loop is exponentially stable [3,4]. Then as mentioned in section 2.1, if we
apply a feedforward and feedback control

u(t) = u*(t) + (—%BTP(t) (?1“; - 218)) (4.68)

ZQ(

~+

into system (4.63), the actual trajectory (i1(t),i2(t),e(t)) locally exponentially
approaches the reference trajectory (if(t),i5(t),e*(t)). To see this, applying
(4.68) into system (4.63), we simulate the actual trajectory (i1(t),i2(t),e(t))
of the resulting closed-loop. Fig.4.16 illustrates the behavior of the result-
ing closed-loop by applying under (i1(0),i2(0)) = (exp(l) + 1.5,—1) although
(3(0),45(0)) = (exp(1),0), where e(0) was calculated from the third algebraic
equation in (4.76) by the Newton method.

Figure 4.16: The behavior of (i1(t),i2(t), e(t)).

4.3.2 Feedback controller design based on LMI

If linearized system (4.64)-(4.65) has a large period, it is difficult to apply a
feedback controller design based on LQ optimal control. However, we can also
use a linear matrix inequality (LMI) technique [6] to design a stabilizing feedback
controller.

If we apply a feedback control u, = K(t)i. to system (4.64)-(4.65), then we
have the closed-loop

ic = (A(t) + BK(t))i.. (4.69)

In examples 3.3, we have shown that system (4.63) is uniformly completely con-
trollable if (i}(t),i5(¢), e*(t), u*(t)) is a periodic controllable trajectory. Hence as
mentioned in section 2.1, we can design a feedback gain K (t) such that i, = 0 of
(4.69) is exponentially stable. For simplicity, let us consider to find a constant
gain K such that i, = 0 of (4.69) is exponentially stable instead of a time varying
gain K (t)
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Let P € R**? be a positive definite symmetric matrix and to analyze stability
of the origin of system (4.69), we introduce

V(i) =il Pi. (4.70)
The derivative of V (i.) along the trajectories of (4.69) is given by

. . ov
V10 () = i,

(A(t) + BK)i. = 2il P(A(t) + BK)i.

If there exists an r > 0 such that

V‘(4.69) (tyie) < =2rV (i) (4.71)

for all i. € R? and for all t > 0, the origin of system (4.69) is exponentially
stable [48].
If A(t) can be expressed by A(t) = A+ A(t), where ||[A4(t)]| < ¢ for all
t >0, we can apply an LMI-based controller design [6]. In fact, then we have
V| g0t i) = ie (P(A+ BEK) + (A+ BK)" P)ic + 2i{ PA i
<i'(P(A+ BK) + (A+ BK)"P + PA4 + AL P)i.
i’ (AP 4+ BY + PAT + YTBT + A,P + PAY)i,, (4.72)

where P := P! i, = Pi., Y := KP. Now suppose that
P < pl. (4.73)

Then since

i'(A4P + PAY)i. = 20" Ay Pi. < 20piTie,
(4.72) implies that

V| g0t i) < 2 (AP + BY + PAT +- YT BT + 25p)i.

Hence if there exists 7 > 0 such that

AP + BY + PAT + YTBT 4 26pI < —2rP, (4.74)
then (4.71) holds. In summary, we have the following theorem.

Theorem 4.3 Suppose that A(t) can be expressed by A(t) = A+ Aa(t) and
r > 0 is given, where ||AA(t)]| < & for allt > 0. If there exist 0 < P € R>?,
Y € RY?, p > 0 such that (4.73) and (4.74) are satisfied, then the feedback gain

K :=Y P! exponentially stabilizes the origin of system (4.69).
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Simulation: State feedback

By solving LMIs (4.73)-(4.74), we can obtain a feedback gain K such that the
origin of closed loop (4.69) is exponentially stable. Then as mentioned in section
2.1, if we apply a feedforward and feedback control

u(t) = u*(t) + Ki. (4.75)

into system (4.69), the actual trajectory (i1(),i2.(t), e(t), u(t)) locally exponen-
tially approaches the reference trajectory (i1 (t),i3(t),e(t), u*(t)). To see this,
applying (4.75) into system (4.63), we simulate the actual trajectory (z(t), y(t), 6(t))
of the resulting closed-loop. In this case, we should simulate

G = et () + K(i(t) — (1),
iy, , (4.76)

0=ce+ (exp(e) = 1) +iy — iy

Let a reference trajectory of system (4.63) be (4.66). Since A(t) in (4.64) can be
expressed by

forall t >0,

N | —

1 /-1 1
a0 -3 (3 1) 1aan <
we can apply theorem 4.3. In fact, under » = 0.1, we got a feedback gain

K = (~8.1130 —4.4997). (4.77)

Fig.4.17 illustrates the behavior of closed-loop (4.62) by using the feedback
gain (4.77) under (i1(0),42(0)) = (exp(1) + 1.5, —1) although (i(0),43(0)) =
(exp(1),0), where e(0) was calculated from the third algebraic equation in (4.76)
by the Newton method.

8 10

Figure 4.17: The behavior of (i1(t),i2(t), e(t)).

Moreover, Fig.4.18 illustrates feedback signals of the L(Q) optimal control in
subsection 4.3.1 and the LMI method. We can see that the LMI method uses
large signals compared to the LQ optimal control method.
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Figure 4.18: Feedback signals of LQ optimal control and LMI methods.

Simulation: State-estimate feedback

If the available signal in system (4.76) is only output signal y, we cannot use the
control (4.75). Alternatively we need to design an appropriate state observer. In
this case, to see exponential stability of the reference trajectory (if(t), 75(t), e*(t)),
we should simulate

(i —e+ u*(t) + K,

dt
0=e+exp(e) —1+4iy — iy, (4.78)

| &= = (A(t) + BEK)ic + L(t)(ye — i1,0),
where L(t) is defined by (4.3).

Let a reference trajectory of system (4.62) be (4.66). By relation (3.24), an
appropriate feedforward control u*(t) is given by (4.67). In this case, we have a
feedback gain (4.77). Let T' =5, v = 50, p = 15. Fig. 4.19 illustrates the behavior
of closed-loop (4.78) by using the feedback gain (4.77) under (i1(0),i5(0)) =
(exp(1) + 1.5, —1) although (i1(0),43(0)) = (exp(1),0), where e(0) was calculated
from the third algebraic equation in (4.76) by the Newton method.

0 2 4 6 8 10
t

Figure 4.19: The behavior of (iy(t),i2(), e(t)).
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4.4 Summary

We have elaborated the difference between variational and flatness-based tra-
jectory generation methods. Moreover, using nonholonomic mobile robot and
simple circuit examples, we have demonstrated that LQ optimal control and LMI
methods are useful to design for a trajectory tracking control of algebraically
controllable and observable systems. The results of simulations have shown that
large initial errors are allowed for the proposed control strategies. An estimation
of the domain of attraction is remained for future works.






Chapter 5

Conclusion

This thesis has given a class of nonlinear systems and reference trajectories such
that trajectory tracking controls are easily realized. We summarize the contribu-
tions of the thesis.

e In chapter 2, we have shown that if a given nonlinear system is algebraically
controllable (observable), every linearized system along any periodic con-
trollable (observable) trajectory is uniformly completely controllable (ob-
servable). Moreover, we have explained that if a given system is alge-
braically controllable and observable, a linear quadratic optimal control
method is useful to design a feedback controller such that the actual tra-
jectory asymptotically approaches the reference trajectory. Furthermore,
we have proven that the concepts of algebraic controllability and accessibil-
ity are equivalent, and for nonlinear mechanical control systems, we have
provided a reduction condition for examining whether or not the system is
algebraically controllable.

e In chapter 3, we have also introduced algebraic controllability and algebraic
observability of nonlinear differential algebraic systems (DAS) with geomet-
ric index one. We have shown that if a given nonlinear DAS with geometric
index one is algebraically controllable (observable), every linearized system
along any periodic controllable (observable) trajectory is uniformly com-
pletely controllable (observable). Moreover, we have given the definition
of differential flatness of DAS which does not distinguish state, input, and
output variables, and provided how to produce other flat outputs from one
flat output.

e In chapter 4, we have clarified the difference between variational and flatness-
based trajectory generation methods. Moreover, using a nonholonomic mo-
bile robot and a simple circuit model, we have demonstrated that trajectory
tracking controls of algebraically controllable and algebraically observable
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systems are easily realized. The results of simulations have shown that large
initial errors are allowed for the proposed control strategies.

The following questions are open problems.

e The key concepts of controllable trajectory and observable trajectory re-
volve about piecewise smooth functions. How can we extend the concepts
of the trajectories?

e Simulation results in chapter 4 have shown that large initial errors are
allowed for the proposed control strategy which is composed of a feedfor-
ward control and a linear feedback control. This is valuable for practical
applications because a linear feedback controller is simple compared with
nonlinear feedback controllers. Thus it is important to examine how initial
errors are allowed. In order to investigate it, we have to study the domain
of attraction of a closed-loop nonlinear time varying error system such as
(2.7). Although Lyapunov function approaches can be applied to an es-
timation of the domain of attraction [12,48], in general, it is difficult to
construct a Lyapunov function for a nonlinear time varying system. Hence
it is also desirable to develop another approach. For example, how can we
expand numerical analysis approaches for time invariant systems based on
references [92-94,106,107] into time varying systems?



Appendix A
Algebra

For the convenience of readers, we summarize some results of algebra. In particu-
lar, the contents of the appendix are applied in appendix B. We refer to [15,37,38].

Let G be a set together with a binary operation - : G x G — G. The set G is
called a semi-group if

(a-b)-c=a-(b-c)

for all a,b,c € G. In addition, if the semi-group G has the identity element,
that is, there exists an element e € GG such that

for all @ € G, GG is called a monoid. Furthermore, for each a € G, if the monoid
(G has the inverse element, that is, there exists b € GG such that

a-b=>b-a=e,
the monoid G is called a group. Moreover, if the group G satisfies
a-b=>b-aqa,

for all a,b € G, the group G is called an Abelian group.

Let R be a set together with two binary operations + : R x R — R and
-t Rx R — R. The set R is called a ring if R is an Abelian group and a monoid
under + and -, respectively, and for all a,b,c € R,

a-(b+c)=a-b+a-c,
(b+c)-a=b-a+c-a.

The ring R is called a domain if for all vy, r, € R,

riro=0=r =0 or ry=0.
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Furthermore, if the ring R satisfies
a-b=">b-a

for all a,b € R, the ring R is called a commutative ring.

Let F' be a ring together with two binary operations 4+ : R x R — R and
- R x R — R. The ring F is called a skew field if F' has the inverse element
for all @ € F\{0}. The set F is called a field if F' is a commutative ring and a
skew field.

Let R be aring. An abelian group M together with an operation Rx M — M
is called a left R-module if for all a,b € R and for all x,y € M,

1. 1 -z =z,

2. a(zx +y) =ar +ay,
3. (a+b)x =ax + bz,
4. (ab)x = a(bx).

Similarly, a right R-module is defined. An element m € M is called torsion if
there exists 0 # r € R such that rm = 0. The module M is called torsion if
any element in M is torsion. The module M is called torsion-free if it has no
torsion elements except zero, that is, for all r € R, m € M, we have

rm=0=1r=0o0orm=0.

Let M be a left R-module and X C M. The set X is called system of gen-
erators of M if M = )  _ Rr. In particular, if we can take X from a finite
set, M is called finitely generated. A subset X C M is called R-linearly
independent if all my,--- ,;my € X, k > 1 satisfy

rimy+---+rymp=0&r1=---=r,=0
A subset X C M is called a basis of M if
1. X is a system of generators,

2. X is R-linearly independent.

A left R-module M is called free if M has a basis. Consider {M; |i € T}, where
M; are left R-modules, and M := ;e M;. For any (z;)icz, (¥i)iez € M and
a € R, we define

L. (%i)ier + (Yi)iez = (% + Yi)ieT,

2. a- (2i)iez = (ax;)ier
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Then M becomes a left R-module and M is called a direct product of {M; |i €
7}.

Let R be a ring and M, N left R-modules. A map ¢ : M — N is called an
R-homomorphism if for any =,y € M and a € R,

L ¢(z +y) = o(z) + d(y),
2. ¢(ax) = ap(z).
Let

Hompg(M,N) :={¢: M — N | ¢is R-homomorphism} .
For ¢,1 € Homg(M, N), we define ¢ + ¢ : M — N as

(@ +¥)(x) == d(x) + ().

Then ¢+ € Homg(M, N). Furthermore, we define —¢ : M — N as (—¢)(z) :=
—(¢(z)). Then Hompg(M, N) becomes an Abelian group. An R-homomorphism
¢: M — N is called an R-isomorphism if ¢ is injective and surjective. If there
exists an R-isomorphism from M to N, we write M = N.

Let M be aleft R-module and L C M. The set L is called a left R-submodule
of M if

l.z,2yeL=>x+yelL,
2.a€RjxelL=axrel.

Similarly, a right R-submodule is defined. Consider {M;|: € Z}, where M; are
left R-modules, and define

@ M; = {(:v,-)iez € Il;er M; ‘ x; = 0 except for finite number of a:j} .
€L
The set @ieI M; is a left R-submodule of II;c7M; and is called a direct sum. We

note that R is a left and right R-module. A left R-submodule of R is called a left
ideal. Similarly, a right ideal is defined. For an R-homomorphism ¢ : M — N,

Ker(¢) := {x € M| ¢(z) = 0},
Im(¢) := {¢(z) |z € M}

are submodules of M and N, respectively. We note that any left R-module M
has submodules {0} and M. These submodules are called trivial submodules.
A non-zero left R-module M is called simple if all submodules of M are trivial
submodules. A left R-module M is called a left Noetherian module if the
following equivalent conditions are satisfied:
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1. Every ascending chain My C M; C --- of left submodules in M must
become stationary.

2. Every left submodule N in M is finitely generated.
3. Every non-empty family of left submodules in M has a maximal element.

A ring R is called a left Noetherian ring if the ring is a left Noetherian module
as a left module.

We say that a ring R has the left Ore property [85,86] if for any 0 #
r1,r2 € R, there exist 0 # r},r, € R such that r{ry = rjry. Similarly, the right
Ore property is defined. We note that if R is a commutative ring, R has the left
and right Ore property.

The following propositions are used in appendix B.

Proposition A.1 A finitely generated left module over a left Noetherian ring is
a Noetherian module.

Proposition A.2 If R is a left Noetherian domain, then it has the left Ore
property.

Proof Let 0 # r,ry € R. Consider the left ideals

n
. i
Z,:= g Rryrs,.
i=0

Then we have an ascending chain Zy C Z; C ---, which must become stationary
by the Noetherian property. Let n be the smallest integer such that Z,,,; = Z,.
Then

n

n+1 __ E : 7
CLn+17”17”2 = aﬂ‘ﬂ”z
=0

for some a; € R. Re-arranging the summands, we obtain

n
_ n 1—1
o1 = | Ap4+1T1T9 — @;T1To T2

and hence we have constructed a left common multiple. If the coefficients were
zero, we have

n—1

n
Ap+1T1Ty = E r17r2.
i=0

Hence Z,, = Z,,_1, contradicting the minimality of n. O



131

Proposition A.3 A domain R admits a field of left fractions
K = {r_ls|r,sER, 7"7&0}

if and only if R has the left Ore property.

Proof Suppose that R admits a field of left fractions K. Then for any r, s € R,
r # 0, we have

Thus r~!, s € K. Since K is a field, sr~! € K. Hence there exist ri, s; € R,
r1 # 0 such that sr~! = r's;. Thus

s = s1r.

Therefore all r, s € R, r # 0 have a left common multiple. In addition, since R
is a domain, n # 0 implies that n; # 0. Thus R has the left Ore property.

Conversely, let R be a left Ore domain, and R* := R\{0}. We define a relation
on R* X R by

(r1,81) ~ (12, 82) < for some c1,co € R*, ¢111 = cory implies ¢181 = co59.
This is an equivalence relation. Let
K :=(R"x R)/ ~={[(r,s)]| (r1,s1) ~ (re, s2) for all (r1,s1), (19, s2) € [(r,5)]}.
We define the multiplication on K by
[(r1, s1)] - [(r2, s2)] == [(ary, bs2)],

where as; = bra, a # 0. This is well-defined. Let Ok := [(1,0)] = [(r,0)] for all
r#0, and 1x :=[(1,1)] = [(r,r)] for all r # 0. Then for all k € K,

Ox -k =k -0 = O,
I -k=k-1g =k

For all Ok # [(r,s)] € K, there exists an inverse element. In fact,

{[(r, $)] - [(s,7)] = [(ar,br)] = [(ar,ar)] = 1k,
[(5,7)] - [(r, 5)] = [(as, bs)] = [(as,as)] = 1.
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To define the addition on K, it suffices to define k + 1x for all £k € K because
the addition of all k,l € K can be defined by

)k (I =0k),
bl {l(l‘1k+ 1) (I # 0g).

So, we set
k4 1k =1[(r,s)]+[(1,1)] :=[(r,s + r)].
Hence K becomes a field, and we have an injective ring homomorphism
R— K, rw—][(1l,r)].
Identifying R with its image under this map, we have for all r # 0,
rts = [(Ln)] 7 [(Ls)] = [(n D] (L s)] = [(r, )],

Therefore an element of K as constructed can be identified with a left fraction of
elements of R. O

Let M be a left R-module and N a submodule of M. We define ~ as follows.
Forallz,ye M, z~y:sx—ye N.

The relation ~ is an equivalence relation on M and the equivalence class of x € M
is expressed by

r+ N :={zx+z|z€ N}
Moreover, we define
M/N :={z+ N|z e M}
and for all x + N,y + N € M/N and a € R,
L. (x+N)+(y+N):=(x+y)+ N,
2. a(x+ N) :=ax+ N.

Then M /N becomes a left R-module and the module is called a quotient mod-
ule.



Appendix B

Algebraic linear system theory

For the convenience of readers, we summarize some results of algebraic linear
system theory based on reference [117,118]. Let D be a ring and let F be a left
D-module. Let

B:={we F'| Rw =0}
be a behavior [111-113], where R € D9*4. Let the system module
M := D™/ (D"IR).
According to the Malgrange isomorphism [71], the group isomorphism
B = Homp(M,F), w— ¢,

holds, where ¢, : M — F, x + M + zw for all z € D**9. We note that the
Malgrange isomorphism relates the analytic object B and the algebraic object M.
Let My, My, M3 be left D-modules and let f; : M; — My and f5 : My — M3
be D-homomorphisms. A sequence

My B My B M (B.1)

is called exact if Imf; = Kerfs. A left D-module F is called injective if
Homp(+, F) is an exact contravariant functor, that is, for left D-modules My,
My, Ms, if (B.1) is exact, then

Homop (f1,F) Homp (f2,F
— —

Homp(M;, F) Homp(May, F) ) Homp(Ms3, F), (B.2)

is also exact, where
Homp(f, F) : Homp(My, F) = Homp (M1, F), ¢+ o f.

Furthermore, a left D-module F is called injective cogenerator if exactness of
(B.1) and (B.2) are equivalent.
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B.1 Autonomy

In this section, we assume that the left D-module F is injective cogenerator. Let
us consider the projection of the behavior B onto the #th component

7T7;ZB—>.F, W — Wwj;.

The variable w; is called free variable of B if 7; is surjective. The behavior B
is called autonomous if it admits no free variables.

Lemma B.1 If M is torsion, then B is autonomous.

Proof If B is not autonomous, then there exists an exact sequence
B F—o.

By the Malgrange isomorphism, the exact sequence is equivalent to an exact
sequence

Homp (M, F) — Homp (D, F) — 0.
Since F is injective cogenerator,
M<ED 0

is also exact. Hence i is injective. Let m :=i(1) # 0. If dm = 0, then di(1) =
i(d) = 0. Thus since i is injective, d = 0. Hence m is not a torsion element.
Therefore M is not torsion. O

In order to get the converse direction of the implication of the above lemma,
we assume that D is a left Noetherian domain. If D is left Noetherian, the
finitely generated D-module is a left Noetherian module (see proposition A.1 in
appendix A). Then by lemma B.1 and proposition A.2, we have the following
proposition.

Proposition B.1 The module M s torsion if and only if B is autonomous.

Proof From lemma B.1, if M is torsion, B is autonomous. Thus it suffices
to show the converse. Assume that M is not torsion. We first show that there
exists an integer 1 < ¢ < ¢ such that [e;] is not torsion, where e; denotes the #th
natural basis vector of D*? and where [e;] denotes the residue class of e; modulo
D™ R. Suppose that all [e;] were torsion, that is, d;[e;] = 0 for some d; # 0.
Now let m € M be given. Then m = [z] for some x € D**?. Hence

q

m=[z] = [i zie;] = i zie; + DY>IR = i zi(e; + DVIR) =) ajled],
=1 =1 =1

=1
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where x; € D. Since D is a left Noetherian domain, by proposition A.2, D has
the left Ore property. By the left Ore property, there exist 0 # b;,¢; € D such
that b;d; = c;x;. Similarly, for ¢;, there exist 0 # a; such that a := a;¢;, 1 < i <gq.
Then

am = i ax;le;] = i a;cixile;] = i a;b;d;le;] = 0.
i=1

i=1 i=1

Hence M is torsion, contracting the assumption.

Let f : D — M be a D-homomorphism and let [e;] be not torsion. Let
f(1) := [e;]. Since [e;] is not torsion, for any 0 # d € D, we have f(d) = df(1) =
d[e;] # 0. Hence f is injective. Thus there exists an exact sequence

0D M.
Since F is injective,
0 < Homp(D, F) < Homp(M, F).
The Malgrange isomorphism implies that
0« F < B

is also exact. Hence p is surjective. Furthermore we can show that p = .
Therefore B is not autonomous.

B.2 Image representation

In this section, we assume that D is a left Noetherian domain and the left D-
module F is injective cogenerator. We say that the behavior B admits an image
representation if there exists L € D9*P such that

B={weF" |3l eFst w=Ll}

Lemma B.2 The behavior B admits an image representation if and only if R is
a left syzygy matrix, that is, there exists a D-matriz L such that Imp(-R) =
Kel‘p('L).

Proof The behavior B admits an image representation if and only if Kerz(R) =
Imxz(L). Hence there exists an exact sequence

75 L.
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By the Malgrange isomorphism,

Homp (-L,F) Homop (-R,F)
_— e

Homp (DV?, F) Homp (D', F) 0

is also exact. Since JF is injective cogenerator,
DX = DI
is also exact. Therefore
Imp(-R) = Kerp(-L).

|

Lemma B.3 If the behavior B admits an image representation, then M is torsion-
free.

Proof Let 0 # d € D and z € D'*? be such that dv € Im(-R). Since by lemma
B.2, there exists a D matrix L such that Imp(-R) = Kerp(-L), we have dzL = 0.
Since D is a domain, L = 0. Hence z € Kerp(-L) = Imp(-R). O

In order to get the converse direction of lemma B.3, let the domain D be Noethe-
rian, that is, both left and right Noetherian. Then we have the following propo-
sition.

Proposition B.2 The following are equivalent:
1. B admits an image representation.
2. M is torsion-free.

3. R is a left syzygy matrix.

Proof By lemma B.2, we have the equivalence of assertions 1 and 3. Furthermore
by lemma B.3 the implication “1 = 2” follows. Thus it suffices to show “2 = 3”.
It is known that every finitely generated torsion-free module over a Noetherian
domain can be embedded into a finitely generated free module [30]. Hence the
exact sequence

D9 L plxa Ty Af = DX/ Imp(-R)
and the embedding i : M — DYP yields an exact sequence
Dlxg -_R_> Dlxa ﬂ DLxp

and the map ¢ o m has to take the form -L for some L € DI*P, ]
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B.3 Controllability of one-dimensional systems

This section algebraic analyzes controllability of one-dimensional systems de-
scribed by ordinary differential equations with meromorphic coefficients. Let
D, .= M, [ﬁ] where M, denotes the field of meromorphic functions depending
on t. Every 0 # a € D, can be uniquely expressed by

dTL

d
a=ay(t)— e +-- 4+ al(t)%

where a;(t) € M; and a,(t) # 0. For any a = ), a;(t) L L€ Dy, La is defined

as
d n di+1 ' dz
Ea Z (az(t)w + a,(t)%> .

1=0

-+ ao(t>,

Clearly, D; is a domain. Furthermore we can show that D, is a left and right
Euclidean domain. Here, the domain D; is called a left Euclidean domain if
for b, 0 # a € Dy, there exist g, r € D, such that

b=aq+r

and degr < deggq. Similarly, right Euclidean domain is defined. In fact, we
have the following proposition.

Proposition B.3 The ring D; is simple (i.e. the only ideals are 0 and D;), and

it is a left and right Euclidean domain.

Proof First, we show that D; is simple. Let Z be a non-zero left and right ideal
in D; and let

n:=min{deg f|0# f € T}.
Then Z contains an element d € D; of degree n. If n = 0, then 1 € Z, that is,
T =7D,;. Let n > 1. Consider kd — dk € Z, where k € M;. Then

n n

d d
kd — dk = k;al@ —Zaiﬁk

=0

:ijt Zazzo ki

Furthermore we have

' 1)\ ; n
(n)
ZaZ() dt]—a0k+a1<0>k‘+ +an(0)kz

~ d
—l—{a1 G)lwrag G)k+-~+an (T) k(”)}%

+ +a g
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Hence

kd — dk = kag — (aokal (é) b+ +a, <g) k;<">)
n—1 n A\ dvt
4+ .. 4 (kan_l—an_l <n_1)k—an (n—l) k)W

dn

+ (ka, — apk)—.

Since M; is commutative, the coefficient ka, — a,k at < dtn "~ equals zero. Thus the
degree of kd—dk is at most n—1. Since n was chosen to be minimal, we must have
kd — dk = 0. Then the coefficient at jtn - has to vanish. Hence the coefficient

n — 1 ; dn—l .

ka,—1 — —Qp_1 (n B 1) k — a, (n B 1) k= —aynk at 25— equals zero. Since
an,n # 0, we have k = 0 for all k € M,. Since t € M, and ¢ = 1 # 0, this is a
contradiction. Therefore D, is simple.

Next we show that D; is a left and right Euclidean domain. We first observe
that for all a, b € Dy, a # 0, with degb > dega, there exists f € D, such that

deg(b — fa) < deg(b).

Indeed if a = andtn + -4 apand b = bmi—z + -+ + by with a,, b, # 0 and
dn m

n > m, we may take f = ap 5t Now let a,b € Dy, a # 0 be given and let
d := min{deg(b — fa) | f € D;}.

Let ¢ € D; be such that deg(b — fa) = 6. If deg(b — ga) > dega, then there
exists f € D; such that deg(b — ga — fa) < deg(b — ga) = 0. This contradicts
the minimality of §. If deg(b — ga) < dega, then putting r := b — ga, we have
b = qa + r with degr < dega.

The right division with remainder is constructed similarly. O

Hence the ring D; is a left and right principal ideal domain (i.e. every left
ideal and every right ideal can be generated by one single element) [15]. Since
a left and right principal ideal domain is a Noetherian domain, by proposition
A.2, D, has Ore property. Hence D; admits a skew field K of fractions containing
elements of the form k = d™'n or k = nd~!, where 0 # d € D; and n € D; [15]
(see proposition A.3). Therefore the rank of a matrix R € DJ*? is well defined
via

rank R = dim (K"™YR) = dim (RK?).

The following proposition [15] is important to characterize controllability.
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Proposition B.4 Let R € D{*". Then there exist unimodular matrices U €
DY and V € DI such that

URvez(g 8), (B.3)

where D = diag(1,---,1,d) € D*?, 0 # d € D;, and p := rank R.

The form (B.3) is called the Jacobson form of R [15,118]. To give a proof of
proposition B.4, we need some preparations. An element a € D; is called a right
divisor of b € D; if there exists x € D; such that za = b & Db C Dia. An
element a € D; is called a left divisor of b € D, if there exists x € D; such that
axr = b < bD; C aD;. An element a € D; is called a total divisor of b € D; if

Dtht C CL,Dt N Dta.
Lemma B.4 If D,bD; C aD;, then a is a total divisor of b.

Proof By proposition B.3, D, is simple. Thus D;0D, = 0 or D,. If D,bD, = 0,
b = 0. Then clearly a is a total divisor of b. If D;bD; = D, b is unit. Then a is
also unit, that is, a is a total divisor of b. O

Proof of Proposition B.4 It suffices to show that there exist unimodular
matrices U € DY*? and V € D}™? such that

URV:(m%M%””%>8>, (B.4)

where 0 # d; € Dy, p := rank R, and each d; is a total divisor of d;;; for
1 <¢<p-—1. In fact, by lemma B.3, the ring D, is simple. Thus the two-sided
ideal D;bD; can only be the zero ideal or D; itself. This means that a is a total
divisor of b if and only if either b = 0 or a is a unit. Hence we conclude that
degd; =0,7=1,--- ,p— 1. Furthermore if by elementary operations, R can be
brought into the form

d o --- 0
R = ! (B.5)
: Q ’

0
where d is a total divisor of all entries of (), then by applying the same procedure
to @, we can show that there exist unimodular matrices U and V' satisfying (B.4).
Case 1: Suppose that there exist ¢, j such that R;; is a total divisor of all entries
of R. By a suitable interchange of rows and columns, this element can be brought
into the (1, 1) position of the matrix. Therefore without loss of generality, R;; is
a total divisor of all entries of R. This means that z;?1; = R;; and Ry1y; = Ry;.
Now perform the following elementary operations:
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e For any i # 1, put ¢th row minus x; times 1th row.
e For any j # 1, put jth column minus 1tA column times y;.

Then we are finished.

Case 2: Suppose that there is no 7, j such that R;; is a total divisor of all entries
of R. Let

OR = mln{deg Rij | Rij 7& 0}

Without loss of generality, deg R1; = d R. We show that we can transform R into
RW with R < §R. Then we obtain a strictly decreasing sequence

SR > 0RM > §R® > ... > .

After finitely many steps, we obtain a matrix which has a unit as an entry, and
thus we are in Case 1.

Case 2.a: Suppose that Ry; is not a left divisor of all R,;, and that it is not a
left divisor of Ryx. By the Euclidean algorithm, we can write

Ry = Riiq +,

where r # 0 and degr < deg Ry;. Perform the elementary operation such that
kth column minus 1tk column times ¢. Then the new matrix R has r in the
(1, k) position and thus SR < §R as desired.

Case 2.a’: Suppose that Ry; is not a right divisor of all R;;. Proceed analogously
as in Case 2.a.

Case 2.b: Suppose that Ry is a left divisor of all R;;, and a right divisor of all
R;1. Similarly as in Case 1, by elementary operations, we can transform R into
the form (B.5). If a is a total divisor of all entries of (), then we are finished. If
there exist 7, j such that a is not a total divisor of b := @);;, then there exists ¢
such that a is not a left divisor of cb. We perform the elementary operation; 1th
row plus ¢ times (i 4+ 1)th row. The new matrix has ¢b in the (1,5 + 1) position
and therefore we are in Case 2.a. |

Let C2%, denote the set of all functions which are smooth except for a countable
set of exception points E(a) C R for each a € C2, that is, for each a € C%

there exists a countable set E(a) C R such that aag ’C“(R\E(a), R). We have
the following proposition [118].
Proposition B.5 The left D; module C%, is an injective cogenerator.
Let R € D{*?. We define the behavior
B:={we (C)!| Rw = 0}.

We have the following proposition [118].
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Proposition B.6 The following are equivalent:
1. The behavior B is autonomous.

2. There ezists a discrete set E C R such that for all open intervals I C R\ E,
and all w € B which are smooth on I, we have

w|J =0 for all open intervals J C I = w|, =0.

Let

D 0
URV = (O 0)

be the Jacobson form of R, where D = diag(1,---,1,d) € DP*P where 0 # d € D
and p := rank R. Since Rw = 0 & URw = URVV 'w = 0, there exists an
isomorphism of Abelian groups

BB :={we (Cx) (D 0)d=0} (B.6)

Let M := D,;”*?/(D;*’R). Then we have the following lemma.
Lemma B.5 There exists an isomorphism of left Dy module
M = D,/(Did) & D}, (B.7)

where 0 # d € Dy;. Moreover, the degree of d is constant.

Proof According to the Jacobson form of R, there is an isomorphism of left D,
modules

M =D/(DP (D 0)).

Since D;*/(DY*? (D 0)) = D,/(Dyd) & D, ™), we have (B.7).
Next, we show that the degree of d in (B.7) is constant. Let

M= D,/(Dd) & D" = D,/ (Did) & D7,
where 0 # d,d" € D;. Then we have
D;/(Dyd) = D,/ (Dyd).

If the degree of d is not equal to that of d’, we do not have the above isomorphism.
Therefore the degree of d is constant. a
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Lemma B.5 means that although unimodular matrices U and V' satisfying
(B.3) are not unique, the degree of d in (B.3) is unique. Furthermore, we note
that the module D,/(D,d) is isomorphic to the torsion submodule

tM:={m e M |0 +# Je € D; s.t. em =0}
of M. Since by the Malgrange isomorphism,

Hoth (Dt/(ptd)7 C’;Z.) = {y S ng. | dy = 0},
Homyp, (D, 77, 0 ) 2 (0, )77,

the decomposition (B.7) induces an isomorphism of Abelian groups
B={yeCx |dy=0}a (Coe)" (B.8)

Definition B.6 The behavior B is called controllable if for all wi, wy € B and
for almost all ty € R, there exist w € B, an open intervalty € I C R, and t; >ty
with ty € I such that wy, we, w are smooth on I and for all t € 1

w(t) _ wl(t), lf t S to,
wo(t), if ¢ >t.

We have the following proposition [118].

Proposition B.7 The behavior B is controllable if and only if it admits an image
representation.

Proof Suppose that B admits an image representation
B={we (Cx)?3e(Cx)st.w=Ll}.

Let w, = Lll, Wy = le € B be giVGIl and let to be in R\(E(l1> U E(lg) U E(L))
Then there exists an open interval t, € I C R such that [y, I and w;, w, are
smooth on I. Let [ be a smooth function on I with

l(t):{ll(t) it < to,

Io(t) if ¢ >ty

where t; € [ and t; > ty. Then w := Ll has the required concatenability property.

For the converse, suppose that B does not admit an image representation.
Then by proposition B.2, the left D, module M is not torsion-free. Hence by
lemma B.5, D;/(Dd) is torsion. Thus proposition B.1 and the relation (B.8)
implies that By := {w € C |dw = 0} is autonomous. Let w; be the zero
solution, and let wy be a non-zero solution. Then there exists an open interval
Iy € R\E(d) on which w, is smooth and does not vanish. Let t, € I,. Suppose
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that w was a connecting trajectory. Then w is smooth on some open neighbor-
hood I C Iy of ty. On the other hand, by proposition B.6, w(t) = wy(t) = 0
for all t € I with t < ¢, implies that w(t) = 0 for all ¢t € I. This contradicts
w(t) = wsy(t) # 0 for all t € I with t > t; > 1. O

By propositions B.2 and B.7, we have the following proposition [118].

Proposition B.8 The behavior B is controllable if and only if there exist uni-
modular matrices U € D{*9 and V € DI such that

_ (5 0
URV = (O 0) )
where p := rank R.

Proof First note that by proposition B.4, there exist unimodular matrices U €
Dy and V € DI*? satisfying (B.3). By propositions B.2 and B.7, the behavior
B is controllable if and only if M := D;*?/(D;*?R) is torsion-free. Hence lemma
B.5 implies that B is controllable if and only if D;/(D;d) = {0}. Since D,/(Did) =
{0} & d € M;\{0}, we have the conclusion. O






Appendix C

Pseudo-linear algebra

For the convenience of readers, we summarize some results of pseudo-linear al-
gebra [8]. Let K be a field and ¢ : K — K an injective endomorphism. A map
0 : K — K is called a pseudo-derivation if it satisfies

{5(& +b) = 6(a) + (),
d(ab) = a(a)d(b) + d(a)b.

If o(a) = a for any a € K, the pair (K, J) is called a differential field.

The left skew polynomial ring given by o and § is the ring (K[s];0,d) of
polynomials in s over K with the usual addition and the non-commutative mul-
tiplication given by the commutative rule

sa = o(a)s +d(a)

for any a € K.
Let V be a vector space over K. A map # : V — V is called pseudo-linear
if
O(u+v) = 6(u) + 0(v),
O(au) = o(a)f(u) + 0(a)u

for any a € K, and u,v € V.
Skew polynomials can act on a vector space. Let

0Fu = 0(0* ' (u)) for any k>1,
0"u = u.

Any pseudo-linear map 6 : V' — V induces the action * : (K[s];0,0) x V — V
defined by

<Z aisi) kU = Z a;0" (u)

for any u € V.






Appendix D

Analytic function and
meromorphic function

For the convenience of readers, we give the definitions of analytic function and
meromorphic function based on reference [16]. First, we define analytic function.

Definition D.1 A function f : R" — R is called analytic if it coincides with
its Taylor expansion

00 00
f(l'h T ’xﬂ) - Z o Z aila"'»in<x1 - l‘[l))Zl U (xn - $2)Z"

i1=0  in=0
in the neighborhood of any 2° € R".

Let A be the set of analytic functions from R" to R. The following proposition
has been known as the identity theorem.

Proposition D.1 Let f € A. Then
1. f=0o0on R", or
2. the set of zeros of f is measure zero.

Proposition D.1 implies the following lemma.

Lemma D.2 The set A is a domain (see appendiz A).

Proof Let f,g€ A, f,g# 0 on R", and let

Sp={xeR"|f(zx)=0
Sy ={reR"|g(x)=0
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If Sy or S, are not measure zeros, by proposition D.1, we must conclude f = 0 or
g =0on R". This is a contradiction. Hence Sy and S, are both measure zeros.
Thus Sy U S, is also measure zero. Therefore f - g # 0. a

The above lemma yields A C C*(R", R). In fact, let

exp(—m%), if x<0,
0, if >0,

fala) = {0’ LTy

exp(—=5), if z>0.

Then 0 # f1, fo € C*°(R, R) and f; - fo = 0. Since A is a commutative domain,
by proposition A.3, we can construct the quotient field of A.

Definition D.3 The elements of the quotient field of A are called meromorphic
functions.

We note that

1. if we substitute an analytic function into a meromorphic function, the re-
sulting function is a meromorphic function.

2. if we substitute a meromorphic function into a meromorphic function, the
resulting function may not be a meromorphic function.

For example, if we substitute a meromorphic function x = % into a meromorphic
function sin z, we have sin % However, sin% is not meromorphic.



Appendix E

Geometric interpretation of
differential flatness

For the convenience of readers, we summarize a geometric interpretation of dif-
ferential flatness. We refer to [22,23,65,72].

E.1 Control systems as infinite dimensional vec-
tor fields

Let us consider

&= f(x,u), (E.1)

where x € R" and u € R™ denote state and input variables, respectively, and
rank % = m. It is possible to associate to (E.1) an extended vector field having
the same solutions in the following manner: We start by considering the infinite

mapping
tis €(t) = (x(t), ult), a(t),---) € R" x R™ x R™, (E.2)

where R} is an infinite dimensional vector space whose coordinates are of the
form (i, 1, ---) with «® € R™, i > 1. The space R is the projective limit of

"k > 1 with coordinates (i, i, ---,u®). It is convenient to use the symbol
R for k = 0 to define R" x R™ x Rj":=R" x R™. The projections 7, k > 1
from R”. to R} is given by

(i, - ) = (i, - - ul®).

The topology of R} is the product topology, that is, an open set of R’ is of the
form 7' (O) with O an open subset of R}". A function on R is called smooth
if it depends on a finite but arbitrary number of variables and is smooth in the
usual sense.
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Given a smooth solution of (E.1), the mapping (E.2) satisfies

f(t) = (f(x(t),u(t)), d(t), il(t), T )7

which implies that £(t) can be viewed as a trajectory of the infinite dimensional
vector field

(x,u, i, -+ ) = F(z,u,t,--) = (f(x,u),q,i,- )
on R" x R™ x R”.. Conversely, any mapping

= &(t) = (x(t), u(t), u(t),---)

with (t) = f(z(t),u(t)) corresponds to a solution of (E.1). Therefore, the vector
field F is the extended vector field on R" x R™ x R}, which we wanted to find.

We are now in a position to give a formal definition of an infinite dimensional
system.

Definition E.1 A system is a pair (R" x R™ x R2, F), where F' is a smooth
vector field on R" x R™ x R, .

We note that the extended vector field F(z,u,,---) = (f(x,u),a,i,---)
can be identified with the original dynamics & = f(x, u).

E.2 Lie-Backlund equivalence of systems

In this section, we define an equivalence relation among systems. Let us consider
two systems (R"x R™ x R™, F) and (R"x R™ x R", ), and a smooth mapping
U:R"XR"xR"” - R"x R"x R". If t — £(t) is a trajectory of (R" x R™ x
R F), the composed mapping t — £(t) = W({(t)) satisfies, by the chain rule,

. OU : v
— 8_5(5@))5@) = 8—5(§<t>)F(£(t)).

Now, if the vector fields F' and G are V-related, that is, for any £ € R"XR™" xR,

v

G(¥(E)) = %

() F (&),
then

£(t) = G(U(E(t)) = GC)),

which means that ¢ — ((t) = W(£(t)) is a trajectory of (R" x R™ x R™ G). If
moreover ¥ has a smooth inverse ®, then F' and G are also ®-related, and there
is a one-to-one correspondence between the trajectories of the two systems. We
call such an invertible mapping ¥ relating F' and G an endogenous transfor-
mation.
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Definition E.2 Two systems (R" x R™ x R, F) and (R" x R™ x R”, G) are
called Lie-Bécklund equivalent at (p,q) € (R x R™ x R") x (R" x R™ x
R™) if there exists an endogenous transformation from a neighborhood of p to a
neighborhood of q. Two systems (R" x R™ x R™ F) and (R" x R™ x R™ Q)
are called Lie-Backlund equivalent if they are Lie- Backlund equivalent at every
pair of points (p,q) € (R x R™ x R") x (R" x R™ x R™).

We note that if two systems are Lie-Backlund equivalent, there is an invertible
transformation exchanging their trajectories.

An important property of endogenous transformations is that they preserve
the number of input variables [22,23,65,72].

Proposition E.1 If two systems (R" x R™ x R™, F) and (R" x R™ x R, G)
are Lie-Backlund equivalent, then they have the same number of input variables,
that is, m = m.

E.3 Differential flatness

In this section, we give a geometrical definition of differential flatness.

Definition E.3 A system (R™ x R, F},,) is called trivial if the vector field F,,
can be expressed as

Fp= Y uz.(j“)i.). (E.3)

(4
1<i<m, 0<j v,

Definition E.4 A system (R" x R™ x R, F) is called differentially flat if
it is Lie-Bdacklund equivalent to a trivial system, where (vi,--- ,vy) of (E.3) is
called a flat output.

We say that if a system (R" x R™ x R, F') is differentially flat, the corresponding
system (E.1) is differentially flat.

Since we have the following proposition [23], we have adopted definition 2.10
as the definition of differential flatness.

Proposition E.2 System (E.1) is differentially flat if and only if there exist
smooth mappings ¢1 : R x R™ x -+ - R", ¢ - R" x R™" x --- — R™, and
Y R"x (R™ x --+) = R™ depending only on a finite number of variables,

respectively, such that
. T V0,0,
v:=¢($,U,U;"'):>() <2;EUUU;)

u






Appendix F

Trajectory tracking control based
on exact feedback linearization

For the convenience of readers, we summarize some results of trajectory track-
ing control based on exact feedback linearization [36,82]. For simplicity, let us
consider an affine single input single output (SISO) nonlinear control system

&= f(z)+g(@)u, (F.1)
y = h(z), (F.2)

where x € R", u € R, and y € R are state, input, and output variables,
respectively, and f € C*(R",R"), g € C*(R",R"), and h € C*(R", R).

To design a controller for a trajectory tracking control of system (F.1)-(F.2),
let us transform system (F.1)-(F.2) into a normal form. To this end, first, we
define the concept of relative degree [36,82]. Let A € C*(R",R) and F €
C>*(R",R"). Then the Lie derivative of A along F' is defined as

Lea@) =Y g; (2)Fi(2).

i=1

Definition F.1 System (F.1)-(F.2) is said to have relative degree r at a point
20 if

1. LgL’]‘ih(I) =0 for all x in a neighborhood of 2° and all k < r — 1.
2. Lyl h(a®) # 0.
By using the concept of relative degree, we have the following proposition [36].
Proposition F.1 Let r be the relative degree at x° of system (F.1)-(F.2). Then
dh(z®), dL;h(2°),- - ,dL}’lh(a:O)

are linearly independent.
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Proposition F.1 shows that r < n and the r functions

h(z), Lih(z), -, Ly h(z)

quality as a partial set of new coordinate functions around the point z°. Now,
let
¢1(x) := h(z),
x):= Lth(x),
() = Lyh(z) -

or(x) = L;_lh(x),

and let ¢,11(x), -+, ¢n(z) such that the Jacobian matrix of
1 ()
O(z) = :

is nonsingular at z°. Then z; = ¢;(z), 1 < ¢ < n are new coordinates. By a
direct calculation, we have

5= 9% = M1 w) 4 glau) = Lyh(a) + Lyh(a) = Lh(a) = =,
O(L"%h
Zro1 = aq;;l:t = ( 8fx >(f(m) + g(z)u) = L’J}_lh(x) = 2,
o6, . O(L7'h
= 90 - M ) 1 o) = L) + Loy o
00ry1 . 00,
frn = 20 = SO (1(0) 4 glahu),
00, . 0,
= 20 = 9001 (0) 4 gl

Hence if we set

a(z) == LyL} ' h(®71(2)),
b(z) = L}h(@*l(z)),

al(2) = S @ () (7 (=),

p(2) = 2@ (2))g(@ 7 (2),




155

where r + 1 <7 < n, system (F.1)-(F.2) can be transformed into

( .
21 = 22,

2r—1 = Zr,

2. =0b(2) + a(2)u, (F.4)
Zep1 = @ry1(2) + proa(2)u,
Zn = qu(2) + pu(2)u,

\y = Z1.

Furthermore, we have the following proposition (see proposition 4.1.3 in [36]).

Proposition F.2 Suppose that system (F.1)-(F.2) has relative degree r at a°,
and that ¢y, -+, ¢, are defined as (F.3). Then it is possible to choose ¢, 1(x),
oo, ¢n(x) such that

L,pi(z) =0, r+1<i<mn, forallz around z°, (F.5)
0P, ,
det a—x(:c ) # 0.
If we choose ¢,11(z), -+, on(x) satisfying (F.5),
99; . :
Zi= 8(3 &= Lipi(x(t)) + Lyod(x(t))u(t) = Lip(z(t)), r+1<i<n.

Therefore around 2, system (F.4) can be transformed into

( .
21 = %2,

Zro1 = Zry
Z, = b(2) + a(2)u,

Zrp1 = Qrg1 (Z>7

Zn = Qn(Z)a

\y = 21.

where ¢;(2) :== Ligi(®7(2)), r+1 < i <n.

Remark F.1 In general, it is difficult to construct n —r functions ¢.1(x), -+,
on(x) satisfying Lyp;(x) = 0 because we have to solve n — r partial differential
equations. |
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Now, we define £ := (z1,---,2,) and 1 := (241, -, 2,). Then system (F.6)
can be expressed as

(

21 = 22,
Z‘r—l == Z?"? <F7)
Z. = b(&,m) + al&,n)u,
n=q(n),
ky = Z1.
If we apply
1 " (")
U = _bgun +Yr — Ci—1\2i — Y ) F.8
a(fﬂ?) < ( ) f i=1 1( " ) ( )
we have
L=y =y — e — e — e (F.9)

where e(t) := y(t) — yr(t), and get
e + e, 4+ e + ge = 0.

Remark F.2 The control law (F.8) can be regarded as a generalized two-degree-
of-freedom control because

U= —b(&,n) yg) _; ; i1z — y'W
B ( a(£77]) " a(£7n)> +< a(g’n) ; Zil( z yR) _

. J

VvV WV
feedforward feedback

Note that the feedforward controller also uses information of the current state. B

We have a sufficient condition for the boundedness of z;(t), 1 < i < r and n(t)
(see proposition 4.5.1 in [36]).

Proposition F.3 Suppose that yg(t), yg)(t), e yg_l)(t) are defined for all
t > 0 and bounded. Moreover, suppose that ng(t) denotes the solution of

n=q(&r(t),n)

satisfying nr(0) = 0 and is defined for all t > 0, bounded and uniformly asymp-
totically stable. Furthermore assume that the roots of the polynomial

S 48T o es =0
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all have negative real part. Then if for sufficiently small a > 0,
(t) — g V() <o 1<i < ) = nato)] <a,
for all e > 0, there exists 6 > 0 such that
24(8%) — i V()] < 8= Jailt) —yyp V)] <e
n(t°) = nr(t")] < & = [n(t) — nr(t)] < e
for allt > t° > 0.

We note that the above discussions can be extended to an affine
multi input multi output (MIMO) nonlinear control system [36,82].

F.1 Zero dynamics

Let us consider the output constraint y(¢) = 0 for all t. Since y(t) = z1(¢), the
constraint y(t) = 0 for all ¢ yields

£(t)=0 forall t.

Hence then 7(t) must satisfy

0(t) = q(0,n(t)). (F.10)

The dynamics (F.10) is called the zero dynamics which describes internal be-
havior of system (F.1)-(F.2) when input and initial conditions have been chosen
in such a way that the output is constrained to identically zero.

We can extend the output constraint y(t) = 0 to y(t) = ygr(t) which is any
function. In fact, y(t) = yg(t) implies

Aty =y V@), 1<i<r
Putting £x(t) = (yr(t), 7r(t),- -,y (1)), the input u(t) has to satisfy

oy () = b(ER(D), (1))
0= T E ) (F1)

where 7(t) is a solution of the differential equation

n(t) = q(&r(t),n(t)). (F.12)

Egs. (F.11)-(F.12) is called a left inverse [36,82] of system (F.1)-(F.2) because
Egs. (F.11)-(F.12) express a system with input £z(t), output u(t), and state n(t).

The following proposition shows one theoretical limit to the tracking perfor-
mance that can be obtained in systems with zero dynamics [26].
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Proposition F.4 Suppose that system (F.1)-(F.2)

1. is analytic.
2. has a zero dynamics.
3. has left invertible.

4. has a controllable linearization at (z,u) = (0,0).

Let Y(e, N) = {y(®t) | ly@®|| < &, |[y™M(@)|| <€, Vt}. Then if there exist
an control input u and all initial condition in some open set such that ||y(t) —
yr(t)|| — 0, yr(t) € Y(e,N) for any N,e > 0, then system (F.1)-(F.2) has
asymptotically stable zero dynamics.

F.2 Chained form

Exact feedback linearization method reduces nonlinear terms in a given differ-
ential equations and transforms into a simpler equation. For a nonholonomic
system, by eliminating nonlinear terms, we can obtain a simpler form called
chained form [78,79]. However, such a method possesses difficult points. For
example, let us consider

T cos 0 0
y| = |sind |u+ |0]u. (F.13)
6 0 1
If we apply
U1
= F.14
Uy cos 07 ( )
system (F.13) is transformed into
T (%1
y|=[vitan6 |, (F.15)
9 U9

where v; is a new input variable. Furthermore, let z := tan 6 and uy = cos?(6)wv,.
Then system (F.15) is transformed into

(F.16)

SRS Eh
Il
0
S
=

The form (F.16) is called chained form of original system (F.13) [78,79].

However, (F.14) yields a singularity at ¢ = 7 & nm, n € Z. Therefore, if
we want to track reference trajectories such as (4.35) and (4.55), we should not
transform (F.13) into the chained form (F.16).
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