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2-Microlocal Boundary Value Problems and Their Applications

by Motoo Uchida ( Univ. of Tokyo )
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1. Let M be areal analytxc manifold, X a complex nei ghbourhood of
M, and Y acomplex hypersurface of X. Let A\ be aregular involutive
conic submanifold of T MX /\ ( resp. /\\ acomplexmcatxon (resp. a
partial complexification)of A in T™X. Let M be a coherent Ey-Module
defined in a neighbourhood of /\C and assume that Y —— X is non
- microcharacteristic along AL for M (cf. Def. 2.2 of [1] and Def. 2.10.3
of [5]). Set ¥ =Anan1(Y) ,anddenote by A , adomainof A with

boundary J_ . Then we can define the microlocal boundary values along N\
to 3~ for us’;’\ -solutions to M, . To be precise, there exists the boundary

value map ‘
bv : R3omg (M., I, <u32 Mg — Riomg (Ty , wl),
where Bz denotes the sheaf of 2- hyperfunctlom on N due to Kashiwara

(cf. [4], HO]\ and Ty denotes the tangential systemon Y of IN.

We set

/\I/\ = phom (€, C~)®or ALR ~ [ codimA]

where Ch denotes the qh@af of mlcrofunctxons with holomorphic para-
meters on /\ , and O'Al ~ denotﬁs the relative orientation sheaf on A .

Refer to Kashiwara-Schapira [3] for the bifuncter phom . This complex
of Ey-Modules is a 2-microlocal version of DT , the "sheaf” of

microfunctions for boundary value problems, which is introduced in
Schapira [8]. This allows us to define the "boundary 2-analytic wavefront

" 2 : ‘ y) . '
set” 5SS Ay for sections of T ‘_(33 /\) , and we Can analyse the boundary

~value map "bv" 2-microlocally in terms of SS2 + In particular, we can

, show the reflection of 2-microlocal smgulamty at the boundary . Refer to
[13] for the details.

2. Let 0 be an open subset of M with real analytric boundaryr N =
(=0}, Y the complexificationof N in X . We denote by p the‘natural
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pro;ectlon YxT X———»T *Y . Take a point 3*eT*NY and a point x*e
T Mxx N wuth p(x*) = y¥ Let P be a microdifferential operator

defmed in a neighbourhood of x* with involutive double characteristics.
Precisely we assume that the principal symbol o(P) of P is decomposed
by homogeneous holomorphic functions py, p2 q:

o(P) = g-p,M.p,M2

in a neighbourhood of x* and they satlify the follow:ing condztlons
(1) pyand py arerealvaluedon T X,

(2) py(xX)=py(x*¥)=0, q(x*)#0,
(3) dpyadp,nw #0,
(4) (py, pp) =0 on A={p;=p,=0} ,
(S) {9.pe}#0 (i=1,2).
In this situation we consider the microlocal boundary value problem

Pu=0 at x* ,
(D)

(?X-DX)LUI 0 =0 at g* (0gi<maximg,m,y)).

o+

Remark that we take here the boundary value (‘fX-DX)Lulq,‘ 40 Of U inthe

microlocal sense from a neighbourhood of x* .
Then we have the following results.
We denote by SSp(u) the boundary analytic wavefront set of u (cf. (8]

for the definition of the boundary analytic wavefront set ).

Theorem 1.---Let T be areal bicharacteristic leaf of A passing through
x* ., For any solution u of the microlocal boundary value problem (8),
there exists a subset (>*g} of I'm 2 such that

SSpUWAT = the closure in T of the union of (b :s,=1,2} and
some of connected components of I\ (I DLS ;8 =1,2),
where T, = r:’n ; and bLS denotes the half integra] curve of Hﬁc’ the
Hamilton vector field of p, issued from x*g into T, .
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Corollary 2.---For any solution  u of the microlocal boundary value
problem (®),
(U)o SS(ulg)

=
¥ ¢ SSpU) .

¥>0

?:o

Theorem 1 is obtained as an application of the theory of Section 1 ( cf.
[13]).

Remark.---As for the results in the interior domain for the same
operator we refer to Tose [10, 11, 12]. We also refer to Lascar [6] for the
similar result as Corollary 2 in the C®category. Note that we assume in

Corollary 2 that at least one of the integral curves blee*) | b2(x*) s not
contained in SS(ulg) in a neighbourhood of x* .
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