Molecular predissociation resonances below an energy level crossing

SOHEI ASHIDA

ABSTRACT. We study the resonances of 2 X 2 systems of one dimensional Schrodinger operators
which are related to the mathematical theory of molecular predissociation. We determine the precise positions of the

resonances with real parts below the energy where bonding and anti-bonding potentials intersect transversally. In
particular, we find that imaginary parts (widths) of the resonances are exponentially small and that the indices are
determined by Agmon distances for the minimum of two potentials.

1. INTRODUCTION

In this paper, we study precise positions of molecular predissociation resonances near the real axis
as semiclassical asymptotics. More precisely, we consider resonances whose real parts are apart from a
bottom of a well and a crossing of potentials. In particular, we obtain exponentially small imaginary
parts (widths) for these resonances.

In the theory of shape resonances of Schrodinger operators it is known that widths of the resonances
have exponential bounds as C.e~2(1=)5/" where € can be taken arbitrarily small, h is the semiclassical
parameter and S is the Agmon distance between the bounded and unbounded regions where the
potential is below the real part of the resonance (see, e.g., [2, 7, 8]). In one dimensional case, Servat [15]
determine the precise positions of the resonances whose real parts are apart from the critical values of
potentials using WKB constructions and considering the connection of the solutions and quantization
conditions. In particular, it is proved that the exact order of the imaginary parts of the resonances is he
—2S/h

When we consider the Schréodinger equation of molecules the study of the equation for electrons and
nuclei is reduced to that of semiclassical system of Schrédinger-type operators by the Born—Oppenheimer
approximation (see, e.g., [10, 12, 13]). In the Born-Oppenheimer approximation the semiclassical
parameter h is the square-root of the ratio of electronic to nuclear mass, and the potentials of the
diagonal elements of the matrix of the Schrédinger operators describe electronic energy levels. At
sufficiently low energies, since this system is scalar, numerous results from the semiclassical analysis of
the Schrodinger operators can be applied. When several electronic levels are involved, states in different
electronic levels interact due to the off-diagonal first order differential or pseudodifferential operators.

In Martinez [11], Nakamura [14], Baklouti [1] and Grigis-Martinez [6], they study resonances for
potentials that do not intersect and obtain exponential bound on their widths. Klein [9] studies the
case of more than two intersecting potentials some of them forming wells to trap nuclei and the others
being non-trapping. In this case, it is shown that the widths of the resonances with real parts converging
to the bottom of the potential well have the exponential bound as in the case of usual Schrédinger
operators with Agmon distance of the minimum of the two potentials. For intersecting two potentials,
Grigis-Martinez [5] obtains the full asymptotic of the width of the resonance at the bottom of the well,
showing that the exponential bound is optimal.
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FIGURE 1. The graph of the two potentials on the real axis

In Fujiié-Martinez-Watanabe [3] they consider the resonances with real parts in the distance of
order h?/3 from a crossing of two potentials in one dimensional space. They construct the solution to
the system on the left and right intervals from the crossing and consider the condition that solutions
decaying on the left and those ontgoing on the right are connected at the crossing. The solutions to
the system are constructed as series by successive approximation using the Yafaev’s construction for
the solution of one dimensional Schrédinger equations (see [16]) and showing that norms of operators
including fundamental solutions are small for small 2. Under an additional condition of ellipticity on
the interaction they obtain the exact order h/3 of the widths of the resonances.

Here, as in [3] we study 2 x 2 matrix system, the diagonal part of which consists of semiclassical
Schrédinger operators, and the off-diagonal parts of first order differential operators. We assume that
two potentials V; and V5 cross transversally and that below the crossing V7 admits a well, while V5 is
non-trapping (see Fig. 1). We study the resonances with imaginary parts O(h) and with real parts apart
from the crossing and the bottom of the well by a constant distance independent of h. The real parts of
the resonances behave like eigenvalues obtained from usual Bohr—Sommerfeld quantization condition
for the well, that is, the leading terms ey, of the real parts of the resonances satisfy fab ver — Vi(x)dx =
(k+1/2)wh, where a and b are the endpoints of the well. We also find that the widths of the resonances
have exponential bounds as in [9, 5] and under a condition on the interaction and the real part of the
resonances they behave exactly like h2e=2%/" where S is the Agmon distance for min{V;, V2} between
endpoints b and c of the region where the potentials are greater than ex. In our model, the interaction is
of the form h(ro(z)+ hri(z)0;) and the condition on the interaction is that ro(0) +71(0)/V1(0) — ex #
0, where we assume the position of the crossing is = 0. This result should be compared with [15,
Theorem 2.6] for the case of one well. Paying attention to the shape of the graph of min{V;, 5} on
the real axis our exponential bound is expected.

To prove our main theorem, we construct solutions to the system on four intervals, because if we
formally construct solutions on two intervals as in [3] the series in the solutions do not converge. We
need to construct four solutions on each of the middle two intervals since the solutions on the left and
right intervals are represented as linear combinations of the four solutions. To control the behavior of
the series in the solutions, we need four fundamental solutions on each of the middle intervals. We
choose the fundamental solutions so that formal leading terms in the solutions will really determine
the order of the solution with respect to h. We study the connection of the solutions and calculate
the transition matrix at the crossing and change the basis of the solutions in order that some of the
elements of the transition matrix will be zero. This makes the calculation of the quantization condition
simple and we can find exponentially small terms with the expected index.

The content of this paper is as follows. In Sect. 2 we give the assumptions and state our main result.
In Sect. 3 we give some preliminaries. In particular, we introduce solutions to the scalar Schrédinger
equations. In Sect. 4 we construct fundamental solutions on four intervals and give estimates on
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them. In Sect. 5 we give the solutions to the system on the four intervals. In Sect. 6 we study the
connection of the solutions and change the bases of the solutions to make transition matrix suitable
for the calculation of the quantization condition. In Sect. 7 the quantization condition is given. Using
the quantizaion condition in Sect. 8 we prove the main theorem.

2. ASSUMPTIONS AND RESULTS

As in [3], we consider a 2 x 2 Schrodinger operator of the type,

P AW
W Py ) ’
where P; = —h?A + Vj(z),j = 1,2, W = ro(z) + hr1(z)0, and W* is the formal adjoint of W.

We suppose the following conditions on Vi(z), Va(x) (see Fig. 1) and ro(z), ri(z).
Assumption (A1) V;(z) and Va(z) are real-valued analytic functions on R and extend to holomorphic
functions in the complex domain,

(2.1) Pu= FEu,P = (

I'={z € C;|Imz| < dp(Rex)},

where dp > 0 is a constant and (¢) := (1 + [¢[?)/2.
Assumption (A2) For j = 1,2, V; admits limits as Rez — £oo in I' and there exists a real number
E’ such that

lim Vi(z) > E’; lim Va(z) > E';

Rexz——o0 Rexz——oco

zel zel’

lim Vi(z) > E'; lim Vi(z) < E'.
Rexz—+o0 Rex—+o0

zel’ zel

Assumption (A3) There exist real numbers ag < by < 0 < ¢y such that
Vi > E and Vo > E' on (—00,a9);

Vi < E' < Vs on (ag,by);

E' < Vi <V, on (b, 0);

E' <Va <Vjon (0,¢);

Vo < E' < Vi on (cg, +00),

Moreover, one has

Vi(ao) <0, V{(bo) >0, V(o) <0, V/(0) > V5(0).
Assumption (A4) ry and r; are bounded analytic functions on I'; and ro(x) and r(z) are real when
x is real.

As in [3] we can define the resonances of P as eigenvalues of the operator P acting on L?(Rg)®L?(Ry)
where Ry is a complex distortion of R that coincides with e?R for x > 1. We denote by Res(P) the
set of the resonances of P.

For d > 0 small enough, we set I := [E' — d, E' + d]. We fix Cj arbitrarily large, and we study the
resonances of P lying in the set

D;:={Fe€CReE€cl, —Coh <ImEFE < 0}.

For E € Dy, Vi(z) = E has only two solutions and we denote the solution with the smaller real part
and the larger one by a = a(E) and b = b(FE) respectively. We also denote the unique solution of
Va(xz) = E for E € Dy by ¢ = ¢(FE). For E € D; we define the action,

b(E)
A(E) = / . VE = Vi)t

Then our result is the following.
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Theorem 2.1. Under Assumptions (A1)-(A4), for h > 0 small enough, one has,
Res(P)NDy ={Ek(h);k € Z}NDy
where Ey(h)’s are complex numbers that satisfy,
Re Ej,(h) = ex(h) + O(R*/?)
h2m
Im By (h) = — == A'(ex ()" e >N (V1 (0) — en(h) 7/ (V] (0) ~ V3(0)

. (7“0(0) + 7“1(0) Vl(O) — €k(h))2 + (9(}15/26_25(%)/h)7

uniformly as h — 04 where

(2.2)

ex = en(h) == A~V ((k + %)m),

c(ex)

0
S(ek):/b( VRO et [0 e

Remark 2.2. For the first term on the right-hand side of (2.2) to be a semiclassical equivalent of the
width of the resonance for sufficiently small h, one needs the additional ellipticity condition of W that

er(h) satisfies |ro(0) + 71(0)+/V1(0) — ex(h)| > p, where p is a positive constant independent of h.
3. SOME PRELIMINARIES

As in [3] let oo > 0 be a sufficiently large number and f € C*°(Ry,R,) be a function such that
f(z) = x for x large enough, f(z) =0 for x € [0,z ] and
F1(#&) = 67 () +12 £ (1)),
for some constant § > 0. In the sequel we will use the following notation:
Iy :=[b,0] ; I.:=[0,c];
Ip, := (—o0,b] ; I% := Fp([c, +00)),
for real b and ¢ where Fy(z) := x + i0f(x). For complex b and ¢, we denote by the same notation

appropriate curves in the complex plane connecting the end points. Then # > 0 small enough, F € Dy
and some positive constant C, we have

Fy
Im \/E—Vg(t)dtz —Ch,

x

where the integral is taken along I%.

We fix B/ € I and 29 € (a(E’),b(E")). Then we can define a function & (z; E) which depends
analytically on = € {x € C;|Im (z — b(E"))| < 0'(Re (z — b(E"))), Rex > xp} with ¢’ > 0 small enough
and E € Dy sufficiently close to E’ as follows:

. 2/3
&i(a; E) = (2 \/mdt> .

b(E)

Similarly, we can define,

. 2/3
& (2 ) = (2 / " m@ ,

which depends analytically on E € Dy and z € {z € C;|Im (z —¢(E))| < 6'(Re (x—¢(E)))} with ¢’ >0
small enough.

In the same way as in [3, Appendix A.2] we have solutions to (P; — E)u = 0 for E € D;. We denote
by Ai(z) and Bi(z) the Airy functions.
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Proposition 3.1. Let E € D;. Then,
(i) For sufficiently small h > 0, the equation (P, — E)u = 0 admits two solutions ufR only ={z €

C;|Im (z —b(E))| < 61|Re (x —b(E))|, Rex > o} with sufficiently small 61 > 0 such that as © — +oo,

1/6 .
“iR(JS) ~ (1+ O(h))h\/%(Vl(x) _ E)—1/4ei Jote \/Vl(t)*Edt/h,
uniformly with respect to h > 0 small enough, and as h — 04,
up g =2(61 ()7 V2AI(RTP (2)) (1 + O(R))
on T'1 N{Re& (z) > 0};
up p =2(€1 ()T 2ARTH 6 (2)) + O(h(1+ A& (2)]) 1)
on T'1 N{Re& (z) < 0};
uf g =(& (@) 2Bi(h /% (2)) (1 + O(h))
on T'y N{Re& (z) > 0};
uf p =(€(2)) 7 Bi(h 226 () + O(h(1 + h™*P €1 (2))) 7))
on T'1 N{Re& (x) < 0}.
(i) For sufficiently small h > 0, there exist two constants ax = 14 O(h) and the solutions U;L to the
equation (Po — E)u =0 on 'y = {z € C;|Im (z — ¢(E))| < 62|Re (x — ¢(E))|} with sufficiently small
6o > 0 such that,

1/6 .
U§L<$) ~(1+ O(h))}i/?r(VQ(QT) - E)_1/4e$ Jmy v VQ(t)fEdt/h, (x = —00);
.1 .
et'a (5% Uy g+ W;“;,L(x))
Rt/ i [ E—Va(t)dt/h
~ (1 + O(h))F(E - VQ(x))_1/4e:':Z c(E) 2 s (.'L' — +oo)’

uniformly with respect to h > 0 small enough, and as h — 04,
Uy, =2(&(2)) 2 Ai(h TP (2)) + O(A(L + h™*|gy (2)
on 'y N {Re&a(x) > 0};
Uy, =2(&5(x)) T PAIR TP (2) (1 + O(h))
on Ty N{Re&y(z) < 0};
ug =& ()T PBi(h T PE (2) + O(h(1 + h =2 |&(a)])7H/4)
on T's N {Re&a(x) > 0};
uz, =(E (@) "B () (1 + O(h))
on T's N {Re&(x) < 0},
where Ai(z) = Ai(—z) and Bi(z) = Bi(—z).
Remark 3.2. Similarly, we have two solutions qu on Ty = {z € C;|Im (2 — a(E))| < 61|Re (x —
a(E))|, Rex < xo} with sufficiently small 61 > 0 with the asymptotic behavior,
h1/6 - -
s (7) ~ (L O) "= (Via) = B)7 e m VIOTERIE, (g o).

As in [3, Proposition 5.1] we have,

)
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Proposition 3.3. Let ufR and qu as above. Then one has

+ - +
uj = a+uy p+bruyp

with,
a_ = sin@ +0O(h) ; b= 2COS@ + O(h)
a4 = = COS AlE) +O(h) ; by=-—sin ALE) + O(h),
2 h h
as h — 04.
Setting

uiR =T (=

—= ot t
2“2 Uy p, iy UQ,L)a

by Proposition 3.1 we have,
h1/6
f

The Wronskians Wiu; 1, u;fL] and Wu; p, u;fR] are independent of the variable x and satisfies

uy g~ (14 O(h)—=(E - Va(x )~ VAT e VETV:OA -y o),

_ 2
W[uj,L7uj+,L] Th2/3 (1+0(n)),
_ 2
(3.1) WUy g, uf 5l = —573 (14 O(h)),
_ 29
To see the growth and decay from the points b and ¢, we define the solutions ufb on Iy, ufc on I%,

vjib on I, and v]j»cc on I, as follows:

+ + + —Sa/h, + Sy/h, —

Upp = Uy s Ugp -= Uy [y Ugy =€ Ug 1>
“2ic = U‘ZiR’ u1+c : _Sl/h“fﬂ’a Up e = = e%/hy U R
Ufb = uli,R’ U;:b = eSQ/h“zLa Ugp 1= S2/h“+Lv
vfc = uiL, vfc = esl/huiR, v;c = Sl/hu+R,

where Sy := [ /Vi(t) — Edt, So:= [, \/Va(t) — Edt.

4. FUNDAMENTAL SOLUTIONS
In this section we introduce fundamental solutions used to construct solutions to the system.
4.1. Fundamental solutions on ;.
We define fundamental solutions
Kip, Kiy Ky : C(L) — C*(Iy),
of P, — F and
Koy : O(Iy) = C*(Iy),
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of P, — E by setting for v € C(I),

Ky p[)(z) = hQW[vi‘,b,vh] <vf,b(x) /b ’ oy (Ou()dt + v} () / ’ v;b(t)v(t)dt>,
K, [o)(z) == m <v;b(m) /b "o, (et)dt — ot (2) /b ’ v;b(t)v(t)dt) ,
K{yv](x) == ’M <—v;b(x) /ZO vlfb(t)v(t)dt + vlfb(z) /IO uljb(t)v(t)dt> )
Kaalol(@) i= W[Ui_,bvvz,b] <v2‘,b(x) /b ’ viy (Ou()dt + vf () / ’ v;b(t)v(t)dt> ,

where W[vib, vib] is the Wronskian of v, and vf’b and so on. Then Ky, Kj, and Ky satisfy
(PL-E)Ki1, =1, (P - E)K;, =1, (P - E)K{, =1,
and Ky satisfies
(P, — E)Kop = 1.

For an interval I and sufficiently small hy > 0, let v(z,h) € C(I) be a family of functions satisfying
v(xz,h) #0 for x € I, 0 < h < hg. For h € (0, hg] we define C(v, h) as the set of continuous functions «
on I equipped with the norm [|u|c(y,n) := sup,er|u(a)||v(z, )| 7. In the following, we consider families
of functions u(x, h) € C(v,h), h € (0, ho] and families of operators A(h) € L(C(v,h)), h € (0, ho).

Note that vji’b # 0 and Ufc # 0 on I, and I. respectively for sufficiently small h. In view of the
construction of solutions to the system, we prove,

Lemma 4.1. As h goes to 04 one has,

(4.1) IRE oW 2o, ny) = O),
(4.2) 1 E2 W™ ot my) = O(h'/?),
(4.3) ||hKi,bW||A(C(v;b,h)) = O(hlm)’
(4.4) ||hKiCbW||L(C(U;b,h)) = O(h1/2)7
(4.5) 1RE2,0W | £ ooz, myy = O):

Moreover, there exist complex numbers o p, be, B2 depending on v such that,
hK7 yWu(b) B vib(b)
(4.6) (h@I(KLva)(b) = e g0, (5))
hKs , W*u(b) _ v;b(b)
(4.7) (ham(KQ,bW*u)(b) =20\ 9,0, (b))
/
(4.8) ( hK Wb

(4.9)

(4.10)
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and

1] < Cllvllogz, ny: lazpl < Ch5/6||v\|c(v§b,h)’ 181, < Ch5/6||v||c(vzjb,h)7 B2p| < Clivll g, ny-
Proof. (i) First, we shall prove (4.1) and (4.6). We set,

¥, = max{[v{, |, [hdaviy |},

Vip(@,t) = 07, (2)07 (D)1 gecay + 07 4 (€)07, (D) 1150}

By an integration by parts we have,
0
|WK 1y Wo(z)| = O(h™1/3) (/ Vi p(z, t)|v(t)|dt + RV (2, 0)|v(0)] + AV1 p(x, b)v(b)|>.
b

Using the asymptotics of vlib and hﬁmvlib on [, and fixing some constant C; > 0 sufficiently large we
obtain,

o If b<x,t<b+ Ci1h??3, then,
Vip(, )]oy, (0)||v,(2)] 71 = O(1).
o Ifb<xz<b+C1h?/3<t<0, then,

—Re fbt(vliE)l/Q/hiRe fb”(Vle)l/z/h

Vi) — EJ'/?

Vip(a, Do, ()[vf, ()] 7 = O(R3)*
e Ifb<t<b+C1h?*3 <z <0, then,
Vi(@, Doy (O] [ofy ()] 1 = O(1)e e V=B MR [7 (=),
o If b+ C1h?/3 < x,t <0, then,

e—|Re [F(Vi—E)'/?|/h+tRe [ (Vi—E)"/?/h

Vi(t) — EJ'/?

V(@ )i, (D]l (2)] 7 = O(h!/?)

Hence, observing |V (t) — E|*/4 > C|t — b| > Ch'/6 for b+ C1h%/3 <t <0, we have
Via(a, Doty (0)llvE, ()7 = O(1) as h— 05,
uniformly with respect to b < x,¢ < 0. Thus we obtain
Vas(, OOl e VD) RO) e, < Clvllops,

Moreover, regardless of b < x < b+ C1h?/3 or b+ C1h%/3 < z < 0, we have

0

0 b+C1 2/
[ st ot @l @) =0 [ ae 0wy [ by e
b ' ’ b b+Cy h2/3

= O(h'/?).

Hence we obtain

0
/b Vip(z, t)|v(t)|dt

S Chl/s”””c vE R
C(vi,.h) (i)
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which completes the proof of (4.1). Observing

1 0
hK; yWo(b . — ) / vy, (t)v(t)dt,
) = e o, w00
1 O
hoy K1 yWo(b) = —————0, 0] b/ T (Hv(t)dt,
1.Wo(b) hQW[vib’vib] “1,1;( ) , “1,b( Jo(t)

we estimate \(hKLva(b))(vfb(b))*l\ and |(h@mKlbev(b))((%vfb(b))*l| by the similar calculation as
above and obtain (4.6).
(ii) We shall prove (4.2) and (4.7). We set,

ﬁ;b = max{|v§b|, |h6$v2i’b|},
Vaop(x,t) := ﬂib(x)ﬁ;b(t)l{t<x} + @;b(x)ﬁib(t)l{t>x}.

By an integration by parts we have,
0
(4.11)  |RK,W* ()| = O(h™Y3) </ Voo (@, ) |[o(t)|dt + hVa p(, 0)|v(0)| + hvz,b(x,b)|u(b)|>.
b

Using the asymptotics of vj.,[b and hamvib on I, and fixing some constant C; > 0 sufficiently large we
obtain,

o If b<x,t<b+ Ci1h??3, then,
— —|Re [* _ 1/2
Vao(, )]0, (8)||vi, (2)] 71 = O(h1/3)eIRe S (Vam ) EI/R,

e If b<a<b+Ch?3 <t <0, then,

—|Re [T(Vo—E)Y/2|/h£Re [f(Vi—E)Y/2/h
+ + -1 _ 172\ € ¢ b
Vaule, )i 1)l (2) 7 = O(h!2) VAOBYIG

o Ifb<t<b+C1h?/3 <2 <0, then,
Vo (@, t) v, ()| ()] ! = O(hY/6)e=IRe [ (Va=E)' /2| /h¥Re [ (Vi=B)"/?/h
o If b+ C1h?/3 < z,t <0, then,

e—|Re [F(Va—E)'/?|/htRe [ (Vi—E)"/?/h

Vi) — B/

Vo, 1) o (0] [vi (2)] 7 = O(R'/?)

/
Hence, observing that fbb+01h2 3(V1 (t) — E)Y/2dt = O(h), we have

Va,o(, )], (0)||oi (@) 71 = O(R'0),
uniformly with respect ot b < x,¢ < 0. Thus we have
Voo (@, O (O)llcz, nys Vop(z: 0)o®)llons, n < Chl/GHvllc@fwh)-

When b < 2 < b+ C1h?/3, there exist constants ¢ > 0 small enough and « > 0 such that

0 b+
/ Voo (, )]0y, (8)|vi ()] 1dt = 0(h1/3)/ el =i/t + O(e /M) = O(h*?).
b ’ b
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On the other hand, if b + C1h?/? < & < —§" with > ¢’ > 0 small enough there exist a constant a > 0
such that

’

0 -6/
/ Voo, D, ()|, (@)1t = O(R1/) / emel=ilings 4 e/ = O(RT/S),
b ’ ’ b

Finally, when —d¢’ < 2 < 0 there exist constants «, 8 > 0 such that

0 0
| Vasta 0l @) e = 0 [ e 0l < 0(nr0).

Here we used f_ozé, e=Ble® =1/ — O(h'/?). To prove this estimate we write

0 T 0
/ e—ﬁ|z2—t2\/hdt:/ e—a\mz—tﬂ/hdH/ o—Bla?—t21/h gy
—26' —24' T

The first term is estimated as follows;

T 0 0
/ o~ Bla?—t2|/h gy _ / e Blz® = (t+x)?|/h gy < / B /gy — O(hl/z),
—26 —20"—x —26'—x

and the second term is estimated as follows;

0 T —x —x
/ e—mxz—tﬂ/hdt:/ e—ﬁ|x2—<t+x>2|/hdt:/ e—mz(—x)t—t?\/hdtg/ o—Bl(=2)tl/h gy
x 0 0 0

< / e = O,
0

where we used that (—z)t > t? for 0 < t < —z in the inequalities. Hence, we obtain

which completes the proof of (4.2). Noting that there exists a constant C' > 0 such that |vfb(b)\ <C
and C~1hl/6 < [vg4(D)], We estimate |(hK2_,bW*v(b))(v2+7b(b))’1| and |(h0y K2 W *v(b))(@mvzb(b))*l\
by the similar calculation as above and obtain (4.7).
(iii) We shall prove (4.3) and (4.8). We set,
Vi (@, 1) = 0y ()07, (1) + 07 (2) 07, (1)

By an integration by parts we have,

S Ch5/6||v||C(vﬁb,h)7

0
/b Vz,b(l‘, lf)|’l)(t)|dt

C(f,.h)

IhKLﬂVdmﬂCXh1“)<Afvhku0vﬁﬂﬁ*’ﬂﬁdax)ﬁxﬂ+hVLALbNK®0-

We obtain,
o Ifb<t<z<b+ C1h?*3, then,
Vi, 0)og, ()| [og, (2)] 1 = O(1)eRe ST (Vam B2/,
o Ifb<t<b+C1h?*/3 <z <0, then,
—Re [ (Va=E)'/?/h+Re [T (Vi—E)'/?/h

Vi(w) — Y/

_ e
V1, D)oy, ()] [vg, (2)] = O(R°)
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o If b+ C1h?/3 <t <x <0, then,
o—|Re [T (Va=E)"/?|/h+4Re [T (Vi—E)"/?/h
Vi(t) — E[V4Vi(z) — B/

Vol O)logy ()], (2)| 7 = O(h'7?)
Hence, we have V{yb(x,t)|v;"b(t)||v;b(x)|_1 = (1) as h — 04. Thus we have
Vi@ 0[Ol oy, ny Vi@ D)o@ ey, n < Clollows, n

When b < 2 < b+ C1h?/3 or b+ C1h?/? < 2 < —¢§' with & > 0 small enough, there exist a constant
« > 0 such that

/ V{,b(x,t)|v;b(t)||v;b(x)\71dt < (9(1)/ e~t=2)/hqr — O(h).
b b
When —¢’ < x < 0 there exist constants o, 8 > 0 such that
/ V] o, ) ok (0)| oy ()~ lt = 0(h1/3)/ B =CU/h gt | O/ = O(h/6),
b —2687

Hence, we obtain

| [ Vst otutola < ORO o,

C(vy,,h)
which completes the proof of (4.3). The equation (4.8) is obvious from the definition of K7 ;.
(iv) We shall prove (4.4) and (4.9). We set,

Vip(x,t) = Vi (2, ).

By an integration by parts we have,

|hK Wo(z)| = 1/3 </ V (x,t)|v(t |dt+hV b(z,0)|v(0)] —l—hV{”b(m,x)v(xﬂ).
We obtain,
o Ifb<uz<t<b+ C1h?*/3, then,
Vi (2, 1) o, () ||vg, (2) 71 = O(1)e R f(Va=B)2/h,
e If b<a<b+Ch?3 <t <0, then,

e—Re [F(Ve—E)"/?/h+Re [} (Vi—E)'/?/h
Vi(t) — E|M/*

Vi (2, )[vg,, (D)o, (2)| 71 = O(R'°)

o If b+ C1h%? <2 <t<0, then,
o—|Re [(Va—E)"/?|/h+Re [} (Vi—E)"/?/h

Vi(t) — B4V (z) — B/

Wy, 0)[vg (1) [vg (@)~ = O(h'/?)
Hence, we have VY, (,1)[vy,(t)||v5,(2)| 7" = O(1) as h — 0. Thus we have
VA OO, e IV )o@ e, 1) < Clvlleqs, ny-

When b < 2 < b4 C1h?/3, there exist constants § > 0 small enough and « > 0 such that

b+6
/ VY (@, ) g, () |[vg (o)~ dt = 0(1)/ e~t=2)/hgt 4 O(e= /My = O(h).
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On the other hand, if b+ C1h%/3 < 2 < —§ with ¢’ > 0 small enough, there exist a constant o such
that

’

0 /
/ VI (0, Dloy (8l (@)1t = O(1) / e t=D)/hgy 1 O(e=/m) = O(h).

x

Finally, when —d¢’ < z < 0 there exist constants «, 8 > 0 such that

0 0
/ VI () oz, ()] oy, (2)| 1 dt = O(R173) / e B~V gy 4 O(em M) = O(/9),

x
Hence, we obtain

< Ch5/6||”||c(v;h,h)7
C(vyp:h) "

0
H [ Vit o
b

which completes the proof of (4.4). Noting that there exists a constant C' > 0 such that C~1 < |vfb(b)\
and [v, ,(b)| < Ch'/%, we obtain (4.9) by the similar calculation as above.

(v) Finally, we shall prove (4.5) and (4.10). We shall estimate the terms in (4.11) We obtain for any
b<a,t<0,

_ —|Re [* _ 1/2 e [t _ 1/2
Va,p(, 1) |03 ()] |3, (2)] 7 = O(R/3)eIRe S (Vam BV RN heeite [ (Vo ) 0/,
Hence, we have Vg,b(x,t)|v2i7b(t)|\v2i’b(x)|_1 = O(h'/3) as h — 0. Thus we have
Vol DO los, e Va2 o@ o, 2 < Cltllews, .

We have for any b < x <0,
0 0 ‘
[ Vasla i, Ol ) e = 0 [ e = 0.
Noting that there exists a constant C' > 0 such that C~'h'/¢ < v;:b(b) < Ch'/%, we obtain (4.10) by

the similar calculation as above. O

4.2. Fundamental solutions on /..
We define the fundamental solutions of P; — E on I. as,

) = gy (500 [ et eon, @ o oeo),
o) = gy (500 [ et sz, [ i e,
00 = gy () [ et e, [ e,
K400 = gy (50 [ enowa @ [ o).

for v € C(I.).
Then, one can prove exactly as for Lemma 4.1 that we have,
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Lemma 4.2. As h goes to 04 one has,
1K, Wl 2o,y = O,
IAE LWl 2ot ny) = O(h'/?),
IR K2 WV 2ot my) = = O(n'/?),
IREE TV ooy = O,
1ME LWl 2ot nyy = O)

Moreover, there exist complexr numbers ozj,c,ﬁl,c,ﬁéfc depending on v such that,

hKs JW*v(c) —ay vg'c(c)

hoy (Ko W*v)(c)) 81126() ’
hK1 Wu(c) B v1 c
(K1, W) (e = el g R ol

)
(c)
) )_ ( (C)) (vic(C))
@) =P \o.5,00) * e (o0 (0))

c>) = P ( (C<)>>
and

:I: =4
jazel < Cllvlles s 0nel < CRY 0l oqs_nys Bael < CHClolleqr s 1Brel < Clivllews ny-

Iy W o(
hd, (K W™
hKy JVv(c)

(e,
<haZKf(§zVW* ()
(noriioms
(h (K1 Wo)(

4.3. Fundamental solutions on [;, and I%.
For any k € N we set

C(Iy) :={u : Iy — C of class C*; Z sup [u ()] < +oo},
0<j<k xzely,
C(1%) == {u : I% — C of class C*; Z sup [u) ()] < +oo},
and |ullco(r,y = Xo<j<k sup, g, [u(z) ), lullco(r,)y = 2o<j<k supxel%|u(x)(j)|. We also define the
fundamental solutions K 1 : CY(I) — CZ(I1) and K g : CP(1%) — CZ(1%) of P; — E on I, and 1%
as,

x b
Kalolo) = e (um |+, [ uzba)v(t)dt) ,
for v e CP(I1) and
x —+oo
nlelo) = gt (1500 [ wtpie v [ o ontoa).

for v € CP(1%) respectively. Then one has the following lemma.

Lemma 4.3. As h goes to 04 one has,
(4.12) K2, LW | £(co(1,,)) = O(h),
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(4.13) IhEy LW | cqoor)) = ORH0),
Moreover, there exist complex numbers ny, 0y, 0, such that,

(1.14) (rontiiwinn) = (o)
415 (iakwntn) = (st
(4.16) (hazl((;(’i %ng)(b)) =0 (8:1{135,?3))) ’

and
ol < CR¥®ullc 1,y 105 < Ch™Y0lull oy, 165 < CR/S.

Proof. We set,
iy = max{[uy |, [hdpui |},
ﬂ;b = max{|u2i)b|7 |h3$u§fb|},
Uy r(x,t) = afb(x)ﬂib(t)l{mm} + aib(x)ﬂfb(t)l{bm},
Up, (1) := 03 ()5, () Lgpcay + g, (2) 03, (D) 10y

By an integration by parts we have,
b
|WK 1 . Wo(z)| = O(h~/3) (/ Uy, (z, t)|v(t)|dt + hih, 1 (, b)|v(b)> ,
—o0

and

b
|hK> 1 W*u(x)| = O(h1/3)</

Us, 1, (z, t)|u(t)|dt + hL{27L(x,b)|v(b)|>.
For any z,t < b we have
Uy 1, (z, 1) = O(W/3)eIRe 2 (Vam )21/,
Hence we have Us 1, (x,b) = O(h'/3) and there exists a > 0 such that,
b b
/ Uy 1 (2, t)dt = 0(h1/3)/ e~lz=t/hgr — O(n*/3),

which proves (4.12). By the similar calculation we obtain (4.14).
Next we estimate U, 1,. For any 6 > 0 small enough, there exists a > 0 such that,

o If |t —al < C1h?/3 or b— C1h?/3 < t < b, then for any —oo < z < b,
Ur r(z,t) = O(1).
o Ifa+Cih23 <t < b—Cth/?’, then for any —co <z <b
Uy 1(x,t) = OhY/O)|t — b|71/4,
° Ifa—?dgtga—Cth/?’, then for any —oo < z < b,
Uy 1 (z,t) = OhYO)|t — a| 712,
e Ift <a—26and x < a—J then,
Uy 1(x,t) = O(hY/3)ealt=2l/h,
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e Ift<a—26and a— 6 < x <b then,
U (2, ) = O(M/O)eelt—ertolin

Hence we have U 1(z,b) = O(1). Moreover, when = < a — ¢ we have

b a—26 a+Cyh?/3
/ Uy 1 (z,t)dt = 0(h1/3)/ e*a“*z‘/hdtjt(?(l)/ dt
—o00 —o00 a—C1h?2/3
b b—C1h?/3
+ 0(1)/ dt + O(hl/G)/ [t —b| =4t
Clh2/3 a+Clh2/3

a—Cyh?/3
+ O(hl/ﬁ)/ It —a|~Y4dt = O(h/9).
a—20

When a — 6 < z < b we have
a+C1h%/3

a—28
/ Uy 1 (x,t)dt = O(h1/6)/ e‘a|t—a+5|/hdt+(9(l)/ dt

CL—Cl h2/3
b—Cy h?/3

b
- (9(1)/ dt + O(h'/%) / [t —b|~Y4at
b—Cyh2/3 a+Ch2/3
a—Ch?/3

4 0(h1/6)/ it — =1/t = O(hV/),
a—29

which completes the proof of (4.13). By the similar calculation we obtain (4.15).
Finally, we shall prove (4.16). By an integration by parts we have

b
|1, LWy, (b)] = O(h~1/?) (/ Uy (£)g  (£)dt + hal,b(b)azb(b)>a1+,b(b)7
— 00
Since 1, 4, (b) < Ch'/% we have iy, (D)iag 4, (b) < Ch'/S. As for the integral we have

b b
/ a;b(t)a;b(t)dt=0(h1/6)/ e~ lt=bl/hgy — O(R7/9),

—o0
which proves the estimate for the first element of (4.16). The estimate for the derivative follows from
the similar calculation. O

In the same way as for Lemma 4.3 we have,
Lemma 4.4. As h goes to 04 one has,
IhE1 gW | £(co19)) = O(h),

1R K2 W || £(co(rs)) = O(h=/9),

Moreover, there exist complex numbers 1., 0., 0., such that,
( hK1 rWu(c) ) ( ufc(c) )
hoy(K1,rWu)(c) @Cufc(c) ’
( hK gpW*u(c) )0 ( UZC(C) )
hoy (Ko, gW*u)(c) Dpuz ()’
)

hKQ,RW ul,c(c) _ 0/ UIC(C
ho. (K2 RW*uy .)(c) T 8qu+’c(c) ’
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and

Ime| < Ch5/6HU||cg(1g)a 10| < Ch_1/6||u|\cg(1%)7 07| < Ch¥/°.

5. SOLUTIONS TO THE SYSTEM

In this section, we construct solutions to (2.1) on each interval. By Lemma 4.1, the operators
My == h2Ko yW* Ky ,W, M| = hQKQVbW*KLbW and M| := hQKgbe*K]/./be are O(h'/?) when
acting on C’(vfb, h), C(v; p: 1) and C(vy,, h) respectively. Therefore, we can define

N (ﬁb +hELW Y2y Mg(hKZbW*vfb))

wy, = ]
Lb =50 M} (hKa pW*o,)
wh = (‘hKi,bWijo_(]\{é)jU;,b)
20 ijo(Ml;)Jvz,b ’
wo = <_hK£/,bWZj>o(lMél)jvz,b> .
b ijo(M}i/)]U;,b

These are solutions to (2.1) on I, and we have,

+
+ U1 + 0
wl,b — < 0 y w2,b — vg:b y
as h — 04.

In the same way, the operators M. := h*K; WKy W*, M/ := h*K; WKj W* and M/ :=
h2Ky WEKY W* are O(h'/?) when acting on C(vy,,h), C(vf, h) and C(v; ., h) respectively. There-
fore, we can define

£
[

o ( > im0 (MOv, )
_hKé,cW*ijo(Mé)]Ufc ’

wy, = > jso(Me)Yvr,

! —hEG W 3o (ME) vy )

+ ( _ijo Mg(hKl,ngét,c) >
2e " i + WEy W Yo MI (WK1 W v3,))

These are solutions to (2.1) on I, and we have,

+
+ Ve + 0
’LULC—) ( 0 y w27c—> Uétc s
as h — 04.

The following lemmas are consequences of Lemma 4.1, 4.2 and the definitions of fundamental solu-
tions. The estimates for the derivatives follow observing that if v is any of the functions vjfb, vfc, j=

1,2, the order of dv(0) is that of v(0) times A~ 1.
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Lemma 5.1. There exist complex numbers vib, 7;1)7 C;:b and 6% 7 =1,2 such that,

3,07
wivo = () - (°

b
0
ov + ov 81}
outy o) = (L) (TR0 Lot o)

ufy = (i St — () )+ 0w, 00,

G

>+Oﬁﬂvﬂ>)

v3,(0) + 03,05, (0

0 — ’Yz,bavw( )+ G5 3”150 0 1/21,+
O 0) = ( 31}2 b( )+52 bav2b a”;b + Ol |8U2’b<0)‘)7

s

o 0 0 ,
0200 = (4,0) 1 35050 = (o)) + OO0z, 0.

_ 0 1/2
020 = (g5, 0) 1 d5,005,(0)) = ( ) + 0210z, 0)).

Lemma 5.2. There exist complex numbers ’yfc, nyi’C, CLC and 5]ic, 7 =1,2 such that,

55%“1 C(O) 0 1/2

wiE 52ica”1 c( ) _ 0 1/2) gy £
3 2,c(0) (8’02 C( )+'72 c81}26(0)) - (811; (0)> +O(h ‘a 2,C(O)|)a
+

| vy v
wy(0) = (’yf‘ L(0) + o] e ()O)> ( 1e(0) (h1/2‘711+,c(0)‘)7

;_ ( ) + Cl cv2 ,C 0
Oy (0) + &1 .0vy. SO > _ ((%T,C(O)) + ORM2(0v7,(0))
V2,c ‘ 7
1,

+ _
%M@‘( F Ot (0) + L0

i 0) (”Am+?”“®) (") + o2,

We also define the solutions on Iy, and I%. By Lemma 4.3 the operator My, := thl’LWKQA’LW*
and Mg = h?Ky gW* K1 gW are O(h?/3) when acting on C(I1) and CJ(I1%) respectively. Thus we
can define,

wy g = Z]>O ML“1 b ;
’ —hKy tW* Zpo L“1 b

e _ijo L(hKl,quz_,b)
’ Uy, +hEo LW 370, My (hKy1, . Wuy ) ’
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on I;, and
wy g i [ e RELRW Y50 M} (hKy gW*uy,)
1 i (1 *, — )
7 _ijo Mp(hE2 W ul,c)
wa, R = —hELRW Y20 Mﬁuic
’ ijo Mlj%ug,c
on I%.

For these solutions we have the following proposition corresponding to [3, Proposition 4.1].
Proposition 5.3. The solutions w; 1, and wj r, (j = 1,2) satisfy,
wjr, € L*(I1) ® L*(I1) ; wjr € L*(I%) @ L*(1%).
6. CONNECTION OF THE SOLUTIONS

In this section we investigate the connection of the basis wjib and wji’C and that of w; 1, (resp., w; r)
and wj-tb (resp., wfc). We define the 4 x 4 transition matrix 7" as follows:

+ +
Wy p Wy ¢
wy wy

1,b _ 1l,c
w =T w

2,b 2,c
Wy Wy ¢

From now on, we set,

A1 = /0 \ Vl(t)—Edt/h, Bl :/C vV Vl(t)—Edt/h,
b 0

Ay = / VVa(t) — Edt/h, By = /0 VVa(t) — Edt/h.
0 b

Lemma 6.1. One has

t11 ti2 ti3 tia
T — tor too loz tog
t31 T3z 33 T34
tyn ta2 T4z taq
O(h1/2eAlfBl) 0(6A1+Bl) O(hl/ZeAlng) o(heA1+A2)
O(G*AI*BI) O(h1/2€7A1+B1) O(h1/267A17A2) O(h1/267‘41+‘42)
O(h1/2eBQ—Bl) O(h1/2eBQ+Bl) O(h1/2eBz—A2) O(eBQ-'rAQ)

0 O(h1/2e=B2+B1) O(e=B2=42) O(h1/2e=BatAz)
Moreover, one has,
(6.1) tia = (14 O(h'/?))eM1+81
(6.2) tzq = (1 + O(h1/2))et2 B2
(6:3) o = —h'/2 /e A (V1 (0) — B)V(V](0) - V3 (0) 1
- (ro(0) + 71(0)1/V1(0) — E) + O(he~ 41~ 42),
(6.4) tan = B2 meBr B2 (V4 (0) — B) V4V (0) - V3(0) 712

- (ro(0) + r1(0)4/V1(0) — E) + O(hePrB2),
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Proof. First, we consider t15. By Cramer’s formula we see that

+ + + -
W[wl,m wl,b’ w2,c’ w2,c}

(6.5) t1o = .
W[wl,c’? wl,c’ w2,c7 w2,c]

For the calculation of Wronskians, we will use the following notation: If w is any of the vectors of
functions wjib7 wfc, 7 = 1,2 and written as

wie) = ()

we set,

wy ()

w(x) := 313;1(%)

Ows ()

To estimate the remainder terms in w we notice

vi5(0) = O(AYPe=A), Guf,(0) = O(h™™/0e™ M),
©6) v33(0) = O(hY%e*P2), duy, (0) = O(h™>/0e*P2),
vie(0) = O(RCe*Er), aut (0) = O(h™/0e*),
v3(0) = O(h9eE42), dug (0) = O(h™?/%e42)

nigl0)\ (O Te)
v, (0 O(h™H/2ex
Wit,b(o) = 161’( ) + (9((}12/361,41)) ;
0 O(h=1/3exA1)
0 O(h?/3e+B2)
B 0 O(h—l/BeiBg)
wy,(0) = ”2i,b(0) + O(h?/3exB2) |
(6.7 03, (0)) o 1sen)
. vfc(O) O(h?/3e*+b)
¥ —1/3,+B;
+ oy = | 9vie(0) O(h™ /e=71)
Wl,c(o) - 1b + O(hQ/Se:I:Bl) )
0 O(h=1/3¢Eb)
0 O(h?/3etA42)
" B 0 O(h—l/zseiAg)
W2,c(0> - U;C(O) + O(h2/36:|:142)
0v3.(0) O(h=1/3eEA2)

The Wronskian W[w{c, Wy ., w;c, w, ] is written as the determinant
W[wf,c? w;,c’ w;m w;,c] = det(wic(0)7 wic(o)’ W;:C(O)7 W;,C(O))

We calculate the determinant using the multilinearity with respect to columns. We regard each
column in the determinant as the sum of vectors whose upper or lower two elements are 0, and expand
the determinant into determinants whose columns are such vectors. Then the order of the upper and
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lower two elements in the remainder terms in (6.7) are those of the upper or 1ovver two elements of the

leading terms multiplied by h'/2. Thus by (3.1) and the definitions of v 3 and vj ., we have
(6.8) Wy o wi e w3 o wy ] = Wy, vf,c]vv[v;,m vz + O(h™%)

4 —5/6
(6.9) W[wfc,wfb,wic,wic] = W[vic,vib]W[vIC,v;C] + O(h=%/6eA1+B1)

= 2:4/3 et L O/ 0B,
T

By (6.5), (6.8) and (6.9) we obtain (6.1). By the similar calculation we obtain (6.2).
Next we study to3 and t3o. For the calculation of higher order terms we notice

Uib(o) O(h2/3€7A1)
— oy Ay ,(0) O(h1/3e=4)
Wl,b(o) - _hKQ,bW*'U;b( ) + O(h7/66_A1) ’
—hd(K2pW*vy,)(0) O(h/6e=A1)
—hK7j Wy b( ) O(h™/6eP2)
—hd(K! , Wy ,)(0) O(h'/6eB2)
W+ 0) = 1,b 2,b 4 ,
2,b( ) U;r,b(o) (h2/d B2)
(6.10) 5l o)
' vf . (0) O(h2/3¢B1)
o .(0) (’)(h‘l/seBl)
+ _ 1,c
wl,c(o) - _hKé,cw*vl (‘(O) + O(h7/6€Bl) )
—hd(K5 W*vy ) (0) O(h'/6ebr)
—hKy Wov; . (0) O(hT/6e=A2)
~ oy | —hO(Ky Wy ) (0) O(h'/6e=42)
W2,c(0) - vic(o) + O(hQ/BefAz)
8112_76(0) O(h~1/3e=42)

Since W[vic,v;b] =0, we have
W[wi‘:c,wic, w;b,wic] = W[vfc, vic}W[—th,bW*vib,v;c]
+ WIog o, v JWI=hEG W0 vy ]
+ O(h~ /3= A1—42)

0
:_h*W[u{C,v;c]e*f‘?*&/ vy, (W * oy, (t)dt
b
(6.11)

FRTWon) [ e (OW T (0
0
+ O(h V3= A2y
:h*W[v;C,v{jc]/ uy ()W ug 5 (t)dt
b

+ O(h™V/3e M= 42),
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As for the derivative of u , for 2 near 0 we have

Oy ) = (L O(0) g = (Vi) — B/ tem I V@O,

1
h8/6\/7
We apply the stationary phase theorem to [, Uy [ (H)W*up p(t)dt. Estimating the derivatives of
uiL(t)W*uiR(t)ef; VVa(r)=Edr/ht [/ Va(r)=Edr/h pear () by Cauchy’s integral formula, we have

[z owi poa = 22 000 - 50 0) - vie)
v | Ve

(10(0) 4+ r1(0)y/V1(0) — E)e 41— 42

+ O(h4/36_A1_A2)_

Here we used V1(0) = V5(0). From (6.11), (6.12) and that

(6.12)

W[wim wl_,m wl_,b7 wQ_,c]

tog =

)

+ — + —
W[w1,67 wl,c’ w2,c7 w2,c]

(6.3) follows. In the similar way we can obtain (6.4).
As for t41, since by Lemmas 5.1 and 5.2 upper two elements of Wop Wi and wic can be written

vic
¢ (6) ’

we have t4; = 0. As for t14, since we can see by Lemmas 5.1 and 5.2 that we need to choose re-
mainder terms from at least two columns of the determinant det(wfc,wi c,w; o Wi ,), we obtain
t14 = O(heA1t42). The estimates for the other terms can be obtained by the similar way as above. [

as

To make some of the elements of the transition matrix 0, we change the basis on I and I..

Lemma 6.2. There exist complex numbers a;, Ej,éj,(fj, 7 = 1,2 such that if we set,

4+ e+
Wy p = Wy py Wop = Wo s

ﬁ)ib = w;b — dlwf:b — dgwib,
ﬁ)ib = wib — Elwib — ngiw
u~)1,c = wic’ 12];_,0 = w;_,c’

u?ic = wic + Elwfic + égwic,
zbic = wg’c + d}wic + d}wic,

the matriz T defined by

~+ -+
Wy b Wy e
W, ~ | Wy
1,b _ 1l,c
'U~}+ =T ,w+ )
2,b 2,c
Wap Wy ¢

has the following form;
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with tyz and tso having the same asymptotics as tas and tsy respectively. Moreover, we have the following
estimates.

i = O(h1/2€72A1), Gy = O(hl/QefAlfBg)’
B _ O<h1/2e—A1—B2~) ’62 _ O(h1/2 —232)
& :(9(}11/267231)7 & 70(}11/2 —B1— A2)
dy = O(h2e=Br=42) dy = O(h}/2em242),

Proof. We define a;, Ej, ¢; and Jj by

as

o) (

bo

ai

(51 ) '
Then, it is easy to see that T has the form as in the lemma, and by Lemma 6.1 we have

)

tog
(2}

too
203

t14
34

t12
t32

)-(
-

da

C1

tia (€
t34

dq

t13
t33

t11
t31

t12
t32

a

;) = (tiotsq — t1atza) ' <

—t14
t12

too  tog t34

(2P} t44) <—t32

b

O(h1/2672A1)
O(h1/26_A1_BZ)

(

O(h1/2672B1)
O(h1/26_Bl_A2)

g

¢ _
aé) = (t1atss — t1atsz) " (_

O(h1/267141732
O(h1/2e—2B2)
tsa  —tia

tsa  ti2 > <

O(h1/267B17A2)
O(h1/2e—2A2)

))7

t11
t31

)

t13
t33

)

O

+

b andw

Note that w o, and w . have the same asymptotics as w;
We next con81der the connectlon of solutions at b and c.

. with respect to h respectively.

Lemma 6.3. Set aj,b;t, ji,alji as follows:
wy,, = Dy (af D 1b+a;wfb+a2+w§rb+a5@5b)
(6.13) Wa2,L = Ll(b;rﬁ’ b+b Wy, + b3y, + by by,),
. wy,r =D (C +Clw1c+c2w20+02w2c)
’U)QR— ( wlc+d_wl_c+d w2c+d wZC)

where Dy, and Dg are Wronskians

W[w?_b wl b w;_lﬁ W,y 2

+
1 c7w2 c7w2 c]
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Then we have

8 A(E _
(6.14) af = 5575 08 (h ) + O(R™5/8),
~ 4 . AE _
(6.15) ay = —5 73 sin (h ) + O(h™%/6),
(6.16) af = O(h~1/?)
(6.17) b =0(h1?)
4
+ _ —5/6
(6.18) b3 =~ +Oh /6y,
(6.19) by = O(h™1/?),
4
+ _ —5/6
(620) ci = W +O(h / ),
(6.21) ey =0O(h™1?),
(6.22) cx =0~ 1?),
(6.23) df = O(h=1/?),
4e'% 7
+ —5/6
(6.24) df = ——ga5 + Oh /6y,
2% _
(6.25) dy = TRV + O(h™5/9).

Proof. We start with a] . By the Cramer’s formula we have

+ _ o
ay = W[wl,va1,b’w2,baw2,b]~
By Lemma 6.2 there exist o > 0 such that

WIwi, 1, By, W3 s Wa ) = WIwr,L, Wy, w3y, w5 ] + O(e=/M).

We use the notation w as in the proof of Lemma 6.1. The Wronskian in the right-hand side is written
as the determinant;

Wlwr, L, wy w3y, w5 ] = det(wi, 1 (b), wy , (0), W3, (b), Wy, (D))

By Lemma 4.3 we have

(6.26) wi,r(b) =
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By Lemma 4.1 we also have

v1,(b) O(h'/?)
~ oy | ou,(b) O(h=1/%)
Wl,b(b) = (’)b + O(h) ;
0 o(1)
0 0
0 0
(6.27) Wy, (b) = vi o (b) + om3y |
‘%Zb(b) O(h=1/3)
0 (h5/6)
B 0 hl/G
Wy (b) = vy (b) + Eh2/3;
dvy 4, (b) O(h=1/3)

We calculate the determinant using the multilinearity with respect to columns as in the proof of
Lemma 6.1. Then the order of the upper and lower two elements in the remainder terms in (6.26) and
(6.27) are those of the leading terms multiplied by h'/2. Thus we obtain

T B - - + - —5/6
Wlwi, L, wy y, Wy, Wy ] = Wuyy, v1 ) ]Wvgy, v5,] + O(h /).
From the definition we have uj , = uj ., v], = uj . Hence by Proposition 3.3 we obtain

4 A(E)

Wluy vy, = bfw[“fL,RauiR] =T Ty, (n'/%).
Since v;b = es"‘/hu ol and Uy = =S2/hy, + , we have
_ _ 2
W[U;,b’UZb] = W[“Q,Lvu;L] = _W(l + O(h))

which completes the proof of (6.14). The proof of (6.15) is similar.

The estimates (6.16) and (6.17) follow from the calculation of the determinant as above, Lemma 4.1
and Lemma 4.3. We can prove (6.18) by the similar calculation as in the proof of (6.14). The estimate
(6.19) is obtained using W[v;b, Uy ,] = 0. The estimates (6.20)-(6.25) are obtained in the same way as
(6.14)-(6.19). O

7. QUANTISATION CONDITION

Proposition 7.1. E € Dy is a resonance of P if and only if,
A(E)
h
where f(E,h) and F(E,h) are analytic for E € Dy, f(E,h) is real for real E and

F(B,h) =0(h'7?),
F(E,h) = — 4%, <sin A(E)> e M2V (0) - B) 2

(7.1) cos + f(E,h) = hF(E,h).

h
-(V{(0) = V5(0)) "1 (r0(0) + r1(0)3/V1(0) — E)? + O(h'/2e™2417242),
Proof. As in [3], E is a resonance if and only if wy 1, we 1, w1 g and we g are linearly dependent, that
is

(72) Wo(E) = W[’wLL,U)g’L, wLR,wgﬂR] =0.
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We substitute the right-hand side of (6.13) for w; 1, w; r in (7.2) and develop the Wronskian as a sum
of terms of the form C'(h)W[wy, w2, ws,ws] where C(h) is a constant, wy,ws and ws,w, are chosen

from wjfb, (j =1,2) and wji,c, (j = 1,2) respectively. If only one of the w;, (j =1,...,4) is chosen

from w;,, or w; ., then by the form of T in Lemma 6.2 we can see that Wiwy, we, ws, wy] = 0. Thus
by Lemma 6.3 we have

D} DEWo(E) =(afb3 — by ag)(cl d3 — df )W, iy, 0] .03 ]
(7.3) +(arby —byag)(ef dy — df e )Wy, gy, 0, B3 ]
+ O(emax{Ai=Bi—Ax+ By, —Ai+BitAs=Ba},
By Lemma 6.2 we can easily see that
Wy, w;b, W Wy ) = tastso W], W7 o, B, D3]
= fggfggW[w;C, Wy ., wfc, w;)c],

and by Lemma 6.3 we have

32 A(E)
atby —blal = —1573 <cos — + f(E,h)) ,

16174
-y cfdy —dfeg = _W(l +O(h'/?)),
7 16 (AB) |
ay by — b a3 =~ smT—l—(’)(h )]
_ _ 8e'd
CfdQ _diFCQ = 7T4h8/3(1+0(h’1/2))7

where | f(E, h)| = O(h'/?) uniformly with respect to E € D;. From the construction of qu and uli’R
we can easily see that f(E,h) is real for real E. We can also see by the similar calculation as in the
proof of Lemma 6.1,

T 4
WISy, W3 4, W1, Wy o) = — T e Azt BB (1 1 O(p1/2)),
(7.5) =i
W o Wy W W3] = =g (14 O(RH2)).

By (7.3), (7.4), (7.5) and asymptotics of o3 and t32, we have

21leidy A(E
D DEWo(E) =—515575 ( (h ) 4 f(E,h)) et A BB (1 4 O(h1?))

9,
29h€174/3 <Sin A(hE)> e~ At BB (1(0) — B) 12
s

-(V{(0) = V5(0)) " (r0(0) +71(0)y/V1(0) — E)?
+ O(h_31/6€_A1_A2+B1+Bz).

Therefore, Wy (E) = 0 is equivalent to

O S KU

-(V/(0) = V3(0)) " (ro(0) + 71(0)/ V1 (0) — E)?
+ O(h3/2672A172A2)'

COS

(7.6)
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8. COMPLETION OF THE PROOF OF THEOREM 2.1

In order to solve (7.1), we first observe that the roots of cos(A(E)/h) = 0 are given by E = e (h)
with,

ex(h) = A1 <(k + ;)wh) €ER, kcZ.

For sufficiently small @’ > 0 we set [ = I 4 [—d’,d’]. Then since there exist constants m, M > 0 such
that for £ € I we have m < A'(E) < M, the estimate |ex(h) — e;(h)| > wh|k —1|/M holds. Since A(E)
is holomorphic in D; (see, e.g., Fujiié-Ramond [4]), by the Cauchy’s integral formula we have for fixed
C’ > 0 and z € C such that |z — eg| < hC’"/2

cos Al _ Rt A (ex) (2 — ex)

h
2
1 1 (z—ek> cosA(Od(.

% [¢—er|=C"h C —Z C— €L h

Since A’(ex) > m for ey € I, f(E,h) = O(h'/?) and

1 L (z—e)’ Al
2mi ]{geH_C'hC—Z (C—€k> €8 h “

by the Rouché’s theorem we can see that for sufficiently large Cj > 0 and sufficiently small A > 0,
cos A(z)/h + f(z,h) = 0 has a unique solution & (h) in B(ex; Chh3/2) for e, € I and conversely, all the
roots in Dy are of this type. Since f(E,h) is real for E € R and by (8.1) there exists a number C' > 0
such that [~CC{hY2, CCHRY?] C {cos(A(E)/h); —Chh3/? < E — e}, < CLh3/?}, we can see that é(h)
is real.

Estimating the remainder terms by the Cauchy’s integral formula as above, the left-hand side of
(7.1) is written as

(8.1)

< Ch™ 2|z — ek\Q,

cos % + f(z,h) = — h Y1 (A'(ér(h)) + O(hY/?))sin @

+O(h™2)z — & (h))?).

Thus again by the Rouché’s theorem we can see that for sufficiently large C{] > 0 and sufficiently small
h >0, Wo(E) = 0 has a unique solution Ej(h) in

B(ék, Cv(/)/h2€—2A1—2Az)7

and all the roots in D; are of this type. In the same way as above we also have

2) (=~ en(h)

AL _ o ACD) | 2,02y
Hence substituting Ej(h) into (7.1) for z we can see
h2mi

Bi(h) —éx(h) == —; Al(ex(h)) e 24 7242(V1(0) — Ex(h)2(V/(0) = V3(0) "
(r0(0) + 71(0)7/V1(0) — Ex(R))? + O(R%/?)e~ 241242
from which Theorem 2.1 follows.
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