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CHAPTER 1

IXTRODUCT TON,

1. SIGNIFICANCE OF PLASTIC STRENGTH ANALYSIS IN PLASTIC DESIGN

-,..The htincipal design criterion of the conventional "allowable stress'
desigﬁ,pethod or elastic design method is the allowable stresses. The-elastic
designéf:has-to select -first a reasonable set of member cross-sections for a
strucﬁﬁre:giqh_tha help of his.design experiences, calculate stresses caused
by §$xﬂga1 sets of working loads or design loads by means of elastic stress
analysis apd then check if the predicted stresses are all: within the respec:
tive allowable stresses. The elastic designer is often inclined to believe
that the gredicﬁéﬂ,stresses are precisely the "absolute actual stresses"
occurring in an "actual state" defined by a set of design loads. This- is in
many cases not true. The elastic designer is able to predict only the struc-
tural behavior under the design loads which could be superposed on a state of-
initial stresses if the structure were to remain entirely glastic, In any
comp;g;,frame of practical interest, initial stresses such as residual stresses"
due £g,ypllipg and cambering, stresses induced at erection and due to imper-’
fect fabrication and those due to foundation settlements, etc. are so great
that they cannot be neglected if an "actual state of stress' is to be found.
Thgr§ggqctural behavior under subsequent external disturbances such as design
loads will not in geperal be purely elastic and involve irreversible defor-
mations .due to lacal plastic deformatiom, slips in connections and differential
settlements. It appears therefore almost endless and in many cases almost
meaningless to make an effort to find "absolute actual stresses"

The Fequirement that the stresses calculated by means of the elastic
stress analysis for the design loads must be within the respective allowable
sgﬁgsggs_dogsfno; necessarily imply that the actual :zbsolute stresses shall be
within the respective allowable stresses. Such a calculation is meaningful ih
the sense that it gives an estimation on the order of magnitude of stresses
which would occur under ‘the working loads if the structure were to remain
purely elastic, and that it serves also for the purpose of estimating deflcc-

* This has been stated in many books:Ref.[7-23]. particularly in Ref.[12]
. 1



tions and overall structural stiffnesses. Any rational design method should
include these two elements but they are not sufficient for a designer to be
confident of the overall safety of his structure.

The principal design criterion of the plastic design method in its
simple and narrow sense is the 'plastic strength based upon ductility'. Not
only the material but also the moment-curvature relation or the generalized
stress-generalized strain relations in general need to be ductile and stable
in the sense that the relation curves do not involve portions of negative
slope within the usable range of a deformation measure. The well-known simple
plastic theory of frames is based upon the stable rotation capacities of plas-
tic hinges. The ductility and stability of a generalized stress-generalized
strain relation may not necessarily imply that the overall behavior ‘of a
ductile structure is always stable as will be discussed in Chapter 3.

In contrast to the elastic designer making a reasonable guess in
selecting member sections, the plastic designer needs to construct only one
possible state of equilibrium in order to design a frame without assuming
member sections.y]From the plastic designer's point of view, the elastic moment
distribution in a frame is merely another state of possible equilibrium stress
distribution. A direct design of a steel frame is possible -in the sense that
a set of member section properties can be directly found as a solution of the
problem of minimizing the structural weight writtem in terms of plastic moments.
This problem will be discussed in Chapters 2 and 4. By constructing a reason- -
able- state of equilibrium stress distribution for a structure under a set of
loads defined by multiplying the working loads by an adequate load factor, the
plastic designer can be confident how safe his structure will be under the
working loads.

The value of the load factor represents the margin of the overall
strength safety of the structure against the working loads. The overall strength
safety of a ductile structure directly depends upon the accuracy of plastic
strength analysis. In the simple plastic theory, a number of factors affecting
plastic strengths are neglected. They may or may not act in favor of load-
carrying behaviors. Unless their effects are estimated or at least bounded by
some means, the plastic designer cannot be fully confident of the true strength
safety of his structure.



2. SIGNIFICANCE OF PLASTIC STRENGTII IN $FRUCTURAL TOUGIINESS
While ductility is a measure of the strain to fracture in materials
engineering terminology [ 1 ] and is the term used for describing the property
of a material - to undergo large plastic deformation, toughness is a measure of
the plastic work for fracture and is the tcerm used for describing the capacity
of a material to.absorb large-amount of ‘energy Similarly. structural duc-
tility or overall ductility is defincd as the term representing the capacity
of a étructure to undergo large deflcction involving large plastic deformation.
The overdll plastic strength of a structure and its overall ductility are both
based upon -the ductility of the material and the ductility in the generalized’
stress-generdlized strain relations. If the overall plastic strength of a
structure ‘can”be .described by a single load factor and if an appropriate defor-
mation measure is.chosen so that-the-areaz under the relation curve will repre-
sent directly.the work, then the total work may be analogously called the )
structurnl toubhkness OF overall toughness representing the capacity of the
strigture to dbsorb-large amount of energy in its plastic regions before the
stru¢ture collapses or reaches its uitimate state. The overdll toughness of :
a structure is thérefore governed not only by the overall ductility but als&e'
by the plastic strength. ¥
Fig.l shows one of the numerical results presented by R. Tanabashi,
S. Ishida and the present author for perfectly-plastic multi-story 'frames of
a weak-beam strong-column type [ 2 |, { 3 ], The overall structural rotation

Sst |
area umnder the lvad factorABST'curve will represent the energy absorbed by the

introduced by Ishida:[ 3 ] is the deformation measure chosen so that the

frame. The precise definition of BST will be given in Chapter 3. In the
cooxdinate system.-of Fig.l, the ordinate of a point on the curve represents
directly: the rate. of work done by the-horizontal 'loads per unit value of gST‘
The -overail -piastic. strength is therefore mnéothing but the rate of ener::w
absorption.- - : B :

‘TheVstrength .safety discussed in the preceding section will be appro-
priate only for the working loads which can: be replaced by static loads. For
varying dynamic disturbances such as strong motion earthquake disturbances, .
the direct replacement ‘of- the resulting inertia forces by some equivalent

static forces may not be justified well. The significance of the overall

3



toughness of a ductile structure in earthquake resistant design was first
pointed out by R. Tanabashi in 1935 [ 4 ],[ 5 ]. The theory now termed as
"The Velocity-Potential Energy Theory" may be summarized cssentially as
follows: The effective intensity of the ground motion due to an earthquake
disturbance ‘acting upon a structure is proportional to the square of the maxi-
mumn velocity and the resistance of a ductile structure against the earthquake
is governed by the potential energy that the structure can store before it
collapses. What has been called the potential energy by R. Tanabashi is the
structural toughness defined above. The latter part of the Tanabashi theory
may be restated in other words as that of maintaining that the appropriate
measure of safety of an earthquake resistant ductile structure is the overall
toughness safety. In the toughness design method defined as that method
whose principal design criterion is the overall toughness safety, a ductile
structure is designed so-as to possess a prescribed amount of total energy
absorption capacity. If a certain limit is prescribed from practical point
of view not necessarily from the rotation capacities of plastic hinges, on the

amount of a representative deformation measure such as 6_. until up to which

it is desirable for the structure to absorb all the conczzvable maximum amount
of input energy, then a specific value of the load factor associated with the
deformation measure and hence the overall plastic strength of the structure

can be determined. The ratio of the overall toughness of the structure to

its energy absorption capacity prescribed represents the factor of the toughness
safety. In practise, however, not only the overall toughness but also the
overall plastic strength of a structure are considered to he taken as the
principal design criteria.

The problem of the toughness design is thus seen to be reduced to that
of plastic strength analysis in its broader sense, or in other words to the
analysis of variations of load-carrying capacities. In order to evaluate the
energy absorption capacity of a ductile structure, it is necessary to find
load-deflection relations in the plastic range. Load-deflection relations
may be affected by changes of geometry which may become more significant as
deformation proceeds.

The investigations of load-carrying capacities in finite deflection
ranges may be said to be of an unrealistic nature in a sense. The plastic
design loads for a structure determined usually by multiplying the working

4
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toads by an adequate load Tactor represent o conceiuahlyrworﬁt'possfﬁlc.
combination of loads and are therelore of a hypothetical and ﬁnrcuf_nﬁfurc
ad pot eapected to occur in o reality, Yet the strength sufeLy.TuClnf of the
structure under the working toads can be confirmed oxplicitly only uftﬁr a
purely hvpothetical strength analysis has been made.  The concepts of the
stroneth design aad of the toughuess design may therefore he said to be
close to. the concept of the "hazard analysis'". The importance of il huzard

analysis in any enginecring design has been empha51zed by Y. Yokpo ru*ﬁntlv

| o ]. In summary, the safety of a structure under a working copdition can

be contfirmed quantitatively only hy invesfigating conceivahly po%sihlb exLri-
ord|n||\ hazardous states. The present work is devoted to methods btfaanVQis
of luld carrving capacities in the sense of the limit analysis theorems and

methods ur analvsis of load-deflection behaV1ors in the plast]cgrange-and in

the straln hardening range.

3. PROBLEMs OF PLASTIC STRENGTH ANALYSIS _

-Useful methods and solutions of limit analysis of elementary struc-
tures have been summarized in books : Baker, llorne and Heyman [.7-], Neal [ 8 ],
Heyman [ 9 |, Massonnet and Save [ 10 }, Tanaka [ 11 ], Baker and Heyman [ 12 Iis
for beams and frames; Prager [ 13 ], Hodge [ 14 ], and Tanaka [ 15 ] for more
general prohlems including plates and/or bhells, Wood [ 16 ], ‘Sawczuk and
Jaeger [ 17 | for plates; Olszak [ 18 ]}, Hodge [ 19 ] and Mlkeladze [ 2027 for
shells. Nore practical problems of elastic-plastic analysis of frame elements
have been-treated in detail in books by Beedle [ 21 ], Tall et gl[ 22 ] and
Galambos ‘[ 23 ]. Several extemsive surveys are also available [24 .25, 26 1.

W1th the use of electronic digital computers, the flnlte element and
finite d]fference methods and mathematical programming methods are now power-
ful computqtlonal methods applicable not only- to.materlally or Feometrlcallv
nonlinear problems but also combined materrally and geometrically nonlinear.
problems [ 27 1. In spite of a great deal of previous papers conuerned w1th
methods and solutions of plastic strength analysis, several ‘important factors
affecting ﬁlastic strength analysis still need to be investigated further.
Although reference% Elosely related to the problem of each chapter in the
following Wiﬂfdbe cited and reviewed in the respective introdictory section,

a brief review on the factors aftecting plaétic strength analyses considered

6



here and related problems will be helpful for .: !vrstanding the motivations
and scopes of the following chapters.

The load-carrying capacity of an elastic-perfectly plastic structure
subjected to proportional loading has been defined as the load intensity at
which plastic deformation could occur under constant loads if all the changes
in geometry of the structure were neglected. Within the limitation of the
linear strain theory (infinitesimal deformation theory )}, the well-known
theorems of limit analysis [ 28, 29 ]| can be applied to the structure. So
far as the load-carrying capacity and the associated stress field of a struc-
ture at plastic collapse, are of interest, Hill's theory [ 30, 31 ]| on rigid-
perfectly plastic structures may as well be applied. Analytical solutions
have, however, been obtained only for some simpler problems and axi-symmetric
problems. For practical complex structures such as shell roofs, approximate
analytical solutions can only be obtained uniess nurerical methods are
utilized. Not only numerical solutions but &lso aoproximate analytical solu-
tions are useful for understanding the naturc: of problems and for ready
estimates of collapse loads.

The load-carrying capacity of an elastic-perfectly plastic frame
depends certainly upon the cross-sectional properties of its members. In
practice, the direct plastic design of a complex frame is of great interest
as well as its analysis. If the load-carrying capacity is the sole design
criterion and if minimization of the structural weight is the sole design
objective function, then the Foulkes theory [ 32 ] of linear minimum weight
design can be applied within the limitation of infinitesimal deformation as
a crude first approximation. While the linear programming techniques are
directly applicable to the problem, analytical solutions for regular rectan-
gular frames if obtained explicitly are useful for direct designs and for
understanding the nature of linear minimum weight designs. More general and
realistic methods of optimum design have received considerahle attention
during the last decade [ 33 ]. Methods of synthesizing building frames still
need to be developed further in more practical formulaticns.

For a ductile structure subjected to varying repeated loads due, for
instance, to earthquake disturbances, the structural toughness and elastic-
plastic behavior under load or strain cycling need to he investigated. If

the cyclic stress-strain relation is assumed, as a first approximaticn, o
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be of a perfectly-plastic type, the stress variations in framed structures
inchuding Timit analysis amd qhqkedown piroblems can be traced and 1nvest1gated
by appIVLng h;eenberg 5 1hunrem [ 34 1 with Prager s 1nterpretat10n in a
stress qpﬂco ALTUa] thtervT1L stress-strain. curves of structural steels
nuh|0Lled to blfalﬂ cycling are not of nxperféet]y pl astic type and 1n general‘
not similar to the respective virgin stresb—%ttaln curves, The 1deallzat1on

to the perfuct—ﬁlnsticiiy for strain cycling prohlemq will therefore be a .

1

Tratiher crude ry}si approximation. A better predlutlon of'the structural tough—
- “ )

ness ol such a structure can only be made if a.rea]:stlr hyaioxe ic stress-

strain relation fitting vrpérimonrql results hetter is dO]lVLd and applled

The UFJEwponding ST nL—Lulvn1ure relation WJ]l n general be raLhcr compli-
cated auﬂ not conveniuny fur application to the analysis of structural touéh— l
ness of a frame unless sopc simplification is éoﬁsidered by idealizing cross-
HLL!IOHJ] panpertraa o’ the members. : -

The equdtuon» of eavilibrim for a slender structure qﬁd its load—
carrying cnpucrty may he sredtly influenced by the changes of ypcometry wﬁich
oceurs butore the theoretical load-carrying capacity is attained. 1t is noﬁ
wol | -knawn tﬁat the so-called Pa-effect in a structural frame decreases the
to 1d-L1r1)|ng Lqpﬂthy predicted by an. 1nf:n!t9.1mal deformation theory.
whereds the momhrnne action developed in a latorally-loadcd plate as the
delflection is incrcnﬁcd, acts in ravur of ihe luad carrying behavior so far
s din-plane ﬂisylucemcnls are VCStfuJHLd,HIOHL thg houndary . It does not
appear, however, that the load-carrying behaviors of structural frames, plates
and shells in the ranges of larpe dgFlectinraccippnnying plastic defdfmation
have béen clarified well

if the ¢lfect of changes of geometry @r 1 purov(]y-pinstic structure
"suppn”eﬁ.s“.es.'l a load factor-dellection curve of (e structure, elastic-plas-
tic 1n§tahiiify phenomenpon will hecume af gfeat impdrfun;g} 35 ]. The load-~
carrying capacity of such 4 structure may be def%nﬂd hy the maximum penirvalué
of the load factor. If, on the other hand, the tiIL(L uf qcnmetriga} non-
linearity acts in favor of the qud carrying hchaV|ur of "51rnctﬁfe no maxi-

mum peak value Of lhu load tdLlur appea!* and the |I LllLanp vude]tY may

he saJd to 1ncrease db deILCtJUHb are lnLIEGbEd _ lhu 10|d carrylng capaCJty

+

of a structure in Lhe f]n]te defltctlon range. must th91ulnle be descr1hed with

Ay @

respect to u state of d formation. The plaqtlg strengt. dnu1v s of structures

8



then nccessarily means the analysis of load-deflection behaviors, The present

work will include not only methods of analysis of load-deflection behaviors in

the pla;tic range within the infinitesimal deformation theory, but also methods
of analysis of some combined materially and geometrically nonlinear problems

and methods of designing framed structures based upon the plastic strengths.

4. SCOPE OF THE PRESENT WORK

Table 1 shows a classification of the contents of the present work in
accordance with material properties, loading conditions, types of structures,
and magnftudes of deflection. Not only methods of limit amalysis and design
of perfectly-plastic complex structures subjected to monotonic loadings, but
also ‘méthods of rigid-plastic and elastic-plastic analysis of simpler structures
and structural elements involving various factors affecting plastic strengths
will be presented. Most of the chapters are respectively based upon the
author®s papers which have been published previously. The remaining chapters

also contain some new results which have not been published as yet.

Table 1 CLASSIFICATION OF THE CONTENT
(Numbers indicate Chapter numbers)

STRUCTURE BEAMS, COLUMNS § FRAMES PLATES § SHELLS

DEFLECTION SMALL LARGE SMALL LARGE
MATERIAL ~

. ~ LOADING

MONOTONIC

LOADING 2, 4 3 10, 11 12
PERFECTLY: .-
PLASTIC VARIABLE

REPEATED 5

LOADING

MONOTONIC 13 14
STRAIN- LOADING :

6

VARIABLE
HARDENING REPEATED 7. 8,9

LOADING




The pethods of strength analysis in the present work are based upon-“
two common underlying principles of approximation: ( 1 } the sandwich ideali-
zation of cross-sections not only of beams and columns but also of plates and
shells and ( 2 ) the piecewise approximations to yield conditions.

The idealization of an actual moment-curvature relation in the absence
of axial force for a bar member to an elastic-perfectly plastig¢ relation
corresponds in essence to the idealization of an actual H-section to an equi-
valent sandwich section. It will be shown in Chapter 9 that the sandwich
idealization is useful also in predicting cyclic load-deflection behaviors
of H-beams subjected to alternating plastic bending. Trussed or latticed
plate or shglllroof structures may also be idealized, to a first approximation,
to anisotropic¢ sandwich plates and shells subjected to the Kirchhoff-Love
assumption [ 36 1.

' The yield hypersurface for isotropic sandwich plates and shells obey-
ing the von Mises yield criterion consists of two constituent quadratic
hypersurfaces. The yield hypersurface for uniform isotropic shells obeying
the Tresca yield criterion can be approximated very well by three pairs of
quadratic hypersurfaces as will be shown in Chapter 10. The advantage of the
piecewise approximations to the yield conditions lies in the fact that velocity
equations can be uncoupled from the equations of equilibrium and that explicit
general solutions can be obtained for the materially nonlinear problems. It
will be shpwn' that this advantage remains available also for geometrically
nonlinear problems of rigid-plastic shells.

Part I is concerned with methods of strength design and analysis of framed
structures. The problem of the linear minimum weight design is closely related
to the problem of the simple plastic apalysis in the sense that the latter can
be regarded as a problem of restricted design in which a 1imit load factor and
a set of fixed ratios between the members of a frame are both given.‘ Several
classes of general solutions are obtained for regular rectangular multi-story
frames in Chapter 2 and for simply-supported and clamped Vierendeel frames in
Chapter 4, An elaborated method in which both of the interaction yield
condition and the effect of changes in peometry are taken into account will be
proposed in Chapter 3.

While the assumption of the perfect plasticity simplifies load-deflection

analyses and enables one to treat analytically regular frames consisting of a

T



targe number of bar members, it is not a jood approximation for problems of
structures subjected to variable repeated loadin.g in the strain-hardeping
range Methods of load-deflection analysis for linear .. ' nonlinear strain-
hardening beams and for lineartairainﬂhafdening columns will be developed in
Lhapters 6&9 of Part 11.

Pdrt 11! consisting of Chapters lu 12 will be concerncd wjth plastxc
analvsis of ax:—cvmmetrlc aud mo - symmetric shells. Practically useful appro-
ximate vield conditions arve proposed in (hapter 10 for Axi-symmetric problems
and in Chapter- il for non-symmetric sandWich shells. It is shown in Chapter 12
that the velocity equations for finite deflection analysis are also uncoupled
from the equatlons of equlllbrlum and hence that general solutions can be
_ qhtdlned ,n slmple closed forms. e
. Two fundauental problems of numerlndl analysxs of materially and/or
geoin: trlcaII) nonlinear problems will be discussed in Chapters 13 and 14.

It is shown in Chapter 13 that the discretization errors can be considerably
reduced by using a higher-order finite difference boundary equations. -The
elastic-plastic stiffness matrix for a sandwlch shell element is derived in
Chapter 14 and its application to camblned nonllnear probleus will be briefly
described.

11
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CHAPTER 2

THE MINIMUM WEIGHT DESIGN OF A CLASS

OF TALL MULTI-STORY FRAMES SUBJECTED
TO LARGE LATERAL FORCES

1. Introduction

The minimum weight design of a broad class of tail multi-story frames
subjected to a class of lateral loads which are large compared to the vertical
loads on the beams is obtained in this chapter. A frame considered here consists
of horizontal beams and vertical columns with uniform cross-sections between
joints. Each joint is rigid enough to transmit the fully plastic moment of any
member framing into it. The problem of minimum weight design may be stated a§
follows: Given the center line dimensions of a frame and a set of static loads
acting on it as shown in Fig.l, what fully plastic moments should be assigned to
the members in order that the loads may be just sustained and the material con-
sumption is a minimum ?

This problem has been investigated in a more general form by Heyman [1],
Foulkes [2], [3], Livesley [4], Heyman and Prager [5], Stone [6], Kalker [7],
Tanaka [8], and Prager [9]. The principal difficulty appears to consist in the
discrepancy between the structural complexity and the size of the corresponding
linear programming problems stemming from the very large number of inactive
constraints. Even with Heyman’s and Prager’s method [5], Kalker’s program [7]
for an IBM 704 Computer can solve, in effecf, a 6-story 8-bay frame. It has not
been shown how powerful and convenient Tanaka’s method is for multi-story frames,
compared to the former. Although these computational methods based upon the
linear programming technique are quite general and automatic, they furnish a
solution, problem by problem, numerically. The general qualitative features of
the minimum weight designs can then hardly be studied for practical multi-story
frames. Furthermore, in view of the approximate nature of the linear minimum
weight design theory and the flatness of the permissible region, the exact
solution of a problem may not have to be obtained for practical purposes with so

much computational labor Calladine [10] has studied the minimum weight design

*This chapter is based upon the author's papers, "Minimum Weight Design of
a Class of Tall Multi-story Frames Subjected to Large Lateral Forces,i,II"
Trans. A.I.J., No.118(Dec.1965) and No.119(Jan.1966). The papers were
presented at the 15th National Congress for Applied Mechanics in 1965,
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of an isolated story of a frame with equal spans. This special case appears to
have revealed some interesting features of the minimum weight designs to a certain
degree.

The purpose of this chapter is to establish in an extremely simple and
explicit form the minimum weight design of a broad class of tall multi-story
frames subjected to sufficiently large shear resultants compared to vertical
loads. In view of the fact that the magnitude of vertical loads on beams hardly
change from the topmost story through the first story, whereas lateral loads be-
ing accumulated downward, the proposed design may readily be modified for the
case of comparatively large vertical loads in the upper stories, resulting in a
good upper bound on the minimum weight. This will be illustrated by a numerical
example.

The present minimum weight design should not, however, be adopted as a
practically desirable design without the following modification for the effect
of axial forces in twofold. First, the effect of axial forces in columns must
be taken into account in the corresponding yield conditions. A practical way of
augmenting the column sections will be illustrated in chapter 3. Secondly,-the
design must be modified for the additional moments induced by the presence of
large axial forces in columns and large elastic-plastic deformation at the ulti-
mate state of the frame. In view of the so-called Rankine formula [11], the
present rigid-plastic collapse load design plays an important role as a funda-
mental design in establishing the real ultimate strength design [15].

Besides the customary assumptions made in the plastic analysis of structures,
the following additional assumptions are made in this paper. (1) A designer
has at his disposal the continuous spectrum of structural cross-sections available
commercially. (2) The weight of a frame is estimated by a linearized weight
function [9].

2. Frame moments and equilibrium equations

Since a frame acted upon by a set of sufficiently large lateral forces is
considered heré, it may be assumed that the equal extreme values of the bending
moment in a memﬁer occur at its ends and any other section of the member may
attain this extreme value. For the sake of simplicity, we replace here all the
vertical loads on a beam by a single concentrated load acting upon its midspan
[12]. The potentially critical sections of the beam are then its two ends and
midspan. It should be observed that the collapse mechanisms in Foulkes’exhaustive

study [4] on a portal frame must be a prototype of a more general mechanism for
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a multi-story frame. The minimum weight design of internal bays of an isolated
story studied by Calladine [10] must also be a special prototype which serves to
suggest us a more general approach. It seems quite natural then to ask if the
extreme state can exist where plastic hinges have formed at all the end sections
of the members of a frame at collapse as shown in Fig.2. Some more hinges may
form at some of the midspans of beams. This is the starting point of the present
study. This approach is supported by the fact that, since a minimum weight de-
sign is ip general represented by a vertex of a convex permissible regiom, it
is a reasonable short cut toward the minimum weight design of the present class
of frames, to minimize the weight with respect to a limited number of appropriate
vertices and then to check if the corresponding mechanism satisfies the Foulkes’
mechanism condition [3].

Let us consider an f-story s-bay frame. The symbols are defined in
Fig.l. At such an extremely deteriorated state as mentioned above, all the end
sections attain their fully plastic moments and hence the number of unknown end
moments is equal to that of members if appropriate plus and minus signs are used.
It is assumed here that the direction of the shear resultant in a story is al-
ways the same as that in the topmost story. Since under the above assumption the
concentrated load on a beam merely determines the bending moment at its midspan,
we shall first concentrate our attention to the lateral forces only. In view of
the moment diagram in the elastic range, an appropriate choice of plus or minus
signs may readily be made as shown in Fig.3 and we may assume the corresponding
plastic hinge rotations as shown in Fig.2. The f(s+2) equations of equilibrium
however, do not in general suffice to determine f(2s+1) plastic moments uniquely
except when &=1. The degree of redundancy is therefore f(e-1). Instead of deal-
ing with f(2s+1) plastic moments, it seems convenient to define a " frame mo-
ment " In view of the linearity of the equations of equilibrium in terms of
the plastic moments without any slope-continuity requirements, we may split or
decompose the moment diagram at collapse into fs constituent elementary diagrams
for the fs rectangles as shown in Fig.4., and regard the original moment diagram
as the composite consisting of these elementary diagrams. It is noted that if
the lower ends of the first story columns are all fixed, imaginary ground floor-
beams may be supposed to exist for the frame moments of the first story rectan-
gles., Each elementary moment distribution is such that moment equilibrium is
maintained at the four corners with the same absolute value in the manner shown

in Fig.4. Such an elementary moment diagram is therefore complettly defined by
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this equal corner moment, whiéh will be called a ' frame moment"". The positive
frame momenf is defined as the one corresponding tﬁ the shear which has the same
direction as that of the shear resultant in the story. The frame moments illus-
trated in Fig.4 areqposifive when the shear resultant in a story is directed
from left to right. Let Mi;k denote the frame moment of the kaggrggctangle from
the left in the j-th story The k-th beam and coRN £r80 the left in the Jj-th
story will be called (j,k)-beam and (j,k)-column, respectively. Let Bj,k and
£

Jsk
It is noted that the subscript k in Cj X should run from 1 through s+l since

denote the plastic moments of the (Jj,k)-beam and (j,k)-column, respectively.

there are £+1 columns in a story. The plastic moments of any beams and columns

may be expressed in terms of these frame moments as follows.

Bioe Vi M Pra Yrk

: =M, ; =M, 4 4 = P
51 7 Y310 %k T Y1 P e CGien , MJ,,S M
(51,2, " el 2y 450, ) . "'

If there are ground floor beams, BO % = Ml % The equations of equilibrium
3 El

for the asswmed moment diagram are given by

Be1 ™ Cr1 Brke1 Bk T Crke Bre T Cpen

%17 G G B T BT St G -
Bj,s B Cj,8+1 y Cj+l,3+l

(791 52455 4 5 o i ﬁ=1,2l..y.,8)

for the f(s+1) joints and are satisfied identically by these frame moménts.
Therefore we may only have to write down just one equation of sway equilibrium
for each story In other words, f conditions of sway equilibrium for the fs
unknown frame moments leave f(s-1) degreesof redundancy as a whole. This re-
duction of the number of unknowns from f(2s+1) to fs is one of the advantages
of introducing the frame moments. The f equations of sway equilibrium may be

written as
g

f . . maT
ALM, =h; 2P (FolgZyw o5 F} ‘ (3)
k=1 458 wdg_g . \

where P, is the lateral load applied at.the Z-th’ story beam l®vel. ,
Some inequalify constraints must be imposed upon the frame moments.
The principal assumption in defining the frame moments has been the one that

plastic hinges have formed at all the end sections of the members, no other
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sections having violated the yield conditions. This assumption remains satis-
fied even if comparatively small vertical loads are applied together with the
lateral loads. If the simple-beam bending moment diagrams are superposed on the
assumed diagram in Fig.2, the resulting moment at any section of a member should
not exceed the plastic moment of the member. Conversely therefore, for a specific
set of vertical loads, there must exist the limiting smallest value to which the
plastic moment of a beam may be decreased in order to achieve the minimum weight.
Let V X denote the concentrated load acting upon the midspan of the (j,k)-beam.
Then the minimum values of the plastic moment of the (j,k)-beam may be obtained

as follows
L > /8y
& .k | } -
B.f,kz M.‘f,k * ,jﬂ k >(1/4) ik k (F=1,2,....,f-1)

As far as B. X and C x are all non-negative, M ik does not necessarily
.I
have to be non-negative. But it is assumed that the minimum weight design

satisfies the condition

¥ 2" (4b)

Then the problem of minimization may readily be dealt with by means of
the standard techniques of linear programming parametrically [16].

3. The minimum weight design

Any moment distribution represented by a set of M},k satisfying (3) and
(4) provides us with a complete solution since it satisfies all the equilibrium
equations, does not violate any yield conditions and corresponds to an overcom-
plete collapse mechanism. Let D denote the set of all the designs satisfying
(3) and (4). Let D denote the set of all the possible designs including D and
those designs which do not correspond to the present particular overcomplete
collapse mechanisms. The minimum weight design may be established in the follow-
ing two steps of a semi-inverse method.

(I) Assuming that the minimum weight design Dmin in D also gives the mini-
mm weight among all the designs in D, the weight is minimized subject to
the constraints (3) and (4) by means of linear programming.

(1) It is then proved that the overcomplete collapse mechanism correspond-
ing to D in indeed satisfies Foulkes’ mechanism condition for the class
of frames of practical interest. This proof justifies the above assump-

tion (I) since Dmin then satisfies all the necessary and sufficient con-
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dition for the minimum weight design [3].

The linearized weight function [3], [9] may be written as

F s+l g r
G=g|Th, ZC,,+51 EB.]
L’=1 I g=1 9ok gay K jay 95K
f 8 8 f
. 5)
-g[EZh.ZM. + 31, {M ,+2% M }] (
Je1 9 k=1 ok pay kT LK L, TdLk

where g is a proportionality constant. The problem is to minimize G given by
(5) subject to the constraints (3) and (4). The first step of linear program-
ming is to convert the inequalities (4a) into equivalent equalities by intro-

ducing fs slack variables xﬁ p as follows.
3

= (1/4)V

M f,kzk

Wk T Tk
7. 7, )

Wikt M Fie T W0k, T 20

There are now fe+f constraints in 2fe non-negative variables. In order
to choose fh+f basic variables appropriately, it is helpful to consider the
geometrical significance of the constraints (3) and (4) in a frame moment space
of fs-dimensions whose cartesian coodinates are Mﬁ,k' The constraints (3) de-
fine .a f(s-1)-dimensional intexgection of f hyperplanes in the fs-space. Only
that part of the intersection which satisfies all the constraints in (4) is the
permissible convex region. A vertex of this permissible region may be defined
by a set of f(s-1) equalities in (4a), provided that (4b) are also satisfied,
It is noted that for a specific value of k, the f frame moments Mj,k may be
uniquely determined by the f simultaneous equalities for M&,k in (4a). In other
words, the fs equalities in (4a) may be subdivided into s sets of those f equal-
ities. We may then choose any (s-1) out of the s sets to define a vertex. The
weight function (5) represents a family of hyperplanes in this fé-spaée for
various values of G. The minimum weight design is represented by the point or
points of tangency when the weight hyperplane is tangent to the permissible region.
With the help of this geometrical consideration, mj,k {k#m) may be chosen as the
f(s-1) non-basic variables where the subscript m is defined by

lm = Mzn.{lk}

k=1

The subscript msatisfying this condition may not in general be unique,
Let N denote the set of all the subscripts corresponding to the minimum beam
length. Then any subscript reVN may be chosen as the subscript m. The basic

variables ME X and ©sm may readily be expressed in terms of the f(s-1) non-

3 3
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sic variables as follows.

X
i

pa T MOVe gl * =

Mfll,k =(1/4)(Vf_l,k - Kf,k)zk + mf-l,k - xf}k
- . - -
Mj_,k = (1/4)lk{vj{k = Vj*'l,k ot (-1) 14 ,k} + xJ,k IJ*l,k L P
— (-l)fb‘jxf k (7)
L s f-i
My ™ Y 28 - T OB = Kt ot g
- Ede, =z, o ah.. (- 1)f J }
k#m JJk J 1 k f.’
x = (1/4)h P, - (1/4]22 -Ix
fom fP hVpk Lok
b s
. = . - r - L x.
LI, (1/4);1%;,? + (1/4]}13*17:_555 [1/4)k§11kva,k k#mxa,k

The corresponding basic solution may immediately be obtained if we set

=0. The basic solution is feasible if the following conditions are all sat-

2K
fied.
- T - f‘j
Vi = Viergae *er o (RL7 Vg, =0
z 7 I =0
k.'z‘P -k;nbk{vj,k = Vj“‘]_‘k +""'+ ( 1) Vf’k}
i=]
i 7 8
- > 8)
- Vo =0, hyIP i+ hy, 1P zzvk (
hfpf kzlzk fsk J i=j J"’l,l;:j*'i k=1 k' ds

In many practical problems where Vj,k does not increase radically down-
ard compared to the downward increase in the shear resultant, it may readily
> found that if these conditions are satisfied at the topmost story, they will
n general be satisfied at any other story  For instance, if V, k=Vk for all j,
3a) is alwavs satisfied and the remaining three conditions mathe satisfied if
f s
h. ¢ P, > Z s

Jogmg ¥ g © K

1ly those cases in which the conditions ( 8 ) are all satisfied, will be
nsidered in the following. If equations ( 7 ) are substituted into the

pression ( 5 ), the following expression of G may be derived:
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+ kzﬂ (zk-szjzl{umvj,k ¥ }J )
If m is the only subscript which indicates the minimum beam length,
then Zk-1m> 0 for all k#m. Then the basic solution obtained above by setting
xﬁ,k=0(k#m) in (7) is the unique minimal solution., If on the other hand, N
contains more than one element, then ’L‘k-l =0 for k€N and lk-1m>0 for kK éN.
In this case the coefficients of mJ (keN) become zeros. Hence the minimal
basic solution obtained by setting s P (k#m) in (7) is not unique and % m
may be exchanged with any other xg,p’ z'e‘ N, giving the same minimum weight,
Any linear combination of these minimal solutions will also provide a minimum
weight design. In the case where N contains the sole element m, the corre-

sponding plastic moments may readily be obtained from equations (1).

8
Bi = (WAL, (), B = (1/4)kaf -z (1/4)ka};k

il k2
= (/O TP+ (Y, T P, - z SO

J m Ji=j J+ L—J+1 k#m
f t-j f
CJ',;&'E (lla)zktf-'(-l) Vt,k + (1/4)Zk 1 E ( 1) f: K+l
7 (10)
(k#l, m-1, m, g+1)
(1/4)h { P. - (1/4) %1 { -1)Edy C mé
= p ;- - n=m-1, m; 1, 8)
s Iimp * Kn, “t= s
k#n+1
) Lt )
= /o, 1 1y, (e=1, s+1)
€4 e

Similar expressions may be obtained for the case m=1 or m=s. It is worth
noticing that the f(s-1) beams with length lk’s (k#m) are to be designed to carry
vertical loads in their respective spans and that the corresponding bays contri-.
bute little to supporting the lateral shear. The bay with the minimum beam lengtl
%ﬂ, on the other hand, must then be designed to carry the remaining part of the
lateral shear in each story. It should also be pointed out that in certain cases
the present solution results in columns of zero plastic moments. This theoretical
solution is a necessary consequence under the present assumption but appears un--
practical. Although the columns may be augmented by taking into account the

effect of axial forces as will be shown in Chapter 3, a more practical design ma)
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also be obtained by imposing further restrictions on the plastic moments. Such
a special class of minimum weight designs will be discussed later.

Foulkes' mechanism condition must be satisfied in Step (II) Since the
present problem involves f(Zs+]) independent variables Bj,k and Cj,k’ a minimal
design can always be found which has f(2s+7) alternative collapse mechanisms.
It is noted, in view of the solution obtained above, that since at least f(g-1)
midspans attain their fully plastic moments, plastic hinges may form not only
at their end sections but also their midspans. Hence there are f(s-1) indepen-
dent hinge rotations at the f(s-1) midspans as shown in Fig.S5c. There are f(s+1)
independent joint rotations and f different sway mechanisms. The total number
is equal to f(2g+1). Foulkes' mechanism condition may be stated as follows: ‘

A mechanism must be found by an appropriate combination of these alter-

native mechanisms such that, for every beam and column, | Hinge rotations

in (jyk)-beam ( or (j,k)-colum ) = a constant times the length of

(jsk)-beam ( or (j,k)-column ), respectively.  ........ [A].

It should be observed that all the (j,k)-columns with a fixed number j
in the j-th story have the same length hj. Hence the condition [A] may be sat-
isfied between all the (j,k)-columns in the j-th story if the same hinge rota-
tions Bj appear through all the upper and lower end sections of the j-th story
columns as shown in Fig.5a. Then fs ratios between f(s+1) sums of hinge rota-
tions in the columns satisfy the condition [A], leaving only f different sum§
for further study. In a similar manner, the condition [A] may be satisfied be-
tween all the (j,m)-beams (mEN) if the same hinge rotations y; due to jointiro—
tations and sways appear through all the (j,m)-beams as shown in Fig.5b. Since
zk>%n’ it is apparent that some more hinge rotations will be required to occur
in (J,%)-beam (kﬁéﬂ) As has been pointed out, a plastic hinge may appear at
the midspan of any (j,k)-beam (k§éNJ. Hence we may consider the collapse mech-
anism shown in Fig.5c where the same hinge rotations 2¢k occurethrough all the
hinges at the midspans of (j,k)-beams with a fixed subscript k (kgéﬂ) A simi-
lar mechanism may be considered for every different k€ N. Then the (f-1)s rati-
0s between fs sums of hinge rotations in beams satisfy the condition [A], leav-
ing & different sums for further study. It is now shown that the condition [A]
may be satisfied by a mechanism formed by an appropriate linear combination of
these f+s different mechanisms. Fig.5d shows the resulting overcomplete mechanism.
The sums of hinge rotations for the members may be tabulated as shown in Table 1.

The condition [A] may be satisfied if the angles of rotations are deter-
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Table 1

Plastic Subscripts Sum of hinge
Member moment Length 3 . P rotations
(j,m)-beam Bim I 1,2, fim 2y,
(j-k)“beﬂm Bi,t z.b I‘ZI"'lf;112l'”lm“1lm+ll"'!’ 2"’1+2¢b
(j,#) -column Cin h; 2,3,0,f11,2,00 841 24y
(1,&)-column Cix h, 1 i 142y a1 20, +4y
TABLE 2
Plastic Subscripts Sum of hinge
Member moment Length Ji Rk 4 rotations
(1,m)-beam Bym I 20m 2y,
(1,k)-beam B, s Iy s E3m 29 +29,
(j.,m)-beam By Ly 2,, f 2y +2 9y
(f,&)-beam By I 2,0, i ksEm 2+ 200+ )
(1,%)-column Cix hy s 1,2, 5+1 ¥,
(2,k)-column Cop h, 3 1,2, 541 26;+9,
(j,k)-column Cin hy 3,0, £ 1,2, ,5+1 26y
TABLE 3
Plastic Sum of hinge
Member moment Length rotationag
Beam B; L 259,
Internal column C; (s—1)ky 2(s—1)6;
G, (s~ 1)A, G=DE0++)
External column é; 2h; 48;
€, 2h, 40,424,
TABLE 4
Plastic Sum of hinge
Member moment Length mtatimlsg
Beam B, L 250y +9)
B, L 25y + 250,
Internal column Cy (s—1hy 2(s—1)9;
C; (s—1)h, (=1 +28,)
G (s—1)h, (s—1y,
External column off 2hy 20,
c. 2h, 2y,+40,
c, 2k, 29,
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mined as follows.
{1 ,(I/ZJlmG, by = (1/2)(1k-lm)9, Bj s (I/Z)hje.

61 [1/2)(h1-lm/2)6

where © is a positive constant.

(11)

Since w1;3¢k;30 and 6,0 by assumption, the condition [Af can Pe sat-
isfied by those frames which satisfy :

zlmZ 1,21, and 2h >1_ : ‘ a2

Thus it has been shown that the design defined by eqs.(10) for the frames
satisfying the restrictions (12}, indeed sﬁtisfy the three necessary and suf-
ficient conditions for the minimum weight design. The minimum weight design
for those frames which violate the latter of the restrictions (12) may be ob-
tained by modifying the first story members of the present design.

4. A class of the minimum weight designs of the frames such that 2k, L7 .

In view of ‘the fact that the Foulkes” mecchznism condition has been vi-
olated only in the first story columns and that §; is large enouéh to eliminétg
€,, it seems appropriate to modify the previous rechanisu as shown En Fig.é, h
where @; does not appear. (Bj, J>2 are not shown in Fig.6) The patte?n of
the mechanism shown in Fig.5 (d) is now considered only for that part of the
frame which excludes the first story columns. The cqual angle of rotation in
the plastic hinges formed at all the lower end sections of the second story columns
will be denoted by Y,. The equal angle of rotation of all the joints except the
first story joints is equal to Yy+y,. Corresponding to these modifications; a
collapse mechanism of beam type will be necessary for the first story beam with
the minimum span length Qﬂ This angle of rotation is denoted by L. The sums
of hinge rotations for the members of the frame may be tabulated as shown in
Table 2.

The condition [A] may be satisfied if the angles of rotations are deter-

mined as follows.

Y1 = 0, Yo = (lmfz'hl]e:
¢l’1’l = [Zm/2-h1)9, ¢k = {1k/2";i1]0: ¢'k = (1/2}(1k-zm]e’
Bj = (hJ./Z]O, 02 = (1/2) (hy+he-1 /2)6.

Since all the angles of hinge rotuation must be non-negative, the condition
[A] can be satisfied by the frames with those span lengths and story heights which
satisfy

zzmg 1

zzlm, 4h1;32k, 2[h1+h2), 4h1;31m;:2h1. (13)

k
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Corresponding to this modified overcomplete collapse mechanism, the de-
sign must be modified as follows. First, the general procedure of the FreyiouS'
section may be applied only to that part of the frame which excludes the first
story beams and columns. Secondly, all the first story beams shall be so de-
signed as to collapse under the vertical louads with plastic hinges formed at
their midspans qnd both ends. Thirdly, the first story columns may be designed
almost jin any manner tu carry the shear resultant so far as the assigned plastic
moment of each cplumn exceeds the moment at its top end in conformity with the
direction of the hinge rotation. This is due to the fact that the first story
columns have the same length and that the weight function is linear

For a frame of single span, the frame moments are uniquely determined
only by (3) and the scvlution for this case will be included in Sec.z.b..

The regions of lm and ik for which the minimum weight designs have been

obtained, may be represented as Fig.8. The region R, is defined by the restric-

tion (12), whereas RZ by (13). In view ¢f the restrictions in terms of hl and
hz, it may be well expected that a similar modification may be extended to the
remaining region of 1k;3Zm‘>0.
5. Frames with equal span length.
Consider a special class of frames such that Zk= ! for all k. The linear-

ized weight function (5) may then be written as

f s 8 f s
G=g[E2h, (LM, ,)+1(ZM ,)+2lL (M )] (14a)
g=1 9 xeg oK r=1 19K 522 k=1 VoK
Substitution of (3) into (l4a) furnishes
f T f f
G=gl I (/2}h "L Pi + (1/4)£h1 P+ (/)T Z . kP.] {l4b)
j=1 J ?'=J £=1 2 j=2 Aj__‘.zJ. L

In order words, the weight is uniquely determined only by (3), without
regard to the other constraints (4)  This implies the following geoinetrical
significance. The weight hyperplav. 13 paralle 1 *he intersection of j hy-
perplanes defined by (3) The constraints (4) truncate this intersection. &
achieves the minimum weight when 1t covincides with this infersection bounded by
(4) Unless this bounded intersecticn 1s a point, any poinc thervein represents
a minimum weight design. Even though /4 is unique, therc exist aany minimum
weight designs. The corresponding overcomplete collapse mede need 2t include
the beam type meg¢hanism such as shown in Fig.5c¢c. The Foulkes wechanism condition

may readily be examined for both of the case 2h, >1 and t!- case 2h1§;Z. Ircluded

1
in this class of designs is the special case where
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\Mj,k = MB for all k with the same J,
satisfying all the constraints (4). This is a design such that all the beams
and all the internal columns in a story have the same plastic moments, respec-
tively and that the two external columns in a story have half the plastic moment
of the internal columns in the story.

2

The aforementioned simple example leads us to the special class of de-

6. Frames such that MJ. k- Mj for all k with the same j.

signs for the case of unequal span lengths such that

Mj,k = MB for all k with the same j (15)
This implies that all the beams in a story have to be assigned the same plastic
munegt and altogether form a large total span with the length defined by

L=1I lk, and that, in view of egqs. (1), the plastic moment of an internal col-
umnkf% a story must be twice as large as that of the external columns in the
story. In view of (15), the equations of sway equilibrium (3) may be written

as

T
Mj = (hJ./4b‘)£EJPi (16)
Substitution of eq. (16) into the weight function (5) provides
f f ! b
¢ =gl(/2) LRI P, + (L/2s)h TP, + 2% h. L P]
j=19 i=j z=1 d=2 9i=j

Thus G is uniquely determined only by eq. (16) as far as the constraints

(4) are all satisfied. The corresponding plastic mcoments are given by

f f
(1/a8) (s TP, + b T Py

B. = i
J =] i=g+1
= = (17)
¢ (1/zs)hji£jpi, 2‘3. (1/4s)hji§jP_£

where Bj' 03 and E; denote the plastic moments of the j-th story beam, internal
column and external column, respectively.

Since there are only three different plastic moments in a story, the 3
f sums of hinge rotations for the 3 f spans must satisfy the Foulkes mechanism
condition. These sums are tabulated in TABLE 3.

The Foulkes condition can be satisfied if we determine y; and Bj as

follows. ,
W = (L/28)0, Bj =[(1/2)hje, 8 = (h1/2-L/48)0 (18)
In view of the limiting value of 6,, the present design gives the minimum

weight for the frames satisfying

2hlgL/s (19)
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This condition corresponds to the previous limitation (12). A slight

modification is necessary for those frames in which the restriction (19) is vi-
olated. The same technique as in Section 4. may be employed again to obtain
the modified mechanism shown in Fig.7. The symbols similar to those used in
Fig.6 are employed here in Fig.7. Each first story beam carries a different
vertical load and has the limiting smallest value to which its plastic moment
may be reduced in order to achieve the minimum weight. Now that all the first
story beams are to be assigned the same plastic moment here, the actual limita-
tion is given by the largest value among all these limiting smallest values.
As soon as the plastic moment of the first story beam is reduced to this largest
value, there exists at least one beam at whose midspan a plastic hinge may form.
Let & be the number of beams of the first story at whose midspans plastic hinges
may form. Let this angle of hinge rotation be 2 ¢,. The sums of hinge rotations
of the members may then be tabulated as in Table 4.

In order that the Foulkes condition be satisfied, ¢,,y,,¢; and Gj must

be given by
V1 = M0, Y2(L/28-hy)O, ¢ = (1/8)(L/2-8h1)0,
6; = (1/Dh8, 6, = (1/2) (hy+hy-I/25)0. (20)
All the hinge rotations are non-negative for the frames satisfying the
conditions
2(m+h2)>L/s>2hy, 2(s+s)hi/e>L/s (21)

These are the restrictions corresponding to (13)
7. Example:30-story frame of 2 bays.

A 30-story frame of two bays with equal span length carrying equal ver-
tical loads shown in Fig.9b is designed for the lateral forces distributed as
shown in Fig.9a, where the base shear coefficient is 0.10. The plastic moments
obtained from the general solution (17) are tabulated in Fig.9. The numbers
with asterisks in the plastic moments indicate the modified design of the top-
most story members by means of plasti: moment distribution. In order to restrict
the modification as locally as possible, plastic moment distribution has been
carried out under the constraint that the lower end section of the internal col-
umn of the topmost story is to be assigned the plastic moment twice as much as
that of an external column.

8. Concluding remarks.

The minimum weight design of a broad class of tall multi-story frames of
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ractical interest in an extremely simple and explicit form has been established
n this chapter. The theoretical solution serves to clarify the general features
f the minimum weight designs of regular multi-story frames subjected to compar-
tively large lateral shear. It should be remarked that all the beams except
hose with the minimum span length are designed to carry the vertical loads in
heir respective spans, and that the corresponding bays contribute little to
upporting the lateral shear. The bays with the minimum span length must then

e designed to carry the remaining part of the lateral shear resultant. This
esult appears to suggest, from economic point of view, the use of shear walls

r bracings. It is however noted that in certain cases the present solution
esults in columns of zero plastic moments. Even if the columns are to be aug-
ented by taking into account the effect of axial forces, this theoretical so-
ution may in some cases appear to be unpractical in view of the elastic-plastic
nstability just prior to collapse. Hence several special classes of restricted
esigns have been obtained.

The present design must next be modified for the effect of axial forces
ithin the simple plastic theory The simple plastic design so constructed must
hen be augmented against the effect of additional moments induced by the large
lastic-plastic deformation under the presence of large axial forces. Then the
ltimate strength design within the second order theory may be established.
his approach which has been suggested by the present author in Ref.[15] will
e presented in the next chapter and appears to be practically useful in its
implicity and directness.
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CHAPTER 3
OVERALL STRENGTH AND TOUGHNESS OF MULTISTORY FRAMES
AS DESIGN CRITERIA*

1. INTRODUCTION

The method of linear minimum weight design in the preceding chapter
is a simple but extremely idealized first approximation to more realistic
.plastic design methods. The quantitative results may be useful only if
proper modifications are made for various factors to be taken into account
in a realistic design. 1In plastic design methods it is usual that a plane
frame is required to carry more than one set of design ultimate loads. For
the overall strength saféty of a plane frame designed by the linear minimum
weight solutions, not only the interaction conditions in terms of bending
moment and axial force but also the effect of geometry changes must be taken
into account. A realistic method of design may be said to be a method of deter-
mining element sizes in a cost minimization process under practical constraints.

In previous investigations on practical design methods of a plane
multistory frame or building frame, it appears that, the stronger the
emphasis on the cost-minimization procedure is, the less precise the method
of strength-safety analysis is [1] and that, in design methods whose primary
concern is the realistic ultimate strength of a frame, the cost-minimization
procedure becomes of a secondary concern [2,3,4]. The recent paper [5] by
Holmes and Sinclair-Jones appears to have made an effort to incorporate both
phases in a direct method which does not depend on the use of a computer
analysis.

In the present chapter, the basic idea of a design method based upon
the overall load-deflection curves and the overall structural toughness
concept is described. The third phase of the present method makes full use

of the overall load-deflection curves obtained by the well-known stiffness

* The basic idea of the successive modification proposed in this chapter
was presented in "An Approach to the Last Hinge Point Design of Tall
Multi-story Frames' Proc. Symposium on Extermal Forces and Structural
Degign of Long-span and High-rise Structures, held in Nov.1964, Japan
Society for Promotion of Seiences, Tokyo, Sept.1965, ppl69-179.

The method of successive modification was originally proposed with res-
pect to the last hinge point displacement for which a method of estima-
tion without a large-capacity computer was available.
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matrix method. The significance of overall load-deflection analysis for
design purpose lies in the following points:(1) An overall load-deflection
curve represents the variation of the overall stiffness, the elastic-plastic
stability limit, the unstable behavior after the stability limit;(2) If an
appropriate second-order member stiffness matrices are used, all the possi-
bilities of any local failure of subassemblages can be detected;(3) If the
displacement axis is properly scaled as will be explained later, the overall
energy absorption in a frame can be visualized as the area under the modified
load-deflectjon curve;(4) When the second-order elastic-plastic-hinge stiff-
ness matrices are used, all the angles of hinge rotations can be obtained as
one of the computer outputs and therefore checked if they are all within
their respective allowable limits of the equivalent member end rotations;
and if a more elaborate member stiffness matrix is constructed, plastic
strains can be evaluated. Attention is confined here only to the overall
strength and toughness aspects of structural design. Although a practical
design must satisfy various requirements due to architectural considerations
and must be in conformity with legal design and analysis requirements, the
present chapter is concerned only with an idealized bare frame consisting
of idealized members without local out-of-plane member instability.
2. THE DESIGN PROBLEM AND OVERALL LOAD-DEFLECTION CURVES

The problem of ultimate strength design of a frame is usually
defined in terms of several sets of design ultimate loads and the respective-
ly corresponding sets of working loads. It has been customary to denote
the states of dead, live, earthquake, snow and Wind loadings symbolically
by G, P, K, S and W, respectively. The same notation will be used here to
Tepresent symbolically the sets of loads. A symbol @ will be used for
denoting a set of combined loads. One of the simplest choices of the sets

of design load# may be summarized as follows.

For strength design For defleetion check
GP GP
L.)\GG@)\PP LS G ® P
K K
L . G ® P @ MK kg ¢ ®P @ K
W W
" 6 @ P@® Ay Lg CP®P @ W
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where X w1th a subscrlpt denotes a load factor and where L and Lg denote sets
of cumbIned loads. The sxmplest problem of ultimate strength design may be
stated as follows. szén the aenterlnne dimengions of a regulqr rectangular
frarme B the three sets of destgn ulttmute Inadé LGT: and ¥ and the three
sets af sbrvtce Loads detenntne the eross-sectbons qf the members of B so

as to be able to sur'ort LOIL K and L . to minimize the cost of B under

the onstn;;uts due to archttecturul cvnaz&eratzons and structural detail
requzraments and to be able to remain :lastic Jor cirzecer due only tu Lgrl
L and L with a sufficient apernll stiffness which precludes undesirable
excesstve deflections.

The design_prpceduré for a plaﬁg multistory frame subjected to a

single set of loéds will be described first in Section 3. The procedure

will then be modified for a problem involving two load factors. A procedure

of dealing with a building frame consisting of regular rectangular parallel

frames will then be outlined in Sec.5.

While the interaction effect of axial forces can be taken into
account without difficulty as will be stated in Sec.3, the well-known pPA-
effect can be incorporated in a strength design method by defining the
required strength of a frame with reference to a certain prescribed state
of deformation. Since the pA-effect can be included in elastic-plastic [6]
or elastic-plastic-hinge stiffness matrices [7], it is now possible to trace
the load-deflection responses of a perfectly-plastic multistory frame and
in principle to trace responses of a strain-hardening multi-story frame
subjected to any quasi-static loading programs.

Fig.l shows a result of a numerical analysis of a ten-story frame
subjected to a set- of uniformly distributed lateral loads which are increased
proportionally to a load factor [7]. The over-turning moment-top sway angle
curves approach the corresponding rigid-plastic mechanism curve from below
as the rate of tapering in beam stiffnesses and plastic moments is increased.
The point of inception of the mechanism curve indicates the rigid-plastic
collapse overturning moment and is seen to be considerably above the maxima
of the elastic-plastic response curves. The mechanism curve represents a
simple estimate of the PA-effect by means of the rigid-plastic large deflec-
tion analysis by hand. The pPA-effect in a multi-story frame "suppresses"

the load-deflection curves so greatly that the curves will eventually have
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some negative slopes even before plastic collapse mechanisms have formed.

It is also observed, however, that even after the elastic-plastic stability
limit on a curve, the frame is able to support loads which are only slightly
less than the maximum and is able to absorb a considerable amount of energy
until up to a certain overall displacement. It is apparently natural to
define the overall strength of a frame for a design purpose with respect to
a certain prescribed value of the corresponding displacement scale.

For this purpose, it appears advantageous to use the concept of the
overall structural rotation of a frame introduced by S.Ishida [8] Let fé,
u; and Z. denote the lateral force acting upon the Z-th floor level of a
frame, the lateral displacement associated with f and the height of the
i-th floor level from the ground, respectively. The rate of work Wﬁ done
by all the f% s may be written as

du.

= If du, = NE(f, 1) (—) (1)

io 1
‘b

where A denotes the load factor to be multiplied on the standard state of
loads {f } The overall structural rotation is defined by

f au .
szz"'f R, (2)

where RM denotes the external resultant moment. The RM~BST relation
visua}ized as a curve on a (BST,RM)-plane is a one-degree-of-freedom repre-
sentation of the load-deflection behavior of the frame. It is then natural
to consider a design problem defined by the overall strength at a prescribed

overall structural rotation. On the (6

RMJ—plane, the design problem of
W

ST’

a frame for L and Lg may be stated as that of shooting a prescribed aim

(Bg Rgp) with an initial stiffness (or in other words with an initial angle
of attack) which should not undershoot the deflection check point (BWS,RWS)
A typical RM~BST curve is shown as the curve OFUV in Fig.2. The

energy absorption during an overall structural rotation BD may now be repre-
sented by the shaded area OFUR. The overall strength RM of the frame varies
with respect to 8., and represents the rate of work done by R, at 8., per
unit BST' As has been mentioned in chapter 1, the overall toughness of a
frame together with the ultimate strength are considered to be the appro-

K
priate design criteria for L .
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Although the concept of '"overall toughness design'' appears to be fairly
well-known since Tanabashi's proposal of the '"Velocity-Potential Energy Theory"
in 1935 [ 9 ], no practical computational procedure based upon the second-order
theory has yet been proposed for multi-story frames. If a frame is designed so
as to possess the energy capacity to absorb a prescribed energy Ab at a rate
not less than Rﬁp per unit overall structural rotation at some Ogp » the method
of design may be called an "overall toughness design".

The energy absorption capacity may not be defined uniquely, depending
upon the criterion on the deformation limit. It may be argued if it is appro-
priate to take into account , as serviceahle energy, that portion of the area
under the RyvBom curve with a negative slope as shown in Fig.2. In view of the
extensive numerical results [ 7,8 ], it appears possible to design a frame so
as not to possess a portion of a negative slope on the A 6. curve within a

M ST

range of a fairly small prescribed value of 8 Furthermore, slopes observed

8T
in the extensive numerical results[ 7,8 ] are only slightly negative within a
practical range of eST’ say 0.02. For these reasons, the attention in this
chapter will be confined only to the shooting problems,

In practical problems, the prescription of Ay, may also be written in

terms of BST if the RMmGSTcurve can be roughly regarded as an elastic-pgrfectly
plastic response as shown in Fig.l and 2. For, Ab and BST are related roughly,
by
4 E’K
) MD
Ocm = * (3
ST X s
MD E
where SE denotes the initial elastic overall stiffness of the frame. The aim

of the shooting problem is then defined by ( eg, HEDJ. The first condition of

the ultimate strength design underlined on p.34 must now be rephrased as '"to

support LK at Bg, LW at eg and LGP“

3. DESIGN PROCEDURE OF A PLANE FRAME FOR A SINGLE LOAD FACTOR

It has been frequently pointed out in previous investigations [ 1 ],
that, although the cost of a frame B is a function of the amount of materials
to be used, an exact minimization of material consumption does not necessarily
result in the minimum of the cost because of other factors including fabrication

and erection procedures. For instance, the columns and beams of two or three
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stories of a frame are frequently designed to have the same cross-sections,
respectively. Because of this circumstance, an explicit minimization of material
consumption for a frame will be carried out here only in determining the start-
ing sizes by means of the linear minimum weight design developed in Chapter 2.
The staiting sizes are then modified successively so as to keep the amount of
augmentation minimum necessary for supporting the additional moments due to the

Pa-effect.

Let the set of design ultimate loads and the corresponding overall
structural rotation (LD, eD) represent either (Lw , _egj or ( LK, fsg). A design
procedu;e for ( LD, eD) may be summarized as follows.

(i) RIGID PLASTIC DESIGN If a rigid-plastic multi-story frame is designed so
as to collapse in a mechanism of a weak-beam strong-column type, the additional

moments due to G @ P at § gr- Op can be taken into account in advance. An

initial assignment of the plast?c moments to the members of the frame can be ,
made by utilizing the linear minimum weight design solutions in Chapter 2 for
most stories except several stories from the topmost and by applying the '"plastic
moment distribution method" to the remaining stories so as to collapse in an
overcomplete collapse mechanism. The load-carrying capacity of the foundation
and the stability consideration will usually restrict the range of plastic
moments already in this stage. The initial design so constructed will be referred
to as DRP(ML

An assignment of the plastic moment to a member does not determine the
cross-sectional dimension completely. Furthermore, the plastic moment C. for a
column in DRP(M9 must be regarded as that plastic moment which has been ieduced
by the existing axial force Nj' Since DRP(M) is associated with an overcomplete
collapse mechanism, the axial forces corresponding to the bending moment diagram
at collapse may readily be found for all the members of DRP(M)_ The cross-
section of each member can then be determined so that 63 and Nj will just satis-
fy the (M, N) interaction yield condition associated with the selected cross-
sectional shape. There still remains one degree of freedom for a choice of the
stiffness of the member. The set of cross-sections of all the members of B for
LD will be referred to as DRP(M, N).

For instance, the interaction relation for a column with an idealized H

section ( sandwich section) may be written as



*
C .,

€t -f—; W=t (:J.’t (Fig.3) (4)

. J
where CB den?tes the plastic moment of the section when the axial force is
absent and Nj , the full{ plgstic axial force of the section when the bending
moment is zero. Since Cj /N& = H#  (half a depth of the sandwich section), the
bending stiffness of the member may still be chosen within a certain range. The
stiffnesses of all the members may be taken as independent variables with respect
to which the overall elastic behavior can be controlled within a certain
practical range.

It should be noted that, in the construction of DRPnM, NJ, the axial
forces in the columns at collapse of the frame will be different according as
the direction of the replaced static lateral forces. Two different DRPKM, N)'s
are obtained from a DRP(M) depending upon the lateral load directions. The
larger value of C.*or N.* will be chosen for each column. The design obtained
by modifying DRP(iL N) in this way will be referred to as ERP?E, N).The frame
of EHT7EL N) will collapse not in the overcomplete collapse mechanism of DRPﬂM)
but in a complete or incomplete collapse mechanism in which plastic hinges need
not form in some columns, possibly in all the windward columns. This justifies
a posteriori the assumption that the collapse mechanism is of a weak-beam
strong-column type. .

(ii) STIFFNESS AND STRESS CHECK AT SERVICE LOADS The design D'C (M, N) has
been constructed only with respect to the strength safety or to the toughness
safety. A stiffness and stress check at service loads is desirable in order to
preclude undesirable vibrations and excessive deflections. Such a check can be
made approximately in a similar manner to the approximate stress analysis in
the conventional allowable stress design.

The recent developments in the stiffness matrix methods enables one to
carry out not only the elastic analysis of complex structural systems consisting
of a large number of elements, but also the elastic-plastic analysis of these
large systems at least by means of the elastic-plastic hinge stiffness matrices
[7,8,10]and in future by means of more elaborated elastic-plastic stiffness
matrices [ 6 ]. Among many advantages of the stiffness matrix method, it should
be pointed out that, the method makes it possible to analyze not only the over-
all elastic-plastic behavior of a frame but also any possible local instability

so far as the stiffness matrix including the second-order effects is used. It
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Is therefore possible to assess the effect of elastic deformations of the members
upon the overall behavior of the frame, which has been neglected in DRPHV,N).
(1ii) SUCCESSIVE MODIFICATION FOR STRENGTH AND TOUGENESS SAFETY Let RMD denote
the external moment resultant of the design lateral loads represented either by

A K or AH Let the load factor to be multiplied on HED be denoted by u. The

factor u is used in order to represent the variation of the external moment

resultant with respect to 6.,. The load-factor-overall structural rotation

curve (uWGST curve) can be obtained by an elastic-plastic second-order stiffness
matrix method. Due to the effect of elastic deformations of the members of a

frame, a yv8,,curve of the frame of DRPﬁM, N) may or may not overshoot the

ST
design aim (BST’ u) = ( 8ps 1), depending upon the slendernesses of the members.

If the aim is undershot by a uné_  curve, DRP{M, N) must be augmented so that

ST
the curve would just shoot or overshoot the aim. The uv6_,, curve overshooting

(BD, 1) guarantees that the frame so modified and designeiTHill be able to sup-
port the design loads at bop= 8p- Not only any possibility of local instability
can be detected in the course of the load deflection analysis,but also the amounts
of plastic hinge rotations or of plastic strains can be obtained as computer
outputs. A detailed elastic-plastic analysis of a member alone can be made

separately and incorporated in the design at some stage of the above procedure.

4. DESIGN PROCEDURE OF‘ A PLANE FRAME

(i) RIGID PLASTIC DESIGN The additional moments due to the Pa-effect can
again be evaluated in advance for the larger rotation among Sgand eg. DRP(M)

must now be constructed for a lateral shear force diagram which just circum-
scribes both of the lateral shear force diagrams of XKX and AWW. 1f, for
instance, the lateral shear diagram of ALK for a portion U consisting of some
X, the portion U will not

K
participate in the collapse mechanism of LK and vice versa. It is apparent

upper stories to the topmost circumscribes that of A

that the moment diagrams constructed for LX alone or Lw alone are both
statically admissible. The plastic moments of members in several upper stories
must further be augmented so as to be able to support 3GP This design so
modified will be referred to as BRP(M} again.

The procedure of constructing:EFT?M; %) based upon the BEP}H) remains
the same as that for a single load factor in Sec.3, except that the axial forces

in columns must now be evaluated from the moment diagram at collapse under the
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circumscribing lateral shear force diagram. With this procedure, the stress
points (Nﬁ, Cﬁ] of the members corresponding to the two statically admissible

moment diagrams for Lk and LW will be as shown in Fig.3.

(ii) STIFFNESS AND STRESS CHECKS FOR WORKING LOADS Stiffness and stress
GP K

checks for L, , L. and Lg can be made either by means of conventional appro-

ximate methods of elastic analysis or in the course of load-deflection analysis

in (iii).

(iii) OVERALL LOAD-DEFLECTION ANALYSIS FOR STRENGTH AND TOUGHNESS SAFETY CHECKS
Let Rﬁ and Rg denote the external moment resultants of the design lat-

eral loads X and AWW, respectively, Let the load factors to be multiplied

on Rﬁ and Ry be denoted by uK and uW, respectively. Both of the ukﬂﬁm BgT

curve and uwh;meg} curve can be obtained by means of an elastic-plastic second

order stiffness matrix method. If the slenderness ratios of the columns are

so small that the effect of elastic deformations of the members upon the overall

load-deflection curves is not great and hence if no local instability phenomenon

occurs, both of the ukﬁﬁw egT curve and uwﬁzﬂBgT curve will shoot their respec-
tive aims (6%, BX) and (67, R")
DM DM

For a frame consisting of members of larger slenderness ratios, both
curves may undershoot their respective aims as shown in Fig.4(a) So far as
the curves SIEI) and S:,I) have been obtained, maqu=u}§I )and maxuw-tur:] ) are known.
The rigid plastic design procedure must then be repeated for the sets of mag-
nified lateral forces AKK/ufl) and Aw”’"?})'

It 'is in general difficult to shoot both of the aims within small errors.
It suffices, however, that either of SKcr SW shoots the corresponding aim within
a small error and that the other overshoots the other aim. The successive modi-
fication procedure may be made automatic in a computer once a program is written
for constructing a system stiffness matrix from a second-order elastic-plastic
member stiffness matrices. Fig.4(b) illustrates the set of URM&SST curves for a
frame which have met the conditions stated above within a tolerance limit.

The variations of the state of stress in a member with respect to BST
are also found from computer outputs. The result may be used to check the
safety of the member in view of a number of more elaborated analysis. Require-
ments on the cross-sectional details of a member must of course be incorporated
in an earlier stage. For instance,the thickness ratio of a flange must obey a

requirement obtained from a separate analysis and be checked in DRP(ML n.
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A numerical example due to Ishida and Ohta will be shown in the
Appendix to this Chapter.

5. PROBLEMS ARISING IN BUILDING FRAME DESIGN

The method of designing a plane frame may be extended to a three-
dimensional building frame by including interaction effects between a number
of parallel and intersecting plane frames. A building frame F of a rectangular
parallelopiped may be considered to consist of two groups of parallel plane
frames intersecting orthogonally on the plan. It is assumed that the principal
directions of sidesway stiffness remain to be these two directions of the

parallel plane frames even in the plastic range. The use of 8., may not be

appropriate for a torsional deformation mode. Let Fu (a=1,...,i§ and

FB (B=1,...,n) denote the a-th plane frame of group A and the R-th plane frame
of group B, respectively. Let {Fa} denote the structural system consisting of
all the parallel plane frames in group A which are connected by floor slabs.

The lateral design loads must now be pre%crlbed not only for {F } but
also for {F } and are denoted by (L , L ) and {L L ) respectively In order
to construct a DR (M,N), it is necessary either to assume a set of load-carrying
capacity ratios for [Fm} and for {FB} by architectural or structural consider-
ation or to seek for appropriate ratios by means of a weight- or cost minimiza-
tion procedure. DRP(M) can then be constructed separately for each Fu or FB'
Since a column belongsnot only to a Fa but also to a FB s it must not violate
two interaction conditions of the form of equation (3).

The load-deflection analysis must be carried out on {F } and {F } for
wly and L
tions between FJ@ and between F_ s in the process of constructing system

B
stiffness matrices. If the second-order elastic-plastic hinge method is applied,

and for uLW and uLw ,respectively by introducing connectlon condl—

the incremental analysis must be made with finer load or displacement increments
due to the circumstance that the next hinge must be sought among all the mémbers
of the parallel plane frames of the respective system.

A pair of shooting problems, one for {Fa} and the other for {FB} must
be solved by one and the same design., A column is subjected to a pair of modifi-
cation conditions due to the unbalanced story shears in {Fa} and in {FB}

and must be redesigned so as to satisfy both of the requirements,
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6. CONCLUDING REMARKS

A successive modification procedure has been outlined for an ultimate
strength design of a plane multi-story frame and an extention to a regular
rectangular building frame has been indicated briefly. Simplifications and
elaborations of various levels can be considered. For instance, if it has been
investigated for a class of regular rectangular multi-story frames that‘RMNGST
curves are mostly below the respective rigid-plastic collapse mechanism curves
by a certain amount which can be bounded roughly depending upon the structural
parameters, then a frame in the class can be designed by DRP(M, N} without
load-deflection analyses so far as the PA-effect have been included in a magni-

fication factor on the design loads.
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DESIGN TABLE FOR A 20-STORY PLANE FRAME

WIND EARTHQUAKE g | o) N, in 0¥ M 7w, m
StrjjlLat. Story tal |Lat. Story Total |[lat. Beam Column|Dead Lat. Totai 4 %
No. |force shear “Shear |[force shear shear |shear B. €. |load shear N, 4 c. 1.2c. A H A
J J J e J J e B B
ton _ ton ton ton  ton ton ton im tm ton  ton ton em  tm tm em*  lem oem*
20 (13.12 13.12 13.5216.33 16.33 17.13| 17.13| 24.50 24.50| -~ 28 0 28.0121 30.38 --- ——— 31.0 32.9
22.49 22.49( - 20+ 1.4 - 21.4|21 26.98 32.38 64.3|--- —==
19 [12.95 26.07 26.87(15.51 31.84 33.44| 33.44|51.90 29.41| - 40 - 11.2 - 51.2|21 40.24 48.29 95.8|31.0 69.8
18 '12.78. 38.85 40.05{14.69 46.53 48.93| 48.93] 72.30 42.81| - 60 - 25.0 - 85.0|21 60.66 72.79 144.4|31.0 97.2
17 112.60 51.45 53.05(13.88 60.41 63.61| 63.61| 98.47 55.66| - 80 - 43.8 - 123.8|23 84.13 100.96 182.9(32.0 128.2
16 |12.41 63.86 65.8613.06 73.47 77.47| 77.47123.45 67.79| -100 - 62.3 - 167.3]23 106.27 127.52 231.0{32.0 160.7
15 {12.21 76.07 78.47(12.24 85.71 90.51| 90.51(146.99 -79.,20| -120 - 95.3 - 215.3|23 128.72 154.46 279.832.0 191.4
14 {12.00 88.07 90.87|11.43 97.14 102.74|102.74 1169.10 89,90 -140 -127.5 - 267.5|25 156.78 188.14 313.6(33.0 213.5
13 |11.78 99.85 103.05(10.61 107.75 114.15(114.15{189.78 99.88| -160 -163.6 - 323.6|25 180.78 216.94 361.6(33.0 239.6
12 |11.55 111.40 115.00( 9.80 117.55 124.75)124.75(209.04 109.16| -180 -203.4 - 383.4 25 205.01 246.01 410.0(33.0 263.9
11 (11.30 122.70 126.70| 8.98 126.53 134.53|134.531226.87 117.71 | -200 -246.6 - 446.6|26 233.83 280.60 449.7|33.5 282.2
‘10 |11.03 133.73 138.13| 8.16 134.69 143.491143.49 (243.26 125.55| -220 -292.9 -~ 512.9|26 258.90 310.68 497.9(33.5 302.6
9 [10.75 144.48 149.28 | 7.35 142,04 151.64 (151.64 |258.24 132.69 | -240 -342.1 - 582.1|26 284.04 340.85 546.2/33.5 321.2
8 |10.43 154.91 160.11| 6.53 148.57 158.97[160.11}272.79 140.10| -260 -394.1 - 654.1(27 316.71 380.05 ggg:g 34.0 %%3:%
7 110,09 -165.00 170.60| 5.71 154.28 165.48170.60;289.38 149.28 | -280 -449.2 - 729.2|27 346.16 415.40 22%:5 34.0 354.6
6 | 9.71 174,71 180.71 | 4.90 159,18 171,18 |180.71(307.40 158.12( -300 -507.8 - 807.8{27 376.23 451.47 ggg:g 34.0 376.7
5 | 9.28 183.99 190.39 | 4.08 163.26 176.06|190.39 [324.71 166.59 | -320 -569.6 - 889.6|28 415.68 498.81 742.3 |34.5 392.2
4 | 8,77 192.76 199.56 | 3.27 166.53 180.13{199.56|341.21 174.62| -340 -634.6 - 974.6{28 447.51 537.01 ;gg:{ 34.5 412.1
3 1 8.17 200.93 208.13. 2.45 168.98 183.38{208.13|356.73 182.11| -360 -702.5 -1062.5|28 479.61 575.53 Egg:% 34.5 430.8
2 | 7.38 208.31 215.91( 1.63 170.61 185.81[215.91 371.0; 188.92) -380 -773.2 -1153.2|29 523.35 628.02 gg%;g 35.0 441.7
1 | 6.20 214.51 222.51| 0.82 171.43 187.43|222.51 |383.62 194.70| -400 -846.3 -1246.3|29 556,13 667.35 958.8 |35.0 456.7
B 194.70 35.0 231.8|

*Design determined by LGFZ #Design by meane of Plastic Moment Distribution,
** Pagign based * upon the arial forces computed for AKK and Mg alone.
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CHAPTER 4
THE MINIMUM WEIGHT DESIGN OF VIERENDEEL FRAMES

1. INTRODUCTION
. In this chapter, a general method of finding the linear minimum weight
designs is proposed for simply-supported and clamped Vierendeel frames based upon
the cdncept of the '"frame moment", defined in chapter 2, A Vierendeel frame con-
sidered here consists of horizontal upper and lower chord members and vertical
members as shown in Fig.l., Each joint is assumed to be rigid enough to transmit
the fully plastic moment of any member framing into it. All the assumptions
usually intrcdoced in the linear theory of minimum weight design are also made
here. The problem considered here may be stated as follows: Given the genter«li?e
dimensions of a Vierendeel frame and a set of static loads to be carried as shown
in Fig.l, what fully plastic moments should be assigned to the members of uniform
cross-sections in order to sustain the loads and to make the linear weight func-
tion ‘a minimum ? For the sake of simplicity, the paper considers the case where
all the external loads act only upon the joints. Some local modification may be
necessary if, at some subspans, the inter-span loads are not small compared to
the subspan shear.

While a multi-span multi-story frame subjected to lateral loads may be
regarded as a cantilever as a whole as shown in chapter 2, a Vierendeel frame may
be clamped and externally indeterminate. The weight function must therefore be
minimized with respect to the unknown redundant reaction that governs the subspan
Shear.

2. EQUATIONS OF EQUILIBRIUM IN TERMS OF FRAME MOMENT

Consider first a simply-supported Vierendeel frame of f subspans or panels.
Joints and vertical members are numbered from 0 through f from left, whereas
chord members, from 1 through f as shown in Fig.l. Let 11, Iz »«..and Zf denote
the panel lengths, respectively and k, the height of the frame. Let Aj' Cj
=1, 2"'f’fj and Bj (j =0, 1, 2,. .,f) denote the fully plastic moments of
the gjth upper and lower chord members and of the jth vertical member, respective-
ly,,from left.

Due to the assumption that ull the external loads act upon the joints

This chapter is based upon the author’s paper,"THE MINIMUM WEIGHT DESIGN OF
VIERENDEEL FRAMES," Int. J. Solids Structures, 1970, Vol. 6, pPp353 to 369
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only, the end sections are the only potentially critical sections. In view of
the overcomplete collapse mechanism for the minimum weight design of tall multi-
story frames, it is natural to expect also tha{ the minimum weight design of the
Vierendeel frame be included in such a class of designs that correspond to ex-
tremely deteriorated overcomplete collapse mechanisms in which plastic hinges
have formed at all the potentially critical sections as shown in Fig.2. It
should then be observed that, since all the end sections attain their fully
plastic moments respectively, under such a special circumstance, the number of
unknown end moments is equal to the number of members, provided that their signs
are properly chosen. There are then (Zfil) independent equations of joint equi-
librium and f equations of sway eéuilibrium for the (3f+1) unknown fully plastic
moments and the problem may be said to be statically determinate. The essential
problem is then reduced to how the directions of end moments should be determined.

The concept of '"frame moment' is not only useful for a proper choice of
end moment signs but also convenient for understanding the simple beam character
of the Vierendeel frame. In view of the linearity of the equations of equilibrium
in terms of plastic moments without any slope-continuity requirements, the moment
diagram at collapse may be regarded as a composite consisting of the f constituent
element moment diagrams shown in Fig.3. An element diagram is to be characterized
by the particular moment distribution shown in Fig.4 with the four corner values
of equal magnitude. Such an element moment diagram is completely defined by this
equal corner moment except the direction of the corresponding shear force. The
corner moment associated with this moment distribution is called "frame moment
Mi " for the {th rectangle. The positive frame moment is defined here to be the
one that corresponds to a clockwise couple of vertical shear forces Qi in analogy
to the usual shear force sign convention. Then Qiris related to Mi by

aM, = ziQi (1
The fully plastic moments may be expressed in terms:of Mi as follows:
Aj = Cj = ME (7 =12,....
B, = M, + 141 (1 =21,2,...,f-1) @
BO = Ml " Bf = Mf .

In the present case of externally statically determinate frame, @, and hence Mi

are immediately determined by the external loads. If the plastic moments are
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-assigned to the members in accordance with equations (2), the moment distribu- ;
tion satisfies 411 the equations of equilibrium without violating any yield
:conditions-and corresponds to the overcomplete collapse mechanism. Hence-this
is indeed a complete solution in the theory of limit analysis. Because of the
statical determinacy in the sense stated above, there remains no further freedom
for minimizing the linear weight function

= Zgzl(li-bh)Mil - %g zl(zi"h)ziQil‘ 3)

(g: proportionality constant)

as far as the minimum weight solution is included in the assumed class of col-
lapse mechanisms. Geometrically speaking, there is only one vertex determined
by equations (1) and (2) in a (3f+1)-dimensional plastic moment space. In order
to prove that this solution is indeed the minimum weight design, it is necessary
to show that a Foulkes mechanism can be formed at this vertex. Otherwise, the
minimmm weight design has not been included in the assumed class of collapse
mechanisms and another vertex must be sought at which the weight function can
have a smaller value.
3. MECHANISM CONDITION

Since (3f+1) members may be assigned different plastic moments in this
problem, the Foulkes mechanism condition may be stated as follows [il:

A frame of minimum weight design must be able to collapse in an over-

complete collapse mechanism consisting of (3f+1) independent alternative

mechanisms, such that, for every member,

I(Hinge rotations in a member) = a common constant X the length of the

member.

If a frame designed for minimum weight may include a member of zero plas-
tic moment, then that part concerned with the member in the Foulkes mechanism
condition associated with the compatible statically admissible moment distribution
is only sufficient but not necessary for the minimum weight design. When a
Foulkes mechanism is to be constructed for a regular rectangular frame, it should
first be observed that number of groups of members have the same lengths, respec-
tively. All the vertical members of a Vierendeel frame have the same length A,

whereas a pair of lower and upper chord members have the same length Zi. A pair

_An extended sufficient condition suggested by H. Nagaoka is that the sum of
hinge rotations in the mecmber of zero P]th]L moment is not greater than the
commen constant times the 1.0 th of the noiher
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of lower and upper chord members can have the same amount of hinge rotatioms, if
the corresponding plastic hinge rotations are the same, respectively. A pair of
the same hinge rotations can be produced not only by the vertical displacement of
a pair of lower and upper joints but also by the rotations of such a pair of
joints of the same magnitude and direction. A joint rotation causes a hinge ro-
tation in a vertical member framing into the joint. Since all the vertical mem-
bers have the same length, the plastic hinge rotations at the ends of every ver-
tical member must be of the same magnitude, their directions being always consist-
ent with the moment distribution determined above. With these observations, a
Foulkes mechanism may be constructed as follows:

If the given vertical loads are relatively large compared to the horizon-
tal shear resultant, there exist a pair of adjacent chord members between which
the vertical shear changes the direction. Let m denote the index of the joint
and the vertical member between such a pair of chord members. The moment distri-
bution in this mth vertical member depends upon whether |Mh| = th+1|' Figure 2
+1|. Let Y1 denote
the angle of clockwise rotation of the (m+1) joints from left and ¥z, the angle

shows the mechanism corresponding to the case where | | > |M

of counterclockwise rotation of the remaining f-(m+l) joints. Let {y denote the
clockwise angle of horizontal sway of vertical members. Then the Foulkes condi-

tion can be satisfied through the (f+1) vertical members if
2(Y1-Yo) = hO,  2(Y2+Vo) = h6. (4)

where ® is a positive proportionality constant. Let Gj(j=1.....,m) and Gk(k=m+1,..
..,f) denote the angles of hinge rotation due to the vertical displacements of
joints whose directions are to be consistent with the moment distribution. The

Foulkes condition requires

6.=1.0
2 y lJ (5)
2em*_1 + ‘pl* 'f’z = ?'m+le (6)
zek = lk@. (7N
The equation of compatibility of the collapse mechanism:
m f

L (6,4 y1)l.- L (0% ¥2)I, =0 (8)

J=1 v CJ—— k

must further be required in order to satisfy the condition of the external sup-
ports. Equation (8) is new and was not necessary in Chapter 2 because the overall

external supports of a multi-story frame may be regarded as a cantilever. The
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(f+3) unknown angles VYo, Y1, Y2, 9 and Bk can be determined by the (f+3) equa-
tions of (4), (S), (6), (7) and (8) I1f the sum of the two equations in (4) is

substituted into equation (6), B ‘1 is given by

—{Z h)o. (9)

mel”
Since all the hinge rotations must be non-negative in order to be consistent with

the moment distribution, equation (9) requires

L. 2 (10}

m+1—
It may now be concluded that the Foulkes condition is indeed satisfied by the
assumed mechanism shown in Fig.2 for those frames where equation (10) is satisfi-
ed and hence that the minimum weight design is indeed given by equations (1) and
(2).

If the vertical shear does not change its direction due to a relatively
large lateral shear, then equation (6) will not be necessary and hence a simpler
Foulkes mechanism may readily be constructed.

For frames with % Z .1’ it is apparent that the assumed angles of plas-
tic hinge rotation exceed Z G even if 6m+1 . In order to decrease the sum of
the hinge rotation, it seems unavoidable that the angle of rotation of the mth
joint be decreased from yi. This change, however, would then result in violation
of the Foulkes condition which had been satisfied for the mth vertical member.
The latter difficulty may be resolved if the mth vertical member is assigned
Bm=0 so that any arbitrary amount of plastic hinge rotation within the member be-
comes permissible. In order to maintain the equilibrium of moments about the #th
joint after this change, it is necessary that the left end moment of the (m+1)th
chord members be equal to | |. Since the vertical shear remains the same, the
moment diagram for the (m+1)th chord members must have the same slope as before.
The right end moments must then be equal to |¥ .| - {|M%| - | ol = 2lM
-4 | < |4 | as shown in Fig.5. The weight change may be wrltten as

+1|

|32

m+1-h] < 0.

Z{IMhl - l m+1

Thus the weight is indeed decreased. Let the angle of clockwise rotation of the

mth joint be %w' The Foulkes condition will remain satisfied if

(Y148 ¥ ) + B
Y2 + Y

ZmB (11)

"

Zm+1e (12)
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If the sum of the two equations in (4) is subtracted from the sum of equations
(11) and (12), then
zem = (Zm+3m_l-h)®

The range of validity of this modified design is therefore given by

Lxl_..2h (13)

m “m+l—

It should be remarked that the mth vertical member in this modified design has
lost the role as a bending-resistant member and simply behaves as a strut which
transmits half the vertical load to the lower chord members.
4. CLAMPED VIERENDEEL FRAMES

A clamped Vierendeel frame shown in Fig.6 is characterized by its external
indeterminacy together with its end constraints against lateral sway The cir-
cumstance that the vertical shear in each subspan is not statically determinate
and dependent upon the redundant reaction, say Rl, in Fig.6, indicates that the

weight can be minimized with respect to R Because of the end constraint against

sway. on the other hand, the Foulkes mech;nism in Fig.2 must be so modified as to
exclude the angle Y.

The concept of the frame moment is again helpful for the minimization
process with respect to the redundant reaction and enables one to regard the
Vierendeel frame as a beam. Any moment distribution represented by a set of
frame moments satisfying (1) provides a complete solution since it satisfies all
the equilibrium equation, does not violate any yield conditions and corresponds
to an overcomplete collapse mechanism. The corresponding design may readily be
obtained from the frame moments as given by (2) Let D denote the set of all the
designs that can be described by frame moments only. Assuming first that the
minimum weight design Dmin for a frame is included in D, the linear weight is
minimized with respect to the redundant reaction and the necessary conditions are
found. In order to prove that D . is indeed the minimum weight design among all
the designs including those which can not be described by the frame moments only,
it must be shown that the overcomplete collapse mechanism corresponding to Dmin
satisfies the Foulkes condition. It may then be shown that the necessary condi-
tions are violated only locally This indicates that the minimum solution for
such a frame has not been included in D. Because of the local violation of the
Foulkes condition, however, it is natural to expect that a local modification on
Dmin obtained as above will suffice to achieve a different minimal solution. It

will be shown through three successive modifications that a local modification
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on the moment diagram and the corresponding hinge pattern of the Dmln indeed
leads to o different minimal solution whose region ul v icability is mutually
exclusive and compensating with the previous design.
Destign~-I

For most practical purposes, it may be assumed that the vertical loads
act only downward so that the corresponding transverse shear diagram is monotoni-
cally non~increasing with the shape as 111u5tfated in Fig.7. The we1ght tunc—
t;on glven by equation (3) indicates that, for a specil caso of equal subspan
‘1:-1 G is proportional to the area of the |Q | diagram. it may ltddlly be shawn
that if f ]QL»)[ dx (where @(0)-@(x) is a given continuous monotonjc functlun]
is- to be minimized with respect to the end value §(0), then @(1/2)=0. :Althoggh
the Q -diagram in the present problem is of a staircase shape, it is natural to
expect that a minimizing Q -diagram would analogously contain a subspan w1th
Qi-D as illustrated ip F1g.7 Let n be an assumed index of the subspan for
which Qn=0' Then the weight may be written as

n-1

f
=590z (2 #mi@; - T
j=1 i >

Iq view of Fig.? and the assumed monotonsus variation of Qi-ﬁiagram, it is ap-

k+h]l Q Fa (14)

parent that G tends to decrease as n is increased from 1 in equation (14) and
also decrease as n is decreased from f. There must therefore be a minimizing
index number m between 1 and f

Apparently, any variation of the reouction A corresponds to a simple

1
downward er upward translation of the Qi—diagram. An invrease Ahl lncreases
Qi(g=l,..., m-1) by AHI’

respectively. The corresponding variation in the weight may be calculated from

respectively and decreases IJP|(b:m+l,..., 1) by Aﬁl,

the variations of the moment diagram as indicated by the dashed lines in Fig.8

(a)- :It should be noted Fhat since qw=n, the moment i: -ero through the wmth
chord members, Let AGI and A, denote the weight variations for &Hl)u and for
-ARI, respectively. In view of the circumstance that, since the shear direction
of AQm—l is epposite to ﬂQm+l' the weipght decrcase i the (v )th vertical mem-

ber due to &Qm just cancels with the weight increase in the wth vertical memher
and vice versa, the weight variationgare given by
m- | ) f
1

v
A 7 sghtt { L (L.4h)L,vi” Lo(L +h)l }
12 Vst 4 4 ™ s

S0



1 m-1
AGZ= —igARl{;E

+h) Ik} ‘

f
2
(Zj+h)la.+lm + L (Zk

1 k=m+1

If the moment diagram shown in Fig.8(a) is to correspond to the minimum weight
design for a given frame, then AGlzp and aazzp. The necessary condition may be

compactly written as

2 2
Lo < Lm) < T (15)
where
f m-1
L(im) = L (L,+h)1, I (L.+h)L.. (16)
kem+1 K i j=1 “ J

L(m) is a discrete-valucd function of the subspan index m and is characterized
by thé center line dimensions of a frame. It is therefore appropriate to call
it the "shape function'" for the frame. Although this funcfiqn has been intro-
duced here for the convenience of describing the weight variations, it will be
shown later that L(m) is closely related to the angle of rotation of the mth
chord members in the corresponding collapse mechanism.

The moment diagram may also be varied under the same subspan shears.
The only possible variation for the mth chord members is the constant moment dis-
tribution pattern similar to Fig.9(a) This variation results in the necessary

condition:

h<l (17)

- m

For those frames for which (15) and (17) are satisfied, the minimizing Qi-dia-
gram belonging to the index m immediately determines the design through (1) and
(2). In particular, Am= Cm=0 in this case, This design will be called Design-1.

In order to prove the sufficiently of (15) and (17), it must be shown
that the Foulkes condition can be satisfied in the corresponding collapse mech-
anism. Because of the lateral constraint, Yo =0 and equations(4) are reduced
to

¢1=¢2=¢=%h@ (18)

The condition (5) and (7) must remain satisfied except at the mth chord members.
Figures 8(b) and (¢) show two of the three possible patterns of hinge formation
for Design-I. The angle of clockwise rotation of the mth chord members is ob-

tained from the equation of compatibility for the mechanism as
_ 1
w = 2L me/1,. (19)
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The conditions ol non vegative hinge 1otations in the mechanism shown o g 8(¢)
ave e and b0, From which the following inequalities arc citained.

| ! ‘ ¥
.,ff" Cw s S ' {210)

Simituarly, the conditions w + 0 and w @ > 0 for the mechanism in‘Fig.BIh]

lead to «

0 < w {21}

wi‘-—

whercas the third case similar to U'ig.8(b) but just rcversed, leads to

w < ——é—h(—). , (22)

Since the particular circumstance of Am = Ch = D permits any increase in the
ampunt of hinge rotations by assuming arbitrary plastic hinges within the chord
members, the Foulkes condition can be satisfied if the total sum ﬁh of hinge

rotations for an mth chord member is not greater than zma. Henge

X Q- 2jw] < 1,0, for Fig.8(b) and

Q= 2y 5_zme for Fig.B[c],
Thus the Foulkes condition c¢an be satisfied if h and w are within the rectangular
region defined by -%lme < w 5.%%m@ and h f_lm on an (h,w)-plane, which consists

of the three subregions defined by (20), (21) and (22). These conditions obtain-
ed b&qthe kinematical consideration precisely coincide with (15) and (17) It
may.{ﬁérgfore be concluyded that the existence of tiw suhspan index m satisfying
(15) and (17) for a given set of centerline dimensions of a frame is the neces-
sary and sufficient conditionp for the Design-1 belonging to m to be the minimum
weigﬁtldesign. In those frames for which h > Zm,S%iis in excess of fma and &
different design must be sought,
Design-11

'  The state of Qm= 0 does not necessarily imply ﬂmz ’@ it designs other
than 'in 2 may be considered. Figurc 9{a) shows a constant moment distributien |
through the mth chord members, Correspunding to the magnitude ot which the plas-
tic moments of the (m-1)th and the mth—erficaI members' are decreased. | This

modification may be regarded as a process of shifting mlnlq Bm}-to,tQE mth .

n-1°
chord members due to the circumstance /i > ;m Figure 9(a) shows the case where
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min{Bm_l, Bm} =B . If the modified values of the plastic moments are indicated
by a bar, the modified design may be written as

4-C=8, B, ,=B -8B, E=0. (23)

The amount of weight decrease compared to Design-I is given by Z(h-Zmein{%w-l,
Qm}. This design will be called Design-II. If the moment diagram shown in Fig.
9(a) is to correspond to the minimum weight design, any change of redundant re-
action Rl must increase the weight. The smallest possible weight variations as
R, is changed by ARl are illustrated by the dashed lines in Fig.9(a) for ARI 20

1
and -ARI and may be expressed as

86, = %gml{-L(m)+hzm+(h-zm)z }

m+l

! 2
AG,= EgARI{LGw)-(h-EmJ(Zm+1m+1)+lm}

The necessary condition for the minimum weight is therefore given by
2
(h-lm)[1m+1m+1)—lm < L(m) j_h1m+(h—2m)lm+1. (24)

Variations of the moment diagram without any change in the Qi-diagram may again
be considered. The variations with respect to a simple downward translation of
the moment diagram of the mth and (m+1)}th chord members and to an upward transla-

tion of the diagram of the mth chord members lead to the following inequalities
Ly Sh<l sl 0 (25)

Since the necessary conditions have been obtained with respect to the restricted
class of variations, the sufficiency must be proved by constructing a Foulkes
mechanism.

In view of the moment diagram shown in Fig.9(a). the mechanism similar
to the case Fig.8(c) is the only possible one. Since %n= 2y = o > zme, qﬂ must
be decreased. Qﬂ can be decreased if the angles of rotation of the mth joints
are decreased by wm and simultaneously an additional upward displacement Gm of
the mth joints is considered as shown in Fig.9(b) This modification is per-
missible since the apparent decrease of the plastic hinge rotation in the mth
vertical member with §;= 0 can be compensated by considering an arbitrary plas-
tic hinge within the member. It may then be readily shown that the Foulkes con-

dition can be satisfied if
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= %(h-zm)z 6 > 0. (26)

¥, = (h-1,)0 >0 and el

S
Since all the hinge rotations must be non-negative, the following inequalities
must be satisfied in view of Fig.9(b).

Y-8 /1 >0, Yy w8 /L >0, 8 -8/l >0, 8 -8/l + >0
(27a-d)

(27a,b) and (27c,d) together with (26) may be shown to be reduced to (24) and
(25), respectively. The existence of the subspan index m satisf;fﬁi_(24) and
(25) for a given frame is the necessary and sufficient condition for thejﬁébign-ll
belonging to m to be the minimum weight design.
Design-IIT

A different minimizing shear diagram must be sought for a frame for which
there does not exist the index m satisfying (15) and (17) or (24) and (25) It
should be pointed out here that both Design-I and Design-II have included a mem-
ber whose plastic moment is zero. The plastic moment of the mth vertical member
may be zero not only in the case of Design-II but also if %m+ME+1=0 and hence if
Qm1m+qm+lzm+1=0‘ The corresponding shear force diagram to this case crosses the
zero line at the position of the joint m. This condition determines the shear
force diagram and the frame moment uniquely. Variation of the moment diagram
depend upon whether h %=Zm and h %=Zm+1 as indicated in Fig.10(a) and (b) by dash-
ed lines for ARI

> 0 and for -AR, ; respectively. If this moment diagram is to
render the minimum weight, the necessary conditions may be written as

Lm > 1 ifh<l

Lem) > h(L sl -1 1 ifh> 1

Lm) < h(E L )+12 fhel

L(m) < zml(zmnmﬂ)»fzi iE£h>1 (28a-d)

The collapse mechanism corresponding to the moment diagram shown in Fig.10
(a) and (b) must be similar to that shcwn in Fig.8(b)  Since Qm= 2w = L(mo/1
> zms, from (28a,b). however, Qm must be decreased With this motivation, the

mechanism shown in Fig.10(c) may be considered in which the angle of rotation
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of the mth joints has been decreased by v, and simultaneously an additional up-
ward displacement ém of the mth joint has been considered. These quantities

may be so determined that the Foulkes condition is satisfied.

1 1
. L1, (w5l 0) o,y 22, (w-3L, 6)

m — m
Zm"zm-rl %ﬂ+an+1

> 0. (29)

—

It may readily be confirmed that the conditions of non-negative rotations on the
four plastic hinges shown in Fig.10(c) and ¢-¢m 3;-%h@ are equivalent to the four
inequalities (28a-d). The existence of the index number m satisfying (28a-d) is
therefore the necessary and sufficient condition for Design-III to be the minimum
weight design.
Design-IV

Design-II and Design-III have included respectively one vertical member
whose plastic moment is zero. It is natural then to look for a design such that
the plastic moments of two vertical members, say the (m-1)th and mth, are zero
and such that, except in the mth subspan, the moment distribution is described
by the frame moments. This condition determines the Qi-diagram and the corres-

ponding moment diagram uniquely as shown in Fig.ll1(a).

1 .P-1 P
Q.= m+l m m-1 m-l’ Q -1= Q +P Q

m m m " m-1" m+1=
%ﬂ-1+21m+1m+1

Q&-P&, etc (30)
The dashed lines in Fig.l11(a) show two of the four possible variations of the
moment diagram resulting in the smallest weight changes, one for ARI > 0 and the
other —ARl. It may be shown that, if this moment diagram is to correspond to
the minimum weight design for a frame, the shape function must be within the

following region.

L) < (A1) (L L, )-12 if1 41 >h
L(m) f-Zm+1(zm—1+21m+1m+1)+Imzm-1-h(1m-1+zm] if Zm+lm+1 f.h
L(m) > -r(1 _+L )L L. if 7, +t,>2h
L(m) > (-1 )@ 4T )-12-1 (L #2041 ) £ 7+l < R (3la-d)

Figure 11(b) shows the corresponding Foulkes mechanism in which
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~L(m+L, (Lo#h(L, -t 1)/2

Yo 0, V1" 12 ¥
L, 1*2L 2T
-1 )
26 1= L, 0-Cb-, 1), 20,.,= 1 0-(-%). ¥ =3k (32a-e)
S T R S (33)

The two conditions (33) are necessary for the two vertical members to satisfy
the Foulkes condition and may be shown to be reduced to (3la,b), respectively.
The conditions of non-negative hinge rotations: em-l > 0 and Bm+l > 0 are on the
other hand reduced to (31c,d), respectively. It may therefore be concluded that
the existence of the index m satisfying the inequalities (31) for a frame is the
necessary and sufficient condition for the Design-IV to be the minimum weight de-
sign for the frame when Qm < 0.

It is apparent that the foregoing procedures of constructing the minimum
weight designs may be extended and continued to those frames which have not been
covered here.
5.EXAMPLES

Consider a class of frames with equal subspan length 7 and with h=1.5Z.

The shape function L(m) may readily be obtained as follows:

L(m) = (I+h)L or -(l+h)l if f is even, and
L(m) = 0 if f is odd.
Figure 12 shows the regions of applicability of the four designs for the class
of frames with lm_lz Zm= Zm+1. For a frame with an even number of equal subspans

the line w = (I+h)/2 lies entirely within the region of Design-III as far as

0 <h <2l. For a frame with an odd number of equal subspans, the line w = 0
lies within the regions of Design-I, -II or -IV depending whether h < 7, 1 <h
< 31/2 or 31/2 < h < 51/2, respectively. The two designs for h = 1.57 are in-
dicated by the two circles in Fig.l2,

Figure 13 illustrated the two moment distributions at collapse for the
two minimum weight designs of a Vierendeel frame, one for simply supported ends
and the other for clamped ends. In observing the difference between the two de-
signs, it should be noted that the cost of exerting the clamping forces and the
effect of axial forces have not been taken into account here.

6. EFFECT OF AXIAL FORCES
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.More realistic designs may be obtained by modifying for the effect of
axial forces the minimum weight designs which have been obtained in the preced-
ing sections: The fully plastic moment HP for a cross-section must be such that

. the axial force N and the bending moment M acting upon the section do not violate
the interaction yield condition. For example, the yield condition for an ideal-

:ized sandwich section may be represented by

»f: RSN o

where HPN and NP denote the fully plastic moment under the presence of ¥ and the

fully plastic axial force under the absence of M, respectively. The plastic mo-
ments 4., B, and C; obtained in the preceding sections are P in equation (34)
As soon as N assoc1ated with M? of a sandwich member is determined, MP defin-

ing the sect1on.may be obta1ned from

A
VAL AR ARV AR
1
for a choice of the depth Hi of the sandwich section. The axial force distribu-
tion corresponding to the moment diagram at collapse of a simply supported frame
may immediately be calculated by statics and therefore the modified design may
be obtained uniquely [3].

For a clamped frame, however, the axial force distribution depends upon
the remaining redundant reaction, i.e. the overall fixed end moment when the
frame is regarded as a clamped-clamped beam as a whole. Consider as an example
a frame in Design-I. One of the axial forces, say s of the mth lower chord
member (m being the minimizing index in Design-1) may as well be taken as the
.redundant force. Then in view of the moment diagram shown in Fig.8(a), the axi-
al force in the lower chord members at collapse may be expressed in terms of v,

as follows and is distributed as shown in Fig.14.

m-1
2 2
”3 ”m'?{z(” M+1) 1<j<m1
1=J
2 k
Nk= Nm+ o L QM. 1+ i) m+l < k_i iR (36)
1=m+1

The axial force in an upper chord member takes on the same magnitude as the cor-
responding lower cherd Zemlsr with the opposite sign. The axial force in the .

ith vertical member is simply given by %Pi. If the weight of the frame may a-
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Axial Force Diagrams and their Variations

Fig.14
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gain be assumed to be proportional to MP, then Nm may be so determined, for a

prescribed set of Hi‘s, as to minimize

= ’PN l 71 -
gz ”511: gl M L, + TN} =G+ G+ Gy (37)
where f
o PN _ 1
"‘gzﬂ’fl’zi’ Cpv 9"@"?%}’
5=0
SRR AERTEIS SRRy
g =g{zﬁr.z.nq.+az N |+ z HZN} (38)
NC j=17 JVd T Tmm T m k=m+1k 'k

Since the minimum of G has already been achieved separately, it is reasonable

to minimize G, , alone with respect to Nm under the known set of frame moments,

although the ggnimizations in the two separate steps may not necessarily pro-
vide the minimum of the modified weight as a whole. The minimum of GNC may how-
ever be expected to provide a good upper bound on the minimum of the modified
weight since the state of stress resultants so determined will satisfy all the
equations of equilibrium, will determine a modified design just satisfying all
the interaction yield conditions and hence may correspond again to an extremely
deteriorated overcomplete collapse mechanism consisting of those plastic hinges
which are governed by the plastic potential flow law associated with (34). It
should be noted that the axial force diagram for chord members is of a staircase
shape and coincide, when multiplied by h, with the overall moment diagram of
the clamped-clamped beam only at the midspans of subspans. While Megarefs and
Sidhu [ 4] are concerned with the minimum volume design of beams and frames
with continuously varying cross-section, the present problem of modification

is to minimize the absolute area of the axial force diagram of staircase shape
weighted by Hr’s with respect to one of the two redundant forces, or in other
words, with respect to an up- or downward translation of the diagram. This is
therefore quite similar to the previous problem of minimizing the absolute area
of a subspan-shear diagram for & and the technique used in Section 4 may be ap-
plied, with the precaution that Nj and ﬁk are both monotonically nonincreasing

from m toward 1 and [, respectively.
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7. CONCLUSION

A general analytical method of constructing minimum weight designs has
been proposed for Vierendeel frames. It has been shown that the new concept of
the "frame moment" which has been introduced by Tanabashi and Nakamura [2] is
useful and effective for understanding the overall beam character of a Vierendeel
frame and for constructing its minimum weight design. It should be noted that
the linear minimum weight design of an externally determinate Vierendeel frame
is statically determinate without regard to its internal indeterminacy. The
weight of an externally indeterminate frame has been minimized with respect to
the external redundant forces. The four classes of designs obtained in simple
and explicit analytical forms have sufficiently revealed the general intrinsic
features of the linear minimum weight designs of clamped Vierendeel frames.
The necessary and sufficient conditions for the minimum weight have been given
interms of the '"shape function'" introduced in the present paper. The minimum
weight design of a clamped Vierendeel frame is almost generally such thz: ezch
clamped end is to carry the vertical loads on those joints included in its re-
spective Ralf-span. It appears th@?_this feature is essentially due to the
circumstafce that the cost of external supports has not been compared.

e present method is general enough to be extended to those clamped
Vierendee}] frames which have not been covered in this paper. The present ap-
proach and, technique may also be applied in a fairly straightforward manner to
continuoug, Vierendeel frames and other regular rectangular frames.
i
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CHAPTER 5
ELASTIC-PLASTIC ANALYSIS OF TRUSSES AND FRAMES
BY THE GRADIENT PROJECTION METHOD

1. INTRODUCTION

While the method of elastic-plastic hinge stiffness matrix (displacement
method) is now well-known as has been referred to in chapter 2, it does not
appear that an efficient stress method of elastic-plastic analysis of framed
structures has been developed except the well-known superposition of elastic
responses of successively deteriorating frames or trusses. In this chapter,
the gradient projection method (GP) of nonlinear programming which has been
developed by Rosen [4.5] is shown to be useful for a stress method approach
to the elastic-piastic analysis. The gradient projection is a method of
obtaining the global maximum of a nonlinear concave function in a convex
region defined by linear or nonlinear constraints.

The geometrical representation of a state of stress given by Prager
enables one to represent a change of state of stress im a truss as an
infinitesimal vector in a convex yield polyhedron defined in a stress space.
The minimum principle of Greenberg [1] is interpreted in this geometrical
context. A more precise proof than that given in [8] is proposed for the
equivalence theorem stating that the infinitesimal response vector obtained
by use of the minimum principle is identical with that described by the
maximization process of the gradient projection method, provided that the
objective function is so chosen that the gradient vector always coincides
with the direction determined by the increments of the load factors. The
equivalence proof establishes the basis for the application of the computa-
tional method. The technique is first illustrated for a simple three-bar truss.

The method is then shown to be applicable to frames without modifica-
tion. If the prescribed loading path is piecewise linear, the number of

maximization stepsis equal to the number of segments of the path, regardless

The present chapter is based partly upon "ELASTIC-PLASTIC ANALYSIS OF
TRUSSES BY THE GRADIENT PROJECTION METHOD' by the author and J.B.Rosen,
Technical Report CS11, July 17, 1964, Computer Science Division, Stanford
University. (Ref.[8])
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of the degrees of redundancy of a frame or a truss. It is shown that shake-
down problems can be investigated readily if a loading cycle is prescribed
or if it can be assumed that all the variations of the applied loads are
bounded by a polyhedron or by a parallelopiped. A closed convex "safe load
domain" defined by a set of all the load carrying capacities may be obtained
by the GP procedure,

2. GEOMETRICAL REPRESENTATION OF STATE OF STRESS

The geometrical representation of a state of stress as given by Prager
[2, 3] is introduced here in a generalized form to prepare for the ensuing
discussion.

An ideal stable plane truss is composed of n bars of elastic-perfectly-
-plastic materials. It is assumed that the rates of settlement of the supports
are all zero. Let f be the number of reactions and % the number of joints.
Suppose there are s sets of loads characterized by s independent load factors

{z;} in the form
{xl PIL}’{xz Pzg}: TR, {xs PSQ} (1)
(2=1,2,+++ +, Hh)

acting upon the given ideal truss. Then the equations of equilibrium form

an inhomogeneous system of linear algebraic equations of the form

n+f s
E ags Sk = _§ z, bil (8=1,2, === , 2h) (2)
k=1 =1
where 815 32,"",sn denote the internal forces in the bars, Sn+1'.-.-’sn+f’

the reactions at supports and biﬂ’Piﬁ multiplied by a direction cosine.
The coefficients a,; are essentially the direction cosines of the kth bar.
Unknown quantities are {Sk} (k=1,2, --:,n+f).

If n+f-2h=r>0, then the set {5,} is not uniquely determined by (2)
and the truss has r degrees of redundancy. Let

CARN 8 SRR

by a set of s particular solutions of the & inhomogeneous systems the %th
of which is obtained by replacing the right-hand side of (2) by the ith

inhomogeneous term {bil} and
{le}’{RZj}’ et ’{Rl"j}’

a set of r linearly independent solutions of the homogeneous equation obtained
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from (2). Although (2) cannot have a unique solution, any solution of (2)
must be contained in the general solution given by a linear combination of s
linearly independent particular solutions {Sij} and r linearly independent

solutions {Rkj} of the homogeneous system obtained from (2).

s r
S.= L z2.8..+ I =x R, . (3)
A A s+k kg
(j‘-'lvzs"' ;n"'ﬂ

where xs+kls are arbitrary parameters. The particular solution {Sij} can be
obtained by imposing r additional conditions on deformation that the truss
responds elastically under the particular set of loads {bi} (2=1,2,-+--- ,2h)
Thus {Sij} represents an elastic state of stress. {Rkj} is obtained by
considering the statically determinate structure which can be produced by
replacing r redundant forces by a set of known forces. {Rkj} then represents
a state of self-stress.

It is always possible [2] by forming linear combinations of {Sij} or

{Rkj} to construct an orthonormal set of (s+r) solutions in the sense

lg a.S5,.5..=26,.
2,0, ¢ KT Tk
17
5351 aj Sij sz =0 (4)
l—? o.R,.R . =6
2j=l J ki “mj fm
2_(k,i=1,2, '''' ,8; 2,m=1,2, ---,r)
where Q.= 51137-,£j denoting the length of bar j,éj its cross-section and Eﬁ

. d
its elastic moﬁulus, and where Gki and Gbr are Kronecker delta's. It is to

&

be understood in the following that {Sij} and {Rkj} denote elements of this
orthonormalized set where j varies from 1 to #». The original load factors
can then be expressed by linear combinations of the z.'s for this orthonormal-
ized set. y

The elastic strain energy corresponding to the set of internal forces
{Sj} given by (3) is defined by

2
a. S,
1 ¢4 9

o~

1
By
J



1 8 r ]2
==2 a.[L =z, 58.,+ L «x Ry, . (5)
Zgal 4 Tgay T M gy RTE
By virtue of the orthonormality (4),(5) is reduced to
8 r
2 2

e= L x5+ L X (6)

icl ¥ kel s+k

With this preparation, we can now make use of the concept of 'stress
space." Any solution {Sﬁ}, and the corresponding strain emergy, is completely
determined by the set of parameters

(xlrmz:""sxs; x5+1' '-.lm8+r) (7)

as shown by (3) and (6). If we consider an (e+r)-dimensional stress space

whose Cartesian coordinates are (xl,xz, ----- B ) sthen any

g'%g+1 T 9 gup
state of stress of the truss can be represented by a point in this space.
Any state of loading is then represented by the set (xl,xz,-----,xs) while
any state of residual stress by (ms+1,xs+2,-- "’ms+r]'

Since all the bars are assumed to be composed of perfectly-plastic
materials, the corresponding yield conditions must be satisfied. The condi-
tion that the stress in any bar should not exceed the yield limit can be
written as
8 r
e. < E x, Sij + kfl Tk Rkj < tj

(8)
(F=1,2,-+--+,n)
where e and tj denote the yield limits of bar j in compression and in
tension, respectively. Each one of the »n inequalities in (8) defines a
strip between two hyperplanes. The set of all the inequalities define a
convex polyhedron in (s+r)-dimensional stress space as the common region
of all the yield strips. Therefore, only the set of points on or inside
the yield polyhedron can represent actual states of stress.
3. GEOMETRICAL INTERPRETATION OF THE MINIMUM PRINCIPLE.
The minimum principle of Greenberg [1] is expressed in the geometrical
terms according to Prager [3] to prepare for the later use in Section 4.
In order to obtain the response of a given truss to a particular
loading program, (s-1) relations between g load factors must be prescribed

resulting in a '"'loading path" in the s dimensional load factor subspace.
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Let a vector

dq = (dxl,dggz’.. ..’dxs)
define a set of infinitesimal changes of load factors from an instantaneous
state of loading (ml,xz,---- ,xsj, dq being a tangent vector to the loading
path. Corresponding to this change is an infinitesimal translational
displacement of the r-dimensional subspace of equilibrium. The corresponding
new state of stress must be represented by a point in this displaced subspace
of equilibrium. If we consider a local coordinate axis g in the direction
of dg at a stress point denoted by

X = (xl’mZ’ ..... Ly ws+1"'-"’ms+r)
and an (r+l)-dimensional cross-section of the yield polyhedron spanned by
axes, then any stress change due to dg can be represented

q, xs+1,ololo’xs+r
by a vector
dx = (dq,d&'s,,l, """ ,dz

where dz seee Ldx denote the variations in x correspond-

e dx
s+1”’ s+r s+1 s+r
ing to dq respectively. The problem is then to determine dX which does not
violate the yield conditions (8)

The stress rate intensity may be written as

2 2 2
dg® + dz?, | er -+ do

A
€ s+r

llax |2 (9

Since the new stress point must lie in the displaced subspace of equilibrium

and in the yield polyhedron, a vector dX is said to be admissible if the
point X+dx is in the displaced hyperplane of equilibrium bounded by the
yield polyhedron. Admissible vectors form a family any one of which can
represent an admissible stress change. The minimum principle can be stated
as follows: For a given dg, the actual stress change is given by the vector
which minimizes the absolute value of dX among all the admissible vectors.
In other words, we wish to obtain the shortest distance from an initial
point to the intersection of the equilibrium hyperplane and the yield
polyhedron.

It may be helpful to consider a two-dimensional illustrative
example. A truss consisting of three bars shown in Figure 1 is subjected

to a vertical varying load P. Let the internal forces transmitted by the
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Fig.2 The yield polygon.
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bars 1 (or 3) and 2 be 5, and 52,‘and 221/AIE=12/A2E.

The equation of ‘equilibrium is written as

= 10
5, +85,=P (10)
and the compatibility equation
= 11
25, = 25, . (11)
The solution-of (10) and (11) is
5. = P 5. = E

“1 Z 2 2
the normalized set is

-~ a 1 -];

The state of self-stress is shown in Figure 2. The normalized set is given

by

_rl 1
Thus a typical state of stress canbe written
x x
_ 1 2
SireEt
. - T (14)
2 bir) J‘T

For the sake of simlicity, let the yield limits of the bars 1(3) and
2 be #+/2 and tjé-respectively Then the yield conditions are

=9 & T, + Ty % 2

-1 < z, T, <1 (15)

Figure 2 shows the yield polygon defined by the four straight lines of (15)
The dashed lines x =constant represent lines of equilibrium.

Consider a loading program: x1=0 * 1.4 As the load factor T, is
increased and hence the line of equilibrium x =constant is displaced, the
stress point moves from ¢ toward A. As soon as the stress point hits the

yield line Hy, the subsequent response cannot be along the r -axis in order

not to violate the yield condition. 1If, for instance, the Iéad increment
from 4 is 0.4, the equilibrium line located at ml=1.4 is bounded by the
yield line Hl and Ez as indicated in Figure 2 by _3:. A line which connects
A and any point on the line segment FFI represents an admissible vector.
The problem of res-cnse analysis at this stage is then to find the vector

which has the minimum absolute value among all the admissible vectors.
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4. APPLICATION OF THE GRADIENT PROJECTION METHOD

The problem of incremental response analysis described in geometrical
terms in the preceding sections can be solved numerically by the gradient
projection method (GP). The applicability of the method is based essentially
on the fact that, in GP the global maximum is sought by cutting across the
interior of the convex region of definition, if possible. The stress change
dx determined by the minimum peinciple stated above exactly coincides with
the vector determined by GP. provided that the objective function F is chosen
so that the gradient vector is always in the di ection of the tangent to
a prescribed loading path.

Suppose if a stress point X lies in an intersection I' of y yield
hyperplanes {H;}  Corresponding to each hyperplame H;, a unit vector n,

is defined

n, = dngyumgeteeeeing )

(m=r+1, i=1, ****,¥)
which is orthogonal to H, and is directed so that it points "into" the region
bounded by {Hi}' It is convenient to write the desired stress change dx in
the form dx=y dgq by considering a local coordinate system at X. The convex

cone defined by the vy yield hyperplanes can be written as

ﬁyzo (16)
where

N_Y = [nlrnzg ““,n_vl

The remaining yield inequalities can be written as

Ng y - bg 20 (a7
Let g be a unit normal vector from x to the displaced hyperplane of equi-
librium H,
The problem of incremental response analysis defined by the minimum
principle can be stated as that of finding a vector y which satisfies the

following quadratic programming problem
min {yTy | Niy 20, Ngy bB 20, gTy = 1} (18)

This problem can be solved by the gradient projection method provided
that the objective function F is so chosen that
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gradf=g at X. (19)

Let the finite set {H .} represent all the submatrices which can be formed
with linearly 1ndependent columns of N . Because of the choice of the
linearly independent columns of Ny’ the JXxj symmetric matrix NT ”J is non-
singular. The m¥m matrix

P2 - ij(Ng v) 1 Ng (20)
which takes any m-dimensional vector into the space orthogonal to that
spanned by the columns of Nj' can be formed and is called a "projection
matriz'- Let P={Pj,I} be the finite set of all Pj and the mxm identity
matrix. The gradient projection algorithm will form the projection matrix
Pg € P, such that

P9l = maz (|7l | Wy P; 920} (21)

Y
P-eP
as shown by Rosen in 14] and [S5]. It has been shown that an appropriate

basis change is made whenever such a change will increase the norm of the
projected gradient, subject to the feasibility restriction.

The equivalence theorem can now be stated in the form given by
Rosen [8].
EQUIVALENCE TEFOREM

If Py9 is the solution of (21), then y=aP,9 is the solution of (18),
where u>0 is a sealar.
The proof given by Rosen in [8] is not complete and must be supplemented
as follows:*
PROOF 1t is first shown in accordance with Rosen [8] that the maximization
process of the problem (21) corresponds to the minimization process of the

problem (18). Consider a set of yj=aj E} g for all the possible projection

matrices P5 € P. In order to satisfy QT ¥Y=1,
7 2 -2
a, P.g=aoa, |P. =1lor a.-= .
L9 P, 9=a |pgl = Ip; gl
Then y% y=|P3 f_:]l—2 Hence if IPQ g|=mam|Pjg|, Pj € P, then
PE g

y = A (22)
|7, 9l

* This was proposed in a private communication from the author to J.B.Rosen
(May 4, 1965) and admitted by him (July 7, 1965).
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Fig.3 The minimizing Vector.
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gives a minimum in the problem (18).

[f must still be shown that the vector y given by (22) is indeed the
minimum among aqll the admissible vectors. Let u be any vector in Ha such
that

V=yY=+u (23)
will be in He bounded by all the yield hyperplanes as shown in Figure 3, 7,e

/i
Ng v - bB >0, N$ v>0, ¢

Since gTu=0, it is evident that g v=1. A vector V is called an admissible

v=1

vector. Aj.rentl. all the admissible vectors can be given by (23) as U
exhausts all the points in H, bounded by all the yield hyperplanes. The
objective function of (18) can be written as

viv = |y|2 + 207 ¥ o+ |u|2 (24)

and is minimized with respect to U.
By lemma 3 of [4], uTnkZO, k=1,2,~++"" ,&. Furthermore g can be

written as

2
g=P£g+kEl Yknk (25)

Since Plg is the solution of (21), the basis actually selected for this
step of the gradient projection procedure is such that all Y,20. As has

n indicated in [5], if for any basis being considered there is at least
one Yq>0, then the vector nq is dropped from t;e basis. TThis is continued
until all Ykso. If (25) is premultiplied by U™ and if g u=0 is used,
the second term of (24) may be written as

T
u’ P, g

u? Y = 5 = L 7 L (-yk) u? N 2 0
lp, 91° 2, g
Hence
7
v vz I.YI2=——'—1—7
|Pg Ql

and ¥ given by (22) is indeed the minimum among all the admissible vectors.
I1f the unit normal vector 9 to He is inside the yield polyhedron
it is obvious that gdg gives the desired minimum of (18), coinciding with
the gradient vector since no constraints are active.
The gradient projection procedure of the incremental elastic-plastic

analysis is now illustrated for the example of the three-bar truss in the
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preceding section. The feasible region R is determined by the yield condi-
tions (15) and the lines of equilibrium. Inward drawn unit vectors n; (i=
1,2,-++ ,6) to the yield lines HI’HZ’HS’H4’55’H6’ are shown in Figure 2.
The objective function is F=a:1 whose contour lines are a family of equally-
spaced parallel dotted lines which are the lines of equilibrium themselves.

Consider the loading and unloading process given by

Ty 0+>1.4+0~»-1.2+0~>1.4 (26)

The initial point is the origin with the gradient |g|=1.0. The largest
permitted step length in the direction of g without leaving R is to Hl.

The projection Plgl is shown in the Figure 2, where P, is the corresponding

1
— . . _ I . , _
projection matrix to HI' Since Plgl-(z,z) the new direction zl-P1g1/|P1g1|

is Zﬁ_ The largest step length is to HZ giving gz=g0 as shown. At this

point B, the projection of g, on H becomes zero because Hs is one of the

5
contour lines. Thus at B the maximum of Feml is achieved first.

The computer describes exactly the path 04, 4B, which represent the actual
response of the truss. It should by noted that the computer stops at the
point B where the maximum first achieved although there are an infinite

number of points of maxima along Hs.
For the unloading process, x.:

1
started with the new initial point B. The corresponding mathematical

1.4+0+-1.2, the program must be

problem is stated as follows:

Maximize F=-:c1

subject to the constraints x12-1.2, -212-1.4 and (15) with the new
initial point B.
Tables 1 & 2 show the results obtained by GP. They demonstrate that the
actual response of the truss to the prescribed variation of z is exactly
traced by the computer within the round-off errors in the last digit.
S. MULTI-STORY FRAMES*
The elastic-plastic analysis by the gradient projection method is
not restricted to trusses but can be extended to multi-story frames. For the

sake of illustration, a symmetric multi-story frame of a single span is

* An abstract of this. section was presented at 1962 Annual Meeting o
(Kanazawa), Summaries of Technical Papers of 1962 Annual Meeting o
P.56

Fh th

A.1.J.
A.1.J

ad e
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Table 1. Response I.

15 shakedown.

Xl XE Loading
0 0 0 +
1 0 A Loading
‘| 1.40000000. 0.39999997 B
-0. 60000002 0.39999997 g 5
-1.20000000 -0.19999997 Unloading
0. 80000003 -0.19999997 +
1.40000000 0.39999997 Loading
Table 2. Response II. Shakedown.
B )L_L )(2 Loading
0 0 0 +
L 0 Loading
1.40000000 0.39999997 B
-0.59999999 0.39999997 C Unloading
1.40000000 0.39999997 B Louding
-0.59999999 0.39999997 C Unilozding
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considered here. If the effect of axial forces and elongations can be
neglected, a half of the frame has only to be considered where all the mid-
points of the beams are supported by rollers. The degree of redundancy is
therefore equal to the number of stories. Let r be the number of stories.

Let the end moments be denoted by

Myallys =22y,
as shown in Figure 4. If we write the equations of equilibrium in terms of
these end moments, we obtain 2r linear algebraic equations for 3r unknowns;

r equations of moment equilibriun about r joints and r sway equilibrium

equations. In matrix form it may be written as

AM = z, Bl tz, 32 0 ek xs Bs (27)

where 4 is a 3rX2p matrix, ¥ a column vector with 3r components and B,
a column vector with 2r components representing the inhcmogeneous term due
to the Z-th set of external loads.

Owing to the redundancy of r degrees, the solution of (27) is not
uniquely determined by (27) only, but any state of moment distribution
must be a solution included in the general solution of (27) For the
later use, the general solution of (27) is written as follows. Let MEi be
a particular solution of the inhomogeneous system of (27) when mi=l, and
o --=xs=0. Let MRI, MRZ,"' s MRr be any r linearly
independent solutions of the homogeneous system obtained from (27). Then

xl_xz_u L .__mi-l_:x:

the general solution of (27) may be written as

5 - r’ 4
M=z oz M. 1 3, i (28)
i:l j:]_
where Lol x8+2,-- s Ty,.p aTE arbitrary parameters to be determined
later. Physically, M (§=1,2,--+ ,r) represents a state of self-stress

or residual moment distripution, since there is no external force for these
cases. The quantities ME% and MRJ in Eq.(28) are all column vectors whose
components are 3r end moments. If all the 3r end moments are known, the
moment distribution is completely specified throughout the frame. Therefore
Eq.(28) may also be interpreted as thqt representing a moment distribution
throughout the frame where ¥, MEL, v are then functions of position along
the members of the frame. Let z denote the independent variable representing

the position.
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In order to construct these states of residual moment distribution
it is convenient to consider the statically determinate basic system by
removing the r roller supports and then to apply r vertical forces one by
one separately as shown in Figure 5. In the elastic analysis of the frame,
these f forces may be regarded as .redundant forces and the principle of
virtual work may bé applied on these moment distributions and the actual
displacements of the original frame. Let MLi denote the moment distribution
in the basic determinate system due to the i-th set of external loads only.
Then the corresponding MEi may be written as

R W
J'l

It is assumed that the rates of settlement of the supports are all zero.

Then the virtual work of each vertical force on the displacements of the

elastic moment distribution M°* vanishes. The equations of virtual work

explicitly represent the orhtogonality relationships between MEi and MRj

in the sense

M (2 ()
ROV ION

=0 (i=1,2,++++,8; Jd=1,2,-+ --,r) (29)

where the integral is to be taken throughout the half frame.

In dealing with the stress rate intensity obtained from Eq.(28)
later, the orthogonality between MEi and MEk (i%k) and between Mﬂjand MRh
(J%h) enables one to interpret the stress rate intensity in geometrical
terms in a stress space. The residual moment distribution Mﬁj is not in
general orthogonal to any other MR (jsh). It is always possible to form
an orthogonal set {MRJ} from the original set {MHJ} in the following way.

[ W M”J
I R s Sl s Y G (30)
t- ! MR dy

In a similar manner, it is also possible to form an orthogonal set {MEi}
it should be noted however that each of the mutually orthogonal moment
distributions would then be produced by certain linear combination of the
original sets of external forces. Conversely therefore, the original sets
of external forces may be represented by linear combinations of the sets of
external forces corresponding to the orthogonal set. . )

The orthogonal set of moment distributions {MEL; @FJ} is now
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normalized in the following sense. A state of moment distribution with unit
strain energy is called "standard". Each one of the n parameters of load
factor type associated with‘MEi shall be so chosen that when it is unity,
the corresponding moment distritwition is standard. Similarly, the vertical
forces at the roller supports are so chosen that: each Mﬂj is standardized.
The orthonormal set of moment distributions is denoted by
{mEl;mEZ’_'_. ,mEa; -le,mRz,--a--,mE?}
The orthonormality of this set may be compactly written as
1 Bt mEk ) i mEi mﬁ;j' i i ij'mRh
E&T U = Six fg"—ff— a =0, Eg—r Jh

where 6 and §. ih denote Kronecher delta's. The (s¥r) parameters associated

dy'= §

with thls orthonormal set will aga1n be denoted by Ty, Tpsttttt T, in

the following. Any state of moment ‘distribution may ‘now be written as

. r n
Mt Tz (32)

8
‘M= I =z -

. 7 .
=1 J=1
The elastic strain.energy corresponding.to the moment distribution may then

be represented as
ser
e-—-—[ (M) dz = L .-r.z- (33)
i=1

by virtue of (31).

Once the orthonormal set { Ez; mﬂj} is obtained for a frame, any
moment distribution may be completely specified by the set of parameters
Lxl,mz, ----- } as given by Eq (32) This implies that if we consider
an (s+r)- d1mens1onal stress space whose Cartesian coord1nates are I,,x,,
. Ty DY moment distribution in the frame may be represented by
a point in this stress space. The first n parameters are load factors and
any state of loading may be defined by the set (CHE , ). Any load-
ing path may then be conceived as a curve in this load factor subspace.

The rest of the parameters Grg+1, ----- "$§+r} define a state of residual
moment distribution. The elastic strain energy € is given by the square

Eprtt Ty

It is assumed that each member of the frame obeys the elastic-

of the absolute value of the vector Gr

perfectly-plastic moment-curvature relationship as shown in Figure 6.
If we denote the plastic moment of the J-th member by M?, then the yield

condition may be written as
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M s M s M;! (G=1,2, """ ,2r) (34)

where M& is in general a function of position. In the present case,
however, the possible hinge locations are, from the loading condition,

the I ends of the 2r uniform members. It suffices therefore to write the
yield inequalities only for these 3r end sections. Let M° denote a column
vector with 3 components representing the plastic moments of the 3 end
sections, Then the yield inequalities may be written as

M < .% ) mEi + .g xs+j ij < I (35)
=1 J=1
where mEi and mﬁj are also column vectors of 3 elements, respectively.
Geometrically, each one of the inequalities in (35) defines a strip between
two hyperplanes in the stress space. The set of all the inequalities
define a convex polyhedron as the common region of all the yield strips.
Therefore any actual moment distribution must be represented by a point

on or inside this yield polyhedron.

The remaining treatment of the problem is the same as for a truss. For a
piecewisely linear loading path, the following linear programming problem

in GP for the problem of incremental analysis may be formulated;

8
Maximize F= £ b. x,
i=1 v *
subject to the inequalities (35) and the bounds representing

the length of a linear loading path.
As an example, the computational procedure and the numerical results are
shown for a three-story frame of one span. The end moments and the bending
stiffness ratios of the members are denoted as shown in Figure 7. The ortho-
normalized residual moment distributions le, rﬂH2 and mﬁ’3 are shown in
Figure 8. The end moments are as follows;

Ml = {0.80a ) mZ = ( 0.062 s = { 0.018
-0.894 -0.062 -0.018
0.894 -0.529 -0.073
0 0.501 0.091
0 -0.591 -0.091
0 0.501 -0.299
0 0 0.414
0 0 -0.414
| 0 L 0 | 0.414 |




M
9
x. P P i ‘ .14
i >N y‘—j-h 0.u4lk [J— % ——
81y T s r’
- '"7, % 4 C.591 o o9y 0.318 4 ,0.3513
e o hER L —_— :
~at e Mg 1% 0.591 7 ©.096
FI 2 -
P i 3 0.89u 0-473 :"'\J 0.47 0.077 0.077
1 hﬁ 3 - /‘ pedl ol 5
2 0.894 -e
W |9 2 L
1
. 2 i 0.894 0.118 C.019
—f — Rl P2 o3
Fig.7  THREE-STORY FRAME Fig.8 THE ORTHONCRMAL S=T OF RESIDUAL MOMENT U1STRIBUTIONS
(Unit: J2EI )
1
0.536P 77" 0.536P 0.247 7—':7‘ 0.767
0.464P Z 0.834p 0.213 [lo.38
1.299p Z —1 1.299p 0.596 Z%I 0.;96
1.166P 0.961P 0.535/ Jo.Lib
2.125p E 7‘ 2.125P 0.979 %’12
2.039p / | 0.933 -
Fig.9a ELASTIC MCMENT Fig.% THE STANDARD ELal7iC
DISTRIBUTION (x,=1) MOMENT DISTRIBUTICN
(Unit: ‘?i:'.I1 £
Table 3 ELASTIC-FPLASTIC RESPONSE OF THE FRAME WiTH THE FLASTIC »UNENDS o1
Step Hyperplanes x-vector
added Xy x, :r} x, F
] (Initail) 0 Q 0 o o
1 HE 5.0000000 0 0 0 €, O0LLS 30
2 H12 5.0059617 - 0.0050713 0.0026431 0, 0004 Tns 5.0050617
3 H18 5.0289878 C.0357124 0.01065833 0.0189372 3.020205 "
i n =,1288566 - 0.2204569 - 0.1433572 - C.0LGEMET T,1226%t6
3 2 H.8 a Hiz _.h
....h HIi2 A Hiz 2 I-H&—l
] | Fia.l10
HE2 "med Iy 2 [Py
H1
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Since the elastic moment distribution may be written as

ME=MD+UII'I1R1+?)2H132+U3HIR3

where Vys ¥ and vy are parameters representing the magnitudes of redundant

2!
forces, respectively. The equations of virtual work between the states of stress

R 5 x 5
m'Y and the j-th vertical force and the state of elastic deformation vanish,
respectively. Figure 9a shows the elastic moment distribution. The
corresponding standardized elastic moment distribution e is shown in

Figure 9b. The corresponding set of end moments is

mf = (-0.933
-0.444
0.979
-0.535
-0.383
0.596
-0.213
-0.247
| 0.247

Any moment distribution may now be written as

M= xy mE + Ty le * Tz mRz + xy mﬁ3

The plastic moments must next be prescribed. It should be noted that as
far as.the frame is in the elastic range starting from the virgin state,

the parameters x_, x_ and &, are all zero and that it may readily be found

2773 4
which end moments reach their yield limits first. In order to illustrate

two different cases, the plastic moments are prescribed in the following

two ways.
Ml = (5.000) M2 = [ 5.000
5.000 5.000
4,895 4.895
3.000 3.000
3.000 3.000
2.985 2.980
1.500 1.500
1.500 1.500
| 1.250 | | 1.235
M01 is the case where plastic hinges form one by one successively, whereas

MO2 the case where three plastic hinges form at once at the ends of the

three beams. The linear constraint inequalities may be written as
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H1 [-0.933  +0.894  +0.118  +0.019 ) 212 Wl M2
H2 | 0.933  -0.894 -0.118 -0.019 .
H3 | 0.444 0.894 0.118 0.019 2
H4 [-0.444 -0.894 -0.118 -0.019 2y
HS | 0.979 0.894 -0.473 -0.077

H6 |-0.979 -0.894 0.473 0.077 o
H7 |-0.535 0.591 0.096

H 8 0.535 -0.591 -0.096

H9 | 0.383 0.591 0.096

H10 [-0.383 -0.591 -0.096

H11 0.596 0.591 0.096

H12 |[-0.596 -0.591 -0.096

H13 |-0.213 0.414

H14 | 0.213 -0.414

H15 | 0.247 0.414

H16 |-0.247 -0.414

H17 | 0.247 0.414

H18 |-0.247 -0.414

Problems of finding load carrying capacities and quasi-static responses to
various loading and unloading programs may now be formulated. The initial
points may be chosen in any way so far as they are inside the yield poly-
hedron.
Problem 1. The load carrying capacity of the frame with MOL

Maximize F=x. starting with (=, ,r,,x,,x,)=(0,0,0,0)

1 1772773774 1
subject to the inequalities (36) with the right hand side MO

Problem 2. The load carrying capacity of the frame with MOZ

Maximize Féxl starting with (2.5836821,0,0,-1.5414721)

subject to the inequalities (36) with the right hand side MOZ
The result computed by the GP procedure on an IBM 7090 are shown in Table 3
and 4 and Figure 10 and 11. The response obtained for the Problem 2
exhibits that if the initial state is an arbitrary residual moment distri-
bution, some of the hinges once formed have been unloaded under monotonically
increasing loads. Figure 11 shows how the hinges have formed and been
unloaded in each step of the GP procedure.

Any loading and unloading programs may now be prescribed within
the limits of the load carrying capacity of the Problem 2. Problem 3 is
to illustrate the case of alternating plasticity. whereas Problem 4 the

case of shakedown.
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Table 4 ELASTIC-PLASTIC RESPONSE OF THE FRAME WITH THE PLASTIC MOMENTS M
Step Hyperplanes x~vector
xl xz x3 ::‘,+ F
o] (Initial) 2.5836821 o} 0 1.5414721
1) H13  added 3,7308683 o} [0} 1.5414721 3.7303683
2 H12  added 4. 3668848 0 0 1.1865934 4.3668848
3 H 6 added 4,7826516 0 0.29445948 0.95460749 4.7826516
4 H? added 4.9777778 0.27741756 - 0.43265416 0.84573270 4.,9777778
H13 dropped
5 H 1 added 5.0072622 0.29556868 0.41904746 0.76518461 5.0072622
H 7 dropped
H18  added 5.1215968 0.22493897 0.16166107 0,072546869  5.1215968
A .Y A 2 [awa
s HI3 HI3 Hi3
a 7‘ L Hi28 wid  hizd ["wizd
| w7
4 a HE A Hé & He & Ho X
Hl H1 i
ke ] b wgv: - Fig.1
Table 5  ALTERNATING FLASTICITY
Step Hyperplanes x~-vector
added xl X, 13 xh F
o (Initial) o] o] 0 0 0
1.1 H 6, H12, H18 5.0000000 0 0 o] 5.0000000
1.2 B2 5.1199999 0.22198449 0.15953793 - 0.,071594172  5.1199999
2.1 H 5, H1l, H17 -4.8799999 0.22198449 - 0.15953793 0.071594172 -4.8799999
2.2 Bl -5.1199999 0.22198482 0.15953817 0.071594278 -5.1199999
3.1 E 6, H12, H18 4,8799998 0.22198482 0.15953%817 0.071594278  4.8799998
3.2 B 2 5.1199999 0.22198471 0.15953809 - 0.071594243 5.1199999
HI7
Hli?l A .Y .Y Hlxll -}
HI
P— I
HI2 a 2 a HiZ 2 A
HS
1 e "
He & - A 4 He & A
A TEVEY oy -wé:w A 1\LW Fig.12
Table 6 SHAKEDOWN
Step Hyperplanes x-vector
added 11 ~s 13 X, F
0 (Initial) 0 (4] 0 o] 0
1.1 Hé, H12, H1B 5.0000000 0 o] 0 5.0000000
1.2 B2 5.0999999 0.18598709 0.13294829 - 0.059661816 5.0999999
2 Bl 3.0000000 0.18458709 0.13294829 - 0.059661816 -3.0000000
2 B2 5.0993998 0.18498709 0.13294829 - 0.059661816  5.0999998
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Problem 3. Alternating plasticity
Step 1. Maximize F=z, starting with (zl,:z.xs.z4J=(0,0,0,0)
subject to the inequalities (36) with the right hand side
i MOZ and to the bounds -5.120<z,<5.120.
‘Step 2. Maximize P=-z, starting with the previous maximum subject
to the same constraints.
Step 3. Maximize F=x1 starting with the previous maximum subject

to the same constraints.

Problem 4. Shakedown
Repeat precisely the same three steps of maximization process
with the different bounds -3.0005:155.100

The results are shown in Table 5 and 6 and in Figure 12. Bl and B2 in
Table 5 denote the bounds xlg-s.lzo and -31;-5.120, while Bl and B2 in
Table 4 denote the bounds 312-3.000 and -112-5.100. It should be noted
that xz-, 33- and 34-coordinates do not vary in Table 6. This implies that
shakedown indeed occurs for this loading cycle.
6. SHAKEDOWN

In many practical cases, the precise variations of the loads applied
to a structure are not known or are so complicated that it is difficult to
prescribe them. For the purpose of designing structures, certain bounds on
the working loads can be assumed which may be based on statistical data.
The shakedown problem may be stated as follows; Given a structure
subjected to a set of periodically varying loads, whose bounds of vari-

ations are prescribed, determine whether the structure will shakedown to
a state of self-stress after a finite number of cycles of loading and
unloading processes such that its response to all further cycles becomes

purely elastic.
An example will be considered first. Figure 13(a) shows a simply

redundant ideal truss of 8 bars with 5 joints subjected to a vertical load
P and a hoeizontal load @ which vary independently. The elements {Slj}’
{Szj} and {REI of the orthonormal stress set for the present example are
shown in Figure 13(f) and in Table 7. The original varying loads P and §

may then be written as
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- T = -

(a) The Truss (e) The Yield Limits of Bars

(d) A State of Residual Stress (fy) (R,)
Figure 13
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Table 7- THE ORTHONORMAL SET OF STRESS SETS
P 513 523 R
1 - 2 _ _2__ _ ;
5 J30 3
i b a1 Vo
3/5 NEL 3
4 L2 | 2 5
5 | o
1 3
2 — 0
b V30
o 1 A2
3/5 /30 3
i ab | 2k 2
35 J30 3
. v | 2 2
35 {30 3
2 3 A2
55 J30 3
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P = §—-m2
/30
Q= gx1+ ,.,],’_:cz
/5 /30
The yield conditions for the eight members may be expressed as

e Ea L Eaicn
3/5 V30 3

1 Aa Lo T <
3/5 V30 3

-2 < ‘/-Z::cl -z—/zmz < 2
V5 V30

-2 < L @y o+ é-mz <2
a9 V30

15 —a s =g @‘csfl (37)
3/5 /30 3 {

4 < ﬁxla«z"’fxz 33351
3/5 V30 3

-lf-ga:l-‘/z-x2+ Emsfl
3/5 V30 ° 3

-]_(-_2._3,-14. 3_..3;2 /.i_.ms<1
3/5 V30 3

where the yield limits of the bars have been chosen as
ts = |eJ.| =1 forJ =1,2,5,6,7,8,
=2 for § = 3,4
This choice of tJ- and cj prevents the truss from collapsing due to yielding
of the bars 3 and 4 in an incomplete mode. The yield polyhedron for this
truss is shown in Figures 14 and 15. Suppose a complicated periodical

loading path is entirely contained in a rectangular region given by

-1.2 £ :cz 0.1

According to the general shakedown theorem, if there exists any state of

-1.5 ¢ z, < 0.5
< (38)

self-stress which would enable the truss to respond in a purely elastic
manner to all further cycles of loading, then it will shakedown. In order
to show that the truss will shakedown, it suffices therefore to find only

one state of residual stress to which it might shake down. Any purely
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elastic response is characterized by the fact that the response curve is
entirely on a plane parallel to z zz—plane. Then the problem may be
conceived geometrically as that of imbedding the prescribed region of
loading program into the yield polyhedron by a translational displacement
normal to itself only [3]. This leads us to investigate the possibility
of imbedding the rectangular region defined by (38) into the yield poly-
hedron. The imbedding can be achieved if the fictitious response to the
worst possible loading cycle, which consists of the circumference of the
rectangle, shows that T, becomes a constant eventually.

In the yield polyhedron shown in Figure 14, the response to the

piecewise linear cycle: 071%223%4+5+2

2(-1.5, -1.2) * 5(-1.5, 0.1)

\

1(-1.5, 0)
o 0,0

3( 0.5, -1.2) -+~ 4( 0.5, 0.1)
is constructed as shown by the arrows

-+ > -+

1; %', f; 3; 3; E', §; 6', 6
the corresponding stepwise formulation of the problem in terms of GP is
given in Table 8. The result given in Table 9 shows the coincidence with
that obtained graphically. The steps 5 and 6 require plastic deformation
so that the truss will not shake down if all possible arbitrary loading
cycles in the rectangular region must be taken into account.

In order to illustrate the case where shakedown actually occurs,

the response to the small rectangular region

-1.3 < £, £ 0.5

A

has been obtained as shown in Table 10. The result illustrated in Figure 15
shows that this smaller rectangular region is indeed imbedded in the poly-
hedron.

This procedure can easily be generalized. If a truss of r degrees
of redundancy is subjected to s sets of loads characterized by s load

factors whose bounds are prescribed by

L; sz, < U, (2=1,2," """ ,5) (40)



X3

X2
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Figure 14. NON-SHAKEDOWN CYCLE
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where Li and Ui denote the lower and upper bounds on Lss respectively,
then any conceivable variation of the set @, is contained in the
parallelopiped defined by (40). Let Loygs werers Do denote » parameters faor
r independent states of self-stress. A yjeld polyhedron is then considered

in an (s+r)-dimensional stress space. Shakedown will occur under any

loading cycle contained in thé parallelipiped if it can be imbedded in the
yield polyhedron by translation normal to itself only. By virture of the
convexity pf the yield polyhedron, it is sufficient to consider a fictitious
response pf: the truss to that loading cycle which passes through all the
¢orners of the parallelopiped. If this response shows that all the ® k'S
(k=1,2,-%-" ,7) become constant-rafter a finite number of cycles, then the
imbedding of the parallilopiped is indeed achieved and shakedown occurs.

The loading cycle.may be piecewise linear from vne corner to another. Hence
the GP program can be applied. On this basis it appears that the number of
steps required to shdw the shakedown will be at teast 2° and at most 2XZ3

In the case of the example, 8=2. The number of steps N required should. be

4 <N <8

Six steps were necessary for the loading path choscn as above.

Table 8 FORMULATION FOR THE NON-SHAKEDOWN CYCLE

ey S e i — '
_ = {\ .. _Bounds Yield Ineq. Pash
1 % z, 2 - .5 e, 2 -0.5 (6.1) (6.16) x, = 0
2 Xy X, 2 1.2 T, 2 -0.1 " X = -1.5
3 wj xl > -1.5 -x] > -0.5 i Ty = -1.2
4 z, x, 2 -1.2 Xy % -0.1 T x, = 0.5
5 -xl ) > -1.5 —m] : -0.5 " mz = 0.1
6 -mz z, ¢z -1.2 -, > -0.1 i x, = -1.5

To investigate more extensively under what. kind of lomling cycles
the given trusg will shake down, it is nccessury to know the shapes of the
elastic subspaces defined by x =const. z..0, cross-sections ol the yield

polyhedron parallel to x L5 plane. Responsces of the truss are characterized

1
by a family of an infinite number of elastic subspaces to which the truss
could shuke down. Since the original yicld polyhedron is convex, these

elastic subspaces are conyex polygons, Any of these polypons will be called
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Table 9. THE RESPONSE TO THE NON-SHAKEDOWN CYCLE
Step Maximum F Xy X5 x3
1 1. 50000000 -1, 5000000 0 0
2 -1. 5000000 -0.71174686 0
2 1.20000000 -1. 5000000 -1.20000000 0.37819923
3 0. 50000000 0. 50000000 -1,20000000 0.37819923
h 0. 09999994 0. 50000000 0. 09999999 0.37819923
5 -1.3474396 0.09999999 0.37819923
5 1. 50000000 -1, 50000000 0.09999999 0.18522390
6 -1. 50000000 -0.95086989 0.18522390
6 1.20000000 -1.50000000 -1.20000000 0.37819923
Table 10. FORMULATION FOR A SHAKEDOWN CYCLE
Ste Maximize Subject to:
Prp- Bounds Yield Ineq. Path
b1 -x) x, > -L.3 -x) 2 -0.5 (6.1) ~ (6.16) Xy = 0
2 X, X5 > -1.2 X5 > -0.1 X, = -1.5
3 X X, > -L.3 -x; > -0.5 X, = -1.2
b X, 2 -1.2 -x,>-0.1 X, = 0.5
5 -Xy X, > -1.3 -x; > -0.5 = 0.1
6 -X, X, > =12  -x,>-0.1 X, = -1.5
Table 11. THE RESPONSE TO THE SHAKEDOWN CYCLE
Step Maximum F Xy XE‘ :K3
1 1.30000000 -1.30000000 0 0
2 1.20000000 -1.30000000 -1.20000000 0.25170814
3 0. 50000000 0.50000000 -1.20000000 0.25170814
L 0.09999999 0. 50000000 0.09999999 0.25170814
5 1.30000000 -1.30000000 0.09999999 0.25170814
6 1.20000000 -1.30000000 -1.20000000 0.25170814
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tentatively a shakedown polygon. Any loading cycle under which the given
truss will shakedown must therefore be contained in one of this family of an
infinite number of shakedown polygons. For practical purposes, several shake-
down polygons will be sufficient for revealing shakedown characteristics of a
truss. If they can be drawn by some means, it can be immediately inspected
whether or not a given loading cycle can be imbedded into the yield polyhedron
or how it may be enlarged or should be shrunk, if the truss is to shake down.

These shakedown polygons can easily be obtained by use of the GP as
follows. Since any shakedown polygon is convex, it is always possible to
circumscribe it by a rectangle as shown in Figure 16. There are, in general,
four points of contact with the rectangle or some of the sides of the polygon
may coincide with those of the rectangle. Then it is obvious that the

following five steps of maximization suffice to describe the polygon com-

pletely.

1: max. Fl =z with the initial point O

. . "
1+ 2: max. FE = 32 1

. = "
2 * 3: max F3 ml 2

. = "
3+4: max. F4 mz 3

. = "
4 +1: max. F5 ml 4

In the present example it is not difficult to obtain these shakedown
polygons graphically since there are only eight inequalities as given by (37).
However, as the number of bars increases, the graphical solution becomes
cumbersome. Furthermore, if the truss has r degrees of redundancy then a
shakedown polygon is an intersection of the yield polyhedron of (r+2)-
dimension and r hyperplanes given by

m3+1 = const., ms+2 = const., +++, x3+r = const.

where the truss is subjected to two independently varying sets of loads.

As long as the truss is subjected only to two independently varying loads,
FI,FZ,"--o,Fs remain the same through all the shakedown polygons of the
family. Only the right-hand sides of r equality constraints {ws+k=const.}
are changed. The results from the GP program give all the vertices of the
polygons. If the number of independent load factors is greater than two,
then this technique cannot be used because it is very difficult to describe
all the vertices of a complicated polyhedron by means of GP.
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Figure 16. SHAKEDOWN POLYGON
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7. LOAD CARRYING CAPACITY AND SAFE LOAD DOMAIN

If a structure is subjected to a set of loads characterized by only
one load factor, then the corresponding load carrying capacity is uniquely
defined. However, if it is subjected to & sets of loads characterized by &
independently varying load factors {xi}’ then the set {mi} at collapse will
reveal the load-carrying capacity characteristics. In order to obtain all the
sets {mi} at collapse. it suffices to consider a family of straight line paths
defined by

where Onl,mz,-'- ,mSJ is a set of numbers which determine the ratios
between xi's. This family covers the s-dimensional load factor subspace
completely. To every one of these paths there corresponds a set (xl,zz,"

--,xs) at collapse. All these sets (ml,m -,ms) form a closed hyper-

surface in the 8-dimensional load factor iubspace. Since this‘hypersurface
can be regarded as a projection of the yield polyhedron into the
g-dimensional load factor subspace, it must be a convex polyhedron in
g-space. This will be called the "safe load domain'". This domain is
characterized by the property that any combination of the s sets of loads
represented by a point interior to it does not cause collapse if the loads
are monotonically increased from zero. This can easily be obtained by the
GP method since some equality constraints have only to be added.

It should be noted that if we denote an infinite number of regions

of shakedown polygons by Dl’Dz".."’Dm’ ----- then the union Dl v DZ Yeveon
UQWU’ "*'gives a safe load domain approximated from inside Z.2., from safe
side.

In the case of the example, since there are two load factors all
the ratios mI/mZ must be considered. By virtue of the symmetry of the yield
polyhedron, we have only to consider a family of straight line paths
originating from the origin which cover a half z, z, plane completely.

The safe load domain in this case is a polygon and practically several
straight line paths suffice to draw the polygon. The result is shown in

Figure 17.
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Figure 17, SAFE LOAD DOMAIN
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8. CONCLUDING REMARKS

The procedure of applying the gradient projection method of nonlinear
programming to the elastic-plastic analysis of trusses has been shown in
considerable detail. It should be emphasized that as long as loading paths
are piecewise linear, GP automatically gives integral results for every
segment of the paths and the exact elastic-plastic responses of multiply
redundant trusses to several independently varying loads can readily be
obtained by GP.

It has also been shown that the gradient projection method is useful
and powerful to investigate shakedown and load carrying capacities of trusses
and that frames can be treated in the same manner as trusses withopt modifi-
cation. Since most of the collapse modes of a frame of uniform prismatic
members contain a finite number of plastic hinges, yield polyhedrons rather
than smooth convex hypersurfaces are again obtained and the applicati6n¥dfl
GP is precisely the same as for trusses.
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CHAPTER 6
A LINEAR STRAIN-HARDENING IDEALIZED COLUMN
SUBJECTED TO COMBINED LOADING

1, INTRODUCTION

The plastic collapse strength of a frame subjected to a set of monotonic
loads can be estimated considerably well by the plastic-hinge method of the sim-
ple plastic theery or of the second-order theory provided that the plastic de-
formation in the members at collapse is so small that the effect of strain-hard-
ening may be neglected and so far as the members have been designed so as not to
exhibit any local instability phenomenon. If, however, the frame is subjected
to variable repeated loads, the effect of strain-hardening and the Bauschinger
effect must be taken into consideration and the assumption of perfect-plastgici-
ty will not be appropriate.

No systematic method, such as an incremental member-stiffness matrix
methed, of analyzing a frame characterized by a complicated hysteretic stress-
strain relation has yet been proposed except for beams and beam-columns. Among
moye realistic idealizations than that of perfect—plasticity, the bilinear hys~
teretic stress-strain relation is the simplest. The author has presented an
analytical method of solution to the bilinear hysteretic strain-hardening column
problem based ppon a Z-material-point model in 1966 [1}. whereas Yamada et al
{2] proposed moment-curvature relations bhased upon 3- and 4-point models at the
same Meetings of A.1.,J, and subsequently proposed a numerical solution [3}.

Kato et al [4] described an approximate analysis based upon an assumed rigid-plas-
tic moment-gurvatyre relation. Since then, a number of refined treatments have
been proposed [8].

' This chapter is concerned with a detailed presentation of the result of
Ref.[1],[5],[6] but is not limited to the case of constant axial forces whigh
have been assumed in all the previous works., Analytical solutions to a canti-
lever column subjected to combined varying axial and lateral forces will be ob-
tained. The constituent solutions may also be applied to other various practi-
cal cases. It will be illustrated that the concept of the '"stress line" is use-
ful for examing all the possible responses from a previous state, While stress-
trajectory in Chapter 10 is the stress space representation of only the state of

stress at plastic collapse of a structure, the '"stress line" here may vary as

the external loads are varied.
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2. BILINEAR HYSTERETIC STRESS-STRAIN RELATION .

Although the experimental hysteretic and skeleton stress-strain relations
in Chapter 8 suggest a bilinear hysteretic stress-strain relation with variable
strain-hardening modulus as shown in Fig.l, the one with a constant modulus without
regard to the stress or strain amplitudes is the simplest even if slightly less
realistic. It is shown that many of the essential features of the inelastic
behavior of a beam-column can be disclosed with the use of the stress-strain
relation with a constant strain-hardening modulus and that the resulting analyt-
ical solutions are explicit, in closed form and much simpler than if otherwise.
The procedure described in the following may, however, be applied to any bilinear
hysteretic stress-strain relations.

Let o, E, £ and Uy denote the constant linear strain-hardening coeffici-
ent, the modulus of elasticity, the yield strain and stress, rcspectively as

shown in Fig.2. For later convenience, the dimensionless strain and stress are

defined by

E R o _
e T B o, TS (1)
y Yy

The virgin stress-strain relation may then be defined by

s = e N -l1<ex<1

s-1 = a(e-1) 1<e

[l

s+1 = a(e+l) e < -1 (2a-c)

Let the state of strain and stress at the end of the j-th step be [e(j), s(j)).

The subsequent stress-strain relations are given in the incremental form by

s =é if -24-5('7.J < §5< s(j) (3a)
or if s=s9) and 3 <o (3b)
or if s = s(j]-z and $ > 0 and (3c)

3§ = qé if s=sU)am1é>0 (3d)
or if s = s(j)-z and § < 0 (3e)

for e(j), s(j) > 1, and
=y R - . (4a)

or if s =359 and &> 0 (4b)

s =8 if s
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Fig.l Bilinear hysteretic stress-strain relation
with variable strain-hardening modulus.

(4a

(aa) J (4D s

-qs.“'
€y
Fig.2 Bilinear hysteretic stress-strain relation

with a constant strain-liardening modulus.
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or if s=s@s2ands<0  and (4c)

t-0b if s=s9 andd<o (4d)
or if s=5@i2 and 8 >0 (4e)
for e(j), s(j]< -1,

where the dot denotes an increment with respect to some appropriate time scale.
The ten cases (3a-e) and (4a-e) are indicated by arrows in Fig.2. These rela-

tions may be written in a finite form if § and e are known or may be assumed to
be definite, positive or negative, throughout a step.

s—scj)s e-ecj) if -2+scj) <s < s(j), and (5a)

s-s9-2) = afe-(e@-2)}  if s < -24sE) (5b)
where sW.1 = ae@-1) and

s-scj) = e-e(j) if s(“’:J < s < scj)+2, and (6a)

s-(s(j)+2) = a{e-(eU)+2)} if s(j)+2 <s (6b)

where s(j)ﬂ = a(e(j)+1).

3. IDEALIZED SANDWICH SECTION

Besides the idealization of the stress-strain relation, the idealiza-
tion of the cross-sectional properties of a column is indispensable for the
purpose of extracting most of the essential features of its inelastic behavior
in an explicit and analytical form. The idealized sandwich section consists of
sufficiently thin cover sheets or flanges of equal area and the core in between,
which carries the shear stress only without any extensional stiffness. The re-
al cross-section of a column and an associated sandwich section are defined
here to be equivalent if the extensional and bending stiffnesses are the same
in the elastic range. Let the cross-sectional area and the moment of inertia
of the real section be A and I, respectively. Let A, and h denote the cross-
sectional area and the depth of the equivalent sandwich section, respectively.
The equivalence is defined by

Ae = A 3 . - (7a)

Io = Ag(He/2) = I, or '5"”& =j:;: =T (7b)
The equivalence in the elastic range does not necessarily imply the equivalence
in the strain-hardening range, except some special cases.*

The interaction yield condition for the idealized sandwich section may

*An assessment of the accuracy of the approximation is given in the Appendix.
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¥
be derived as follows. The bending moment M and axial force N acting upon a
section are given by

1 1
M= ‘T AeHe(UL Ou), N = —‘2-'— Ae(UL + O'U) (8)

where oL and 9y denotes the normal stresses in the two flanges, referred to as
the lower flange and the upper flange shown in Fig.4, respectively. If the first
and second equations of (8) are divided by the yield moment My = “%"UyAeHe,and

the yield axial force Ny = o,A., respectively, the following expressions may be

y
obtained.

S, =m + n, Sy=-m+n (9)

where
m = M/M,, n = N/N s 5, = U[./Uy; Sy = quﬂy. (10)

The initial yield condition is given by

S, =m+n=+1, and/or Sy=-m+n-=+1 (11)

Egs, (11) represent a square on the (m, n)-plane or (SL_ SU)—plane as shown in
Fig.5 which will be referred to as the yield square. The region inside the
initial yield square is called the initial elastic region. If some strain-
hardening limits are to be considered, the corresponding limit square may.be
drawn as shown in Fig.5 by dashed lines. As the strain-hardening proceeds

in a fiange, say éL > 0 and SL > 1, the yield square is translated in the
positive direction of the SL-axis inside the limit square. This observation
is useful for a deeper insight into the nature of the moment-curvature
relationship in the following section. It should also be noted that, in view
“6f the stress-strain relation shown in Fig.2, an unloading elastic region from
a strain-hardening state is always represented by a square of the same size,

4. MOMENT CURVATURE RELATIONS

Since the stress-strain relations are bilinear hysteretic as given by
Eqs. (2), (3),aﬁd (4), the moment-curvature relations must also be derived
piecewisely for each linear branch. Let éL and €y be the longitudinal. strains
in the lower and upper flanges, respectively. Corresponding to SL and SU’ the

following reduced strains will be used

E

L, VL. (12)
£ L’ € U
Y Y
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ENITIAL
LASTIC REGION

INITIA§
YIELD SQUARE

%TRAIN‘HARDENING
EGION
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The dimensionless curvature is defined by

2E M
K _ 1 . .
Ll el (e, eyl vhere Ky = TR ) (13)

The moment-curvature-rate relations based upon Eqs.(3) and (4) may be summarized

as shown in Table 1, where

1-a

Br = 77 (14)
TABLE 1
lower flange upper flange Momen?-curvature rate
relations

Elastic Elastic K=m (15)
Elastic Strain-hardening | & = L2(m-gin) (16)
Strain-hardening Elastic K = l%g{ﬁ*ﬁlﬁ) Qa7
Strain-hardening Strain-hardening K = éﬁ (18)

If a response step is such that Eqs.(5) and (6) are applicable, then
the moment-curvature relations may be written in finite forms. For this purpose,
it is helpful to represent the process of stress variation as a locus on the
(SL, SU]—plane superposed on the (m, n)-plane. Fig.6 shows some examples of
such stress loci from an initial state in which the axial force only acts upon
a section. In order to identify a stress locus of a cross-section, it is conw-
venient to use a symbol which indicates the states of stress in both flanges,
A stress locus is denoted by Rj[Ti, T, 1, where j denotes the (j)-th response
stop and
T, -FEi if S, is in the i-th unloading elastic region,

L; if SL is in the i-th strain-hardening region with éU > D and

L. if s  is in the i-th strain-hardening region with éU < 0, and

St} L

Tk =fEk if SU is in the k-th unloading elastic region,
U; if SU is in the k-th strain-hardening region with éL > 0 and
Ui if SU is in the k-th strain-hardening region with éL <0
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The moment-curvature relations have been summarized in Tables 2 and 3 for
several typical stress loci of practical interest in the lst and 2nd response
steps shown in Fig.6 and 7. respectively. The family of the moment-curvature
lines form a polyhedron in (m, n, «) -space as shown in Fig.8.
5. CANTILEVER COLUMN PROBLEM

A cantilever column with the idealized sandwich section composed of the
bilinear hysteretic strain-hardening material is subjected to a vertical force
N and a lateral force Q as shown in Fig.9. N and Q are varied under a given
loading program which is independent—ef the deformation history of the column,
The dimensionless lateral force is defined by q = QfNy, If a rectangular
cartesian coordinate system whose axes are N and q is considered, a point (n, q)
moving in accordance with the given loading program describes a '"'loading path"
on the (n, g)-plane.

A static rsponse of the cantilever column to a complicated loading
path is characterized by its dependence upon its strain- or deformation history
that the column experiences. A representive displacement is usually taken as
the primary overall response quantity. Let A denote the horizontal displacement
of the top of the column. The dimensionless displacement is defined by § =4/1,
where 7 is the length of the column. If §-axis is considered to form a rec-
tangular cartesian (n, q, §)-space, then the overall elastic-plastic behavior
may be geometrically visualized as a '"response curve'. The essential features
of the present problem are that the one-to-one correspondance between (n, q)
and § is lost after a stability limit even under monotonically increasing §,
that a response curve to a prescribed alternating loading path may describe
hysteresis loops and that a stability limit is deformation-history dependent.

Since the mvwk relation for the idealized section is trilinear hys-
teretic, an inelastic deflection curve of the column consists in general of
different portions governed by different mw relations. In order to identify
constituent solutions, it is helpful to visualize the state of stress in the
column at any state of loading (n, q) on the (SL, SU)— and (m, n)-planes. A set
of stress points corresponding to a state of loading (n, q) form in general
a curve and in the present problem a line if the slope of the column is small.
For instance, suppose if the column with a small slenderness ratio is first
subjected to an initial axial force -1 < ngp < 0 which is small compared to
the Euler load, and then to a proportionally varying set of axial and lateral

forces. All the stress points corresponding to the load point (np,0) are at
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TABLE 2 Moment-curvature relations for the lst loadling step
Response Range of Stress-strain Moment-curvature
Symbol Stress path Relations Relation
'kﬁlel,Ei] -1<-m+ng 1 e,=5, K= % (eL—eu)=—%—(SL—Su)
=1< m+ng 1 eL‘=SL =m (19)
= -m+n<-1 _ 1 _ 1 -1
RI[EI :UIJ _m+h< 0 eU-T(SU+1)_1 K—T[SL_T(SU+1)-1]
. -_ita
-1< m+ns 1 e =8, k=—— —[m-g(n+1)] (20)
- m+n<-1 1 _ 1 1 e
R}[Ll,Ul} —htfi< O eu=—a—(Su+1)-l K=—5— [__U. (SL—].) - (Su+l)+2]
1< m+n _ 1 _ 1
0< m+n EL-T(SL—I)'I']. IC‘-l-'—a (m-l) (21)
I -m+n<-1 - | _ -1 r 1 .
R1[Li,Ui] Thihe 0 Gt (Syt1)-1  k=—5—[—=—(8;+1)-——(5 +1)]
m+ng-1 1 -1
Ri[LY,E;]  -l<-mbn< 1 e =S k=—1 [ (5 -1)+1-5 ]
2 = ‘u u 2 a L u
1< m+n _ 1 _ 1+4a
62 ®if e, =——(5,-1)+1 =5, tm-8(1-n)] (23)
+. 1l<-m+n _ 1 . _ 1 1
Ry[E;,UT] 0<mfntth e~ 5 (8,~1)+1 « 5 LS -——(5,-1)-1]
1+
-1< mén< 1 e =S, =S [m+B(1-n)] (24)
Su
n
n,
{ -1 1
[nq),q] Et-region
L*Y—Ht'region
X 5.
nc
y - —+———Ec-region
1
— —Hc-region
—Her-region
m
Fig.9

Fig.10



TABLE 3

Moment-curvature relations for the 2nd loading step

Response Range of Stress-straln Moment~-curvature
Symbol Stress path Relations Relation
R1[E1,UT]  -m+ns-mPn®42 eu-egksu-s? = k= V)
Wo_1 ayqy_
g m— (Su+l) 1
R2[E1,E2] -1$ mins 1 e =S, (25)
R1[E1,U7]  -m+ns-mM+n®s2 eu—e“LSu-én K=—l%§—{m+%(n+ﬁu—dn)}
O TR OV
eW=—(i41)-1
- m+n<-1 =+ _
Rz[L[,Ez] Si+si< 0 eL— o (SL'F].) l_ (26)
Rl[El:U-IJ _m(ul-n(])+2<—m+n eu=e(tlxl+2 K= l;z {m—B|(n-—l)}
0<-m+h 1 g _guL
= (Su S 2)
oL oty
€ (Su+1) ]
Ro[E1,UF]  -l< ming 1 e =5 (27)
: 1y (1) =oll) 1l+o
R:[E.:,UT] -mtn<-mHntl2 e =ely-2 K== {m—&(n+l)]
-m+n< 0 1 _al)
+T(Su Su+2)
=L (g )4
u o u
Rz[El .UEJ -1< m+tng 1 eL=SL (28)
o _ l+a )
R,[E;.UT]  -m%r-2<-men eu-Su—S("l’+e(1i’ R {m+B|(n+mml-n‘ 42)}
L g
e = (Su 1)+1
“ m+n<-1 -1 _
RE[LI’EZJ r-n.'.ﬁ( O eL- o (SL+1) l (29)

116



{(m, n) = (0, n¢). At any state of loading (n, q), the state of stress through-
out the column may be visualized as a straight line parallel to the m-axis on
the (m, n)-plane. As (n, q) is varied, the straight line may grow parallel

to the m-axis moving in the n-direction as shown in Fig.10. The straight line
will henceforth be called a "stress line'. If q and n are sufficiently small.
the corresponding stress line will be entirely within the initial elastic re-
gion. The symbol E, is used for identifying an elastic portion of the column
governed by the elastic moment curvature relation (19)under compression As

q and n aré increased proportionally, the stress line will eventually contain
the portion beyond the line 55 = -m + n = -1 as indicated by Ech in Fig.10.
The portion of the column in strain-hardening is referred to as a H.-region,
where the subscript c represents that one of the flanges are in the strain-
hardening range in compression. The deflection curve and q/(-n)+$é relation

for this state of stress will be called the E;H.-solution. If q and n are
increased further, the tension flange may also start strain-hardening. In

this case the stress line will include a portion beyond the line Sy = m + n = 1.
The portion of the column for which Sy = -m + n < -1 and S = m + n > 1 will

be called-a H . -region. The double subscripts c and t denote that one flange
is in strain-hardening state in compression, the other being im strain-hardening
state in temsion. The solution to this case will be referred to as the
EcHeHig-solution. Fig.1l0 illustrates two other cases of the growing processes
of stress lines. The boundaries of these different regions will be denoted by

E.H.-boundary, H.H. -boundary and so forth.

6. VIRGIN LOAD-DEFLECTION BEHAVIOR
6.1 E.H.-solution
Fig.9 shows the coordinates chosen for the column. The following

dimensionless quantities will be used:

X _ Y _ b TR o _Mpz .,k
F 5% =M fi= K = 1Ky = *Eg——n = kz—i—x
2 2
He _ Nyl _ _9yRel oy )b )’ 2
7 - h ET = “AH 2E/4 '[ E J[ ) - K (50

The deflection curves of the E.-. H.- and H.,-Tegions are denoted by nq(£),

nc(g), and n.¢(£), respectively.
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The dimensionless expression of the bending moment distribution
is given by

W [qa-5-nE-n@En)s 2 (mi L a-pesn}p 6D

m

The governing differential equation for E.-region is given by
fie (£)=k? (-m){ —1- (1-£)+8-n,} (32)

where dots denote differentiation with respect to £, The general
solution of (32) may be written as
Ne (£)=C15inkeE+CocoskaE+ T%- (1-E) +6 (33)

where ke=k/(-n)  (-n20).
The boundary condition ng(l)=68 at the free end determines C, in terms
of C; and (33) may be reduced to

ne(£)=-C, SAel=E) L L (1548 (38)

The boundary conditions at the fixed end ne(0)=0 and fg(0)=0 determine
the elastic :%— nd relation as follows.

5= tani:-ke (L) (35)
The expression (35) is valid if m(0)= = (a-n8)<1+n.  Let —%— (1+—%-95U%
Then the (35) is valid if

% +6g- (36)

1f (3.6) is violated, then H. solution must be combined with (34).
The differential equation for n.(£) may be obtained by introducing (31)
into (20) as follows
1+a

fie=k? ( 55— ) (-m){— (1-8)+6-nc+Ban} (37)

The general solution of (37) may be readily found as
nec(£)=CasinkcE+CycoskeE+ :2—7(1-g)+a+slu (38)

-kj (-n)= kef:iﬁi: (39)
The EcHg-boundary is characteriged by the yield condition
nAo)= o (-M{ 1-2,)46-nA)}= 1+ n (40)

where A_ denotes the location of the EcHc-boundary. The continuity
conditions between (34) and (38) and the yield condition (40) may be

where

written in the following form.
sinkg (1-Ap) _ ;

-C1 Cosk, =u=C3sinkc A +Cycoskeho+Bu

coske (1-Ac)

Clke COSke

=C3kcoskcAc-Cyk sinkcAe
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It is convenient to|define the following functions

Celt;u,v]=tH{Tcos (u) +sin (u)cot (v) } }

Sc[T;u,v]=tu{Tsin(u)-cos (u)cot (v) } (41
Then the constants may be written as

Cy=-1 cosk

C3=S¢[B2ikcAc,ke(1-A0)] | Cu=Cc[B2 kA ke (1-20)]
where k3/ki=1-B1=B3 has been used. Substitution of (42) into (34) and

(3 8) furnishes

ne® SRl La5es Oests)

Ne()=CelBaske (e-6) ke (1-A) ]+ = (1-E) #6481 (osesxc)}

(43)

The boundary conditions n.(0)=0 and ﬁc(0)=0 at the fixed end provide the

following parametric representation of j%-mﬁ relation.

fﬁ‘ =kcSc[BaskeAc ke (1-A¢)]
(44)
=L +6=-B1u-Ce[Ba;keAc ke (1-Ac) ]
Eqs. (44) is applicable if m(£)<m(0)<1-n and n>-1,
G _2 +6< 2 Ch= i )=-v and n2-1 (45)

Fig.11 shows several qv$ curves for constant n. Fig.12 is a bird-eye view

of several families of qv curves for varying n, spanning a load-displacement

surface in a (q,n,d8)-space.
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6.2 EHH ,-solution
ccoct

The solutions Ne(£) and n.(€) for the E. and H.-regions as given by
(43) are still applicable in the ECHCHCt-solution. The differentical
equation for n¢¢(£) of the H ;-region may be obtained by introducing
(31) into (21)
Ree= e k{1 2= 2 ([ L (1-8)+6nce (B)]- 5 |
Let -(-n)k*/o=k3/0=k%;  Then
feptkbence=kée] -1 (1-g)+6r L% D) (46)

The general solution of (46) is given by

ﬂ9t=Cssinkct§+CecoskctE+( -:-E-— ) (1-E)+6+(1-a) (u+v) /2 (47)

The H H.,-boundary is characterized by the condition

BOep)= — [a(-Ace)-n(6-n(hct))]=1-n (48)

The “‘continuity conditions and (48) may be written as
l;“ ) (H+v)=+v
=51U+Cc [82 ;kc(‘\c-lct) !ke CI—AC}]

y k
CscoskctAct-CesinketAct= -iiz Sc[B2ike(Ae-Act) kg (1-Ac)]

The determined constants may be substituted into (47) and one obtains
' h a
Net (B)= —— (—— -1)coskey (Agp-€)

. _.é_a_ Sc[B2:ke (Ae-Act) ske(1-Ac) 1sinket (Aeg-€)

. CssinkgeAct+CscoskepAor+(

#( =2y (-g)ess 2 () (49)
where
Ba= 2 - kC't
U T T ke

The remaining condition is the A VA .y relation;

Ce[B2:ke(Ac=Act) ke (1-Ac) ]+Biu-v=0 (50)
The boundary conditions at the fixed end furnish the j%—‘hﬁ relation.
1 qg ,_ h a .
ke ( 7= )= 5 (4 -1)sinkcthet
1
+ T3 SC[BZ;kC(AC’ACt) ,ke(l—;\c)]COSkctACt
1-q h o h
L +6=( =) 5= -( == -1) = coskeehct
1 .

+ —— S.[Baske (Ae-Aot) s ke(1-Ac) JsinkeeAce (51)

B
As A is varied, Act varies in accordance with (50) and the corresponding
values of jg— and 6§ may be determined from (51) Fig.ll contains a

portion of the q@§ curve governed by (51) for n=-0.1.



6.3 Mechanism surface

An elastic-perfectly plastic column may be regarded as a limiting
case of the linear strain-hardening column as a*0. If the two equations of
(44) are respectively squared and then added, the following expression
may be obtained.
u?B3{B3+cot?ke (1-Ac) }= .%cr (=2 [ ssean)?

When o lends to zero, Bz*0, B1*+1 and k. while cotkg(1-A.) remains finite.
Then :%—-%5 relation approaches the straight line

q-né-nu=0 (52)
Eq.(52) represents a possible equilibrium path as a collapse mechanism of
a rigid perfectly plastic column and may also be directly obtained from its
equilibrium condition.

The smaller the value of o is, the smaller the possibility of attaining
the validity limit (45) will be. As o+0, Eq.(52) will always be below the
1imit .of (45) except when n+0 and hence the EchHct-solgtion will not be
applicable. When n*0, Eq.(52) becomes coincident with Eq.(45).

In the (q,n,8)-space, Eq.(52) describes a surface any point on which
also represents a possible equilibrium state as a collapse mechanism of a
rigid-perfectly plastic column. This surface will be called a
"mechanism surface'.- Fig.13 shows the mechanism surface. The solid lines
on the surface indicate the mechanism curves when n=constant. It is
apparent that the magnitude of negative slope representing how instable the
equilibrium state is, depends upon the loading path (q,n) along which the
equilibrium state is varied. The arrows at a point P indicates the possible
slopes depending upon the loading path.

A similar mechanism surface may be continued over to the case n>0.
The equation of the surface is given by

q-né-nv=0 (53)

This portion of the mechanism surface has also been included in Fig.13.
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7. EHy -SOLUTION

The governing differential equation for the elastic state in tensile

bending may be written as

fi=k?{q(1-£)-n(8-n)] (54)
Let kg=kvh (n>0). Then the general solution to (54) may be written as
N=Cy5inhKeE+CocoshieE: —- (1-£)+6 (55)

The boundary conditions are
n(l)=6 : ClsinhKe+C2cushKe=0
n(0)=0 : C,- —2-— +8=0 (56)

n)=0 : c,.<5+—;-—=o

Elimination of C; and C, from (56) furnishes the q/n\.§ relation as follows

W e . RO
n Ke-tanhkg § kA7)

The equation (57) is valid until a strain-hardening region appears.
The extent of validity is given by
1-nam(0)= -hz—- (q-ng) or -g— -8gv

An EHy-solution consists of an elastic solution and a strain-hardening
solution. The elastic solution satisfying the boundary condition (S6a) may
be wrtten as

o sinhke(1-€) = q 4
ne=-Cy —T7eE = L (1-p)+s, (58)
The differential equation for the strain-hardening region is given by
. h 1+a 2
fit=k? == ——— { 5~ [4(1-8)-n(8-n)-B, (1-n)} (59)
Let k¢zk / ;+g n Then the general solution to (59) is given by
Ny =C3sinhk £+C, coshk&- —%— (1-E)+6+Bv, (60)

Let the boundary between two regions be at g=)t. The yield condition and
the continuity conditions must be satisfied at £=)¢.
2
m(Ap)= 5= [a(1-A)-n(5-n(Ae))]=1-n

ne(At)=n¢(i¢) (61)
ne(Ae)=ng (h¢)
Substitution of (58) and (59) into (61) yields the following conditions.is.
C sinhc, (1-A¢)
e coshke
C coshka(1-A¢)
1Ke coshce

Taking into account the relations
2 K
LB, % =8

=v=C3sinthAt+C4costhkt+Blv

=Cikgeoshicid ¢ +Cycesinhiced ¢



one obtains the following expressions for the constants:
Cyr=- vcoshke
157 Tsinhk (1-40)

Cs=-VB2{B2sinhk¢A¢+coshkedicothky (1-Xe) ] (62)
Cy=vBz{BzcoshkgA¢+sinhkgdcothkg (1-1¢) }

Again, the following functions are defined in analogy to (41) )
Ce[t;u,v]=tv{Tcosh(u)+sinh(u)coth(v)}
S¢ [T;u,v]=Tv{Tsinh(u) +cosh(u)coth(v)}

Then substitution of (62) into (58) and (60) provides
_.. sinhkg(1-£E) q
=y < £ 1- 8
Ne sinhke (1-At) n- (1-8)+ } (64)

Ng=Ce [B2:K¢ (g -E) 1Ko (1-2p) ] - —A= (1-E)+8+Bv

} (63)

Finally the boundary conditions at the fixed end are assigned.
nt(0)=0 : C¢ [B2;ktAt,Ke(1-At)]- —-%-— +8+Bv=0

Nt (0)=0 : 'Ktst[Bz;KtAt,Ke(l-lt)]'fT;L=O
The -{%—ﬂé relation is given parametrically by

n

—L -8=Bv+Cy [B2;KtAt,Ke (1-At)]

The validity limits are given by

n<l
2

n(0)= -2 } (66)
W )
8. E_H.-E_H_-SOLUTION IN THE SECOND DISPLACEMENT PATH WITH VARIABLE N

A displacement path is called the second if the displacement direction is

[q-né]<n+1

reversed. The inelastic behavior in the second displacement path depends in
general upon the deformation history in the first step. If the displacement
path is reversed after am inelastic stability limit is attained in the first
loading step, the unloading elastic response will occur that is different
from the unstable equilibrium path which would have been obtained for the
same loading path if the first displacement direction were continued,

In other words, the characteristic behavior of the beam-column is that,

at any point on that portion of a load displacement curve With a negative
slope, there exist two different possible equilibrium paths for one and the
same load decrement: one along the first load displacement curve with a

negative slope and another for the reversed displacement direction.
If the displacement path is reversed and the loads in the reverse

direction is increased, another inelastic response will occur and another

inelastic stability limit may appear.
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(1)
8.1 é c-Ec solution

The superscript (j) will be attached to a quantity or to a symbol
to denote its terminal value or state in the j-th displacement step.
The elastic solution for the second displacement step from an ééﬁg-state

is denoted by ééﬂ:LEc—solution. The mvK relation is given by (25)
(n

L]

k(E) -€"(E)=m(£) -m"(£) ((67)
where KR(&)=n"(£) for B’-region:  Nike<l and
‘TE) "'(“(E) ‘Ot {H["(E) (ﬁ”-ﬂ]} for I-f” region: DSES)L
The governing d1fferent1a1 equations may be written as
fe/e=kE{( 1) (1-8)+6-ng } A<t
e e=k2{( —‘-1— ) (1-8) +8-nc/e }+ 81 (KDY 2{¢ iﬁn ) (1-£)+ 6o neei' }
o<kl (68a,b)

where ﬁé’is given by (43b). The general solution (68b) may be
reduced to
Ne/e=Dssinke E+DucoskeEr( —1- ) (1-£)+8

my2p Ce[Ba:K! '”—EJ,]&" l-iﬂ} + BZ 69
*Bl(kc‘) {_EI_(@?%g__ﬂ_g_l ng} (69)

The solution to (68a) after assigning the boundary condition n(1)=§,
may be given by Eq.(34). The continuity conditions that must be
maintained at £=i2 determine the constants D3 and Dy in terms of the
constant in Eg. (3. 4)1 which is here denoted by D1 1n stead of Cj.

g _sinke (1-X) -Dgslnkelc+DucoskeAc+ ——11—7— y?

coske

-————JiL—l:El 2.
B COzESkl : =D3°°5keAC'Du51nkelc'"Y;Iig- Ycotﬁg(l lc

where TEA"/n-ﬁévks-ﬁéyke

D3=D;- —%E¥EE- Sc[Y,kengﬂntl X 5] l . b)
70a,

2
Dy=-Djtanke- —,%-gg— Ce[Vske A KD (1-XH]

Hence (69) may be reduced to
Nefe=( =i ) (1-E)+6-p; iikell-5)

coske

+81 vz Y e lvike (A28 K- AN 1 -coBos k0 K01 D )
(71)
The boundary conditions at the fixed end require
( :%— J+6-Ditankg

2
Byl B {clvikel KEQ-AD) ] -Ce (825K, K14 }=0
-( =3 )+Dike

2
g fkeScl¥ske ke (1- 1) ] -Klse [ B KON KE(1- )] o0
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from which one f1nds

D=5 'EQ'LF‘ [SclyskeXE,Ke(1-XD) 1~ —E: Sc[Bz,lp’Jfg.ﬁg(l A1}
(- ‘ﬁ"“L ) ( ‘l #8481y 2"
—}-’f—-,— {c. h, ke (1-AD) , K (1-£ ] /coske
- Q[Bz,‘L' AerKg(1-AD)]- == tankeSc[B2;KeAC, Ko (1-10)] }=0
(72a,b)

The validity limit is given by

m(0)= _12{” (q-nd)z-(1+4n)  or q-né>p (73)
8.2 éEHé?ECHc-solution (Acsig)

The new Ec.-region consists of the é25c¥region and the dgﬁ¢-region.
The solution to the latter is given by (71). The m.x<elation for the
Hgﬂc-region is given by (26). The governing differentical equation may
then be written as
()

fic/c+kéne/c=ke{( - ) (18 +6-u-81 08 2o L2 K006, K001 A1) -3t

| (74)
The general solution for y#l is given by
Ne/c=Dssinkg E+D;coskcg+(-41— Y(1-8)+6-B 11
v B (8Kl 000 K- 1+ v265" (75)

Y
The continuity conditions and the yield condition m=-(1+n) at £=A; may be

expressed in the following form:

sinkg (1-A 1
-D1 :osé ) _ 8178‘ ( cy' cB)*BlY o *'U
=DgsinkcAc+DecoskcAo-Bu+ —-151—— dZB+BIY B
coska (1-A¢) B1Y® i s B1Y: an
Dy 82 cogke - Yé-BE (B2 cy-YSCB)-Dscﬂskckc—DsSlnkclc+;é¥1-Y cB

(76a,b)
{1} (1) é m 1)
where CQY-Cc[Y,ke(Ac-Ac) Ke(l- AC)]: C‘Y-SC[Y ke(;\c ;\c) ke(l-lc)]
C?;B—Cc[ﬂz Kee-20),Ka-A0 1,  stp=sc (82K (Ka-10), KP4

The constants may then be determined as follows:

_ cosk 12 B;T 10
1= ket WY g Coytep}
Ds=- (1+B1Y? = }Sc[ﬁz kcAcike (1-Ac)]- -—BP’— (CepsinkcAc+ySegcoskere)

—ﬁél—r {azé Yoo gt Ba( c-r'dcg)cc'tke(l Ac) Jeoskede
Dg=- (1+8,Y? —‘f— )Ce[B2kehe ke (1-Ac) ] - —-}1— (C‘c\poskclc-yscémk Ac)

—!Iﬁ_ {Bz =Y cB*Bz(C‘éy-ccg)cotke(l-hg)}smkc}\c
(77a,b,c¢)
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The boupdary conditjons at %he fixed end require:

1 1y 1
D5 = (23 )+ M selBkOE, K- 10 |

2
Dav A +8-Bape T CelB2kOE KPR P87l =0

(78)

1
8.3 ég}fnychTsolution (?\CZAIC]

. . . " 2}
In this case, the beam-column consists of the three regions: écEc,Ech

apd lﬂﬁg:. The continuity conditions at Ac between éyEc-region and Egﬂc-region
take on the same form as ip the first displacement step except that the middle
term U must change its sign corresponding to the bending in the reversed
directigon. Hence the solution for XAEESL may be written as
Ne/c=-CelBaike (Ac-E) ke (1-Ac) 1+ ( == ) (1-£)+6-Bip (79)

The geperal splution for the ﬂgﬂc-region is given by (75). The continuity
conditions at fg may be written as
‘Cc[BZIkc(Ac'xE):*e(1-Ac}I=DSSiﬂkc£LuDGCOSECx2
+81y" 80" S Co[B2;0,KE01-40) ]
()

-sc[Bz.kc(xc-Ac),ke(l-ac)]=Dscosksiy-nssinkcx§

¢ 3 ¥Sc1B2;0,Ke (1))

Y<-1
from which Ds and De may be determined as
B1y? i (1

Ds=-Sc[B2;kcre ke (1-Ae) |- —7i SclB2Y;kehe ke (1-X¢) ]

E m Mmoo
De=-C¢ [B2ikcAc,ke(1-Ac) |- '$é¥f_ CelBaYikeAe,ke(1-A¢)]

(80)

If A=X¢ in (5.11), then
oy=Ce[V;0,k2-XD1=v" ,  Sey=5c1v;0,KE(1-XD) 1=-nleotk1-XT)

b}
Ua=CelB2;0,Ke(1- XD 1=83" ,  S¥p=5.(B2:0,Kg(1-1) |=-Fn corke(1-12)

and it may readily be copfirmed that Ds and D¢ in (77) are reduced to
the expressions given by (80) The boundary conditions at the fixed
end require

W, (1

1 ¥
Ds- = (=8 )+ L SolbKeAg Ke1-A) =0

- naoqy G 2 2
De+( ;’g‘“‘ )+6-Bil+ YBI’\:l (*C[BEIk(clcskelU"‘c’)] + By Bo

Hence ( Tﬁ_ )$kc['sc{625kcACske{1-*c)J'
- —%%?;— {5 1B2Y3kAT, K (1-Ae) ] -¥5c [B2:KINE, K (1-X) ] }
( =3 )+6=Bu+CcBaikche ke (-Ac) |
8 ;%§§;-{CC[BzY;kcﬁy,HQ(L-Xg)]-cC[BZ;ﬂyxﬂlkgk1-xyy|}_Hleﬁz?g“
(81)

I
}) -

1

Fig.14 shows an example of the computed ¢u§ curves.



E.H.-solution

' ‘ - 9=-1.00
0001 | 3.
(4] 6=-0.125

-0.001 0 0.001 g

EcH: /E.~solution

0.001 ny,=-0.98
| n =Ng,* 69
E.Hc/E.H-solution

Fig.14
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9. EgHe/EcH.-SOLUTION IN THE SECOND DISPLACEMENT PATH WITH CONSTANT N.

9.1 l':‘:-jl-ﬂlfﬁc-solution

If q is varied under.a con?fant n, then Eq.(67) may be written as
/e (8)-iD= 0 2{( L ) (1-p+6-6"-(n(@)-PE)]  (82)

without regard to éEEc or l-'lgEc. The solution to (82) satisfyingg
n/e(1)=6 may be expressed as

m_ sinkl(1- -4V "

Nye-Tl'=-Gy ==& +( Jr—l#,—_ ) (1-£)+6-& (83)
The qu§ relationship may readily be found from the boundary conditions
at the fixed end.

1) )
5 g _tezll_lfﬁ';_k_‘a_ ¢ L ) (84)

Eq.(6.3) is applicable with in the limit given by (73). It is apparent.
that a similar expression to Eq.(84) may be obtained for the (j)-th:
displacement step as for as n is constant.
1
9.2  EpHo/EcHc-solution e
Since n is kept constant, the my) relation (26) is simplified andind

the differential equation for T/c of the ﬁxﬂc-region may be reduced to
M m

e/t (KQ) Ne/e= (KD 2{( —dr ) (1-£)+6-B1Cc [ B2; K OL-E) , ke (1-Xc) 1 -8F")

(85)
The general solution to Eq. (85) is given by~
Ne/ =6 35inKPE+G ycosKEE+ ( —fr ) (1-£) +6-p3)I"
1 tm m_ m 1
+ —— BiKcESc[B23Kke (Ae-E) ,Ke (1-1c) ] (86)

Eq.(86) must be continued to Eq.(83) through the continuity conditionsis

and the yield condition m[lc)=-(1+ﬂ"), which may be written as

(), 1) m (}] sin 1-
Cc[ﬁzikc(irlc).-ke(l-)\c)j]—G; T -|»an"=..l]'J

cos
. 1)
=G 351ﬂ1<[::l)tc+c ,,cosk';‘;)lc- gHi+ "%"‘ Slk‘ylcsc [Ba; l‘tt'l:"dg‘i\c) »klg(l" J{c) 1

n, (M m.. Kh(1-
Sc[Bziﬁc(Ac'Ac)’ke(l'lc)]+G182 cozosé@ 2

=chosfg}c-GhsinHé c
1 {h} 1 4} N
+ = B{Sc[B23KEE-Ae) Ke (1-X2) ] -KeAcCe [B23Ke (e-2e) ,Ke(1-XD) ] }

The constants may be expressed as
cosk 1 Ldn m (1),
G1= ~IRII%e) {B3U"+Cc[B25Ke Oie-Ac) ske (1-Ac) 1}

Ga=-{B3+Cc[B2; KEOT-Ac) Ko (1-XD) 1 /ulsc [B2 ;KA , KE(1-Ac) ]

M, {

+B3S . [B2;Kehe s ke (1-X .

1 1 n 1]
Cl]]"' -'2—‘511((‘:

Accc [B2; 'g-!;’)‘l::,»ke (1‘;"2) ]
- —%— BlSC[Bz;EQ(XE-lC),ke(l-lth]cosﬁé c
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Gu=- {B+Cc [ B2: KL (AL-A) K- XD 1 /uC [B23 KA KE(1-20) ]
+83Cc 182 KO KEU-AD ] - 5 BIKD S (85K Ko (1-£D)]

m

- —;~ B1Sc[B2; K (E-2c) ke (1-AD) IsinkDA, (87a,b,¢)

With these expressions for Gi; and G,, the q relation is given by
m min m_

ﬁn =G 3]8_;"" %Blkcsc [B2:KEAc ke (1-Ac) ]
:%ﬁ +6=p3"-G,

[1}]
9.3  EcHe/EcHe-solution (A2t

} (88a,b)

If the H.-region prevails over the féLregion and hence Acafg,
the solution must be obtained separately. The éghc—soluticn takes on
the same form as Eq. (43b) except that u must be replaced by -u due to
the yield condition m(A;)=-(14n). Hence

Nejc=-Ce[B2; K (Ac-E) , KB (1-2) ]+ ( S 1 -g)+8-gf"

(o<t (89)
The ﬂgﬂc-solﬁtion is the same as (86)- The c?gtinuity(%onditions for
) 1 . v 1 .

:fj:c::ﬂt:36) are nc/c[ic)=n (&c) and nc/c(lc)=ne’c(kc), which may be

efc

LN 0
GsslnkcAC+Gscoschc=-BlB%d"—cc[ﬂz;EQ(AC—Xé ,k2T1~AC)]
v = g ks cotk(1-AY)

2
GscosKIAL-GesinKINE=-5. [B2; KM (Ae-X0) , KL (1-A¢) ]

+ 5 BiBau[BK L rcotke(1-XD)]

Gs and Gs may be expressed as

GS"Sc[Bziﬂzlc,Hg(l—kc)]+ _%__Blﬁiiﬂ o, (1) ) (1

cCclB2 ;KA ke (1-A¢) ]

1
-B15c [B2 ;KT Ke (1-40) 1+ 5 BaSc[B2 30, KE (1) JcoskY

1
Go=-Cc[B2 ;KA ¢, KR (1A )]~ —5— B KATSc [B2 ;KA KE(1AD) ]

a 1 :
ERAD]- 5 81518250, K0(1NE) ) sinkAY

-B1Cc[B2 ;K
(90)
With these expressions for Gs and Gs, the qv0 relation is given by
m 1 13
_5,., =Gs K+ —— B1k¢S [B2 sk, oK (1-A)

—h '!'5-'-3%11“1—(35 (81

Fig.15 shows an example of the computed qv curves.
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10. ALTERNATING BENDING WITHOUT AXIAL FORCE
For the case n=0, the differential equationsé&b&bme simple and may be
treated separately. '
10.1 EHct-solution
for the elastic po tion (E-region) satisfying the
boundary condition n(1)=6 may be reduced to

neikzq{%gz-%ga—%&+6-c,(1-5). (92)

The differntial equation:
o=k @0 -5)-55) (93)

for the Hct-region may readily be solved. The Hct-solution must then be matched
with the E-solution (92) by the continuity conditions and yield condition at

the Eﬂct-boundary E=A. A parametric representation of the virgin q-6 curves

may be reduced to the following:

h 1
7 1x
(94)

8=k?{zq+A? (1—;?-) (%qh%h)}

0(r .
10.2 é Hct/EHct-solutlon
The moment-curvature relations for the unloading elastic and strain-
hardening regiofls are given, respectively, by

k-d"-n-1) (95)
k=-le—(n-1). (96)

n @) (1 (o
If the E Hgt/E-solution and E Hc/Hct»sulution are matched by the continuity
conditions and the yield condition which is given by

m(A)-m° (A)=-2, (97)

) D . .
the following equations of the é'HgtIEHct—solutlon are obtained:

h
ed’=15
(98)

8-8"=k2 (3 (a-4") 22 (122 [3(a-4"r-21)
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If the second loading step is terminated at.A=A , then'it may be readily be
shown that .

2 (2 o '
&, -8, - (99)
and consequently that
Doy ol
rfp(s)— N (E) (100)

The deflected shape at the end of the second loading step of the same load or
deflection amplitude in the opposite direction is precisely the same as that

at the end of the virgin loading step and hence a closed hysteresis loop is
obtained as shown in Fig.16. This feature is not due to the piecewise linearity
‘0f the stress-strain relation but will also be observed in beams governed by

Fig.16
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the nonlinear hysteretic stress-strain relation in chapter 9.
11. CONCLIDING REMARKS

The bilinear hysteretic stress-strain relation and the sandwich ideal-
ization have enabledone to obtain explicit and piecewisely analytical solutions
to the column problem. The geometrical representation of the varying states
of stress and the stress line concept have been shown to be useful for finding
appropriate constituent solutions. The method of matching constituent solu-
tions is not restricted to the case of a cantilever column but may be applied
to various other cases. For instance, the result of Duberg and Wilder [ 9 ]
which has proved mathematically the existence of the Shanley tangent modulus
load, may be discussed from wider point of view. The disadvantage of the
method is the labor of matching constituent solutions which is inherent to any
piecewise linear approximation. A more realistic hysteretic stress-strain
relation will be proposed in a more restricted manner for the problem of alter-
nating plastic bending in chapter 8.
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APPENDIX

A simple estimate of the error involved in the sandwich approximation
can be made by finding asymptots to which the moment-curvature relations would
approach if the curvature were increased. Since the strain-hardening modulus
3E is of the order 10~2E, the relation between a '"'real" asymptot and the cor-
responding ''sandwich" asymptot for a # 0 may be considered to be fairly close
to that for o = 0. A good accuracy of the sandwich approximation when a =0 is a
necessary condition, even if not sufficient, of the good accuracy for o #0.

The figure below shows the yield curves for a real H section and for the
2quivalent sandwich section. The maximum deviation for a constant n is about 7%.
For a thinner walled H section, the maximum deviation may amount to 9%.

m l— a1.7¢m —-|

[
1.042 L ] -I—
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CHAPTER 7
EXPERIMENTAL INVESTIGATION ON THE LOAD DEFLECTION BEHAVIORS AND
PLASTIC FATIGUE OF WIDE FLANGE BEAMS SUBJECTED TO ALTERNATING PLASTIC BENDING*

1. INTRODUCTION

As has been mentioned in Ch.3,Sec.2, the importance of the energy ab-
sorption. capacity as one of the most essential measures representing the overall
earthquake resistance of a ductile structure was first pointed out by R.Tanabashi
[ 1] for a one-degree-of-freedom system subjected to a single monotonic load.
For varying external disturbances, however, the load-deflection behavior and
the plastic energy absorption capacity of a ductile structure under varying
loads or forced displacements need also to be investigated. It is then neces-
sary that the cyclic load-deflection behavior and energy absorption capacity
of constituent members as well as subassemblages can be predicted on the basis
of the behavior of structural steel under varying stresses and strains.

Since R. Tanabashi [ 2 ] investigated the behaviors of welded and

riveted joints of steel members under alternating bending, a considerable a-
mount of experimental investigations have been done on overall elastic-plastic
behaviors of beam-to-column joints subjected to alternating bending with or
without axial forces. As for beams, Sidebottom and Chang [ 3 ] derived a
moment-strain relation for reversed bending based upon a bilinear stress-strain
relation to compare with their experimental result. Fujimoto and Hagura's

detailed investigations [ 4 ] on the behaviors of rectangular and wide-flange

*The results contained in Ch.7,8, and 9 have been published as a series of three
papers: '"'"LOAD-DEFLECTION BEHAVIORS AND PLASTIC FATIGUE OF WIDE-FLANGE BEAMS
SUBJECTED TO ALTERNATING PLASTIC BENDING,'' Part I Experimental Investigation by
R.Tanabashi,Y.Yokoo,M.Wakabayashi,T.Nakamura,H.Kunieda,H.Matsunaga § T.Kubota;
Part II HYSTERETIC AND SKELETON STRESS-STRAIN RELATICONS AND PLASTIC FATIGUE OF
FLANGES, BY R.Tanabashi,Y.Yokoo,T.Nakamura,T.Kubota & A.Yamamoto;PartIII STEADY-
STATE THEORY, by R.Tanabashi,Y.Yokoo § T.Nakamura;Trans.A.I.J., No.175(ppl7-29),
No.176 (pp25-36) ,No.177(ppl17-28), 1970. The experimental data were obtained in
cooperation with junior coauthors.
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sections and columns subjected to alternating plastic bending under the pre-
sence of axial force were based upon the perfectly-plastic stress-strain re-
lation and subsequently [ 5 ] extended to include the effect of strain-hardening
in the form of bilinear and trilinear stress-strain relations, Nakamura [ 6 ]
Yamada et al [ 7 ] and Kato et al [ 8 ] have also proposed approximate theories
based upon various discrete material point models and bilinear and/or trilinear
hysteretic stress-strain relations as first-order approximations. Igarashi

and Taga [ 9 ] have shown that the experimental skeleton load-deflection curve
of a portal frame may be represented by a Ramberg-Osgood equation considerably
well and that a similar representation is possible also for hysteretic load-
deflection curves. The more realistic hysteresis model for moment-curvature
relation represented by a Ramberg-Osgood equation has been applied to inelastic
earthquake response analysis by Goel and Berg [ 10 ]. The experimental inves-
tigation by Wakabayashi and Tsuji [ 11 ] revealed more complex load-deflection
behaviors of three-story frames with or without brag¢ing under repeated horizon-
tal loads. Carpenter and Lu [ 12 ] have shown that the hysteresis loops of a
single-story single-bay frame and a three-story single-bay frame subjected to
cyclic lateral displacements are very stable even for deformations greater than
those corresponding to the maximum lateral loads. While the afore-mentioned
works are concerned more with initial transient elastic-plastic behaviors of
steel members and frames, Bertero and Popov [ 13 ] investigated the plastic
fatigue limits of cantilever I-beams subjected to alternating plastic bending
in strain-controlled loadings. The plastic fatigue limits of small size metal
spe&imens in bending have been investigated by several researchers [ 14 ] but
it appears that no effort has yet been made to correlate the result with that
of uni-axial tests. On the other hand, it has been shown by Kasiraj and Yao

[ 15 ] that, when the yield strength of a ductile structure is so small as to
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caus¢’ more ‘inelastic deformations, the low cycle fatigue damage factor
becomes a better indication of structural failure due to earthquake loads.

b *From this brief survey of the literature, it is épbérent that the
following problems have not been investigated in detail: (1)The bilinear and
trilinear hysteretic stress-strain relations which have been assumed by a
numbe¥: oF Japanese authors should ‘be derived quantitatively from experlmental
stress-atrdin relations. As no author mentioned above has referred to any
experimeitat’ hysteretic stress-strain law for structural steel, it does not
appear that the hysteretic and skeleton stress-strain relations for SS41 havé‘
been #éFived. '~ Although cyclic stress-strain relations for ‘variois metals
have been ‘investigated by Morrow[ 16 ][ 17 ], Serensen and Séhneiéérdviééh
[ 18 -}, BTatherwitk and Mowbray[ 19 ], Shiratori and Obataya[ 20 Ts and i
Dawidenkew([ ‘21 ], the hystéretic and skeleton stress- straln relatlons Tust be
derived-from experimental result in a form applicable to the analysis of |
plastic berding. (2Z) It is desirable to establish a theory which is able to
predict quantitatively ‘the load-deflection behaviors and energy absorption
capacityof a member based upon a more realistic stress-strain };iétion.

(3) The!aFore mentioned papers on frames and members [3-13] are primarily
concérhed with load-deflection behaviors but not particulariy with the energy:‘
abserption cdpatity characteristics except [ 9 ]. One of the most basic
tests-for thé energy absorption capacity characteristi¢s may be that of constant
strain or diéplacément amplitudes. ‘Although Bertero and Popov [ 13 ]
investigated the piastic.fatigde limits of cantilever I-beams under‘coﬁgiaﬁt
bending strain amplitudes, it has not been clarified how the energy absorption
capacity of a beam is deteriorated as local and lateral tbrsioQal defonmati;ngr

grow.- (4) The low-cycle fatigue data applicable to structural members

directly are needed. No attempt has been made to correlate the result of



plastic bendlng fat:gue tests of structural members with that of wni-axial |
tests on the material. |

The present chapter and the two succeeding chapters are concerned
w1th these problems The result of an experimental investigatiop
on the cyclic load-deflection behavior energy absorption capacity and plastic
fatigue limit of SS41 rolled wide-flange beams subjected to alternating plasr
tié bending with constant deflection amplitudes will be presented in this
chapter. The test under constant deflection amplitudes was considered to
be one of fhe most basic tests before any other tests of varying amplitudes
were attempted. It will be shown that, in spite of complex local buckling
and lateral torsional deformations developed during deflection cycling in
specimens subjected to larger deflection amplitudes, a load-deflection curve
converges in general to a steady-state hysteresis loop, In view of the flange
strain§ measured, it was considered appropriate to assume as a first-order
approximation that a flange was essentially subjected to alternating tension
and compression of a constant strain amplitude. Plate specimens taken from
flanges with surfaces as rolled were therefore subjected to alternating
tension and compression of constant strain amplitudes. The experimental
result will be presented in chapter 8. The propose of chapter 8 is to derive
the hysteretic and skeleton stress-strain relations from the test result and
qghfind the energy absorption capacity and plastic fatigue characteristics
of thé flange steel. Based upon the hysteretic and skeleton stress-strain
relations, a theory of steady-state response will be proposed in chapter 9,
which is able to predict the steady-state load-deflection behaviors, the
energy dissipéted &uying a steady-state hystexetic cycle and the flange
strains. The numerical results inchapter 9 based upon the material datg in

chapter 8 are gampared with the bending test result in chapter 7-
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2. TEST SPECIMENS

‘The test specimens were SS41 wide-flange members of H100x100 as
rolled. Fig.1l(a) shows a general description of the test. A specimen of
length 400cm was subjected to an alternating concentrated load at the midspan
with the half-span length 180cm. Since it was anticipated that local plastic
buckling deformation will be developed in the course of alternating plastic
bending, three stiffners were inserted as shown in Fig.1(b) in the vicinity
of the midspan.* Since the present work is concerned not only with hysteretic
load-deflection behaviors but also with the energy absorption capacity
characteristics up to the plastic fatigue limits of wide-flange members
themselves, the stiffners were simply inserted and cemented with epoxy resin
to exclude an influence of welding. All the specimens were tested as rolled
without any machining for straightening except a saw cut at ends. The test
result includes therefore the effect of residual stresses and surface effect.
The dimensions of the cross-sections of all the specimens were measured by
vernier calipers and micrometers for later use in the analysis in Chapter 9,
The tests were carried out on 11 specimens of two series A and B which were
manufactured in 1966 and 1967, respectively. Table 1 shows a description of
the materials. The data for Series B was taken from the mill sheet whereas
the data for Series A are the result of a check analysis on a piece of a
flange. The mechanical properties of the materials investigated on flange

plate specimens with surfaces as rolled will be presented in Chapter 8,

The result of several preliminary tests for determining the shape of the
three stiffners were reported at the 1967 Annual Convention of A.I.J. and is
shown in Summaries of Technical Papers of Annual Meeting of A.I.J., 1967,
pp413-415.
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3. TEST SETUP

METHOD - OF LOADING Fig.2 shows a schematic diagram of the'loading and
supporting frames and a specimen inserted. Load is applied through the cross-
head of an electronic universal testing machine (AUTOGRAPH) of capacity 10tons
and is sensed by a load-cell of tension-compression type inserted between the
loading frame and the cross-head. The supporting device which has been
designed for the present tests is able to transmit only a vertical reaction
under alternating bending without restraining rotation and horizontal dis- °
placement. The horizontal displacement of a specimen was restrained only at’
the central loading frame. A specimen was also able to rotate about the
vertical axis which coincided with the axis of loading. Lateral torsional
deformation of an S-shape with an inflection point at the midspan was not
restrained.

CONTROLL CONDITIONS A constant forced displacement ol an eygual
amplitude in downward and upward bending was assigned at the midspan of a
specimen. The crosshead was displaced at a constant speed so that the pre-
scribed displacement pattern was of a triangular one. The testing machine is
able to reverse its crosshead motion within 0.5Second after a turn signal is
automatically operated at the prescribed maximum and minimum displacement
positions. Table 2 shows specimen jumbers and the control conditions. During
first several cycles, the crosshead was stopped at the muximuwn and minimun
displacement positions for several minutes for strain rcadings.

ME/SUREMENT SYSTEM Since the crosshead of the testihg machine has
been designed to move at a constant speed prescribed within the 1 .nge 0.05-
500mn/min, the displacement of the crosshead may be synchronized with the
displacement of the T-axis.of the XY(I) recorder of the testing machinc. The
total elastic deformation of the testing machine in the Jircction ~F loading’
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does not amount to 1% of the smallest prescribed dellection amplitude. The
displacement of the crosshead as recorded on the XY(I) recorder may therefaré
be considered to represent the deflection ol a specimen at the midspan,

The output of the load-cell was fed into the X-axis and Joad-def-
lectjon curves were continuously obtained. Since the crosshead speed of
300mn/min was chosen as the standard speed, the test {requencies were different
from specimen to specimen with dilferent deflection amplitudes and ranged
from 0,75 to 1.25 ¢pm. At this speed, a potensiometric recorder is sa?isfhctary
to record hysteresis loops. All the hysteresis loops for every specimen was
recorded up to the cycle at which one ol the [lunges fractured in tension,

The area ol a hystercais loop representing the cnergy dissipated during one
cycle was integruated automatically by an clectric Integrator and the result
was recorded digitally by a printer

The number of cycles wus counted by an clectric counter. It was
not easy to detect the number of cycles N. at which a crack visible with naked
eyes was initiated in a [lange of a specimen partly because of the surfaces
as rolled, although nunerous hair cracks had been observad long before a deep
crack with 2-3cm width penerated through a [lange in the thickness direction.
An obvious delinition of the fatigue lile is that number of cycles at which
one of the {langes of a specimen fractured throughout in tension. 1his is
denoted by Ny

On four specimens in Scries B, strains at 8 cross-section hetween
two adjacent stiflners were measurcd by precalibrated clip gouges ol a portal
Frame shape. Eight clip gauges on each ol which two wire strain giauges were
monnted, were cemented with epoxy resin to both sides of the two [lunges of a
specimen, Iwo wire strain gauges were mounted directly on the midweb where

strains npust be small.
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4. TEST RESULT AND DISCUSSION

(1) Load-deflection Behavior and Hysteresis Looﬁs Fig.3(a) and (b)
show typical load-deflection curves recorded.on the XY(T)»recdrder.“ The per-
fectly plastic behavior of a specimen appears only in the virgin loading

and the subsequent load-deflection curve rapidly converges to a steady-state
hysteresis loop within a few cycles. The éhape of the steady-state hysteresis
loop varies very slightly with deflection cycling for a specimen subjected to a
smaller deflection amplitude, whereas the height which represents the load
amplitude is decreased gradually for a specimen subjected to a larger def-
lection amplitude due to gradual deterioration of the stiffness caused by the
development of local buckling deformation accompanied by lateral torsional
deformation. Table 2 includes the measured fully-plastic moments.

A steady-state hysteresis loop may be represented by an equation
consisting of a linear function and a power function in a similar manner to
that used by Morrow[ 16 ] for materials. The hysteretic hardening exponents
may readily be found from log-log plots of load-plastic deflection relations. A
comparison of log-log plots for different specimens must be made after a
normalization of the load axis and will be presented in Chapter 9 together
with a comparison with a theoretical prediction of loop curves. The hysteretic
hardening exponents were found to be close to % for both of Series A and B.

It is interesting to compare the value with the hysteretic hardening exponents
ofW% or %-recnmmended for connections by Popov and Pinkney[ 13 ].

(2) Deformation In specimens No.1ll and 21 subjected to deflection
amplitude 50mm, local buckling was not observed and lateral deformation was

very slight up to their fracture limits. In specimens No.12 and 20 (60mm), very

slight local buckling deformation and small lateral torsional deformation

145



H-speciméﬁ A-12 a

Controlled deflection _
amplitude *60mm

ol

T on=specis
--- Contreiiec getiection

- = '; L]
R 2
g
oz i L Deflection
F— ‘:I s

eh C- Lo

Gripa i Tet2 =H0MG

P
:.;.3: —

Deflection—=

ol
e
C QO .

:!—“"‘i 1 Fae i . Kl
! ' ! ]
-l A ' I

__]_'_1"_._'.’__;'[ T

Fig. 3



were gradually developed after several hundred cycles. In a specimen sub-
jected to a greater deflection amplitude than 60mm, lateral torsional defor-
mation of a S-shape with its inflection point at the midspan was developed
within a few cycles together with small Jocal buckling waves. A number of
buckling waves were developed before crack initiation as shown in Fig.4 for
specimen No.15 with the deflection amplitude 90mm. The amplitude of the
largest local buckling wave was more than twice as large as the flange thickness.
(3) Strain Distribution Fig.5 shows the strain distributions over

the cross-sections located at 6cm from the midspan . Each strain value for a
flange is an average over four strain readings on the four wire strain gauges
(two in each clip gauge) on the same level from the centroidal axis. D and

U denote the distributions at the downward and upward maximm deflection
configurations, respectively. The numbers following D and U indicate the
number of cycles. Fig.6 shows the variations of extreme fibre strains with
respect to the number of cycles. It is apparent from Fig.5 and 6 that the
strain distribution in a specimen also converges to a steady state correspond-
ing to the steady-state hysteresis loop. In specimens subjected to smaller
deflection amplitudes, the strain distributions did not alter greatly even
after several hundred cycles. In specimens subjected to greater deflection
amplitudes, the steady-state strain distributions were gradually disturbed
after initial several cycles primarily due to the development of local and
lateral torsional deformations. As a first-order approximation applicable
better to initial steady-state responses than to later cycles, it seems
reasonable to assume that both flanges in a specimen are subjected to alter-
nating tension and compression of a constant equal strain amplitude. Although
plastic deformation is in general loading and strain history dependent, this

assumption neglects the influence of the initial perfectly-plastic response
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on the subsequent responses. The strain at midweb was caused in the initial
perfectly plastic response and remained almost constant during the subsequent
cycles.

(4) Crack Propagation Numerous hair cracks had been observed long
before a deep crack penetrated through the thickness of a flange. A deep
crack was mostly initiated from an edge of a flange at the concave side of
the largest local buckling wave. After it penetrated through the thickness
of the flange with a fracture surface normal to the member axis, it propagated
rapidly to the flange-to-web intersection and after several cycles it pene-
trated through the other half of the flange and through a substantial part of
the wgﬂ;ith an irregular inclined fracture surface. Fig.7 shows the fracture
surface for Specimen No.1l. A fracture surface in a web generally made
roughly 45 with the web surface and some of the surfaces were of an irregular
saw-tooth shape.

(5) ﬁap- Nue relation Fig.8 shows a log-log plot of the steady-state
dimensionless plastic deflection amplitude Gap (= Aap/L) versus the fatigue

life NHF’ where A__ denotes the plastic component of the deflection amplitude

ap
of a specimen and L, the constant half-span length, 180cm. For the sake of
brevity, ﬂap will be called the plastic deflection amplitude hereafter. The
plot resulted in two bands of points for the two series of specimens. The two
straight lines given by
¥i

6ap Ngp = %ay (1)
where Y1 =0.45 and 631 = 0.31 for Series A and Y, =0.43 and 6a2 =0.35 for
Series B, appear to represent the tendency of the test result. It is interest-

ing to observe that similar rolled H-specimens with the same stiffners but

from different manufacturing lots have resulted in apparently different fatigue
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ductility properties. The tips of the arrows in Fig. 8 indicate the numbers
of cycles at which hair cracks were observable.

(6) Energy Dissipation per Cycle, dp Fig.9 shows the variations of
energy dissipation per cycle dp with respect to number of cycles. While the
energy absorption capacity of a specimen subjected to a smaller deflection
amplitude is almost constant up to initiation of a deep crack, the deterioration of
the energy capacity is apparently considerable in a specimen subjected to a
larger deflection amplitude due to gradual development of local buckling and
lateral torsional deformations. Fig.9 may also be regarded to show a relation
between the dissipated energy dp and the fatigue life Nyp. Although a log-log
plot of the energy dissipation per cycle versus the fatigue life for the

steel under tension and compression results in a straight line as will be shown
in Part II, it is apparently difficult to consider a similar relation for the
present case due to the variation of dp with respect to N,the number of cycles,
and also due to the circumstance that local buckling deformation must have
influenced on the magnitude of NHF' The energy dissipation per cycle during
the initial several cycles must have been less influenced by the disturbances
than that in later cycles. Fig.10 is a log-log plot of d;“’(toncm) of the
third cycle versus the corresponding plastic deflection amplitude ﬁap (cm)

The two straight lines fitting the experimental points may be represented by

A
dsa’ = ci[Aap) (2)

where ¢ = 7.3 (toncm) and A =1.2 for Series A and <, =8.3(toncm) and A2=1.1

for Series B.

(7) Total Energy Dissipation Capacity. Dp Because of the scatter in

6ap_NHP relation, it is anticipated that the total energy dissipation capacity

DP will also show some scatter when plotted with respect to ﬂap' Yet the
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tendency of the experimental result observed in the log-log plots in Fig.10

may be represented by

Dy Bgp t+2%= D, (3)
where D; = 5.7 x 10" (toncm ) and D, = 9.7 x 10* (toncm), for Series A and B,
respectively.
5. CONCLUSION

The cyclic load-deflection behavior, energy absorption capacity and
plastic fatigue limit of SS41 rolled wide-flange members subjected to alter-
nating plastic bending with constant deflection amplitudes have been investi-
gated experimentally. Although the specimens of the same nominal size have
been tested, a normalization with respect to the cross-sectional dimensions
and the mechanical properties of the material will be necessary for a more
accurate quantitative treatment of the test result to be compared with a
theoretical prediction as will be shown in Chapter 9, The following features
may however be pointed out:

(1) The load-deflection curve for a specimen and the corresponding strain
distribution rapidly converges to a steady-state response and the flanges may,
as a first-order approximation, be regarded as being subjected to alternating
tension and compression of a constant and almost equal strain amplitude,

(2) Since the cross-sectional properties of a specimen is deteriorated as
local buckling and lateral torsional deformations are developed,particularly
when subjected to forced displacement of a larger deflection amplitude, Eq.(1)
which is apparently similar to the well-known Manson-Coffin relation includes
the effect of the deterioration upon the fatigue life. If the largest flange
strains in the steady-state of an idealized specimen without local buckling

and lateral torsional deformations can be estimated and may be assumed to obey
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a Manson-Coffin relation to be derived in Part II, then the fatigue life of
the idealized specimen can be predicted with respect to which the effect of
deterioration in the corresponding real member may be evaluated approximately.
It is noticed that similar SS41 wide-flange specimens from different manufac-
turing lots have exhibited apparently different fatigue ductility properties.
(3) The energy dissipated in a specimen during one cycle‘of the initial steady
state is clearly related to the plastic deflection amplitude by a linear law
on the log-log scale as given by Eq.(2).

(4) While the energy dissipated during one cycle of the initial steady state
increases with the plastic deflection amplitude, the total energy dissipation
capacity decreases with the plastic deflection amplitude. This feature is
similar to that of metals subjected to strain cycling as has been shown by

Morrow [ 16 ].
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CHAPTER 8
HYSTERETIC AND SKELETON STRESS-STRAIN RELATIONS
AND PLASTIC FATIGUE OF FLANGES

1. INTRODUCTION

The cyclic stress-strain relations are the fundamental relations
based upon which a theory can be established, as will be shown in chapter 9,
that is able to predict the cyclic load-deflection behaviors and energy dis-
sipation of rolled wide-flange members subjected to alternating plastic bend-
ing of constant deflection amplitudes. Cyclic stress-strain relations for
various metals have been investigated by a number of researchers [chapter 7-
16~21]. Morrow [Ch.7-16, 17] has shown that the plastic component of the
hysteretic strain measured from a tip of a hysteresis loop may be represented
by a power function of the stress measured from the tip and proposed a hys-
teretic stress-strain relation in the form of the Ramberg-Osgood equation.
In the Davidenkov equations shown in Lazan's book [Ch.7-21], the stress has
been expressed as a sum of a linear and nonlinear terms of strain. Shiratori
and Obataya [Ch.7-20] have shown that the hysteretic stress-strain relations
in constant load-amplitude tests may be regarded to consist of three piecewise-
ly applicable power laws. Ilda et al [ 1 ] have recently shown that the
strain hardening exponert for a tempered and quenched 60kg/mm® high tensile
steel depends upon strain wave patterns and amplitudes of strain cycling.

In this chapter, the hysteretic and skeleton stress-strain relations
for SS41 rolled wide-flange members which, to the authors' knowledge, have
not been obtained in forms applicable readily to the analysis of plastic bend-

ing, will be derived in Morrow's approach. In order that the present test
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result may be directly applicable to the analysis of wide-flange members
subjected to alternating plastic bending, plate specimens cut out of the
flanges of wide-flange specimens with surfaces as rolled, have been preferred
to other types of specimens in order to include the surface effect but exclude
the size effect as far as possible. Contrary to Morrow's first approximation
it will be shown that the hysteretic strain-hardening exponent is greatly
different from the skeleton strain-hardening exponent. A modified hysteretic
stress-strain relation will be derived which takes this difference into
account. The energy absorption capacity of the specimens will also be inves-
tigated up to the plastic fatigue limit. The derived stress-strain relations

may be used as a lead to bilinear or trilinear approximation,if desired.

2. SPECIMEN

Fig.1l shows the shape and size of the plate specimens. A specimen
was manufactured by shapering from a half flange of 40mm width, so that the
uniform reduced test section was entirely within the portion of the flange
with a uniform thickness. The shapered surface was finished with abrasive
cloth (AA320) in the direction of loading. The plate surfaces of a specimen
were left as rolled to include the surface effect. No heat treatment was
applied to the specimens. The size of a finished specimen was measured on a
flat surface by a travelling microscope. The plate thickness was measured by
a micrometer. The cross-sectional areas of test sections were within 0.78-0.82
cm?. Plate specimens were taken from two different wide-flange specimens;
P-4 and B-17. The H-specimen B-17 appeared already in Chapter 7 and P-4 is one
of the members in the same lot as Series A of Cﬁ%ter 7 and was subjected to a
preliminary test. The chemical composition of the steels are therefore as

shown in Table 1 of Chapter 7.

157



Oynamic
Stralmmeter

o |o

Gauge nark for
travel11ng mieroscope
d

—

4

Lﬁl;:h'lld e et e L
1

E¥-recorder

mﬂﬂ' Tens lon-compress fon
ng spparatus

!

|

|

== -

| «_Specimen
Fig.1
T || L
Specimen D * | Specimen
Controllad strain’ s

amptude

Surface
83 rolled

]

40,005 | 3

Loading
started
in tensfan

1-10 eycles

_!Iﬂllluu *0,019 "

g

Controlled strain

Controlled strain
J amplitude +0.005

e _|...

"
cles
i

=5 L in tensfon

1-10 cycles
Sl o

st Loading

started
bW in comprasston
: |,1_ 1) 15 extres

e L s

Upper ChuckIng Rod

Centering Bosy’ §
Spigat Nut

Speciman

Window of the
Gulde Cylinder

Spigot Wut

Lowsr Chuching Rod



3. TEST SETUP

GRIPPING AND LOADING APPARATUS The tension-compression gripping and
loading apparatus which had been designed* originally for typical solid cylin-
drical specimens was modified®partially for a plate specimen as shown in Fig.2.
A specimen is inserted into a spigot nut through its keyhole and then turned
around by 90° so that the shoulders of the specimen support the spigot nut.

A pair of wedges are then inserted into the keyhole not only for clamping the
specimen and for reducing the buckling length but also for reducing misalign-
ment as small as possible. After the specimen is turned upside down, an
adjusting boss is placed at the end of the specimen and then the spigot nut

is screwed onto the upper chucking rod. After the lower spigot nut is fixed
to the other end of the specimen in a similar manner, the lower chucking rod
is screwed into the lower spigot nut. Both chucking rods are contained in a
guide cylinder which is fixed to the york. Load was applied by the universal
testing machine of capacity 10 tons (AUTOGRAPH) and sensed by a load-cell of
tension-compression type.

MEASUREMENT SYSTEM Fig.l shows a schematic diagram of the measurement
system. Strain was measured by a pair of precalibrated clip gauges mounted on
a specimen symmetrically with epoxy resin as shown in Fig.l. Two wire strain
gauges were mounted on each clip gauge. A care had to be taken to mount and
use clip gauges under almost the same temperature as at calibration. Some of
the calibrations of clip gauges for specimens were modified by the readings of
a pair of travelling microscopes. The output of the load cell and the output
of a pair of strain gauges were fed into the XY-recorder of the testing machine.

All the hysteresis loops were recorded up to fracture. Cracks were detected

*Designed by Shimadzu for an AUTOGRAPH universal testing machine.
#The modified design is due to the present author.
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by continuous observations with naked eyes from both sides of a specimen.
The numbers of cycles to crack initiation were not of a uniform accuracy.
CONTROL CONDITIONS The X-axis of the XY-recorder of the testing
machine is equipped with a pair of amplitude limiter. All the tests were
completely reversed cyclic strain-controlled tests under zero mean strain.
Tests were conducted mostly at a constant crosshead speed of 2mm/min. The
strain-rates in the elastic and plastic ranges were considerably different.
The frequencies were different from specimen to specimen and were within the
range from 0.2 1.0 cpm, which was considered to result in the strain-rates
of the same order as in the alternating bending of Chapter 7. Strain cycling
was continued up to fracture. A specimen was able to dissipate some more

energy during more than several cycles after the initiation of a crack

visible with naked eyes.

160



4, HYSTERETIC AND SKELETON STRESS-STRAIN RELATIONS

4.1 STEADY STATE HYSTERESIS LOOPS Fig.3(a-c) show some of the recorded
hysteresis curves for the SS41 steel subjected to cyclic tension-compression
of equal strain amplitudes. The steel exhibits the perfectly-plastic behavior
only under a virgin loading and the initial yield point disappears in the
cyclic state. It is observed apparently that the stress-strain curve of a
specimen converges within a few cycles to a steady-state hysteresis loop

under the strain cycling of zero mean strain. A collection of steady-state
hysteresis loops for different strain amplitudes indicates the existence of a
skeleton curve as has already been discussed by Morrow[Ch.7-16, 17]. A '"skeleton
curve' is defined as that curve obtained by comnecting the tips of hysteresis
loops for different strain amplitudes.

The converging process to a steady-state loop may be idealized as
shown schematically in Fig.4. The straight lines OY and YR, represent the
virgin elastic-perfectly plastic behavior. Let P denote the point on the
skeleton curve for which o = Oy - Let the plastic strain at P be denoted by
€, . If the steel is subjected to cyclic tension-compression of an equal strain

Py
amplitude which is less than Ey + e, then the stress-strain curve after

the virgin response may be representzz by RA'%Al +A2 ~+ete, and apparently con-
verges in a few cycles to a steady-state loop the tips of which are below the
yield stress Oy' 1f, on the other hand, the strain amplitude is greater than
ey + epy , then the stress-strain curve takes on the converging process RB +B1+
B, -ete.

A steady-state hysteresis loop after the third cycle remain almost
unchanged during most of its fatigue life except those of the three specimens
subjected to larger strain amplitudes in which some buckling deformation had

been accumulated when fractured. As has been pointed out by Morrow[Ch.7-16], the

steel has indeed exhibited cyclic softening behavior when subjected to strain
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cycling of +0.5%, whereas it has cyclically hardened for larger strain amplitudes
than =£0.5%. The variation may also be represented in terms of the plastic
energy dissipation capacity as will be shown later.-
4.2 HYSTERETIC AND SKELETON STRAIN-HARDENING EXPONENTS A steady-state
hysteresis loop which may be considered to have reached in the third or
fourth cycle consists of a pair of smooth curves which are almost symmetric
with respect to the origin in the plane of the nominal stress and the engineer-
ing strain. Each half of such a curve may be represented as the sum of the
lin3§%$%%%%‘and the plastic part governed by a power law [Ch.7-16]. The origin
is first displaced to a tip of a steady-state loop. Two straight lines are
then drawn with the virgin elastic slope tan'E at the tips. Although an
experimental steady-state loop appears to have a slightly smaller elastic
slope than tan"'E and the two straight lines are therefore not strictly tangent
to the curve at the tips, the nominal virgin elastic slope with E=2,100 t/cm?
was used. The strain measured with respect to one of these straight lines is
the plastic strain [ ez ea]p, where €, denotes the total strain amplitude.
The total strain range is therefore Zea. A simple average of two plastic strain
values for the same stress level [o¢ +o;] and | 0; -0 ] measured from the dis-
placed origins ('ea, -c;) and (ea, o;),respectively, has been used to make a
symmetric fitting, where'o; and a; denote the stress amplitudes in tension
and compression, respectively. Fig.5 shows a log-log plot of the average
plastic strain versus the stress values |ot aa| for all the specimens. Plate
specimens from P-4 and B-17 are identified by white and black figures,res-
pectively. It is apparent that most of the straight lines to be fit have
almost the same slope. The slope is called the 'hysteretic strain-hardening

1

exponent' and is denoted, for the later convenience, by — The

163



values of n' have been plotted with respect to the stress amplitude in Fig.6.
Although Fig.6 appears to indicate same..dépendence of n' on the stfess or
strain amplitude [ 1 ], the exponent may be.regarded to be constant to the
first-order approximation within the range of strain amplitude +0.03. A
simple average n' = 9.0 will be used for the later analysis of alternating
plastic bending of wide-flange beams. :

A similar procedure may also be applied to the skeleton curves.

A simple average, -%— | o; + 0,.] has been regarded as the stress amplitude da

n
and plotted with respect to the plastic strain amplitude eap‘in Fig.5. The
log-log plots have resulted in two straight'lineS-with-differeﬂt-sldﬁes for'
specimens of Series 4 and 17. The slope is called the ''skeleton strain-
hardening exponent" and is denoted by-j%w The values of n for Series 4 and

17 obtained from the plot were 5.5 and 4.3, respectively. Although Morrow[I-16]
states that n may be taken to be approximately equal to n', the present result
appayently indicates a definite difference between n and n'

4.3 SKELETON AND HYSTERETIC STRESS-STRAIN RELATIONS - A skeleton curve

may be represented, as is well-known ,by

£ a

> n-1
_E_=_qﬂ{1+_’:£z|%| } (1)
y y 'y

The value of Epy may be Tead from Fig.5 if Gy is found from the virgin stress
strain curve.

If the skeleton andlhysteretic strain-hardening exponents are to be
distinguished, a modified analytic_representation slightly different from the
form of Eq.( 1 ) must be sought for hygrgrgsis loops. Corresponding. to the

previous symmetric fitting, a symmetrized stress-strain relation will be

derived for steady-state loops. Theﬁqumgtrig half of gn averaged hysteresis

4 . v
t oy J . b
T ¥ Tt i
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loop starting at the tip (-ea, ~Ga) on the skeleton curve must terminate at
the symmetric tip (ea, oa) on the same skeleton curve and vice versa. It is
appropriate to assume that a hysteresis loop with the strain amplitude €, and

the stress amplitude 9, be represented by

+ gt o E o
§2eea T T - [l ¥ [ eyJ f[ oa ]
y y Y

For 0 = # o, and € = # €40 Eq.( 2 ) must give rise to the same expression.

gro

a
2oy |

n'-1
I (2)

"as Eq.( 1 ). Hence
g
a

flg}' |

Eq.( 2 ) may then be written as

™

n-n' n'-1
Et+E g+o0 £ o og*ro0o
2¢€ 2 - 20 = {1+ [ E ca 20 2 (3)
¥y y y y Y

The symmetrized hysteresis loops described by Eq.(3) have been drawn for
€, = 0.005, 0.010, and 0.0186 in Fig.7 to compare with the experimental loops.
Apparently Eq.( 3 ) fit the experimental loops considerably well. In order

to testify the role of the factor |Ua/0yln—n‘

in Eq.( 3 ) more explicitly,

| ( o+ oa)/Zoyl at [ e+ Ea]p = Zepy

Fig.8. In this case , Eq.( 3 ) may be reduced to

has been plotted with respect to ‘Ualoy‘ in

g
a

%

g +o

20
Yy

. N
" S 198

log (4)

[E+aalp=2£py

The straight lines given by Eq.( 4 ) in log-log scale fit the test result
fairly well for both cases.

4.4 SKELETON YIELD POINT If the skeleton stress-strain relation ( 1)
is to be applied not only to the plastié]gégion but also to the elastic region,
it implies that the steel has been assumed to exhibit cyclic softening in the

elastic region in a few cycles from test initiation. Although no specimen was
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tested at a strain amplitude less than 0.005 in the present work, previous
experimental evidences [2,3] on other metals appear to indicate that a skeleton
stress-strain curve coincides with the virgin elastic stress-strain curve up

to a certain branch point below the yield stress without exhibiting cyclic
softening and obeys a power law in the plastic region beyond the branch point.
The branch point will henceforth be called the "skeleton yield point'". While
the previous skeleton stress-strain relation ( 1 ) will be shown to be useful
for the analysis of hysteretic load-deflection behaviors, the following
skeleton stress-strain relation will also be plausible as far as it is applied
only to the analysis of the skeleton load-deflection behaviors.

If the stress amplitude is plotted with respect to the total strain
amplitude in log-log scale, another skeleton strain hardening exponent denoted
by?%nmy'be found which is different fnmnﬁ%u The values of n for Series 4
and 17 were about 4.5 and 3.8, respectively. The total strain may then be
represented by _

n-1

% el s
where r = Epyjey' The skeleton curve given by Eq.( 5 ) for the plastic region
intersects with the virgin elastic stress-strain line at the skeleton yield
point denoted by ( Egy? Gsy)' If the ratio ES),/E:Y = US)"/UY is denoted by s

then gy May be found from the solution of

4 n-1

rs (1+7r)=1
The values of Ty for Series 4 and 17 were found to be 0.730 and 0.644,res-
pectively. The skeleton curves for Series 4 represented by Eq.( 1 ) and
Eq.( 5 ) have been plotted in Fig.7 by a solid line and a dot-dash line, res-

pectively.
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5. ENERGY DISSIPATION CAPACITY AND PLASTIC FATIGUE TOUGHNESS

5.1 ENERGY DISSIPATION PER CYCLE. The area of a hysteresis loop
represents the energy dissipated during one-cycle. All the areas of hysteresis
loops were measured by a planimeter. The energy dissipation per cycle 'denoted
by wp has been plotted in Fig.9 with.respect to the number of cycles, ¥ up to

the respective plastic fapigue limit Nc, Nc is defined as that cycle at which'

a crack has just become visible with naked eyes. Although wgmjof the ¥-th

cycle of a specimen varies within the first three cycles and after Nc, w;N)

may be regarded as almost constant from the third cycle up to Nc except those
of the two specimens subjected to larger strain amplitudes in which some

buckling deformation had been accumulated very slowly before Nc.

Fig.10 shows a log-log plot of w(sjversus Eap' It is apparent that

there exists a linear relationship between.logw;3énd log eap; Since the

skeleton and hysteretic stress-strain relations have been determined in the

(3)

preceding section, wp may readily be expressed in terms of Eap by a simple

integration as follows:

w(s) = 4g _11'-_1-.]

ag n
b 4 epy [ -~ ‘ _ (6)

E_:

> J1+i :
vy

The two straight lines drawn in Fig.10 in accor@ance with Eq.( 6 ) fit the
experimental data very well. This agreement is another juétificat;on of the
previous determination of » and n'. |

5.2 PLASTIC FATIGUE LIMIT In order to evaluate the total emergy dissi-.
pation capacity of a specimen, therrqlafiﬁn:betweeﬁ Eap and o, must be found.
Fig.11 shows a log-log plot of Eap versysch. It appears difficult to find

any difference between the Eap"”c relations fér Series 4 and 17. The

straight line
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. A -?2-5 {sap(%)} where o =0.53 and eapr-’f) =037 (7))

appears to fit the experimental points as is welldmown for various metals{Z,3]
where eap(%,demtes Morrow's fatigue ductility cgefficient. The three
specimens with arrows indicating longer lives are those in which some gradual
buckling deformations had been observed. If Eq.( 7 ) is compared with the

recent experimental result on SS41 hour-glass specimens by Hotta et al{ 4 ],

it is found that the present result (2e ap)Nco‘53 =0.38 ie slightly below

L ,0.5835

cp v, = 0.44,

5.3 TOTAL ENERGY DISSIPATION CAPACITY The total energy dissipation

during N, cycles of a specimen has been computed as the sum of the areas of
hysteresis loops measured by a planimeter Fig.12 shows a log-log plot of

the total energy dissipation wp versus €ap Although the experimental result
shows considerable scatter, it is apparent that Wp decreases with respect to € ap
The relation between Wp and eap may be found from Eqs.( 6 ) and ( 7 ), Since
wgm .may be regarded roughly as a constant for a prescribed Exp as given by

Eq.( 6 ) from the third cycle up to Nc’ the total energy dissipation during Na

cycles may be evaluated approximately by

(3)
WP = wp v, { 8)
Eq.( 6 ) may be written as
P
w, = C Eap“ n  ( C: constant) (9)
Upon substitution of Eq.( 9 ), Eq.( 8 ) may be reduced to
1 7]
_ o,l/a 1+ =-=
VP—C(EGPNG) Ep " O (10)

Substitution of Eq.( 7 ) into Eq.( 10 ) provides

W, = 1.17 Eap-Q'H (ton em/em®) for Series 4 and
Wp = 1.45 e:ap""“ (ton em/em®) for Series 17 (11)
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The two straight lines given by Eqs.( 11 ) have been drawn in Fig.12 and
appear to represent the tendency considerably well.
5.4 mp-- Nc RELATION AND Wp“ Nc RELATION When Eap in Eg.( 9 ) is

replaced by Nc by means of Eq.( 7 ), wp may be expressed in terms of Nc as

v, =Y 0 where 8- -amr L andy - o [eap%)/z"]l " (12)
The values of the constants are B. =-0.624,Y =3.79(ton em/em’) for Series 4
and B =-0.65 , and Y =4.34(ton em/em®) for Series 17. The two straight lines
given by Eq.( 12 ) have been drawa in Fig.9 and fit the experimental result
fairly closely. ub may also be represented by N, alone. Substitution of

Eq.( 12 ) into Eq.( 8 ) furnishes

_ 1+ B
h% =YW, (13)
where 1+8=0.376 and 0.350 for Series 4 and 17, respectively. Since B does
not contain n’, both series have almost the same exponents as those due to

Morrow's theory and Halford's compilation of more than 1200 individual tests.

6. CONCLUSION

From the completely reversed strain cycling tests of the plate
specimens taken from flanges of SS41 wide-flange members, the following
conclusions may be drawn:
(1) The skeleton strain-hardening exponent-%-should be distinguished from the
hysteretic strain-hardening exponent %ﬁ'for 5541 even to the first approxi-
mation contrary to Morrow's treatment [Ch.7-16], the modified hysteretic stress-
strain relation which takes into account the difference between n and n' , ‘
has been shown to agree well with the experimental hysteresis loops and result
in an accurate evaluation of the plastic energy dissipated per cycle.
(2) The other representation, Eq.( 5 ), of the skeleton curves in terms of the

total strain amplitudes is another realistic approximation, implying that the
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cyclic softening does not occur in the elastic range up to the skeleton yield
point,

(3) It has been shown in Chapter 7 that the H-specimens of Series A and B have
different plastic bending fatigue toughness. While it was difficult to detect
any significant difference in n'and in Eap~Nc relation between the two Series,
the experimental points indicated definitely different skeleton strain-harden-
:ing exponentSj%-and.é%n This difference in n or n appears therefore to be
-one of the factors affecting the difference in the plastic bending fatigue
toughness.

(4) The constants and exponents which characterize the relations between the
energy dissipation per cycle, the total energy dissipation, the plastic strain
amplitude, and the number of cycles to a crack visible with naked eyes have
been determined for the SS41 flange steel. It was reconfirmed that the
expoﬁents of Ne in the Wp”ﬁa relations for the two series are both close to

the value found by Morrow and Halford.
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CHAPTER 9
STEADY -STATE THEORY

1 INTRODUCTION

Previous theoretical predictions of load-deflection behaviors of
wide-flange beams, columns and frames are mostly based upon bilinear or poly-
linear hysteretic stress-strain relations assumed without sufficient quanti-
tative evidences and concerned primarily with initial transient behaviors
[chapter 7-3~10]. Nonlinear stress-strain relations have been applied only
to virgin response [ 1 ], [ 2 ]. The use of modern electronic computers
and of the finite difference or finite element method enables one to obtain
numerical solutions to the load-deflection behaviors of members subjected
to alternating plastic bending under the presence of an axial force [ 3 ],
[ 4 ]. In this chapter, however, an approximate but analytical solution to
the steady-state load-deflection behaviors and energy absorption capacity
based upon the concept of the steady-state alternating plastic bending and
the concept of an approximately equivalent sandwich cross-section will be
derived. In view of the experimental evidence in chapter 7, the flanges of
the idealized sandwich section of a specimen may be assumed, to the first-
order approximation, to be subjected to alternating tension and compression
of an equal strain amplitude in steady-state alternating bending. The skel-
eton and hysteretic stress-strain relations in chapter 8 are therefore ap-
plied. Tt will be shown that the numerical result obtained from the present
theory predicts the experimental load-deflection curves, energy absorption
per cycle considerably well. Since the maximum absolute strain amplitudes
can also be estimated by the present theory, a prediction on the plastic
bending fatigue ductility relation will also be made on the assumption that

the tension-compression fatigue ductility relation derived in chapter 8 may
be applied to flanges of wide-flange specimens.
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2. ASSUMPTIONS FOR APPROXIMATE ANALYSIS

The bending strain distributions shown in Figs.5 and 6 of Part I have
clearly indicated the existence of steady-state bending strain distributions.
It should be noted, however, that the steady-state bending strain distributions
in specimens subjected to larger deflection amplitudes are the results which
include the effect of local and lateral deformations. It is observed that,
the steady-state bending strain distribution in a specimen subjected to a
smaller deflection amplitude is almost the same in upward and downward bending
but that it has a larger amplitude in the direction of the virgin bending in
a specimen subjected to a larger deflection amplitude. It is not clear from
the experimental evidence so far obtained, whether this circumstance is solely
due to the initial perfectly plastic behavior or to the lateral torsional
deformation. Since, however, the plastic region in a specimen subjected to
a smaller deflection amplitude has been indeed subjected to tension and
compression of an almost equal strain amplitude, it is a reasonable first-order
approximation to assume that a steady-state bending strain distribution has
an equal amplitude in downward and upward bending. Deviation of the observed
distribution from the assumed distribution may be regarded to be of a second-
order quantity. This assumption implies that, the steady-state stress distri-
bution in a specimen at the prescribed maximum or minimum deflection con-

figuration is governed by the skeleton stress-strain relations which have been

derived in Chapter 8. The stress distribution over a cross-section in a plas-
tic region based upon Eq.( 1 ) of Chapter 8 is as shown in Fig.1(b), if the
elastic response is not to exhibit any softening behavior up to € = Ey in the
converging process to the skeleton curve given by Eq.( 1 ), while the stress
distribution based upon Eq.( 5 )} of Chapter 8 is as shown in Fig.1(d). Although
the sharp peak in Fig.1(b) is hypothetical, the form of Eq,( 1 ) is advan-
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tageous in deriving a hysteretic load-deflection relation, On the other

hand, Eq.( 5 ) which appears to be more realistic, will be useful only for a
skeleton load-deflection relation. The principal advantage of the above
assumtion is that an analytical steady-state solution may be derived in an
explicit and closed form with the use of the ''approximately equivalent sandwich
section" defined below.

An idealized sandwich section consists of two flanges of concentrated
areas carrying normal stresses only and a shear resistant core which does not
carry normal stress. A sandwich section is said to be equivalent to the
original wide-flange section if (1) the extreme fibre strainsgea and the
curvature g at the section are the same and (2) the corresponding extreme
fiber stressestcaand the bending moments are the same. Due to the nonlinear
stress-strain relation fitting considerably well to the experimental result,
the equivalent section is dependent upon the nonlinear stress distribution.

It is more convenient to define an approximately equivalent sandwich section
which may be applied throughout a plastic region without regard to nonlinear
stress distributions. The approximately equivalent sandwich section is defined
as that section which has the original depth g and the equivalent concentrated
flange area only at the particular section where ¢ =g and € =¢ + ¢

a 'y a 7y Py
It is called "approximately equivalent' since the aforementioned conditions
are satisfied only approximately at sections other than the particular section,

The equivalence conditions can be satisfied precisely throughout an
elastic region. The concentrated area of a flange of the equivalent sandwich
section in an elastic region is given by

AeH =2 (1)

e
where Ze denotes the elastic section modulus. The concentrated area of the
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M, leem) | 264 258 265 258 26 238 256 249 254 281 251
LY (¢/en’) | 2,892 2,79 .90 2.81 2.97 2.80 2.87  2.82 2.87 1.81 2,83
iy (x10%') | 4.38  1.33 1,38 L3 141 .33 37 L3 137 a3 1L
yp (x107") | 2.87 2.36 2.90 2.47 3.23 2.3 3.35 520 235 503 525
r 2,08 1.77 2.0 .84 2,29 4,79 2.82 238 2.52 2,34 2141
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Myfay (ew?) | 88.5 89.5 8.4 891 87.5 A7l 86.0 85.0 5.2 A5.9 BS.>
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approximately equivalent sandwich section associated with the stress distri-

bution shown in Fig.1(b), i$ given by

o t o t, + e
[ °F ( 2 R 1" 1.2 1
AP -—[0—] fB—tz) l]- —H-]tz + [ = ](4-1[)[ 7 " T JR + 2 fMtIH
Y Y
(2a)

The symbols appearing in this equation are defined in Fig.l. The average

stresses o, in a flange and 9 in a round corner may be evaluated by the

F
standard Taylor expansion of €(og) about U=0y as follows:

Op e {1+r)t2 Op . 2(1+r)(t2+c) R
o (1+nr)H o (14mr)H *
where pr = epy/ey , as was defined in Part II.

The third term representing the contribution of the web stresses to the
resultant moment may be evaluated by an integration similar to that employed

in Ref.[1,2] and £, is given by

_ 1 3(14+n)r 3nr?

fo = 3(1+r)"{2 Y * i } " 3

o o3 o\ 2 co_ "
+ 1 m] 1 f m ] i ar f m ] 4+ L m 1
2(1+r)*(0 )| 3 ( o, | nt2 | o | 2n+1| © -
Yy Y Y
( 2d )
where
(%], [ _, io > o
lu J o - m )
¥ Y

The resultant moment corresponding to this stress distribution is denoted by
My, while that of elastic stress distribution with the extreme fibre stress
o, by ¥ . The ratio My/Ma is denoted by u_. It is noted that AP/Ae =n,.

The concentrated area of the approximately equivalent sandwich section
associated with the stress distribution shown in Fig.1(d) may also be repre-
sented by Eq.( 2a ) if »n is replaced by » in Eq.( 2b and c) and if f, is

estimated by
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3

-~ r
& = & 7 * 2 1-—E ( 2e )
3(1+nr) on + 1 (1+r)

The resultant moment corresponding to this stress distribution is denoted by

Mé and the ratio Ms/Ma, by My

3. STEADY-STATE SOLUTION

3.1 SKELETON LOAD-DEFLECTION CURVE-1 In accordance with the foregoing
assumptions and idealization, a’'beam has the flange area 4  in an elastic
region and.Ap in a plastic region, and is subjected to alternating bending as
a cantilever shown in Fig.2(c). The coordinate system and symbols to be used

are shown in Fig.2. It is convenient to introduce the following dimensionless

quantities:
' z M L
e= o n=d e a- (3
Y H

A oA H
g _ e _ _ __Qa:_______
o A o A H uom Yo M uoqi (4)
Y P
g . gA H o s
Y ¥y p

respectively, The curvature-displacement relation may be reduced to

KL = L —%;%—-= —%%Q—-= n" (6 )
where a prime denotes differentiation with respect to £.

After a steady-state has been attained in a few cycles of alternating
plastic bending, the state of stress in a flange at a maximum deflection
may be cbnsidered to be governed by the skeleton stress-strain relation. The
variation of the state of stress as the load and deflection are varied, must

be considered to be governed by the hysteretic stress-strain relation.
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If it may be assumed that no softening occurs in the elastic region
and that the skeleton stress-strain relation
n-1
e _.© o_|
= [14- r(—= ] (7))

“y y y |
which has been derived in Chapter 8, can be applied only to the plastic region

in the steady state, then the corresponding skeleton load-deflection relation
may-be obtained as follows.

The elastic region is defined by

02M< M or 0<E < 1, (8)
The differential equation governing the deflection n, in the elastic region

may, be written, in view of Eq.( 4 ), as

"

n g
e

- = =y qt (vhere « =2¢ /H) (9)
vy % ° ¥

Substitution of Eq.( 5 ) into Eq.( 7 ) and use of Eq.( 6 ) provide the differen-

tial equation governing the deflection np in the plastic Tegion.

n-I} = q& {1 + rlqgln—l} (10 )

n

n, € o
%L T e T & {I"'P
¥ Y Y

Y

The general solutions to Eq.( 9 ) and ( 10 ) may readily be obtained. Integ-

ration constants can be determined by the boundary conditions n,(0) =0 and
r

npfl) = 0  and the continuity conditions n,(1jqu ) = np(l/]qpo) and

n, (I/HIJOJ = np (14q4p,). The solution np(g) may be written as

_ (&) ey, (g2 Yo x 1
n= -k el - 3 [mz '€+3|q'zu3* -y qu;u’”z}
o [
(11 )

The deflection amplitude np(l) = 6.:1 for a load amplitude g is given by

§ =« .,Ll-f-uo-l +rF"r~11___1__
a” yr"’a{ 3 [ lan“§] ne2 [ f f?ugw]}

( 12 )

(lag 2 /3,
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If the beam is entirely elastic, then 4 =A, throughout and the deflection is
given by
= L
S0 = 73 Kquauo (13 )
The plastic component Gap of the deflection has been called the plastic

deflection and is defined as the difference Ga - Gae‘ The expression of §

rlq

1 1 1 |
§ =k ILg {— — (u_- 1){1 - ] + [I - \ }
3
ap Y ‘a o Ian“o5 n+2 |q +2unn+2j

may be reduced to

(14 )
The curve described by Eq.( 12 ) is the skeleton load-deflection curve. It

should be noted that Eq.( 12 ) does not represent the load-deflection curve

in the usual sense and only gives the load amplitude for a prescribed deflection:
amplitude. Eq.( 11 ) represents the deflected shape at the state of load and
deflection expressed by a tip of a hysteresis curve.

3.2 HYSTERETIC LOAD-DEFLECTION CURVE If the load-deflection curve of
a beam starting from a state of deflection (8> 0, q,> 0) on the skeleton load-
deflection curve passes through its symmetric point {-da, -qa) on the skeleton
curve when subjected to reversed bending and if the state of deformation at
(—Ga, sqa) is the precise reverse of that at (6a, qa) , then there exists
indeed a closed hysteretic load-deflection curve in the steady-state. The
lower flange stress and strain at ( §, gq) denoted by o(f) and e(g) , res-

pectively are governed by the hysteretic stress-strain relation;
- ! L.
e(g) -€ (£) O(E) - 0 (E) S e
e = 70 I+r
Yy

o(E) - cafﬁ)
20y

o (&)
4 ‘ ( 15 )

o
Y

which has been derived in Chapter 8. If the curvature and bending moment.
distributions at (6a, qa) and at a subsequent state (8, g) are denoted by

K (E), x(E) and ma(E) and m(&), respectively, then the curvature-moment relation
a
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may be reduced to
K(E) - k _(E) m(E) - m (E) . 2 n'-1
_ . "a _ a. {1 + sl (E)In-n I m(g) - mafﬁ)l 1
2¢ 2 a 3 | J
Y ;
( 16 )

The differential equation governing the deflection np(&) in the plastic region

may be written as

" " q9-14, i )
n, =, =-2KyL[ 3 ] E+raq,

n'-1
n

q9-9
—_— E (17 )

2

where n, denotes the deflection function at (Ga, q,)- It should be noted
that the power of £ in the nonlinear term is again n. The general solutions
to Eq.( 17 ) and for the elastic region may readily be obtained. Use of the
boundary and continuity conditions in the general solutions furnishes the
deftection function at a subsequent state (8, g) and the hysteretic load-

deflection relation as follows:

q-9 3_ u -1
n -n =-2 L[ 2“ ] [E 8 <2 ]
p a Y ) 6 3q%u3
a’o
n'-1
B | R T - : ]
U 2 (m+1) | n+2 nr1q "2 4 )
a o) !
(18 )
I ]
-1 n-n'y n’-1
_ 1 [ Yo ] T, 9 qa' 1
b=8- KyL{q-qa) 3 lz L 3) Sz 2 | - =8 iz
9 Yo P
( q, ;1/110) (19 )

It may readily be confirmed that the curve defined by Eq.( 19 ) passes through
the point (-Ga,-qa) and that np(g) = *na(gj at (-da, -qa). Similarly the load-
deflection curve starting from (-Ga, -qa) may be shown to pass through [6a, qa)
Eq.( 19 ) gives therefore a half of the steady-state hysteresis loop and the

other half may be described by the equaticn similar to Eq.( 19 ) in which §-8,
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and q=q, are replaced by 5+5a and qtq respectively. It may therefore be con-
cluded that, once the state of deformation represented by +n, (&) is attained

at (f&a, :qaj through the converging process described in the preceding section,
the subsequent load-deflection curve is a steady-state hysteresis loop con-
sisting of the curve given by Eq.( 19 ) and the other half. This hysteresis

loop is the asymptote to which an actual load-deflection curve will approach
after a number of cycles. It has been shown in Chapter 7, that a beam apparently
attains a steady state quite rapidly in a few cycles.

3.3 PLASTIC ENERGY DISSIPATION The plastic energy dissipated in a
cantilever beam during a steady-state hysteretic cycle can be evaluated with
the use of Eqs.( 12 ) and ( 19 ). If the new coordinates q = 9-q, and § = G-Ga
with the origin at the tip (6a, qa) of a hysteresis loop, then the area dp

enclosed by the hysteresis loop may be represented by
_2q
d =M |49 8 -2 @3 “] 20 )
AR AL f
Substitution of Eq.( 12 ) and Eq.(19 ) into Eq.( 20 ) provides

_ 4r n'-1 n 1

dp B KyL My[ n+2][ n'+1][ 9 ~ 72 n+2) 1y (2t}
9 Yo

3.4 5ap-Nc RELATION For a prescribed Ga' Eq.( 12 ) determines ,

and hence the strain at any point may be calculated by Eq.( 5 ) and Eq.( 7 )
or by Eq.( 10 ). The largest extreme fiber strain for a prescribed 6a occurs
at £ = 1 and the total and plastic strain amplitudes are given by

n
e, - ey( q, *4, ) ( 22a)

a, ( 22b )

3 £
ap ry

respectively. in tension and compression. If these estimates of the largest

strains are accurate and if the Eapwwcrelation, Eq.( 7 ) of Part II may be

applied also to Eap here, an idealized but approximate Gap"ﬂc relation can be
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derived therefroﬁ.

3.5 :'SKELETON LOAD-DEFLECTION CURVE - 2 If the skeleton stress-

strain relation given by Eq.( 5 ) of Chapter 8%

E o
. TE— " (1+2 )[ - }

U |
g
Y Y

is applied tb.the‘present problem, the corresponding stress distribution at
a section. in a plastic region is as shown in Fig.1(d). Through a manipulation

_similar.to that of Section 3.1, the skeleton load-deflection relation may be

obtained and reduced to

1+r

= _ )

§ = kLg [..—-]q " 1 _( 1 1 ] 3

a § e #afe 4 I (552 72/ 9a
us us

T I S

( 23 )
oo 2 s , )

where q,=q,L/M_ >0 .The largest absolute extreme fibre strain must now be
estimated by Eﬁ;(‘s ) of Chapter 8 rewritten above.

o s n _ n _
€, = sy(l + r)qa X Eap = ey(l + r)qa Eyqa (24 )

4. NUMERICAL RESULT AND DISCUSSION
Table 1 sumarises the cross-sectional properties, material

.ﬁrqfértie§land some nondimensionalized data from the test result of all the
H-specimens. The elastic and plastic section modulae have been computed from
the cross-sectional dimensions which were measured by vernier calipers and
micrometers. The yield stress may vary from specimen to specimen even within
the same series. The tension-compression tests were conducted only on two
series of plate specimens cut out of two different H-specimens. Since the
virgin lqad-defiection curve of every H-specimen exhibited a perfectly-plastic
behavior, however, the yield stresses were computed from the fully-plastic

moments which were considered to have been attained. The yield stress of B-17
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$0 computed is Z.B?ton/cmzhmile the average lower yield stress obtained

from the tension-compression tests on B-17 plate specimens was 2.94 ton/cm?.‘
Since the material skeleton curves have been obtained only on one H-specimen
in a Series in Chapter 8, it is assumed here that all the H-specimens in a
Series have the same material skeleton curve. From Fig.5 of Chapter 8, Epy may
then be read for each yield stress and r =Epy/€y may be computed. The values '
of Myiﬂy and Mé/oy were computed with the use of Eqs.( 2 ) and measured
cross-sectional dimensions. The averages of a pair of measured load amplitudes
and plastic deflection amplitudes, respectively are also included in Table 1

as @ and‘A:aP together with their dimensionless values.

The theoretical skeleton load-deflection curves for each H-specimen
may be drawn with the use of Eqs.( 14 ) and ( 23 ). Fig.3(a) and (b) show the
log-log plots of the theoretical q," éap relations and the corresponding
experimental points for Series A and B, respectively. Since M, is very close
to " for all the H-specimens as shown in Table 1 , an experimental load
amplitude normalized with respect to Ms/L has been regarded, in the scale of
Fig.3, to be the same as the amplitude normalized with respect to MQIL' 1§ -
is apparent that both of the theoretical curves predicted by Eq.( 14 ) and
( 23 ) which are different from specimen to specimen fit the experimental points
very well mostly within a few percent deviations and that the predictions due
to Eq.( 23 ) are slightly closer to experimental points.

Fig.4 shows three theoretical hysteretic load-deflection curves given
by Eq.( 19 ) and the corresponding experimental curves to be compared with.
Fig.5(a) and (b) show some theoretical [q-qa]f[a.ﬁa]p curves in log-log scale
to compare with nondimensionalized experimental points. Apparently, the

theoretical curves predict the experimental result considerably well except
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near the shoulders which are sharper.than those of experimental curves due to
the sandwich approximation.

The plastic energy dissipated in a hysteretic cycle has been computed
by means of Eq.( 21 ) in the dimensionless form and plotted in Fig.6. Since
the theoretical hysteresis curves have sharper shoulders than the experimental
curves as has been pointed out above, Eq.( 21 ) overestimates the plastic
energy. It is observed that the theoretical predictions are considerably close
to the straight lines fitting the experimental points and that the deviations
are mostly about 10 % of the experimental values. Although no simple
relation between dp/MQ and 6ap can be derived from Eq.( 14 ) and Eq.( 21 ),
it has been observed in the process of computation that the theoretical result
is fairly close to the evaluation by

—;ZL ’ 4[:'—% apa ( 25 )

Strains were measured at the sections located at 6cm from the res-
pective midspans. The theoretical estimates of strains must therefore be made
for £=0.967. The solid and dot-dash lines in Fig.7 are the theoretical estimates
due to Eq.( 10 ) and Eq.( 24 ), respectively. Since the experimental points for
specimens B-18 and B-19 show considerable scatter, it is difficult to estimate
the essential deviation of the theoretical values from the experimental values.
It may, however, be observed that the deviations from the average values of °
the experimental points are roughly within 20 % of the average values.

If the largest extreme fibre strain may be assumed to obey the
plastic fatigue toughness relation,Eq.( 7 ) in Chapter 8, then the theoretical
Gap”Na relations may be obtained for all the H-specimens. The solid and
dot-dash lines in Fig.8 show the Gap~Nc curves computed from Eqs.( 14 ) and

( 22 ) and from Egqs.(23 ) and ( 24 ), respectively. Aﬁparently the difference
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between the two estimates is only slight. These idealized Gap~Nc relations
are based upon, among others, the assumptions that no local or lateral
torsional deformation which would increase local strains occurs and that the
effect of stress and strain gradients is of a second-order quantity. When

the idealized Gap~Nc curves are compared with the experimentalaap~NHFrelations,
it must be cautioned that the definition of Ny

F
It has already been pointed out in Chapter 7 that a number of hair cracks had

is different from that of Hc.

been observed long before a deep crack penetrated through a flange of a
H-specimen. The detection of hair cracks was made only with naked eyes and
was not of a uniform accuracy. In spite of these reservations , the idealized
6ap~NE curves in Fig.8 have revealed some features of the fatigue ductility
of wide-flange members and explained partly the tendency that a pair of H-
specimens with different skeleton stress-strain relations exhibit different
fatigue ductility relations even when subjected to the same deflection
amplitude. Because of the difference of definitions of Nc and NH , 1t may
be of interest to draw Gap~ Nc curves for the longitudinal strains at the
inner sides of flanges. If these strains may be estimated from the linear

distribution over a cross-section, the curves may be obtained by a simple

translation of the previous 6ap"Nc curves as shown by the dashed lines in Fig.8.
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S. CONCLUSION

‘The following conclusions may be drawn from the result:
(1) The"steady-state theory proposed here as a first-order approximation is
able to predict with a considerable accuracf'the sieédf;sfatelldédldefléctioﬁ'
behaviors of rolled wide-flange members subjected to alternating forced dis-
placements. For specimens subjected to larger deflection amplitudes, the
theory is able to predict the initial steady-state behaviors more accurately
than the later deteriorated behaviors due to the deveiopﬁent of local and
lateral torsional defotmhtions._ The theoretical skeleton cu;veswbased upon
the: two dififerent -skeleton stress-strain relations fit the experimental
points very well ﬁostiyﬂwithin a few_peréeﬁ; devia;ioﬁs. The-theoretical.
hysféfésis curves alséjp;edict the experimental curves ¢onsidefa51y well
except near the sh;rper shoulders.
(2) The present theory is able to estimate the plastic energy dissipated
during a steady-state hysteretic cycle also with a considerable accuracy.
The order of magnitude of the overestimation due to the sharper shoulders
mentioned above is about 10 % of respective experimental values.
(3) Because of the scatter in measured strain values, it was difficult to
assess the deviations of the theoretical predictions from the experimental
values. It may, however, be stated that the deviations are about 20% from
the respective averages of the measured strains.
(4) The idealized Gap”ﬂé relations derived from the present theory can not
be directly compared with the experimental Gap"”HF relations because of the
difference of definitions of N, and N, and because of the variations of

strain amplitudes due to local buckling and lateral torsional deformations

which were developed in specimens subjected to larger deflection amplitudes.
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Nevertheless the idealized Gap~Né curves appear to have accounted partly
for the fact that a pair of H-specimens of different steels with different
skeleton stress-strain relations exhibit different fatigue ductility even

when subjected to the same forced deflection amplitude.
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CHAPTER 10
PLASTIC ANALYSIS OF SHELLS OF REVOLUTION UNDER AXISYMMETRIC LOADS*

1. INTRODUCTION

In this chapter and the next chapter, approximate analytical methods of
finding plastic strengths of shells of revolution and general shallow shells will:
be proposed, respectively. Numerical methods of plastic analysis[N1] and finite
element methods of elastic-plastic analysis[N2] have been extensively developed
during the last five years and are useful for solving complicated practical pro-
blems. On the other hand, an analytical solution to a problem of limit analysis
of a shell, when obtained explicitly, represents itself a law governing the nature
of plastic strength of the shell, serves for a ready estimate.of the plastic
strength without appealing to a computer program and is useful for an under-
standing of the essential features of the plastic strength with respect to various
parameters contained in the solution. An analytical solution with a sufficient
accuracy may be utilized as a standard with respect to which the accuracy of a
mmerical solution can be tested. An approximate analytical solution serves also
for these purposes, even if approximately. In this chapter, an analytical method
of limit analysis based upon piecewise quadratic yield conditions is developed

for axisymmetric problems of shells of revolution.

2 This chapter is mostly based upon the author's paper,''Plastic Analysis of
Shells of Revolution under Axisymmetric Loads," Ingenieur-Archiv, 34. Band,
4. Heft, 1965, S. 238-247. The practical usefulness and the good accuracy
of the proposed solutions have been demonstrated in considerable detail for
conical shells by J. C. Gerdeen, 'Shell Plasticity-Piecewise Smooth Trajec-
tories on the NAKAMURA Yield Surface,'" Dissertation submitted to Stanford
University, Oct. 1965. A summary of the dissertation was presented by
Gerdeen as a sectional lecture, 'Axisymmetric Plastic Collapse of Shells
of Revolution according to the Nakamura yield criterion,' at the 12th Int.
Congress of Applied Mechanics held at Stanford Univ., Aug. 26-31, 1968,
Proc. (Ed. Hetényi and Vincenti) pp. 209-220. Springer-Verlag, 1969.

This chapter has been included for the following two reasons: (1) To demonstrate
the basic idea of deriving a good approximate yield condition such that velocity
equations are uncoupled from the equilibrium equations. This idea has led to the
result of Ch.11. (2) To prepare for Ch.12 where it is shown that the advantage
of the uncoupled velocity equations in Ch.10 is still available for finite-
deflection problems and that general solutions can be obtained analytically.
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The yield condition for an element of a shell of revolution subjec-
ted to axisymmetric loads has been derived by Onat and Prager [ 1 ] based
upon the Tresca yield criterion. Since this condition is represenfed piece-
wise by different parametric formulas, its direct application to practical
boundary value problems cannot in general furnish complete solutions success-
fully, not only because of the mathematical difficulty due to the non-linearity,
but also because of the difficulty that one does not know a priori which
part of the piecewise regular yield condition is to be used for a specific
‘problem. For these reasons only in a special case of conical shells, the exact
.Ssolutuon has been obtained by Onat [ 2 | and by Lance and Onat [ 3 ]. Some
_techniques of approximation have been presented by Drucker and Shield [ 4 ]
and by Hodge [ 5], [ 6 ], [ 7 ] to obtain good lower and upper bounds en
.the collapse loads of spherical, torispherical and conical shells.

It appears, however, that there are two somewhat different trends
in the manner of approximations. One is to obtain merely lower and upper
bounds for a shell, problem by problem, assuming some appropriate stress and
velocity fields in accordance with the limit analysis theorems. The other
is an attempt to-obtain a complete solution to a particular boundary value
problem based on an extremely simplified or linearized yield condition [ 6 ],
[ 7 ]. The former necessarily requires some trial and error processes to be
carried out intelligently in order to approach correct collapse loads with
respect to the yield conditions chosen for the problems. The piecewise
linear approximation has the advantage of mathematical simplicity. However,
since the linearized yield surface consists of twelve hyperplanes, a reason-
able hypothesis as to the choice of hyperplanes may be difficult and the
difference between the upper and lower bounds obtained from this approxima-

tion is not sufficiently small.
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In this chapter a general theory baszd upon a better approximate
yield condition, which can furnish complete solution for any shell of revolu-
tion, is proposed. It will be shown that three pairs of parabolic hypercylin-
drical yield hypersurfaces constitute a very good approximate yield condition
to the original yield condition derived from the Tresca criterion, partly
coinciding with it and partly circurscribing it in a four-dimensional gener-
alized-stress space. The advantage of this approximation lies, besides the
zood accuracy illustrated later, in the fact that it does not result in mathema-
tical difficulties and that a set of general solutions for general shells of
revolution will be obtained for all the constituent yield hypersurfaces almost
explicitly in the sense that they contain quadratures only. As soon as an
appropriate choice among the four general solutions has been made together
with assumptions on the boundaries of the chosen solutions, all the integration
constants and the collapse load factor can be determined from the boundary con-
ditions. By checking the remaining yield inequalities numerically, one can
then determiine whether the solution is really complete or mot. Since the
approximate hypersurface circumscribes the exact Tresca hypersurface, the load
factor thus obtained is an upper bound to the exact one with respect to the
Tresca criterion. It is shown that Fhﬂ corresponding lower bound is then im-
mediately obtained by multiplying by 0.851. The theory is illustrated by ob-
taining the solution for a shallow truncated conical shell subjected to a line
load.

2. EQUATIONS OF EQUILIBRIUM AND KINEMATIC RELATIONS

The stress resultants, radii of curvature and coordinates are de-
fined in Fig.1. The well-known equations of equilibrium and kinematic rela-
tions for a general shell of revolution under axisymmetric loads are repeated

here for easy reference [ 8 ] in terms of the dimensionless quantities defined

by
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¢ N 0 0 M 0 .
1
9 N,’ Py Ny’ P, Ny’ v R BT

where H without a subscript and L denote the thickness and a typical length
of the Shell, respectively. My and N, are the yield bending moment and yield

normal force per unit length given by

where ay denotes the yield stress in simple tension of the perfectly plastic

material. There are three equations of equilibrium, which may be written as

(m - r1n8c05¢ rq¢ + rrlpcp =0

o

rlnesin¢ + rn¢ + (rq¢)' +rrpp, = 0 (2a-c)

I
[==]

k[(rm¢)' - rlmecos¢] rr1q¢

the primes indicating derivatives with respect to ¢. From the standpoint of
the general theory of limit analysis, the stress resultants N " Na, M¢ and
Mé are the generalized stresses. The corresponding generalized plastic
strain-rates are the principal rates of extension and of curvature of the

middle surface denoted by

(>4 €

¢!

respectively. Reduced rates of curvature are defined by

K¢=EK K=EK
Ny ¢’ 0 Ny ®
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Then the rate of dissipation of mechanical energy may be written as

Di = NO("¢€¢ * NgEq + m¢m¢ + meKeJ (3)

Reduced velocities are
v =V/L, w=WL

where V and W are the velocity components shown in Fig.l. The kinematic re-

lations may be written as follows:

v! W veoty w
€ = ———, E, =

¢ T 6 T
1 : (4a-d)
= X, gLt uhy - kot v + v
K¢ Ty ( T ) e T, T,

3. APPROXIMATE YIELD CONDITION
The yield condition and the associated flow law for the present
problem derived from the Tresca yield criterion by Onat and Prager [ 1 ] are

summarized here for the ensuing discussion. The three parameters

€ £, + € €
e = e = _._e
Crw T Ty T R

describe the location of the zeros of the principal strain-rates on a nommal
to the shell. The yield hypersurface H is defined piecewise by six sets of
parametric representations and the six quadratic expressions shown in Tables

1 and 2. Each constituent hypersurface is denoted by G or H with appropriate
subscripts as shown in the first column of Tables 1 and 2 and is to be sub-
jected to appropriate restrictions stated in reference [ 1 ].

In order to establish a good approximate yield condition, it is
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Table 1 Non-cylindrical parts of the Tresca hypersurface
Hyper- Inter-
surface glediate n n, m A m,
arameter
Gy ; “€+n) -1 1-26E+0) 2(22 n?)
.G; £ E+n) (0 ) -1+2(%+n?) ~2(g? W?)
Gy n “g+m) -(+z) 1 2(e2+n2)  1-2m?+c?)
G;B n (E+n) (n+c) -1+2(E2+n2) -1+ 2(n2+¢?)
G, : -8 -th+o) 282 n2)  1-2n?+ )
Gé 4 (n-€) (n+ 1) 2(e2  n?) -1 + 2(n2 + t2)
Table 2 Parabolic hypercylinders
P Yield condition e, 6 r 3
Hy m, +np =1 (sa) 2n, 0 1: 0 (5b)
H.; mo+n = 1 (6a) 2n¢ 0 :-1: 0 (6b)
H;B m¢ m, + (n¢ - n )2= 1 (73) 2(n¢-ne):-2{n¢-ne): 1: -1 (7b)
H;e -m 4w v (n¢ - ne)2= 1 (8a) 2(n¢-n9):-2(n¢-ne): -1: 1 (8b)
H, m +n =1 (9a) 0 2n, 0: 1 (9b)
Hy -m +n=1 (10a) 0 t 2n, 0: -1 (10b)
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necessary first to investigate and to visualize the hypersurface H represent-
ing the exact condition. For the purposc of visualization, it has been re-
presented in Fig.2 as a one-parameter family of two-dimensional surfaces,
where the subscripts 1 and 2 may stand either for 8 and ¢ or for ¢ and 6,
respectively [ 9 ]

H consists of three pairs of parabolic hypercylindrical hypcisurfaces
and three pairs of non-cylindrical but piecewise smooth hypersurfaces. One
sees in Fig.2 that the former occupy a substantial part of the total and are
patched by the latter fairly smoothly but with some singularities in the sense
that normals are not defined uniquely at the intersections of G- and H-hyper-
surfaces. The pictures suggest to consider an approximation by means of the
three pairs of parabolic hypercylinders. It is quite natural and reasonable
to extend these hypercylindrical hypersurfaces to circumscribe the remaining
non-cylindrical parts. The totality of the proposed approximate hypersurface
will be denoted by H *. It may be expected that H * is very close to H and
yet a simple approximation from outside and that the original characteristic
features will be well retained. The yield conditions and associated flow laws
of H* are given by Table 2. Flow laws for any inter-sections of two, three
or four hypersurfaces may be derived by the same technique as used for the
Tresca criterion [ 91, [ 10 ], [ 11 ].

The question arises as to how close H* is to H . Since H¥* cir-
cumscribes H completely, a solution based upon H* yields an upper bound on
the exact collapse load based upon H. If H* is shrunk by a factor w such
that the reduced hypersurface w H* inscribes H , then a solution based upon
w H* furnishes a lower bound on the exact collapse load, since such a solution
gives a statically admissible stress field for H . Denote by Pe and pg the

collapse load factors based upon Hand H* , then
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This implies that, the more closely the value of w approaches unity, the closer
.fhe lower bound is to the upper bound. Hence the largest admissible value
'“c.).f"'iu'may be taken as a measure of the accuracy of the proposed approximation.
in ordér to determine the largest value of w, it suffices, by virtue of the
convexity of Hand H*, to examine if all the corner points of wH* are on
or inside H. A corner point is an intersection of four hypersurfaces. The
number of possible choices of hypersurfaces amongsix is ( 2 ) = 15. However,
consideration of symmetry of Hand W reduces those fifteen cases to six es.
essential ones. Moreover there are still two yield inequalities to be satis-
fied in each case. Thus it suffices to examine if the following four typical

corner points of wH* are imbedded in H .

(nlpnzsmlymzl

+ - + -
1 l-!lnl‘{lnHZnH2 (1 ,1 ,0 ,0 )
2. H g H n H.pq H 1,0 ,0 ,0)
- 1“ ln 12n 12 ( 3 E] 3
+ = + - 1 3
3 HlnHlnﬂanlz (]- :'2_ :0 sE)
+ = + + d 9 % 3
4. Hp,n Hyyn Hy n H Gz 27 270 >7 )

It turns out that the largest admissible value of w is 0.851, whence

0.851 PX < P

. (1)

A
r‘:d:r

This is a considerable improvement compared to the linear approximation pro-

posed by Hodge [ 7 ] in which
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0.618 pf < p. S PE

4. GENERAL SOLUTIONS

The system of differential equations for any one of the six parabolic
hypersurfaces consists of eq. (2a-c), eq. (4a-d) and the yield condition and
associated flow law from one line of Table 2. Since a flow law provides three

ratios between the Strain-rates, there are 11 equations for 11 unknowns.

(1) General solution for H$ and H¢
The flow laws (5b) and (6b) require

3

=0 kK, =0 =+
€ 5 5 E¢/K¢ + 211¢
Substitution of the first two equations into the kinematic relations (4a-d)

yields the differential equations for the velocity field. The general solution

is given by
v=Asin¢ , w=Acos ¢

It is seen from eqgs. (4) that € and Ko vanish identically. The solution

therefore represents merely a rigidbody translation and does not represent

any plastic velocity field, except along some discontinuities which will be

discussed later.

s + -
(2) General solution for H¢e and H¢s

The flow laws (7b) and (8b) provide the following three conditions:

€ K €
¢ - . ¢ - o
% 1, %o 1, < 12(n¢

ne) (12a-c)

If the kinematic relations (4c,d) are substituted into (12b), the following
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differential equation is obtained:

v +w' ; v+ w' =
(———;———J' r, sin ¢ + ———— 1, COS ¢ =0 (13)
1 1
Since T and r, satisfy the condition
(r, sin ¢)' = 1; cos ¢, (14)
the first integral of (13) is
B
v + W' 1
& = (15)
T rz sin ¢
where B1 denotes an integration constant.* The condition (12a) gives
T
vl - w+ (vcotd w) =0
2

Substitution of v from (15) and use of (14) yields the differential equation

T T Blrl'
1 1 =
w' o+ ( T, cot ¢ ) w' + (1+ T, ) w _?5”51575- (16)

It can easily be proved by substitution that w = B2 cos ¢ 1is a complementary
solution of eq. (16). The general solution of eq. (16) may then be obtained

by the standard technique of setting w = U(¢) cos ¢. The result is

* Here and in the following, B and C denote integration constants for
+ - + L .
H¢e (or H¢a) and for He (or He), respectively. Bl' BZ’ B3, Cl’ C2 and C3
will be associated with velocity fields, and By, B, B, C4, Csand Ce with
stress fields.
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B,
T, cos ¢ + x(¢) + —Bl—
W =cos 0 B.’S + Bl i d¢ (17)
T, sin ¢ cos” ¢

where x(¢) is defined by

x(#) = [r, sin ¢ ¢ (18)
Upon substitution of (17) into (15), v is obtained. Upon substitution of
(4b, d) into (12c) and introduction of the known velocity components v and w.
one obtains

+ = A # °2 ] 19
4 (n¢ ny) = 7K cos ¢ [X(fb) B, (19)

The upper and lower signs refer to H;e and H‘;B s respectively, in eqs. (19)
to (27). The three equations of equilibrium (2a-c), the yield condition (7a)
or (8a), and eq. (19) are five equations for the five unknown stresses.

Substitution of (19) into (7a) or (8a) furnishes

B, 2
1 2
my -mg =+ 11— { x(¢) + } (20)
¢ y [ 4K coszq) B ]

Multiplying (2a) by sin ¢ and (2b) by cos ¢ , adding them and then integrating
the resulting differential equation yields

rn¢sin¢+rq¢cos¢-—Irrl{p¢sin¢+pzcos¢}d¢+]34 (21)
After writing eq. (2a) in the form

-rn¢' TTQy =TT Py - (11{!J n¢J ry cos ¢ (22)
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and substituting eqs. (19) and (20), one finds the differential equation

y * 7, tan ¢ = F(4) (23)

n

where

% By
F109 = TPy ¢ o & )

B
1 ; il
- I T T (p¢ sin ¢ + p, cos ¢) do + ET"X B (24)
The general solution of eq. (23) is
) F, ()
From eq. (21) q¢ follows as
. F, (4)
By = 21D Y [BS+JW‘1¢]
1 ; B4
ooy [T TRy I 6 B, 08 ) &b+ e L)
With the help of eq. (14L eq. (2c) may be written in the following form :
- ) cos ¢
My = % 1% ﬁq¢ mG) r, sin ¢ (27)

The right-hand side of this equation is completely known from egs. (20) and

(26), and a simple quadrature yields m¢

(3) Ceneral solutions for Hg and Hé

The flow laws (9b) and (10b) furnish the following three condi-

tions :

204



m
<

(28a-c)

mﬁ
n
[
[}
mﬂ

Substituting here the kinematic relations (4a, c) and then integrating the
second equation once, one finds

'
w=Y

1
V+wW = Clr1

The general solution of this system of differential equations is given by

v = Cl(rzsin2 ¢ - x(p)cos ¢) + Czsin ¢ + Cscos ¢

£
]

= Cl(x(¢)sin ¢ + rzsin ¢ cos ¢) + Czcos o] Cssin ¢ (29a,b)

Substitution of these expressions and of eqs. (4b, d) into eq. (28c) yields

C
1 3
N9 = ¥ 77k cos ¢ [ Cy x(¢)] (30)

The upper and lower signs here and in egs. (31) (33) refer to Hg and Hé,

respectively. The first equation of equilibrium (2a) may now be written as
= x@)] + r o, (31)

Since eq. (21) has been derived solely from the equations of equilibrium (2),

it is independent of the yield hypersurfaces and is valid also for Hg and
Hé. From eqs. (21) and (31), a first-order differential equation for (rn¢)

can be derived, which has the general solution
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= T C T T,p C
. o +1[3_ J 1%¢ 4
rn¢ €os ¢ [ 57 J{ 2k cos ¢ C1 x(¢) cos ¢ * cosz 0 }
I———g%——— Jr r [p¢ sin ¢ + p, cos ¢) d¢ ] (32)
cos” ¢

Now rq, follows from eq. (21). The bending moment m, is obtained by substi-

e
tuting eq. (30) into the yield conditions (9a) and (10a)

mg=+ |1 ——ple [C-” x(¢)]2 (33)
g = 4k“ cos “ ¢ _EI_

Since T, and mg are known, my may be obtained by a simple quadrature of the
third equation of equilibrium (2c).

It should be noted that the simple, double and triple quadratures
appearing in these general solutions may be carried out explicitly for a class

of shells for which
r=a sin" (] cos” ()

where a > 0 and m and n are not to be negative odd integers (including n = +1).
Also the cases of a spherical shell (m, n = 1, 0) and of a paraboloid (m, n =
-2, 0) can easily be handled. More generally. the general solutions may be
evaluated explicity in terms of elementary functions for the follewing classes

of shells

(A) T *

..M n
ae’ sin ¢ cos ¢

b¢J sinm ¢ cosn 0]

(B) r

with appropriate restrictions on the integers j, m and n.
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5 DISCONTINUITIES

After the general solutions have been obtained, all that is neces-
sary to solve a specific problem is to determine the free constants from a
set of boundary and continuity conditions. However, besides the diffculty
of unknown boundaries of a plastic region, it has still to be found out which
of the four hypersurfaces should be used in any given case, and this question
brings forth the principal difficulty which is common to all piecewise regular
yield conditions. A set of boundary conditions and consideration of limiting
cases of the problem leads very often to an appropriate choice of the general
solutions. In contrast to the elastic theory of shells, however, some of the
boundary and continuity conditions admit several possibilities depending upon
whether or not discontinuities in stresses or velocities appear across the
point in question. It is necessary, therefore, to investigate the nature of
possible discontinuities in stress and velocity fields associated with the
present approximate yield hypersurface. Attention will be confined here to
the formation of a "hinge circle'", which will appear later in the example.

Consideration of equilibrium of a shell element containing a dis-
continuity leads to the conclusion that the stresses n, , my and qy mist be
continuous but that my and ng may be discontinuous.

A hinge circle is defined as a circle on the shell along which v
or w‘ is discontinuous. Hence v' or w" must be numerically very large com-
pared to all lower derivatives. The kinematic conditions (4) show that then
e¢, x¢ >> €95 Kg» and from Table 2 it may be seen that this is only possible
an H; and H;. Since, however, these parts of the yield surface represent
rigid-body displacements without true plastic flow, the stress point corres-
ponding to a hinge circle must be sought on the boundaries of H. or H&. A

¢
more detailed discussion has been given in [ 9 ]. The boundary of H; (or H;)
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consists of its intersections with the other hypersurfaces and hence there
are various kinds of hinge c¢ircles, In order to discuss the behavior of a
solution in stress space, the concept of a ''stress trajectory' is useful,
From the solution of a problem a generalized stress set (n¢, Tg, m¢, me) may
be formed for every point of the shell. The locus of these points in stress
space is called the stress trajectory of the problem. Let a hinge circle be
at @ = bg- When a stress trajectory lies partly in a hypersurface H, (for
¢ < ¢O) and partly in Hb (for ¢ > ¢0) and may have some discontinuity at
¢ = ¢0, this discontinuity is called a discontinuity of type Ha > Hb'

_' Consider now a discontinuity of type H$ + H.. The flow laws for
H; gnd Hg hold for ¢ < g and ¢ > ¢p» respectively. Let Av and Aw' be the

=, B 1
finite jumps in v and w across ¢ = ¢0, respectively; they may easily be cal-

culated from the velocity field of Hg. Then the most singular parts of €

(¢
and of m¢ may be written as
_ Av
€¢ = rl S (¢’ ¢0)
k 1
¢, = b [R5 s 4
¢ Ty T, 0
where §(¢ ¢0) denotes a Dirac delta function. The flow law (5b) gives
s¢ ” 1
_ o vV + W
The bending moment Mg, must satisfy the yield condition (5a)
-1 2 _ € 2
" K [ 2k } (35)

¢

. 1
because of its continuity. For any other‘type of hinge circles, Av and Aw

may also be calculated from the velocity fields and conditions similar to
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eqs. (34) and (35) may be obtained explicitly.
6. CONICAL SHELL

The present theory is also applicable to shell problems in other
coordinates as, for instance, a cone (Fig.3). Instead of ¢, the coordinate
y = Y/L is used, but for easy reference ¢ will be retained as a subscript.

The equilibrium conditions for the cone are the following:
Orng)” mg+ryp, =0
(y q¢)' +n,tana+yp, = 0 (362-c)
k(quj)' 'kme'YQ¢,=0

where the dots denote d fferentiation with respect to y. The kinematic rela-

tions are
- 1
e¢ v €g v (v w tan a)
(37)
_ oie _ kw
x:¢—-kw . Kg = y

The procedure of obtaining the general solutions is the same as be-
fore. Those for H;e and H&e are derived here for later use in an example.
As in the general case, the flow laws (7b) and (8b) yield the relations (12).

From (12b) and (37) one finds

AR U
w Y
whence
W= B1 Iny + B2 (38)

Eq.(12a) provides a first-order differential equation for v, whose general
solution 1is

-1
v=B tanalny (B -B)) tana + By (39)

The third ratio (12c) furnishes then
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_ .1 (B
l'l.¢ ]'l.9 il <k -q-" y tan o (40)
where |n¢ ne| < 1, The upper and lower signs refer to H;e and H;e , respec-

tively. Upon substituting (40) into the yield conditions (7a) and (8a), onc

finds
r B 2
m¢-me—-1- 'TI(T-[—-BI— ytana] (41)
and from eqs.(36a) and (40) by simple quadrature
B
e 1 (3 dy + B (42)
n, = * zk[B1 Iy ytan“} deay 3

If (42) is substituted into (40), one obtains

B

Equation (36b) may then be integrated to yield q¢. Since q¢ and (m¢ tn&
are now known, eq.(36c) may also be integrated to find M-
7. CLAMPED TRUNCATED CONICAL SHELL SUBJECTED TO A LINE LOAD ALONG ITS SHORTER
EDGE

Let y =1and y = b be the inner and outer boundaries, respectively
(Fig.3). A line load with the dimensionless intensity q is applied at the
inner boundary, normal to the shell. The solution is facilitated when the
shell is shallow, because then the stress trajectory may be expected to be in
the vicinity of that for a circular plate with similar boundary conditions.
Since the velocity field of the plate is represented by a surface of revolu-
tion with negative Gaussian curvature, its stress trajectory lies on the side
my my =1 of a Tresca hexagon for m¢ and - Its four-dimensional counterpart
is the hyper-surface Hyg. Furthermore, in analogy to the known velocity field
of a clamped plate without a hole, one may expect a hinge circle to develop

along the outer boundary. For the Tresca hexagon, m¢ = -1 is the boundary
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conditon when such a hinge circle is to appear. The four-dimensional counter-
part of this is to assume that the stress trajectory being in H;e reaches H&

for y = b.

At the edge y = b there must be w = 0. This determines B2 in eq.(38)
and yields

B
w = B1 ln-ﬁg—, v = -B1 tan a(l - 1n —E—J + 3 (44a,b)

The boundary values of v and w™ calculated from these formulas do not vanish,

as they should, and represent the jumps of these functions across the hinge

circle:
B B
= - 1 = - ..._3._ 1
Aw —5 Av Bl[ tan o Bl —E—-]
The flow law (6b), when applied to the hinge circle y = b, yields
£ B
-9 Av -1 3
n 2, T TR T K [ brana g (45)

In eq.(45) it is assumed that ]€¢/2K¢| < 1. The yield condition (6a) must
also be satisfied:

2 1 B3 2
m, =-1+n = -1+ —T[b tan o - B—] (46)
1

¢ v 4k
The boundary conditions may now be sumarized as follows:

aty=1: n =0, m =0, q¢ = -q

aty=b: w=0, eq.(45), eq.(46)

These six conditions determine the collapse load q. and five out of six inte-
gration constants, leaving an indeterminate multiplier in the resulting ve-
locity field. The result is as follows:

k(1 +1nb)) , tan’ @ [sz L. 20 - 1)

U= Inb 8k In b T+ 85 (47)

i i = -tan o Zb 1
¢ """ 2x | T+inb
tan o

_ b 1
Ny = — 2K [Y L 7=ms 1‘”’]
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ng = tang s 1)[ l+Iny 2y | (48a-f)

7K I+ b 251
2
_ _-~tan o 2b 1 -
q.¢ - 7K (Y 1 1 + 1In B 1n Y) y
4c tan o |, 226 1% 4@b 1
m, = [1 Iny { Mny
¢ k 8k” (1 + In b)* *
+ 3y2 dy + l}
m, =1+m (n, - n )2
o s My - My

It should be noted that the result may easily be checked by applying the prin-
ciple of virtual work on the stress and velocity fields obtained above. In
order that eqs.(47) and (48) really constitute a completeisolutiony the remain-
ing yield inequalities must not be violated and no finite;ﬁortion of the stress
trajectory should be on the boundary of H&e. This means that the solution (47),
(48) is valid only for certain values of tan a. This restriction is drawn as
(tan a)max in Fig.4 where a family of qc(b, tan o)-curves are shown. A q.-
curve obtained from eq.(47) for a constant value of tan o achieves a minimum

at a finite value of b except when tan a = 0, the case of an annular plate.
This implies that only portions of the curves may represent actual collapse
loads. The assertion that q, cannot increase as b is increased may be prowved
by a direct application of the limit analysis theorems [12], [13]. Thus only
that part of a q-curve which is decreasing with respect to b on the left of
the minimum for a particular value of tan o as shown in Fig.4., can represent
actual collapse loads, provided that the minimum is below the (tan “)max—
curves. If the latter is below the former, then the restriction due to the
latter applies first. The stress distributions have been obtained for (b,

tan o) = (1.25, 0.01), (3.00, 0.01), (5.00, 0.01) and (1.25, 0.20) and the

corresponding stress trajectories are shown in Fig.5. The result assures
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that the remaining yield inequalities are nowhere violated.
8. EXTENSIONS

The proposed method is applicable directly to shells of variable
thickness. The yield conditions (5a ~ 10a) depend then upon ¢. Let ﬁh and
N, denote the standard yield moment and yield axial force, respectively, at

0
some value of ¢, say ¢0. Let t(¢) denote the ratio of the shell thickness

at ¢ to that at ¢0. The yield conditions nondimensionalized in terms of ﬂb

and ﬁﬁ may be written as
m, - ng = [£(®)]°

my - mg - (o ng)? = [t($)]? L (49a-c)

m, - ng = [t(9)]°

The yield hypersurface at ¢ is therefore considered to be inflated or shrunk
by the factor [t(d))]2 with precisely the same shape as that at ¢0. The associate
flow laws remain the same as Eqs.(5a ~ 10b). The first terms in the square
brackets of Eqs.(20) and (33) must only be replaced by [t(¢)]2.

If a shell is composed of a perfectly-plastic material which obeys
a modified Tresca criterion with different yield stresses in tension and com-
pression, the yield conditions Egs.(5a ~ 10a) for a shell element must be

modified respectively as follows:

(52) Lo 1+ 1 L1 a2
oo 1t *W ; T y Mot —7 1
: _ 1+ 1 1 A2
(7) tmy Amg) = —— AN M A =]
"'(Ba) -+
_ 1+ 1 ]
tmg Amy) == - VL T _l;z_iqu
(50a-c)
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(9a) 1+ A il 1 A

2
(10a) } > M 7 aray Mt 7|

(50d)

where A denotes the ratio of the tensile yield strength to the compressive
yield strength of the material. Egs.(50a ~ d) have been derived by the present
author [14, 15]. It should be noted that the approximate yield hypersurface
consists of 4 pairs of parabolic hypersurfaces. The associated flow law con-
tains A. Since the piecewisely parabolic nature is retained in Egs.(50), the
equations for velocity fields are again uncoupled, and therfore the general
solutions can be obtained by a procedure analogous to that shown in Section 4.
9. CONCLUDING REMARKS

Since the original Tresca yield hexagon is a piecewise continuous
curve, the resulting yield hypersurface for a shell element necessariiy has
piecewise regularity and so dces the present approximate hypersurface. It
seems impossible to decrease the number of constituent hypersurfaces to less
than six. The present approximation seems, therefore, to be the most natural
and reasonable one in view of the Tresca hexagon. It has mathematical simpl-
icity and gives a set of close bounds on the collapse load as indicated by
eq.(11). The general solution can be obtained almost explicitly for all the
constituent hypersurfaces and an appropriate choice out of the four general
solutions must only be made for a specific problem together with the assump-
tions on the boundaries of the chosen solutions. If a stress trajectory is
to lie in an intersection of two, three or four hypersurfaces, it may be
possible to solve those two, three or four yield conditions and the three
equations of equilibrium for five unknown stresses without regard to the cor-
responding flow laws. The stress solution and the flow law then determine the
associated velocity field. It may be expected, however, that only under special

circumstances a stress trajectory lies in an intersection of three or four
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hypersurfaces since the number of conditions exceeds the number of unknowns.
The simple example of a shallow conical shell illustrates the procedure to
obtain a complete solution'and shows that, if a Stress trajectory lies in only

one hypersurface, a set of integration constants can easily be determined.
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CHAPTER 11
LIMIT ANALYSIS OF
NON-SYMMETRIC SANDWICH SHELLS

INTRODUCTION
It appears that previous analytical investigations on the limit analysis

of shells have been restricted to axisymmetric problems except a few papers on
long cylindrical shell roofs [1], [2]. In axisymmetric problems, the directions

of principal direct forces and moments are known a priori and the Tresca yield
condition derived by Onat and Prager [3] may be applied. It has been shown in the

preceding chapter that the stress and velocity equations may be uncoupled in

piecewise quadratic approximation and that workable solutions may be obtained

piecewisely, resulting in better bounds on load factors.

In a general non-symmetric problem, the directions of principal direct

forces do not, in general, coincide with those of principal moments and both are

not known a priori. Therefore there is no advantage in using the Tresca yield

condition. The Mises yield condition for a uniform shell, however, becomes

highly complicated and can hardly be employed for practical problems. Since

six generalized stresses must be considered for a non-symmetric problem, the

yield condition may be conceived geometrically as a hypersurface in a six-

dimensional generalized stress space. A linear approximate yield condition may

be considered just as in axisymmetric problems, but it would reSult in a pumber

of faces or hyperplanes. Since a polyhedron in a six-dimensional space can

hardly be visualized, a correct choice of hyperplanes may be very difficult for

a specific boundary value problem. Therefore a practically workable yield con-

dition must be, at worst, such that it does not result in non-linear coupling

between the stress and velocity equations and that it consists of only a few

pieces. In the present paper, the yield condition for a non-symmetric sandwich

This chapter is based upon the author's paper, "Limit Analysis of Non-symmetric
Sandwich Shells," presented at the I.A.5.5. Sympesium on Non-classical Shell
Problems, Sept.2-5, 1963, NON-CLASSICAL SHELL PROBLEMS (W.Olszak and A.Sawszuk,
Editors) pp768-784, Warszawa, 1964. The content of the paper was introduced to
Italian engineers by M.Capurso in an amplified form, '"Sulla determinazione del
carico di collasso nelle superfici a doppia curvertura,” Nota I, II, Construzion:
metalliche n.5 and n.6-1965. The proposed method was recently introduced to
Russian engineers by M.Sh.Mikeladze, "An Introduction to the Technical Theory

of Perfectly-plastic Thin Shells," (In Russian) Ch.4., Tbilisi, Georgian SSR,
USSR, 1969
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shell is derived as a generalization of the one for axisymmetric problems pro-
posed by Hodge [7] to use as an approximate yield condition of a uniform shellf
It is shown that the proposed condition does satisfy both of these requirements.
This is not sufficient, however. The second difficulty lies in the fact that
the shape of the boundary of a plastic region is not known a priori for a specif-
ic problem. It is then necessary to utilize the upper and lower bound theorems
of limit anslysis assuming some suitable boundary of a plastic region. It is
illystrated by an example that consideration of strong discontinuities in a velo-
city field enables one to obtain readily upper bounds orn a collapse load factor.
2. YIELD CONDITION AND FLOW LAW FOR A SANDWICH SHELL '
= A typical sandwich shell element is shown in Fig:.1l where 1 and 2 denote
two orthogonal curvilinear coordinates on the middle surface of a shell. Besides
the customary assumptions made in the limit andlysis of structures and in the
linear kinematic relations of thin shells in the category of Love's first approx-
imation, the following assumptions are made for the sandwich éonstruction.
(A) The two. facings or cover sheets with constant distance 2H everywhere are re-
garded as isotropic solid membranes of small equal thickness J and composed of
a perfectly-plastic material satisfying the Mises yield condition. The shear
stresses in the facings normal to their planes may be naglected and the stresses
(El, &‘2, T) in the upper facing and (¢,» 9, T) in the lower facing parallel to’
their planes (Fig.l) may be assumed to be distributed uniformly over the thickness
of the facings. (B) The load carrying capacity of the core in the plane of the
sandwich is negligible. The core carries only the shear stresses normal to the
middle surface and does not yield or fail due to the shear stresses.

.The state of stress in a shell is approximately plane and may be de-
scribed b} the resulting moments, direct forces and shears. However, because
of the basic assumption that straight lines normal to the undeformed middle
surface remain straight and normal to the deformed middle surface, the transverge

shear strains are neglected. The transverse shear forces appearing in the equa-

* It was learned at the Symposium that A.Sawszuk and J.Rychlewski had obtained
. the same yield condition and associated flow law in 1960 in Poland and in-
., Vestigated only the geometry of yield hypersurface. The derivation of Egs.
. (6), (7) and (8) in this chapter was therefore a second but independent pre-
. sentation. However, the main contribution of the author’s paper lies in the
discovery that the velocity equations for a constituent yield hypersurface
are uncoupled from the equilibrium equations and may be reduced to a single
_partial differential equation in terms of the normal displacement for shallow
shells and in the proposed method of obtaining upper and lower bounds on the
limit loads by means of discontinuous collapse mechanisms.
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tions of equilibrium have the nature of reaction and are not generalized stresses.
For: ééne_i-af’ non-symmetric problems, it is necessary to consider the six
generalized stresses defined by

By= (g + 00, Ny= (g, + 30,0, Np=(+T)J
ey

M) = (o, - 0,)EI, M

1 2 = (gz - oz)HJ, ”12 = (- 1)8J

where ”1 and ¥, are the direct forces, le the shear force parallel to the planes

of the facings, M. and MZ the bending moments, and "’12 the twisting moment. The

1 .
corresponding generalized strain-rates are the extension rates € and €5 the rate
1 and KZ, and rate of twist Klz- of the middle

and €,y * HK., and the

of shear €12’ the curvature rates X

surface. The facings experience the extension rates € 2 HK

1 2
rate of shear €12 £ HKIZ' It is convenient to use the dimensionless quantities
Na Mu Mu
= = = K 2
"a No Mo M, ° “a N, ® (2)

where ND = ZJUO and MO = ZHJUO» Op being the yield stress in simple tension, and
where the subscript a may stand for either 1, 2, or 12. The rate of dissipation

of mechanical energy per unite area of the middle surface has the form

D. = No(nlel +n

; + mzicz) (3)

12532 * BEp t MKy H W, Ko

At a generic point of the shell, the stresses in the facings must satisfy the

Mises yield condition

-2 == = —2 2

Ul - 040, * 0y ¢+ 31 = GO (4)
2 2 2 _ 2 [3
95 S5t L YA =Y %)

Elimination of 31, 0_2, "-r‘, 9 gz,and T from eqs.(1) and (4) or (5) furnishes
the yield condition of the shell element in terms of the six generalized stresses

as follows.

F

2 2 2
1= Oyt -y e m Oy e my) + (4 m)T 300, )" =1 (6)

2—

I
ot
.

2
FZ = (nl - ml) - (nl - mlJ (rz2 - mz) + (n2 = m2]2 + 3(n12 -m (7

12]



In a generalized stress space of Cartesian coordinate system (nl, Ry "2’ My s
mygs mz), the proposed yield condition represents a hypersurface consisting of’
two quadratic hypersurfaces. It is noted that, in a new coordinate system (n1+m1,
n, + Mygs Mo * Moy My = My My, = myas Ny mz), the yield condition exhib?ts
explicitly the character of the Mises yield condition. If a stress point (nl}"
Mygs Mps Mys Myqs mz) in the generalized stress space satisfies Fl = 1 and

F2 < 1, the lower facing is at yield point state, whereas if it satisfies Fy=1
and Fl < 1, the upper facing is at yield point state. In any case the shell
element is at yield point state since none of the facings has bending resistance
itself. If Fl = F, = 1, both of the facings are at yield point state.

The plastic potential flow law states that the strain-rate vector (sl,
€105 €55 Kys Ky KZ) is directed along the outward normal to the yield surface.
Since the present yield surface is defined by the two functions F1 =1 and F2 =1,
the normal is not defined uniquely at the intersection of the two constituent
hypersurfaces and two parameters will be necessary to follow Koiter‘s definition
[8]. The associated flow law may be given by

gy = u{ZEnl rm)  (n, + m2)} - U{2(n1 -m) - (n

p - my)}

€1 = SUlnyy *+ my5) + 6V(ny, - myy)

+

€, = u{2(n2 my)  (ny + ml)} + U{Z(nz my)) - (ny - mlj}

A
n
+

U{Z(nl m)  (n, + mz)} U{Z[nl -m) - (n, - mz)}
Kyg = My, + myy) - 6V(ng, - my))

K., = u{2(n2 *my)  (ng + ml)} —v{Z(nz -my) - (ny - ml)} (8a-f)

I
(==}

il

1 and F2 <1, then g > 0 and Vv
1, then y = 0 and v > 0
1, then y > 0 and v > 0.

where (i) if Fl
(ii) if Fl < 1 and F2
(1ii) if Fl 1 and Fz

3. APPROACH TO NON-SYMMETRIC PROBLEMS

It seems convenient to introduce here the concept of a "solution surface"
in the generalized stress space. In an axisymmetric problem, a stress solution
may be regarded as a parametric representation of a space curve lying in a yield

hypersurface in terms of an independent variable. In a general non-symmetric

rJ
o
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Fig.1 Sandwich shell element

Fig.2 Shallow shell element and
stress resultants

Fig.3 Parabolic cylinder. Fig.4 Upper and lower bounds
on the load factor.
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problem, a stress solution for a finite portion of a plastic region contains

two parameters or independent variables. Geometrically the solution may be re-
presented by a surface lying in a yield hypersurface in the six-dimensional stress
space. This surface will henceforth be called a "solution surface'". Then the
general approach to a non-symmetric problem may be stated with this terminology

as follows.

Although the present yield condition is piecewise quadratic, it may be
shown that the resulting stress and velocity equations are uncoupled for each
constituent yield condition. It is noted that if a portion of a solution surface
lies entirely either on F] = 1 or on F2 =1, then v = 0 or u = 0, respectively.
Then there are three simple ratios between the generalized strain-rates given
in the flow law (8)

E £ £
Kl = +1, K12 = +1, KZ = +1 (9)
1 12 2
where all the plus signs are for the case Fpo=1 and the minus signs for F2 =1.

Hence the velocity fields corresponding to the cases (i) and (ii) are of a fairly
restricted nature, whereas in the third case, the corresponding stress fields

are of comparatively restricted nature satisfying both of (6) and (7) In any
orthogonal curvilinear coordinate system on the middle surface of the shell,

all the strain-rates may be expressed linearly in terms of three velocity com-
ponents and their spatial derivatives just as in the linear theory of thin elastic
shells [9]. Hence the three simple ratios (9) provide a system of three linear
partial differential equatioms for the three velocity components. Once the gener-

al solution of this system is obtained, the remaining two ratios between the
generalized strain-rates may be regarded as two equations for stresses . The

yield condition appears then to bring the non-linearity into the system of stress
equations. The non-linearity is not essential, however. The quantities

u and y which may be expressed as (11) and (12) later, in terms of the known
generalized strain-rates are now known functions of the coordinates. Hence three
equations of (%;a e.g. (8d, e and f) become linear equations for the generalized
stresses. TheSeYthree equations of equilibrium form a system of linear algebraic
and partial differential equations for the six generalized stresses. However,

if a finite portion of the solution surface lies in the intersection of the two
constituent hypersurfaces, the velocity and stress equations are coupled and

can not, in general, be solved easily. This is one of the difficulties. Even
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if the uncoupled velocity equations are relatively simple as will be shown for
shallow shells later, one encounters the second difficulty that the shape of
the boundary of a plastic region is not known a priori and does not coincide, im

general, with the boundary of the shell. A way of solving these difficulties

is to make use of the upper and lower bound theorems of limit analysis. In the
former case it is even difficult to find a kinematically admissible velocity
field. A way to overcome such a difficulty is to consider a discontinuous velo-
city field consisting of several rigid body motions [10]. In the latter case a
velocity field satisfying the uncoupled velocity equations and the velocity
boundary conditions can be found for an assumed plastic region. The total rate
of intefnal dissipation of energy can then be computed. Substitution of eqs.(8)
into (3) furnishes

D; = 20,(u + V). (10)

It may be readily verified that yu andv are expressed in terms of the generali-

zed strain-rates as follows:

1
i €. +Kk. 1212
1 2 2 (€12
2u = 7z [(erx )7+ (8 *K ) (60K, )+ (£ %K,) e Tu]
- -
- 1
1 2 2 (€127%12)2|?
2v = 7 | (&K (E) K ) () K,) +(Ep-K) T4 |—5
L : J (11)

where u and v are both positive for the intersection Fl = PZ =_.1. But the ex-
pression may be considerably simplified for a constituent hypersurface Fl =1
or F2 = 1 because of the simple ratios (9).

1
2N €,.12[2 2N x,.12]2
W 12 2,(€12)2f% _ Ho | 2 2 (%12
By E‘[El’elsz’ez*[_z]] 73‘["1"‘1"2“2*["2““]] . (12)

The generalized strain-rates are knowh from the assumed velocity solution and
hence we may integrate the known expression of Di over the whole plastic region.
The kinematically admissible multiplier associated with the assumed velocity
field may then be obtained by equating the total rate of internal dissipation

‘to the total rate of dissipation of external energy. In many cases the integrand
given by eqs.(11) may be mathematically complicated. Then the difficulty of
integration may be avoided by considering again a discontinuous velocity field

mentioned above.
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4.. A CONSISTENT SET OF THE STRAIN-RATE VELOCITY RELATIONS AND EQUATIONS QB *i
EQUILIBRIUM FOR A SHALLOW SHELL ; w9
The fundamental equations of conventional bending theories of”thiﬂ‘eiﬁé-
tic shells in the category of Love’s first approximation contain an ¥hconsistehcy
"ih the sense that the strains do not all vanish for small rigid body rotations’
of a shell except for axisymmetric problems [11]. The following set of strain-
rate velocity relations and equilibrium equations may be applied therefore oﬁiy
for those plastic regions where such effects are negligible. If a velocity field
is to, contain several rigid portions separated by plastic regions or by discon-
tinuities, then their rigid body rotations must be treated separately from the
. présent strain-rate velocity relations as will be illustrated in the latér ex-
ample. o '
Figure 2 shows an element of a shallow shell described by the distance
Z ?'Z(X,Y) of its middle surface from the (X,Y)plane. The dimensionless coor-

dinates are defined by
D SRS S
' ¥"7 L’

where [ is a typical shell length. It is noted that the present rectangular
coordinate system does not form an orthogonal net when projected onto the middle
surface of the shell. Hence the shell element is skew as shown in Fig.2.
However, since it is assumed in the shallow shell theory [12] that

2 2
2, <1, zxzy << 1, zy << 1 (13)

where the subscripts x and y denote differentiation with respect to x and y,
respectively, the angle between the two sides AB and ZC on the middle surface

may be approximated as
. sin wy = V(1 sin ¢ sin ¥)E /(1 zmzy)= 1

and the angle between the two diagonals on the middle surface as

2/(1 - tan’é - tan’}) z .
/(2% (tan ¢ + tan ¥)1/[2 + (tan ¥ - tan $)°]

sin w, =
2
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Hence even if the yield condition for such a skew element may be actually sub-
jected to certain deformation and modification from eqs.(6) and (7) as a func-
tion of x and y, its influence is negligible for a shallow shell. The use of
the proposed yield condition and associated flow law for the shallow shell element
is therefore consistent with the shallow shell approximation. The subscripts
1, 2, and 12 in the preceding expressions (1) through (12) should now be replaced

by =, y, and xy, respectively for use in the following. The six generalized

stresses are n - "a.'y’ ny, m_s m;cy“ and m_and the corresponding generalized
strain-rates are € €5 €5 K K , and k. . Let U and V denote the tangential
zy® Ty L Ty Yy

velocity components in (X,Z)— and (¥,Z)— planes, respectively, and W the velocity
component normal to the middle surface. The following reduced velocity components

are used in the following:

AR S A
L’ L’ L~

The consistent set [13] of the strain-rate velocity relations and equilibrium
equations for the shallow shell under the assumption of (13) and of infinitesimal

deformation are given by

L _ou _ du v _ v
Ea:- s zmw, Ea:y" 3% + e Zzzyw, Ey— 3 - zyyw
2 2 2
. 0w _ 9w _ 3w
Kx— k—;?—, sz- 2k Bzay . K:y- k ayz (14)
anz Bnmy Bnmy Bny
el A e AL
azm 32m Bzm 1
axz + 2—'&-3;1:3_1; + -—-Layz + i—{amnx + zaa:ynzy + zyyny) + 6pg =0 (15)
where
2
M, p_r? p,L p
kEFro Pty By e Pr o

5. DIFFERENTIAL EQUATIONS FOR VELOCITY FIELDS AND STRONG DISCONTINUITIES

If a solution surface for a finite plastic region lies entirely on F1= 1

or Fz = 1, then the three simple ratios (9) hold for that region and may be re-
duced, for the present shallow shell, to the following system of differential

equations
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“aw " Fa PR 770
ox
2
oV 9w
3_-3 w + k 2=0‘
Y yy dy
OB VIO (16)
e 3 Bay” - dxdy

where the plus sign corresponds to the case Fl = 1, whereas the minus sign to
F2 = 1. The velocity components u and v may readily be eliminated from eqgs.(16)
and the resulting single differential equation for w becomes

2 2 P

) =
5 (zyyw) Z-W—(zxyw) + 3y2 (zmw) = 0. (17)

dx

Depending upon the form of z = z(x,y)}, eq.(17) may be elliptic, parabolic, or
hyperbolic. 1If z is quadratic in x and y, eq.(17) contains constant coefficients
only and may readily be reduced to the standard forms. General solutions can

be obtained for various coordinate systems but the second difficulty arises as
has been mantioned in Sec.3 and it is necessary to utilize the upper bound
theorem of limit analysis, assuming a suitable boundary shape for which the
general solution is readily obtained. If the upper bound theorem must be used
anyway, a simpler application may be desirable. It is shown in the later example
that consideration of a discontinuous velocity field simplifies the computation
of the rate of dissipation of internal energy for a polygonal shell and hence
enables one to obtain readily an upper bound on the collapse load factor. It may
be expected that a better bound is obtained from an assumed velocity field consist-
ing of rigid regions and finite plastic regions governed by eqs.(16)} and (17),
but this problem will be left for further study.

It is convenient to consider a local coordinate system (£,n) at a generic
point P on a stationary strong discontinuity D [14], P being the origin of this
system and the £ axis normal to D at P on the middle surface. The continuity
of w itself must be postulated since the effects of the transverse shears have
been neglected . Then just as in the plate discontinuity [14], 3w/3E may be
discontinuous across D. If u and v denote the velocity components in £ and n
directions, u and v themselves may also be discontinuous across D. Let the

amount of jumps in u, v and 9w/9E be denoted by Au, Av and A(8w/9E), respectively.
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Then the plastic flow of a particle on D may be described by

Sl -7 [
k. =My M2 0 xb[ag : 0 : 0.

K
En n

€ t E I K

£ P € &y i K
Then from eqs.(10) and (11), the rate of internal dissipation per unit length
of D may be found as follows:

1 1
N.L 2 2]> 2 2|3
1] ow Av 2 Av 2
b, = - [{Au _ m[gg]} . [...f] ] " [{Au R m[%’} - [—2] ] . a8)

Since Au, Av and A(%w/9E) vary with respect to n along D in general, the stress
points corresponding to the strong discontinuity lie almost always in the inter-
section of the two hypersurfaces.
6. HYPERBOLIC PARABOLOID WITH AN ELLIPTIC BOUNDARY UNDER UNIFORM PRESSURE P

The middle surface of the hyperbolic paraboloid is defined by

se S S g

The shell is subjected to uniform pressure Pz = P. The dimensionless pressure

is defined by p = PZZ/ﬁﬁo. It is assumed for the sake of simplicity that the
shell is roller-supported normal to the shell surface along the elliptic boundary.
The velocity boundary condition is therefore w = 0 at mz * aysz = 1 only. It

is assumed that the solution surface for the shell lies entirely in F1 = 1.

Equation (17) becomes

The differential equation and the boundary condition may be satisfied by

w = 6{1 - 22 -i-yz}.

The corresponding solutions for u and v may readily be obtained from eqs.(16)

Substitution of

_ - 2a
W = -26, wxy 0, wyy 5 §

H

into eq.(12) provides
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4RN06 5 a2
Di = /,[1 + i ;-5-] (constant everywhere).
An upper bound on the collapse load can be found by equating the total rate of

internal dissipation to the rate of external energy dissipation,

+= 4 Jl-’.g...gi
p 373 b2

A lower bound may be obtained by considering a statically admissible stress
field for an elliptic plate. If it is assumed that

no=n_ =n =0,m =m = —B (1 2 £4%, m_=o, (19)

the equations of equilibrium and the stress boundary conditions are satisfied.
Substitution of eqs.(19) into the yield conditions (6) and (7) leads to

~#b 1 -2 - Eyh <.

The maximum value of the left-hand side occurs at the origin. Hence a lower

bound is given by

= L1 _a_
P‘s[l"b

7 PARABOLIC CYLINDER WITH A SQUARE BOUNDARY UNDER UNIFORM PRESSURE
Let 2L be the length of a diagonal of the boundary square.
The middle surface of the parabolic cylinder is described by

z=%(x y)o, 1 ©-y=20, 1+ y?_b,

l+x+y>0, 1 x+yz=0.

This choice of the rectangular coordinate system will be convenient in the later
discussion of the strong discontinuity in the velocity field. Since it has

been assumed that zi << 1, zmzy << 1, and 22 << 1, the rise of the shell is
within the limit 02 << 1. The shell is assumed to be simply supported along

the four edges ﬁg(l € -y=0),B0 z-y-=0)), 65(1 +z2 +y =0), and
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DA(1 - z +y = 0), and is subjected to uniform pressure P. (See Fig.3). The di-
mensionless pressure is defined by p = PLZIGMh. For a square plate, a good upper
bound has been obtained by considering a velocity field in which the plate deforms
into a square pyramid [10]. It is quite natural therefore to consider a similar
field for w but with appropriate associated fields of u and v. It is assumed

that the four curved triangular portions AOAB, AOBC, AOCD, and AODA perform rigid
body rotations /20 about axes parallel to the straight lines 4B, BC, CD, and DA,
respectively and rigid body translations v2§ outwardly normal to 4B, BC, CD, and
DA, respectively and that the same strong discontinuity appears along éi, éﬁh dEL
and OD. Then the velocity field satisfying w = 0 and |u| = |v| along the four

_ edges may be written as

Region I, AOAB : w=6(1-xz-y),u= v= 6- %ce{l - (= - y}z}
II, MOBC:w=0(1+z-y),u=-v=-8+20{l - -y
III, AOCD : w=06(1+x+y), u-= v=-6+%cﬂ{1-[z-y}2}
IV, MDA :w=0(l-z+y),u=-v= 6-526{l - -y (20)

Because of the shallowness cz << 1, the projection of the (x, y) coordinate
system upon the middle surface may be taken as the local coordinate system for
the discontinuity within the present approximation. The amounts of jumps in
u, v and 8w/dx across the discontinuity OB are

duw

Ay = 28 - c0(1 - yz), Av = 0, A[EE] = -28.

Since Av = 0, the plastic flow of a particle on OB may be described by

2
E @ E SE. B, : : = 268 (1 - 5 : : z : 0.
» - y . ny Ky ef( y) 0;0 2k 0 0

The rate of internal dissipation of energy per unit length of OB may be evaluated

1

by eq.(18) and is reduced to

Nok

o5 = 128 - e0Q1 - y%) + 28| + |26 - 01 y?) - 2k0|} (21)
For the sake of simplicity, the following two cases will be considered.

Case 1. 1f Au = 0 at y = 0, i.e. 26 = 8, then the total dissipation rate
in OB may be evaluated in two parts. If 2k > cy2 everywhere for 0 <y < 1,
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i.e. 1 2 e/2k, then eq.(21) is reduced to

-

= e 2, _ 4
Ddﬁ‘— 7z F\NDL 6 = FMDLB'

1f e/2k > 1, then there .exists a value of y in 0 < y £ 1 such that cy2 = 2k.
Let ¢/2k = b. Physically b represents the ratio of the rise to the thickness
of the shell.

1
Vb 1

D= 3 w120 lay + b| 24y} = =2— w16 |b + -2

Yo T 73 o Y ¥ o %3 b
0 1

Vb

The total rate of internal dissipation through the four strong discontinuities

is 4(5539 The external energy rate is given by

De = JPWHA = 4M0L9p.
A

Therefore an upper bound on p is given by

+ 4 + 4 2
Py =73 forbsl,pl——g-‘—;g—[b+%——]forb;1.

The value of pI is plotted in Fig.4 with respect to b. When ¢ = 0 and hence

b = 0, the value of pI is reduced to the upper bound for a square plate [10].
Evidently the known lower bound for a square plate gives a lower bound for the
present shell. Hence

pl = %(6 + Js]-

Case 8. If the outward sliding of the four curved triangular portions is
restrained and hence 8 = 0, then Aw = 0 at y = 1. If 2k > a(l - yzj for 0 <y <1,
i.e. 1 2 b, then the same upper bound as for the case 1 is obtained. If b > 1, there
exists a value of y in 0 < y < 1 such that 1 - yz = 1/b, i.e. y = Y(1 - 1/b)

Then it may readily be found that
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1
b(l - yzldy - J dy }

A3

o3,
1
o

4 26 - 1) (b - 1)
-73—{1+ 2 J[ 5 J}MOLG.

Therefore an upper bound on p for this case is given by

- 1 (b - 1)
pz—vg—{l'l' 3 -[ B J}forb}:l.
It is noted that a lower bound on p may be obtained from the membrane solution

for this case. The maximum lower bound based upon the membrane solution is ob-

tained when

This solution satisfies the yield conditions Fl = 1 and FZ = 1 and furnishes

The lower bound for the square plate is still a lower bound for this case, again.
The values of p; and p; are plotted in Fig.4 to compare with pI
CONCLUDING REMARKS

The exact yield condition for a uniform shell element composed of a per-
fectly plastic material obeying the Tresca or Mises yield condition is quite
complicated and its application to practical non-symmetric problems is very dif-
ficult. Therefore the first step of studying non-symmetric problems is to find
a practically workable yield condition. The sandwich approximation proposed in
the present paper may be of practical use in the following sense. First, it
consists only of two hypersurfaces. Secondly, the velocity and stress equations
are uncoupled for the constituent hypersurfaces and kinematically admissible
velocity fields may be found comparatively easily for practical problems. The
yield condition has been applied to shallow shells and a single partial differ-
ential equation for the normal velocity component has been obtained. The dif-

ferential equation becomes simple for quadratic surfaces. As an example, a

233



kinematically admissible velocity field has been proposed for a hyperbolic pa-

raboloid with an elliptic boundary. Thirdly, consideration of strong disconti-

nuities in a velocity field based upon the present yield condition simplifies

the computation of upper bounds on a collapse load factor, especially for a shell

with a polygonal boundary. This has been illustrated for a parabolic cylinder,
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APPENDIX
The proposed method has been applied to shallow parabolic cylindrical

*
shells with various rectangular plans by Y.Yokoo, T.Matsui and the present author.
The following results extracted from their paper will demonstrate the use fulness
of the method and therefore will be included here as an appendix.

Upper bounds on the collapse loads
A nawral attempt in finding a kinematically admissible velocity field is to consider for w a rool-

shaped eollapse mode similar 10 the one for a rectangular plate, together with appropriale associated
fields of n and v. This type of collapse will be called a total collapse mode. The corresponding upper
bound on the collapse load increases rapidly as the rise of the sheli is increased as will he shown later.
Therefore in order to obtain hetter bounds, it is necessary lo take into account the characteristics of
edge disturbances in the hending theory of shells. The partial collapse mode shown in Fig. 3 is one
of such possible modes.
(a) Total collapse mode A (cota<i)

1t is assumed that the strong discontinuities appear as indicated by the wavy lines in Fig. 1. The
trapezoidal portions I and I’ perform rigid dody rotations # cote about the axes AB and TD, respecti-
vely. The triangular portions Il and J{’ perform rigid body rotations ¢ about BC and AD, respecti-
vely. Rigid body translations have been assumed to be prevented by strong corner reinforcements.

Then the velocity field may be described by

Portion I :u=0, v=cbcota(l—y)/2,
~ Y w=0cota(l -v)
i I a=cO(l--3),2, v=0,

\-- T d 8 w=00l—-x) .
. T r I I X The corresponding jump gquantities may be obtain-
N—r!_ /E & r ed as .

. L_u —c Along BF : 4 it=—c# cosec a1 —y?)[2,

& cw

"l" WZ : =0, d(a—) =0 coseca
. j — i
=1 l— Along EF : di=—cfcote,

n dw
Fig. ! Total collapse mode A. dT=0, d(—a—f-)=3 Ocota

The rates of internal dissipation of cnergy per unit length of BF and EF can be evaluated by Eq. (9)

and are reduced to
N,L cos
Dy =2 WL cosec a .l

] ]
; %—f‘l—yfu—kal- %(l—y‘)--kl?”

o

The integration of the energy dissipation along the strong discontinuities depend upon the parameter
b=cj2k which is physically the ratio of the rise to the thickness of the shell.
Ci) b<l.Dgi=2cosectaM,L8/4/3, Dis=8cotali—cota)M,La/3

_2NLcota

- b
Dﬁ——ﬂ/?a—{‘?—kﬂ+

2cosec’ @

o T ; /h—1
Gi) bzl.DB,-—W{%;@*]WTIMM
Dis=8bcota(i—cota) ML 8//3
The external energy rate is given by
D,=J  PWdA=4cota(3i—cota)pML

where the dimensionless pressure p is given by p=PL’f6 M, Therefore upper hounds on the col-

* Yoshitsura Yokoo, Tsuneyoshi Nakamura and Tetsuya Matsui, "Limit Analysis of
Shallow Parabolic Cylindrical ShellsY Trans. A.I.J. No.106, Dec.1964,ppl10-19.
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lapse load p, are given by

14 decoteu !
cotd(3»l-cola)’ (ma?

i o or 2 {3+3b—1) VT "L3JB) cosec’ a+3b cot a(A—cota)
(it bZI'P+_ ; cot @3 A—cota) ~(10b)

_The expression (l0a) coincides with the upper bound on the collapse load Ior the corresponding
rectangular plate.
(b) Total collapse mode B (cot a>>1)

(i) b<l: p+—7=-=

A similar computation may be carried out for (his case. [t may readily be shown that the expres-

A = = B e sion of the energy dissipation for the case b1 is similar to
, € e’ the previous case for #-_1. The discontinuity l::i*: is parabolic
= y
E for this case and the corresponding 4 # is no longer constant.
. 1’ = Let{=Xtana and {'=1-¢. Then the rate of internal dis-
Fig. 2 Total collapse mode. B sipation depends upon ¢’ and +(B—13/& as follows for b1,
= 2z
(i) ;2'/5_._5__ pr= -v"_ld F2(b - 1)1;/(35 {1))1'5} FERE o (l1a)
oy e BT . {34261 YOE=D/BI L+ =B BB
Cll) cSJT- :';'7_ 39(3 (c, (J..lb)

The parameter @ is determined so as to minimize p*. It has been observed lhat. for some particular
values of A, Eq. (10b) furnishes smaller upper bounds than Egs. (11) for shells with smaller rise and
that Eq. (11b) provides smaller upper bounds than Eq. (10b) for shells with higher rise.
{c¢) Partial collapse mode C
In view of the edge disturbances in the bending theory, the partial collapse mode shown in Fig. 3
A P may be expected to appear for shells with higher rise. Pla-
e % :E-CL stic flow is assumed to occur locally enly in a narrow band

° of width 2a near a generator edge. The trapezoidal parts T

and I' perform rigid body rotaliong 8 about the axes AB

and CD, respectively and the triangular parts II and 1I’,
Fig. 3 Partial collapse mode C. rotate @ about the axes BC and AD, respectively. This
mode is similar to mode A with @=45°". This choice of « is merely for the sake of simplicity. Some
other value of ¢ may furnish somewhat better upper bound. The corresponding energy dissipation can
be calculated in a similar fashion to the case (a) except along the strong discontinuity CD. The results
are as follows :
3i+2a

(i) ail’l‘/'g';p-i:ﬁaz(s—w. e S S S S S A S e S S R S N S R S S s e C]_za)
I+da+2atb(—a) + (8/3)(a’b— 1) Na—1[b

(i) exlyb:p'= J3d(Bi-a)

Lower bounds
The equations of equilibrium for the shallow parabolic cylindrical shell may be written in the fol-
lowing form.

ny :’J‘rz,, Bn,,‘l dny —0

L By =0, dx  dy
2
a m, . 2;3:;; i;?*'(&)"ﬁﬁpd ...................................................... as)

In view of the membrane solution and the lower bound selution for the corresponding plate [6], il
seems appropriate to consider a stress field given in the following form.
nz=nsy=0, ny=-n
mye=C, (A —2%), my=Cy(1-5%), Myy=—(3p—bn—C,—Cpxy B
1>C,, C, n>0 - S R s s Y
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It may readily be verified that this set of stresses satisfy Egs. (13) and the boundary conditions.
The cnefficients C, and ( and the direct stress n are determined sa as lo furnish the largest among
all the values of p under which the stress field does not violate the yield conditions (3). By substitu-
ting the stresses into the yield [unctions, the following incyualities are obtaived for C,;, € and n.

C(P—x) —C (&~ ) (--r+C(1—y)) i {—n + C(1-y)}+3@ p—bn~C, - C'Ty' <1

C@—2)~C. (X ~2) 2+ C(1-9D) + [ + C(L =)} +3(3 p~bn - C, ~ C,)'z"y’<1 (15a,b)

Considered as functions of z* for any fixed y, the left hand sides of (15a,b) are both parabolas
opening upward. Therefore the left hand sides take on the maximum values at 7°=0 or £*=2". Simi-
larly for any fixed = the maximum values are at y'=0 or y*=1. Therefore it is sufficient to consider
the points (0,0), (0, +1), {14, 0) and (+J, +1). After some manipulation, it can readily be found
that a good lower bound under the above assumption is given by

-1 e NI e WRBRY) i
ﬂ Ei[ﬂ(b—l) il —‘T,-auz—- 1 ——fF—-J - ([6)
when the upper sheet is at yield point state at (+1, 0) and (+1, *1) and the lower sheet yielding at
(0,0) and (+2, +1); i.e. when

—n++/4-3n°
F'n_zfv_"

C,=1-n

The direct stress n is to be so determined as to maximize p~ in the range 0<n-I1. It can easily be

seen that the case n=0 gives a lower bound for the corresponding rectangular plate, whereas the case
n=1 for the corresponding membrane [4].
Numerieal results and disenssion

The upper and lower bounds on the collapse loads have been computed for the cases 1=1 and i=

2. The results are shown in Table 1 and 2 and plotted in Fig. 4 and 5. Since b=cf2k, ¢ is propor-

tional to b for a constant &. For instance, if 2 H/L=1/100 and A=1/200, then b=100¢. If - varies in

Table T Collapse loads for the case =1

Mode [ A | B | C
b | 1 2 3 . s [ s | 1| s s | [ 2| w6 |6 |a
P+ | 1ass| 1em| 220 2| asm] a2z | wem3| sase| sver| 6512 7.55 | 8591 | 9615 | 10.6m | 1163z
(df:u_l_ (5.0 (35.4%)) (2.7 (5.6°) (2.7°)] (20.5°)] (18.9%)| (0.50) ©.50)f 0.50)] (0.50)] (0.4D] (0.45) (v.48)| (0.42)
P | ogse| oase| 1089] 1.333| 1.667| 2.000 | 2333 | 2657 | 3000 | 3.333| 4.000] 4.667| 5.3 | €.000] 6.667
=) | @ (0.4) |(0.8) |0 [(10) |(1o) (o) | (o) [0 |@q.0) |G.00 |a.0) u.%a (1.e) {Q .-a)'
Pep-| 136 | 1.0 | 208 | 206 | 200 | 211 | 200 | 2.08 | 200 [ 105 | 180 | 14 | 100 | l.nier.u‘

Table 2 Collapse loads for the case 1=2

 Mode A B
5 1|z | s | 4 i k. I ~§__| 7| s ] o | w | 2 7|77u_|_16 _| m‘i »
P+ | ool 1.062| 1.500) 1050 | 2.002| 2883 3304 | 3764 | a.210] a662] 5558 | 6471 | 7.375 | 8279 | o 186
@ or a)| (36.5% ‘”-’:‘I V(zz.r)l (19.7%) (u.r)l (15.8%) (u.s‘)l m.ml uz,q-)l a1.4%)| ao.e)| (3.7%) (s?ai) :é?)l (if?f)
¥ 0.513) 0.600 | 1,000 31.333] 1.667 | 2.000 2.333' 2.667 | 3.000 a.m ;wo a.wf 5 =
| @ |on I__q 0 Iu.o) Iu,n) aoe |no l(:.a) an |[ao [ae |aoe (i'o? 5:83‘“!5:3’
PHP-| 1.3 1.ulln]s.u|1.«||.u|uz| 4t l.wl1d|13§|71.39'|1.au-|'1-.ss||ac
= v 2
, i - 11
i H
P ] T P._ J— : - — .
i A/ 8 / I A [ -] i
i ¥ &
' | / =] k | o d
- T S |
: L~ E | i ]
- R
] 1 i ;
- 3 tr,z [ - o Y ) _-h'L ..i; B
Fig. 4 Collapse loads for the case 1=1, Fig. § Collapse loads for the case 1=2.
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the range 0<e<0.2, then 0<h<20.

It is observed that for shells willi 4 f, the total collapse mode A furnishes better upper ‘bounds
for hoth of the cases i=1 and 4=2. This appears ta indicate that the collapse mode of extrehiély shal
low shells. will not be very much different from the made for the corresponding plates.  *'""

In the case i=1, the total collapse mode B results in better upper bounds for shells with intermedi-
ate values of b and the corresponding angle « tends to decrease. However, for Jarger valdes of b the
partial collapse mode € provides better upper bounds than any other modes. The width of the corres-
ponding plastic region tends to decrease as & is increased, :

In the case i=2, the total collapse mode A results in better bounds even for b=2. But for larger
values of b, the total collapse mode B provides better bounds than the partial collapse mode € in'the
range of b considered, The corresponding value of @ decreases as & is increased and the dnscontmul-
ties originating from the corners tend to approach the generator edges.
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CHAPTER 12
APPLICATIONS OF THE PROPOSED YIELD CONDITIONS
TO FINITE-DEFLECTION ANALYSIS OF RIGID-PLASTIC SHELLS

1. INTRODUCTION
While the so-called PA-effect upon the load-carrying behaviors of
framed structures has been investigated in considerable detail during the
last five years as has been described in chapter 3, the effect of geometrical
nonlinearities on the carrying capacities of rigid-plastic shells has not
been investigated analytically except several papers [1]. A number of useful
finite element procedures have been proposed for materially and geometrically
nonlinear problems during the last few years [2] Analytical investigations
for the combined nonlinear problems of shells appear to have been restricted
only to circular cylindrical and spherical shells[1,3]. Duszek [1] has shown
that, since nonlinear displacement equations for B; are uncoupled from the
equilibrium equations for shallow spherical shells and since K? leads to a
linear equation in terms of ¥ only, an elementary solution can be obtained.
It is shown in this chapter that the advantage of uncoupled equations
for velocity fields derived in chapters 10 and 11 is still retained for
geometrically nonlinear problems of rigid-plastic shells. Although magni-
tudes of plastic strains may amount to the order of 10?2, it is assumed that
a small strain theory for shells such as Sanders' theory [4] is still
applicable and that rotations are moderately small [4] The same notation
as in chapters 10 and 11 are used here for shells of revolution and non-
symmetric shells, respectively. The general solutions are derived also for
conical shells. Finally, it is shown that a single nonlinear differential
equation can be derived also for nonsymmetric shallow sandwich shells in
a similar manner to that in chapter 11.
2. KINEMATIC RELATIONS AND EQUATIONS OF EQUILIBRIUM FOR SHELLS OF REVOLUTION
The kinematic relations proposed by Sanders [4] in tensor notation

may be reduced for shells of revolution to

v cotﬂ -w % V- w 1 2
= [ = .|,...2_p

£
6 r, [ ry
k cot k
i “p = " P’ (1a-e)
2
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o= Vv J
!

In order to derive the consistent set of equations of equilibrium, the
principle of virtual work is utilized.
2m v coty - Sw u't- dw v + Sw!
[ Ping 0 = ‘0

Ty 0 1 o )

k cot k
+ Mg (= r,;o p) 8p + my (- ﬁ) ép!

dv + Sw!

B &y ( 7 - ép)} rlrdﬂdw

+f§“f¢(pw6v + p,dw) r rdédg = 0 i)

After integration by parts, Eq.(2) may be reduced to

fg"fm[{(rﬂ¢J'- (ryng cosp)  qgr - ngrp + p¢rr1} v

+ {(rq¢J'+ (rlne sing) + rn_ + (n¢rp)'+ pzrrl} Sw

9
{ k(m¢r)'- k mary cosg - q@rrl}dp] dody

-fgw{[nprév]¢ * [qy + np)r sw]? - [kmvrsp]ﬁ}de =0 (3

The eqﬁations of equilibrium are given by

(rnp)' - (g + nyp) r - (rlnB cosP) + p rry = 0

9 ¢
rn¢ +[(q9 +n¢p )r]' o+ (rlne sing) + prry = 0 (4a~c)

(Prrl = 0
If Eq.(4a) multiplied by sing and Eq.(4b) multiplied by cosy are added and

then integrated, the following equation may be obtained:

k[(msor]' Mgy cosy] - q

rnp sing + r(qw + n?

Eq. (4a) may also be written as

p) cosg = -frrl(pw sing + p, cospldy = B (5)

rné - (q¢ + nyp) r = -rr1p¢ - (nw ne)rl cosyp (6)

Elimination of (qP + nyp)r from Eqs.(5) and (6) provides

né + n¢ tang = FN [p] (7)
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where
r) cosy

Folp) = Hp, - (ntp ny)

r

“r iosp{lrrl(py sin¢ * P, c°3¢3dW * B}

The form of Eq.(7) is convenient for a later application.
3. GENERAL SOLUTIONS FOR SHELLS OF REVOLUTION

The reduced velocity-strain rate relations (X-4a~d) are homogeneous
with respect to an appropriate time scale and no integration with respect
to time was necessary. The kinematic relations (la~e) in the preceding
section for small-strain and moderately small rotations (in the terminology
of Sanders' theory [4]) of rigid-plastic shells of revolution will, however,
result in the incremental relations which are no longer homogeneous with
respect to time. It is therefore necessary to denote by a dot differentiation
with respect to a time scale. If g denotes the normal displacement of a
representative point on the middle surface of a shell, Z may be chosen as

an appropriate time scale. The incremental form of Eqs.(la~e) may be written

as
) cotyg - w s '- W .
£ = [} E_= +
(5] r, (") ry gp
m-keots ok og b D
2 4 ry ry

(8a~e)
The second term in € is the only nonlinear term.

The approximate yield condition and the associated flow law are
directly applicable to the present problem. General solutions can be found
in a similar manner to those in chapter 10 with a slight modification as
follows:

(1) General Solution for H$ and H;. The general solution

v=A4sinp , w = A cosp
obtained in chapter 10, Section 4 is also the general solution to the
present nonlinear case.

(ii)General Solution for H;é and H;B' Since Eqys.(8c and d) are the same

as in the linear case, Eq.(X-12b) furnishes Eq.(X-15) again except B1 now
as a function of I,i,e.
; + é' é ' B
=81 @) , x4 (C) (9a,b)
ry r, sing ry r, sing
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Substitution of Eqs.(8a and b) and Eqs.(9a,b) into Eq.(X-12a) provides

- e L] - - B é
vi-w v coty - w ' 121 =
which may be reduced to
iy !

. LI l .
W T+ (14— &

The general solution to Eq.(10) can be found in a similar fashion to Eq.(X-17)

and written as

ey + <) (10)

r

- G ﬁl(rl cosp *+ () *+ BBjdnr + B,
w = cosy 33 +f

r, sing aosz¢ sl (11)

Upon substitution of (11) into (9a), 5 may be found. Substitution of Eqgs.(9a)
and (11) into Eqs.(la and c) provides

- B,[x(9) + B,/B) + B tnr]
2% r, sinly
By cosp (12)

or ry ainy

Substitution of (12) into Eq.(X-12c) furnishes

B

N S 2.
t(n@ - ne_) = Zk COSW {-’B(lp) + él Blﬂ?ﬂ“} (13)

Substitution of (13) into FN{¢) on the right side of (7) furnishes
n F (9) r B
AR A 1 2
(eos¢)' T Teosy = 2kr cosy (@(9) + B * Blﬁnr)
1

1Py 1
cosp r cosiy

{frrl(pp sing + p_ cosy)dy + B4} (14)
The general solution may be found by a simple quadrature. From Eq.(5)

q
9
Eqs.(X-7a and 8a) provides

can then be obtained. Substitution of Eq.(13) into the yield condition

m, my =t [l ———s () + 2, B tnr) ] (15)
4 4k° cos” B1
Since Eq.(4c) can be rewritten as
1 r, cosp
m' ==y -m -m,) —0— (16
Pk lqp ¢ 0 r, sing )
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substitutson of Eq.(15) and qp from Eqs.(5) and (14). into Eq.(16) furnishes
m
(iii) General Solution for HE and Ha. The system of equations (X-28a and~b)

may be reduced to . .
v o+ w

.‘— I— =. =
pr=o, p- C,, P= € (17)

v - w o+ Clclrl =0 (18)

The general solution of this system of differential equations is given by

v &l[r sing - x(P)cosy + €, (@ cosy + z(P)sing)] + 52 sing + 03 cosy

w

51[r 2089 + T(P)sing + Cl(r sing - x(YcosP)] + 52 cosy - 53 sing
(19)
Substitution of Egs.(19) ingo Eq. (X-28¢c) furnishes

C
ng =3 EE_%EEﬁ'[ Ef- () + Cl(rl cos2y + z(P)sin2¢@)] (20)

Substitution of Eq.(20) into FN(?) on the right side of Eq.(7) provides a
first order differential equation for nw alone. If the general solution
for np is substituted into Eq.(5), Qf‘p can be obtained. The bending moment my
is obtained by substituting Eq.(7) into the yield condition (X-9a,10a).
Since pq? and Mg are known, m¢ may be obtained from Eq. (4c).

As an example of the general solutions, a conical shell in the state
defined by H;B or H;e is considered. The kinematic relations (8a~e) must

now be replaced by

L] _ l - - - _ - 31
€y = g-(v w tano) tp ™ v+ w'w ]
- h:’l - k]:) } (21}
Kp = = —— K. = -l
® y 4
The equations of equilibrium are given by
; ~ @
(ynw) ng + pr =0
(3g)" + ng tan® 4 (gyw')" + 4Py = 0 (22)

k(ymg)' - kmg  yqy = 0

The solution to the simple differential equation defined by Eq.(X-12b) for

+ -
H,B and B¢6 is given by Eq.(X-38) except that Bl and 32 must now be regarded

explicitly as functions of C.

w =B (D)ny + By(T) , w=B (D)iny + B (%) (23)
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Substitution of Eqs.(23) into the differential equation obtained for
Eq.(X-12a) provides

(@)' = (Bydny + B,) tana - BB /y (24)
Simple quadrature yields .
v Bl tano (fny - 1) + BZ tano BlBl 7 + 7 (25)
The third ratio (X-12c) fu¥nishes then
B
1 3
ng - Mg = 3 iﬁ'(gl'- y tand - B, Iny) (26)

Substitution of Eq.(26) into Eq.(22a) and integration of the resulting

equation provides

B
, 1 3 1 2 .
= - * = = 7
n@ fp¢ydy 5K { Ez-ﬁny y tano 5 Bl( 7y j B4 27

Similarly qw, m, and my can be found by simple quadratures.

4
4. UNCOUPLED EQUATIONS FOR DISPLACEMENT FIELDS IN NONSYMMETRIC PROBLEMS

Uncoupled equations for displacement fields can also be obtained
for geometrically nonlinear problems of nonsymmetric rigid-plastic sandwich

shells. The strain-displacement relations (XI-14) must then be replaced by

- - 2-
s _ du © oW ow : 0%w
"% ot o == k2
. A - 3w M . 22w }(28)
E =% -7 W s K = k =——
y % wy Ty y %
- - Gw dw . dw W . 321
oy " e P BT * e ey

For shallow sandwich shells, the flow law (XI-9) leads to the following

system of differential equations in place of (XI-16).

L] . 2' 3

U = dw 9w w o

% lu w2 0

L] - 2.

ov . dw ow 3w _ r (29)
Z WA e——=xk =0

W Ty Wy 2

., s W B, g W

EIET 2nyw Y 3 3y ' B3y o £ 2k dxdy . .

The velocity components u and v may readily be eliminated from Eqs.(29a,b)

and the resulting single nonlinear differentjal equation for w becomes
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32 32 32
(z w) 2 — (Z_w) + (2 w)
_2- dx oy Ty ayz =
2w P ww,, 3 ww, waw
sz 9y Jy 5;7— 3r dx 9rdy 9xr Jy Yy ox
2 2 2
9 3 (]
— (2, W) -2 — (Z_w) + — (Z_w)
aw? WY awdy ¥ oyt =
2. 2 2 .2 2 2
w dw  dw AW _ 2 3w 3w _ 0 (30)

ay? az?  2x® 3y>  dxdy dzdy
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CHAPTER 13

FINITE DIFFERENCE EQUATIONS DERIVED FROM
NUMERICAL QUADRATURE FORMULAE

1. INTRODUCTION

In an incremental elastic-plastic large-deflection analysis of thin shell
structures, it is essential to develop a step-by-step iterative procedure with
which an accurate prediction of displacement increments to a prescribed load
increment can be made at each step so as not to accumulate errors after a number
of increments. For this purpose, the system of simultaneous nonlinear partial
differential equations and the associated boundary conditions must first be sim-
ulated by a system of finite difference equations which result from ignoring
truncation errors. Even if the simultaneous nonlinear finite difference equations
are solved within a sufficiently small error by means of an iterative incremental
procedure which will be described in the next chapter, the numerical result may
still involve errors of more than a few percent if the finite difference simu-
lation is of a low accuracy. Consequently, the stability limit of a shell struc-
ture may not then be predicted correctly. It is important therefore to derive
an appropriate set of simulating finite difference field and boundary equations
with a satisfactory accuracy which are well-balanced from the point of view of
the discretization errors involved in a finite difference solution but not merely
of the truncation errors.

In this chapter, a well-balanced set of finite difference field and
boundary equations will be derived from the virtual work equation by applying
a two-dimensional numerical quadrature formula. It will be shown by some examples
that finite difference boundary equations of a higher accuracy are practically
advantageous in order to obtain a sufficiently accurate result suitable for the
nonlinear analysis.

Attention will be confined here to circular cylindrical shells but the
procedure developed in this and next chapters will be applicable to other shells.
Fig.1(a) and (b) show the coordinate axes for a circular cylindrical shell and
the stress resultants acting upon a shell element, respectively. The symbols

used in this and next chapters are listed in the following.
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Fig., 1(A) CIRCULAR CYLINDRICAL SHELL

MIDDLE SURFACE

Fie. 1(B) STRESS RESULTANTS AND EXTERNAL FORCE
ON A SHELL ELEMENT '
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SYMBOLS

A cross-sectional area of a sandwich flange per unit tength

Akﬁr, Y) force resultant in A-direction at (w, y) acting upon a shell element
of unit middle surface area, A = x, y, 3

al(i, 7) finite difference expression of Ah{i, 1)

[a(Z, J)] coefficient matrix of numerical double quadrature

B circumferential length of circular cylindrical shell

ﬁ;(r, y) boundary fprce resultant in A-djrection at boundary x = const.,
Bh(x‘ y) for boundary y = const.

ﬁer, Y) boundary moment resultant at boundary x = const.

B B/L

{ﬁ(I, N} coefficient vector of numerical quadrature along boundary © = T

B;[i, J) finite difference expression of ﬁk(m, y)

Cﬁna, ye) corner force redultant at corner (mb, ye]

e(t, J) finite difference expressions of C(Z, J)

D extensional stiffness, EA/(1 - vz)

% elastic stiffness matrix

E modulus of elasticity

€, extensional strain of the middle surface in x-direction

Emy shear strain of the middle surface

Fl’ F2 yield functions

G corner force

g Qﬂ%)

d shell thickness

8 mesh length ratio, =(B/J)/l = B/IJL

i, d number of meshes in x and y direction, respectively

(i, J) node coordinates

X bending stiffness, ABH-/4{1 = ¥°)

Ky change of curvature in x direection

Em = MbKﬁ/NO = KxH/Z

kﬁy change of twist

Kmy 5 Mbkxy/mo = KmyH/Z



L generator length

[ 1/I, dimensionless mesh length in z-direction
Az, y)} proportionality constant at (x, y¥) representing rate of plastic
Hixs ¥) flow associated with F, and F,, respectively -
My fully plastic moment per unit length, AHGOI2
Hz bending moment per unit length along x = const.
m = hgfﬂuﬂ
sz twisting moment per unit length along xr = const.
"xy = MM
ND - fully plastic uniaxial membrane force, 2H0,
N, membrane tension in x direction per unit length
n, = Jx/ﬂo
ny membrane shear along x = const. per unit length
nxy = N;y/ﬂo
v Poisson’s ratio
p external pressure

2
P = PL'/M,
P ,py,pLU reduction coefficient matrices for plastic stiffness matrices
Qm transverse shear force along x = const.
4 F = Qx/NO
R radius of curvature of circular cylindrical shell
P R/L
Sx reduced transverse shear force
&, S&L/Mb
% yield stress in simple tension
v, v, W displacements in X, ¥, Z-directions, respectively
U, U, W = U/H, V/H, W/H, respectively
X coordinate in the generator direction
x = X/L.
Y coordinate in the circumferential direction
Yy = Y/L
Z coordinate in the radial direction
z = 2/L
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2. VIRTUAL WORK EQUATION _
The virtual work equation based upon the classical nonlinear theory [1]

of shallow shells may be written for circular Cylihdripalrsﬁells as

0 X 0

B P
J{@u - N_)8U + (n'r;y - ny)av}dy]

+

L | ~Y
U{{ny - Nmy)SU + (Ny - Ny)GV}dX

0 4Y = 0
(LB (a0, ol 3, a_mi
¥ JOJO{[TB'X— * 3y ]GU [ e t.gy ) SvhanaY
- £=FL ' Y=38
B L
s @ - mys| gy e || ¥ - M)éaWdX
0 = x oX 0 Y
8 X =0 Y =20
(B M M i & mole,
. L{]sm - E g @, - wE @, - N ) e
- - Jx =0
I Eﬁg QM%H e W oE
I dy =0
IL IB 32Mx d"Mmyi_, B ézMg !_V}L
= { + 2 e Py + P
olo  ax? VENG - BV R
B, 3 W W, ‘
[ _ X=L4Y =8B
- (G - 2M_)&W] } =0 (1)
T yx=odr=o
1f the relations between M, and NU:
M M
o_ _d_,. 4. Q4 :
N~ 2" h  and V2 (2)

are taken into consideration, Fu.(1) may he reduced to the foilbwing dimension-
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less form for a circular cylindrical sandwich shell:

rB 1L = 1
I {('1?: -n)6u + ('n::y - nzy)ﬁv}dy
0 -
L “x =0
- 1 1y = B
+ JO{ (;:cy - nxy]éu + (;y - ny)Gv}d.r
L “y = 0
rl B anx an on izl
+ JOID{[ o Ty-]ﬁu + [—‘riax * oy Jév}dxdy
- x =1 y=8
B 2 = W
+h[('n? m)&[ ]dy +hI(m -m)ﬁ[a—]d::
0 % 0o ¥ Y Y
L =0 y = 0
(B dm_ om _ _ - Tl
+ h ‘O{Sm S 2 R # 2(n_ - nz)-é-—— + 2( nxy)'ﬁg}ﬁwdy
S “x =0
-rl _ 3_?!1& om _ 1Y =8
+h40{s - By'za:c Z{nxy . nmy) (y n)ay}ﬁwda:
L Jy = 0
B a%m_  %m_  o%m n,
R P P T
0’0 dx oz dy Byz hp
9, ow dw 9 w
- 2 (n e+ v 2@ e yay] }owdzdy
y=8
= h[[@ - om )8l é} -0 3)
y =20
Eq.(3) may be written compactly as follows:
1¢8
J [ {Sulz, y)HAa(z, y)ldzdy
0'0
=1 =8

B =5 1 ¥
+ Uo{au(:c, y) HB(x, y) }dy] + U {8u(z, y)HB(z, y)}dx]
0
' Y

x =20

il
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¥y =8
+ [[ﬁw(m, ¥)C (s y)]i - 3,] =0 (4)
y=0
where Su(z, y) A, (25 ¥)
Sv(xe, y) Ay(xa y¥)
{6 (zx, y)}T = 48w (x, y) ,»  {d(x, y)} = Aa(m, ¥)
Suw,, a:(""" y) 0
8w, y(z', ¥): 0
B () y) B _(x, ¥)
B (x, ¥) B (x, )
—~ H
{Bx, )} = 4B _(x, y¥) ¢t » 1Bz, y)} = B, (x, y)
BM(a:, y) 5 0
0 BM{:::, y) (5)

x, Y, 2) is the equation of force equilibrium in the A-direc-

AA(-"U: y) =0 (A
tion. Bh(x, y)

It

0 and Ek(x; y) = 0 represent the force boundary conditions in
the A-direction along a boundgzy Fx described bZ.m = const. and along Fy given
by y = const., respectively. BM(x, y) = 0 and QM = 0 denote the moment boundary
conditions along qr and Fy, respectively. C(x, y) = 0 represents the equilibrium
equation for a corner force at a corner defined by the intersection of Fx and Ty-
3. FINITE DIFFERENCE EQUATIONS DERIVED FROM A NUMERICAL QUADRATURE FORMULA

In the conventional use of the finite difference method, the finite
difference operators replaces directly the differential operators in a sv<ten
of field equations and boundary conditions which have heen derived from the
requirements that the virtual work must vanish for any admissible variation of
the displacement field. In the finite difference scheme, however, the degree
of freedom of admissible variations is finite and hence the virtual work equa-
tion(4) need to be satisfied only with respect to the variations of a set of
nodal displacements, which can be given independently. Eq.(4) must then be
expressed first in terms of the variations of nodal displacements with the use
of a numerical quadrature formula.

There are a number of different numerical quadrature formulae. An error
appraisal can be made if it may be assumed that the integrand under consideration

has continuous higher derivatives necessary for the estimate. Those virtual
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displacement functions are therefore considered here which have continuous high-
er derivatives up to the degrees desired. The surface and boundary integrals

in (4) may be approximated by finite sums of nodal quantities. The coefficients
of a finite sum may be different depending upon a numerical quadrature formula
to be applied.

For equally-spaced rectangular meshes I x J, there are 3(I + 1)(J + 1)
unknown nodal displacement components and 2(I + 1) + 2(J + 1) unknown nodal slope
components. For a set of regularly spaced nodal points in one dimension, a
Newton-Cotes numerical quadrature formula involves a smaller error than the cor-
responding open formula for the same number of meshes provided the end points
can be included. It has been demonstrated by Miller [2] that, among various
nine-point formulae for a two-dimensional numerical quadrature, the Simpson’s
rulé product provides a considerably accurate result.

~ 'Let a(Z, J) denote the coefficient of a two-dimensional numerical quad-
rature formula to be multiplied on the nodal point values of the integrand at
node (Z, J). Let B(z)(i, J)(Z = 0 and I) and Bty)(i, J)(@ = 0 and J) denote,
respectively, the coefficients of a one-dimensional numerical quadrature formula
for the boundary integrals along Fx and Fy. If I and J are even, Simpson‘s rule
can be applied:

e, D =51 4 2 4. 2 4 17
16 B 16 coaivesw i 8 16 4
8 4 8 i 4 8
-. IIIII J
(B, Y = {% % % % T T % % %} for £ = 0 and I
i 1 4 2 4 )
. {B(Z, N} = {E T F G orreeerens % %— %} for j = 0 and J

The node intervals or mesh lengths in the z- and y-directions are denoted by
1 and 07, respectively.
Eq.(4) can be approximated by the following finite sums:
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gd I i=1I
81° L I a(d, Hdulis, HHAME, NI + [[Sw(is HCE DI 2 5
Jj=0 '£=0 ﬂ! - 0
-J, 1 =171
+ ez[jz B(Z, §){uli, )HB(, j}}]
=0 i=0
I g=dJ '
+ z[ L B(i, HNidu(i, HHBWE, j)}] =0 (6)
i=0 i=0 .

It should be noted that, when a closed formula is applied, the double sum in-
cludes virtual work terms dependent upon the virtual displacements of the bound-
ary nodes and similarly thé single sums include virtual work terms dependent upon
the corner virtual displacements. If these terms are separated and rearranged,
Eq.(6) may be written as

2J-l I-1

81° £ % a(i, H{su@E, HHAGE, )
j=1 i=1

-1 - =1
| s J‘)}[ezza(i, Nad, DY + e1ft, HBG, j)}}

=1 4
-1 79 =7
+ |8 (oucs, j)}[ezza(i, NG, DY + 1BE, HEC, a')}]

o | toucs, j)}[ezzau, NG DY+ 0260, HBE P

J=4d
+ 1B, NBE, N+ (o, 53}]1;: - ﬁ] =0
W)

The nodal point values of the force and couple resultants in (7) must satisfy

the following equations:

(i) Either 61%{4(, N} =0 .or {u(Z, H}=0 ,
(1 =1,...,d-1and § = 1,..., J-1)
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(ii) either Bzzu(i, NG, HY + 1B, HEG, HY =0 or  {(su(z, H} =0
(i=0,Iandj=1,...,dJ-1)

(iii]neithéx Btza(i, NAGE, HY + 61B(E, HIBE, DY =0 or {8u(@, N} =
: (4=1,..., I-1, and § = 0, J)

(iv) either ﬂlzu(i, NAE, DY + 18G, HBGE, D} + 618G, HIEGE, i)}
+ {c(Z, N} =0, (¢2=0,Iandj=0,d)
or {sul(i,jl} =0, (8a-4)

If all the nodal point derivatives in {A(Z, 4)}, {B(Z, 4)} and {C(Z, J)}
are replaceéd by a corresponding finite difference expression, respectively, then
a system of finite difference equations with which the system of Eqs.(8) can be
approximated, ,_may be obtained. Let {a(Z, )} and {r (1,, NY, {b(Z, H} and
{r—(t, Nl {b(t, d)} and {ng(i, §)}, and {C(Z, 3)} ancl {r,(Z, §)} denote the
f1n1te dlfference expressions and the associated dlscretlzatlon errors of {A(Z, J)},
{B[z, J]} {B(z, J)} and {C(Z, j)}, respectively. The finite difference equa-.

tzons correspondlng to Eqs.(8a-d) can be written as follows:

(i) Either a_(, §) Su
01 a, (@, ) =0 or {owf=o0
a,(z, J) Sw
Ny _ (£=1,0e.., I,and § = 1,..., )
(1) either (i, 1) (s ) S0
- ZB('L_,,J) b (. 4) i 91 a(i, 7) y("'-'s ED) =0 G v =0 '
b (1': j) (1‘: J) Sw
M{?:" ) 0 610,1:
(=0, I,andj=1,..., J-1)
(iii) either
B, (s 9 a_(is ) 6u
B, (s §) N LKL Sv
918(1, ) ba(t’ P + 017a(Z, 4) as(i’ o) =0 or &w =0,
by(is ) 0 S,y

(Z=1,..., I-1, and § = 0, J)



(iv) either

0 fx(i,
0 b (%,
. A . =
C(iy, J)F + LB(Z, ) bz('l‘:
-~
0 by (2,
0 0
Su
v
or Sw =0,
6wjm
S0,

)
4)
J)
4}

Fm( 5D a (2, §)
5( 7) a, (z, 7
+ BLB(Z, 4)ib G(Ts d)p + 8L 20(i, a (t» Nt =0
0 0
By (ts ) 0
(£=0,I,and § = 0, J)
(9a-d)

The total error r,, consists of the discretization errors of {4(Z, j)}. etc. and

T

the error due to the numerical quadrature formula, which will be denoted by

R[a, B, Bl.

can then be written as

The virtual work done by the unbalanced force resultants at nodes

;-1 I-1
By = BZ I I oa(d, 7){6u(Z, J]}{P s F) 1}
Jg=1 i=1
J-1 Ry
+ | T {6u(z, 3)}[61 a(i, Hryd, N} + 018(4, J){l”g(?’: J)}}
=1 i=0
[1-1 =7
+ | I {6u(z, J)}[Bl a(i, Hir,E, N} + LB (2, N rg(i, J)}]
‘L"l ‘j =0
o | touti, D[t ey DY+ 0BG, 3 lrgGy )
Ji=4d
+ 1B, s, HY + (r B
i=o
+ R[o, B, B) (10)
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47-HIGHER ORDER FINITE DIFFERENCE EQUATIONS FOR BOUNDARY CONDITIONS
- 'The total discretization error involved in the replacement of Eq.(3) pj
Eqs.(9) consists of two parts as given by Eq.(10). Since the unbalanced force -

resultant at an interior point is of 0(14) if r, is of 0(12), the numerical qﬁa&-

rature formula of the Sympson’s rule product wiﬁh an error of 0(15) is suffi-
ciently accurate. On the other hand, an important problem which arises in apply-
ing the finite difference method to practical problems of plates and shells is
to formulate an appropriate set of finite difference boundary equations with an
accuracy which is "well-balanced" with the accuracy of finite difference field
equations. It has been pointed out in [3] that only the Dirichlet problem has
been discussed in almost all the literature on the appraisal of the diséfégaiai
tion error W? - W involved in the replacement of an elliptic boundary-value
problem for the function W by a finite difference problem for a function WF.
The appraisal of the discretization error due to finite difference boundary equa-
tions giveén in [4] appears to be one of the most detailed treatments. -
In order to discuss the essential feature of finite difference boundary
equations explicitly, the linear elastic bending problem of a rectangular plate
is considered as the simplest example of Eqs.(9). The boundary-value problem
is defined by the fourth-order partial differential equation:

QW 34w 34w

+ 2 + = p(x y] {IL).
4 a:':2‘._3!{,(2 3‘:':{4 2 ’

and the boundary conditions

2 2
— 3w 9w ow
m +K[—+\J—)]6(—)=0
- 3 3
[S +K{a“’+(2-v)3"’}]5w=o at x = const.
x 3 2 ]
ax™ dxdy
= 82w
[9 - ZBxBy Jﬁw =0 at a corner,
: i 3
[m +K(§-—%+v—%)]5(a ) =0
% Yy ox y
3 3
t§ + K{g—%-+ (2 -v) 3 ”2}]aw =0 at y = const.
% R dxdy (198-6)
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It has been customary to apply finite difference expressions of the '"same order
with respect to the mesh length" to both of the field and boundary equations.
When the biharmonic operator is replaced by the finite difference operator of
square mesh

QO Ho, 0= 20, o Bl gruy g rW gty )

1
+ Z(wl, 1 + w-l, 1 + wl, -1 + w-l, _1) +
YUy g tUg gty gtV Ly s (13)
the truncation error is given by
2 6 6 6 6
I i Rl e e 1 S+ 00®) = 1 (14)
6 o dx dy 9x" 3y oy

Similarly, the truncation errors in the finite difference natural boundary condi-

tions of (12a, b, c) can be bounded by
», = T 1% r, = T 120 r, = T 2%
M M T4 : s S 5 2

respectively, where W4 and WS are upper bounds of the fourth and fifth order
derivative of ¥ and FM’ TS and FC are some numbers independent of wF and 7.
It has been shown in [4] that,

2
|| wp = o [ < 20T+ MTyfly + Wl gl + Lo, b (13)

where ﬁ%u NM’ NS and NC are numbers which are independent of W and 1.

So far as all the four terms in the bracket of the right hand side of
(15) are roughly of the same order of magnitude, the finite difference expres-
sions of the field and boundary conditions may be considered to be 'well-balanced".
It should be noted that Vo and (RM, 39 NC) represent essentially sensitivity
coefficients of || w, - || to the field error loads FFWGZZ and to the bound-

ary error loads PMW4Z 5 Pswslz and TCW412, respectively. If, for instance,

Nplile << Wyluflas Bglgllss Ny (16)

for a region, the influence of the boundary error loads upon the discretization

258



error is far dominant compared to the influence of the field error loads and it

may be more advantageous in practical computation to choose higher accuracy formula

for finite difference expressions of boundary equations for a practical range of 1.
The crucial point may be demonstrated more clearly by an example for which

the influences upon the finite difference solution of the boundary error loads and

field error loads can be appraised analytically in a simple form. Consider a

rectangular plate simply-supported along x = 0 and £ = 1, clamped along y = *B,

and subjected to a distributed load p(x, y) = Py gin nmx. The Lévy solution to

Eq.(11) may be written as

P
w = —%-siu mz{l - Cl cosh Ty - Czﬂy sinh wy} an
™

The constants Cl and C., are determined by the boundary conditiomsalong y = fB

2
as follows:

c. = 2(sinh TR + TR cosh TR) C. = - 2 sinh TR
1 2nR + sinh 2R * 2 218 + sinh 2mR
The central deflection is given by
w3, 0) = p.(1 - €, )/t (18)
7 Py 1

When this problem is solved by the system of finite difference equatioms,
<>12wF = p(Z, J), then the field error loads can be appraised by Eq.(14) and
may be reduced to

2
rp = (1 402 cogh nB)%—polz gin T + 0(13)

An upper bound of the central deflection due to r, may be estimated as
1 1-9 72
"’z'F(T’ 0) = “4 (1 - 4(,‘2 cosh TTB)"B-“ Py

22+ 0% (19)

The truncation error of the finite difference boundary equation
ow 1
g = 2 T Yy

is given by



3

" =‘£3 9" w
B 3 ays

+ 0013

Py
-k EE"E{ +302)cosh me + CZWB ginh TR} 8in mx + 0(33]

This error may be regarded to represent a forced rotation along y = +8 from the
clamped state. The Levy solution to this forced rotation may readily be found

and the central deflection due to »r

5 is bounded by

2

. Pyt
2B ginh TR 0 {(¢; + 3C,)cosh 1B + C,mB sink B}

1 -
YpB (_5_ » 0) = 2mR + simh 2mB  3W

+ 0(2%) (20)
For B.=-—%—
W (3,0 = o.ooompozz + 0(2%)
W,y (5, 0) = 0.042p,2% + 0(2°)

The ratio QPB/WPF = 57 indicates how dominant the influence of the boundary error
is upon the finite difference solution. The ratio decreases naturally as the
length of the clamped sides is decreased. For instance the ratio is about 2.2
for a square plate.

In view of the foregoing discussion, it is apparently advantageous in
practical computation to choose a finite difference system such that the dis-
cretization error due to the finite difference boundary equations is '"well-
balanced" with that due to the finite difference field equations. The form of
EW given by Eq.(10) appear to suggest a ''well-balanced" set of fini;e difference
equations. If a set of finite difference expressions with truncation errors of
0(12) are chosen not only for the field equations (9a) but also for the boundary
and corner conditions (9b-d), then the virtual works of the error terms at an
interior node through virtual displacements {6u(Z, )} will be of 0(24), whereas
those of the error terms at a boundary node and at a corner are of 0(13) and
0[12), respectively. EW would then be greatly governed by the error terms at
boundary nodes and corners. One of possible well-balanced sets of finite dif-
ference equations may therefore be defined as that set for which all the error

terms not only at interior nodes but also at boundary nodes and at corners in
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E_, are of the same order of magnitude, i.e. 0(14). This implies that the finite

W
difference boundary and corner equations must be such that the truncation errors
are of 0(15) and 0[14), respectively.

If the rigid boundary conditions

&l’ = —_ altJ = s
Bz cwy S0 T T EY, =0

are to be replaced by a finite difference expression by introducing an imaginary
exterior nodal value for w, the truncation error in this case represents an in-
compatibility of the slope along a boundary. If w , at a boundary node itself
is considered to be an unknown nodal displacement to be set equal to zero exactly,
no truncation error will be introduced to the system under consideration. Such
a choice, on the other hand, causes a complexity of modifying finite difference
field equations in terms of w , for interior nodes adjacent to a boundary node.
If w ,x for 1nstance, is to be replaced by a corresponding finite difference
expression of O(Z ), the forced rotation due to the truncation error of the finite
difference expression would have a far dominant influence on the accuracy of
deflections at interior nodes compared to the influence of the field error load.
The later example of eliminating the forced rotation illustrates a drastic im-
provement of the rate of convergence of finite difference solutions.
Eqs.(9b-d) is useful also for discussing possible forms of finite dif-

ference boundary and corner equations.
(i) Sor far as no imaginary exterior nodal displacements are .tr«d. ... into

the system, Eqs.(9b-d) in terms of W r and W,y at boundary nodes and

at corners need to be satisfied.
(ii) In place of ¥ z at a boundary node along x = const., ¥ at an imaginary

exterior node adjacent to the boundary node may be "defined" by the finite

difference boundary equation, for instance, in the form

o, 1 ?
?&'_IO = ~=F (-mz + 6'4;1 -~ 31.)0 - 210_1) +0(1) (21)

(iii) Each term of Eq.(9b), say, may be required to vanish provided that three
further imaginary nodal displacements are defined thereby. If the field
equations at a boundary node are replaced by finite difference equations
with truncation errors of 0(12) just as at an interior node, then the
truncation errors involved ixlﬁaji, J) = 0 need to be of 0(13) in order
to have errors of the same order. The only possible difference of this
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procedure from (i) will be that'gi = 0 can be replaced by non-one-sided

finite difference formulae under the sacrifice of introducing additional

unknowns,
5. EXAMPLES

It has been well-known [5] that finite difference solutions of a uniformly

loaded rectangular plate clamped along the four edges exhibit a considerably poor
convergence with respect to mesh length. It is then customary either to increase
the number of meshes thus introducing more unknowns, or to apply a higher-accuracy
formula [6] to the field equation here by involving a greater number of adjacent
nodal pointquantitiesin the finite difference field equations. If a lower-
accuracy formula has to be applied anyway at nodes adjacent to a boundary in the
latter case, it may be doubtful in view of the foregoing discussion, whether
the improvement is really effective in problems involving boundary errors.

o When problems involving geometrical and/or material nonlinearity are
solved by a successive incremental analysis, the accuracy of a point on a load
deflection curve governs the accuracy of subsequent incremental responses, and
hence that of a stability limit. In order to illustrate the point in question,
the following numerical experiments conducted by A.Kano under the author’s sug-
gééiion will bé helpful.

Fig.2 shows the convergence behaviors of three different classes of
finite difference solutions with respect to the mesh length. The numerical re-
of 0(12) has been taken from Tsuboi’s book [5] The B,-curve obtained

2 3
by A.Kano indicates a drastic improvement gained by applying Eq.(21) for the same

sult B

system of finite difference equations in [5]. For geometrically and/or materially
nonlinear problems, however, the system of finite difference equations (92) is
more useful in incorporating the elastic and plastic stiffness matrices. The
Fs—curve has been obtained by use of Eqs.(9a2) for p + « and the elastic stiffness

matrix. In spite of the lower accuracy of the F_-curve compared to the Bs—curve,

]
the system of finite difference equations (9a) will be used forshells for the
convenience of a simpler treatment of stiffness matrices and also for the advan-

tage that the F_ -curve is still considerably better than the B,-curve.

Fig.3 ihows load-central-deflection curves for a clamied circular
cylindrical shell obtained by A. Kano by means of the finite difference stiffness
matrix method described in the next chapter. The three load-deflection curves
for 8, 10 and 12 meshes have been obtained with the use of the finite difference

boundary equations of 0(32) and of 0(13),respective1y. The stability limits
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predicted by the finite difference boundary equations of 0(12) with 8, 10 and 12
meshes are 4.4%, 3.0% and 2.3% less than the corresponding predictions of 0(13),
respectively. Fig.4 shows the convergence behavior with respect to mesh length.
Fig.3 and 4 clearly demonstrate the advantage and significance of the use of the

higher accuracy formulae for boundary equations.
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CHAPTER 14
FINITE DIFFERENCE STIFFNESS METHOD FOR
ELASTIC-PLASTIC SANDWICH SHELLS

1. INTRODUCTION

Combined geometrically and materially nonlinear problems of plates
and 'shells have been investigated numerically by means of the finite element.
and finite difference methods during the last few years. The elastic-plastic
stiffness matrix concept appears to have been explicitly stated first by
Marcal [2] in order to develope a general computational procedure. While
Marcal [2] defined the elastic-plastic stiffness matrix as the inverse of
the well-known Prandtl-Reuss equation for the von Mises material which can
be found numerically, Yamada et al |3] derived an explic%t expression for
the inverse. The elastic-plastic stiffness matrix for a sandwich plate
element has been explicitly derived by Yokoo, Nakamura and Mori [4]

Various general formulations have been proposed v Zienkiewicz et al [5]
and others [1].

The equations of equilibrium, kinematic relations and elastic-plastic
stiffness matrix are all nonlinear involving current values of displacements
and generalized stress resultants. In applying any numerical method of an
incremental nature as an initial value problem, it is essential that the
numerical result at each incremental step has a sufficient accuracy in order
not to accumulate propagating errors. For this purpose it is necessary
firét to have a sufficiently accurate spatial simulation of the original
system by means of either finite differnce or finite element methods and
secondly to apply. for instance, the Newton mehtod or overrelaxation method
to the '"exact'" incremental equations which retain squares of incremental
quaﬁtities. The first problem has been the primary motivation for developing
the;"well-balanced" finite difference system in chapter 13. The second point
is ésgpntial in correcting successive predictions so as to decrease the
errors involved in the incremental procedure within a sufficiently small
tolerance limit besides the discretization errors in the spatial simulation.

In this chapter, the elastic-plastic stiffness matrices are first
derived for an idealized sandwich shell element in an explicit form. The
stiffness matrices may be reduced to the known matrices for plane-stress

problems [3] and for plate-bending problems [4] The incremental equations
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are snmmﬁrized in a form in which squares of incremental quantities can be
obsqi%éa explicitly and to which the well-known over-relaxation method [ 6 ]
canlbe‘éﬁplied directly. Some of the numerical results due to A. Kano have been
shown in Ch:is. Some of the numerical results which have been obtained by

Y. Yokob, T. Mori and the present author will be referred to in the Appendix to

this chapter.

2. ELASTIC-PLASTIC STIFFNESS MATRIX FOR A SANDWICH SHELL

The von Mises yield condition for a perfectly plastic shell element
has been derived in chapter 11. Similarly, the loading function of the
von Mises type for a work-hardening or strain-hardening sandwich shell

element may be written as

Fn .n.n ,m.,m,m )

Yy xy x Yy xy

=(nx + mx]z (n, +m) (ny + my] + (ny + my)2
+ 3(n_ + mxy]z - féqzz 0

G(n_. Moe Mpps Mo M s mxy]

=("x mx)z (nx me(ny my) + (ny - my]z

o S(nmy mxy) Jeq

where féq and 9eq denote the dimensionless equivalent stresses of the lower

=0 (la,b)

and upper flanges, respectively. If both flanges are in the plastic region,

the associated flow law may be written as

P

[ e [ 2, +m)  (n, +m) [ 201, - m) - (- m) ]
P " - _
dey Ziny + my) (nx mm) 2[ny my) (nx mx]
P
de 6( +m 6
A N | T |
dr, 2(n, + m) (ny + my) 2, -m) + (ny - my)
P
ng Z(ny + my) - (nm + mx] -Z(ny - my) + (nx - mx)
L dey ) | G(nxy + mxy) ) --étnxy = mmy) )
. . (2)
which may be compactly written as
- P
FARIEARTEY
dg f -g
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where

J f& ] ( 2(n, +m ) (ny + my] I
f = fE b= Z(Hy + myJ (nm + mmJ
L3 0 LRy, + ) ) and
( g, ) ( 2(n, - m) (ny my) )
g = 1 gy (= Z[ny -m) (nm mm) r
L 93 ) | B(nxy = mny J (4a,b)

As may be seen from Egs.(la,b), the lower and upper flanges are in the state
of plane stress. The definition of the equivalent or effective plastic
strain increments in three dimensions leads to the following expressions for
the lower and upper flanges, respectively:
_ 2 P P2 P P2
def = j; [(dex tde )"+ (dey + de) .
p P P Py2 1 P P 12,2
2{—
*(de, *+ di + dey * dxy) + 2{3 (dsxy + dey)} ]

dey = [5 Ll add? + @, ady?

g 1
P P P P2 1 P B os242
+(de,  dic dsy - de) + 2{7-(d€xy dxxy)} ]
(5a,b)
Substitution of Eq.(2) into (5a,b) provides
de de
d)\=Tff— ; du=—4-&—-— (6a,b)
eq Teq

The plastic work done per unit area of the middle surface is given by
. P P r p P P
dw =(n, + m)(de + dlcx)*‘(ny + my) (dsy + clicy)’f(nmy * mmy) (dsmy + dl(my)

_ P_ ,P P P P _ . P
+(nm mx) (dem de)“’(?’Iy my) (day + dicy)+(nmy mmy] (dsxy dlcwy)

4feq2dl + 4geq2du

f;q def ¥ U deg (72

I1f the lower flange is in the plastic region and the upper flange remains
in the elastic state, du=0 and Eqs.(4a), (5a), (6a) should be applied together

with deg=0 in Eq.(7), and vice versa.
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The total strain increment consists of

strain increments:

(4} (5] (%)

The elastic strain increment is related to the

elastic stiffness matrix

the elastic and plastic

(8)

stress increment by the

= ES . e - - ; e 3
dnx deﬂ: 1 AY) 0 : dE:B
e H e
' d
dny dey v 1 0 : 0 ey
- e 1-v | e
4 P = Dei B P = C’ ----------- -:- ----------- h & r
2 ]
dmx dicz 5 1 v 0 ti'I‘:=c
]
dﬂ d e ) d e
y Ky 0 E v 1 0 Ky
n e H 1-v e
| Ty | Py | L P00 || gy
(9
where
C = ___Zf.___.i.__. (10)
o,(1-Vv7)
For the later convenience, Eq.(9) is written as
e
{ dn_ } =C -4-5.--9-] { -‘_@é- } (11)
dm 0 4 di
Substitution of (3) and (8) into (9) furnishes
dn _ A 0 de fdx - gdy
{ & } gt ['a'r-'z' ] { "3k Y ol } a2
Differentiation of Eqs.(la,b) yields
it P
{fF1f }{_%‘}=2feqdfeq
(13a,b)

Ty T
{g 1-9 }{_%w}=299q dgeq

Substitution of (12) into (13a,b) provides

Hf
{ T 'g 74 ) de | - 2fTafa) = 2(C—f)fe de
dx 9
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HP

T, v T i
{gati-ga} { _gg_ } - 2¢'Agdy = 2(5£aggq de (14a,b)
where
dfe dg,
Hy = —=1-  and K = —24 (15a,b)
I e g g

represent the slopes of the equivalent stress-plastic strain curves. The
right hand sides of Eqs.(14a,b) may be expressed in terms of dA and du,
respectively by the use of Eqs.(6a,b). The following expressions may then
be obtained for dA and dpu.
]
dh= vl fTa Y fTa ) [ de \du=v (g4 a7} [ de | @6
i ' g [ g gk
where the scalars ¢f and wg are defined, respectively, by

1 ¥ 1

P, = =
f T 2o ! g T 2y 17
2[faf + 4feq Hf./C’] 2[g°49 + 4geq Hg/C] (17

The desired elastic-plastic stiffness matrix may be obtained by
substituting (16) into (12).

- e
Pry = PPpy
where
I= wfffTA -y ggTA § - wfffT + Y QQTA .
Ty T e et | 0%
- wjo * lpggg ) - lpf - ‘l’ggg
I denotes 3x3 identity matrix. P, represents the reduction of stiffness

in the plastic range and therefore will be called a reduction coefficient
matrix. If the lower flange only or the upper flange only is in the plastic
range, the reduction coefficient matrices of the elastic-plastic stiffness

matrices are given respectively by

wfffTA |- ]
Ppo= | mmmmmte- - e 7" (18b)
L wfff A 1T - wfff 4]
T -
T-vygg'a | w994
SN [ < N [ FEPS * i
L wggg = ¢ggg
For a sandwich plate in the state of plane stress, D__ is reduced

LU
to the known matrix given explicitly by Yamada et al [3]. It should,



however, be noted that mx=my=mmy=0 implies only f=g and hence that the non-
diagonal submatrices of PhU may not necessarily vanish unless ¢f=wg or
féq=geq and H}=Hé: Similarly, for a sandwich plate under bending only,
nx=ny=n =0 and hence g=-f Again the non-diagonal submatrices of P, may
not vanish unless féngeq and H}Eﬂé and therefore de may not be identically zero.
3. SUCCESSIVE OVERRELAXATION

Various methods of nonlinear numerical analysis have been applied
to shell structures. The purpose of the present section is to demonstrate
the procedure of applying the well-known over relaxation method [6] to the
nonlinear shell analysis and of incorporating the elastic-plastic stiffness
matrices (18a,b,c) and the well-balanced finite difference boundary equations
proposed in chapter 13. The nonlinear system consists of the finite differ-
ence equations of equilibrium at interior and boundary points, the finite

difference kinematic relations and the elastic-plastic stiffness matrices.

Let LI, Ly' sz, ny and Lyy denote symbolically finite difference
operators corresponding respectively to
2 2
] 9 ) d and az
3 > 2 » 2 L
oz Ay dz ox Y oy

The value of a field quantity F at the end of the k-th incremental step is
denoted by F’k' Let AKF denote the increment of F in the k-th incremental
step from F’k—l’ i.e

F AF

ok F:k-] T B
The incremental equations of equilibrium for a circular cylindrical sandwich
shell may readily be derived from Eq.(XI11-3) and written in the following
matrix form

0 L, I 0 0 0 e
2L, (W, +D 1) zzyy(w,k”1+axu)+2%- AL, W W) KL RL 2D
0
% 0

zﬁxsk-lemAKw * Z"y,k—lLyyAKw * 4nxysk—1nyAKw
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The finite difference boundary equations must also be included. The consti-

tutive equations may be summarized as

AKn AKE
{ B } - ”{ B } (20)
K K

where D=p%, Dy Dy OF Dy The incremental kinematic relations can also be
written in the following matrix form
A e A u
Ko bagpl K (21)
AKK A v
K
AKw
where.
) 2
kL, O n? {@w,, L, +—(L AL}
o ” X
0 AL (L W, g L + L A WL, -
y ( y ) ik ) Y hp
B, k. K
T:ELy 5L ——{(kal)z+( W, 15y Z(L&w]L+[LAwL
2
h
Al —
{ 0 2 Lxx
2
0 0 —&—L
2 "yy
2
0 0 -;2“—- (22)
L xy

The nonlinear system defined symbolically by Egs.(19,22) must further be
written in terms of nodal quantities in actual computational operation.

Since the coefficient matrices in Eqgs.(19) and (22) involve the
current incremental values AKN, an iterative procedure is necessary within
the k-th incremental step. For this purpose AKM in the coefficent matreces
are replaced by aK,P_ W when AK W are computed with the starting value

1
B,,7=0. When A w- Beyp1 wf / |wk 1| < 8, a small positive number, A, _w

Ko (%
is regarded as & w and the k-th incremental step is regarded to be finished.

The numerical resu]t shown in Fig.3 and 4 in Chapter 13 has been obtained by

the procedure described above.
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APPENDIX

A numerical analysis of elastic-perfectly plastic rectangular plates
simply supported along the four straight boundaries have been conducted by
T. Mori [ 4 ] under the author's suggestion, based upon the infinitesimal
deformation theory. Fig. 1 shows the convergence behavior of the load-deflection
curves with respect to mesh length. Fig.2 shows a comparison of plastic mesh
points in the three different finite difference solutions prevailed under the
two same load levels. The concept of the 'solution surface' has been introduced
in Ch.11, p224. Fig. 3 shows the variations of the solution surface for

different uniform load levels.
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