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D 7036 R OBFERBOAIF LI AHL TWA L Bons ze s, (AL, §6
THTSHEDOERALE) » COHEBBREEMOEER 20 L° BficizoTtREIN
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Bo 2T non—abelian ORFBToHRLEHT dxdicid, abelian DB
PREXBOAFUTIE DRV TR REFAFE RN abeliand U THIRICEELLS , £
DR S EMRTED B T L 2Bl TOTE R, R E R H—RTIRIT O 836 TR |
compact Bz L T, abelian Dt&& non—abelian DEEDEERLEZD
BaE TERU XS A b 5o | "
L OBBITI . RO DR B S , WHERITOYSIC T B S bRRS (RRHRRR
ZeffnEEsk) 2 W# (abelian) AEAZEBCETS analysis ThiE 3 8h%
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HeREBE 1 Hilber t 20 (M5 LOBRRBIERROME SRERT , ESERAR
I %8% , EAROBMACEAL THETWS BEAFHBOZ L THB. ik, von
Neumann (1929)CXOTEAXN, 8 (HB L &ix Murray Eéiéfw_?]'é) 1084
Ric o> TER LEBRCHEHBOSBBEZL LT3, F0O%D, Sf CREFZEEYHOL
B2 LT von NeumannBEn3ZHCIELE S & 438 Lo g riﬁg of |
operators, W —algebra, W — ),
von Neumann @HWTIHIZHER ?—%ﬁﬁ??ﬁ OTFTHRHESHI RS X,
Dixmier, Dye, Kadison, Kaplansky, Segal BIUAKXROZ { OKL#E
FroBMRC X > TREBOREABRNILLINT X, FHREHTR Glimm EED
FRCEE DS C7 BOXBBCIEREROHEHRBERIN—D DEMZIED T 5o
ER#EHE IR factor OBIZEITARRR—>OTLHREL TOTNWEDTEH S,
FRICAHE LCHERREOMANE (Reduction Theory of von Neumann),
A (tensor product, crossed product) &EO% 2D oTE L Off
KD B (AERCEILTRITE, ﬁﬁﬁfhjﬁﬁoﬁﬁ’\ﬁg) °
3D —oOMEIER RS L OB GETRILEAR) THb. Tnid von Neumann
XD THAINRERES LAV T—oOFARRCETHEMAR (BT LIBRTL)
OFFERFAL , BE OV <~ F RN R 25— OFAE B —R O IR /ofFfl 7
BTHELN, V- I RANBRIEARES RS RS Lobns (Dixmier,
Dye, Segal %t&) o : |
R THONRERMACHERITFELRNS T L K0T, RERO—DOIRESR
REAL , FNERHEI T T LA ﬁ‘ééfrho XHIRETOT L EoT, FAZRBLEOXEKRNY
7z operation(k& 2i¥X, von Neumann O [Py [Py--. % Dixmier D4
&) P, ANUTHE L RERD bR HO—TONE D | LA E AR O
(REHD , 55wm&ﬁﬁ¥&z@)%ﬁ@&Aaaaxamﬁmgﬁuﬁémam #5F
FROTERRED L SIS :bz?‘;gﬂiﬁé‘ﬁ@?a‘%& 750 TK Bo E oA RO
WORRLERARBER AV TRATS ?Exzzx%%é'né ZEHHVES LEDXITEA
{ZiI>7T, Dixmier, Dye, Segal OERHTHREBIELL , L5885, boridgEEe
R IFABAZOIMEDR R Yedubd LTHEED S T LT 5o
(zoft, Ingarden ® Urbanik MEHRTOTWE—EDRRT, FAZ (B
LHERR OO BFR, it LTRSERSHOFEL T8 (FRRIETEYE) ®
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states OE[O éntropy OHHTLIEKIINRTH B IMLL A<~ 2 OBI%
THIET 50 ) '

§$1. FEaERS (FRRREORMS) O
A § Tk § 2 Fiexbd B8 LT, & & CRERBAETC RO THRET Bo

/@:—_{6,77,...}

#» (##3%) Hilbert %’-’f&'ﬁ,»

0L ={A, B, ...}
% @.t@#ﬁ%;%f%. oL gLozvyy FIEMETREREA
ObF=j{aeoL;azo0},
P x v sk
®={a e ov: A'=a=4a2}, \
0 % 0L 02=2 Y EERAK
o MW={ae 0L ; A"a=aA"=1}

& %o
LT ETRBSARERIEER £ 4 trace THBLE, EEOR 4 B EOLT
BICEHR L, F=0EHLT
0L u (A) =+,
4 (dA+ FB) =au (A) +4u (B) ,
4 (ULAU) =4 (8) (ueot ©)

BiEreTEERES , 2L 04 o0o=C & T3

“trace g A normal &%

AaTA(Aa. AeOothy yrpigonic 2 (Ag) T2 (A)
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%:z%r‘:fteo trace 4 2RFREI 0<p (1) <+°° P ou BEERER, EED
052A €0VF i BEOLT mgrmic |
0<g (B)<+e , B=<A;
2% faithful 212
£(A) =0 (A0l xppronic A=0. 4

(FRIEROT 55 (k) BRME 13, &0 0524600 T L () B/ normal
trace u DFEELT, 0<u (A) <A EHATLERVG, 0L Ao BRI
{Pa bp < 0v® s py L Py (@ ;fﬁ) xpiX {Pg )} R L TTRED L & %0
S0 ZOLEKRDTEMRNLS : ‘

(D) 0L BERBTHo 0 ~HR

= ﬁgéy;c faithful, normal trace »7E&ETS;

(2) OU »¥HmMAE  %EWx faithful, normal trace BEET S0
CO 4 EXHERENEEORSEAHHIET S (§ 28M) , #eoTIC LTRSHLES |
THRDIR trace LOFEFRETZ YT, LFHDLAWEVOL & 4 12 (2)
DREEHL TN B LRET B0 :

Ay LOEARA (LFLBHR2RE LDV 25 0L B8 LCHE (Sngise
0L ~TREH) 2t (1) Ay or(Ant<to Ueot D pzmmnce) ,

Gii) A@E%a%ﬁ A (A) #»5Strongly dense (HEERZOHN{ P, < o ®)
BEELT Pyfy < ) (A) , Pp 2ERET Py | 0) , #lirTe dh5.

1) P e ot® sommue nor e PASLCHE L 01 p AISERRE CBS © e

A, B2ROU —afliebig AA(AR=A5-) , AT, A+B,AB 3+~TOL —~H
THBo & T TR, BRI (FnTnoesk LcLor) fa, %@Eﬁﬁ'f’%éo
Pe0T O — TR/ fEMRL K% OLTEDTAEDIE L R« BTHB. 0N oL —HTHNE
FAROFIOa, ¢ IROMES BHFAIN , T OIHE BT 0T OB ST ORES 5

5081ET 5. (Segal (18) 2R
el # (fai thful normal trace) &HLT

Ju(=1) ={ae0L; p(JA)<+} (|A| BIERROERE

g 3—



rale, ok OU ofif ideal TH/EMMIELTOL T dense THbBe T<TD
A€ ], EHLT |

uAup:(ﬂ(lAip))l/p (p=1)

3, Il lip 1B Ty ECIVaORERER L, T, WRE S VAZTERE RE. 2O .
SRIDsEM L Banach 2@z LP (0L, #) , $3vasic LP (0T) , LP
HcEbT. T<TD A € LP (01) B A koo — AREER, 00 |
LR (L) < T CehBTLAREND. (Segal (18} , AEE—EHK (17)) o
£ oma, LY, L Epnssoske 5.
gL o £race w13 L (ov ) LORBREBIC—RICIREINS ©

ju(A)xgu(_lA])rzﬁAui (Aey‘L" (,du)):
APV = AN, (A e LP (),
A€LP(o) = [a|Pe Ll (o) .

T TCROEHITEENTHS . ,
{Radon—-Nibodym oEm (Dye—-Segal) oU DF~TO normal f;EfEﬁ
WK 0 LT, (FR% 0D € L (0v) »iEELT

o (A) =z (DA) for all . As80lL™t |

) - d
o D AHAFELRT D:—d—% Lo

(trace a2 i faithful #RELTWAER, TARKELANWE 22 4 (P) =0

(Pe 0L @) 2o p(P) =0,2%0 4 CHLT o FENEH, Zn
o<l CHLTHHU R TS0 £70, Dye (6) W 0L 48 (1) D& il
L. u 2t trace (2 (UVAU) = (A)) OREAECEACRLIL, £OHE
BH U EABBER TS CEcT B ) 20 0 % 0 (1) =1 D&% nomal
state k&5 - o |

(Riesz DE#E) (Segal) f & Lt (o)™ ! (o) Qﬁ%’&’ftﬁ) XL
T Ry #HHELT | - -

| f(A) =ux(Rg A) (for all A €0L)o



§2 Conditional Expectation

CARBERBICRIT ZEEOEBEETH 5 TNOHHLLFIDBo EE&%’F&% (M, 97,
m) &L, *OLcHR (mod, m) FWEROAHEE L (M) 235L, Cail
point-wise OfEL £ (mod. m) CEHLCEZXLL , BRLHFELTL 5 operat ion
o L, S VARBEHOEHED ess.sup TERTHLC -8B L hB. TRTO
feLr” M) LT Hi lbkert zzpg LY (M) tveﬁﬁﬁ%ﬁﬁs%ﬁ Tg 28

(T¢é) (%) —f () € (x) (fe LY @) ickoTaisd s,

oMy ={T; ; f& LT}

esle 0D 3 LP (M) oM ERRR GEL REXTH) &%) L (M)

L OL(M) BRSE < Tp dkoT « @HERs. 0 OL(M) % Lo(M) o
multipli,cat.io‘n operator algebra g;yw5; Z ORISR FOESR 2 AL
T TRTOAUEMORM LT (M) & 0L (M) ~TRAEAROZM 0T oo ~ /.
MRS DEZ TBo & DIC

@  a(T) = ];fm dm (%)

EBE # R Ju(M) FoBRKL faithful normal trace &7,
f->T; cXoT, M kD m X3R0S R OLM) Lo 4 Xsxng 5Bwe
w—HTBHe f& 21X Banach Zf LP (M, m) i LP (oL (M) , &) (p=1) &
f=T; | CXOTH—HIND. Hie OL ZFHAMEHFERT faithful T %O
L, 0L D Gelfand £EH» CME?%& , M RBR#ERP=vERLETST, # & |
LoT M EcER - FEAREUE m p—BoEisn (3) 2ilrsni. |

BEer, (M, . o) AEREEOBA THbLs , —ROBEENE LT b8ER
FLUT, TDE &2 m ICxET3 trace 4R¥EHBE ALY, FAFOFADIOL O
Gelfand RFHOZEMIX locally compactl/sd X3KEMEING. QLD
BIFO I & 2RI NT S T T TRIAUERIBAL RN 21T 5 (FIZH
Di'kmier (4) , Segal (18) ,’[19)&2;_') o ‘ | B

3T, Ham~RL, fo % Tlo Borel subfield ZUTEHELTHL Ly
% Lo CHREIT £ € L (M) OR%kET 5. co2& £ € L7 (M) XL CER |
e Ly meEoT
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[r@ame  (seL)

[ e =
Js Js |
BT 5o £O 1R OBHAFLT—EIE (mod.m) RESN , E1% Doob ko
EDT . ,
=B (f L)

rx&, Borel subfield J/?—‘C%Tékf @ conditional expectation
Evnde TS EAMIE f - E(f [ 4D B L) % Lj’». OB EE L,
% ORENcEHEEE IO T 5. BERERIEBWTIR, ZOBESM martingal ,‘Markov-
BEEOMS  OBREHECIGHIN TV S CORBRALERBRCBAT 5L ¥R
5o |

OLt§ 1THRRL SICLERIEARR, 1 #XO¥HM faitniul normal
tracexl, B % OLOBMELRMAERRERLT 5o COLETRTOOSA € Ty
(fixed) L T , L ,

(X)) =u (AX) , X€ ot

L# & pa RO LD normal REEAMRUARKTHZ. 35 ﬂ'AZﬁHrB
LwE Uy <<u(p ET) tH305 Radon—mkodym DERIC X OCTERFE
Ae Ll (B) #mnEELT

@ - L\(@)-—:‘;(A 8 ,<B&Bf,>

&K;o ""’C’ (B w B AR B € LT (o) Oéﬁ:“éLI(o’L)
Dﬁ@ﬂﬁgﬁ ’33%355? (&R ¢ ommRe B J:L%ﬂ;iﬁéuf 7 i(’*’ CB¥5 Li-z
HTHEe) s A KARTZ 006 & bE5CR @D 25 X € P Frg. <

A Hs.uAu ARENBe 72, TRTO Aes Ju R

A:':ﬁj»;i '—Az+iA3 -‘i A4 (Ak 6 _Ju .)

é:—*akﬁbén g Ag XL T, Ak € @ NARE ﬁxﬁj}:u‘?‘ém

k A.._Alr--Az-i-xAs--lA,, -

LR
® - a(AB)=u(AB) @ )
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E7ZH, Ibiz

©®)  Az=Ag € Iy, AgtA€ Ol noE
BE z,s;;’z@pr Ay t B

PRML, 0L & 41 OWHE (EARE) CLD, TRTOAEOL KR T HELRIERE
OHAR Ag € Jy BFELT Aglt A £785. COTEE, (OIREDT, TxTo
ACOL LT (5) »lrd A €B nx—wz»ﬁrhxﬁz,o ORI AEJL —>
Aeol© A =A% %, ‘
EHL Ol %4 HRUEAER, u THHRT faithful normal trage;.
B x0L OBAEMFREL, £ OB BT support RITHBEFEE
AEOL —» Ae €8 (onto) haRUBMMEELTROEEwEETF T

(1¢) AT® = A®"

(28) _ Ace (= (Ae)e) =A%

(3%) A® =0 (Az0) ,

(3%) A® =0 (azo0) = A=0

(4¢)  A"® A® < (A"AY ,

(%) (A7 8)°%=AT a7 =(a a5,

(6°) Az tA = AStaA® - |

(7%) A — A% BagmomgtrETER (TANS [)

(8%) PR = NAL, HAS I, =HAan, (p21) ,

(9°)  n(A°B)=u (AB) (4e0l, BEB ) lhno—lrts
TRRMBASEELT—ET3) o

TBHELCHOERRSE B BT HENANEE I° 2B OBAM central
~ projection &7V, XD M OHREFHAR I =17, 45 B ECHEER” .
“HER Bg€ B TNJ mmELT By | 1”7 SLEZLKB. trace usiAR
DHPAR DT L é%!%t?éﬂéwmma RES FTHAe BLOBAR, #(l) =1
&ﬁﬁbf%%%@béﬁﬁ%%&bfﬁ@bél(&5m.§5Tﬁﬁkké®f.CO—
BOBRCHTIT LT B BRI OBA, WMSA—=>A® 20T Xo B £~® normal
AEE (2% e (69icrs) tHY, 3bi LP (oz) xv LP(B ) k~osva

15 gggeg—‘ L.%ii\'fﬁgnéo %u)f)&?&é‘nf’m‘/u A—DOFEFEHNTEbTZ LT
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o EE 134 Dixmier (3) 4% formal KFHL, LThi—8H (11) ,
#gE (23) , (24) »ipEki#mfy Background ZQMAKBEWCHEEMLL, 8Dl
2P (21) 28 Hilbert REXOUBTHUZ. EE 11 (23) © formulate L

b DTHBo ,

SEHE2. (Characterization) .. OL, ﬂ&ﬁﬁa{auab,'%ﬂ‘SA—aAs %

0l — OL (into) Z@@zE@me L, A9, 69, I°=1 w1

RASI, <Al 350k A%, (6% siv |

0% a@H=u),  aely,

¥ o {A%  AEOL ) (=6 ) r 0L oBAERERT e =  (HD,
FTO A € LT AY =A%) &5

R (96)' RELME (9°) DEBANAETHB. it koTC A— A" o—FE
MR5rBe (HHE (23) M) o %fii.Z&iC.T.rvioy (9) 4%, BEEHTH ZreERD
WERIZBHIED U Do EHill (22) RNz 3IbiRMALL, trace 4 #FdC JULHR
C g, B #%x0 CTBHYT, £ IxALLE, A—>A° 5 0L > B (onto)
L~psvalostEcsnigonie (1°) , (3%) , (5°) 2@rmanszewil
2o ”

KOWTHD L3 A—>A® fz RSiARERZEiicssiy3 conditional
expectation E(» gﬁ )OIEFRIZIZDTNS DTREOX G2 BRI T35 rmdic
(—f#Biciz trace 4 DEOHED ,EELTHWBEOT £ ZHRALT)

Ae_—_Eﬂ»(A[BJ

L T iz T Bo

2) mEREons (E (- | &)) T BRUECEEL TN 3D THb.

A @ Bizfgd+5 (CLoT&HE M bnn) conditional expectation & X

Lo , S
- . ) - N o0
1) @EEEOBE) A OWHICE 2RSS, B M) % Lo
multiplication operator algebra ¢335¢, TnRERAEE Ov (M) ©

- e



HoEAFEETCDHY, condi tiona 1 expectationid y BERTEMO & % , {’E%Sg;%
DL EL ZODBEATENENERING . LAEOMIK DRIE CRIEINS -

f € LM e, T; € OL (M)
EC o) € L7 = Ty [£oy e @ (D

TE(f,iQ y =E, (T¢| B (M)} (over LZ(()?,(M) b)) e

LBLED, FR1icki}3 trace 4 Iﬁ%ﬁ'ﬁﬁfdé\“ﬁ“béﬁgﬁﬁz (& (1) <+o0) %
RELTWENOT, (M, 7 , m) BT L DRERTEH TS , oo ~ BB A MREL ,
&L\zﬁjﬁggﬁaﬁ(Segal OF#D localizable measure spacve (19) &)

LT éondi—tional expectation OHRVEHIICIOTHAINS, #z
TN o» Borel subfield LT ‘

M= { {S’EZOZQ ; mCS) <+oo} (mod vm)

Gk Loz condl t:onal expectation
kﬁgnéo
#12) (Dixmier © § ),

i TSI BN T B

Dixmier e EE U’L‘@ﬁﬁﬁ.@@
characterization ¢U7T, (0L ® center OU /A Ol izl & % normal
trace § OFEHERERLRE ( (4) BB) - ZOE in&iﬁif@z}?ﬁl@%"*ﬁ'ﬁ@fm’
ENBENREEHICTY , T centergr AOCL 873 conditional
tation TOHOTHB T BBEEMERS ;

exXpec—
]

™ AT %Eﬂ\Alm"fﬂ/} L ‘(A@UZ,);..

$§Tﬁ*owwkohfﬁ«#®féém.g@ﬂk%ﬁ%&ﬂﬂ$é®?%nkohf
83 & §6CRNBZEIZT B, '

§3 Martingale

von Neumann 2/EAZBO=FHORXHALL operation |P, Py 1P,
.. REL Condiiiorial expectation @Eéﬁ;ﬁx"b%itabéo

w4 G



Ov . 4 BES EceRCERET . EEo P € OL O g c
AEOL A" = PAP 4+ (1-P) A (1-P)e(L

% Conditional expectation O—ETRITVWNEND LD, FEEESEN
e discuss LTWBEIKALADTH S M, SNRELES THT ,

€p={P} Aol 6L cnROLOBHERRRTEOTERLOD 3 CHTS
S RiEEL

iP

® A" =E, (A]| L p) (A €00 )

s rsfze Pr, P, e0L® [ ppy =P, P orx, At P2
(APL )Pz pyce ®) R}

P, P A
COF alfi1 IZ:Eu(,‘*!f/PlAﬁPZJ (ae0t),
peoc AT P2 — APy 1 oypy mme P, , P, , ...€0U ,
Py Py =P; P; %&b
. . . n
a0 AlPy 1Py . ]PH:E# [AI - @Pi]
T
[P ... |P ... 12t « n -
¢8)) Al *n = A"l n ({P{ }i_, B{Pi Vi DEE
DE#H)
1350

LA E OB R A RERG M BT B LI LD TROZODTENRRRETS |

N Py e s |P . e o
(i A, =a'f1 ®o(n=1,2, . )ewcermgon{ A}
RERERicsirs martingale CHRISLAVWTHSI0:; ‘

() =o0%R (8) ~ (Q0) 0LBit (fe>THEIAD) trace 4 D&Y HTKEL
T == &2 sufficient statistics & OEBECENZERERNC

@

formulate HREWTHDLI0%0
)oKk s THTzLELTASTR ©) EOVWTRBTEET Bo BERCE
(% martingale O&Ez (Doob (5) &) & Conditional expectation



D inductive method T XOTEAIN, B4 BB EECEFARIGHEINATNS A,
(k) HRAEARBEOL CHLTD, TOMESLIEIND.

{Aa}lp zov . LI(OU) g2k L2(00) RECA EINSEREOERREL, &
D {Ag}, #i martingale THBLE, TTO index & € D LT, TH
1ORELET 0L OBMERER B gotiSL d<f Oz, B y< B 5 <
HsdL L,

a2 Aa = E, (A5 | B o) (x<f)

m&fl?é&%%b’)o Martingale {Ad}D » standard &2, 0L ,
Ll (OL) BB L2 (OT/) DhiElERE A REELT

13 Ad:Eu{AI@d} (a & D)

ARRALTBE &R WD. AR’ martingale oz standard TH5. iT’COZ
@éﬁ%‘(’?@aﬁ&%@ﬁﬁ?{*{@ “}D (set inclusion @ ordering) 5:@5?‘5}
BEZLATNE L E ,Ef%f@ Ae(gl (LI (grU) s LY (07) ) &L T (13)' e
OTE%%H%@@%{AC!} wEZBE, Cnikoic martingale ¢, (0o
standard T) S50 {Ag} » {Bg} » (F—D D TE#sn) i (standard)
martingale bk, { AAg + VBg} (A, X wans-) , ay, AL,

AQ) 3y 4T (standard) mar tingale ©55,czc aly), AQ) w4y
OfERHELLTD real, imaginary part TH%. i O ( & D) »nHHEEH
naoE{Agly b {Ag} ERCEEZ DTS,

R (M, T, m) DBAKKWTL—BOERA%Z D T Bochoner (1955),
Krickebery (1956) #3g1T martingale % UCWse fFAREOT OGB4 -
TREE (24) HEOZHLMUMICEA L. BEREMOGAIZ, ERRR 0L OBAKE
FN 5o 5&‘) { fd} % Bochoner~Krickebery OEKT martingale 7
B Ty, RASOEKRT (FAHZLLT) martingale THY » WARIT Bo

kic martingale IURIEITS Doob OMAKEE (5) AWERRE (T CHVWTK
DITRIUTS & wih< 5o - o

SEPE3. aﬁ:&ﬁﬂﬁa)i&é, martingale {Aa} < L? (0L ) THLT, KD
FHERWETHD : |



()  {Aq} B L2—/ra C—BBHRTHS
(i) {Ag} ¥ standard TH5;
@) {Ag} & L2 -Cauchy FcHso |
iz L1 (0L) TRSB oo ROMETEATS | O CHMAARRORS S 4
=R U TR THL LR, FEOE>0EHLT 0>0 HBEELT,
p(P)y<s (Peot®y wo, w(PlA])<e HT~xTO A CHRIT 30
cors , |
. EEm4 4 AEROBE, martingale {Ag} C L (0L) @®LT, koD
SR I ABTHS : o

< {A(clz) }o {A(ozg)} Ritic—thc 4 —TRITHY , 00 Llw s vac—Hic
ARTHS ; '

(i) {Ag} ® standard <55 ;

i { Ay} B L= wa Cauchy 5icH5:

v) {Ag} & weakly conditionally compact THBo
gg;,;g;@cg@]@&:iﬁ«f: Conditional expectation Q% { P/ ... an}c:___l
DOERRICE T35 von Neumann ORBECKHLTLECSZk mar'tingale DIHSE
ST S : |

mES P, Py, et B Py =R, =1, 2,
P { Pn} mEEL, 8D A €01 ZxfLT

Pye.. P

fk;_n:‘:A n (n:l,z,..v.)

kL&, {A—-n} i3 Standard martingale (ZOBARTES]) &Y,
{A_p} OBREBESEEL, |

i A = : 2
(14) Jim Ay By (Al HQI C e,

. , P «e e
P B commEmEE AT pwie, zan {Py, Py, -..
DRSS R —R e EIn B B {Po} = {PL|T_ mow
7 r '
AIPI ipz... .____A'P.l [Py ... (for all Aéﬂ)»
3 4 DREFCEELS D

—-52—



T DEBIZENT

o0
TSN IR S TN 0AY%
TH3mb, E%?:%Ecabi@?ﬁﬁ‘é : :

Corollary :o@%#?,é{’ﬁﬁ%@ﬁ”?n}, {QulCcor » 0T of—ommA
HSHER SRR € 2ER T2 80K

alPy 1Pge.. — alQp 1Qg--. (:A’C 235¢)

THY , T

i

| E,(A]C N0,

TH%Bo B |
EOTLHAVDEROBERES ;

_EE6 Ay WANK Hilbert MgcssLil, B %L OTRESEELME T

BL X, | |

18

B BRI & AT =E,(A|B ) (for all AE0L )

ELEAMER D martingale W% von Neumann O operation IP{ [P,
.- mﬁ%bt;§®%§T$éﬁ,ﬁ%%®iﬂ&%ﬁ@ﬁ§bk“ﬂkLT
Blackwell DE8 (1) Q’)f}Zv’}E’é:’EZB&“C%C 3o

EET O'L %Z continuous THRMEARES, & 2ER (v Q) =1) K
BT oo ZOLE, EROFREDOHSHBEIENE Ap, Ay, .., Ape Li(or)
A oau(Aj) =0-(i=1,2, .-+, 10) %51 continuous REAMERISER B
LT |

Eﬂ[Ailﬁ}:o (i:]-)z.""tn)

PR

BEZORDIc Blackwell DBARR~THLE, (M,7)l,m) % non—atomic
BRI, f1,---, fp€ LI(M) (S5fE) %061 Borel subfield

Jﬁ. (CTN ) »EL£LT m i3 ZeizB§LT non—atomic T

f fi(x)dm(x):m(S)ffi(M)dm(x) (i=1,2, ., n)
S ‘M . |
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RE~To S € Ly CRZTB. EETTOL MEHTGAEIC , Blackwell DA
WRET B L RFETH B0 | |

(z DRA B ROPAL/EAF#ED inductive limit X m rtingale &
BEr ol L AFMLNTNS (20), ) '

(112, 15, 24) 58 o

§ 4 Sufficient TEOIER B

BERE OS5 THREEE & W S MS A5 5. Tl Halmos —Savage (8licko
<, Radon—Nikodym OEEEEWT, JHIZEH EORELEOEAOEORGIC
formulate 3N tC't‘§ 22§ 3cii~x7 Dixmier ® operationty ,

von Neumann ¢ operation Py IPy... EnD4SsMAMHELREICEN
T, FRI%E Ovic L, TR OBES2MIRL , O L X5>T conditional
expectatiocn & staite e DWISBERZEN T OE L, %nﬁl’-ﬁ%bfﬁé‘é
conditional expect‘ation DB I D NT DEETH HE < o

((25) 28 - : . ;

o1 EREERER, 4 (1) =1 £33 ¥x B w—DOEE L /ERRL
T3, =D B LT " Sg 7 UL ® normal states ¢, O, -+ RED
EATROFELHRT S DORKE TS ! | |

6 (AB) = ¢ (BA)

WISCTO A €O0L ¢ B € B wxlLTworo. =D S5 % f3 —~tracelet

spacelZfHtdo ¥70L XV (B £~ normal /i w B —expectation
LAY, En0SkE "Eg " TEnT. Epg OESRT<TEEL OZ# (1%~
(7%) mERLTWS. (§288) o Sg & Ep OMSHEFRKOEMC LoTH
AENG L B _ | |

FERS. vT&’CG‘) 0'6‘68 ERLT eg € Eg mi—@i (mod. ¢) THIELT

o (A)#G(Ae“) . for all A€0L

AEEOILD » BETNTD € € By LT 0 € Sg #RISLT e=eqg, &%
Bo (ic o=p (€ Sz ) Dran A4 =E,(A|B ) TH3.)
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Lf%zbnrﬁ@“ﬂﬁ@ﬁm € Ep —eg Do RUTLI—ETRINW, 2O
?’éﬁh—‘f'ﬁf&c’fkﬁbu?%&éé;’b#"ﬁﬁiﬁi-:?olf\“CE UTK %o
S #0L® normal sta'tesﬁ‘g{?kf’)%"\&b SgC S ¢T3, _uD&%mM}FE
B So h_)‘d*L‘C sufficient THz2iZ

Sg < S THD, TXTOH 0, & Sy k.?]‘l,f eg = ey (mod o, 0)

*@Z DILDE X% 50 ZDE & Halmos— Sa vage DEESMBMA L rEESYES
EES. (B 4 So ERLT sufficient CHBmdDUENFHEMERS)C Sp
THD T €Sy AEELTROZODEN 2T o &

() wZSp(x(P) =0+ o(P) =0 for all ge Sy, Pedt®ly,
(D 7 (ACg) =r(CgA) for all A€UL, 22T Cy R 0 O

carrier ; ’

@i derivative do/dz 2 B —aifeEsE

CHzANT, RO—EORBREDNS ;

BEL. P BT sRkOFHRENCHS TS

() B 1Sy KHLT sufficient ;

(B’ nove B 2

@i B —expectation i unique THH 0%y B, BrA—DoOBE

ZEY(-| BRI »bAs,

e Tz, :nB@Eo@%@@nmé’@ Oz d s & conditional expe-—
ctation E,(- ] @J i trace g4 DEOHIRFEL TV

RIZBRD LR DRBOBETH 3o

Corollary

A0.1), B 2555 IR R ufu,fﬁ ENOL xeiz R~
expectation & unique T&H %o

10.2).  {Py, Py,... JCOL® | py Pj=P; P; , BOHEEHOD
RIUZRLT /g ={ Py, Py, +-- VoL Em:<e /5 —expectation i
uﬂi‘clue T, Enid Py IPy .. THEB. ZHAREES O Corollary‘g:fﬁj%@
BETH Do o |

(16.3) B 0L f&@ﬁﬁﬁ%fﬁﬁiiﬁ —eXpectation 2 unique T
BT 12‘ RE[G7E D E [g —’e';xx):e ctation j& IP; 1Py ... ({ P, }li@ o3 HERR
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7)o TnRAY OFHUICKREL TS ,

(10.4),7 ’Z‘ MIXTCOFREZL nermal traces T (T (N=1) »b
TBEELSDE g@ »T LT sufficient @_fzb@ﬁ%ﬁ*ﬁ%@&i@iﬂ UZQB ,
e B 20l ® center w&irTlo $6oT Dixmier O b i ’Z: T suffici-
ent T 4 IZKELTDNTE D150 7

:naa%ﬁéﬁfbmélﬂ:ﬁg-emwcwtnm @uﬁﬁ%ﬁféaé,@
E%Kﬂ&ﬁﬁébm,éamm%n&ﬁ@kﬁﬁmﬁéﬁﬁﬁiféo:@:&mstmms
DEFOBHSACRIET EMEXRETCWINDL T, TNHOBBIC KT 5 —>DURMEL
%om%%fééo%élﬁﬁca(@%ﬁﬁ)ﬁﬁﬁmma@iﬁﬁﬁfﬁﬁan%mm%
INMBE S0

§5. EmEEmE OphE

%ﬁﬁ%ﬁcgm,ﬁﬁﬁﬁmﬁ%&@O%bf.:nﬁﬁéﬁ@¢ﬁf@ﬁmﬁf5m%
THRATH Do TRBEDRHRATIR , EAK (B) & OFE @R T 5 EFO+-457c ki
(ZfHT) B3I TR Ll , e ERC ST 5 FFEHLDBIRET S 1ok L TEFISR
BOHEGRE OEMRNLDY , L TRAIEHED entropy QEACKT 5—oD KR EHE &
HEMINDEDTHAT—oDS & LTHEK Lo
BREHREOEOTNDILEE, TSI SR T4 7 2D5H L 2L QBRI ZEH , £
IORIES) , DERAER , SRS OBEDOR & , BULDES (<4 —> ks & 0 BEH) i
FBBETOHE DAF AL T LAY, FNBCRHT 3 MFNTRYEAT ST & 255
BBNDDB Y , 1k LIEHEONRY TS O Hilbert 2R ( (1) 2M7rE)
DL DDA ES RBEG /LS LT separate 755 5AMAT start 15
‘ﬁ&ﬁaantv?éoLﬁbﬁ&bﬁ,:némohf@,ﬁ%(ﬁm@ﬁ%ﬁ)@ﬂgm
UOTESROF—MRB IOBRETCH I L BN,
ﬁ?%ﬁ%kbf%%aLtﬂ%@%ﬁ%ﬁmﬁﬁnco§é@m.ﬁ%@ﬁ%ﬁ%@%%
IR ORRAE , EEOER (L) OER THe HHACRS OO 5> bk bl
f»pgﬁ%ﬁ (BEOE&ALx5%EM, information source—input) b
3iEH (message) »FHEE (channel) i XOTRMEN (M LBLUHEE b5
- output) KEDND. CO S LBEREPMPN formulations LT
Shannon RRUDTEH IR (1 94 84) o TNIEHTHHHERITS C&Piz{i§@53§
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1@&w®1§%?5QK§TMFﬁﬂ B I AL R S B BIFRIFUZDONT %mmw
AR () LB Bns e OLERNEDSRBRCIE<E L LET 5o
%ﬁﬁmy$%ﬁ%&£®%ﬁﬁik}Caﬁmﬁﬁ®ﬁ%%ﬁ%75%ﬁ%ﬁ§0ioﬁ
REA P AMMINT, H (X, p) LIOTENRERINGe X SEENTHER
X=(X,p) = (x“"' 'x“)
Plr-vc » Py
EWSBRERADOHCERTIL LI T5, ok 2HmE X LT

(18) °~ H(X) = -2Xp; log Pj

L’

B2BEEAT 5. (ZOHR, BREBCREE M OEZ2LLT03) « ZORD

f
ry

&% entropy &&7%, Shannon KXo THA XN, IARBEHRED SOET OEH
BrlTomErfzcBCas o L AMEEN, S OBOMENRE (AHRC XoT g
MEROTFTTO) % characterization #H{2TEL DH BT Bo
WELEECRSERBEOTEDES X FRES (In% alphabet EWn3) &
T5E, E#E DOEBEILAENDRFCH ¢ &8 T EHOHETHBY, Z;AO;&E;::{%
BUNCHAE S L7008 BIT DI SN Bo KZin THBH SIS XER Fpénd & , M fRic
5 < SCE DRFI |

x' =7 X, (Xp=%X, n=0, £1, £2,..-.)
D 00 ‘

BHRKLTBe & X' 13 Tychonoff ORMMAIIBILT compact metri‘é-,
totally disconﬁected ZEHTHE D ENBGIChnbe EHITH B t »nH
n ¥FTCORSOEELEZONAT (B¢, --- ,xn}&m5ﬁ%fﬁchaﬁ&%5,
:nm%@)& m%mo%t(cmmau)ﬁéfﬁv.%@iﬁk@ﬁé@@ﬁﬁlﬂ@
(ﬂﬁt)ﬁﬁ%&&ofhzo:@;mcvclemmmmmi&ﬂéﬂénfh<;
'(éﬁrﬁﬁkﬁmﬁﬂ%fﬁaﬂﬁﬁT%)o |

x! rowsz R(Shdt)%T‘aL.gnkl CK%&){L@%¢MEI1?%
iéa%ﬁ(X. B) REEERE BT 4 BRI T— FRDE &, TA T — PIEHREE

=5 T



w3e (ak~rgEE (X, p) & (XL, #) @%@@ﬁ%w§<ké®fﬁﬁ?éd
Z DEHFRTE Tz == FINTHD T ERHEBN TS0
TDHE Lwr(XI, #) o L2 (X!, #) to multiplication operator
algebra OU (XD)e#mzn T ckoTmigsns 0L (X)) oampomes
GogAR G® 0L (XI) i ¢ (G) ® L (X4, #) LOHRE factor &7k
% (von Neumann DOEHICX3. firf—FHHA (10] B8W) o D factor [, & |
2 BBOR I | BOFADPTE BB, [ 5D 7o DR FEA5 Sl 1 BRIR DB 5ol
periodic &7coTHEL, @m®%ﬁﬁﬁQ$fmaUNsmxtg@ﬁﬁ%Dﬁ%a
BEEL , TNLADBER [ B e Ao T (;%L( RBERY) BROZRFINBEFNEDEZ T
DWTHBEZ O L5 54k (0F) HHRTIHEACIFEL, '%%EE&E‘;%GJ&%‘L’B*J%WC
KELCH I FHAHA SN 5 TR T 5 o o |
LR~ s BN, B—0EERE (==2Y) O L LTiE entropy s> —
o@ﬁr&¥&abfagbfﬁfmaow% THEERR (X1, ) eweeT X =
F Xg &#<& (X(nys #) (LOEHHIR X(q) CHR) R—D2DEHETEOD
entropy H (X(n)) ©HLTHERERZTV llm i (‘{(n\)/n.._HX WELET
5CEARDBINS (Mc MillanDE®E) o g_n@z.’iE@%e\.;-i martingale IR (Bf
L <X submartingale) #»EH\3e O Hx % X 0—55%Y DY entropy
E o ‘_;rbuif“%ﬁum@%&k%zx%&%?fﬁL“CL\%B(D'CB%Sme»'%ﬁ%ﬁ § & BN ER
%ujguﬂ@‘&@ﬁi%réuﬁbf%)EE&“Qf&L'CL\%o #21E Lebesgue 24 (M, 771 ,
FORELRECFOHARE T KE5LBNTHIEE, @@%ﬁ@&ﬁdf’kﬂbf,
DT 2R (X, p) & UEe b o AHIET S » 0T H (X) & H—0%
T entropy H(E)mms#inse covitl & HULTHERA T RIS«
Hy wE#lre Eigic entropy H(T,{) z8x, H(T) =supg H(T, )
whkotHCES T © entropy -’2@7\?50_ (KOImogo_r’ov—Sinai 1959),
:n&ﬁmﬁﬂtfimvm%ﬂf%ﬁéﬁ-fmw®%ﬁmﬁ%§nfw5(Rmuim

Sinai, Abramov, Pinsker /s‘.a)

Tn BOMEBEMAALE (UL FRCROAZFRBLT) THH T ¥ L2(M,
£) LO==2 YHARE LTEAREE , A7 b OFESS (== ) £#) LT
RS LSRERTENE LAVREN, o0 HEFHOMO R <7 b v (6 E0 & BRI E
BT USEZRNT 0B bz T 7z (EUJ&IZM%E’C'?@‘) ’ E&!ﬁiﬁi&=lf”’ﬂ -8

-5 8=



THY, LIEM ==Y ERAKL LTHEX <2 b v rbos 2O/ HOR FHZ
von Ne’umagn 4:&01%&321;’0’/\6 (193 24) )0 IDCEHEMAERYERTS
C&i)ﬁfﬁéfﬁ%ﬂ; FLRH — ML, “flow © entropy” , E gt Fr—,
19644, B

Z offft c:ﬂiémfé?bm\w%%&%@ﬁﬁg% (stationary capacity) %
Kb p L iz c‘}g@ pure states OQOEHCHLTTSEIEFICELLFERE S
Cn, EREANTL 95 6 FLURBRTH oI T NERE REEES— BT B0 5 0
ENSHEL S TREEICHEREINT VWS, (—BFE LT (7,26, 27) XX+ —
HLBEOHE () 7 EBH) o |

§ 6. Von Neumann Qﬁ%ﬂﬁ@ﬁ?ﬁ%'\@ﬁﬁi

B N OPEACKHISTAAAT Hilbert Hle A £ L, yEE £ 5T
# LOBEESBIERRY R TROTILCTE, COLE—DDRE PEA (10 1=
1) CRTBEEERE Exp (B ¢ ) = (RQ, ¢) rEHhIND. T ORBORE
LreE o) a:ﬁz,faigﬁfﬁéim TNCEiT 5 von Neumann © B IIERIEE
DOEHFEH VT FR~<5 X5 formulate é:nz;, (chff — #gtE (14) 28) .
£ A °RE R OREMETRAEL , TOMOEELH wr (-) BR CEELTEES
DTHY , D THIHERES

CExp (R ;a@):f Adwp () (=8 (R) L55<)

—cc
L‘ZJ:O'C%%_BXLZ;; von Neuﬁlann i1, T XTOERHHEE @ % 0 LT
Exp (£ :d)) <+ @FLHOTEN) OBALI ,» 0T
0<pp (I)<+o T, In%EHRLLT g9 (1) =1 ZLTHERLTVD: W
% a&&@, L@?«f@“ﬁ%t’ﬁﬁ%;‘%@(ﬁ%f’mﬁfﬁa TaLEB 0y () ROL L
D normél state l:—-—%i:})ﬁ@ﬁ?ﬂétéﬁi von Neumann ZXDOTHEHLMZIE
NT»Bo Ry éi%n&:@%‘@ normal % faithful tracenmd>TWBDTE

nx Tr (-) TcEnTeE »

—* =pe (r.cH)V, Tr @) =1

dTr
7t5 Trace classOBRCHBIEARZ D H—BiHFEET S (Radon—-Nikodym O

—5 Qe



w2, § 150 o oF0MEE F CHUTHERRE R 2505 Lz & B 81 & AL
TRIEMAHE D S4BT 5. (0zv % Q) BFb—HORBRTE L AlE5) o W
LisnyER R w—oBEL TR —RCER L B A oflmc o TERIN, &3
— oD ) CBITT B B CHTE R BEBX~I PV OBARELBLE, RO
i vectors % @, Pgs - EBLLE, BT dQ £, qui't"ﬁfﬁif?if@:tﬁ
LT D 5% D e#irze o mo@ G T 2 EFE ’C/kfzﬁkiofﬁ?bgn
5

(16) D’ ,:n__); (PPus Pn) P oy (Pro,) B {A¢n} ~omiE
HES N |

Wi R XoT (LK R ©ox~2 b)) ERENBERZEY B  &6<Keto

oz Condition expectation ZHNT

"=E(DIBg) (EC|BRl=Ercl-[Rx))

LEBRIND L ARDENSo o ,
b S —oDBITIRHEOREC & 725 WAL THD. ZZHHAD total energy
EROTHEASY H(Ro energy operator) &F5oMAORE ¢ £LoT
D — o) t
: 27 i v 27 i

_..-.%... t- H '—ﬁ t-H

D e

D— D, = e
7B (T Hg v B TERELTHL) o TOLSCLTES S ZlBY DL
D3, D—D e_m\ﬂiﬂ%ﬁ@@é@ DY v BEgRORE £ [ wEoTh
AEMLEVRTNE ufﬁamﬁiﬁﬁp‘\nfhéo 2%¥0 (D)’ =D'ehprze, o
T (Dy ) wmnid O b5 23 C & Thbe &OT &I S B
BT AL S EBonde Urbanikl-i:@t&i:%ﬁbf, macrosta t;e,:“ ;é:!nki'
states @—*o@A’{E?ﬁEQi‘%]\,,L » TT T entropy ZEH LU UFRBRNTEL LT
T %0 %n&_xjrl,’cr"ﬁ Bk s Dobrusxn 7 DS ﬁlﬁﬁﬁﬁ Ind AREESE N
TnWB L3 THBe K
BfD—>D'=E(D [B 3] €ONTEATASEL, R BEHER~IIroBa
;6'3507“’03’(' R & XoTHERENT @ S Ulajﬁjtﬂf;g&izf’ﬁﬁi%si:%faiéo DD

—~50—



27 i
iz R & H 2nZTwmugnbif eT t H, PRy @ r “BL, Conditional
expectation DKE (§ 2B/ I L DTS SR~ & GELhr boniFTH B0 (H)
HORAOERH « BEOHBHCAEC L 3EbrHoBA0BFEA L D s
EEREHRLTWE. ) |

Ryfif = ~7 bz b/t &2, von Neumann RFUIAEELT>THT
D> D #HUTHBRN Dh OB S 2 LTRRASREBONTAEV, & 0BAD
Conditional expectation é’ﬁ%\%éhﬂ;ﬁé R ezxl<Td, Tnofligic X
>TD =D =E(D| B, nabiin@ond & rseinmpcrs
nBe (ZOBE, 5 REATRCRELKD) .

BER, = By &WSEFRIEIEHAZRCETS Conditional expecta—
tion E(. | B joumie s »+CE5R, F 2IFTNRITHAZIEES SONRBEsn
B3 e bR HAERS B |

—ooER] , Lexisds Hilbert wr A | At LI, Toamskl
(=1+1) ©HET3 Hilbert 2z £ 1 ;*é‘éa # =7 ® # "
(temsor product)e Dj, Dy dnznl, 1wy 5 RAEMOERAKETS

&, InbeLoTHORADHEIOERZE Dy 28 D @ Dpick>THEZON%. T
E0Dflit, Conditional expectation ZHEWT

Dy =B(Dy [ gy ® {21y},
DH:E(DM_]{X 1?} ® g1 )

EWIBRIZ X o THiIEINDB. T T ovp R ;y I LO2ERERFEOR, 0L T b
Bl 7 E(- | .) ik @ j PRfEfEOHO Tric ks Conditional
. eXxpectation THdo

Ba0 %R & OfEESE D A~z FASRLT
_ D:ﬂig'l AnPl¥) Ap =0, Xy =1)

¢T3, DR trace' class, . PO T RLESERETEIND IR TH S0
.CIOD&:% a@ G entropy &



H (D) :..21 2, log 4y
2k oTH 2 b % :m;tffﬁ,éﬁ;% D #nwT —Tr (D leg D) 2FboTzLdbl
5&60 Bomic H(D) =0T, H(D)y=0 ik “&5ng Tdyy=1, 45 =0
(‘n;é ng ),” 3Wik“H% ng TD=Pryy (y=vYyn) 7 RTELAFTHS.
(entropy H (D) RIEBREHOBHRELT EEOERGDAEL L &LELCA—DEE
(15) TtH 3 (REOERMEL L) o DECERLNS JIGE H# IS Bt 5o T
B ) =D& & Conditional expec tation THNWSEKROT EHEDIZRDER
M50 , | |
Emll. A ORECIoTRAOEHM A © entropy R#ATS : BFD—
¥ =E(D| By (&) =) wro<

H(D) £ H(D')

THY , F5ORIUE RD = DR LFEET, {€>C RD # DR 02 3o, z0L &
O, H (D) <H (F) thHs. TnOBEOSEL, R S < <2 F A TESDn
B g PEBAFEHREILY, XOZECRRL TN D

I (D,0) =H(D) - H (D) (=0)

W Kullback—LeibI‘er DL EH T /L L (26 , ika(() % input,
A% output 2L R wiEHEEEELS L S—HOEEEEL UTHRT 3 o 2459
B TH Do YEEAENRAFRAME LT H O capacity ISHHEEOBEADO X SCHBA
HisE 3o XHCVEHEDR~Z b Vi@l +nd Condition expectati on %%
LTRDZODRRIRDEN B0 |
w12 o0k | . L) ; EHISTAEEZEY D, D, TR0 &,
P OEHTORAR entropy KT ! |

H(dDy +/4Dy) ZdH (D) +FH(Dy) (@ +fF=1,0,7=0)

13 & 4 ) g RO TEE A (SE0L) 1, L)
FELEEY) L 0ARR L | ® L o (XOFAR D ® Dy)eTrL,

—_5 2



H (D ® Dy)=H(Dy) + H (Dy)

THNEIRX4ST von Neumanm:lof%iBntﬁﬁ?%éfﬁ.&UJEwkbi%f}@l’ﬁ%
CTHERELLEREROE « TEHRED entropyi L Td, TnsBEA—DEXOES
BB EAIN TN S, Mo UBRERZ CHOKTOATWSE XS entropy @
characterization HBEDBACKHLTCIHEEINDINEI L bwif‘ﬁ;‘?gﬁiﬂ\ﬁz‘%&@&:
RETEHDT T, COTERPEOUENOREK IS L THS, C. Davis (2)7%
EHIDT L 2O EF T 5o

s ESe mﬁ%aL<@@%m~,@gﬁ¢g®ﬁ§§¢@%ﬁm BEmE WS Z & THbo
T XD TERAE D 23 trace class mBIRAHL &SI BRATHEE £ 5, OU
PEBRUERREBEEL, 4 »+O¥AER faithful normal trace & 7%,
va:m%*/\.]‘%fz’\fﬁbﬂ/ﬁ;}‘:b;c D::f,idE/z ET5. tDE X |

h (D) =~D log D(=- [Alog 2dE}) ,
H (D) =4 (h (D)) |

é:?s(g: , h{(D) operator— concave O&HF
b @Dy + ADy) =ah (D) + Fh (éz)»

2% L., $BL,

l

h(D)=h(EM|[HB 1), 2(B; ® By) =h (D) +h (D)

T o0 h(A)==21log A (A1=0) LW5EHI, 55 2 nETBERK ﬂ(D)
@ﬁo‘t \7»:@@7@, SO LS BAT LD operatpr—valu,ed DEETE
ZHOTNBCEMRAND (B4 — M (13) )o NS0T & wANEEEBNTE
% OL KR TS 2k bk Y 4 i~z Kullback ~Leibler O
BotRtE, sufficient MABASOEMLRTS oL oaiEs ioTL 5 (M
(26) ). -
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