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Preface

The need for high reliable system and reliability analysis
became keenly felt after the Second World War. Such need has
become greater with the development of large systems, such as
pover plants, chemical plants, aircraft systems, computer systems
and communicapion systems. The reliability of system has hence
been a topic that interests many engineers and researchers.

This thesis is devoted to extending the current state of
reliability analysis and design techniques of complex systems.'
The particular emphasis is put on techniques for probabilistic
evaluations using fault trees & networks, and their algorithms.
Such techniques would be useful for assuring system designers of
estimating system reliability and making their decisions with high
rapldity and precision.

Chapter 1 proves some properties of coherent structure
function for logic trees containing mutually exclusive primary
events. These properties are useful for the systematic reliabil- -
ity analysis of the system that the failures of components are
mutually dependent.

Chapter 2 through Chapter 4 present efficient aigorithms
for evaluating fault trees. The fault tree technique is a power-
ful tool for system reliability/safety analysis and has intefested
analysts of complex systems lately.

Chapter 2 presents a representation of fault tree suitable
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for the computer processing. Reverse Polish sequence is extended
for fault tree containing k-out-of-n logic gates, and tree sequence
is newly introduced. Some useful properties and algorithms
concerning tree sequence are given. Chapter 3 presents an efficient
bottom-up algorithm for enumerating all minimal cut sets of fault
tree. Chapter 4 presents a method for computing the top event
probability of fault tree through the combined use of reverse
Polish sequence and tree sequence. The method can be applied to
the sensitivity analysis. The computational results obtained by
applylng the method to the containment spray injection system of
PWR nuclear power plant are shown

Chapter 5 is devoted to develop the method for the reliabllity
'analys1s of network The method 1s based on the strategy of first
obtaining the transm1531on Boolean function of network and then
executlng‘reliabillty calculation. Our effort_ls focused on repre-
senting the transmission Boolean function as shortly as possible.

How to make the tradeoffs between reliability and cost is one
of important problems to-a system designer. Chapter 6 formulates
the problems of optimizing both of two ways of improving system
re11ab1l1ty, i.e., adding redundant components and increasing
component reliability, under time-dependent reliability, and

presents a solution method for solving them.
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Introduction

The development of modern engineering has enabled us to assem-
ble large systems. However, as the scale of system becomes large,
the possibility that the failure of system occurs increases and
its occurrence often exerts bad influences economically and social-
ly, moreover occasionally endanger people's lives. Therefore,
for a complex system that has the large number of components,
it is required to develop the techniques for estimating the relia-
bility and safety of system as precisely as possible and designing
the systems with high reliability and safety.

When we would ahalyze the reliability of complex system, it
is necessary to express the system in a form suitable for the anal-
ysis. As the means of visually expressing the functional relation
between the system and its components, we often use diagrams, such
as a reliability block diagram with series-parallel or non-series-
parallel structure, a network with directed or undirected branches
etc. As the logical expressions.relating the failure or success
of system to the failures or successes 6f its components, we have
diagramatically a logic tree [12] which is classified into either

fault tree for system failure or success tree for system success,



an event tree [68], a cause-consequence chart [57], etc., and have
algebrarically the structure function that is a function relating
the state variable of system to the state variables of components.
The reliability analysis of complex system ia thus executed through
the process of first obtaining an appropriate visual or logical
expression of system and then estimating system reliability by
using those expressions. Many efforts have been made to develop
efficient techniques for executing the above process, and will have
to be made in future as well. This thesis is provided to extend
the current state of such techniques.

Various studies on the structure function of complex system
have been made since the paper by Moore and Shannon [39] was pub-
lished in 1956. The stucture function that has monomtonicity in
state variables of components was introduced by Mine [36] and
afterwards Birnbaum et al. [ 9] called it a coherent structure
function. The main results of former studies on the coherent
structure function have been reviewed by Barlow and Proschan [ 3,
6]. In former studies,.the states of each component are restrict-
ed to two states of operating state and failed state. 1In this
case, the coherent structure function contains only independent
binary variables. However, the structure function might contain
mutually dependent binary variables, as seen in the case where
mutually exclusive primary events (e.g., multimodal failures of a
component, such as open and closed failures of a switch or valve)
appear in a logic tree. Chapter 1 extends the definitions of
coherent structure function and other terms for logic trees
containing mufually exclusive primary events, and presents some
properties of coherent strucéture function and their appliéations.
These results will enable us to do the systematicireliability anal~
ysis of the system that the failures of components are mutually
dependent [48, 53].

In Chapter 2 through Chapter 4, efficient algorithms for
analyzing fault trees are presented [47, 49, 51, 54].



Recently fault trees are often used for the reliability analy-
sis and design of systems, such as electrical, airplane, nuclear
reactor and chemical plant systems [23, 56, 68, 59], of which high
safety or reliability is required. This is because, in such sys-—
tem, all events that cause a specific undesired system failure
must be investigated and an effective counterplan which prevents
the occurrence of system failure should be worked out.

.The analysis of fault tree is roughly divided into the stage
of constructing the fault tree and the stage of obtaining qualita-
tive or quantitative information about system failure from the
constructed fault tree. Generally speaking, manual construction
of fault tree is much laborious and time-consuming, moreover is
liable to oversight and omission [19]. To get out of these diffi-
culties, a few computer—aided construction techniques[18, 59, 35]
have been presented. Referring to the latter stage, we can obtain
information about system failure, such as minimal cut sets, the
probability or frequency of occurrence of the top event, sensitiv-
ity, the importance of each primary event, etc., from the fault
tree. However, according as the scale of fault tree becomes large,
the computation time and storage requirement for obtaining such
information extremely 'increase even if a digital computer is used:
Therefore, efficient algorithms are required for the large scale
fault tree. Chapters 2, 3, 4 are put to fespond to this require-
ment.

The first step of fault tree evaluation is to obtain a repre-
sentation of fault tree suitable for computer processing. There
are the existing methods [ 8, 32] which apply list processing
technique using reverse Polish sequence (expression). In Chapter 2,
the reverse Polish sequence is extendedly defined for the fault
tree containing k-out-of-n gates, and a tree sequence composed of
only integer values is newly introduced to implement effectively
the processing by using the recursive character of tree: the tree

sequence represents the branching structure of tree completely.



Some properties and algorithms concerning the tree sequence are
indicated. By using those algorithms, we can process the tree
simply through the algebric operation of the values composing the
tree sequence.

A basic characteristic of fault tree is a minimal cut set
that is a minimal set of primary events which must all occur for
the top event to occur. The list of all minimal cut sets is use-
ful for various probabilistic evaluations of fault tree, the
determination of critical path to the occurrence of system failure,
etc. [ 5, 20, 69] Chapter 3 presents an efficient algorithm for
enumerating all minimal cut sets of fault tree. This algorithm
improves the conventional bottom—up algorithm [ 8] so as to obtain
all minimal cut sets more quickly. The improvement is to reduce
the number of checks of redundant terms for the logical product
of two reduced sum-of-product forms. The computational fesults
for several examples are given to demonstrate the efficiency of
this algorithm.

The probabilistic evaluation of fault tree (e.g., top event
probability, unavailability, failure intensity) is useful for the
estimation of the possibility of occurrence of system failure or
accident, the calculation of the importance of primary event to
top event which enables us to find the optimal way of improving
system reliability, etc. A major goal of probabilistic evaluation
is to compute the prbbability of occurrence of top event (top
event probability). Formerly the main efforts have been exerted
to generate minimal cut sets and then to compute the top event
probability by applying the addition rule in probability theory
or by generating an equivalent disjoint sum-of-product form.
However, such techniques are so time-consuming for the large scale
fault tree that we oblige to settle for approximate results.

The method presented in Chapter 4 computes the exact value
of top event probability without going through the process of

generating minimal cut sets. The feature of the method is to



repeat recursively the partition and reduction of fault trees and
to reduce to the computations of top event probability of simple
fault trees that contain no repeated primary events. In the com-
puter processing, the reverse Polish sequence and tree sequence
presented in Chapter 2 are used. The method can be applied to
the analysis of fault tree containing mutually exclusive primary
events and the sensitivity analysis. The results obtained By
applying the method to the containment Spray injection system of
PWR nuclear power plant [68] are shown.

Physical systems, such as communication networks, transporta-
tion networks, power transmission lines, chemical process systems
etc., can be represented by networks with directed or undirected
branches [ 2, 15, 25). The reliability analysis of such systems
has been the subject that system researchers are interested in.
In the analysis, the network is treated as a probabilistic graph
in which each branch or node has a probability that it is good
(in the operating state) or bad (in the failed state).

A major problem of network reliability analysis is to calcu-
late the node-pair reliability, i.e., the probability that there
exists at least one path from the source node to the sink node.
Most of existing methods are based on the strategy of calculating
the node-pair reliability directly through state enumeration,
path (cutset) enumeration, reduction, decomposition etc. The
method presented in Chapter 5 is based on the strategy of first
obtaining the transmission Boolean function of the network and then
executing reliability calculation [52]}. It is of significance to
store the transmission Boolean function obtained, because it can
widely be used for various cases, €.8., the case where nodes and
branches are mutually dependent. In the method, the reverse
Polish sequence and tree sequence of transmission Boolean function
are obtained by a backtracking technique repeating recursively
two processes, reduction of a network and decomposition of com

pletely reduced network, until reaching series-parallel structure.



At the stage of designing a system, one of important problems
that we are faced with is how to make tradeoffs between reliability
and cost. We usually consider two ways of improving system relia-
bility: 1) adding redundant components and 2) increasing reliabil-
ity of a component. The latter way corresponds to tightening
quality control in producing each component, developing new compo-
nents with higher reliability, etc. Both ways usually requires
the increase of system cost.

Many methods have been presented for optimizing system relia-
bility undef given constraints; Recently the reviews on such
methods have been made by some authors [45, 65]. Most of them
consider only either of two ways and assume time-independent relia-
bility. Only a few researchers [38, 66] consider the problem of
determining both optimal number of redundant compoﬁents and optimal
component reliability which is a mixed integer programming prob-
lem; They also assume time-independent reliability.

Chapter 6 formulates the problem of optimizing both of two
ways of improving system reliability under time-dependent reliabil-
ity. System reliability is monotonically decreasing with time.

For this time-dependency, we adopt as the performance index the
mission time that system reliability is above a preassigned value.
The solution methods have been presented for the problems of maxi-
mizing the above mission time under system cost constraint and

minimizing the system cost under mission time constraint.



Chapter 1

Some Properties of Logic Trees Containing

Mutually Exclusive Primary Events

This chapter analyzes logic trees containing mutually exclusive
primary events. A logic tree is similar to a fault tree, but can
contain successes as well as failures. Coherent structure function
and other basic terms are defined. Some useful properties of coherent
structure function are presented which include, as special cases,
the previous results for logic trees containing no mutually exclusive
primary events. A method is provided for obtaining an effective
upper bound to probability of occurrence of the top event for logic

trees with noncoherent structure function.

1.1 Introduction

A logic tree is a logic diagram having a tree structure whose
construction begins with a specific event (viz. top event) and
continues by branching deductively until reaching causative events
that cannot or need not be developed further (viz. primary event).
Each branching point is represented by an appropriate logic gate.
The top event can be represented as a Boolean structure function of

primary events appearing in the logic gate.



Many discussions [ 6, 9, 14, 36] have been presented about
coherent (or monotone) structure functions for logic trees contain-
ing no mutually exclusive primary events. However, mutually exclu-
sive primary events might appear in a logic tree: e.g., multimodal
failures of a unit, such as open and closed failures of a switch
or valve. A logic tree might contain primary events thch are
statistically-dependent but not mutually exclusive. In this case
the logic tree can be transformed into an equivalent logic tree
containing mutually exclusive primary events as follows. Suppose
that two primary events "unit 1 fails'"(denoted El) and "unit 2
T, T

1> 72* 3
be the events,"unit 1 fails and unit 2 operates", "unit 1 operates

fails" (denoted EZ) are statistically-dependent, Let T

and unit 2 fails" and "unit 1 fails and unit 2 fails", respectively.
Then the logic tree can be transformed into an equivalent logic

1° o> T3 by
replacing El and E2 with T1 v T3 and T2 v T3, respectively. For

tree containing mutually exclusive primary events T

logic trees containing three or more statistically-dependent primary
eﬁents, equivalent logic trees can be obtained similarly.

When we analyze logié trees containing mutually exclusive
primary events, how shall we extend terminology and methods that
have been used for analyzing logic trees containing no mutually
exclusive primary events ? This chapter answers this question
and provides an approximate method for probabilistic evaluation.
Section 1.2 extends definitions of coherent structure function and
other terms. Section 1.3 presents some properties of coherent
structure functions which are useful for analyzing logic trees.
Section 1.4 explains the definitions and properties presented in
Section 1.2-1.3 by three examples and illustrates a method for
obtaining an effective upper bound to the probability of
occurrence of the top event for a logic tree with noncohcrent

structure function.



1.2 Definitions on Logic Trees Containing Mutually Exclusive

Primary Events

Let T, Eij be the top event and primary events, i=1, 2, ..
Ceees My J =1, 2, cial, 0. T or Eij is also used as binary vari-
able having the value 1 if that event has occurred and 0 otherwise.

Let ®i = {Eil’ EiZ’ ceres Eiai} be the set of mutually exclusive
and exhaustive primary events; 7 = 1, 2, ...., n. Then,

E..E

ik = 0, for g # kand j, k=1, 2, ..c.v, O,

J z

Eil v Ei2 V.o.... Vv Eiai =1, (1.1)

The left hand sides of (1.1) are logical product (AND) and logi-
cal sum (OR). Eq. (l.1) means that only one event of @i always
has the value 1 and all other events of ¢i have 0. Hereinafter,
I = - = y 7 =
the state that E., 1 (1 <vx ai) and Eij 0 for j # v and J
1, 2, ..., o, is represented simply by Eiv = 1.
Define the vectors Ei = (Eil’ Ei2’ ceees Eia-)’ =1, 2, veuy

n and F = (El, E ceees Eh). Then T is represented as the Boolean

2’
structure function of £, i.e.,

T = YE. (1.2)

Some primary events belonging to ¢i might not appear in the fault
tree: e.g., the primary event corresponding to the normally operat-—
ing state of a unit would not cause system failure, and hence that

primary event does not appear in the fault tree.

(D.1) Consider proper subset Qi = {Ei(l)’ Ei(Z)’ °"°’:Ei(3i)}

(Bi < ai) of @i, letting {(1), (2)y covus (ai)} be a permutation
of {1, 2, ...., ozi}. Let £ = (E’i(l), Bray? *o0 Ei(Bi)) and

(Yo



E* = (E?, E%, oo Ez). P(E) is said to be positive in E* if Y(E)
can be represented as a sum-of-product (s.o.p.) form containing
only primary events which belong to 1J2=1 Qi' (Note that, in the .
s.o.p. form, there is not any term (logical product) that con-
fains two or more mutually exclusive primary events in Qi together,

from the relation of Eq. (1.1).)

(D.2) Eij is irrelevant to Y(E) if w(lij, FE) = w(Oi,vE) for
all ('i’ E). Otherwise Eij is relevant to Y(E). The notations
(li" E), (Oi’ E), (-i, E) are defined ‘as follows:

J
(Lyso B) = By ooy By 15 0, oony Bpi = 1,0, o0ty 0,
Biiqs -5 B)
0, 8) = @y «oos B, 1, B, =0, E. , ..., E)
;B = By ooy B, 1, B0y oo B)

These definitions and notations are cited in [6].

(D.3) Y(F) is coherent if there exists a set {Ql, Qz, coes Qn}

such that Y(F) is positive in EF* and all primary events belonging
n n .
to lJi=l Qi are relevent to Y(E). Then Uzeq Qi is said to be

essential set.
VU(E) is noncoherent if all primafy events belonging to one or
more sets Qi are relevant to Y(E). Then those sets Qi are said to

be complete sets.

By this definition, coherent structure function is extended
for a logic tree containing mutually exclusive primary events.
Th i = = ... = =2 d = = ... =
e special case of a; = a, o, an Bl 82 Bn
= 1 corresponds to a logic tree containing no mutually exclusive

primary events.
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(D.4) Y(E) is monotone nondecreasing in E* if the relation
w(E(l)) 2 W(E(z)) holds for all pairs of vectors E(l), E(z)

in which the elements of E* have the values of E%(l), E*(z), re—

spectively, satisfying E*(l) > E*(z) and other elements are

identical.

(D.5) Let ¥(E*) be a s.o.p. form of Y(E) which contains only

primary events belonging to essential SEtlJZ -1 Qi when Y(E) is

coherent. A minimal cut set is a set of primary events having
the value 1 in a vector E*(c) such that X(E*(c)) = 1 holds and
x(E*) = 0 holds for all vectors E* which satisfy &% < E*(C). Then

c) . ..
E*( ) is a minimal cut vector. For a success tree the term path

is generally used in place of the term cut.
(D.6) If Y(F) is coherent and the relation

5(T = llEij = 1N ST =0[E, =1 = ¢ (1.3)

holds for two elements Eij’ Eik of essential set Qi’ then Y(E) is

positive in the transition from Eij =1tokE, =1, denoted

p
Eij'__ﬁ>Ekk, where S(AIB) means the set of states such that 4
holds, given the condition B, and ¢ is empty set.

1.3 Properties of Coherent Structure Function

A coherent structure function has the following properties.

The proofs are given in Appendix A.

Pl) The necessary and sufficient conditions for VY(F) to be
positive in E* are that a) Y(E) is monotone nondecreasing in £%*
e
. . = . . ceeey E. s
and b) (1.4) holds for 0, {E$(8i+l), E$(8i+2), , t(“i)}
i.e., the complement of Qi in @i.

11



w(li(Bi'*'l)’ E) = w(li(si_*_z), E) = i eeee T w(li(ai)’ E),

2 =1, 2, ceuu, N (1.4)

P2) Assume that X (E*) does not contain two or more identical
terms; this assumption means that, if a s.o.p. form of Y(E) has
contained two or more identical terms, then they are preliminarily
reduced to one term by the idempotence rule.

Let % be the number of terms in ¥ (E*) and QU be the set of
primary events appearing in term u of X(E*);u =1, 2, ...., k.
Then, all minimal cut sets of Y(F) are obtained by discarding from

{Ql’ Qi’ cenes Qh} all QU which satisfy QU:D QV for some Qv, v £y,

v=1l, 2, ...., h.

P3) The following 3 relations hold if and only if Eij-—liaEik.

D Wl B) < Wy, B (or x(L, B9 < Xy, E9),
for all (.i’ E). (1.5)
2) S(T = 0|E;; = 1) N S(T = 1B, =1 = 8T =1|Ey =1

- 5T = 1E;; = . (1.6)

3) Let C be a minimal cut set containing Eij' Then there exists
at least one minimal cut set that is the union of {Eik} and a

subset of C - {Eij}'

. ; p p
Note: 1If and only if Eij°_——>E€k and Eik———9 Eij’ then

S(T = llEij = 1) = 5(T = llEik = 1) holds, and the set obtained by
replacing Eij (or Eik) with Eik (or Eij) in a minimal cut set con-

taining Eij (or Eik) is also a minimal cut set. The latter fact

12



means that we can reduce two primary events Eij’ Eik to a primry

event E.. VE., .
o] 1k

P4) Suppose that elements (primary events) of a set among
n sets @i, =1, 2, ...., n are statistically independent of
elements of the other sets.

Partition the set of all minimal cut sets of Y(E) into sets

, ty
Fy = 1C0pqs Cpps vevees thZ}, 1=1,2, ...., 8 sothat Uy =, C;
might not contain two or more primary events belonging to an
essential set Qi' Then, an upper bound to the probability of

occurrence of the top event is v -

5° HtZ
gl - a-r,)1, (1.7)

Pr{T = 1} S m=1

where sz is the product of probabilities of occurrence of primary

events belonging to minimal cut set sz.

P1 shows that a coherent structure function keeps monotonicity
by extending the definition as given in Section 1.2. P2 guarantees
that all minimal cut sets of coherent structure function are
obtained by applying the absorption rule to terms of X(E*®).

P3 presents the important relations between two primary events
belonging to an essential set. Eq. (1;6), suggested by Murchland
[42], simplifies computing the probability that the occurrence of

top event and the transitionfrom state Eij = 1 to Eik = 1 coincide.

p 1.

P3-3 is useful for checking if 'Eij"—~>E2k is true, by using

minimal cut sets. P4 is an effective upper bound to the probabil-
ity of occurrence of the top event and extends the property [14],
thus far known for a coherent structure function containing no

mutually exclusive primary events.

13



1.4 Explanation by Examples

1.4.1 Examples of Coherent Structure
Example 1

Consider the system of 3 switches SWl, SWZ, SW3,'connected
as shown in Fig. 1. The logic tree is shown in Fig. 2. The top

event and primary events are:

T system fails open or fails closed
E:q SW{ normally operates
EiZ SWi fails closed
Ei3 Swi fails open
<=1, 2, 3

¢i = {Eil’ Eiz"EiB}’ 1 =1, 2, 3 and A =0y =0y = 3.

Y(E) = E12(E’22 v E32) v (E'13 v E23E33). (1.8)
Unpack U (E) by the distribution rule.

%) =
XE*) = By V EygByy VEyg V Eygliqs. (1.9)

V(E) is coherent since x(E*) contains only primary events belonging

to Qi = {Eiz, Ei3}, =1, 2, 3.

Since each term of the right hand side of (1.9) is not
absorbed by any other term, the set of primary events contained

in each term is a minimal cut set. It is verified by P3-3 that

E12'_2—9E&3 holds, but the positive relation does not hold between

E'22 and E23 nor between E32 and E33.

Four minimal cut sets are partitioned into the following two

sets Fl, FZ'

14
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____4>,~'2&____

SN3

Fig. 1 Example 1 of System

T

system fai]é
closed

N @

system fails
open

© ® ©

Fig. 2 Logic Tree for Example 1
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c.,}, F,={

Fyo= 10115 Cpphs 2

1 Ca}s

021’ 22
where ), = {Elz, E22}, Cip = {E
E33}. Applying P4,

12° Egpls Gy = {815}, €)= (B,

where pij is the probability of occurrence of Ei"

Example 2

Consider the communication network with 4 perfectly reliable
nodes such as shown in Fig. 3. The logic tree for this network is

shown in Fig. 4. The top event and primary events are:

T source node can communicate to sink node
Eil branch © functions
EiZ branch 7 fails

=1, 2, , 6

The Boolean structure function for this logic tree is:

V@) =E,(E v E.D)VE,E (1.11D)

31561 41851 V Eg)

Suppose that the failures of branches 3 and 4 are mutually
dependent and the failures of other branches are independent of
i1 Eiz} for 2 =1, 2, 5, 6. Then,

the following events are defined newly:

each other. Hence ®i = {F

E71 both branches 3 and 4 function

E72 branch 3 functions and 4 fails

16



source node O D sink node

Fig. 3 Example 2 of System

A &

Fig. 4 Logic Tree for Example 2
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E73 branch 3 fails and 4 functions

E74 both branches 3 and 4 fail

These events are mutually exclusive and 0

7= Eqp Eyp> E730 gy}
E31’ E4l are equivalent to E7l ) E72, E71 v E73, respectively.
Therefore, Eq. (1.11) is transformed into the following equivalent
Boolean structure function containing mutually exclusive primary
events by replacing E31, Eél with E71 ) E72, E71 ) E73, respect-
ively.

Y(E) = Ell{(E7l v E72)E61 v ESl} v EZI{(E71 Vv E73)E51 VE, }

61
(1.12)

Unpacking the right hand side of (1.12),

X(E*) = VE E_E .V El

Ei1B71Fe1 ¥ E11F 701 VE)E

1851 V EyiEqqEsy V EgyEqqEsy

v E21E61' (1.13)

Y(E) is coherent since X(E*) contains only primary events belong-

ing to Qi = {Eil} for 2 =1, 2, 5, 6 and 97 = {E71, E72, E73}.
Y(F) has 6 minimal cut sets Cll = {Ell’ E7l’ E6l}’ 012 = {Ell’
Esyls Ci3 = {Byys Byps By}, €y = 1By, B}, €y = (B, Eop,

= 1 * i
E6l}’ 031 {E21, E73, ESl}’ since each term of Y(E*) is not
absorbed by any other term. They are partitioned into 3 sets
F1 = 10145 Crps Gy Cyyls By = {0}, Fy = {0y}
Applying P4,

X(1 = PyyPg1) + P11P79Pe1 + P21P73Ps1e
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1.4.2 Example of Noncoherent Structure

Example 3

Consider the electrical system, shown in Fig. 5, that has
been presented by Fussell [21] and quoted by Bennetts [ 8].
The logic tree is shown in Fig. 6. The top event and primary

events are:

T no light (2)

E11 bulb fails (4)

E12 bulb does not fail

E21 power supply 1 fails (B)

E22 power supply 1 operates

E31 relay contact fails open (C)

E32 relay contact doés not fail open

E41 circuit breaker fails open (D)

E42 circuit breaker does not fail open

E51 switch fails open (F)

E'52 switch fails closed (F)

E53 switch normally operates

E61 power supply 2 fails or relay coil open circuit or circuit
breaker open circuit (G V H V I)

E62 E61 does not occur

The notation in round brackets is used in Bennetts' paper [ 8].
Fig. 4 differs slightly from the corresponding fault trees in [ 8,
21]. The difference is due to an apparent misunderstanding of
following facts. E_., and E., are mutually exclusive. E_. and E62

51 52 52
must both occur in order that emf is not removed from circuit
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Fig. 5 Example 3 of System

Fig. 6 Logic Tree of @ ‘
Example 3
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path C. Emf is removed from circuit path C regardless of the

state of switch if E61 occurs.

For the logic tree of Fig. 6,

veE = Ell v (E21 v E31 v E51 v E61)(E21 v E41 v E52E62)°

(1.14)

P(E) is noncoherent since all elements of @6 =‘{E61, E62} are
relevant to Y(E). @6 is complete set.

Apply Bayes theorem to a complete set Qi of noncoherent
structure function Y (E).

a; .
prir = 1} = Lil1Ps; Pr{\P(lij, E) = 1}. (1.15)

w(lij, E) does not contain any element of Qi' Thus the analysis
of noncoherent structure function can be transformed into the
analysis of coherent structure functions by applying Bayes theorem

successively to all complete sets. This fact is illustrated below

by the present example.

Apply Bayes theorem to @6.

pr{T = 1} = p6lPr{lJJ(l61, E) = 1} + p62Pr{ll)(l62, E) = 1}

(1.16)
V(g B) = By VE) VE,
Both ¢(161, E) and w(162, E) are coherent.
Apply P4 to W(161, E).
(1.17)
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We obtain 5 minimal cut sets Cll = {Ell}’ 012 = {EZI}’ 013 =

{z,,, B, b Cr4 = Byps Bgids Cp = B, E.,} of ¥(c,, E) by
applying P2, They are partitioned into two sets Fl = {Cll’ 012,.
Cigs Cqp}s Fy = {c,}. Apply P4,

$ 1= Q=P A =Py = pyp,) (L= pypey) + pyyps,

(1.18)

Apply (1.17), (1.18) to (1.16).
priT = 1} < p61{1 -1 - pll)(l - Py (1 - p41)}

+ P31P5,!

This method requires applying Bayes theorem only to complete
sets and reduces computation time. We can also decrease the number
of resulting coherent structure functions by appropriately choosing

the order of applying Bayes theorem to complete sets.
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Chapter 2

Sequence Representation of Fault Tree

This chapter presents a representation of fault tree suitable
for computer processing. A tree sequence is newly introduced as
a represetation of fault tree; it represents completely the branch-
ing structure of tree. The properties and algorithms concerning
the tree sequence are indicated. Various fault tree evaluations
can be carried out through the combined use of tree sequence and

reverse Polish sequence.

2.1 Introduction

According as the scale of fault tree becomes larger, the
analysis becomes more complex and time-consuming. Therefore, a
practical method of analysis by using a digital computer is
required for the large scale fault tree.

When we analyse the fault tree by computer, the first problem
we are faced with is "what is a representation of the fault tree
useful for computer processing ? ". A list processing technique
[ 8, 32] has been used in the analysis, which applies the reverse

Polish sequence as a representation of fault tree. The use of the
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reverse Polish sequence enables us to implement the arithmetic
orerations in a more elegant and programmable fashion [ 8],
because it can be realised using an auxiliary stack, i.e., a
last-in first-out pushdown list which is a conventional tool in
the list processing programming technique. However, it is not
sufficient to use only the reverse Polish sequence for processing
the tree structure efficiently and executing the probabilistic
evaluation of fault tree. 1In this chapter, a tree sequence is
newly introduced to implement effectively the processing by using
the recursive structure of tree. It is proved that the tree
sequence represents completely the branching structure of tree,
and some useful algorithms are obtained for processing the tree
through the arithmetic operations of values composing the tree
sequence. Various fault tree evaluations can be carried out
through the combined use of tree sequence and reverse Polish
sequence. Such techniques are illustrated in Chapters 3 and 4.
This chapter further introduces the extended definition of
reverse Polish sequence for the fault tree containing k-out-of-n
logic gates without transforming it into an equivalent fault tree
containing only AND & OR gates. This is useful for implementing
the probabilistic evaluation of fault tree more efficiently.
Section 2.2 defines basic terms concerning fault tree.
Section 2.3 introduces reverse Polish sequence and tree sequence
for the fault tree containing k-out-of-n gates. Section 2.4
discusses about some properties of tree sequence and Section 2.5
Presents some algorithms concerning tree sequence. Section 2.6
explains how mutually exclusive primary events are treated in the
sequence representation, when they are contained in the fault

tree.
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2.2 Fault Tree and Basic Definitions

The fault tree is a logic tree whose top event is a specific
system failure. Each causative event that appears while proceeding
‘from the top event to primary events is said an intermediate event.
Each branch point is represented by a logic gate corresponding to
its branching relation: AND gate, OR gate, k-out-of-n (k/n) gate,
etc., are used there.

The system shown in Fig. 7 is a visual alarm circuit for over-
temperature [27]. This system employs three temperature sensors
which use bimetalic strips. If a sensor catches overtemperature,
the attached switch is closed. Three switches SWl, SWZ’ SW3 are
connected with 2-out-of-3 structure, i.e., if at least two of three
switches are closed, relay K is energized. Two contacts Cl, 02 of
relay X are connected with alarm lamps Ll’ LZ’ respectively. The
system is good if either one alarm lamp lights when overtemperature
occurs. It is assumed that the 2/3 detector is completely reliable.

A fault tree for this alarm circuit is shown in Fig. 8. The
top event is "Overtemperéture alarm system does not indicate over-
temperature". This fault tree has 16 primary events and 8 inter-
mediate events. Their list is given in Table 1. Primary events
are represented by numbers 1, 2, ...., 16, top event by 100l and
intermediate events by 1002, 1003, ...., 1009.

Each causative event that is obtained directly by branching
from each intermediate event or top event % through the logic gate
Ai is said a son of event %, event % being the father, and the set
of all sons of event 7 is denoted by SO0(Z). Ai is said the logic
gate of event 7. Event 7 is the output of Ai’ and the sons of
event 7 are the inputs of Ai'

A sequence of events €;e, .....¢y is said a path from e, to ¢,
if e, € SO(el), ey € SO(ez), cevees €y € SO(eh_l). When a path
from e, to ed exists, ea is said an ancestor of e and eq is said
a descendant of e, . Each event belongs to a generation as indi-

cated in Fig. 8.
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Fig. 7 Visual Alarm Circuit for Overtemperature
Table 1 List of Events
Event Number Event
Overtemperature alarm system does
Top Event 1001 not indicate overtemperature
Both alarm Tamps L, and L, does not
1002 light 1 2
1003 Coil of relay K is not energized
Intermediate | 1004, 1005 |Alarm lamp L] (L2) does not light
Events 1006 Temperature-sensing switches fail
to close
Temperature-sensing switch SW
1007,1008,1009 (SN sw3) fails to close !
1, 2 Alarm lamp L] (L2) fails
3, 4 Contact C] (Cz) fails mechanically
5, 6 Open wire in L (LZ) circuit
Primary 7, 10 Power supply E, (E2) fails
Events 8 Coil of relay K fails (open)
9 Open wire in relay circuit
Switch SW, (SW,, SW,) fails mecha-
1, 12, 13 nically ( 3pen 2 3
Bimetalic strip of temperature sen-
14, 15, 16 |sor connected with SW, (swz, SN3)

fails
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1001 generation
Z2nd
1002 generation 1003
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3rd generation

C000
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4th generation | |
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Fig. 8 Fault Tree for Visual Alarm System of Fig. 7
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For the fault tree of Fig. 8, Event 1003 is the father of
events 8, 9, 10, 1006. Events 8, 9, 10, 1006 are the sons of 1003,
i.e., S0(1003) = {8, 9, 10,1006}, etc. The sequence 1001 1003 1006
1008 12 is a path. Event 100l is an ancestor of 12, and 12 is a
descendant of 1001, etec. .

Let T, Ei be 0-1 binary variables having the value 1 or O
corresponding to the occurrence or non-occurrence of the top event
and primary event %, respectively. Then, 7T is represented as a
Boolean function of primary events El, EZ’ sess. For the fault

tree of Fig. 8,
T = (E'1 v E3 v E’5 v E'7)(E'2 v E’4 v E6 v E7) ) (E8 v E9 ) ElO v

! I !
2/3(E11 V Eips Eqy V Byss Eqq V El6)),

where 2/3(a, b, ¢) denotes 2-out-of-3 logic, i.e., 2/3(a, bs ¢) is
1l if at least two of a, b, ¢ are 1 and 0 otherwise.

A fault tree is said a binary fault tree if the number of sons
of each intermediate event (or the top event) is only two.

A fault subtree of each intermediate event (or the top event)
i‘ is defined as that portion of the original fault tree which is

developed below a son of 7.

2.3 Reverse Polish Sequence and Tree Sequence

Let eij be sons of an intermediate event (or the top event) < ;
Jji=1, 2, «..., 1, rightward from the leftmost son in order. Then,
let Q(Z ) be the sequence obtained by arranging I sons and logic

gate A; of 7 as follows:

Q(Z) = e e., A, (2.1)

11 %12 €13 ccce 651 B;

In the computer processing, Ai is represented by an negative
integer as shown in Table 2. The integers for k-out-of-un gate are

also listed for small values of k and n in Table 3.
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Table 2

Representation of

Logic Gates

Symbol . .
Logic Gate | Symbol in Boolean Representation in
in Fault Tree| Fynction Computer Processing
AND Gate Q : A -2
OR Gate Q V -3
k/n Gate @ k/n - (& '2"+8 +k+1)
NOT Gate Z\ -1
A
Table 3 Values Assigned to Represent k/n Gates
in Computer Processing
Assigned Assigned
n k Value n k Value
3 2 -4 6 2 -10
4 2 -5 3 -1
3 -6 4 -12
5 -13
5 2 -7
3 -8 7 2 -14
4 _9 3 -15
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For the fault tree of Fig. 8,

Q(1001) = 1002 1003 v

Q(1002) = 1004 1005 A

Q(1003) = 8 9 10 1006 v
Q(1004) = 1 3 5 7 v
Q(1005) = 2 4 6 7 v
Q(1006) = 1007 1008 1009 2/3
Q(1007) = 11 14 v

Q(1008) = 12 15 v

Q(1009) = 13 16 v

If event eij in Q( ) is an intermediate event, then substitute
sequence Q(eij) for element eij of Q(72). If intermediate event et
is contained further in the sequence obtained by the above substitu-
tions, then substitute again the sequence Q(et) for event et.

By repeating this process, we can obtain the sequence P(Z) that
contains only primary events and logic gates. This sequence P( i)
is named as the reverse Polish sequence of < [ 8].

Applying the above technique to event 1003 of the fault tree

of Fig. 8,

Q(1003) = 8 9 10 1006 V

Q(1006)
N\

8 9 10 [1007 1008 1009 2/3] V

Q(1007) Q(1009)

Q(1008)

/ .
P(1003) =89 10 |11 14 V{1215 V] [1316 V] 2/3 V (2.2)

Similarly P(1002) and P(1001) are obtained:

P (1002)

1357V 2467V A

P(1001)

1357V 2467V A 89101114 V 1215 V
1316 V 2/3 VvV
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Now we can obtain the sequence TS(Z ) by replacing eéch pri-
mary event with value +1 (named as leaf element) and each logic
gate having I sons with value —(7Z - 1) (named as node element)
in the process of obtaining reverse Polish sequence P(Z). This
.sequence TS(Z-) is named as the tree sequence of <.

Applying this technique to event 1003 of Fig. 8,

Q(1003)

8 9 10 1006 V

Y

1 1 11006 -3

|

1 1 1 1007 1008 1009 -2 -3

VAR N

TS(1003) =11111-1 11-1 11-1-2-3 (2.3)

Similarly TS(1002) and TS(1001) are obtained:

TS(1002) 1111-31111-3-1

TS(1001)

1111-31111-3-111111-111-1
11-1-2-3-1

The tree sequence of each event of binary fault tree contains
only +1 and -1.

The following relations exist for P( <) and TS(<).

]

P(Z) P(eil) P(eiz)...... P(eil) Ai (2.4)

TS(7)

TS(eil) TS(eiz)......TS(eiZ) -(L -1 (2.5)

Additionally the event sequence ES(i ) is defined as the
Sequence obtained by replacing each logic gate with its output
in the process of obtaining reverse Polish sequence.P(7 ).

For event 1003 of Fig. 8,

ES(1003) = 8 9 10 11 14 1007 12 15 1008 13 16 1009 1006 1003
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2.4 Properties Concerning Tree Sequence

The tree sequence has some important properties such as men-

tioned below.

(P.1) When the values of elements of the tree sequence are
added in order from the first element to the last element,
1) the sum never becomes 0 or negative while adding, and

2) the total sum, which is called the sum of tree sequence, is +1.

This property is checked by tree sequence TS(1003) for the
fault tree of Fig. 8 (see Eq. (2.3)).

1 +1+1+1+ 1+ (1) + 1 +1 + (-1) + 1 + 1
(+1) (+2) (+3) (+4) (+5) (+4) (+5) (+6) (+5) +6) +7)

+ (-1 + (-2) + (-3) = H
(+6)  (+4)

The value in the parenthesis under each element is the sum from

the first element to that element; certainly any value is not 0 or

negative.

(P.2) 1In a tree sequence with two or more elements, the
sequence obtained by removing the last element -m (the last element
is always a node element) can be partitioned into m+1 tree subse-
quences and the way of partition is unique. Accordingly the tree
sequence represents uniquely a tree that has each leaf element as

a leaf and each node element as a node.

Each tree subsequence obtained by the partition of P.2 is said

a son of the tree sequence, and the tree sequence is then the

father of each tree subsequence.

TS(1003) of Eq. (2.3) has four sons Sl, SZ’ 53, S4 as follows:

$ 1 1 11-111-111-1-2 -3
S, S5, &S S

4
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It can easily be checked that each of S, Sé, S3, Sh also has P.1.
The algorithm for obtaining the sons of tree sequence is given
later (see A.2 of Section 2.5).

The proofs of P.1 and P.2 are given in Appendix B. These
broperties imply that a tree sequence represents completely the
branching structure of tree and reveals many kinds of properties
of tree. The analysis of fault tree is therefore reduced to the
processing of reverse Polish sequence and tree sequence.

From P.2, the following facts are verified:
(i) When the sequence obtained by removing the last element -(1-1)
from TS(Z ) in Eq.(2.5) is :partitioned into 7 sons of TS( 1) accord-
ing to P.2, those sons are TS(eil), TS(eiZ)’ ceeees TS(eiZ) in order
from the leftmost son, and the corresponding sequences of P(7) are
P(eil)’ P(eiz), ceeees P(eil)’ respectively.
(ii) Suppose we have a sequence composed of leaf elements and node
elements and it has properties 1) and 2) described in P.1. Then
we can uniquely compose a tree corresponding to that sequence.

The following properties of tree sequence are also obtained

from the properties -of a tree.

A (P.3) 1) The tree sequence with length one is 1. 2) The tree
sequence with length two is 1 0. 3) The tree Sequence with the length
more than two necessarily begins with 1 1 or 10, and ends with a
node element.

(P.4) There exists only one tree subsequence that has a nade
element of tree sequence as the last element. The last element of
a tree subsequence is named as the representativehelement of that
tree subsequence.

(P.5) The number of tree subsequences of the tree sequence
is equal to the length of the tree sequence.

(P.6) The sequence obtained by replacing a tree subsequence
with another tree sequence is also a tree sequence.

(P.7) The sequence obtained by removing a tree subsequence
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from the tree sequence and then replacing the representative ele-
ment -m of the father of that tree subsequence with -(m-1) (re-
moving it if m = 0) is also a tree sequence.

(P.8) The first tree subsequence of the tree sequence is de-
fined as the tree subsequence 1 1 1...1 -m (the number of leaf ele-
ments is m+1) whose representative element is the first node ele-
ment -m of the tree sequence. The tree sequence is reduced to
only one leaf element (tree sequence with length one) by recur-
sively repeating the operation of replacing the first tree subse-

quence with one leaf element 1.

2.5 Algorithms Concerning Tree Sequence

Some effective algorithms for processing the tree sequence

are obtained by using the properties mentioned in Section 2.4.
(A.1) Algorithm for obtaining the tree subsequence having as
the representative element a node element -V of the tree sequence.

Add the value of each element successively to the left start-
ing at -~ v (including -v). If the sum becomes +1 for the first
time at a leaf element while adding, then the subsequence from that

leaf element to - Vv is the tree subsequence to be required.
This algorithm is illustrated by TS(1003) of Eq. (2.3).

TS(1003) = 11111-111-111-1 @'-3

Suppose that we want to obtain the tree subsequence having the cir-
cled element -2 as the representative element. Then, add the value
of each element successively to the left starting at element -2 by
following A.1.

CED+ D+ 1 +F1+1D)+ 1+ 1 +(-D+1+1-=+1

(-3) (-2) (-<1) (-2) (-1) (0) (=1 (0)

34



The value in the parenthesis under each element is the sum from the
first to that element. The sum becomes 41 for the first time at
the fourth element of TS(1003). Thus the underlined part is the

tree subsequence to be required.

(A.2) Algorithm for obtaining sons, Sl’ SZ’ ...;, SZ’ of
TS(Z) (The last element of TS(Z2) is =(1-1).):

Step 1l: Set q&—1, then let RZ be the sequence obtained by
removing the last element of TS(Z), and go to Step 2.

Step 2: By using A.1, obtain the tree subsequence whose rep-
resentative element is the last element of Rq, then put this tree
subsequence as S_, and go to Step 3.

Step 3: Let R __

q-1

R . = = . -
g If ¢ = 2, let Sl Rq—l and stop. If g # 2, set g &—q-1

be the sequence obtained by removing Sq from

and go to Step 2.

It can easily be verified that four sons of TS(1003) indicated

in Section 2.4 are obtained by using A.2.

(A.3) Algorithm for obtaining the representative element of

father of a tree subsequence:

Add the value of each element successively to the right start-
_ ing at the next elemént of the representative element of the tree
subsequence. 1f the sum becomes 0 or negative for the first time
at a node element while adding, then that node element is the rep-

resentative element to be required.

For TS(1003) of Eq. (2.3), the representative elements of
fathers of the circled element and underlined tree subsequence are

shown below by the arrows, respectively.
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Each representative element is obtained by applying A.3 as follows.

For the circled element,

141+ 14D+ 1+ 1+ D)+ 1+ 1+ (-1) + (<2) + (=3)

(2) 3 @ B3 G G W G W . (@
= -1

The value in the parenthesis under each element is the sum from

the first to that element. For the underlined tree subsequence,

L+ 1+ D)+ 1+ 1 +(-1)+(2) =0

(2 @O (@ 3 (@

Let Cl be a tree subsequence of the tree sequence and J1 be

the representative element of Cl, 02 be the father of Cl and J, be

2
the representative element of CZ’ and then 03 be the father of 02
and J3 be the representative element of C3. When the above process
is repeated successively, the sequence Jl J2 J3 ..... is named as

the ascending path from Jl' The ascending path from J1 is obtained
by applying A.3 iteratively.

The ascending path from the circled element of TS(1003) of
Eq. (2.3) are shown below by the arrows.

I Iy I3 I,

TS(1003) =111 1 -111-111-1 :%\453

There are cases of redesigning a system, such as adding some
subsystems newly, replacing a subsystem with another subsystem and
removing some subsystems. In such cases, we can easily obtain
P(1001), TS(1001) and ES(1001) for top event 1001 of fault tree of
the redesigned system from those of the original system as shown

in the following methods (1), (2), (3).
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(1) Adding a son s to the sons of event 1,

Insert ES(s) just before < in event sequence ES(1001) of top
event 1001. Insert P(s) and TS(s) just before the element corre-
sponding to event ¢ in P(1001) and TS(1001), respectively. Then
4rep1ace with -(v+1) the node element -V of TS(1001) corresponding

to event 7.

(2) Replacing an intermediate event 1 with another intermediate
event 7',
Replace ES(Z), P(Z) and TS(Z) with ES(Z'), P(Z') .and TS(Z'),

respectively.

(3) Removing an event 7 from the fault tree.

Remove ES(Z), P(Z) and TS(Z) from ES(1001), P(1001) and
TS(1001), respectively. Then, replace the representative element
-m of the father of TS(%) with -(m-1) if m 2 2. If m = 1, remove

-m and the corresponding elements of ES(1001) and P(1001).

We can transform P(Z) and TS(Z) of event 17 into the equivalent

shorter sequences by the following method.

(4) Shortening reverse Polish sequence and tree sequence.

Let S be a tree subsequence of TS(Z) and -m be the represent-—
ative element of S. Suppose that the element of P(Z) corresponding
to -m is AND-gate (or OR-gate). '

Find AND-gates (or ORrgates) Gl’ G2, cenes Gq among the repre-
sentative elements of the sons of S, and suppose that the elements
of TS(Z) corresponding to those gates are =My, -y, «.--» _mq’ re-
spectively. Then, we can obtain the equivalent sequences by remov-
ing Gl’ Gz, ceees Gq from P(Z) and —ml; My weens —mq from TS(%),
and then changing -m into -(m + my +m, + 0. t mq) .

This method is illustrated for the examples of P(%) and TS(Z)

such as shown below.
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1 %

12V 3 45V 78 A 9610 V V A

L OEDEDG D - -

S

P(Z)

TS(2)

The element of P(Z) corresponding to representative element -3

of tree subsequence S of TS(Z) is OR-gate (represented by -3).
There exist two OR-gates Gl’ G2 among the representative elemenets
of four sons (circled) of S.. Because m = 3, ml = 1 and mz = 2,
m+ ml + my = 6. Accordingly we can obtain the following equiva-

lent sequences.

P(7)

]

12 V34578 AN9610 V A

TS() = 11-111111-111 1-6-1

(5) Transforming the sequences for the fault tree with only AND-

gates and OR-gates into those for an equivalent binary tree.

Replace each node element -v (v > 2) with sequence -1-1....-1
(length v) in tree sequence TS(1001) of top event 1001, and then
replace the logic gate of P(1001) corresponding to -v with the se-
quence composed of V logic gates of the same kind. The sequences
obtained are the tree sequence and reverse Polish sequence of the

top event of an equivalent binary fault tree.

If the fault tree has P(Z) and TS(Z) given at the beginning
of this page as P(1001) and TS(1001), then the sequences for an

equivalent binary fault tree are

P(1001)

1

12V 345V 78 A9610V V V V V A

TS(1001) 11-1111-111-~-111 1-1-1-1-1-1-1
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2.6 Treatment of Mutually Exclusive Primary Events

This section explainshow mutually exclusive primary events are
treated in the sequence representation, when they appear in the
fault tree.

Consider an exhaustive set ¢i of o mutually exciusive primary
events. They have the same event number 7 and each of them is
assigned another index number Ty d =1, 2, venes s i.e., they are
represented by (£, 1), (Z, 2), «.ues (Z, ai) (note that they are

represented by E%l’ Eiz’ ceeny Eia-’ respectively, in Chapter 1.

Let Yz be the number of primary events in ¢ which appear in the
fault tree; Y, < 0. If Yz = 1, then primary event (7, Jj) appear-
ing in the fault tree can be represented by only event number z.

Then, in reverse Polish sequence P(T) of top event T, all
events in @ are represented by event number 1. Another sequence
MS(T) 1is prepared to distinguish each of them from others; MS(T)
has the index number J as the element corresponding to event z, J)
if i > 2 and has the value 0 as the element corresponding to each
logic gate or primary event (£, J) in the case of Y; = 1.

For the fault tree of Fig. 1 in Chapter 1, the sequences are

obtained as follows.

PCT) =123V A123 AV V
() = 111-1-1111-1-1-1 (2.6)
MS(T) = 222 0 0333000

For the fault tree of Fig. 5 in Chapter 1, the sequences are

obtained as follows, since Yl = Y2 = Y3 = Y4 = 1 and Y5 = = 2.

Ye

P(T)=2365VV‘V65/\4V2V A1V
TS(F) = 1111-1-1-111-11-11 -1-11-1 (2.7
MS(T) = 00110 0 0220000 0 00O
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To reduce storage requirements, sequences TS(T) and MS(T) can
be maken into one sequence TMS(T) which has as the qth element
the sum of the gth elements of TS(T) and MS(T).

For the sequences of (2.6),
™S(T) = 333-1-1444-1-1-1,
For the sequences of (2.7),

™S(f) = 1122-1-1-133-11-11-1-11-1,

40



Chapter 3

An Efficient Bottom-up Algorithm for Enumerating

Minimal Cut Sets of Fault Tree

This chapter improves the conventional bottom-up algorithm for
enumerating minimal cut sets of fault tree. The improvement is to
reduce the number of checks of redundant terms for the logical
product of two reduced sum-of-product forms. The algorithm for
executing this process is presented and illustrated by an example.
The computational results for several examples are presented to

demonstrate the efficiency of the algorithm.

3.1 Introduction

As stated in Chapter 1, the top event or an intermediate event
can be represented as a Boolean function of primary events derived
from that event, by treating the symbol attached to each event as
a binary variable having the value 1 or O corresponding to the
state that the event has or has not occurred. If the Boolean func-
tion for the top event is coherent, the reduced sum-of-product (s.
0.p.) form is minimal and the set of primary events appearing in
each term is a minimal cut set. It means that all primary events

of a minimal cut set must occur at a minimum for the top event to
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occur. The list of all minimal cut sets is useful for various
probabilistic evaluations, the determination of critical path to
the occurrence of system failure, ete. [ 5, 20, 70] 1If the Boolean
function for the top event is not coherent, the reduced s.o.p. form
ﬁay not be minimal, but it is still a symplified s.o.p. form
useful for fault tree evaluation.

Some algorithms have been presented for obtaining a reduced
s.0.p. form for the top event. They can be classified into two
groups: bottom-up [ 8, 72] and top-down [17, 28, 61]. A bottom-up
algorithm begins with primary events and works upward to the top
event while a top-down algorithm begins with the top event and
works downward to primary events. Either algorithm is based on the
principle of discarding redundant terms from a s.o.p. form to yield
the reduced s.o.p. form.

Genierally speaking, it takes too much computation time for
obtaining all minimal cut sets, as the scale of fault tree becomes
large. This chapter aims to improve the conventional bottom-up
algorithm [ 8] so as to obtain all minimal cut sets more quickly.
The improvement is to reduce the number of checks of redundant
terms for the logical product of two reduced s.o.p. forms. It is
proved that, when the logical product of two reduced s.o.p. forms
is expanded by the distribution rule, one need only check if each
resulting term is absorbed by some terms of two original s.o.p.
forms. Only the algorithm for executing this process is presented
in this chapter; the entire computer program to obtain all minimal
cut sets is given in [55].

Section 3.2 is a general view of algorithm and the detailed
algorithm is given in Section 3.3. Section 3.4 illustrates the
algorithm by an example and Section 3.5 presents the computational
results for several examples to demonstrate the efficiency of this

algorithm.
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3.2 Preliminaries and General View

3.2.1 Preliminaries

Some terms and notation used in this chapter are defined
‘below. Basic terms on fault tree defined in the former chapters

are used in succession.

reduced s.o.p. form s.0.p. form obtained by discarding redundant
terms from a s.o.p. form of Boolean function by applying

the idempotence rule (X V X = X) and absorption rule (X V

XY = X).

Tk reduced s.o.p. forms for two events; k = 1, 2.

" number of terms of Tk'

1,d dummy index for terms of Tk'

Crs set of primary events appearing in term 7 of Tk'

C {ckl, Cpgs +eees cknk}'

A ®B whole set of unions of an element of A and an element of B
for two sets A, B each element of which is a set of pri-
mary events, e.g., Cl ®C, = {cll U cyys =oes Cp U 02n2’
012 U 021, cees 012 U cZn s seey cln U 021, ey cln U

. 2 1 1
e, }.
2n2

e set of primary events currently being checked; c € Cl 8)02.

1%, gk index number for term of T1 or T2 that yields ¢, i.e.,

T reduced s.o.p. form of logical product T1T2.

c set of sets of primary events, each being the set of pri-
mary events contained in a term of T.

$ empty set.
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common primary event primary event appearing in both T. and T,.

1 2
non-common primary event primary event appearing in only one of
Tl and TZ’
absorb ¢ absorbs ¢ if ¢ < c¢_ for two sets ¢_, ¢_ of pri-
p q p q p, q

mary events.

Additional notation is defined in Section 3.3.

In this chapter, the following assumptions are made:

1. Mutually exclusive primary events are allowed to appear
in the fault tree.

2., The Boolean function for the top event need not to be
coherent,

3. Only OR & AND gates are allowed. If logic gates, such as
NOT, XOR, NAND, k-out-of-n, appear in the fault tree, then the algo-
rithm can be applied after transforming it into an equivalent fault

tree containing only OR & AND gates.

3.2.2 General View of Algorithm

The algorithm begins with primary events and repeat, until
reaching the top event, the process of expanding the logical product
(for AND gate) or sum (for OR gate) of reduced s.o.p. forms for two
causative events into a s.o.p. form by the distribution rule and
then discarding redundant terms by applying the idempotence and
absorption rules to yield an equivalent reduced s.o.p. form. This
structure is known as a bottom-up algorithm [ 8, 72]. Our algorithm
has also this.structure.

The logical combination of two reduced s.o.p. forms having ny
and nz terms yields a s.o.p. form having n, X n, terms (for a pro-

1 2
duct) or ny + n, terms (for a sum) by applying the distribution
rule; thus there are a sharp increase of terms in the expansion of
any combination. All pairs of terms must be checked against each

other by applying the idempotence and absorption rules. Since, for
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a product, the total number of pairs of "y X n, terms is hlnz X
(nln2 - 1), the number of checks by two rules becomes steeply
greater as nk increases. Thus the checking for products would
dominate the computation time, especially for a fault tree having
AND gates near the top. The conventional bottom-up algorithms

[ 8, 72] do not take notice of this fact. Accordingly it is
desired to shorten the computation time of expanding and checking
for logical product; hence, our effort is focused on this point.

Consider the process of obtaining T from the logical product
TlTZ' Each primary event appearing in Tl’ T2 is classified into
either common primary event or non-common primary event. The algo-
rithm for obtaining C is based on the following principles.

1. If ¢ contains only non;common primary events, then ¢ is
always an element of C. Thus it is not necessary to check ¢ at
all.

2. 1f ¢ contains at least one common primary event, then only
elements of a subset of Cl ] 02 are required to check c.

The use of these principles appreciably decreases the number
of checks. The theoretical limit to the number of checks by our
algorithm is nn, X (n1 + ny - 1) while that by Bennetts' algorithm
[ 8] is nyny X (n

next section.

12 ~ 1). The detailed algorithm is given in the

3.3 Algorithm

3.3.1 Partial Algorithms

In this éection, the algorithm, called ANCHEK, is presented
for obtaining the reduced s.o.p. form T of logical product T1T2,
i.e., yielding C from Cl, Cz. Then the algorithm (called ORCHEK)
presented by Bennetts [ 8] for obtaining the reduced s.o.p. form
of logical sum T1 U T2 is modified. These algorithms are the}parts

of the entire algorithm for obtaining all minimal cut sets.
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ANCHEK Algorithm:

Step 1. Classify primary events appearing in Cl, 02 into

common and non-common primary events.

To do this, obtain set (c11 U iy U.... U clnl),n (ch U Cop

U.... U Con ). The elements of this set are common primary events.
2

Other primary events are non-common.

Step 2. Partition Ck (for k = 1, 2) into three sets Cka’ Ckb’

Ckc'

Cka: the set of elements of Ck containing only common primary

events.

Ckb: the set of elements of Ck containing both common and

non-common primary events.

Ckc: the set of elements of Ck containing only non-common

primary events.

Step 3. Find the following sets from c

la’ "2a’ Clb’ Czb'
F : the set of elements which are in both Cla and CZa'
Fka (or Fkb): the set of elements of Cka (or Ckb)’ each of

which could be absorbed by at least one element of C(3—k)a' - Do
for k = 1; 2.

14 - - ! = - =
Step 4. Let cka = Cka (F U Fka)’ Ckb = Ckb Fkb for k
1, 2. Then set C is obtained by the following 6 checking rules.
4,1 Forc € (F | Fla U Flb U an U sz), c € C.

Ck for k = 1, 2 and check
a

! !
4.2 TFor c € Cla ® CZa’ let Dk

¢ by Subroutine RULEA.
! ! 2 ! =
4.3 For c € Cla ® CZb (or c € Clb ® CZa)’ let Dl = Cla (or
D1 = Cla U Clb), D2 = CZa U CZb (or D2 = CZa) and check ¢ by Sub-

routine RULEA.
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' ! = = -
4,4 For c € Clb ® CZb’ 1etka = Cka U Ckb for k = 1, 2 and

check ¢ by Subroutine RULEA.

] H4 ! !
4.5 TFor c € Cle ® (CZa 1] Czb) (or ¢ € (Cla U Clb) ® 020), let

D = Clb (or D CZb) and check ¢ by Subroutine RULEB.

4.6 For c € Clc G)Czc, ¢ ¢ C if ¢ contains two or more mutu-

ally exclusive primary events. Otherwise ¢ € C.

Subroutine RULEA:

Step 1. 1f ¢ contains two or more mutually exclusive primary
events, then ¢ £ C and return to ANCHEK. Othérwise set k < 1,
7 < 1 and go to Step 2.

Step 2. 1f ¢, € Dk and ¢, - # ey for k=1 (e, # Cp i for
k = 2), then check ¢ by Crs using the following 4 sub-rules. Other-
wise go to Step 3.

a. IfckiccandckiUc ccfork=l(cli*Uckicc

2%
for k = 2), then ¢ ¢ C and return to ANCHEK.

b. If ckiccand e Ve =c, 1 < 1% fork=1(cli*uck7:

Zj*
e, 1<j* for k = 2), then ¢ # C and return to ANCHEK.
Zj’*
e, 1>4*% for k = 2), then store ¢y, as an element of set Ski* for
k=1 (Skj* for k = 2) and go to Step 3.

d. 1If clict ¢, then go to Step 3.

= ; L% = .
c. If eS¢ and Crs Ue e, 1 >1*x fork =1 (cli* U s

Step 3. If k=1and 7 = ns then set K + 2, © < 1 and go to
Step 2. If kK'=2 and 7 = Mos then go to Step 4. Otherwise set
2« 7+1 and go to Step 2.

Step 4. 1f Sli* # 0, Szj*
, then ¢ ¢ C. Otherwise ¢ € C. Return to

# ¢ and ¢ is not equal to at least
one element of Sli* ®S
ANCHEK.

zj*
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Subroutine RULEB:

Step 1. 1f ¢ contains two or more mutually exclusive primary

events, then ¢ ¢ C and return to ANCHEK. Otherwise go to Step 2.

Step 8. 1If c¢ is absorbed by at least one element of D, then
c ¢ C. Otherwise ¢ € C. Return to ANCHEK.

The proofs of 6 checking rules in Step 4 of ANCHEK are given
in Appendix C. The logical product Tsz can and might contain
mutually exclusive primary events. Mutually exclusive primary
events need not be distinguished from non-mutually exclusive
primary events, except that ¢ is deleted if ¢ contains two or more
mutually exclusive primary events. (See Step 1 of Subroutines
RULEA, RULEB.)

Upon tranéforming the logical.sum of two reduced s.o.p. forms
Tl’ T2 into an equivalent reduced s.o.p. form, ORCHEK algorithm
presented by Bennetts [ 8] is modified so as to check each term of
Tl only by the terms of T2: this treatment is proper because the
terms. in areduced s.o.p. form do not absorb each other. This tech-
nique seems to be more effective than preordering the terms of
Tl ) T2 into an ascending order of number of primary events in each

term,

Modified ORCHEK Algorithm:

Step 1. set © < 1, J <+ 1.

Step 2. If C1; < czj, then put ch in set Sz.and go to Step: 3.
If ey > ezj, then put 1z in set Sl and go to Step 5. If Cy; =
czj’ then put 1z in sets Sl, Sz, S and go to Step 5. Otherwise

go to Step 5.

Step 3. 1f § = Mys then go to Step 5. If j # Mys then set
J«J + 1 and go to Step 4.

48



Step 4. If czj € SZ’ then go to Step 3. If ch ¢ Sz, then

go to Step 2.

Step 5. If i =n
1«7+ 1.

1° then go to Step 6. If 7 # nis then set

If C14 € Sl’ then repeat Step 5. If ¢

and go to Step 4.

1 ¢ Sl’ then set J « 1

Step 6. Stop. Primary events contained in each element of
set (C1 - Sl) U (02 - Sz) U S compose a term of the reduced s.o.p.
form of Ty v T,-.

3.3.2 Overall Algorithm

The basic operation of algorithm is to obtain the reduced
s.0.p. form of the output of a gate from the reduced s.o0.p. forms
of its inputs. ANCHEK algorithm is applied for AND gate and
modified ORCHEK algorithm for OR gate; since each algorithm operates
on two reduced s.o.p. forms at a time, it is applied (L - 1) times
for a gate with 7 inputs.

The order of applying the above basic operation begins with
the lowest gate of the fault tree and proceeds toward upper gates
successively. This process is realized by the list processing
technique using reverse Polish sequence and tree sequence presented
in Cﬁapter 2. This structure of overall algorithm is same as
Bennetts' algorithm [ 8] in principle, except that Bennetts uses
MULTIPLY & ORCHEK algorithms for AND gate and ORCHEK algorithm for
OR gate as the.basic operation. The flow chart of overall algorithm
is shown in Fig. 9..
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3.4 TIllustration of Algorithm by Example

ANCHEK algorithm presented in Section 3.3 is illustrated by
the example of fault tree of Fig. 10 with 16 primary events which
‘are represented by integers from 1 to 16.

" Now consider the stage that the reduced s.o.p. forms Tl’ T2

for two intermediate events E,, E, have been obtained.

1’ “2
The elements of Cl are:
¢q = {2,5}, ey = {3,6,10}, 15 = {10,161}, e, = {2,3},
s = {3,6,14}, g = {5,10,11}, 5 = {8,9,13}, cig = {1,6}.
The elements of 02 are:
ey = {3,_6}, Cyy = {4,12}, Cyy = {1,6,14,15}, oy = {7,8,13},
Cys = {7,12,15}, Crp = {2,3}.

The results obtained by the steps of ANCHEK algorithm are
shown below; in Step 4, the number in parens. is the number of

checks by using RULEA or RULEB.

'SteR 1. The common primary events are 1, 2, 3, 6, 8, 13, 14 and
the non-common primary events are 4, 5, 7, 9, 10, 11, 12, 15, 16.
Step 2. Cy, = {014, 3P é18}’ Cip = {cll, Y 017}, Cip = {013,

= { }, ¢ { 1.

ciels Cog = {egqs eagls Cop = {eggs cpuds Cpy = Hegys 59

Stép 3. F = {614 (equal 026)}’ Fla = {015}’ Flb = {012}’ an = ¢,

Fop = {023}.

' = [ - | S—— ' =
Step 4. (], {018}’ Coa {021}, iy {cll’ 017}, ¢y {024}.

4.1 Let ec., €C, c e C, 023.6 C.

12 14 15
4.2 ¢gU ey = {1,3,6} € C, (3).

€eC, c
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= {3,6,8,9,

4.3 cig U ey, = {1,6,7,8,13} € C, (5). ¢;5 U cyy
13} € C, (6). eq; U cyy = {2,3,5,6} = 4 and ¢;; U e,y
> ¢y U G5y 2

bih cyq Uy, = {2,5,7,8,13} € C, (8). ¢y5 U Gy = {7,8,9,13}
€ C, (8).

4.5 eq4 U ey, = {7,8,10,13,16} € C, (3). c;c U ¢y, = {5,7,8,

10,11,13} € C, (3). = {1,4,6,12} € C, (2).

cig U ¢9y

{1,6,7,12,15} € C, (2). = {2,4,5,12}

c1g U 95 = c13 U @2
e C, (2). epy U o5 = {2,5,7,12,15} € C, (2). ¢y5 U Cyy

= {4,8,9,12,13} € C, (2).

= {3,6,10,16} = ¢ (2). ey Uy = {3,5,6, .

¢33 U ©p3 12°
10,11} = Cypo (2). cy5 U ey = {7,8,9,12,13,15} = Coys

(2).
4.6 Let ¢y U eyy = {4,10,12,16} € C, 13 Ueys = {7,10,12,15,
16} € C, 16 U ey, = {4,5,10,11,12} € C, c1g U @5 = {5,7,

10,11,12,15} € C.

Thus C has 20 elements. The total number of checks in Step 4 is

54, Steps 1 & 2 are executed by bit by bit AND/OR operations among
binary forms having 16 bits, each corresponding to a primary event,
by using bit manipulation technique [71]. The number of AND/OR
operations is 13 for Step 1, 14 for Step 2. Step.3 requires 50
additional checks to obtain F, Fla’ F2a’ Flb’ sz. Thus our algo-
rithm requires 104 checks and 27 AND/OR operations. For comparison,
Bennetts' algorithm [ 8 ] requires 534 checks without preordering
elements of Cl ® CZ into an ascending order of number of primary
events of each element, and requires 221 checks even if the pre-

ordering is performed (the additional checks for preordering are
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not counted). From these facts, the efficiency of our algorithm

is apparent.

3.5 Computer Program and Computational Results

We have constructed computer program BUP-CUTS (§§ttomﬁgg algo-
rithm for enumerating minimal CUT Sets of fault tree) in FORTRAN
language. The program uses the algorithm presented in Section 3.3.
BUP-CUTS program is fully given in [55]. The input and output for
the example of Fig. 10 are shown in Fig. 11. The list of top event
or each intermediate event must be given as data input along with
the number of sons, members of sons (listed in order from the left-
most son) and the logic gate, where primary events are represented
by numbers 1, 2, 3, ... (less than 1000), top event by 1001, inter-
mediate events by numbers more than 1001, AND gate by -2 and
OR gate by -3. 1If mutually exclusive primary events appear in the
fault tree, then the list of their groups must be also given as
data input. '

For comparison, we have also constructed another computer
program BEN-CUTS which follows Bennetts' algorithm [ 8 ] wholly.
Both programs use bit manipulation technique [71] to reduce comput-
ation time and storage requirements.

Both programs have been tested on a FACOM 230-38; the process-
ing speed of this computer is several 10's of order slower than
large digital computers (e.g., FACOM M~190). In Table 4, the com-
putational results of BUP-CUTS program are given along with the
results of BEN-CUTS program. Table 4 apparently.indicates that
BUP-CUTS is efficient and the efficiency becomes noticeable with
decreasing number of repeated primary events (which means primary
events appearing more than once in the fault tree).

Our algorithm is not compared with Worrell's algorithm [72]
and conventional top~down algorithms [17, 61] for the following

reasons.
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RNt [NPUTH#E 088888

UPPER LIMIT TO NUMBER OF MINIMAL CUTSETS = 3000
NUMBER OF PRIMARY EVENTS
NUMBER OF TOUP EVENT AND [NTERMEDIATE EVENTS = 26

16

EXISTENCE CF MUTUALLY EXCLUSIVE EVENTS = 0
LIST OF TOP EVENT AND INTERMEDIATE EVENTS
1001 ( 2) = 1002#1003%# =2%

1002 ¢ 2) = 1004#1005%# =3%

1003 ( 2) = 1016#1017# =3+

1004 (¢ 2) = 1006#1007# =3#

1005 ( 2) = 1012#1013#% =3+«

1006 ( 2) = 2#1008% =24%

1007 ¢ 2) = 6#1009% =24

1008 ¢ 2) = 3w 5 =3

1009 ¢ 2) = 1#1010» =34#

1010 ¢ 2) = 3#1011% =2+

1011 ¢ 2) = 10#  14%  =3#

1012 ¢ 2) = 10#1014% =2#

1013 ¢ 3) = 8% On 13% =24
1014 ¢ 2) = 16#1015% =3+

1015 ¢ 2) = 5¢ 11% =2

1016 ( 2) = 1018#1019% =3#

1017 ¢ 2) = 1024#1025% «=3+#

1018 ( 2) = 1020+ I =2x

1019 ¢ 2) = 1021+ Ta =2«

1020 ( 2) =  2a 6% =3

1021 ( 2) = 1022#1023# =3+

1022 ¢ 2) = Ba 138 =2

1023 ( 2) = 128 15# =24

1024 ¢ 2) = 4 12w =2#

1025 ¢ 2) = 1#1026% =24

1026 ( 3) = 6% 14% 154 =2u

RNk wututROUTPUT #3050 0090 52¢

TOTAL NUMBER OF MINIMAL CUTSETS = 20
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Table 4

Comparison of Computation Times between BUP-CUTS and BEN-CUTS

Example Number of Number of Number of Computation Time
Number Primary Events Repeated Minimal (sec)
Primary Events Cut Sets BUP-CUTS BEN-CUTS
1 16 0 256 0.5 11.7
2 16 4 256 1.9 14.0
3 16 8 240 0.8 10.7
4 16 16 90 17.3 26.9
5 20 20 357 39.7 150
6 30 15 134 2.6 9.7
7 51 5 457 4.5 118




i. Worrell's algorithm is based on the same principle as

Bennetts' algorithm.

ii. At each intermediate stage of implementation of algorithm,
a top-down algorithm has a s.b.p. form containing not only primary
évents but also intermediate events. Accordingly, the combined
treatment of primary events and intermediate events is required
at each intermediate stage. Hence, a top-down algorithm is more
disadvantageous for saving computation time and storage requirement
than a bottom-up algorithm that has a s.o.p. form containing only

primary events at any stage. Rosenthal [62] has given similar

discussions lately.
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Chapter 4

A Method for Probabilistic Evaluation of

Fault Tree

This chapter presents a method for executing probabilistic
evaluation of fault tree efficiently through the combined use of
reverse Polish sequence and tree sequence. The method is based on
the strategy of first obtaining the symbolic form of top event
probability and then computing the top event probability from that
symbolic form. Storing the symbolic form makes easy repeated
computations of top event probability and sensitivity analysis,
This method can extendedly be applied for fault tree containing

mutually exclusive primary events.

4.1 Introduction

On executing probabilistic evaluation of fault tree by the
Boolean approach, the main efforts have been made‘to generate a
minimal or near-minimal sum-of-product form of the Boolean function
relating the top event to primary events, and then, to implement
computations by applying successively the addition rule in proba-
bility theory [69] or by generating an equivalent disjoint sum-of-

product form [ 8, 16]. For a large scale fault tree, however, the



minimal or near-minimal sum-of-product form is so lengthy that one
has been obliged to settle for approximate results, even though a
list processing technique is used following Bennetts [ 8]. Koen
and Carnino [32] have analyzed binary fault trees by repeating the
.operations of identifying the pattern of subsequence contained in
the reverse Polish sequence and replacing the pattern with an ele-
ment. But this method is not effective to the analysis of fault
tree containing repeated primary events since the number of patterns
becomes very large.

The method presented in this chapter aims to give the exact
value of the probability of occurrence of the top event (top event
probability), providing an efficient algorithm that implement com-—
putations through the combined use of reverse Polish sequence and
tree sequence.

This method is based on the strategy of first obtaining the
symbolic form of top event probability and then computing the top
event probability from that symbolic form. Storing the symbolic
form makes easy repeated computations of top event probability and
sensitivity analysis. The feature of the method is to repeat
recursively two stages, i.e., partitioning fault tree into mutually
independent fault trees and reducing fault tree by applying Bayes'
theorem, and to reduce the problem to the computations for simple
fault trees. The method éan extendedly be applied for fault tree
containing mutually exclusive primary events.

Section 4.3 provides the method for obtaining the reverse
Polish sequence and tree sequence of the symbolic form of top event
probability from the sequences of top event. Section 4.4 presents
the algorithm for computing the top event probability from the
symbolic form. Section 4.5 considers the sensitivity analysis and
the treatment of mutually exclusive primary events. Section 4.6
demonstrates the computational results for the containment spray
injection system of PWR nuclear power plant [68] obtained by com-

puter program ALFAT of this method.
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4,2 Preliminaries

4.2.1 Assumptions and Definitions

In this chapter, the following assumptions on the model of
fault tree are made: .

1. Only OR, AND and k-out-of-n (k/n) gates are allowed (K #
1, n). If logic gates, such as NOT, XOR, appear in the fault tree,
then it can be transformed into an equivalent fault tree
containing only OR, AND and k/n gates by using inversion operations
by de Morgan's theorem.

2. In Sections 4.3 & 4.4, we assume that the fault tree
contains only independent primary events and no mutually exclusive
primary events. This assumptions are relaxed in Section 4.5.

3. The Boolean structure function for the top event need not

be coherent.

Since basic terms on fault tree are defined in Chapter 2,
only other terms are defined here.

A repeated primary event is defined as a primary event that
appears more than once in the fault tree. Each repeated primary
event is classified into a generation: if a repeated primary
events appears in two or more fault subtrees of ome gth generation
intermediate event and does not appear anywhere else, it is called
a gth-order repeated primary event.

For the fault tree of Fig. 12, event 2 is a first-order
repeated primary event since event 2 appears in two subtrees of
top event 1001 (first generation event) which are derived from
events 1002 and 1003. Events 8 and 9 are second-drder repeated
primary events since events 8 and 9 appear in two subtrees of
event 1005 (second generation event) which are derived from events
1008 and 1009.

A simple fault tree [41] is a fault tree that contains no

repeated primary events.
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The symbol F is used for the fault tree which is attended to
at each stage of this method. Let T be the top event of F and A
be the logic gate of T'. T (or Ei) is also used as binary variable
having the value 1 if the top event T (or event %) has occurred
"and 0 otherwise. )

Two or more fault subtrees of T are called to be mutually
dependent if they are mutually related through one or more first-
order pepeated primary events; e.g., three fault subtrees FSl,
FSZ’ FS3 of T are mutually dependent if ESl, F32 contain a first-
order repeated primary event and FSZ’ FS3 contain another one.

1001

,J\
| ; At |

1002 1003 1004 1005

1006 1007 e 0 1008
0
{
{
I
[]
]
) )
{

]
A
[
. Ve I~ ~— )
First Class Third Class
Fig. 12 Example 1 of Fault Tree Second Class
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Fault tree F can be partitioned into fault trees of the
following three classes.

First class: If A is AND or OR géte, then the fault tree
obtained by joining mutually dependent fault subtrees of T at gate
A is of the first class. If A is k/n gate and F contains one or
more first-order repeated primary events, then the whole of F is
of the first class. For the fault tree of Fig. 12, the fault tree
obtained by joining at AND gate two fault subtrees of top event
1001 that are developed below intermediate events 1002 and 1003
is of the first class, since those fault subtrees are mutually
dependent, i.e., they are mutually related through the first-order
repeated primary event 2. -

Second class: A second class fault tree is a fault subtree
of T that contains one or more repeated primary events in itself
but no first-order repeated primary events of F.(excluding the case
where A is k/n gate and F is of the first class). For the fault
tree of Fig. 12, the fault subtree of top event that 1s developed
below event 1005 is of the second class, since it contains the
second~order repeated primary events 8, 9.

Third class: A third class fault tree is a fault subtree of T
that contains no repeated primary events of F. This fault tree is
a simple fault tree. For the fault tree of Fig.lZ, the fault sub-
tree of top event that is developed below event 1004 is of the
tliird class.

4.2.2 Symbolic Form of Top Event Probability

The top évent probability is expressed ‘as the function of the
probabilities p; of occurrence of primary events 2, £ = 1, 2,.....
The symbolic form of top event probability is a computer-oriented
expression of this function; it is represented by using primary
event numbers and basic operators of five kinds, viz., arithmetic
sum +, difference - & product X, logical sum V and k/n logic oper-

ators. In the computer processing, the reverse Polish sequence
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and tree sequence of the symbolic form are used; in the reverse
Polish sequence, arithmetic sum, difference & product may be ex-—
pressed by integers 0, -1, -2, respectively, and logical sum & k/n
logic operators by the same integers as Table 2, as shown in Table 5.
‘The direct form of top event probability is defined as the form
that is expressed by using primary event probabilities p; and
only arithmetic operators +, -, X,

Table 5 is the comparative table of the symbolic form
revese Polish sequence & tree sequence and the direct form for the
probability of occurrence of event ¢ obtained by performing basic
g3 seees in.
The symbolic form of top event probability is a combination

operation on events'il, z

of basic operations shown in Table 5. For example, consider the

symbolic form for top event T.
T=(1.0-2)x@V3V4+2x2/3(1x5, 4, 6) (4.1)

This symbolic form is equivalent to the tree structure composed of

the gates of basic operators such as shown in Fig.13 [31].

T

| |
/ \v z/ \2/3
VAN N VAN
1.0 2 1 3 4 ]/"\54

Fig. 13 Tree Structure Equivalent to Symbolic Form (4.1)
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v9

Table 5 Symbolic Form and Direct Form for Basic Operations
Basic . Reverse Polish Sequence PS(:) .
Operation Symbolic Form & Tree Sequence TSS(%) Direct Form
Arithmetic .. . (0)
. i iy b PS(Z) = iy dy eeen B 4 b, =p, tp, 4 +p,
um TSS(2) =1 1 ... 1 -(n-1) 1 2 n
Arithmetic . PS(Z) = 44 2 D
=1 -1, 172 p; =p; - Pp;
Difference TSS(2) =1 1 -1 1 2
. . . .. . (=2)
Arithmetic . . PS(Z) = 4y 20 vvv. 7. °X
=1, X T, X . Xz 172 n P: =p. Ps D
Product 1772 7 11ss(2) =1 1 R RV B e 7 IRTE
(-3)
. Yoo . p,=1-(1-p.)1-p.)
Logical i] v iz VoY in PS(Z) iy 2y veen TV Z i Z
Sum TSS(Z2) =1 1 .1 =(n-1) (]-pi )
n
Pi =Zj=kzpz Pa,  Pg
. . . (=m) 1 °2 g
_ PS(Z) = iy iy T, k/n x (1 -pzj+])...(] -pzn)
k/n Logic .. . .
v = k/n(Zqs 2oy eueusz ) [TSS(Z) =1 1 1 -(n-1) , .
Operation 1° %2 n where {z], Boseies zn} is a
where permutation of {1, 2,...., n}
2C -5, +8 and the second summation is
m = +k + 1 taken over all combinations
2 {375 3oy ..., 3,} of k events
1* =2 k
out of {1, 2, ..., n}.




The reverse Polish sequence PS(T) and tree sequence TSS(T) of
symbolic form (4.1) are obtained by applying the successive substi-

tutions similar to Section 2.3 to the tree structure of Fig.13,

PS(T)

10002 - 134 V X 215 X 46 2/3_X +

TSS (1)

1 1-1111-2-1111-111-2-1-1

In the reverse Polish sequence, the value 1.0 is represented by
1000.

The direct form of top event probability P is:

Pp= 1-py))x{1-@Q-p)QA-py)A-pY}t+p,x{(1-pplp,pe
+ piPs(1 = PPy + PyPsP, (1 = Pg) + P1PsP P}

The feature of the symbolic form exists in using logical sum
and k/n logic operators without transforming them into equivalent
arithmetic operations. Storing the symbolic form in a computer
is useful for repeated cbmputations of top event probabilities and
saves memories since the symbolic form is shorter than the direct
form. The top event probability can be computed through the last-
in first-out push-down stack processing using the reverse Polish

sequence and tree sequence of symbolic form, as shown in Section
4.4,

4.3 Method for Obtaining Symbolic Form of Top Event Probability

In this section a method is presented for obtaining the
sequence representation of symbolic form of top event probability
from the sequence representation of top event defined in Chapter 2.
This method is based on the principle of repeating partition and
reduction of fault tree recursively until reaching symbolic forms

of simple fault trees. 1In what follows, three basic stages of this
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method, i.e., partition, reduction & symbolic form of simple fault
tree, and the overall algorithm are explained. In Sections 4.3 & 4.4,
logic gates in reverse Polish sequences are expressed by integers

such as shown in Tables 2 & 5, with a mind to using a computer.

4.3.1 Basic Stages of Method

Stage 1: Partition of Fault Tree

As shown in 4.2.1, fault tree F can be partitioned into fault
trees each of which belongs to some of three classes.

Let F (r=1, 2, /o.., Ly L £ L, where 1 is the number of
sons of T) be the fault trees obtained by partioning ¥, and Tr be
the top event of Fr' Fault trees FP are mutually independent, and
the fault tree obtained by joining all fault trees Fr at logic
gate A is equivalent to F. (If L = 1, then F, is equal to F.)

If A is AND gate, then

1

L

prir =1} = W .,

Pr{r = 1}. (4.2)
The symbolic form of (4.2) is
T'=1T,XT, X..... X T (4.3)

PS(T) and TSS(T) are represented by the following relations.

PS(T) = PS(T)) PS(T)) ..... PS(T,) -2
L (4.4)
ISS(T) = TSS(T)) TSS(T,) ..... TSS(T,) -(I-1) |
If A is OR gate, then
_ _ L
Pr{l = 1} = 1 - Moo=y (- Pr{T, = 1D. (4.5)
The symbolic form of (4.5) is
T = 1& v 1& V..... v TL. (4.6)
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Then PS(T) is
PS(T) = PS(Tl) PS(TZ) ..... PS(TL) -3. . .7)

TSS(T) is same as (4.4).
If A is k/L gate, then

_ _ L _ _ -
Pril = 1} = 27,2 Pr{Tzl = 1} Pr{TZZ =1} ..... Pr{ng = 1}
(4.8)
x(1 - priT =1} ..... (1 - pr{T. =1},
Zr41 2,

where {zl, Zys “es zL} is a permutation of {1, 2,

.o zg, zg+l,
..., L} and the second summation is taken over all combinations

{zl, Bos ceees zg} of £ events out of {1, 2, ...., L}.

The symbolic form of (4.8) is

T = k/L(Tl, TZ’ ’ TL)- (4.9)
Then PS(T) is
PS(T) = PS(Tl) PS(TZ) ..... PS(TL) -m, (4.10)

where -m is the representation of k/L gate (See Tables 2, 3 of
Chapter 2). TSS(T) is same as (4.4).

Accordingly the problem of computing Pr{T = 1} is decomposed
into the problems of computing Pr{TP =1}, r =1, 2, ...., L.

The partition of F is implemented by identifying the sons of
tree sequence ‘TS(T) by algorithm A.2 presented in Section 2.5 and
then finding repeated primary events in the subsequences of reverse

Polish sequence P(T) corresponding to those sons.

Stage 2: Reduction of Fault Tree

When Bayes' theorem is applied to a first-order repeated

primary event 7 of a first-class fault tree F, we obtain
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Pr{T = 1} = Pril = 1/E; = 0kx(1 -p,) + Pr{T = 1/E, = 1kp,.
(4.11)

Accordingly the problem of computing Pr{T = 1} is decomposed
into thebproblems of computing top event probabilities of two fault
trees obtained by setting Ei = 0 and Ei =1, respectively, and
reducing F by using the identities 1 VX =1, 1A X=X,0V X =X,
0AX=0,k/nQ, a, a,, no1) = (k-D/(-1(a;, ays ovns a, g)
(if k¥ = 2, then the right hand side is equal to a1 ) a, vV ...V an;l)’
k/n (0, Ay Ays n—l) = k/(n—l)(al, ays
then the right hand side is equal to g A Gy A ee A an—l)'

Let TO’ Tl
Then, the symbolic form of (4.11) is

.y a

. a e a, ;) (f k=n-1,

be the top events of two resulting fault trees.

T = Zb X (1.0 = 17) + T1 X 7. (4.12)

PS(T) and TSS(T) are represented by the following relationms.

]

PS(T) PS(TO) 1000 ¢ -1 -2 PS(Tl) -2 0

(4.13)
TSS(T) = TSS(T,) 1 1 -1-17TSS(T) 1-1-1

The algorithm is presented below for implementing this reduc-
tion process by using reverse Polish sequence P(T) and tree sequence

TS(T).

(AL.1) Algorithm for Reducing P(T) and TS(T) with Respect to

Primay Event 7:

Let E be the element of TS(T) corresponding - to event % in
P(T). Find the ascending path from E by algorithm A.3 in Section
2.5, and then let AS(Z) be the sequence of elements of P(T) corres-—
ponding to this ascending path.

1) If AS(Z) =7 -m ..... (m 2 4):
As shown in Tables 2 & 3 in Section 2.3, element -m means

k/n gate; k and n are obtained from m as follows.
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no= 2+ [——-—-—-’8(’"’2‘*)“ + %] (4.14)
n2-5n+8 '
k = m- ———————-2 -1 (4-15)

[2] is the maximum integer not greater than x. Egs. (4.14) and
(4.15) are proved in Appendix D.

Let -Y be the element of TS(T) corresponding to -m.

When setting Ei = 1: Change -y into -(y-1) in TS(T). 1If
k > 2, then change -m into -(m-n+2) in P(T), where element
-(m-n+2) means (k-1)/(n-1) gate. If k = 2, then change -m
into -3 (OR gate) in P(T).

When setting Ei = 0: Change -y into —-(y-1) in TS(T). If
k # n - 1, then change -m into -(m-n+3) in P(T), where element
-(m-n+3) means k/(n-1) gate. If k = n - 1, then change -m
into -2 (AND gate) in P(T).

If AS(2) =12 -3 -3 ... =3 -m .... (m=2o0rmz24):

Let Vv, be the number of OR gates (-3) which appear in suc-
cession after 7 in AS(Z), and let Ga, Gb be the first and last
of v, OR gates, respectively. Let -0, -B, -Y be the elements
of TS(T) corresponding to Ga, Gb’ -m, respectively.

When setting Ei = 1: Remove the tree subsequence whose
representative element is -B and the corresponding subsequence
of P(T) from TS(T) and P(T), respectively. If Yy = 1, then
remove -Y in TS(T) and -m in P(T). 1If Yy 2 2, then change -Y
into -(y-1) in TS(T). If m 2> 4, then compute 7, k by Egs.
(&.14), (4.15); change -m into -(m-n+2) in P(T) if k > 2, and
change -m into -3 in P(T) if k = 2. 1If i is followed, in AS(Z),

by only OR gates without appearance of -m, then remove P(T),
TS(T) and set T = 1. ‘

When setting Ei = 0: Remove event © in P(T) and the corre-
sponding element in TS(T). If a 2 2, then change -0 into -(a-1)
in TS(T). 1If a = 1, then remove -0 in TS(T) and Ga in P(T).
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3) If AS(Z) =12 -2 -2 ... =2 -m ... (m 2> 3):

The algorithm is same as 2), on condition that it is read
by changing terms AND gate, OR gate, Ei = 0, Ei =1, T =1 into
OR gate, AND gate, Ei = 1, Ei = 0, T = 0, respectively and
changing the underlined sentence into "change -m into -(m-n+3)

in P(T) if Xk # n - 1, and change -m into -2 in P(T) if k = n-1".

When M first-order repeated primary events (M > 2) are contained
in F, the process of applying AP-1 successively to all those events
yieldleM reduced fault trees, i.e., fault trees free of first-order
repeated primary events. Hence the number of resulting reduced fault
trees extremely increases with M. The following algorithm reduces
the number of resulting reduced fault trees by appropriately choosing

the order of applying AL-1 to first-order repeated primary events.

(AL-2) Algorithm for Obtaining Reduced Fault Trees from F:

Step 1: Put F as Fc’ then set p <« 1, ¢ « 1, ‘and go to Step 2.

Step 2: 1f Fc contains two or more first-order repeated primary
events, then go to Step 3.

If Fb contains only one first-order repeated primary event, then
put that event as sp and go to Step 4.

If Fé contains no first-order repeated primary event, then Fe is
qth reduced fault tree of F; then set g « g + 1, p « p - 1, and go to
Step 5.

Step 3: Let eu,11= 1, 2, ..., K be the first-order repeated
primary events of Fc’ For each event eU’ let hl(u)'(or ho(u)) be the
number of first-order repeated primary events of eu which are changed
into non—first-order by setting Eeu =1 (or Eeu = 0) and implementing
the reduction by AL-1. Then choose from {el, ez, cees eK} the event
that has the maximum value of hl(u) + ho(u). Put that event as sp
and go to Step 4.
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Step 4: Set Vb = 0, Esp =0 and implement the reduction of Fc
by AL-1. Reset the resulting fault tree as Fc’ and go to Step 2.

= Vl, E =1V

Step 5: 1f V_ = 0, then reset V_ = 1. Set E ,
P p 8 89 2

1

ooy Es = Vb and implement the reduction of F by applying AP-1

P .
repeatedly. Reset the resulting fault tree as Fc’ then set p « p + 1
and go to Step 2.
If Vb = 1and p # 1, then set p « p - 1 and repeat Step 5.

If V? = 1 and p = 1, then stop.

Stage 3: Symbolic Form of Top Event Probability of Simple Fault Tree

For a simple fault tree F, reverse Polish sequence P(T) and tree
sequence TS(T) of top event are diverted as PS(T) and TSS(T) of the
symbolic form of top event probability, respectively, for the follow-
ing reasons.

The inputs of each logic gate are mutually independent since F
contains no repeated primary events. The top event probability is
hence obtained by applying'successively from bottom up the probabil-
ity computation rules for logic gates with independent inputs given
in Eqs.(4.2), (4.5), (4.8). Accordingly the symbolic form of top
event probability is obtained from the Boolean function for top event
T simply by changing each logical product into the arithmetic product.
This means that PS(T) and TSS(T) are equal to P(T) and TS(T),respect-

ively, since the arithmetic product is represented by -2 in PS(T).

4.3.2 Overall Algorithm

The overall algorithm for obtaining the symbolic form of top event
probability of the original fault tree is as follows:

Step 1: Put the given fault tree as F, then set u « 1, ru « 1,
and go to Step 2.

Step 2: Implement the partition of F by Stage 1. Put the

resulting fault trees Fr as F(u, »), »r =1, 2, ...., L. Set Lu <« L,
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and go to Step 3.

Step 3: Put F(u, ru) as F. 1If F is of the first class, then
set qu + 1 and go to Step 4. If F is of the second class, then set
u+u+1, Pu < 1, and go to Step 2. If F is of the third class,
then go to Step 5.

Step 4: Generate the quth reduced fault tree of F by algorithm
AP-2 in Stage 2, and reset it as F. If F is a simple fault tree,
then go to Step 5. If not so, then set u « u + 1, r o« 1 and go to
Step 2,

Step 6: Put sequences P(T) and TS(T) of top event T of F as
sequences PS(T) ans TSS(T) of symbolic form of top event probability,
respectively, by Stage 3, and go to Step 6.

Step 6 Put F(us ru) as F. 1If there exist no more reduced
fault trees of F, then go to Step 7. If not so, then set q, « 4, +1
and go to Step 4.

Step 7: 1f r, # Lu’ then set r, er, + 1 and go to Step 3.

If r, = Lu and u # 1, then set u « ¥ - 1 and go to Step 6. If r =
Lu and # = 1, then obtain the sequence representation of symbolic
form of top event probability of original fault tree by substituting

the result of each stage into the equivalent event.

This algorithm uses a backtracking technique to implement the
method effectively. For the example of Fig. 14, the process of
reaching simple fault trees by the method is illustrated in Fig. 15.
For this example, the procedure of method is followed corresponding
to the above steps.

1. (Step 1-3) Put the fault tree of Fig. 14 as F. Set u «+ 1,
Pl + 1. Since entire F is of the first class, set L, <+ 1 and F(1, 1)
=F, =PF.

1

2. (Step 4) By Stage 2, the reduced fault trees of F(1, 1) are

obtained as follows:
The first-order repeated primary events of F(1, 1) are 3, 4.

Event 3 is choosed by Step 3 of AL-2. Implement the reduction of
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Fig. 15 Procedural Tllustration of Method for Example 2
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F(1, 1) by setting E3 = 0, E3 = 1, and let 2001, 2002 be the top

events of resulting fault trees FT FTZ’ respectively. The

1’
sequences of each top event are shown in Fig. 15. From Eq. (4.13),

PS(1001)
TSS(1001)

PS(2001) 1000 3 -1 -2 PS(2002) 3 -2 O
TSS(2001) 1 1 -1 -1 TSS(2002) 1 -1 -1

(4.16)

Since-FT1 contains no first-order repeated primary event, FTl
is the first reduced fault tree of F(1, 1). Implement the reduction
of FT2 by setting E4‘= 0, E& = 1, and let 2003, 2004 be the top
~events of resulting fault trees FT3, FTA’ respectively. Then,

PS(2002)
TSS(2002)

PS(2003) 1000 4 -1 -2 PS(2004) 4 -2 O
TSS(2003) 1 1 -1 -1 TSS(2004) 1 -1 -1

(4.17)

FT3, FT4 are the sécond and third reduced fault tree, respectively.

3. (Step 5) Since FTl is simple,
PS(2001) = P(2001), TSS(2001) = TS(2001). (4.18)

4. (Step 6, 4, 2) Since FT, is not simple, set u + 2, r, « 1.

3
By the partition of FT3, two fault trees FTS’ FT6 (top events 2005,

2006) are obtained. From Eq. (4.7),

]

PS(2003)
TSS(2003)

PS(2005) PS(2006) -3
TSS(2005) TSS(2006) -1

(4.19)

Set L2 < 2 and F(2,1) = FTS’ F(2, 2) = FT6.

5. (Step 3,4) F(2, 1) is of the first class. Event 2 is the
first—order repeated primary event. Implement the reduction of
F(2, 1) by setting EZ =0, EZ = 1, and let 2007, 2008 be the top

events of resulting fault trees FT7, FT8, respectively.

PS(2005)
TSS (2005)

PS(2007) 1000 2 -1 -2 PS(2008)- 2 -2 O
TSS(2007) 1 1 -1 -1 TSS(2008) 1 -1 -1

(4.20)

FT7, FT8 are the first and second reduced fault tree of F(2, 1),

respectively.
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6. (Step 5) Since FT7 is simple,

PS(2007) = P(2007), TSS(2007) = TS(2007). (4.21)
7. (Step 6, 4, 5) Since E2008 = 1 for FT8,
PS(2008) = 1000,  TS(2008) = 1. (4.22)

8. (Step 6, 7) Since r2 # L., set r_ +« 2.

2 2
9. (Step 3, 5) F(2, 2) is of the third class. Therefore,

PS(2006) = P(2006), TSS(2006) = TS(2006). (4.23)
10. (Step 6, 7) Since r2 = LZ’ set u + 1,
11. (Step 6, 4, 5) The third reduced fault tree of FT4 is
simple. Therefore,
PS(2004) = P(2004), TSS(2004) = TS(2004). (4.24)

12. (Step 6, 7) r, = L1 and u = 1. The complete forms of
PS(1001) and TSS(1001) are obtained by the successive substitutions
using Eqs. (4.16) - (4.24) and the sequences of top -events of simple

fault trees shown in Fig. 15.

PS(1001) = 12 45-3-21000 3 -1-215-210002-1-22 0
6 789-4-2-310004-1-212-36789-3-2-3
4-2 03-2 0

TSs(1001) =1111-2-1 1 1-1-111-1 1 1-1-11-1

1111-2-1-1 1 1-1-111 -11111-2-1-1
1-1-11-1-1

(4.25)
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4.4 Algorithm for Computing Top Event Probability from

Symbilic Form

In this section the algorithm is presented for computing the
top event probability from the symbolic form obtained by the method
of Section 4.3.

Let N be the length of PS(1001) and TSS(1001) for top event
1001 of fault tree. Let Gl, GZ’ e GN be the elements of PS(1001)
and Hl, HZ’ ceey HN be the elements of TSS(1001) in the order of
arranging.

The top event probability is computed by repeating the process
of identifying the inputs of each operator in PS(1001) and applying
the corresponding operation to the probabilities of occurrence of
those inputs. For doing this, it is convenient to use an auxiliary
stack, i.e., a last-in first-out pushdown list which is a conven-
tional tool in the list processing programming technique.

Let v be the stack variable of stack St, i.e., the number of

elements being pushed down to St.

(AL-3) Algorithm for Computing Top Event Probability:

Step 1: Set w « 1, v « 0, and go to Step 2.

Step 2: 1f Hb = 1 and Gw # 1000, then push down the probabil-
ity of occurrence of event Gb as St(v+l). 1If Hb = 1 and Gw = 1000,
then push down value 1.0 as St(v+l). Set v < v + 1, w + w + 1, and
repeat Step 2.
. If Hw is -z (£ > 0), then pop up St(v), St(v-1), ...., St(v-0).
Then, implement the following computation and push down the result
as St(v-g):

_ . C i
1) 1f Gw 0, then compute Zj=05t(v J)-
2) If Gb = -1, then compute St(v-1) - St(v).
. - _ C .
3) if Gw = -2, then compute Hj=0 St(v-g) .
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4) 1f G, = -3, then compute 1 - IT§ (1 - St(v-4)).

=0

-m (m 2 4), then implement the probability computation

5) If Gb
for k/(t+l) logic operation of events with the probabilities of

occurrence St(v), St(v-1), ..., St(v-T) by using the method
mentioned below, where kX is obtained by Eq. (4.15).

Set v « v - ¢, and go to Step 3.
Step 3: If w # N, then set w « w + 1 and go to Step 2.
If w = N, then stop; St(l) is the top event probability.

Now consider the case of computing the probability of occur-
rence of the output of k/n logic gate with 7 independent inputs
l, 2, ..., n whose probabilities of occurrence are pl, pz, e pn,
respectively. 1In this case, it is too time-consuming to use
Eq. (4.8) directly. But the computation time can be reduced by
using the following method.

Consider the process that a binary tree is constituted such
that the branch of level © corresponds to either state of "event %

occurs (Ei = 1)" and "event 7 does not occur (Ei = 0)". Then,

Fig. 16 Probability Computation for 2/3 Logic
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i) If the number of inputs having value 1 becomes k, then the out-
put occurs regardless of the states of remaining inputs.

ii) If the number of inputs having value 0 becomes n-k+l, then the
output does not occur regardless of the states of remaining
inputs.

Therefore, when either of the above two conditions is satisfied,

it is not necessary to continue more branches. The probability of

occurrence of the output is obtained by adding the probabilities

of case 1).

For 2/3 gate, this method is illustrated in Fig. 16. It is
necessary oaly t)» compute the probabilities for cases a, b, d where
condition i) is satisfied. :It is not necessary to continue the
branches for remaining inputs for cases c, e, f where condition ii)

is satisfied. Therefore, the probability of occurrence of the

output is p,p, +p,(1 - p,)py + (1 - pIp,ps-

4.5 Application and Extension of Method

4.5.1 Sensitivity Analysis

Needless to say, Eq. (4.11) holds for all primary events.
Eq. (4.11) shows that the top event probability is linear in each
primary event probability. Therefore, variation Ap in top event
probability corresponding to variation Api in probability pi of

event 7 is given by the following relation [36].

hy =
Ap §; Api (4.26)

where

s. = PriT = 1/E‘7; =1} - rri{7T = 1/Ei 0}. (4.27)

(2

5. is called the sensitivity coefficient of event <.

It is derived from Eq. (4.11) that Pr{T = l/Ei

1} is the top
event probability in the case of pi = 1. Accordingly it is computed

by substituting value 1 for p; in algorithm AL-3 of Section 4.4.
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Pr{T = l/Ei = 0} is computed from Pr{T = 1} and Pr{T = I/Ei = 0}
by using Eq. (4.11).

Varation Ap in top event probability corresponding to small
variations Api, 1 =1, 2, vy

ein primary event probabilities is

A e
Sensitivity coefficients have further applications to fault
tree having coherent structure.
The criticality importance of event 7 [34] is

C, = s; pi/pT, (4.29)

where pT is the top event probability.

For time-dependent case, the values of Eqs. (4.26)-(4.27) at
time ¢ are computed from valueé pi(t), pT(t), si(t) at time ¢.

Let W(tl, tz) be the expected number of occurrence of top
event in time interval [tl, tz] and wi(t)dt be the probability that
event 7 is not occurring at time ¢ and occurs in (¢, t+dt].

Then, |

2) =1 £
1

t
n, 2
W(tl, t = 3, J\ Si(t) wi(t) dt. (4.30)

In the case of no repair, W(tl, tz) is equal to the probability of
occurrence of top event in [tl, tz].

Barlow-Proschan's importance BPi(t) of event 7 [ 7] is

t
BP.(t) = \[ s.(t) w.(t) dt [/ W(O ,t). (4.31)
1 o ¢ T
Even if pi(t) is given as the unavailability of component ¢,
the above discussions hold. Event 7 could be an intermediate event
if it is independent of other events (excluding events of the fault

tree which is developed below event 7).
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Consider the case where we want to investigate how it affects
the system failure probability to add a fault tree or primary event
as a part of the original fault tree. So is the case of adding
a new protection system or some other redundant units to the system.

Suppose that fault tree Fa is added as an input of logic gate
qa of the original fault tree.. Let Ta be the top event of Fa and
p, be the probability of occurrence of T&. Fa is assumed to be
independent of events of the original fault tree.

Suppose that the probability of occurrence of top event
varies from pp to pé by adding Fa. Then, it is shown that p% is
obtained from the information about the original fault tree.

From Bayes' theorem,

Py = Pr{l = 1/T = 0}x(L-p,) + Pr{T = 1/T, = 1} Xp,.

If Ga is AND gate, then
Pr{T = 1/Ta = 1} = Pop-

pr{T = 1/Ta = 0} is equal to the probability of occurrence of T for
the case of setting the output of Ga to 0. If there exists a non-
repeated primary event 7 which is a son of Ga or a descendant of Ga

through only AND gates, then

PriT = 1/7, = 0} = Pril = 1/E; = 0}.
If Ga is OR gate, then the same discussions are made by chang-

. = = = 1 = =1, ,=1,
ing Ta 1, Ta o, Ei 0, AND gate into Ta 0, Ta E$
OR gate, respectively.
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4.5.2 Treatment of Mutually Exclusive Primary Events

{(z,1), <,2),

.y (i,ni)} of mutually exclusive primary events. Let pij be the

Suppose that the fault tree contains a set ®i

probability of occurrence of event (Z,J).
If ®i is exhaustive, then Bayes' theorem is

n

E
Pr{T = 1} = zj= 1 Pr{T = 1/Eil =0, ..., .Ei,j_l =0, Eij =1,
E’i,j_'_l =0, ..., Ei”i = 0} Pij» (4.32)
n.
here 5t p..=1
if ®i is not exhaustive, then
n:
Pr{T = 1} = Pr{T'=1/E,, =0, E,, =0, ..., 'Ein;O} (1 -I.:0yp;5)
"z
+ Zj=1 Pr{T=l/E’i1=O, ...,Ei’j_l—o, w-l,
Ei,j+l=0, Eini=o} Pise (4.33)

Our method can extendedly be applied by using Eq.(4.32) or
(4.33) instead of Eq. (4.11) in Stage 2. The algorithm would be
implemented by using MS(Z) or TMS(T) defined in Section 2.6 in add-
ition to P(T) and TS(T).

If ®i is not exhaustive, then variation Ap in top event prob-

ability corresponding to variations Apij of pij’ Jg=1 2, ..., n.

is
n; .
= ] 4,34
Ap Zj=l 854 ApiJ , ( )
where Sij = Pr{T=l/E7:1=O, ey Ei,j-—l=0’ Eij=1’ Ei,j+1=°’
..,E’in.=0} - Pr{T=1/E’7:1=0, Eip=0, «uvy Ein_=0}.
A 7
(4.35)
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4.6 Computer Program and Computational Results

Computer program ALFAT (ALgorithm for evaluating FAult Tree)
has been constructed in FORTRAN for implementing the method pre-
sented in this chapter. ALFAT is composed of three parts, FTREP,
SEQTEP, PROBTE. FTREP yields reverse Polish sequence‘P(lool) and
tree sequence TS(1001) of top event 1001 by the method of Section
2.3. SEQTEP yields reverse Polish sequence PS(1001) and tree
sequence TSS(1001) of the symbolic form of top event probability
from P(1001) and TS(1001) by the method of Section 4.3. PROBTE
computes the top event probability and sensitivity coefficients
of primary events from PS(1001) and TSS(1001) by the method of
Section 4.4. The list of top event or each intermediate event must
be given as data input along with the number of sons, members of
sons (listed in order from the leftmost son) and the logic gate.
The probabilities of occurrence of primary events must also be
given. The computer output for the example of Fig. 14 is shown in
Fig. 17.

The computational résults are demonstrated for the containment
spray injection system located in PWR nuclear power plant [68].
This system functions so as to reduce the pressure in containment
when a large LOCA (Loss of Coolant Accident) occurred. This
system is composed of trip circuit (TC) and containment spray
injection subsystem (CSIS). The TC detects highApressure in
containment and makes a signal to start the valves and pumps of the
CSIS. The CSIS delivers cold water containing boron from the
refueling water storage tank (RWST) to the containment volume.

Consider the case where n TCs are used in k/n redundancy and
M CSISs are used in parallel to improve system reliability. '
Fig. 18 shows the fault tree structure for top event I' "insuffi-

- cient fluid flows in containment". Table 6 shows system unavail-
abilities (top event probabilities) computed for several values of

(m, k/n), given unavailabilities of primary events [68].
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EXISTENCE OF MUTUALLY EXCLUSIVE EVENTS = 0

LIST OF TOP EVENT AND [INTERMED]ATE EVENTS

1001 = 10021003 -3

1002 = 106041005 =2

1003 = 6 31006 =2

1004 = 11007 <3

1005 = 2 4 S5 =3

1006 = 4 7 ) 9 =5
1007 = 2 3 =2

- NUMBER OF PRIMARY EVENTS = 9

REVERSE POLISH SEQUENCE OF TOP EVENT

l 2 3 22 <23 2 4 5 =3 22 & 6 3 4 T 8

TREE SEQUENCE OF TOP EVENT
1 1 1 =-1-1 1 1 1 =2 =1 = 1

LENGTH OF SEQUENCES OF TORP EVELT = 19

REVERSE POLISH SEQUENCE OF TOP cVENT PROBABILITY

1 2 4 5 =3 =2 1000 3 -1
1 5 =2 1000 2 =1 =2 2 v
7 8 9 =4 =2 =3 1000 4 =1
1 2 -3 6 7 8 g =3 =2
4 =2 0 30 =2 0

TREE SEQUENCE UF TUP EVENT PROBABILITY
1 1 1 1 =2 -1 1 L=
1 1 -1 1 1 -1 =1 1 -1
1 1 1 =2 -1 -1 1 1=
1 =1 1 1 1 1 =2 -1
1 -1 - Lo=1 -1

LENGTH OF SEQUENCES OF TOP rvENT PROBABILITY =

Fig. 17 Computer Output for the Example of Fig.
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n C} n

. 11 1 [ [ |

To1) [Ta1 | [Ta1q [T2n] [Tan|[Ta1] [T21]| T31] [Tam| {T2n]|"3n| ["amn

T : insufficient fluid flows in containment (top event)
T] : rupture of RWST
Tz]rv T2n : malfunction of TC

T3]~T3n . failure of power supply of TC
T4”fvT4mn . malfunction of input relay
TS]NT5m - failure of CSIS (containing malfunction of output

relay)
Te1~ Tom ¢ failure of power supply of CSIS and output relay

Ty ~T system down of CSIS due to test and maintenance

71 m °

Fig. 18 Fault Tree Structure of Containment Spray

Injection System of PWR
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Table 6

System Unavailabilities

k/n

1/1
1/2
2/3
3/4

2.5
2.3
2.3
2.3

1.9 x 10°
5.3 x 10°
5.8 x 107

6.2 x 10°

1.3

1.7 x 10

5.9 x

1.0 x 10

107

107

Table 7

Importances

and

Sensitivity Coefficients of

Prim

ary Events

primary
event

unavailabil

ity

(1, 1/7)

(2, 1/1)

(2, 3/4)

(2, 3/4)

importance

importance

importance

sensitivity
coefficient

T

T
T

4
T

T

~T

21 2n

~T

31 3n

~T

11 4mn

~T

51 5m

~ T

71 7m

4.4 x 10”

1.3 x 107

4.1 x 10°

1.4 x 107

1.9 x 10

4.1 x 10

7
3
5
3
2

-3

1.7 x 107°

1072

-3

4.9 x

1.6 x 10

1072

-1

5.5

5.3 x 10

-1

1.6 x 10

2.4 x107"

X 10'1

-2

6.7

2.2 x10

-2

1.7 x 10

X ]0']

-2

1.7

5.1 x 10

7.0 x 1074

1073
-2

8.5 x

6.6 x 10

4

4.4 x 10°

1

7.0 x 107

1

1.5 x 107

1.0

4.1 x 1073

1.0

2.0 x 1074

2.3 x 1072

2.3 x 1072

(Importances of Te1 ™~ Tg, are same as those of T3]/~'T3n.)

86




Table 7 shows criticality importances of primary events computed
for three values of (M, k/n) and sensitivity coefficients of primary
events for (2, 3/4). From these tabless we can know the following
facts.

1. Little improvement of system unavailability is made even
if increasing the redundancy of TC in keeping only one CSIS.

2. Appreciable improvement of system unavailability are made
by using two CSISs in keeping one TC, but further increase of CSIS
makes little improvement.

3. Appreciable improvement of system unavailability is made
by increasing the redundancy of TC in keeping two CSISs. There is
little difference of the degree of improvement among 1/2, 2/3. 3/4
redundancies. However, it would be effective to use 2/3 or 3/4
redundancy from the viewpoint of reducing the possibility of
"spurious trip" which means the situation that the system functions
in the normal state.

4. The improvement process of (1, 1/1) -~ (2, 1/1) -~ (2, 3/4)
is coincided with the process of adding redundant units to the
greater of criticality importances of TC and CSIS. This fact
implies that the criticality importance is an useful measure for
reliability improvement.

Table 8 shows the comparison of computation times between the
case of using k/n gates and the case of transforming each k/n gate
into an equivalent tree containing only AND & OR gates. This table
indicates that the use of k/n gates appreciably reduces the comput-
ation time.

For several large fault trees, ALFAT was tested on a FACOM
230-75. The computation time of top event probability was 2.2 sec
for an example (119, 30, 15), 7.9 sec for an exampie (299, 100, 15)
and 100.2 sec for an example (299, 100, 25), where in each paren-
thesis, the first number is the length of sequences of top event,
the second number the total number of primary events and the third

the total number of repeated primary events.
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Table 8 Comparison of Computation Time

) number of case A - case B
/n m primary events length of | computation|length of [computation
' sequences|time (sec) |sequences |time (sec)
2/3 1 11 19 0.19 34 0.99
2/3 2 16 37 0.88 67 2.09
2/3 3 21 54 1.56 99 3.39
3/4 1 13 23 0.29 61 3.34
3/4 2 19 45 1.45 121 5.22
3/4 3 25 66 2.27 180 8.44
case A : case of using k/n logic gates
case B : case of using only AND gates and OR gates
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Chapter 5

A Method for Obtaining Sequence Representation

of Transmission Boolean Function of Network

In this chapter a method is presented for representing the
transmission Boolean function of a network by the reverse Polish
sequence and tree sequence. Such a representation is applicable
to various reliability evaluations and has an advantage of saving
memories and computation time for executing reliability calculation
by a computer. Computational results are given for several

examples.

5.1 Introduction

Many methods have been presented for calculating the node-pair
reliability of network. Most of existing methods are based on the
strategy of calculating only node-pair reliability directly through
state enumeration, path (cutset) enumeration, reduﬁtion, decomposi-
tion etc. The state enumeration [60], path enumeration [10, 16, 67]
and cutset enumeration methods [30] are most popular, but requires
a huge amount of computation for a large network. Tﬁe typical
reduction methods are Misra's algorithm [37] treating only the

reduction of series-parallel subnetwork and Krishnamurthy & Komissar's
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algorithm [33] applicable to non-series-parallel network. A typical
decomposition method is Hdnsler's algorithm [24] applicable to only
undirected network. _

Instead of those methods, the method presented here is based
on the strategy of first obtaining the transmission qulean function
and then executing reliability evaluations.

It is of significance to store the transmission Boolean func-
tions for node-pairs, because they can not only be used for the
calculations of node-pair reliabilities, but also be applied to
various evaluations, such as a) calculations of reliability measures
concerning several specific nodes (e.g., the probability that we can
communicate from a central node to some other nodes) and b) reliabil-
ity evaluations for the case where nodes and branches are mutually
dependent (see Example 2 of Section 1.3).

A sum-of-product form of transmission Boolean function can be
obtained by using minimal paths [10], but such a form is often too
long to execute reliability evaluation efficienﬁly. Our object is
to represent the transmission Boolean function as shortly as possi-
ble by the reverse Polisﬁ sequence and tree sequence. Shortening
these sequences is useful for saving memories and computation time
for reliability calculation.

The principle of method is to repeat recursively two processes,
i.e., reduction of network and decomposition of completely reduced
network, and to reduce to obtaining sequence representations of
series—parallel subnetworks. A backtracking technique is used for
implementing this method efficiently.

Section 5.2 explains basic processes of method. Section 5.3
presents the overall method and shows the illustration of method by
an example. Section 5.4 presents the computational results for

several examples.
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5.2 Basic Processes of Method

5.2.1 Preliminaries

Consider a network consisting of 7 nodes numbered by 1, 2,
;..., n and m directed branches numbered by n+1l, n+2, ...., n-+m,
where the source node is 1 and the sink node is 7.

A node variable or branch variable v is defined as a binary
variable attached to node ¢ or branch ©. The value of v, is 1 if
i is in the operating state and 0 if © is in the failed state.

Transmission variable T is 1 if there exists at least one path
from the source node to the sink node in which all nodes and
branches are in the operating state, and 0 otherwise.

Then, transmission variable T can be represented by a Boolean
function of node variables and branch variables, which is called
the transmission Boolean function (TBF) of network [10].

The TBF is represented by reverse Polish sequence P(T) and
tree sequence TS(T) to make the computer processing easier. These
sequences are fundamentally same as reverse Polish sequence and
tree sequence of top event presented in Chapter 2 which represent
the Boolean function relating the top event to primary events.

The following subsections explains thtee basic processes of
the method for obtaining P(T) and TS(T), i.e., sequences of series-
parallel structure, decomposition of network and reduction of net-

work.

5.2.2 Sequences of Series-Parallel Structure

The TBF of series network is expressed as the logical product
of node variables and branch variables. The reverse Polish sequence
of TBF is obtained by pufting node and branch numbers in order of
appearing in the path from the source node to the sink node and
lastly putting AND gate. The tree sequence of TBF is obtained by

changing each node or branch number of reverse Polish sequence into
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Series Structure

Parallel Structure

P Pq Py Pn q
Network O—>—0—>—0—---=~ >—0—>—0
r] ro - rn o]
Transmission

Boolean T = PIAPIAToAPp Av e o AT AP AT 4 T=rVry..... vr,
Function

P(T) P(T) = PIPIT2P2 - PP sl A P(T) = ryrgeee... r. V
TS(T) TS(T)y =1111....111 =-2n TS(T) =11 ...... 1 -(z-1)

Fig. 19 Sequence Representation of Series or Parallel Structure




value +1 and AND gate into value -2n, where n is the number of
nodes excluding the source node and the sink node.

The TBF of parallel network is expressed as the logical sum
of branch variables. The reverse Polish sequence of TBF is
obtained by putting branch numbers and lastly putting .OR gate.

The tree sequence of TBF is obtained by changing each branch number
of reverse Polish sequence into value +1 and OR gate into value
~(z -1), where ¢ is the number of branches.

Fig. 19 shows fhe TBF and P(T) & TS(T) for series or parallel
structure. In this chapter, symbols A, V are used for representing
AND & OR gates in reverse Polish sequence. But, in the computer
processing, they are represented by -2, -3 similar to Chapter 2.

The TBF of a series-parallel network is expressed as a combi-
nation of logical product terms and logical sum terms. The TBF of

the network of Fig. 20a is

T = v_v Ve v (v7 vV v8) VqUg- (5.1)

5

2

5 2 6 V 3 9
) /\
7 8
b)

Fig. 20 Example of Series-Parallel Network and Tree Structure

Equivalent to TBF
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This TBF is equivalent to a tree having node & branch numbers as
leaves and logic operators as branch nodes such as shown in Fig.
20b. Thereforé, the sequences P(T) & TS(T) of this TBF is obtained
by repeating the substitution of the sequences of series structure

or parallel structure as follows.

F(T) = 526 A 78V 39 A V

(5.2)
TS(T) = 111-211-111-2-1

5.2.3 Decomposition of Network

Let 7 and j be the source node and sink node of a network G,
respectively, and suppose that there exist k branches b1 = (1, il),
b2 = (7, iz), ceeey bk = (7, ik) incident out of ©. Let T be the
transmission variable of G and TY’ Yy=1, 2, ...., kK be the trans-
mission variables of the subnetworks GY with source node iY‘and
sink node j obtained by removing, from G, node ¢, all branches that
initiate or terminate at node 7 and other irrelevant branches &
nodes which means branches & nodes that do not appear in any

minimal path from iY to j. Then

T =9, v. T. Vv, v. 7.V ..... Vo, v. T,. (5.3)
b1 11 1 b2 i, bk Ty k

P(T) and TS(T) are

P(D) by iy BT AN by i, P(T) £ eeen by 7y ?(Tk) AV

TS(T)

11 TS(Tl) -2 1 1 TS(TZ) -2 ... 1 l.TS(Tk)—Z -(k~-1)

(5.4)

Thus the problem of obtaining the sequences of TBF of G is
decomposed into the problems of obtaining the sequences of TBFs of

subnetworks G G ceeey G

1 U2 k*
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P(T)

TS(T)

Gl
82 PAOPA 93 PO A4 P(T) AV

117S(Ty) -2 117S(T -2 1 17Ty -2 -2

Fig. 21 Example of Decomposition




Fig. 21 illustrates this decomposition process by an example
of network. In the network G, there exist three branches 8, 9, 10
incident out of source node 1. Therefore, G can be transformed
into an equivalent series-parallel network G'. Branch variables
Tl’ T2’ T3 are equivalent to transmission variables of subnetworks
Gl, G2’ G3, respectively. Thus the problem of obtaining the TBF

of G is decomposed into the problems of obtaining the TBFs of Gl’

5.2.4 Reduction of Network

The reduction is the process of finding two-terminal subnet-
works and replacing them with equivalent branches. There are
two types of reduction; Type I is the case of finding series-
parallel two-terminal subnetworks and type II is the case of find-
ing non-series-parallel two-terminal subnetworks. Each type can
also be classified into a) single—-directional case and b) bi-
directional case. Fig. 22 illustrates the examples of these types
of reduction.

By the reduction, the problem of obtaining the TBF of network
is partitioned into the problems of obtaining the TBFs of the
reduced network and two-terminal subnetworks found.

If a network contains no two—-terminal subnetwork, then it is
called a completely reduced network.

In what follows, the algorithms for implementing the reduction
process are described.

The reduction is implemented after eliminating all irrelevant
nodes and branches from the network. First type I is implemented

and then type II is implemented.

Algorithm for the Reduction of Type Ia:

The reduction of type Ia is implemented by applying Misra's
algorithm [37].
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Type

Examples of Reduction

Equivalent Networks

1 Sy ! 2 ¢3
I
b T, T
2 2
3 3
4 4
Tq
3
1 2 5
4
I
T, T,
2 2
4 3 4
5 5

Fig. 22 Types of Reduction

97




Check each node if it has indegree = outdegree = 1, where the
indegree (outdegree) of a node is the number of bfanches incident
into (out of) that node.

If such node 7 is found, then there exists the series subnet-
work composed of branch bl = (ia, 1), node 7 and branch b2 = (7, ib).
Then replace this series subnetwork with a new branch b3 = (ia, ib)
whose variable is equivalent to vbl ANv; A vbz.
If branch b3 is in parallel with another branch b4 = (ia, ib),

then replace these branches 13, ta with a new branch 15 = (La, 1b)

whose variable is equivalent to v, y v, .
b3 b4
Repeat the above process for the resulting network until the

node that has indegree = outdegree = 1 has been exhausted.

Algorithm for the Reduction of Type Ib:

The reduction of type Ib is implemented by modifying the
algorithm for type Ia.

Check each node if it has indegree = outdegree = 2. If such
node 7 is found and only‘two nodes are adjacent with node Z through
branches bl = (1a, 1), b2 = (Z, ta), b3 = (zb, 1), b4 = (7, zb),
then eliminate the subnetwork composed of node 7, branches bl’ bZ’
b3, b4 and add new branches b5 = (ta, Lb), b6 = (zb, %a) whose
variables are equivalent to vbl A vi A vb4, vb2 A Ui A vb3, respec-

tively.

Lf branch b5 (or b6) is in parallel with another branch b7 =
(ta’ tb) (or b8 = (tb, ﬂa)), then replace branches b5, b7 (or b6’
b8) with a new branch bg = (ﬂa, Lb) (or b10 = (zb,~ta)) whose

variable is equivalent to v, V v (or v, Vv, ).
b5 b7 b6 b8
Repeat the above process for the resulting network until the

node that has indegree = outdegree = 2 has been exhausted.
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It is not so much time-consuming to find only series-parallel
two-terminal subnetworks, because the above algorithms contain only
the checks for nodes. But it is time-consuming to find all two-
terminal subnetworks containing non-series-parallel case, because
we must check the existence of two-terminal subnetwork for all
node-pairs. In this case, only one existing method is Krishnamurthy
and Komissar's algorithm [33], but their algorithm cannot find all
two-terminal subnetworks since it uses only reachability matrix.

So presented is a new algorithm which can find all two-terminal
subnetworks

The algorithm uses the property that any node (excluding two
terminals) of a two-terminal subnetwork is adjacent to only nodes

of the subnetwork itself.

Algorithm for Finding all Two-Terminal Subnetworks Containing
Type I1:

Check, for each node-pair (¢, ), the existence of two-terminal
subnetwork having nodes ©, J as two terminals by the following pro-
cedure.

Let biY’ Y=1,2, ...., m. be the branches incident out of
node Z and ij,
node j. Obtain, for each biy(or ij), set SiY (or.SjK) of nodes

K =1, 2, ..., mj be the branches incident out of

contained in minimal paths from Z to J (or from J to ) through biY

(OI' b’l‘,K). Let S?: = {Sil’ S’iz’ e e e e Simi}, Sj = {Sjl, sz, LR |
sjmj} and S = {5;, ...., simi, Sips weees sjmj}.

Take up a subset § of S and let P be the union of elements
of subset §. Then check if any node of P is adjacent to only
nodes of P U {Z, j}. 1If this is false, then repeat the checks for
remaining subsets § of S. If this is true, then the subnetwork
composed of nodes of P U {Z, j} is a two-terminal subnetwork. Then
replace this subnetwork with new branches bi = (Z, §), b. = (4, 1)

J
if @ is composed of elements of both Si and Sj' If § is composed
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of elements of only Si (or Sj)’ then replace the subnetwork with
a new branch bi = (Z, j) (or bj = (J, 7)).
Continue the above process for the resulting network until

two-terminal network has been exhausted for any node-pair.

5.3 Overall Method

The overall method repeats recursively the decomposition of
completely reduced network by the method of 5.2.3 and the reduction
of reducible network by the method of 5.2.4 until reaching series-
parallel structures. The method is implemented by a backtracking
technique.

The overall method is illustrated by an example.

Fig. 23 is the illustration of the procedure of method for
the network with 7 nodes and 12 branches. A backtracking technique
implements basic processes in the order put in Fig 23. Each new
branch is represented by the number more than 100.

Sequences P(T), TS(T) are obtained by substituting the sequence
obtained in each process into the corresponding place. They are
shown at the uppermost of Fig. 24.

For comparison, Fig. 24 also shows the sequences obtained by
using only decomposition without using reduction and the sequences
obtained by using minimal paths.

From Fig. 24, it is apparent that the length of sequences can

appreciably be shortened by using both decomposition and reduction.

5.4 Computational Results

A computer program (program A) has been developed in FORTRAN
for implementing the method presented in this chapter. To test
the efficiency of reduction process, the method of obtaining the

sequences of TBF by repeating only decomposition without using
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Which Stage ?

Reverse Polish Sequence
Tree Sequence

T 7
92 P(102) A 10 4
_ P(103) A V
101 11 75(102) -2 1 1
75(103) -2 -1
3 — 3
" » Decomposition 5
’ 5 ) g| P(102) = 113124 144 P(104) AV
102 —_
] - 12 Toa | TS(102) = 11 1-21 1 T5(104) -2-1
4 %
312
Series-Parallel P(104) =133 12A 15V
104 13 5
Structure 75(108) = 111 -21 -1
. 15
3NL2 Series-Parallel P(103) = 13 3 12 A 15 V
5
103 13 Structure 78(103) = 111 -21 -1
4 5
6 Decomposition o 46 105 P(T) = P(101) 5 P(106) A 86
0
1 1 P(105) A V7 1A
7 7
T ? TS(T) = TS(101) 1 T5(106) -2 1 1
5 101 Yo7 106 TS(105) -2-1 1 1 -2
6 18 Series-Parallel P(105) = 16 5 19 A 18 V
105 16 7 Structure TS(105) = 111 -2 1 -1
19
5
6 A Q18
Series-Parallel P(106) = 17 6 18 A 19 V
106 17 7
7 Structure T$(106) = 111 -21 -1
5

Fig. 23 1Illustration of Method by an Example
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reduction has also been programmed (program B). The computational
results for several examples are shown in Table 9. The node-pair
reliability for each example was calculated from P(7) and TS(T)

by using the method presented in Chapter 4.

Rouphly speaking from my experience, the node-pair reliability
can be calculated in several minutes on FACOM M-190 computer for
the networks having nodes and branches less than 100.

As for the length of sequences, program A yields much shorter
sequences than program B. As for the computation time for obtaining
only sequences of TBF, program A requires longer computation time
than program B. But, as for the computation time containing
reliability calculation, program A requires shorter computation
time than program B.

The efficiency of reduction varies with the topologies of
networks. As example 3 shows, the computation time for program A

is, in the best case, several 10's order shorter than program B.

Table 9 Computational Results

: Using both decomposition . -
Example Nugger Nugger and reduction Using decomposition only
nodes [branches L ts ty L tg tr
1 10 36 - 81 0.2 0.3 204 0.2 0.6
2 15 31 154 1.2 4.7 583 0.3 13.6
3 20 35 119 2.0 2.8 1191 0.5 {163

L: length of P(T) and TS(T) tg (sec): computation time required to
obtain P(T) and TS(T) t. (sec): total computation time containing
reliability calculation (tested on FACOM M-190 computer)
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Chapter 6

Optimal Design of a System with Time-Dependent

Reliability

This chapter formulates an optimal design problem for a series
system with time-dependent reliability. The variables for optimiz-
ation are the number of redundant components in each subsystem and
the mean-time-to-failure of each component. There is a cost-
constraint. The time for which the system reliability exceeds a
specified value is to be maximized. Similarly the cost could be
minimized for a constraint on the mission time and reliability.

A solution method for the formulated problems is presented along

with an example.

6.1 Introduction

A system designer is often asked to design a high reliable
system. He usually considers two ways of improving system reliabil-
ity: 1) adding redundant components and 2) increasing reliability
of a component. The latter way corresponds to tightening quality
control in producing each component, developing new components with
higher reliability, etc. Both ways usually bring the increase of

system cost with them. Therefore, at the stage of designing a high
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reliable system, one of important problems that he is faced with
is how to make tradeoffs between reliablity and cost.

The problems of optimizing system reliablity under given con-
straints are classified from the following viewpoints. '

A. Which is the problem, 1) single-objective or 2) multi-objective
?
B. Which is the system reliability function, 1) separable or
2) non-separable in subsystem reliabilities ?
C. Which are considered as the variables for optimization, 1)only
one or 2) both of two ways of improving reliability ?
Since the publication of Moskowitz and McLean's paper [40], the
studies on system reliability optimization problems have mainly
been focused on Al1-B1-Cl problems. The papers [43] & [44] are the
latest works on approximate and exact methods, respectively, for
solving chiefly the optimal redundancy allocation problem which is
a pure-integer programming problem, In Section 6.2, these works
are summarized. Lately some researchers are beginning to be inter-
ested in Al1-B1-C2 [38, 50, 66], Al-B2-Cl [ 1, 11], A2 [46, 63, 29]
problems, too. This chapter is given to formulate and solve one of
Al-B1-C2 problems.

Only a few researchers [38, 66] consider the problem of deter-
mining both optimal number of redundant components and optimal
component reliability which is a mixed-integer programming problem,
but they assume time;independent reliability. This chapter formu-
lates the problem of optimizing both ways of improving system relia-
bility under time-dependent reliability. System reliability is
monotonically decreasing with mission time. For this time-
dependency, we adopt as the performance index the mission time that
the system reliability is above a preassigned value. The solution
methods have been presented for the problems of maximizing the
above mission time under system cost constraint and minimizing the

system cost under mission time constraint.
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6.2 Optimal Redundancy Allocation Problem and Its Solution Methods

6.2.1 Optimal Redundancy Allocation Problem

The optimal redundancy allocation problem of a series system
with n subsystems is formulated as the problem of finding the
vector X -= (xl, xz, ceesy xn) so as to maximize the system reliabil-

ity
n n *i
Ry =T, , B (m) =T, {1-Q-p) "}

subject to »r constraints

n -
Lie1 95 < by for j =1, 2, ...., »,

where p; and xi are the reliability of a component and the number
of parallel components, respectively, in subsystem %, and gji(xi)
is the amount of resource J (cost, volume, weight, etc.) consumed
at subsystem . The constraints are separable and are monotonically
increasing with z;.

This is a pure-integer programming problem. Many methods have
been presented for solving this problem [45, 65]. They are classi-
fied into two groups: approximate methods that provide an approxi-
mate, often exact, solution but can be solved within a reasonable
amount of computation time and exact methods that require a consid-
erable amount of computation time. In this section, an approximate
(heuristic) method [43] and an exact method [44] are summarized;
these two methods represent the current state of the techniques for

solving the optimal redundancy allocation problem.

6.2.2 Approximate Solution Method

The objects of devising an approximate method are:
1) to obtain a near-optimal, often optimal, solution for a large

problem, since an exact method cannot solve it in a reasonable
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amount of computation time, and/or
2) to use the approximate solution as an initial solution for an
exact method.

In the present method, the solution is obtained by repeatedly
adding one redundant component to the subsystem that has the great-
est value of the 'weighted sensitivity function' without violating
any of the constraints. The weighted sensitivity function for
each subsystem is the product of a quantity obtained as a function
of the objective function and the constraints. The balance between

these two quantities is controlled by a balancing coefficient a.

e . .
Let xi be the current solution of xi. Then, the weighted
Sensitivity function s; of subsystem 7 is defined equationally as

follows.

s; = Afé(xg + 1)« [(1 - ). min {8z} + o« ba;]

ke L+1
where
Af (k) = 1n R (k) - 1n R, (k-1) (R, (0) = 1)
bgss(R) = g2 () - g (k=1 (g4;(0) = 0)
C
e _ n T A
bj = bj - Zi=12k=l gji(k)
- . e e
Axi = m}n {bj /Agji(xi + 1)}
L, =1z IAxi > 1}.

One redundant component is added to subsystem k such that

+1

3 c c L3 I 3 . .
l.e., &, <z, + 1 is reset, and the similar operation is repeated.
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The procedure begins with the initial current solution x° = (1, 1,

..., 1) and ends when L+1 becomes empty. The solutions for a set
of a (probably a = 0, 0.1, ..., 0.9, 1.0; 1/a = 0.9, 0.6, 0.3)
should be obtained. The best solution among the.solutions for the
given set of a's is the final solution.

The computational results for the present method and the other
methods have been compared in [43]. The computation time was 0.7
sec and 3.1 sec on a FACOM 230/75 digital computer for linear-
constraint problems with n = 15, » = 2 and n = 30, r = 3, respect-
ively. The present method can also be applied for the case where
a more reliable component is used to improve the reliability of

some subsystem, instead of redundant components being added.

6.2.3 Exact Solution Method

The solution methods that guarantee exact optimality use
either of dynamic programming and integer programming. The method
using dynamic programming becomes impractical for problems having
more than three functional constraints. In the method using
integer programming, an increase in the number of constraints
affects very little the size of problem, but the computation time
increases exponentially with respect to the number of variables.

In general the latter is superior to the former when the problem
has multi-constraints.

Most of methods using integer programming applies the existing
algorithm after reformulating the problem into a 0-1 programming
problem. Those methods can not solve a large problem (limited to
somewhat less than 10 variables), mainly because the numbers of
constraints and variables increase when 0-1 algorithms are used.
The present method is based on branch-and-bound and is designed for
dealing with integer variables as they are, without increasing the
number of variables or constraints.

Branch-and-bound is an optimization technique that uses the
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tree enumeration. Each branch from a node to its immediate succes-
sors corresponds to a restriction of fixing a variable vk to one
allowable integer value O+ Each node corresponds to a problem; .
the top node UO corresponds to the original problem, and generally

the subproblem corresponding to node Uy k=1, 2, 3, ....) 1is

Subproblem (PK): maximize R, subject to

S
g g..(x.) £b. Gg=1, 2 r)
1=l Y4117 © g > T e ?
‘ _ . r - . . . f
T, =0 (2 € L), a_cisxisxi, X, integer (7 € '),

where LP is the set of indices of fixed variables restricted by the
branches along the unique path from vo to Vs and Lf is the set of

indices of the other variables, i.e., free variables.

Visits to nodes are made in the preorder. If there are no nodes
that need further branching, the enumeration is complete.

The manners of selecting a fixed variable Ty, from among free
variables at node UK and deciding both bounds gk, xk of 7, greatly
influence the efficiency of enumeration. We fix variables before~-
hand in the order of increasing difference between both bounds for
variables obtained from the constraints at Ve Both bounds of xk
are obtained from the solution of a relaxation problem for PK.

The relaxation problem varies with the character specific to a
given problem. If the solution of the relaxation problem for P|<
is worse than the current incumbent, then no further branching
from Ve is made. The solution of the approximate method presented
in 6.2.2 is used as the initial incumbent, and the incumbent is
changed whenever a better solution is obtained.

The computation time was 4.9 sec and 109 sec on a FACOM 270/75
computer for linear—constraint problems with n = 15, » = 2 and
n = 30, r = 3, respectively (same as those in 6.2.2). The method
can be applied to non-separable problems by appropriately selecting

the relaxation problem.
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6.3 Preliminaries

The notation used after this section is listed here. Some

notation is used and defined locally.

other

n number of series subsystem.
1 subsystem number, 7 =1, 2, ...., #.
Si subsystem <.
RS(t) system reliability at time ¢.
Ri(t) reliability of Si at time ¢.
pi(t) reliability of a component in Si at time ¢.
CS system cost.
T mean time to failure of a component in Si'
x, number of parallel components in Si; the number of
redundant components is z, = 1.
50 initial value of Ti in the optimization procedure.
T, X vectors (Tl, Tys eones Tn) and (xl, Loy eeees xn).
p(t) vector (pl(t), pz(t), ceeay pn(t)).
C.(t., .) (or C.) cost of S. for T. and x..
17 1 7 7 7 1
c.(t.) cost of a component in S. for T..
71 1 7
a, B desired level of RS(t); 0 <a<1andB = al/n.
T preassigned value of time.
c specified maximum value of CS'
€ preassigned small value.
At preassigned small value of time interval.
m number of intervals into which the cost-range is divided.
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*

*
T, X optimal values of ¥ and X.

* *
t value of ¢ satisfying Rs(t ) = o for the optimal sulution.
to selected value of £j to s t.
ti (or ti(Ti’ xi)) value of t satisfying Ri(ti) = B for T
and x..
7
TO, XO solution for the problem of maximizing min{ti}.
z
k forward solution number, kX =1, 2, 3, .....
' Ik, Xk kth forward solution.
tk value of ¢t satisfying RS(tk) = o for the kth forward
solution.
Rg(tk—l) value of RS(tk—l) for the kth forward solution.
Zi’ Hi implies sum and product over all 7 31 =1, 2, «ee.s N

The following assumptions are made after this section.

1. The system is pértitioned into n statistically independent
subsystems logically: the system functions if and only if all sub-
sytems functions. Each subsystem Si has z. statistically independ-

ent and identically distributed components in parallel.

X.
1

2. Each component has a constant mean-time-to-failure (or a

constant failure rate), i.e.,
p; () = exp(-t/1;) for all <. (6.2)

3. Cost Gi(Ti) is a continuous and monotonically increasing
function of T CS is linear in each T

4. There is no repair.
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6.4 Problem Formulation

First consider the problem of finding an optimal reliability
design under cost constraint. Under the assumption of time-
independent reliability, maximizing system reliability has incon-
testably been adopted as the performance criterion of.the problem,
For-time—dependent reliability, what is the best performance
criterion ? The following three criteria are candidates.

1) Maximizing mean time-to-system-failure (MTSF).

2) Maximizing system reliability RS(T) at time T.

3) Maximizing the time that Rb(t) is above a, i.e., the value
of ¢t which satisfies BS(t) = q.

It is often required to lower the risk that systems with short
time-to-system-failure (TSF) are produced. Criterion 1 is not
always fit for this requirement, especially when the optimally
designed system has a large variance of TSF. Moreover, the equa-
tion form for MISF is complex, which makes the optimization
intractable. In criterion 2, it matters how T is selected. Thus,
this chapter adopts critérion 3.

The problem can be stated as follows.

Problem 1:
% %
Find t and X7 to maximize the value of ¢ which satisfies
Rs(t) = o subject to-

CS = Zi Ci(ri, xi) = Zi x; ci(Ti) < C. (6.3)

Similarly the optimization problem of minimizing system cost
QS is formulated. The constraint is that the value of ¢ which
satisfies Ré(t) = o is not less than a preassigned value T. Since
Rs(t) is monotonically decreasing with ¢, this constraint is
equivalent to RS(T) > a. Accordingly the problem is stated as

follows.
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Problem 2:

* %
Find ¥t and X to minimize system cost CS subject to

RS(T) > a. (6.4)

6.5 Solution Method and Computational Procedure

First the solution method for Problem 1 is presented.
Let tk and Xk be the optimal solution, which is named kth for-

ward solution, for the problem of maximizing Rs(tk-l) under the
constraint (6.3), where tk is the value of ¢ satisfying RS(tk) =q
for the kth forward solution, Kk =1, 2, 3, .... When to is a value

*
no more than ¢ , the following relation holds.

*
tostlstzs....st (6.5)
k % .
The number sequence {t } converges to t . As the forward solutions
are obtained successively from the first one, we adopt, as the
solution of Problem 1, the kth forward solution for which there

exists the following relation for the first time.

Rg(tk_l) -a<c¢ (6.6)

Thus, Problem 1 reduces to two problems of selecting to and finding
kth forward solution. If a better value is selected as to, we can
reach the relation (6.6) more fast. '

Selecting #7

1/n

Assign the value B = Q
(6.1) and (6.2)

to each subsystem, and then from

ti(Ti, xi) = f'piln{l - Q- B)l/xi}. (6.7)
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Find the solution to, XO for the problem of maximizing min{ti}

7
under the constraint (6.3). Then we adopt, as to, the value of ¢

which satisfies RS(t) = o for the solution 10, XO.

The algorithm for finding to and XO is as follows:
Step 1: Set tL = max {m%n ti(TiO’ xi)} and tU = min ti(TiO’ v),
XeQ 1 7
= - Z 3
letting v = [{C j=1(j#i)cj(Tj0)}/ci(TiO)l + 1, where [y ] is the

maximum number no more than y, and @ is the set of the vectors

which satisfy the constraint (6.3) for TiO'

Step 2: Set ta = (tL + tU)/Z and obtain the values (Til’ 1),

Then go to Step 2.

(Ti2’ 2), eeee, (Tipi’ ri) of (Ti’ xi) which satisfy ti(Ti’ xi) =t
letting r, = [ In(l - B) / In(1 - exp[-—ta/Tio])] . If r, < 1, then

a’

set T = 20 gnd T = 1. 1If r, > 1, then set Ti,ri+l =T and
obtain
e.(t. ) xz. = min {e.(t. ) z.}.
toraota e (1,2,....,0.41) © YT
1 7
If T. c.(t. ). < C, then set T0 = T. , &0 = . , t. = &
1 1 1a’ Tta = 7? 1 1a’ 1 ia’ L a’

. c.(T. .2 = , d
and go to Step 2. If 21 cz(Tza)aﬁa C, then set tU ta and go
to Step 3.

Step 3: 1If tU - tL > At, then go to Step 2. If tU - tL < At

then terminate; the Tg and xg are the solution to be required.

In Step 1, tL is obtained by setting 1 as the initial value
of xi and carrying on the operation of adding one redundant compo-
nent to the subsystem with the minimum value of ti(TiO’ mi) until

the constraint (6.3) is violated.
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Finding k-th forward solution

. k-
Since Ti has an one-to-one correspondence to pi(t 1), the

problem of maximizing Rs(tk_l) with respect to T and X is equiva-

1

and X, which is identical with time-independent optimal reliability

lent to the problem of maximizing Rs(tk_l) with respect to p(tk_

design problem. This is a mixed-integer programming problem.
Misra and Ljubojevié [38] have presented a solution method for
this problem by the Lagrange multiplier approach, which requires
a differential cost function and often yields a solution having
an excessive or lacking system cost since the value of z: is
obtained as a real number and then it is rounded off to the nearest
integer number; therefore, it would be not appropriate to apply
this solution method for finding kth forward solution. This
chapter uses a solution method using dynamic programming, which
yields a solution having the system cost equal to C and being
optimal for a sufficiently large value of m.

Suppose that the allowable values of Ci’ 1=1, 2, ..., n and
C are restricted to ZAC, 7 =1, 2, ..., m, letting AC = C'/rg-.-1 Let

T:7 and Tsq be the values of T and x . which maximize Ri(t )

under constraint Ci < IAC. 1If there exist no values of T and xi

which satisfy Ci < LAC, then set 1., and 0 as the values of iy and

20
To7s respectively. Then the maximum-return functions fi(ZAC), 1=

1, 2, ..., n having the following recurrence relations are given.

X
fl(ZAC) 1- (1 - exp[-tk—l/TlZ]) 11 for 2 =1, 2, ..., m

]

x. .
max [{1- (1 - exp[—tk—l/Tij]) vy

£ a0
jef{1,2,...,1-1+1}

X f,_1(16C = §80)]

for 2 =2, 3, «o., ny L =1, i+l, ..., m
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Maximizing Ri(tk-l) under Ci < IAC is equivalent to maximizing

Ri(tk—l) under Ci = LAC, since both Ri(tk_l) and Ci are monotonic- .
ally increasing with Ti and T Accordingly Til and x., can be

obtained as follows:

Let 5il be the maximum one among the values of z, which

satisfy e.(1. )x. < IAC. Obtain the values of T. such that
71077 1

ci(Ti)xi = IAC for X, = I, 2, ...., Tp7s and select, as 27 and L1

the ones with the greatest value of Ri(tk—l) among these 5il sets

of values of Ti and xi.

Problem 2 is equivalent to the time-independent reliability
design problem of minimizing system cost, since T is a specified
value. - Accordingly Problem 2 can be solved by the similar way to
the solution method for finding the kth forward solution of

Problem 1 mentioned above.

6.6 Illustrative Example

As an example of Problem 1, consider the system having four

Subsystems and the following cost functions (Ti = 2.0 for 7 = 1,

0
2, 3, 4).
cl(rl) = 2.0 exp(0.2 Tl), 02(12) = 3.0 exp(0.3 T2),
03(T3) = 2.5 exp(0.1 T3), CQ(TA) = 3.5 gxp(0.4 TA).

Let o = 0.95, ¢ = 300, m =50 and At = 0.0002. The problem is

to find T = (Tl, Tys Tas T4) and X = (xl, Lo x3, xa), to maximize
the value of ¢ which satisfies RS(t) = o under the constraint

CS = Zi ci(Ti) x, < 300.
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By the algorithm for selecting to, the tL (or

CSU) =3I. c.(t.

)xia are obtained successively as

1 1 1a
By Step 1,
tL = 2.865, tU = 4,443,
By the repetition of Step 2 and Step 3,
1. tL = 3.654, CSL = 288.1, 2. tU = 4.048,
3. tU = 3,851, CSU = 306.9, 4, tL = 3,753,
5. tU = 3.802, CSU = 302.2, 6. tL = 3.777,
7. tU = 3.790, CSU = 301.0, 8. tU = 3.783,
9. tU = 3.780, CSU = 300.1, 10. tL = 3.7787,
11. tU = 3.7795, CSU = 300.02, 12. tU = 3.7791,
12. tU = 3.7793, CSU = 300.00.
o ,0 0 X
The t , X and t are obtained as follows.
0 0
< = (4.919, 3.950, 6.985, 3.385), X =(07,9,
0 = 3.779.
By the algorithm for finding forward solution,
forward solution is obtained as follows.
1 1
« = (4.904, 4.013, 8.755, 3.319), X =(9, 9,
¢t = 3.024,  RL(t") = 0.95876.
The second forward solution is
2 2
<« = (5.493, 4.013, 8.755, 3.582), X" =1(8,09,
t2 = 3.925, Rg(tl) = 0.95012.
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tU) and CSL (or
follows.

CSU = 326.8,

CSL = 297.5,

CSL = 299.8,

CSU = 300.4,

CSL = 299.94,
CSU = 299.98,
5, 11),

the first

5, 10),

5, 9),



O0f course, system cost is exactly 300 for every solution.

This chapter formulated only the reliability-maximization
problem under cost-constraint and the cost~minimization problem
under reliability-constraint, for a system with time-dependent
reliability. But, it is possible to similarly formulate the other
optimal reliability design problems, for example, the problem of
having multiple constraints, the problem of having reliability
functions other thaﬁ exponential and the problem of having system
cost that is nonlinear in T The formulation would also be
effective to the optimal design problem by stress-strength inter-
ference theory in which stress and strength are time-independent

or time-dependent [64].
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Conclusions

Developed in this thesis have been some methods for the relia-
bility analysis and design of complex systems with the particular
emphasis on fault tree and network techniques. The advantages of
methods presented in this thesis are here summarized and additional
remarks involving the problems left for future studies are made.

Chapter 1 extendedly defines the coherent structure function
for logic trees containing mutually exclusive primary events and
presents some properties useful for the qualitative and quantita-
tive reliability analysis of complex systems. It should be empha-
sized that those proﬁerties are applicable to logic trees contain-
ing mutually dependent primary events(not only mutually exclusive),
since they can be transformed into equivalent logic trees contain-
ing only mutually exclusive primary events. There are many cases
where primary evenfs are mutually dependent, e.g., the cases where
1) the occurrence of a component failure changes the stress level
on the other components and therefore makes .their failures easier
to occur, 2) human errors are related to previous human errors or
components failures, and 3) the interdependency among component

failures does not hold due to design conditions, such as the use
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of stand-by redundancy and the interdependency among repairs of:
failed components. It is also possible to discuss about modules,
importances of components, shape of reliability (unreliability)
function, etc., for logic trees containing mutually exclusive
brimary events, but such discussions are left for future studies.

System designers or system safety/reliability engineers often
require a computer—aided means of organizing the knowledge about
system safety/reliability so as to help them in making their
decisions on system design or improvement as quickly and precisely
as possible. In‘response to this requirement, Chapter 2 through
Chapter 5 have presented some efficient methods for analyzing
system reliability (unreliability) by using fault trees or networks.
The list processing technique has been adopted throughout these
chapters.

Various fault tree evaluations can be implemented through
the combined use of reverse Polish sequence and tree sequence
defined in Chapter 2. The use of those sequences considerably
eases the constraints of storage requirements and computation time.
Especially, invention of tree sequence has enabled us to analyze
fault trees by means of a list processing that uses the recursive
character of tree effectively. Furthermore, tree sequence is
applicable not only to fault tree evaluation but also to the
processing of all kinds of trees used in other applications, since
the tree sequence coﬁpletely represents the branching structure of
tree.

Lisfing minimal cut sets is the elementary and important stage
of fault tree evaluation, but it often takes too much computation
time for large fault trees. The algorithm presented in Chapter 3
enumerates all minimal cut sets of fault trees more quickly than
the former algorithms do. The computer program is ready.

Needless to say, the list of minimal cut sets obtained can be used
for computing the upper bound to the top event probability given
in Chapter 1.
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The method presented in Chapter 4 is a new approach to
computing the éxact value.of the top event probability without
using minimal cut sets. Reverse Polish sequence and tree sequenée
of the symbolic form of top event probability are obtained from
the sequences of top event. Storing the symbolic form of top
event probability is useful for repeated computations of probabi-
listic measures of fault tree. Typical examples of such applica-
tions are 1) the investigation of time-dependent behaviour of top
event probability and some other probabilistic measures, 2) the
estimation of confidence intervals of top event probability by the
Monte Calro technique and 3) the computations of sensitivity
coefficients of primary events and intermediate events. Applica-
tion 2 is used for the fault tree evaluation with uncertain data.
Application 3 is used for finding the optimal course of system
improvement or fault diagnosis through computing the importance
measures of events as shown in Sections 4.5, 4.6.

Left for future study is the development of an interactive
fault tree analysis computer system using the methods presented
in this thesis such that we could implement fault tree evaluations
in real time. The gravest difficulty in the probabilistic evalua-
tion of fault tree is the insufficiency of component failure data.
How shall we evaluate fault trees and make decisions under the
insufficiency of data ? How shall we collect failure data ?

These are also the problems awaiting solutions.

Chapter 5 has shown an application of the list processing
technique to the network reliability analysis. Reverse Polish se-
quence and tree sequence of the transmission Boolean function (TBF)
of network are obtained by repeating the decomposition and reduc-
tion processes recursively. The probabilistic evaluation of net-
work can be implemented by using the sequences of TBF instead of
the sequences of top event in the method of Chapter 4. Though

only node-pair reliability is treated in Chapter 5, other measures
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concerning network reliability will be able to be anlyzed by the
list processing technique if they can be expressed as a function
of node and branch variables. The typical one of such measures ié
the probability that the network is connected, i.e., the probabil-
ity that every node can communicate with every other ﬁode.

Chapter 6 has formulated an optimal design problem for a
system with time-dependent reliability and has provided a solution
method using dynamic programming. The mehtod is available to a
system designer who has a hard time in making tradeoffs between
system reliability and cost. Though only series systems have been
considered in Chapter 6, the problem formulation can easily be
extended to non-series systems. However, the solution method
becomes complex and hence an approximate method will be required.
For the future the optimal design problems of complex systems with

repair and inspection need to be formulated and solved.
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Appendix A

Proofs of Properties Pl - P4 in Section 1.3

Proof of PI:
Necessity: 1If x(E*(a)) = 1 for a fixed vector E*(a), then
there exists a term of x(E*) composed of a nonempty subset of pri-

(a)

mary events having the value 1 in &% . Therefore, x(€*) = 1 for
all vectors E* which satisfy £* > E*(a). The relations (1.4) hold
since any primary event belonging to UZ=1.92 does not appear
in x(E%).

Sufficiency: Assume there exists a term containing Eij € Qz
in a s.o.p. form of Y(E£). Let this term be QEij and the remaining
terms be P in the lump, i.e., T =P V QEij' From (1.4), T =PV

Q(Ei(8i+l) v Ei(8i+2) V....V Ei(ai)) is also true. Thus T =1
®)

for a fixed vector E% in which every primary event appearing

in @ has the value 1 and the remaining primary events are 0, regard-
less of the values of primary events belonging to UZ=1_QE. Because
PY(F) is monotone nondecreasing in E*, T = 1 for the vector obtained
by changing the value of Eij € Qi from 0 to 1 in E*(b). This fact
means that T = P V Q(Eil v Ei2 Vv ....V Eiai) =PV @ is also true.
Thus Y(E) can be represented as a s.o.p. form containing no primary

. n e
events belonging to Ui=1.Qi . Q.E.D.

Proof of P2:

(e)

Let E* be a minimal cut vector., From the definition of

minimal cut vector and Pl, X(E*) = 0 for E* which satisfies

E* < E*(c) and X(E*) = 1 for E* which satisfies E* > E*(e). Thus

(e)

the logical product of primary events having the value 1 in &%

is a term of X (E*).
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Let Cc = {E. . , E. ., ..» E. .} be a set of primary events
1y a9 “r/n ’ ¢
obtained as mentioned in P2. Because F. . FE. . ....E.
t191 Yodo 'ann
of X(E*) and any term composed of a proper subset of C is not con-

tained in Y (£%*), then X(E*(c)) = 1 holds for E*(c). such that

is a term

all primary events belonging to C have the value 1 and the remain-
ing primary events are 0, and X(E*) = 0 for E* which satisfies
gx < e+ qg.E.D.

Proof of P3:

1) It is obvious from elementary set theory that (1.3) is
equivalent to (A.1l).

s5(r = 1|E€j =1 <5 =1|E, = 1. (A.1)

Eq. (A.1) is equivalent to (1.5).

2) The relation

S(r=0lE..=1NSE@ =1, =1) = 5(T=1lE., =1
(T =0lE;; =D NST=1]E, =D = 5C=1E, =D .
- 8(T = 1|Eij =10 S(T=1|E, =1)

holds from elementary set theory. Eq. (1.6) is easily derived from
(A.1) and (A.2).

3) T =1 for the vector E*(c) such that all primary events
belonging to C have the value 1 and the remaining primary events
are 0. TFrom (1.5), we have

a) T =1 from the vector E*(d) such that, in'E*(c), the value
of Eij is changed into 0 and the value of Eij into 1;

b) T = 0 for every vector E* such that all primary events in
a subset of C - {Eij} have the value 1 and the remaining primary

events (including Eik) are 0, since C is a minimal cut set.

(e)

Therefore, there exists a minimal cut vector E£%* which has Eik =1
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(@) ( gD

and satisfies E* Thus, if Eij-li>E€k’ then P3-3 is
true.

Suppose that P3-3 is true. Then, if w(lij, E) =1 for a vec~-
tor (.i’ F), then w(lik, E) = 1 holds for the same vector. This
fact is equivalent to (1.5). Accordingly, Eij—lz>Eik.is true.

Q.E.D.

Proof of P4:

Let sz be the logical product of primary events belonging to

CZm and let GZ = GZl v GZz vV....V GZtZ' From the addition rule

of probability,
. = = s =
Pr{T = 1} Pr{G, VG, V .... VG, 1} < 2., Prig 1}.

Since primary events contained in GZ are statistically independent,

GZZ’ ooy GZt are associated [13, 61, i.e., Covi{f, gt >0

Gyqs
l1 7

for all nondecreasing functions f and g of GZl’ GZZ’ cesey GZt .
' A

The following relation is derived from the former result [14] for

associated binary variables.

¢ t1
oy (L - PriGy =11 =1 -m 2 - Py

m
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Appendix B

Proofs of Properties Pl -P2 in Section 2.3

Proof of P.1:

Proof of 2): lLet np be the number of primary events, ng be
the number of intermediate events (including the top event), and
-nJ be thelsum of node elements. "p is also equal to the sum of
leaf elements, and ng is equal to the number of logic gates. The
number of the inputs of logic gates, or nJ-+nS, is equal to the
number of primary events and intermediate events, or n,+n,-1.

PS
Thus the sum of tree sequence TS(T) of top event T, or n,-n,., is

P
equal to +1.

Proof of 1): Suppose that the sum becomes 0 or negative while
adding. Let S be the subsequence of TS(T) from the first element
to the element at which the sum becomes 0 or negative for the first
time. Then the last element of S must be a node element, because,
if not so, the sum from the firét element to the just preceding
element of the last element becomes negative. Let JS be the last
element of S, and A be the logic gate of P(T) corresponding to Jé.
The elements of TS(T) corresponding to primary events and logic
gates contained in the subtrees of the output of A are arranged
before J8 (see Eq. (2.4)). Let S5S be the subsequence of TS(T) that
contains those elements and Js' The sum of elements of SS is +1.
Accordingly the sum of the subsequence obtained by removing SS from
S 1s negative, and that subsequence contains the first element of

TS(T). This fact is contradictory to the definition of S.

Proof of P.2:

Let P(m+l) be the subsequence obtained by removing the last

(m+1)

element -m from the tree sequence; the sum of P is m+1.
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It is obvious from Eq. (2.5) that there exists at least one way of

(m+1)

partitioning P into m+1 tree subsequences.

Let Pl’ P2, vevesy P (rightward from the leftmost in order)

m+l (m+1)
be a set of tree subsequences obtained by partitioning P .

Let P(n) be the subsequence from the first element of.the tree
sequence to the just preceding element of the first element of Pn+l’

n=1, 2, ...., m. The sum of pM

(n+1) _ p(M p

is 1 and there exists the

D = Pl' Accordingly, in

order to show the uniqueness of the way of partitioning P(m+1)
(1) is

relation P N1’ where P

into

m+1 tree subsequences, it is sufficient to show that P
. .y . m R

uniquely partitioned into P( ) and Pm+l' Suppose that there exists

a way of partitioning P(m+l)

(m+l) _ s(m) 5 5 .
P = P Pm+1' If Pﬁ+l (or Pm+1) is the subsequence of Pm+l

different from the above, i.e.,

(or §ﬁ+l)’ then the sum of the subsequence obtained by removing

Pﬁ+1 (or Pm+1) from Pm+l (or Pm+l) is 0, since both the sum of Pm+l

and the sum of ?ﬁ+1 are +1. This is contradictory to the fact that

Pm+l (or Pm+1) is a tree subsequence.

Q.E.D.
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Appendix C

Proofs of 6 Checking Rules in Step 4

of ANCHEK Algorithm (Section 3.3)

Throughout the following proofs, Cyis ch are used to represent

. : ! =
elements belonging to Cl’ 02, respectively., Let ¢’ = cy14 U ch'

From the definition in section 3.2, ¢ = cli* Ue is the set of

25%

primary events currently being checked.

Proof of Checking Rule 4.1:

Let ¢ € F. Then ¢ € Cl ® 6'2 since ¢ € Cla and ¢ € CZa'

Ifcli#c(ore .cc (or e,.c a).

27 17 27
This is contradictory to the fact that T1 and T2 are the reduced

# ¢) and ¢’ < ¢, then ¢

s.0.p. forms. Thus ¢ € . It is apparent that the element belong-
ing to Clb U Cle or CZb 1] CZc cannot be an element common in Cl

and 02 since that element contains at least one non-common primary

event.,
Let ¢ € Fla U Flb and ¢ Se, € CZa' Then ¢ € C1 ® 02 since
clUe =c. 1Ifec,. # ¢ and ¢’ = ¢, then ¢,. <= ¢; this is contra-
a 12 1z

= ' ! . .
dictory. Suppose 1z c;é czj. 1f ¢' < ¢, then ¢,. < c; this is

27
contradictory. Thus ¢ € C. The proof for the case of ¢ € FZaUFZb

is made similarly. An element c, € C1c (or 020) cannot be absorbed
by any element belonging to CZa (or Cla) since e, contains only
non-common primary events. Also the element e, € Clb U Clc (or
CZb U CZc) cannot absorb any element belonging to 'C'2 (or Cl) since

ew contains at least one non-common primary event.

Proofs of Checking Rules 4.2-4.6:

— 4 ! ' L4
Let ¢ = ¢py U ey (055 € 1 U Cpp U Cpor Op5u € Caq U Cap

U CZc) and let c1i # Cyia CZj # czj*.
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Consider the process of checking ¢ by ey Then the proofs of
checking sub-rules a-d in Subroutine RULEA are given below.

a) Suppose the case of ¢ O cli; ¢ = 017: never holds, because

ch:*g_ cli if ¢ = 017:. Then ¢ 2e¢,. U czj* since ¢ > e

17 25%°
Thus ¢ € C if ¢ # cy; U czj*.

b, ¢) Suppose the case of ¢ :cli and ¢ = cli U ch*'
then it is not necessary to check ¢ further since ¢4 U ch* is
checked in its due order instead of ¢; thus ¢ ¢ C. 1If 7 > %,

If © < i%,

then Cys must be stored for additional checking.

d) Suppose the case of cP ¢ If ¢ 2e¢', then e 2¢,.. But

1z° 17

¢ = ¢, . never holds since it means c,. ¢,.. Thus ¢ oec,..
17 12% S 714 17

14» then ¢ e’
Similarly, for the process of checking ¢ by ch’ the proofs of

This is contradictory. Accordingly, if ¢ P e, .

checking sub-rules a-d are made.

Consider the case of Sli* # ¢, S #¢. let c,. €S8 and

25% 1z 17%

czj € Szj*' Then ¢ 2 ¢' since ik U czj* U 1 U czj = a.

If c>e', thene ¢ C. 1If ¢ = c', then ¢ must be checked further

by other elements of Sli* Qd Szj* by applying the idempotence rule.
Next it is proved that, in each case of 4.2-4.6, it is not

necessary to check ¢ by all elements belonging to C U C .

4.2) ForcieClbUClc(orc.erUC ),c:>c1 (orc::c )

29
never holds since cl (or c .) contains at least one non—common
primary event.
. . o . €C c e>oe,.

4.3) Let Cli% € Cla and cZg* € C For ey 15 U 1e’ 14

never holds since C1z contalns at least one non-common primary
i in C.. . €C ¢ o ¢, . never holds

event contained in 1 For 023 26 27

since sz contains at least one non-common primary event not
contained in ch?"'
!

? .
The proof for the case of cl’i* € Clb and czj* € CZa is

made similarly.

4.4) For cli € Clc (or ch

holds since ¢.. (or ¢,.) contains at least one non-common

1z 29

primary event not contained in c.

€ CZc) , cD¢ (or ¢ > czj) never

17
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4.5) Let ¢

4.6)

' '
14% € Clc and ch* € CZa U Czb' For cli € Cla’ neither

ch* c ¢,; mor czj* 2cy; holds from the proof of 4.1.

Thus C1z contains at least one primary event not contained

in ch*’ For cli € Clc (or czj € 02), cli (or czj) contains
at least one primary event not contained in ¢, since neither

c (or ¢

) nor ¢ .2

12 € 15 25 S Cagx 17 2 Crix (OF 095 2 ¢y
holds and cli (or ch) contains no primary events contained

! =
in ch* (or eli*)‘ For 1z € Clb’ C1z U czj* ¢ never holds
since cli* contains at least one primary event not contained
in both cli and czj*; therefore, checking sub-rules b & ¢

are not necessitated.
!

'
The proof for the case of Cl1i% € Cla U Clb’ czj* e CZc
is made similarly.

Let cli* € Clc and czj* € CZe' For c,. € Cl (or c

17 25 € Ca)>
cli (or czj) contains at least one primary event not contained

in ¢; therefore,c =2 1 (or e 2 czj) never holds.

Q.E.D.
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Appendix D

Derivation of Egs. (4.14) and (4.15) in Section 4.3

From Table 2 in Chapter 2,

2
m=-”—%+8-+k+1. (0.1)

The following table gives m, m' =m - 3, n! = n - 2 for small

values of n, k..

n 3 4 5 6 7

k 212 3|2 3 4412 3 4 5412 3 4 5 6

m 415 6}t7 8 9|10 11 12 13 (14 15 16 17 18

m' 112 3[4 5 67 8 9 10 |11 12 13 14 15

n' 1 2 3 4 5

There exist n' different members of m' for same n'. (We say

that these members belong to n'’-class.)

' ' _
The last member of (n'-1)-class is E—iﬁi——ll , and that of
! 14
n'-class is ﬁ—iﬂfj;ll. Therefore, if m' belongs to n'-class, then
! r _ (401
nfn'=1) g o RnI+1) (D.2)
2 = = 2
By solving this inequality with respect to n', we obtain
' r -
‘/%ﬂ-%swsm(m 21)+1+%. (0.3)

There exists only one integer n' satisfying inequality (D.3).
y
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r .

n' = [‘/8(”7 21) +1 . % ] (D.4)
Sincem'! =m- 3, n' =n -2,

n o = 2+[‘/8(”’“"+1+l] (D.5)

2 2
From (D.1) and 7 computed by (D.5), we obtain k.
n2—5n+8
k = m- — - 1 (D.6)
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