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Information Games

By

Yu Kai*

Abstract

In akgame each player holds a strategy based uoon the ad-
tions that he can actually take. The quality and the quantlty of o
the feas1ble actions are determined by his ability or power in ”
the game. Generally every player has no 1nformatlon on the othets'
powers, it is one of the most 1mportant problems for them to know
the powers. We treat such unknown games, played perlodlcally, from
the v1ewp01nt of 1nformatlon theory. We discuss both non- cooperatlve
and cooperative games andkprove some suff1c1ent condltlons Under .
which aAplayer can get the full information on the other playefs'
powers from segﬂential observatioﬂs on the states; In two person

games we show also optimal strategies with respect to the informa-—

tion.

* Department of Home Life Science, Fukuoka Women's University,
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1. Introduction.

The main problems of the game theory established by wvon Neumann
and Morgenstern [9] are to find some solutions for the competitions
of players' interests, and to show optimal strategies for the solu-
tions. In the theory it is generally assumed that every player knows
the game structure such as the sets of all feasible actions of the
players and the payoff system according to the actions. However, the
assumptions are not always satisfiéd in practical games. In complex
games the skill and the experiences determine principally the issues
of the games. For example, the skill and the experience in chess or
'go' provide the set of the feasible actions, and in athletic games
provide the force of every feasible action,which affects the payoff
derived from the actions. Such abilities of a pléyer are not usually
known to tﬁé other playefs, tﬁus the game structures\are not always
clear to the‘players. If the sttucture isrunknown, each pléyer
must play cauciously not to suffer a serious loss and should make a
point of getting the information on the others. Therefore in the
present paper we dicuss the unknown games, treat the_information as
the principle subject, and study hbw much information the players
can gain. ‘ V

We may mention that the powers and the strategies of the players
decides the issues of the games. Thé strategy is the way to choose
actions, which effects the issue directly. The power is practical
abilities to play the game such as forces, proficiencies and féasi;
bilities of actions, that is, the power shows the qualities and the
quantities of the actions,and the powers provide the game structure.
Thus the plafer, who wants to map out an optimal strategy, should

make efforts to get the information on the others' powers as much
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and as soon as possible. We suppose, of course, every player knows
his own power exactly. The more a player gets the information, the
more he gains advantages over the others. We show an éxample of
two-person zero sum game. The players are denoted by P-1 and P-2,
whose action spaces are A and B respectively. Let r(a,b), a€A, be
B, be a payoff function, the value of which is paid to P-1 by P-2.
If P~1 gets the information that the feasible actions of P-2 are
restricted to a subset B' of B, he can expect more reward according
to the following inequality;

max min r(a, b') 2 max min r(a, b)
a€elA b'eB’ achA beB

If the payoff depends on thé proficiency in the actions and each
player doegrnot know it of the opponent, he will not able to esti- .
" mate the value of ;(a{ b) . Thus ifa player’gétsfénqﬁgh'inﬁormation
on the opponent's proficiencj, He‘can chéose moreteffective actions.
On the other hand the informatién on the strategies is also
valuable, because it brings every player great benefit to know the
ways~that the others choose their actions. Since a strategy of each
player is determined according to his power, it is impossible to
estimate the other's strategy without sufficient information on the
power. Even if the information is obtained enough, it is wvery hard
to estimate the strategy, since the way to choose actions is very
variable because ofgits dependency on time, the past states, the
rewards and so on. Therefore we treat only the information on the
powers, which we call simply the information from now on. If a
player obtains the information enough and knows the game structure,
he can take an optimal strategy by means of the general game theory.

Therefore, if the structure is not known and the game is played’
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periodically, every player should treat it as the main subject to get
the information as much as possible. We call such games the informa-=
tion games and study the amounts of information that players can ob-
tain from sequential observations of actions, states and payoffs
throughout all time.

We consider the information games as follows (see Fig. 1l). In
n-person games each player is called player i and denoted P-i. The
power of each player is determined by some random system and is clas-
sified among finite grades G = {g,,..., g"1} according to its quality
and quantity. Every player does not know any other player's grade.

A feasible action space of a player is determined according to his
grade and is also not known to the others, so observed actions con-
tain some information on the grades. Every player determine his stra-’
tegqy before the game begins. In the present paper we treat only simple
strategies which are sequences of actions and are independent of past
history.At each time players' actions bring them some results such

as rewards and states, célled briefly states from now on. The states
do not depend only on the actions but on the grades of powers. Thus
the players observe the actions and the states, and obtain informa-
tion on the grades. The main subject in this paper is to study how
much amounts of information players can get from sequential obserf
vation of the actions and states through all time. We discuss the
subject, applying the results of Renyi [111, [12], which treat the
testing hypothesis theory and give some conditions under which® the
fﬁll information on a parameter can be obtained from seguential ob-
servations. Kai and Kand ([4] stﬁdied the subject in special games
such that the power grades strictly determine the strategies, that

is, the grades are essentially equivalent to the strategies. In this
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paper we treat generalized games and study relation between the in-
formation and the strategies,

In section 2 we discuss non-cooperative 2-person information
games, where we give some sufficient conditions under which the full
information on the grades can be obtained. At 2.2 we treat the cases
that the states' sequences are Markov proceSses, at 2.3 and 2.4
study the cases that states' sequences are independent. At 2.4 we
also show optimal strategies when the states are normally distributed.
In section 3 we study n-person games, where we define the cooperation
with respect to the information and show sufficient conditions under
which the full information can be obtained by each of a cooperative

group.

Actions

Force = Power = Strategy

Proficiency

(play)

Actions
I8 ,
States (Payoffs)l

(observation)

Information

Fig. 1. Game system -
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2. 2-person information games.

2.1 Introduction and essential theorems.

2-person information games are defined as follows. Let G ={g ,
ey 9p }, (lgm<=») be the set of all grades of powers. We suppose
that the power of each player is determined by some random system,
and let P ={p, ,..., p,} be a probability on G such that P({g;}) =

p; (20) and E B, = 1. Let 8, and €6, be parameters on G which show

the grades of P-l's power and P-2's power respectively, that is,

P(8 = g;) = P(6:= g;) = p;. Let A; be the set of all feasible actions

of a player whose grade is g;. A player being in grade g; employs

a strategy which is a sequence of actions & = (§; ,..., &+ ,...)
such that GH € A; for all t =1, 2, .... We denote his grand stra-
tegy by the m-tuple of strategies § = (&;,..., 6), by whichvhejtakes
§; if his grade is g;. Let S be the state space, assumed to be a

Borel subset of a finite dimensional Euclidean space. Let £ = (s,,

tet

..., S;) €S be the sequence of states up to time t, and let 6?
(8 +--.,8;4) be the first t actions of §;. For a Borel subset &,
let B(Q) be a o-field of Borel subsets of Q.
Throughout this section we assume that for every grade g; of
P-1 and gj of P-2:

Al. The initial state s, is given by a probability measure

@S (-) on B(S), assumed absolutely continuous, whose density is

denoted by <ﬂ¥(s°);

A2. When §; and o; were employed, &; occured, §; and o0,; are

) (

o) q;)
o

taken, there exists a conditional probability Q * 784 16 ’ 0

on B(S), i.e. for every Be B(S)

A-t) £=1)
Pri{sce B| &, /85 .8 .0, 0
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(r.9] ~ &)
Q 4 (B7§;(-( Y ,c;o) :

T e L Ty I
A3. For every t<2l i, 3j, 6{ , c;) and &, Qi}(- ; E*.,5T ,qf”-ls
b‘)

absolutely contlnuous and let q (s*lgbi, ‘,c ') be its density.
Let QV (- s Sf,g-) be a probability»on B(s*!) derived from
v . , L . L o % ,
@b&-)‘and {Qt}(- H &H,ﬁ,,al v=1,..., t}, i.e. for every yEDBV'
e B(s™)
@) #*)

£
0 (LB, 18,0

J¢m (s, )dsaj ay (s, g, .8 L,o"’ms,

*) @
T [qIJ (va |E,(—,| 15£ lcj )dS/f .
By
£} (X) 1) . . .
Thus @q( N ;6;:0;) is absolutely continuous and has a density
¢{2‘ (& G(f,, U?)) such that

X7 W) ()

(1y .- ’ ¢%{(€i 6;,0 ) = ¢ (s )IIq (sv[£%4,6l, ;) : els.
We suppose that both the players know all these systems.

' Now we discuss the lnformatlon about the grades of the players
powers obtalned from & . When 0;= g; and 62 = g;, every player knows

% and €, but he does

his own grade and up to time t observes S?i o]
not know the opponent's grade. To avoid complexity, we diseﬁss'ﬁhe>
information from‘the stde .of P-1. Under each condition that 6, = g;,
8, = g; §; and o; are employed, the expected information on 6, P-1
can get from &; is defined by,
(2) I‘T.(Sg,é_;) |

= H(8;) - Bs . [H (8, lo,. g0l 8, = 9;09,=9; 1,
where H(6,) is e entropy of‘e2 defined by Shannon’ s formula

H(9,) = zg,— p; log p; , \

H(GZISI,EA) is the conditional entropy of 6, when 8, is known and

£; 1s observed, i.e.
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(3) H(8,]0,,84) = E - Pr(8,= g, [6,,& )
, : =

" log Pr(52= gklellg*)l

and E&GS[H(GZISI,E*)|91=g;,62=gj] means the conditional expecta-

(23]
( * 764'

£)

&) .
¥ +0; )) with

tion on the probability space (s, fS(ShW, $

respect to 6;= g; and 6,= gj, i.e.

(4) EGIOSIH(GZIBI,‘E;HQI: 9:08,= 9,1
m
= f {g‘_pr(ezz gk[el,gt) log Pr(6,= gklex'gk)}

fr1
S o)

W) Ny
° (bIJ‘(E*;Si'OJ) dg/{- .
Since a player in a grade g; can not any action except the elements

of A;, one can define with no contradiction that

® @ ' e
(458, ,cr?) =0 for all £, € S ,

A

)
Y

. (19} * + . . .

if §; % A; or c?’ﬁ A; . Therefore o?’contalns some information on 8,.
oW @) . : . )

When 6,= g;, §; and o’ are given, according to the Bayes' theorem

and the theorems on conditional probability, we have from our assump-

tions that
(5) Pr(9,= g,]8, /&) = Pr(e,= g,]0,= 9;.&,)

@ &
Pkfbu)((g/f ;6,[ lO'd‘ )

CI o

Therefore, when the grand strategies § = (6,,---, 8y) and o = (o,

-.+s Oyn) are employed, P-1 can expect the following amount of infor-

mation on 8,:

*)
EP [ Il'((s,[l (3)]

ff(d,c)
(6)

H(8,) —g;gpﬁ%[a(ezle,,&:t) [8,= g;.8,=g; 1.
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It is easy to know that I‘I’(G.o) is néndecreasipg for t =1, 2, ...

and I?(G,o) < H(9,) . Thus &im If(é,oj = f?kﬁ,b)alwayes exists. If
-»0a

kaﬁ,c) = H(9,), we say that P-1 obtains the full information on 6,

from the sequential observations {&;}, £t =1, 2, ....

We note a lemma of Renyi [11]

Lemma 1. There exists a universal constant C > 0 such that
for any sequence a;, a,, ..., ax,0f possitive numbers forming a prob-

ability distribution (i.e. a; +---+a, = 1) we have

? - a; log a; g C Z Y a i
{=1 =1

Applying this lemma, we prove the following result.

Lemma 2. There exists a constant C such that for every §, G, -

i and J

ES;QJ[H(62|91'E*)|91= 9;:8,= 951

j{ : ""(gt. 8 193) 85 (8,567 ,0) ) g

Proof. By Lemma 1 and (3), there exists a constant C > 0 such

that for any 1 £ j £ m

H(8,|0,,&,) ¢ cr YP(6,= g, [8,,E)-
. d

Then from (4) and (5) it follows that

E‘S&_OJ_IH(GZIGI,EX) |81= 9; ’.ezz gj ]
R pd’(jﬂ (E ,5m o’ ) %.'
< ¢ 1 {2 LS e (5 & ””)dgﬁ
S:tn
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fﬂ).
0

p (a,\o-f__
scr 5{ R “2 — o a8l a
P
- chg‘j{?k ‘1’(:; (€187 o) oF (Ek:aﬂ“’)} ag, .
T

Stﬂ J
Theorem 1. If 8§ and ¢ are employed and for every i, j, and
k #3

lim j{cp (g 187 09 ¢“’(gk,<sl’,o‘*’)} dg, =0,
*ﬁﬂ Si?(

then P-1 obtains the full information on g,, i.e. Ixts,g) = H(8,).

Proof. By Lemma 2 it follows that for every t 2 1

&~

g; p(%Eﬁiqi[H(ezlel,g/f)]61= g; +9,= gJ ]

WA
(@]

3 )
42}@5_;3~ VB, Py J{¢‘*’ (£,76; ,g‘; ) “’m(#' 0 )} ag, .

Then from (6) it implies the theorem.

2.2. Sufficient conditions under which the full information
is obtained when states' sequence is a Markov process.

We suppose that the states’ sequence‘ sg: £ =1, 2,... is
a Markov process; that is, for every i, j, t, a;e A , bre A and sy,

. . e Pq . )
€ S there exists a conditional probability (f&( ©iSg,a; , by )k on

A= 1-1 _
B(S) such that for every Be B(S), 5 0 € A, 6?”& A and g,
u) d') -1
(Blgills‘llé 't'Od‘ be )

) S
= Ul‘d‘(sxeB‘;S"!"’ a‘-lbt) .
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We denote the density of Ua%, 2 554'665'2k) by 11 ( sx,sh,,ix,l,),
then the den51ty,¢g(£;,6fuc ) of @?(- ;B?ndf) is a.s. equal to

¢$(Sg)lgufg(sy;syq,éu,%y)‘ Denoting for each t 2 1

w
k‘uk (6{"‘!-1 th)

e

_ : «) 4] 2
= S;f, { s (SgiSi ,@-r,c#) wie(seise, S, )} dsy
we have the next result from Theorem 1.

Theorem 2. If § and o are employéd and for e%ery i, j and k # j

Lim & 22 (s =0
fon Vi e O ) = 0

thean—l obtains the‘fuil information on' @}
e e @ @) ‘ | ' 8
Proof. Since ¢§j(5x;5£r%ﬂ) = <N”(s ) H xfw(sy,sy,, .0 ) _a.s.,

5

it follows that

@ . @ ) & ® z
| (e el ah o (g*, 2, ae,
j SX-H )
g r
) j ¢: (S ) H {u b 7Sy 1 Siye P) ug k( 75v—1 "5«‘»"_‘5‘?)} d&s
St‘l ) -
p :
s 1 ‘j”k(oy,m) .

V=i
Thus by Theorem 1 P—lrgets the full information on 6,.

We ‘say that the Markov process isAstatioha:y’if for every a,

b, s, s' and t, u?¥ Wg

U{J(S': s, a, b) =uy(s'; s, a, b) a.s.
Corollary. If the states’ sequence is a stationary MarkoV
process and for every i, j, k # j

. - _
osup. Ayl a, b )< 1,
0eAgben;

then, employing any strategy, P-1 can get the full information 6n"éz.

- 10 -



Proof. By the assumption, for every §, o and t

#? )
A;p (8, ,0,) < sup A, a, b)
GRD DT EGET 2 gen be; R
< 1,

then the result is derived by the theorem.

2.3. Sufficient conditions under which the full information
is obtained when states' sequence is a independent process.
We suppose that the states' sequence is independent, that is,

for every i, j, t, a € A; and b € A; there exists a probability
*)
A'J'

=) ®-1)

V;7{(-; a, b) on B(S) such that for every Be B(S), 8; ,<¥ and Efq

) - 2-1) x) .
Q{[J(B?‘Elt_,r 6‘(“3 a IG; ’ b ) =V‘(‘J‘(B: a , b )'

. ) )
Denoting the density of Vg~(B ;a ,b ) by f%/(sx; a,b ), one

has

(£ UL ) N () £ _w .
¢‘/(E*'54 10;{‘) - ¢id.(so) yIL f"d (Sy ,5

Yy AU,) a.s.

Then we have the following result immediately from Theorem 1.

Theorem 3. If § and ¢ are employed and for every i, j and

k # 3

LA ) 3
]7‘:12 E,j{f(;'( Sy i §yiT; ) £i40s, 5 8, 1Ty )} ds, = 0,
ax Vi /g

then P-1 obtains the full information on 8,-

We show an application of this theorem.

W)
Example 1. Let S = Rz, A{ C [0, ») for every i, and fq( St 7

QX'%M) be a density of a 2-dimensional normal distribution, defined

as follows;
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' £)
(7) f40’ ( Xt s YI{ H 6.4‘/( ’ OT/‘X ) .
o - . . 2
_ 1 1. R ( Xe — G.j.l-)
= exp [ - { 2
27 é&ci/.*/l-p; C2(1-gp)
| - - i - s z
. (x, au.) (y B"J) . (v, S‘/) '
Pt 2
(SJ"(. GJ‘ . 3 . 0'/-; T .
Q.. —a. 8.. - B.
Let a(ﬂ'jk - 4%k and Bwijlz ) R We suppose that p, is
64‘)‘ . ) o:/‘,f

independent of 8:4 and Tjg -

Proposition 1. Let § and ¢ be strategies of P-1 and P-2 réspec-
tively. If for every i, j and k # j
2 z —
t ————{aw, - 2o o)y BBy + Bl b = =,
5 ¢

then P-1 obtain the full information on 8,-

o+ a. B, + B;

Y AR and b... = ._‘d______‘.li .
AJR 2

P}r:qof. Let aijl{___ It follows

%) 3
J{fZJ ( Xt s Yx : 61';{" Gj)f) f,“Q( xx- r Yy ;6,4‘;{ v Gd‘,()}z dxxdy;-

R |
1 . 1 ( X, = aijk )2
= ) / 2 exp (- 2 { 2
2wy g/ 1 -0y 2(1-p4) S 7Y S
( X = aAf/‘k) (¥e - buk) oo Ye — bAyk)z
- 20* - - + S .
7 6,{\,1.“ Gd‘x. o’j}‘
Lol - = ) L e, 11 dx,dy,
T e T P oWy By + - Bllge ] dxidyy
[ . { 2 -2 @) ‘sw + smz 3%
= exp[ - —— { am)? - 2p, aw).., B&)., + B/t }].
8(1-p2) Yk & TGk TTR iR

- 12 -
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Hence
L3 ( (v) ) %
I { fiJ (%, v, i8, 09, ) £50%, , v, 568,, g, )} dx,dy,

1
1-p2

1 %
— L
8 V=i

2 , V). ;) 2
( e h 2p,,a,uf,jker i F swi.d.k)},

and we have the result by Theorem 2.

Remarks. (a) . Concerning the information on 6; which may be
cbtained by P-2 and is egual to the information P-2 can get, we can
prove the same results that we have shown with respect to the infor-

mation on 8,. Defining the information that P-2 gets about 6, by

¢
1908, 0)
(8)
=H(8,)) - L IppE, [H(8,]0,,8)]8,=9.,8,=49 I,
Ty d L9
one has:
Theorem 1'. If § and ¢ are employed and for every i, j and
k # 1
) 79 RPC )] ) L) z _
ii—g} J;{l ¢*J*(gx16“ ,OJ) ¢A\k(£,{’64\ Iod‘ )} d gx. O 4
SQ

then P-2 obtains the full information on ¢,.

Both in independent case and in Markovian case we can shcw the

same conditions under which P-2 obtains the full information on 8,-

(b). Theorem 1 shows that the probability on the grade set
G does not affect essentially to get the full information. There-
fore, even though a player knows little the probability on G, he can

get the full information ultimately as long as he does not misjudge

- 13 -
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that there is no probability of his opponent's being in some grade

when the opponent is in the grade.

2.4. Optimal strategies when states' sequence is independent
and is normally distributed.

In the previous subsections we discussed'the‘éufficient condi-
tions under ‘which. a player can get the full information on the
opponent's grade. However, every playér should take account of both
the information he gets and the information obtained by his opponent.
Thus thevbbjecﬁ in the ga@e of P-1 is to maximizg the following .

guantity asvsoon'aé possible:
(9) (5,00 = 198,00 - 1%s,0).

Conversely P-2 wants to'minimizé‘tﬁéfvélué of - 1I%(§,0) as - soon as

he can. For each time t the system can be seen as a 2-person zero
sum game, where the setsA{6¢)E(6?1...,$f)} and { dﬂsfo?l.;;;bf)}'
are action spaces of P-1 and P-2 respeétively; ﬁéhééj{fdfaéiﬁhple,
if every action space A; is finite, there-exists,the game value and
Ae:(ist optimal mixed_strategiés for both thé playe;s. Our problem
in the present paper;ié to study éptimal strategies through all

time. We define §"and o*to be optimal strategies for P-1 and P=2

respectively; if

il

(10) sup inf (s, 0) inf sup I"X6,0),
8 o] g &

I

Cinf (8%, q0)
o g

- 14 =
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= sup I®§,0),
8
where T®(§,0) = iim 19(s,q) .
>R
We suppose the states' sequence is independent, S = R*, A; 1is

a subset of [0,=) for every i, and the probability density of sj

= (x; ,y*) is given by

(11) 905, ¥ 7 Sk Oy )
4 J
1 1l ( (x,f - u1‘)2
27 &0y /1- of 2(1-p2) 8%
(x¢ = w) (ye = v) (y, = v;)?
- ZD}(, + ] 2 }] -
8, Tt L

cov (xz, ¥z ')

Lemma 3. If pp = is independent of § ., and

o) 4:{ GJ‘/‘

Tig s then I?R@,c) is independent of §.

Proof. For every i anf j

Eg ol H(82181:8,)[0,= g,,08,=g;]

i
@) o w)  d)
[of e g it
= og
R ot . &A1 d) ) . g
RLf ‘2(.: E,){(b,(‘,((g:( '64‘ IO;‘ ) pk(g«k (E[(Iaﬂ IO‘;‘ )

)
) ¢fd~(§f;5}*’,c;f’) e, ,

x

where
) d))

) £ )
(b‘:;(é;}é.;dj 'Gl ¢i‘?( X9 Yo ) VEII f"\j( Xy 0 Y, 7 foyl 0;";/) .

- 15 -
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for every v, we see Eg [H(Sz[
Py , , &9

]

From (11), letting x,
el,St)l91=g; »8,=9; 1 is independent of §.

Theorem 4. TIf for every t, py is independent of §;;and Tjt « then

for 8, 8'and ¢
95,0 < 1%, 0),

if 6= *cc = §p, 8= +-- =85 and &4 < &% for all t21.
Proof. From the assumption and Lemma 3, I(i)(vé,cr) .is independent

of 6. Thus we treat only I’?(S,c) . Denote §,= &8, . Since §,= ---

= 8n, we have

R _
.
pﬂ‘*’(gf,a‘f,”, ai) cp"” (£, 78, ,o‘*’)
=Ip [Z{ ) o oo 109 af)
{ R ¢! (S ;60' a‘) ) pk(ka(%‘_.Bg IG )
24+t !
R
£ )
¢”(s, 6500;) dg,
79) lf)
: ¢; (E § »0 )
= I | (p#l(g,:80.9M log : {_} ag,.
g L3 % 5 6% (£, ; 87 dx)
R2AD 1 Q( 1/ + 799 7
- X, =~ uy Y, ~ VJ‘ -
Putting x, = ———— and vy, = for every v, ls vgt, we. -
- Soy S '
get R
Z: PA‘Ed‘Q',[H(elIez'gf)xe]':g/t\’92=- gJ‘ ]

4 A

- 16 -
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(2)
p (1) ~-(X0 IY )
A 1]
= ZJ L) dxe dyo
Rog2 2my/ 1-p72
R
- | A exp {————( x/ -2p0x, 5, * YVZ) }
R 2(1-02)
u, -u, u, -u
A
.]_og{Z—i;);[_eXp K (x, - k‘DyYy)}dgr‘
R =1 éoy(l—ppz) 2601/
e . F-)) : .
Putting the integral on R’ F 4 (§g,9;), we get for every n, 1sngt,
o) |
BFéJ(‘SO IOJ‘)
38,n
= Vgl exp{ - (xi - ZQJ/XVYL/ + yl/z)}
RL(. 2(1—91/) ’
- B, (uy = u,)  u ~u,
4 pk(l‘ol/z)aoi 50,1 v
1 uy - wy Wy - u
IE exp —————— (x, - k—ppyy)}
L= 60V(1_QI/) 260)/
p, t U - u u;, —u
/[Z’I—Lnexp——k-——(xy—j k—p}ig) dg,
L Py ve Sall-p?) 28y,
l P c('n)‘
4 LR i ’
= — [{z (e Xn + 0,%, )
\ S n n Y
60" R"‘(( 1_9: . . "
Iy -1
I exp —— ((x, —c% )2- 2 - )+
v=| P 2(1‘9,,2) » " Sk ) oY (X, —cp) Yy )}
) w)
* c c
1k 7R
/o FE e o (- Sy ) 45,
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where c;,; = ——— . Then it follows
117

# . .
BES (8,,95)

3Sgn
1 )
N 7
an r*
_ -1
- I exp{-
v=t 2(1-p2)
Bl ¢ ok
{1 I exp (%, -
l-py ¥ 1-pf
) o)
c c
/{E%Hexp fk( - == -
Y=t l“D}}

Hence for every j and 1 < n < t

— { Z E {H(6; |82,E,) |61
3 8 4 89 A

Thus from (6)

— 1"(5,9) 3 0
3 Sgn

“for all 1 < n ¢ t, which implies the theorem.

Theorem 5. Let A= A,= *-- = A,= [q,B8]

strategy be restrected such as §,= §;= --° =8pand o, =0, = cee =g

If py is independent cf §;x and Ot s then a-

<ees 8}), &% =8 for all t21, is optimal for

- 18 . -~

=9, /8,=g. 1}

149

((Xp"QZ)Z‘ 20,7, (%, ~ qi) * Z} )}

W)
Sk

-0y, )}

QVYP )12 dgk

v
o
L] .

d.

C [0,«) and every -
= m -

strategy &F = (&F, |

both the players.
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Proof. By Lemma 3 and Theorem 4, for any § and ¢

7(8,0%) < 1%(s%,5*%) < 19(s*,0) for all t.

A

Thus, since every 8 and ¢ f”(é,c) converges to 1*(8,0), we have
17(8,0%) < 1(8*,8%) ¢ 17(s%,0),

which implies the theorem.

3. n-perscn Information games.
©3.L.° Defini;ion. )

We define n-person information games which is an extension
of 2-person infqrmation games. Let N ={1, ..., n} be the set of
players, G ={g,, ..., 9m} be the set of grades with respect to the
powers, P = (p,, ... , p,) be a probability on G such that P(g;) =
p, and § P; = 1, S be the state space which is assumed to be a Borel
subset of a finite dimensional Euclidean space, and A, (i=1,..., m)
be the set of all feasible actions of a player beiné in grade g; -

Let 6 (2 =1, ... , n) be a parameter on G which shows the‘grade

X
of the f-th player P-%. A stretegy Qf P-% being in grade g; is a
sequence of actions &) = (8(L), , 6,(2), , ... , 83( L), o0 ),
where §;(%); is an element of A, for all t. Let &) = (842), , «..,
S (L) 5 be the first t subsequence of §;(2) and let §(2) = ( §(2) .,

cee 4 @JL) ) be a grand strategy of P-2. Let gi , (=1, ..., n)
L

- 19 -
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be a grade of P-1's power and denote m-tuple of thier strategies by

-~

§C 14 «or 4 1) = (&), ..., &m) and denote §i,,...,i,) = (851),
.”,éﬁn))f Let £4= (Se,...,s¢)€S™ states' sequence up to time t.

We suppo;e; when players' grades are R g&‘,Gﬁk i .,
... , in) are employed and £&; is obsefved,a,sﬁate s, at time t is
determined a conditional probability Qf?...in(.- ;éﬂ i, ce. 4 in))
on (B(S), which is assumed to be absolutely continuous. Let é;)"ﬁh
() be a probability on B(S), which determines the initial state s,
and is assumed to be absolutely continuous. Thus a probability

(-}

2 (- 80 i, --- , in)) on @B(s*) is derived from &%’ .
R i, «--1p
Q .
and {QQJ . (- 5viiz, eee 2 1i7))s v =1, ..., t}. From the as—
1, - 1In

a .
sumptions each @, .n(-; 31,, ... in)) has a density, which is

o . T - ¥
g?» g -6( i, «-+ + in)). Since every player can not

denoted by ¢
take any action except the elements of feasible actions' set re-

stricted by his power, we define that

(X).v o . ~
¢i1"‘ikljib|'~-in(aﬂ 6811r eee s in)) =0

) v ) .
for all &; if an observed sequence of actions 6ﬁ¥)of P-L is not an

4
element of Af.

To avoid complexity, we treat only P-1l's information about
P-n's power. When players' grades are gy, ... 5 93, and &fﬂ,n.,gén)
are employed, the'expeéted information that P-1 obtains aboutb &,is
defined by ’

I‘f)( Bn:c‘i( i‘l e 1 in))
= H(eﬂ) - Ea(i‘ '...'in)[H(en‘ Q ,Ej)!61=gi|, .--Isn=gA‘"]l

where

Es(i‘,...,in){H(e_“lel’gk)Iel =g s e 16n= 9y |

- 20 -



is the conditional expectation of H(snle,,gt) given Fire- 19, with

respect to the probability Qﬁ) R (-;57i,, ... ,1,)), and H(6,
17 1 +n

I8, 1) is a conditional entropy of 8, given 8, and Ec s i.e.
H(8,] 8,,84) = T -Pr(8n=g, |8, ,E.) log Pr(fn=g; |8, ,E).
. {

According to the Bayes' theorem and the theorems on conditional prob-

k)
ability, we have for 8, = =N and 8(i,, ... , ip)
o) .
, P, Vi, (B 8L, ooy in))
(12) Pr{ ®n=g;18 =g;,8) = 0 oy L
by Py, Vo1, (%x;é(l,, cee, 1in))
n
where
) ! .
414‘,["(5,{-;5(1( r ey ln))
&) .
= § - I p. o---p 60 L (B, i8(L,, ..., in)),

P T B SRSV
which is a conditional probability density on @(SX“) when 6; = g5,
)
and 8n= g; are given and §%i,, ..., i,) is observed. Hence we get
(13) E6(ll Vi) (H(8, 18, &, ) 8, =9 ¢ «v-sBn= Gip ]

(1)

J : q P (€,560h, , «vuy in))
*"jn % phlb;,j,, (€X76‘xéi|( eees 1a))

S

5 Wi gl i)

- log }
B, Vi, (B8 i, o 1)

Therefore the expected information on 6, obtained by P-1 with re-

spect to the grand strategies §(l), ..., 8(n) is defined by

- 21 -



133,

(14) 16, ;8(1), S.., &)

Epl I (8388, , <oy in))]

H(8n) - % -+ I p -.-D

4 in ™M T4n

.Eﬁ(il l---,in)[H(en‘el'E/fv)lel.—‘g“v ""'Bﬂ:gin ]

It is easy to show that I@(en;ﬁ(l), «-., 6(n)) is nondecreasing

for £t =1, 2, ... and I9(8,:8(1), .., 8(n)) < H(8n). Hence - lim
If% Cps 6(1), ..., GKn)):=ITT9h;5GJ,a;.rghﬂ)-always exists.7W§ say :that
P~1 gets the full information on 8¢ if T8, 8(1),.v.,86(n)) = H(g,) . We. -

show. a sufficient condition under which the -full informatianis~gptained.

*Theoiem's} If for every i,, ..., in and 3, # in

. . e e
79] 234 . ) &, . z
(153 I - lim J { R {dn (E* ;5( 1y gee- :_J-n) ) l‘)ﬁ a‘n (gg,{' ;8 (l( 1. rind )} = Q’
*—)W Sl’ﬂ ! ’

then P-1 obtains the Full information on 6 .
Proof. By Lemma 1 there exists a constant CA>O”suph”§ha§

”E\S (4, ---1) [‘HI(“SMVGI";:;*) 18= ;s -- 8= 95,1

L
. B 2
< CJ~‘Z\{Pr(9n= gﬁler= 9% ng)}'

Jn’r“-n‘
S : - ’
@) @), . .
et ¢i|"‘in(8*;6(l' VRN ln) ) dE{.
Since
«®) Y ey al
R“Z N P‘;n-“bl{‘l_,,{*ﬂ (El{;a(l( ’ "'I- lﬂ))

@) .
S Vo, (Ber8(i . oo, 1)),
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from (12) and (14) we obtain the conclusion.

Applying this theorem we can show sufficient conditions simi-
lar as Theorem 2 and Theorem 3 under which the full information is

obtained when the states' sequence is Markovian or is independent.

3.2. Cooperation with respect to information.

Let K= {1, ..., k}CN be a cooperative group. Considering
the cooperation between the players in K, we must not treat only
the strategies to be employed, but take account of the info;mation
" they have. Even though they cooperate eaéh\other in some way, they
cén hardly map out effective strategies without enough information
about every player in the group. Theiefore we discuss the coopera-
tion from the viewpoint of information and study conditions under
which the full information on the opponents to the cooperative
group is obtained. We define that the cooperation in a group is to
offer each other all information they have about the others and
themselves. In the present paper the cooperation is defined to
offer the information on.their own power, thén every player in the
qroué‘knows the powers of other members. We define the information

each of K gets about 6 wunder the cooperation as follows: for §(1),

..., &(n)

I (8, :6(1), «..,8(n))

(16)

- 23 -



=H(eﬂ) - EP[ Ea(i| '...!i") [H(e’nlel l"'lehlglf)

lel=_ gilr---:en'-' g{" ]r

where
By yenerin) (H(On |8 /-0 0k 8 [87 =g 4enn Oy=gg,]
=J 5:{" Pr(e,,=g‘-,‘[6,=g4-' l--~rek=gi-hlgr)
.SM“ .
. e ) &), .
-log Pr(9n=g;"'6. = g" 7 oo ,9h=g;k:€*)f¢i',,.{~"(Eﬁﬁ(l.:- . -:ln))dg‘
and
Pr(8y=gi,]6, = g;, reee s 0=y o Ey)
&) . .
_ pjn ‘l’j’---{kjn (E,f-; 5"(!-34 goeeepind)
&) .. . ’
‘E pz(nw‘il"'.ik!ﬂ (E*, J,‘(]q '---,ln))
where

£) .
111‘2)...4‘&1" (&84 : Y G P in))

= X +«--L p. ---P

&) 7 .
Jrnt Jre1 en It % ) !,‘(gi' i 8 81! re-er in)).

Gt bl

By the definition each player in K obtains the same amount of infor-

mation on 8.

According to the theorems on conditional entropy we obtain

(17) 1P(6,58(1), .-, 8(m) £ TaN8,;8(1), ..., ()

for all t =

1, 2,... Thus the cooperation brings each member more
amount of information than he gets by himself. We show a sufficient

condition under which a player in K can get the full information on
oy . '
Theorem 7. If for every i,, ..., ijp and_jn # ip

- 24 -
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@) @ )
(18) lim J{ w(.,( {n(gj-;S(ll ¢ e--y 1n))
foe 2+t ! R
S L
") z
Vg Bas 8Ly, Lo, i)Y dEg = 0,

then every player in K obtains the full information on 6.

Proof. By Lemma 1 there exists a constant C > 0 such that

Ei’ ...in[ H(Snle, :---:ek'E*)|6,=q;| :~-,.-:9n=g4‘" ]

L
’ . 2
< CJ( f?:‘in{ Pr(aﬂzgj\”l&:gil e 0= 91&’ Et )}
skfl
*) ' &), .
* ¢“I".‘:7\ (E*:5(l, r--':ln)) dE;{-
d; 2] e s
<cC 5 { By Viingn (i 8y veeenind) 4o
= s ) 1) .
nFin L lbifn_ikiﬂ(g*;éZl' pewerin))
S*‘H
A . .
0 (B 8(h e i) A
Since
) .
P;p"‘ - PA‘n_‘(b{"...A‘n (E,{-;S(lg yee-sin))

*) ar, .
‘b(l...(k {ﬂ (Ex?s(lﬂ .- ‘lln)) ’

A

it follows

EPEG(i,,...,iﬂ [H(enlezr-o-reklgx)lenz 95,.“,8n=qM]

() %) . @) : d) . 1
sC 5%4{¢4"&(n(gx;5(l’"“’l") Wiy g (Ex}d(l];---,lﬂ))}lde/
: n n . - .

Sffl

which implies the theorem.
Considering Theorem 6 and Theorem 7, (15) implies (18). Thus
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57
taking account of the inequality of (17), we can say that the coope-
ration brings every member ofbthévgroup much more bénefits.than he

gets by himsélf.’

4. Notés and réﬁakél

We have defined optimal;strategies with respect to the amount of
ultimate information. However, in practical games another important
problem is how socon one can get the maximum information on the oppo=
nents' power. Thus our next problem is to consider optimal strategies
with respect to the time to getgtﬁéyﬁggiﬁum information. In the pre-
Sent game the information obtained at each time is not tsed ‘to modi-
fy the strategies. Inthe next problem we also wish to cbﬁgfaér such
sYéﬁém‘Ehé%“éipiaYetuéan“émpfdy‘thé*OBtainea‘infbfmatibnftaméétefﬁine
his action at every time. AT

Thé”iﬁfbrmatiéﬂ’éaﬁés éaﬁ‘bé”tfééted“from\tﬁé"Viéﬁpdih%iof‘5
lééfﬁiﬁg‘fﬁédtyﬁ/fh thé‘éamelﬁlayer'é‘cbjébt i%’to*ééfaihféiﬁation
aboﬁtiahbthér”piayef;*tﬁué he learfis some khd&lédge from the player.
On the other‘hﬁnd a‘leérﬁinq?pfoceéé of a teacher and a studént can
Bé'cbﬁsidé;édVasga'kidd“of'é—ééfsédpcdéperﬁtivé”ihﬁofﬁaﬁibgféﬁmef3
where a optimal straﬁééﬁ.of’a‘tééﬁhéf'ié’h ootimal reififorcement to
teach the student. Therefore learning processes might bé'EiéSted ds

information games.
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