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Characterization of the hierarchical structures
interpolating
the uniruledness and the rationally connectedness
via differential forms

F L
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Abstract

This is yet another short introduction to the author’s study of the rationality problem, which centers
the hierarchies of the form: lower rationality = higher ruledness. A particular emphasis is given for the
hierarchical structures interpolating the uniruledness and the rationally connectedness. I shall present
their characterization via differential forms.

k=
1 B=

K E(RFEBTTILE < (dense open smooth locus TFED7z®) Iperfectd AE L¥7) LoREZ
Ekt (15, separated and integral scheme of finite type over k) X, Y &

X o jJU = 3Jv - Y

Zariski dense open Zariski dense open
— k(X)) = kY)
DrE, WAMEME 23R, I TERDESICERT

x Ty

n JOURBE R X 13 X L AN P, BB, k(X)) 2 k(X1 X,) = Frac(k[Xy, -+, X,]) DL &,
rational (A LIHEN 5.
A DR 4 REIE» 52 2L T O X 5 RREEREGEIH STV ¢

rational = stable rational = ratract rational

— separably unirational = separably rationally connected = rationally connected

ZOD (BkA 7L~V TOD) AR S % 5% Generalized Luroth problems & MHE 5. FEEE, FfC

[rational == separably unirational]
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DR S DAIT A D Luroth FE (1875) [L875) :

k(X) c E(Yi, - Vi) == k(X)2K(Z1,-, Zn)
separable extension

T, REUA E PEEBIRDOGE, dim2 LUF T Yes TH 2 Z L BHISNTW D, 50 54 50 FERiC,
dim 3 TDfI23, Iskovskikh-Manin, Clemens-Griffiths, Artin-Mumford @ 3 DD 7L — 712 X - THINL
WCHZONT-DTH o7z,

—77, FADME(L 47 v 2 A THEE LT & 7= [M19][M21][M22] DIE, » & Wiz o 7= MR LW
HDTHoTz
~ B 2 2 ToREEHR ~

o bR rationality ICBH3 2 BEERGNE (1) 2, TRERENGE) 2 oOE QRS

{ (i) -rational};ez_, == {stable (—i) -rational};cz.,
= {retract (—i) -rational};cz., == separably (—i) -unirational};cz., (2)
= separably (—i) -rationally connected};cz., == (—i) -rationally connected};cz.
A A el N B
o INHDSBKOND THEEME) 2, LDHEMLPTWREWY, akEnyhnciBlahs i
Jeikiity RO 5.

o (1) \XF % Generalized Luroth problems %, (2) \Zx3 2 R4/ % Generalized Luroth problems
2 upgrade L, ZORH%, %2 ETHFEST2REMN, aRErS HUWcREGENS THE
gy ZHWT, WT 5.

F72, MBI (Generalized) Luroth problem(s) x5 2 &fil%, Z OEH»SDKENIC  upgrade
T5.

2 [fEEES) =5

W7 TREREREIED 725130 [M19][M21][M22] TARBEINTRR TR 23, SiEOMEHEE X, HE L
&5 ! For a generically smooth n-dim’l X and 0 < i < n,

e (As a motivation...) X is rational , if

x Xp X A"(W Al x AL AL x AL AL x - x AL AT A (0§Vi§n))

n (n —1) i

e X is (—i)-rational or (n —i)-ruled if 3 an i-dimensional smooth variety Z° s.t.

AnTi gz BT x

e X is stable (—i)-rational or stable (n —i)-ruled if 3 an i-dim’l smooth variety Z% and j € Zx s.t.

A x Anix Z P8 AT x X
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e X is retract (—i)-rational or retract (n — i)-ruled (0<i<mn)
if 3 an i-dim’l smooth Z'. N € Zx, and rational maps

F:X——>AV"IxZ g AV xZi——> X

such that the composition
gof: X——>X

is defined, yielding an identity on a dense open subset of X.

Recall that X and Y are stably birational equivalent when A7 x X Y AR X Y for some j k € Z>o.

Then, stable (—i)-rationality and retract (—i)-rationality are both stably birational invariant concepts.

Z Z°T, retaract (—i)-rational Td % 7z OMied THH R ES:MF%, Morel @ unramified sheaf DR
A M12] ZFlWTHR SNz [M22] 2 ZEHHLTEI 5.

T (2) DR 30D THEfENG) 2R3 :

e X is separably (—i)-unirational or separably (n —i)-ruled

if there exist an i-dim’l smooth projective Z?, N &€ Z>y and a | separably | dominant rational map
(<= the induced function field extension is separable

<= 3 dense open where the rational map is realized by a | smooth morphism |.)

g:ANTIx Zl - > X

(separably (—i) unirationality DEFET, N1 X Ot n WKESWZ N5, )
o (cf. Kollar-Miyaoka-Mori [KMM92|, Kollar [K96]) when X is further smooth,

X is separably (—i)-rationally connected

if there exist a morphism f : P! — X such that

["Tx = @1<j<n Olay),
witha; > > a,—; > max(1l,a,—i+1)

> An—i+1 > Zap-1 2 an 2 0.

(<= Vj,a; >05D BRHE d:=#{j | a; =0} X i

(a, >0 XD free [Kolldr 19%'2% Cor-3.5.4] the corresponding evaluation morphism is smooth )
o (cf. Kollar-Miyaoka-Mori [KMM92], Campana [C92]) when X is further smooth,

X is (—i)-rationally connected

if, for the maximal rationally chain connected fibration 7 : X — — > Z, which enjoys:

e the (general) fibers are rationally chain connected
o (when the base field is uncountable) for a general point
z € Z, any rational curve meeing X, is contained in X,.

satisfies the following inequality:
dim Z < 4.



BEOREARDIIEMBEAIE AR TR 0 DA, kD 2 >0 TREEME) JREE 45 ¢

[Kolldr 96, IV.Th.5.8] [Debarre 01, Cor.5.14
—

separably (—i)-rationally connected —i)-rationally connected

3 FFEIF

CZTORD T, LoD 250 TG O3 REr S IV BREIFIET20TDH
5. TEMZBRZENC, MHOLEORSHMSILRMREZENELTHIS !

-~ Bl 1 C LR RGN DG DR S ~

fle LC, C EoFREAHEHmOLEORMEMEEZEZ CALS HAOLAEn=2720DT,
EERTL0<i<n—11% i=02i=1T, B4 6DEEMEIZDHE KT :

. ’Z =0 DHAE, rational‘ (= stable rational = retract rational = (separably) unirational

= (separably) rationally connected)

1

n=

1054, ruled ‘ stable ruled = retract ruled = (separably) uniruled

2 DG (—1) (separably) rationally connected )

N

Zh 5D cohomological criteria d HIHYTH % [BI6, Th.V.1 Cor.VI.18].
C FoIFREEHFZEE X 16 LT, UTAIAL S 5 ¢

e  Castelnuovo’s Rationality Criterion

HO (X, (24)) (= H (X, 0x)) = 0
and H° (X, (Q%)%?) =0

X is rational <—

e Enruques’ Ruledness Criterion

Xisruled <= H’(X,(0%)“") =0, VmeN

T e AROIERIE, UTomh 2725 !
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p | e ate, TRERMIE 75 DRSS N
C @ smooth projective X & i € Zso IR L

(—4) -rational = stable (—i) -rational = retract (—¢) -rational
— separably (—%) -unirational

v P NhF ] . B0 XD . .
( =" )scparably (—1i) -rationally conncctcd< — ) (—i) -rationally connected

%‘@@_ii@
ample 1.b. A on X, 3C4 > 0 s.t.

HO (X, (@)™ ® A®k) =0,

Vj>i,Vm,k € Nsit. m > Cak

iﬁﬁlx’ll?ELL\k%i&iiL%
ZOFMIE MMP OKRRE
=

HO (X, (Q-;'()W) =0, ¥j>i¥meN

REAVE, @ = 0 DA DIER @ rationally connectedness (X3 2 KH#-D1F % 5 2 72 Campana—Demailly—
Peternell [CDP15, 1.1] DFEEHZRD ¢ OGEITH Lt 52 605, 72721, [CDP15] DiBHD 55
MFCH A2 ELWHNOMINIERDICE 508 BPNTWTRLA IR HBRVODT, I I TIRGFMTT#
TR 92 55HH%Z, — D i OHEICHLTER5 .

P A0 EEND i 75 7 DA ~

X, (separably) (—%)- rationally connected
¥V ample Lb. A on X, 3C4 > 0 s.t.
— B (X)) e A@k) =0,
Vi > i,¥m,k € N s.t. m > Cak
N J

FEFE, X 23 separably (—i)- rationally connected 7% 51X, EF LD X £%& |free IZ| move LTES

[Pt X
TUUTOEHNZIRTHODEET S ¢
['Tx = @1<j<n O(a;),
witha; >---> a,—; > max(1l,an_it+1)

> An—i+1 > 2 Ap-l 2 Ap > 0.

(<= Vj,a; >0 22 BKHE d:=#{j|a; =0} <i

Kollar 1996, II. Cor.3.5.4 . . .
(an, >0 XD free [Kollér R ! the corresponding evaluation morphism is smopth

f:P' = X X X % free iCmove LTESDT, j>iDF,

H° (]P’l,f* ((Qg()@m@A@k)) =0, ifm<Cik
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LB IEEH O ZAOTRIER.
EIBM, GEED j> i THLT,

I (%) = F(WIR) = 8,0(0),

)i>i
where VA, a), < — E Qg < 0
n—j+1<k<n

Y50 T, 525647 X D ample line bundle A (28 LT

F5(A) = O®), b>0

Ll > % 7 BAEED ¢ ZEAUZ R, O

Zn7‘7‘+15 k<n @k

Vs S OFEHOH Db 5 —> DL WA DAL ~
vV ample L.Lb. A on X, 3C4 > 0 s.t.
H (X, (9)7™ @ 4%F) =0,

Vj > i,Vm,k € Ns.t. m > Cak

= X, (separably) (—i)- rationally connected
- J

ZOHELWITTANCHTT % [CDP15] @ i = 0 DHA DAL, RDICE 50 b HDPNTOVTRLA 0 H
BOWDT, ZITEIFMTTHETRL 00 5itHE, —HD i oG LTEZX%. &8, ZITH
W% pseudoeffective divisor, pseudoeffective line bundle, big line bundle, movable curve 5§D XA 72 1%
B LT, AGEYIRSD TARE 2455 % Y72 3 Bouchsom-Demailly-Paum-Peternell D JEA 72 ifi 3¢
[BDPP13] i/ X, Fulger-Lehman [FL] @ quick guide 285# 1272 5.

&T, ORI, UTO350RWEREHNT RENS
e Miyaoka-Mori [MM86] 2% | BUEDREGES | 2 F W T/R L 72 uniruledness criterion.

e Bouchsom-Demailly-Paun-Peternell [BDPP13] 73, F#kd Miyaoka-Mori IZHIZ T, ERMEHIITE
(e.g. KIEB-NIE LAAE5REM) 2 AWTRLT,

X: uniruled <= Kx: not peudoeffective

o Graber-Harris-Starr [GHS03] HYEREARDEEL 0 OREEAR DL E12R" L7z, Campana [C92] Kollar-
Miyaoka-Mori [KMM92] @ MRC-fibration

X—->7Z

DL Z @ I uniruledness .
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FEER, WHEET ’ X 23 (—i)- rationally connected TZW\W& 3§ 5 &, | X ® MRC-fibration

fX——>12Z
WHLT,
ji=dimZ > i

£ 72D, WIT Graber-Harris-Starr [GHS03] & D Z 1 uniruled THWDT, Bouchsom-Demailly-Paum-
Peternell [BDPP13] & b, K, = QJ, 73 pscudocffective ¥ 725 Z ¥ b 3.

KIZZDEME X WKBALIZWDED, [ rational map 2D T, X\ U @ X B BRKICH 2
LLE®D open U € X TULDEHSNTHRW .

xoulz

22T, PSR [H64) RS L, X\ U ® LT blowup DK LT f %5 morphism f #752 :

)

/ \’
X U Z

o (. (7 () €

3 pseudoeffective line bundle £ 72 Z b 5. FHER,

TrL, X Lo HE

e Ky = QJZ 7% pseudoeffective line bundle 72 57243, f 24720 T X LE® movable curve % Z L0
movable curve \2f$3. & ZC Bouchsom-Demailly-Paum-Peternell [BDPP13] % W iuUg,

(%) (c2%) (3)
H X -0 pseudoeffective line bundle ¥ 723 Z & AibhH 3.

e (3) IZ pushforward @ double-dual functor (m.(—))"" ZH#IET 3 &,

P o (P (2))) € (- () - o o

ZZTCTAHME € 2RI, ZOMAD reflexive sheaf % U [ZHlfR L7z & X, reflexive sheaf D AST
(3) & 7 N U) WHIB L AShcks 22 EEL, X\U O X KB 2RAEH 2 LT
Hartshorne [H80, Proposition 1.6] Zi#S3 iU K. [FHEkC, ZZTOHE = 2R3, 2O
T D reflexive sheaf % U IHIRLTHE 7~ (U) S U © 7 1(U) KEIER L &, Hic QZr*(U)
WKHE—HEN2 2 IEFERL, Y, X\U O X I8 2RK0H 2 ML F72 DT, Hartshorne [HS0,
Proposition 1.6] Z @53 4UE L.

o F = (71* (f* <9JZ)>) 7 X L pseudoeffective line bundle T®H 3 & ¥ %53 3I12iE, 463 X Lo
pseudoeffective line bundle f* (QJZ) %, X #% smooth project 7% DT

Nl (X) i> Ndim X-1

(X)

(X) > Eﬁdim X-1



THDHILWHEREL, YT XS 1ckzS !
o (9L) = £(D), D eFfy, x4 (X) (5)
ZZT, RDBWLT 5 :
(m.L(D))™ =L (7 (D)) (6)
HERE, WHE b reflexive sheaf TH 274, Thbd% H HIRLCHRAE »—1(U) = U T 7~ 1(U) 5]

ERLLE, i L(D)| ‘o) WCHE—HEN 2 2 8ICEFERL, =, X\U O X B 5RK0H
2 DL k72 DT, Hartshorne [H80, Proposition 1.6] % i3 4UE X\,

5L,

Fi= (m (f* (QJZ))) L (mL(0)” L £(r(D), De Eff gy 51 (X) (7)

v755h, DeEff,, 5 (X) XD
7D € Effgim x—1(X) (8)

L%BDT, (7) (8) KDDL, F = (77* (J?* (sz))>** 1%, smooth proper variety X - pseudo-
effective line bundle &7 3.

LT F = (71'* (f* OJZ v 25 X D psedeoeffective line bundle TH 2 Z & N300 7273,
pseudoeffective line bundle DFEFE, W WIER L D BB IS FHOF LD, X LOFEED ample line
bundle A ¥ 1% C e N IZH LT FC 0 A & 5 HIB

hO <)(7 (]:ébc ® A) ®k) -0 (kdimX)

L%, KT,
Jke €N, s.t. Yk > kg, H° <X7 (F¢ o A)®k) 4.
zhug,
.\ ®Ck
VC6N7VkaC€N,HO<&(Q&) ®A®O Lo
R DT, WHAOMHIA G LT, )
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