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The shock structure in a gas mixture undergoing a bimolecular chemical reaction is studied by
means of a reactive kinetic relaxation model. The relevant nonlinear integrodifferential equations
are numerically solved in one space dimension with upstream and downstream asymptotic
equilibrium conditions satisfying the reactive Rankine–Hugoniot relations and entropy condition.
Numerical results are presented, emphasizing the role of Mach number, upstream concentration
fractions, and change in the chemical composition across the shock. © 2008 American Institute of
Physics. �DOI: 10.1063/1.3013637�

I. INTRODUCTION

Since pioneering times,1 bimolecular chemical reactions
in a rarefied gas are studied at the kinetic level2 on the basis
of Boltzmann-like integrodifferential nonlinear equations for
gas mixtures,3,4 taking into account the additional transfer of
mass and energy of chemical bond in each microscopic
chemical interaction.5 An accurate model requires also a suit-
able description of nontranslational degrees of freedom, as
done recently by allowing either a discrete or a continuous
distribution of internal energy levels.6,7 The actual kinetic
treatment is clearly very heavy from the technical point of
view, and therefore the need for reliable simplified models
spontaneously arises. In this respect, consistent relaxation-
time approximations of the cumbersome Boltzmann collision
operators �the so-called Bhatnagar–Gross–Krook �BGK�
models� have been proposed for practical and numerical
purposes.8–10

On one side, the main motivation of a kinetic approach
is probably a rigorous derivation of hydrodynamic equations
for the macroscopic fields of interest in real world applica-
tions. On the other hand, there is a growing interest toward
the employment of the kinetic equations themselves for solv-
ing classical fundamental problems of fluid dynamics, such
as evaporation-condensation, wave propagation, shock struc-
ture, and Riemann problem.11 The literature is quite rich in
this sense for inert gases �see, for instance, Refs. 12–15�, but
the reactive problems have been typically tackled only at the
Euler level �we may quote, among others, Refs. 16–18�. To
the authors’ knowledge, deterministic reactive kinetic com-
putations are restricted up to now to space-homogeneous
scenarios19 and to the one-dimensional Riemann problem.20

This paper is aimed at investigating the steady shock
wave problem in a reactive mixture by means of kinetic
model equations of relaxation BGK type. Shock wave struc-
ture has attracted a lot of attention mainly for the inert prob-

lem without chemical reactions and has been deeply studied
in the frame of hydrodynamics21 and extended
thermodynamics.22,23 For an analytical study at the kinetic
level we shall use here one of the simplest kinetic model �as
introduced in Ref. 24 and later enlarged and improved in
Ref. 25�, which, in spite of its simplifications, has been
shown to capture the essential features of the chemical inter-
action. The main properties of the model are recalled below
for the readers’ convenience in view of its specific applica-
tion to the shock problem. The Rankine–Hugoniot conditions
following from the conservation laws and the entropy condi-
tion induced by Boltzmann’s lemma have been derived and
discussed for the reactive problem in a recent paper26 and
will provide the physical frame in which our BGK calcula-
tions are cast. The BGK model equations to be used here for
the reactive collision operator originate from an idea in
Ref. 27, where Andries et al. introduced a consistent ap-
proximation of kinetic equations for �inert� gas mixtures, in
which all typical drawbacks encountered by BGK models for
more than one species �such as breakdown of positivity and
indifferentiability� were overcome. Numerical results are
presented and discussed for various parameter sets, in par-
ticular for varying Mach numbers, upstream conditions, and
reaction rates.

II. KINETIC APPROACH TO THE REACTIVE
SHOCK PROBLEM

A four component gas mixture of interacting species Ai,
i=1, . . . ,4, undergoing the reversible bimolecular chemical
reaction

A1 + A2 � A3 + A4, �1�

as well as binary elastic collisions, may be described at the
kinetic level, according to the model proposed in Ref. 24,
and then generalized to reacting species with internal struc-
ture in Ref. 6 by the set of nonlinear integrodifferential
Boltzmann-like equations
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� f i

�t
+ v ·

� f i

�x
= Qi�f��, i = 1, . . . ,4, �2�

where f� is the vector of the four distribution functions
f i�x ,v , t�. Nontranslational degrees of freedom are neglected
here for simplicity. The collision terms Qi may be split into
their mechanical and chemical parts, accounting for the
proper conservation of mass, momentum, and energy, where
the latter involves also the bond energies Ei, with energy gap

�E = − �
i=1

4

�iEi = E3 + E4 − E1 − E2, �3�

where �i is a component of the string of the stoichiometric
coefficients �1,1 ,−1 ,−1�. Species may always be ordered in
such a way that the sign of �E is positive so that we will
stick to such option, without any loss of generality. Collision
invariants constitute a seven-dimensional linear subspace in
the space of the continuous functions of v and represent con-
servation of momentum, total �thermal plus chemical� inter-
nal energy, and particles in the independent pairs of species
�1, 3�, �1, 4�, and �2, 4�. Referring the interested reader to the
quoted bibliography �see, for instance, Ref. 25 for a review�,
the global collision term Q� obeys an extended version of
Boltzmann’s lemma in terms of a suitable Lyapunov func-
tional, and collision equilibria are identified as the seven pa-
rameter family of local Maxwellians,

fM
i �v� = ni� mi

2�KT
�3/2

exp�−
mi

2KT
�v − u�2	, i = 1, . . . ,4,

�4�

with u and T standing for mass velocity and temperature of
the mixture, respectively. Here mi denotes the mass of the ith
species and K is the Boltzmann constant. In addition, on
account of microreversibility, number densities ni must be
related by the law of mass action,

n1n2

n3n4 = ��12

�34�3/2
exp��E

KT
� , �5�

in which �ij stands for the reduced mass mimj / �mi+mj�. One
might also introduce the concentration fractions

�i =
ni

n
, �

i=1

4

�i = 1 �6�

and notice that Eq. �5� may be rewritten in equivalent forms,
like, for instance,

�1�2

�3�4 = � exp��E

KT
� or

KT

�E
= ��

i=1

4

�i log
�i

�mi�3/2	−1

, �7�

where the parameter � is defined by

� = �m1m2

m3m4�3/2
�8�

and turns out to be different from unity if an actual reaction
takes place. Entropy density s at local thermodynamical
equilibrium, proportional to the pertinent H-functional24

evaluated at the Maxwellian state �4�, may be defined as

s = − K�
i=1

4

�i log
�i

�mi�3/2 +
3

2
K log T − K log n , �9�

where the last two addends make up formally the standard
single gas entropy, and bearing the mass action law �7� in
mind, it depends only on four macroscopic fields. The sim-
plest approximate hydrodynamic limit is provided as usual
by the Euler equations, which are, in a regime dominated by
any kind of collisions �mechanical and chemical, thus a fast
process�, a set of seven hyperbolic partial differential equa-
tions to be coupled with the mass action law �5� to provide a
set of eight differential-algebraic equations for the eight un-
known functions ni ,u ,T. A standard procedure allows then to
deduce the speed of sound for the considered reactive
mixture17,18

c0 = 
 5

3

nKT

�
��

i=1

4
1

�i +
2

5
��E

KT
�2	�

��
i=1

4
1

�i +
2

3
��E

KT
�2	�1/2

, �10�

which shows a deviation from the standard value for the inert
mixture, given by 
�5 /3��nKT /��, determined by chemical
composition alone since temperature T may be eliminated
via Eq. �5�; in this sense, it is independent of the jump �E in
the energies of chemical bonds. The deviation is always a
reduction in the inert sound speed, but anyway the reactive
sound speed can never decrease beyond the lower bound

nKT /�.

The steady shock problem in one space dimension may
be formulated as follows.11 Consider the kinetic equations in
the simple stationary form,

v1
� f i

�x
= Qi�f��, i = 1, . . . ,4, �11�

with v1 standing for the first component of the velocity vec-
tor v and with x=x1. Equation �11� has to be solved for
−�	x	 +� with boundary conditions,

lim
x→
�

f i�x,v� = M

i �v� , �12�

where M

i denotes families of Maxwellian distributions de-

scribing equilibrium outside the shock region, characterized
by upstream �−� and downstream �+� parameters n


i , u


=u1
, and T
. Temperatures are not independent but follow
from the mass action laws,

�

1 �


2

�

3 �


4 = � exp� �E

KT

� , �13�

where, since �E�0, the following constraint

�

1 �


2

�

3 �


4 � � �14�

must be in order. We recall here for the readers’ convenience
some of the main conclusions of the detailed analysis that
can be found in Ref. 26. The ten free upstream and down-
stream parameters are related by the Rankine–Hugoniot con-
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ditions, which simply express the five conservation laws
holding for the present problem in one space dimension and
allow, in principle, to deduce the five downstream parameters
in terms of the set of the corresponding upstream ones. Skip-
ping all details, the procedure of integrating on the real line
the conservation equations for the appropriate fluxes and ap-
plying limiting condition �12� leads to a set of five nonlinear
algebraic equations that can be solved analytically upon in-
troducing ��=��1 as independent variable, where ��i

=�+
i −�−

i . A first result is that

�+
i = �−

i + �i��, i = 1, . . . ,4,
n+

n−
=

u−

u+
=

�+

�−
, �15�

with, in particular, ��1=��2=−��3=−��4. In addition, we
get a unique meaningful solution for the ratio n+ /n−, namely,

n+

n−
= 2�1 −

T−

T+
� −

�E

KT+
��

+
�2�1 −
T−

T+
� −

�E

KT+
��	2

+
T−

T+
. �16�

Moreover, assuming conventionally u−�0 �u can never
cross the value zero in the shock�, we have then

u− =
n−KT−

�−
�n+

n−

1 − �n+/n−��T+/T−�
1 − �n+/n−� 	1/2

�17�

provided that

�1 −
n+

n−

T+

T−
��1 −

n+

n−
� � 0. �18�

Finally, from Eq. �15�, we have u+=u− / �n+ /n−�, which com-
pletes the procedure and determines uniquely all downstream
parameters and u− in terms of n−

i and ��.
The other crucial physical feature of the shock wave

problem, which follows from the mathematical properties of
the collision operator, is related to the second law of thermo-
dynamics. This leads to a differential inequality for the en-
tropy flux that amounts to the requirement, �s=s+−s−�0, of
clear physical meaning. However, its solution is much harder
than for the corresponding investigation relevant to the case
of a nonreacting gas, although again it can be performed in
terms of the upstream Mach number Ma−. The Mach num-
bers in the limiting equilibrium states are defined as usual by

Ma
 = u
/c0
, �19�

with c0 denoting the up- or downstream sound speed pro-
vided in the present reactive case by expression �10�.

The analytical and numerical investigation in Ref. 26
leads to the result that the above entropy condition is fulfilled
exactly under the same condition holding in the inert case,
namely,

Ma− � 1, �20�

implying that only transitions from a supersonic to a sub-
sonic flow have a physical meaning. Indeed, strict inequality
is actually required since equal sign would imply identical
states at 
�. Moreover, and remarkably enough, concerning

the change in the chemical composition that definitely must
take place for the reactive problem, the variation always goes
in a well defined direction characterized by ��	0 �actually,
there is a one-to-one correspondence between Ma− and ��,
the latter being negative or positive according to whether the
wave front is supersonic or subsonic�. For the shock process,
this necessary and sufficient condition on the sign of ��
corresponds then to an enhancement of the products at the
expense of the reactants �macroscopically endothermic shift�.
The downstream chemical equilibrium carries then a larger
chemical energy ��E�0, ��	0� as well as a larger thermal
energy �T+�T− as follows from Eq. �7� and from ��	0�.
More explicitly, the constraint on �� reads as

− �−
� 	 �� 	 0, �21�

where, for any ��1,

�−
� =

1

2�1 − ��
��−

1 + �−
2 + ��−

3 + ��−
4

− 
��−
1 + �−

2 + ��−
3 + ��−

4�2 − 4�1 − ����−
1�−

2 − ��−
3�−

4��

�22�

is determined from boundedness and positivity requirements
for the macroscopic fields; in particular, �−

� 	min��−
1 ,�−

2�. In
the frame outlined in this section, we are going now to pro-
ceed to the actual calculation of the shock profile by solving
Eqs. �11� in their relaxation-time approximation.

III. BGK MODEL EQUATIONS

The relaxation model used here for the reactive collision
operator Q� of the present problem was proposed first in Ref.
9 for space-homogeneous calculations. Following a clever
idea of Andries et al.27 the underlying strategy is very simple
and consists in introducing only one BGK operator for each
species, accounting for any type of interaction with whatever
other species. We refer the interested reader to the papers
quoted above for technical details and deeper discussion. We
just mention here that the model is constructed in such a way
that the ith BGK operator drifts the distribution function f i

toward a suitable Gaussian function Mi with fictitious mac-
roscopic parameters ni, ui, and Ti �different from the actual
ones, ni, ui, and Ti�, and such parameters are chosen in such
a way that the exact exchange rates for mass, momentum,
and energy of each species are correctly reproduced. Using
such a philosophy, it has been possible to prove that BGK
equations retain most of the significant features of the origi-
nal kinetic equations. For instance, they preserve the correct
collision invariants, conservation equations, and local equi-
libria �4� with mass action law �5�. Also, in the inert case, it
has been possible to prove explicitly an H-theorem. Such a
result has not been achieved yet for the reactive case but it
has been verified numerically to hold for the actual
H-functional. The key point for the practical realization of
this BGK approximation, which looks promising a priori and
has proved satisfactory in several homogeneous and space-
dependent applications,19,20 is the availability of the exact
Boltzmann exchange rates for mass, momentum, and energy.
They are known in closed analytical form for the elastic scat-
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tering operator in the collision model of Maxwellian mol-
ecules, so that we will stick for simplicity also here to this
common option. The situation is even more complicated for
the chemical collision integrals. Unless input distribution
functions are suitably approximated a priori �see, for in-
stance, Ref. 10 for a computation of elastic and reactive ex-
change rates relevant to different types of cross sections�,
analytical exchange rates have been evaluated, to our knowl-
edge, only in Ref. 28 under an assumption equivalent to
Maxwellian molecules. Specifically, the microscopic colli-
sion frequency for endothermic reaction was taken to be con-
stant versus the relative speed on its support in a physical
regime in which mechanical relaxation is significantly faster
than the chemical one. Although these restrictions are quite
strong �negligible activation energy and slow chemical reac-
tions only�, we will adopt them here for this first nonmacro-
scopic approach to the reactive shock wave problem.

Model equations for our reactive mixture in one space
dimension take the form

v1
� f i

�x
= Q̄i�f�� = 
i�Mi − f i�, i = 1, . . . ,4, �23�

where

Mi = ni� mi

2�KTi
�3/2

exp�−
mi

2KTi
�v − ui�2	, i = 1, . . . ,4

�24�

and 
i are suitable v-independent �macroscopic� collision fre-
quencies, defined later. All collision parameters 
k

ij and 
12
34

needed in the sequel, which represent suitable angular inte-
grations of the microscopic �mechanical and chemical� col-
lision frequencies, are constant in our assumptions �see
Ref. 9 for details�. The exchange rates underlying the ansatz
�23� are

�
R3

Q̄id3v = 
i�ni − ni� ,

�
R3

mivQ̄id3v = 
im
i�niui − niui� , �25�

�
R3

mi

2
v2Q̄id3v

= 
i�ni
3

2
KTi − ni3

2
KTi + ni

1

2
miui

2 − ni1

2
mi�ui�2	 .

Under the hypotheses mentioned above, the same exchange
rates for the actual mechanical �Ii=� j=1

4 Iij� and chemical �Ji�
collision operators are

�
R3

Iid3v = 0,

�
R3

mivIid3v = �
j=1

4


1
ij�ijninj�u j − ui� , �26�

�
R3

mi

2
v2Iid3v = �

j=1

4


1
ij 2�ij

mi + mj n
inj�3

2
K�Tj − Ti�

+
1

2
�mju j + miui� · �u j − ui�	 ,

and

�
R3

Jid3v = �iS, �
R3

mivJid3v = �iSmiu ,

�27�

�
R3

mi

2
v2Jid3v = �iS
1

2
miu2 +

3

2
�KT� −

1 − �i

2

M − mi

M
�E

+
M − mi

M
KT��E

KT
�3/2

�exp�−
�E

KT
����3

2
,
�E

KT
�	−1� ,

where M is the total mass �M =m1+m2=m3+m4� and

S = 
12
34 2


�
��3

2
,
�E

KT
��n3n4�m1m2

m3m4�3/2
exp��E

KT
� − n1n2	 ,

�28�

with � denoting an incomplete gamma function.29 Equating
the global BGK rates �25� to the sum of the mechanical rates
�26� and the chemical rates �27� allows one to determine
explicitly the 20 auxiliary parameters ni, ui, Ti in terms of the
actual fields, as

ni = ni +
�i


i
S, miniui = miniui +

1


i
�
j=1

4

�iju j +
�i


i
miuS ,

�29�

ni
3

2
KTi = ni3

2
KTi −

1

2
mi�niui

2 − ni�ui�2� +
1


i
�
j=1

4

�ijTj

+
1


i
�
j=1

4


1
ij �ij

mi + mj n
inj�miui + mju j� · �u j − ui�

+
�i


i
S� 1

2
miu2 +

3

2
KT +

M − mi

M
KT��E

KT
�3/2

�

exp�−
�E

KT
�

��3

2
,
�E

KT
� −

1 − �i

2

M − Mi

M
�E� .

We refer again to Ref. 9 for the definition of matrices ��ij�
and ��ij�, as well as for the choice of the inverse collision
times 
i, for which an estimate of the number of collisions
taking place in the mixture suggests the expression
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1 = �
j=1

4


0
1jnj +

2

�

��3

2
,
�E

KT
�
12

34n2,


2 = �
j=1

4


0
2jnj +

2

�

��3

2
,
�E

KT
�
12

34n1,

�30�


3 = �
j=1

4


0
3jnj +

2

�

��3

2
,
�E

KT
���12

�34�3/2
exp��E

KT
�
12

34n4,


4 = �
j=1

4


0
4jnj +

2

�

��3

2
,
�E

KT
���12

�34�3/2
exp��E

KT
�
12

34n3.

As usual, it is worth to devise a suitable scaling in order
to make governing equations dimensionless. For a given re-
action, the jump �E is fixed and one can identify typical
values 
� for the microscopic collision frequencies
�
0

ij ,
1
ij ,
12

34� and m� for masses. One can also determine a
typical density n�. This suggests resorting to the typical col-
lision time �, speed �, and length l defined by

� =
1


�n�

, � = ��E

m�

�1/2
, l = �� . �31�

The adimensionalization we are going to use in order to
make results as universal as possible is defined by

mi = m�m̃i, 
i = 
�n�
̃i, 
k
ij = 
�
̃k

ij ,

�32�


12
34 = 
�
̃12

34, f i =
n�

�3 f̃ i,

which implies

ni = n�ñi, ui = �ũi, Ti =
�E

K
T̃i,

�33�

ni = n�ñi, ui = �ũi, Ti =
�E

K
T̃i.

Dimensionless equations would be

ṽ1
� f̃ i

� x̃
= 
̃i�M̃i − f̃ i�, i = 1, . . . ,4, �34�

where

M̃i = ñi� m̃i

2�T̃i
�3/2

exp�−
m̃i

2T̃i

�ṽ − ũi�2	, i = 1, . . . ,4, �35�


̃1 = �
j=1

4


̃0
1jñj +

2

�

��3

2
,
1

T̃
�
̃12

34ñ2, �36�

and so on. Therefore, if all tildes are then removed, equations
read the same as the dimensional ones, apart from the scal-
ings. In particular, �E, which, for a given reaction, is deter-
mined once for all and cannot play the role of a free param-
eter, is normalized to unity, and the dimensionless mass
action law reads as

�1�2

�3�4 = �m1m2

m3m4�3/2
exp� 1

T
� . �37�

Now, contrary to the standard procedure, l is not related to
any mean free path. A mean free path could be rather intro-
duced if the scaling was performed in terms of the macro-
scopic quantities assigned as boundary conditions. However
the advantage here is that l does not change when essential
control parameters of the problem such as the upstream
chemical composition are varied, and therefore the relevant
results can be compared directly on a common scale. How-
ever, mean free paths do affect numerical computations, es-
pecially the size of the finite space and velocity domains of
integration, so attention must be paid in order to ensure nu-
merical accuracy.

IV. RESULTS AND DISCUSSION

We show explicitly in this section the shock profiles re-
sulting from the numerical integration of the dimensionless
BGK model equations worked out in Sec. III for various
choices of parameters, essentially the concentration change
�� �equivalent to Mach number Ma−�, upstream chemical
composition, and reactive collision frequency.

A. Numerical implementation

Following the idea of Chu et al.,30 we can eliminate
velocity components v2 , v3 perpendicular to the flow direc-
tion x by multiplying Eqs. �34� and �35� by 1 and v2

2+v3
2 and

integrating over the whole space R2. This procedure leads to
the introduction of new unknowns depending only on �x ,v
=v1�,

�1
i �x,v� = �

R2
f idv2dv3,

�38�

�2
i �x,v� = �

R2
�v2

2 + v3
2�f idv2dv3,

and allows one to deduce from Eqs. �34� and �35� the fol-
lowing governing equations for the vector function
��

i= ��1
i ,�2

i ��:

v
���

i

�x
= 
i�Fi − ��

i�, x � R, v � R, i = 1, . . . ,4, �39�

where

Fi = �Mi,
2Ti

mi Mi��
, �40�

Mi = ni� mi

2�Ti
�1/2

exp�−
mi

2Ti
�v − ui�2	 . �41�

In this new formulation, macroscopic moments of distribu-
tion functions f i are then given in terms of ��

i as
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ni = �
R

�1
i dv, ui =

1

ni�
R

v�1
i dv ,

�42�
3Ti

mi =
1

ni��
R

�v − ui�2�1
i dv + �

R
�2

i dv	
�where ui=u1

i , being u2
i =u3

i =0�.
Problems �39�–�41� are then discretized as follows. Con-

sider a suitably large finite domain Sx�Sv, where
Sx= �−D ,D� and Sv= �−V ,V�. Grid points in the domain Sx

are denoted by xj, with j=−Nx , . . . ,Nx and �xj =xj −xj−1; grid
points in the domain Sv are denoted by vl, l=−Nv , . . . ,Nv
with uniform mesh size �v.

Macroscopic moments �42� are numerically computed
by integrating over the velocity domain �−V ,V� using the
composite Simpson rule of order O��v4�. Boundary condi-
tions for ��

i at x= 
D are obtained from the Maxwellians
M


i characterized by upstream �−� and downstream �+� pa-
rameters related by the Rankine–Hugoniot conditions dis-
cussed in Sec. II.

Let �� j,l
i =��

i�xj ,vl� , j=−Nx , . . . ,Nx , l=−Nv , . . . ,Nv be
the discretized numerical solution of Eqs. �39�–�41�; it is
determined by means of the following iterative scheme, first
order in space, based on upwind finite difference
approximation:31 for k=0,1 , . . .,

�i� for l=1, . . . ,Nv �namely, vl�0� and j=−Nx+1, . . . ,
Nx−1

vl

�� j,l
i�k+1� − �� j−1,l

i�k+1�

�xj
= 
i;j

�k��F j,l
i�k� − �� j,l

i�k+1�� , �43�

�ii� for l=−Nv , . . . ,0 �namely, vl�0� and j=Nx−1, . . . ,
−Nx+1

vl

�� j+1,l
i�k+1� − �� j,l

i�k+1�

�xj+1
= 
i;j

�k��F j,l
i�k� − �� j,l

i�k+1�� . �44�

The iterative procedure on index k is initialized by assigning
the profile ��

i�0��x ,v� in the grid points; such initial profile
has been chosen as a step function of v connecting the up-
stream and downstream uniform states. The procedure on k
continues until a convergence check is fulfilled. More pre-
cisely, every tenth k steps the variation at point xj of the
global moments �nj

�k� ,uj
�k� ,Tj

�k�� during ten steps is summed
up; then the maximum over all j� �−Nx ,Nx� of each of these
three values is taken, ��n ,�u ,�T�; the iterative procedure
stops when the L� norm of this vector is less than 10−6 �for
more details about the numerical procedure see Ref. 32�.

A crucial point of the calculation is the correct choice of
the computational domains, namely, of the constants D and
V. As is well known, these constants have to be large enough
so that the deviation of the distribution functions from the
upstream �downstream� Maxwellians around x=−D �x=D� is
negligibly small or smaller than the error of the numerical
computation. On the other hand, discretized shock wave so-
lution is affected by the so-called “shift phenomenon,” 12

namely, a small but almost constant shift of the shock pro-
files in each iteration due to the fact that Rankine–Hugoniot
conditions cannot be satisfied exactly because of the compu-

tational error. For these reasons, the value of D has been
chosen larger and larger in order to reduce the shift error,
improving then the accuracy of the results, and also to match
the convergence check in a reasonable number of iterations.

B. Examples and comments

As reference reaction we take NO+CO2�NO2+CO,
corresponding to �dimensionless� masses

m1 = 1.0000, m2 = 1.4667, m3 = 1.5332, m4 = 0.9335,

with �=1.0374�1; for this reaction we have �E=3.749
�10−22 kJ �225.79 kJ/mol for standard enthalpy �see, for
instance, NIST Chemical Kinetics Database on the Web��.
Results presented in this paper will be restricted to it for
brevity since the main qualitative features do not change
appreciably for all several other reactions that have been
tested. Also, we need to assign, for fixed s=0,1, the scatter-
ing collision matrices 
s

ij, 1� i , j�4, and for simplicity all of
their entries will be set here, once for all, equal to unity. In
order to comply with the features of the proposed model, the
reactive collision frequency will take quite smaller values.
The reference test case �to be labeled as problem A� is rel-
evant to the options 
12

34=0.03, n−=1, and to the following
upstream concentration fractions:

�−
1 = 0.25, �−

2 = 0.35, �−
3 = 0.25, �−

4 = 0.15, �45�

implying T−=1.2337. We select then for the numerical
implementation of our reactive BGK equations the following
changes in the chemical composition �or, equivalently, the
Mach numbers corresponding to them�:

�� = − 0.03, − 0.01, − 0.001

�46�
�Ma− = 2.4698, 1.2856, 1.0227� .

The other asymptotic boundary values determined by the
Rankine–Hugoniot conditions are

u− = 3.1069, 1.6172, 1.2865,

u+ = 1.1565, 1.1373, 1.2441,

n+ = 2.6864, 1.4219, 1.0341,

T+ = 3.3614, 1.5698, 1.2609.

All profiles are obtained through Eq. �42� with ��
i replaced

by its discretized representation resulting from Eqs. �43� and
�44�. Computational parameters D, V, Nx, and Nv have been
properly chosen in each specific test in order to ensure accu-
racy of the results, as discussed above. In the presented cal-
culations, it has been sufficient to take Nx=1500, Nv=300,
with V ranging from 20 to 50 and D from 500 �for the largest
values of 
12

34� up to 5000 �for the smallest values of the same
parameter�. In the figures shown here, the x domain is usu-
ally restricted with respect to the range actually employed for
the computation. On a workstation Pentium IV 2, 4 GHz
with 1 Gbyte of RAM, the computation of one shock wave
structure took approximately 7 h.
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Profiles for number densities are shown in Fig. 1. The
very smooth monotonic variation between only slightly dif-
ferent upstream and downstream limits occurring for small
Mach numbers is hardly visible in the chosen scale. The
profile steepens and the asymptotes separate for increasing
Mach, and at a moderately high value of Ma−, we observe
already a quite stiff front followed by a slower tail, as well as
occurrence of overshooting for the two reactants. These phe-
nomena are in agreement with previous simpler
hydrodynamic-type calculations on traveling wave solutions,
which are reliable enough when 
12

34 is small with respect to
the corresponding mechanical quantities. In fact, in that
frame, smooth solutions have been found, restricted to only
quite small values of Mach number;17 however, at higher
Ma−, a jump discontinuity develops in the wave front with
upstream limit equal to the upstream asymptotic equilibrium,
whereas a smooth tail joins the downstream limit to the
downstream boundary condition.18 The discontinuity is re-
placed in our kinetic frame by strong but smooth transitions
at higher and higher slope. The overshooting phenomenon
seems not to appear instead for products, or for the total
number density n, in agreement again with Ref. 18. The ki-

netic smooth structure of the four number densities occurring
for the two cases with higher Mach number is better seen on
the stretched scale in the two plots in Fig. 2.

Features similar to the ones described above are in order
for the mass velocity u and for the gas temperature T re-
ported in Fig. 3, but now overshooting is not present, nor are
tails as long as before, illustrating the fact �properly captured
by the present BGK approximation� that concentration frac-
tions are the slowest in the relaxation process to downstream
equilibrium, as a consequence of the weaker probability for a
chemical reaction in a collision. This is confirmed by Figs. 4
and 5. In the former we plot, as a measure of the mechanical
nonequilibrium along the whole x-axis, the deviations of spe-
cies velocities us and species temperatures Ts with respect to
their global values in the mixture, u and T, respectively,
when ��=−0.03. The nonequilibrium region is quite small
and changes only very slightly for varying species. The latter
figure shows instead, as measure of chemical nonequilib-
rium, the quantity

�M = n1n2 − � exp�1/T�n3n4, �47�

which represents a sort of bias in the exothermic direction
and vanishes, of course, when the mass action law is in or-
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FIG. 2. Zoom of the steady shock profiles in Fig. 1 for ��=−0.03 �left� and
for ��=−0.01 �right�: species 1 �solid line�, species 2 �dashed line�, species
3 �dot-dashed line�, and species 4 �dotted line�.
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FIG. 1. Steady shock profile of the four number densities ns for problem A
for three different choices of the concentration jump: ��=−0.03 �solid line�,
��=−0.01 �dashed line�, and ��=−0.001 �dot-dashed line�. The corre-
sponding upstream Mach numbers are quoted in text �see Eq. �46��.
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der. Such quantity makes up, with opposite sign, part of the
chemical source term �28�, which, in turn, represents an es-
timate of the overall reaction rate for reactants. It is apparent
how the reaction region, as well as the height of the peak,
increases substantially for decreasing �� �i.e., for increasing
Ma−�, and may reach a considerable thickness, still preserv-
ing the feature of a sharp front upstream with a smooth tail
downstream.

In order to illustrate the effects of different upstream
conditions, we consider now a second case, to be labeled as
problem B, which differs from the previous one only in the
equilibrium chemical composition at −�, taken now to be
strongly unbalanced toward reactants

�−
1 = 0.45, �−

2 = 0.45, �−
3 = 0.05, �−

4 = 0.05, �48�

implying T−=0.2295. We keep the same values of �� asso-
ciated now, of course, to different Mach numbers,

�� = − 0.03, − 0.01, − 0.001

�49�
�Ma− = 1.4109, 1.1297, 1.0125� ,

and to different asymptotic boundary values,

u− = 0.7500, 0.6005, 0.5382,

u+ = 0.4562, 0.4979, 0.5278,

n+ = 1.6441, 1.2061, 1.0198,

T+ = 0.3049, 0.2533, 0.2318.

The general trends remain qualitatively similar to the previ-
ous case and, in fact, overshooting and extended tails have
not yet appeared for the chosen values of Ma−, as shown by
the density profiles in Fig. 6, which is the counterpart of
Fig. 1 above. Smooth shock profiles replacing the jumps that
would be in order at the hydrodynamic level are again em-
phasized in Fig. 7, structured in the same way as Fig. 2.
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FIG. 5. Chemical nonequilibrium, quantified by Eq. �47�, along the shock
for problem A for three different choices of the concentration jump: ��
=−0.03 �solid line�, ��=−0.01 �dashed line�, and ��=−0.001 �dot-dashed
line�. The corresponding upstream Mach numbers are quoted in text �see
Eq. �46��.
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Trends of the two reactants �products� are almost indistin-
guishable because of the symmetry in the upstream condition
�48�. Concerning the reaction region, Fig. 8 �to be compared
to the previous Fig. 5� indicates that its width is not much
affected by variation in parameters in the considered range
but the intensity of the reactive burst increases substantially
for decreasing ��, as imposed by the underlying much stron-
ger change in the chemical composition.

We pass then to consider the effects of the chemical
collision frequency 
12

34 on the above picture, keeping all
other parameters constant, in particular, the scattering colli-
sion frequencies, in order to illustrate the variations induced
by a different relative importance of chemical reactions in
the overall collision process. With reference to problem A,
we now fix ��=−0.03 and select three different values for
the chemical collision frequency,


12
34 = 0.3, 
12

34 = 0.03, 
12
34 = 0.003,

where the first and the third ones are then one order of mag-
nitude larger and smaller than the second, which is the ref-
erence value used in both previous tests A and B. For all
three options, Mach number and other equilibrium boundary
limits are obviously the same as in problem A. Upstream
concentrations are provided by Eq. �45�. Shock profiles for
the single number densities are shown in Fig. 9 and should
be compared again to the pertinent choice of �� in Fig. 1. As
expected, at this relatively high Mach number �2.4698�, the
sharp shock front upstream is very scarcely influenced by the
different chemical characteristic times, which instead affects
dramatically the relaxation tail downstream that almost dis-
appears for the fastest reaction but conversely becomes ex-
tremely long and slow for the slowest one. In Fig. 10 we
report also for completeness a related plot relevant to prob-
lem B with the same options for 
12

34. Now composition up-
stream is given by Eq. �48�, and we fix ��=−0.001, imply-
ing Ma−=1.0125. This plot should be compared to one of the
options in Fig. 6, where however the very regular and almost
symmetric trend of the shock profiles is hardly visible on the

much more compressed scale. It is again evident that increas-
ing 
12

34 amounts to reducing the shock thickness and enhanc-
ing the approach to the asymptotic upstream and downstream
equilibria. All of the above features can be cross-checked in
the four plots of Fig. 11, where the quantity �M, propor-
tional to the chemical source term for products, is reported
for the three selected values of 
12

34 for both tests A and B,
with reference to both ��=−0.03 and ��=−0.001 cases.
Notice the difference by order of magnitudes between the
horizontal scales of the two rows and, similarly, between the
vertical scales of the two columns. The Mach numbers rel-
evant to the four plots in their natural order are 2.4698,
1.0227, 1.4109, and 1.0125. In making comparisons among
reaction rates, one should of course bear in mind the multi-
plicative factor 
12

34 that is present in Eq. �28�, which en-
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hances or reduces the ratios among the quantities �47� shown
by the figure.

V. CONCLUDING REMARKS

The steady shock problem in one space dimension for a
mixture of rarefied gases undergoing a reversible bimolecu-
lar chemical reaction is studied and numerically solved at a
kinetic level. A consistent relaxation-time approximation of
BGK type, which is suitable for moderately slow �in com-
parison to mechanical scattering� chemical processes, has
been employed. The numerical solution has been obtained by
an appropriate iterative scheme based on upwind finite dif-
ference approximation. Results for the profiles of the main
macroscopic observables �densities, velocities, temperatures,
and reaction rates� have been illustrated and discussed for
several choices of parameters, essentially the Mach number,
upstream chemical composition, and reactive collision
frequency.

The main features expected from a physical point of
view are well described by the proposed model. In particular,
the smooth profiles occurring for small Mach numbers
steepen for increasing Mach to produce eventually stiff
fronts, followed by a slower tail downstream, with possible
occurrence, at moderately high Mach numbers, of overshoot-
ing in some of the densities. This effect turns out to be the
stronger, the smaller is the chemical collision frequency. The
different relaxation processes �mechanical and chemical� can
be seen in the plots, and the latter is, of course, slower for the
parameter values to which the BGK model applies. Reaction
region and shock thickness may increase substantially for
increasing chemical relaxation time. Results compare well
with the previous calculations based on a hydrodynamic
limit for vanishing mechanical Knudsen number of the reac-
tive Boltzmann equations, both at low and at high Mach
numbers. Of course, in such a limit, the stiff, but still smooth,
front is replaced by a jump discontinuity. A systematic quan-
titative analysis and comparison is in progress, as well as the
employment for the shock problem of a different BGK
model, suitable when mechanical and chemical relaxations
are of the same order. It would be nice to compare quantita-
tively the present results to reactive DSMC or deterministic
kinetic calculations, which however the authors are not
aware of. The latter schemes will hopefully be a matter of
future investigation. Also scheduled as future work is the
extension of the present analysis to more than one space
dimension, a nontrivial problem with its own technical diffi-
culties �especially from a numerical point of view�, that
would be of significant interest toward the application of
kinetic equations for solving classical problems.
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