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$2. Fundamental equations

The wave propagation on water of uniform depth h, is governed

by the Laplace equation

z

2> . 2 vz
A E = ‘(21» t a;;)f:O) (2.1)
' _ ) .
for the velocity potential 2(‘1, g'ﬁ) subject to the boundary conditions

éy = 0 at J==7£, (2.2)

sLa
2

Py =76+ B 7n &t f=%ine) 23
anl

P, 427+ 5 7= 0 at 0&122‘[,}”%(2.4)
or — — ® / » "'} 2' -1 . §
P t 7%yt {52 1300V =0 al [ =70z )a.69)

-after elimination of 7 (73, t) .

Here, y = 0 is the unperturbed and y = ? (x,t) the perturbed surface,

g the gravity and the velocity YV is derived from & as

vV =rs | (2.5)

Let us introduce the operators € ard P

e=: 2 and  P=-izz (2.6

Then, the solution of (2.1) satisfying the boundary condition (2.2) is

given in operational form as Follows :

F = sl Prie o) frppre 288+ L PTG
CO.Shf',\.o/’o = : . 4

where

(2.8)

T‘—: fﬂ’h‘ ko?}

3
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and f (x, t) is the value of & at y =0.

Introducing (2.6) into (2.4a) and (2. 4), and retaining quantities

whieh are :
upto the third order terms in 7 and ;Zﬁﬁiggﬁﬁgd to be proportianal

to a small parameter§, we have

LTI = (€7-2PD)IF] = 7ALF) - 77 LZ?’ *£] (2.9)
: +.(6Q- 2?6&)rH+0(8‘*)

where 2.10)
N = ?7’3" 67’2’.7 .
Q = (?f)z-— (721’7‘); . | ' (2.11)
¢ = (PP (pzh) ~2(P'TT), (2.12)

H = (p1) { () (B — (P2 Pz} +F7)G @1
and

y&/i —1E6f — }L(éf)(,éfl’)‘) Fte-x 0(53?, (2.14)

§3. Perturbation scheme
In order to investigate uniformly valid perturbation solutions
of (2.9) and (2.14 it is convenient to introduce variables of

multiple scales

+, t =gt T=ET]

(3.1)

X, xX,= EX, (3.2)

andbkexpand f- and ‘? in series of the form



f= e fu(xx;t ¢, T) 5
=/ : : (3.3)

7:: P 2” ?@ (X/I/; t, t/; 'Z:). (3-4)
n=/ .

Introducing (3.1) -~ (3.4) into (2.9) and (2.14) and equating like

powers of £ , we find

LIf1=70, T (3.5)
2 Z};j =L TAI+ 7, NLHT +< {;[[757;)1(;7’::;1,)‘]) (3.6)

LTH]= L, 0T LlAI+ L ANLLET + RATH]
' (3.7)

+2, 9, NI£I-22,66pTr£ 1+ 6R° |
) 4

t 20 € [(PF)PE) ~(PEFAUPTFIFPEINA ) (P24 )(PD) RS, 1]

+ H ~2.2€6, | -

and :
27, = ;é;L,) (3.8)
' ‘ [ ' / A
77, =i €fo—3(ef)p2h) + 2 R, (3.9
where
€ =i = _.2 2
et} 2—t, ) .6; ,a,z..) ?I =7 21’ R v (3.10)

Ly=Le €+ P = 2¢¢,- (37T 7, G

: | . //. 2 /
Loz le € rlec€l + #0087+ Leep, @12

= 2¢€ + € = ZL(pPT)P?)



216

and the prime denotes the derivative with respect tc‘?,

If we let Z and Z denote
Z = expi (RX~ w;t) | (3.13)
and its complex conjugate ( C. C. ), we have |
Ple,p)1z"] = P(aw., 7;-50) z", (3.14)

and

Ple,p) [2"] = Plrwo,-nf)Z" (3.15)

Then, the solution of (3.5) for a progressive wave is given by

f,= Yz +¥Z21t P, (3.16)
provided that the dispersion felation
. a3
Ll = 0, Ge W)= 7h. o, G.17)

with ) :
o~ =tanh .4, : (3.18)

J ,
is satisfied, where v’and g’are functions of slow variables X, , T,
and T , + Jand #o and @, are respectively the wave number and
the frequency of infinitesimal wave.

From (3{16) and (3.8) we have

: (3.19)
7% = (o (¥z~ ¢.C.),

Introduction of (3.16) and (3.19) into (3.6) gives

LITf1=—24,04] 1T3i8, (1- cf‘)(.%zz’—r.c.)(a.zm



which yields a uniformly valid solution

« ¢ 2 2
fz-_,,e_t.atezlﬁis;z . cC.

} (3.215

. 4‘0& a)o o
provided that the secular term
- : = (3.22)
L,[¥z]= bel2] (at, * Vaz,)'y)

= 2{ Ws 7 (a-f/'f“ra:(,) ,
and its C. C. vanish everywhere, where

'V'( f,) =- Aﬁo[w« B lowa (@0, )= G5 (%) (3.23)

= Co 1’1+61— ) R, he o},

and :
| | z 3.24)
o= @o/t, = (70/5.)7, @20

éfé respectivelybthe group and phase velocity for infinitesimélywave;

and the secular term /[, rel is found to be zero. This condition

gives

P .
where the variable

g =x-7F,

shows that the slow modulation of ‘the wave due to weak non-lxnearity
x)
is propagated approximately with the group velocity V.

(3.26)

- ST 7o
Introducing (3.16); (3.2%) and (3.1%) with (3.25) into (3.9) we have

:J;‘{’ZZL ¥ ’V}/’gz + . C, | (3.27)
—~(:-.a?) py- 75/’/’9* |

where : .
fr = L (22-3)8/0", - (3.28)

x)

The choice of the order of the coordinate stretchlng such as (3, 25),

also
and (3, 26) ) is uniquely determined L by taking intc account the balance

between the dispersion and nonlinear effect"49



$ 4. Non-linear Schrodinger equation
In order to find the equation governing %’( £, T Y in £3
we must proceed to the third order equation (3.7) and impose the conditiop
that the right hand side contains no secular terms zZ ZZ° and é; .
After straightforward aigebra and making use of the fofmulae_ |

v ¥ - v
GrT) 1z 1= {0l = 20h,,
| ' | (4.1

-

'?’Lw,f- T Lwnioy ¥ 2V owg, + Ltte =0 .

J

we have from the coefficient of ~Z°

?i ?_1 . " _ r z - ‘
~Latp) =l 7o 5G) = {rod ooV AT

and from that of 2 {and ég )

| -z L. [W¥z] :: '2“)0[(%; t 317'77&;!)

’ :l:?waﬁb’a?/zz,-(l~of)£; z ;0/9'[::] ]Ib (4.3)

+[~)7 ¢ —L; (7~/o¢2+ 75‘¢’)J"'€z%;,

2ot

Equation . (4.2) is integrated on the assumption that 55 is
' ' horizontal
a function of § and 7 and yieldsthe induced current due to’ nonlinear

interaction :

P, = [2a.fet (1-00) 27T YEATE54) 4y

Introducing (4.@) into (4.3) and rearranging we obtain

v 2T 2 ¢

L 2¥ _ /,«2:%; +: H/W/z}bj (4.5)
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where _
, Ay _o s 4 £ £ 2 (-0
= L7y = £ 0 (B) = -Fglin- X a1k 2
<and
B L factea(1-)GT Tk (-0}
2 =Zw, [ZZ'}"‘ ‘7{,{40 4 4.7

+ L (9= 100"+ 70J)}] .

20 %
As is seen from (4.6), M takes always negative sign, whereas ) changes
its sign from negative to positive across 47.,=/263 as &£, decreases. -
It should be noted that - )/ is essentially identical with X(k) defined.
bj the equation (3@) in Benjamin's papeér) " An equation of this type,
which may be called a nonlinear Schrddinger equation, has already been
' 9—13)

obtained for various problems:. ./ A generalized equation, in

which. . both ,&L and ) are complex, has also been obtained by Stewéftson

1%)

and Stuart in the study of the nonlinear instability of plamne
Poiseuille flow.

If, instead of the complex amplitude }D (#,T) , we use the pair

of real functions A and J& defined by )
= Aesp I35 [nds] R

then we obtain the following set of equations :

2A° 2 (A°n) =0 (4.9)
2z T %% (A 2) ? f
22 QR 2 A 227124 4.10
e TRy YV 5y —2H 5}_(/? 2%* :0;( 9



(8] :,’

which reduces, in the limit of £,£, —> co , to the set of « -

equations of the form adopted by Chu and Meiq).

The elevation % is determined in terms of }b from. (3.19) ,

(3.27) and (4.4) as °

F7 =W ¥Z 4> (VHZ+ 1 W73 +C.C. ha11)
| + e*rv¥, |

where (6.12)
/ { » e Y, 2
r = 2w BT+ U~ o) LB
7= ;ﬁo .
$5. Several solutions of the nonlinear Schrodinger equation - (4.§)

5 - 1 Nonlinear plane wave solution

It is known that (4.5) has the following solution representing a

nonlinear plane wave :

Y=Y ‘€X,‘° {2(x7 —x;)}) | (5..1)»

where

.-y,.o = convlanl S o = "/‘"‘z‘*Vl%If (5.2)

Let us now consider the meaning of this solution in the original
) a‘ .
physical var\i“gles. In particular, if we set 3¢ =0 and ’;é, :fa/(zbwa,

Q@  being a real constant, then the perturbed surface given by (4.11)

takes the following form : ' '

/0




fats]
N
o

7=¢acoss + L(ea/oRe) (F-7- caszg))(s.:i)

here -, :
bz - (wim )t juith = v FE ] 50
‘This is nothing but the Stokes wave train to the second order approxi-
pation. Here, it skuld be noted that ¢ = W, — £ &K, is the
nonlinear dispersion relation for Stokes wave including the effect of
the mean horizontal current, It is -also to be noted that the dispersion

term in ‘(4.5) plays no essential role in this solution because ) = 0.

5 - 2 Equilibrium solution
In addition to the plane wave solution described above, eq. (4.5)
has another type of solution in terms of the Jacobian elliptic function,

exhibiting the dynamical balance between nonlinear and dispersion effects,

which we call equilibrium solution :

Y o= A(£) exp(iodT), (5.5)

where

) %) (5.6)
ol 1is constant and A /s vrvede

a) In the case of /L(I/7O .

AG) = Asdn {a(bns, 4} (5.7)
’ /
with the modulus A

£ .
A =2 — z2</(VAS), (5.8)

to be
In the special case of 4 =7 we have eq. (6.8) mentioned in § 6.

b) In the case of AP <o |

74
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Al3) = Assm (=drfpu)¥ Asssd, 4 O

with the modulus

A= A"Z/C‘Zd/y B ,A;).' (5.10)
In. the special case of 25 =71 , we have
: . ;
4y = (/) Tanh{ (- L) &) (5.11)

which describes the propagation ofaphase jump.
*) If a complex form of ,4 is.permitted, we obtain an

equilibrium solution of slightly generalized type. For the aim of .

later discussions, however, this simple choice may be sufficient,

/2
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6. Stability of the Stokes wave (5.3)
The stability of the Stokes wave has been investigated

1-5) both analytically and experimentally. We

by sereral authors
shall show that the time evolution of the unstable modes may be
regarded as a special case of the general modulation processes des-

cribed by .5)

In order to reproduce the Stokes wave, let us set o{=o, K =0

and ¥, '—‘—;Q/(z;wo)in . . (511). Then we consider a disturbed Stokes wave
given by |
AaD S AN
%:: (%01"5%) CXfL(O(D,C+89)) (6.1)
A

where )ﬁ' and 4 are assumed to be real functions representing the
2 -
disturbance, é\ being a small parameter.Substituting the above

expression into (4.5) and linearizing it with respect to g ,, we have
A - A :
Ve + M 1%] 9"? =0, (6.2)

~ : 2 N ~ _ .

&< “ZV/%}%‘//WF_% =0, (6.3)
Since these equations form a set of linear differential equations
with constant coefficients, we can assume a solution of the form :

A .

¥ P\ cfe-Be)
(/\ = .)€ + . C. (6.4)
& &,

~ PaX

2
where ¥, and £, are constant, From the condition that (6.2) have a

non-trivial solution, we obtain the dispersion relation :

-

2 A A2 A2
= pF (2 —2YINlR), 6.5)

/3
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A~
which shows that , if /;{L’<10 s  1s always real for arbitrary
-~
values of £  so that the Stokes wave given by (5.3) is neutrally
stable, On the other hand, if MYoo ,53 becomes imaginary for

2 < Varzx | B (6.6

*
Hence the disturbance will grow ekponentially. In this sense, the
Stokes wave given by (5.3) is unstable against the above modulational

disturbance, and the maximum growth rate, say d&msr, is given by
. ‘ A A ) A
Jmee = 1VE| g B SNORA (6.7)

Remembering the discussion concerning the signs of At and b¥

given in § 4, we may conclude that these results reproduce those

3)

obtained by Benjamins) and Whitham ° . 1In the présent theory, returning

to the original nonlinear Schrddinger equation (4.5), we can inves-

ca

tiééte' further time evplution of such wunstable modes even to the stage’
when the linear theory fails to be valid. For example, when 4 = 1
the equilibrium solution (5.7) degenerates into a solitary modulational

wave ‘'propagating with the group velocity ;
Az =(2x/0)% sech{ ()£  (6.8)

RS ' .
which has the width [/(/xZ). This width, when = , agrees

with the wave length of the unstable mode with maximum growth rate,
fact
This' leads us to a conjecture that the modulation of the Stokes wave is

eventually deformed into the solitary wave described by (6.8). In fact,

7)

the numerical calculations carried out by Chu and Mei Karpman and .

7) . 1) .
Kruskhal and by Yajima and Outi’, strongly support this conjecture.

14
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§7. The nonlinear Schrodinger equation (4.5) in the shallow-
water limit
In order to show a wide applicability of eq. (4.5), we shall
discuss ‘the equation in the shallow-water limit. In the limit of
'ﬁ‘f,, - 0 with £, kept to be of the order of unity, the coefficients

M and ) in eq. (4.%) become, respectively, as follows :

! !
L T4 2% PN e
/(ﬂ o= - ‘2" Co" 'ﬁoﬁo ) V,d = 4 C’ £9£0 J (7'1) :

wheve
2 (7.2)
Co = (?{a)z}

whence the nonlinear plane wave given by (5.3) assumes the following

form for E<(h) < 1
Y = £a cos by £WEHT (1~ coszpafT P

where
. ) (704)
{y = ﬁox-cwa—ao«,)t‘ :
On the other hand, as is well known, the shallow-water waves

are governed by the Korteweg-de Vries equation m :

27 a1 3 C,21 Ao 21 _ :
7{5"'(};’;*‘:{,7]?):7‘5 ox’ T (7.3)

which has the steady periodic solution called cnoidal wave :

A

7 =¢€af], +147°dn’ {C(E@/Aﬁé(z'ﬁ)ﬂ‘f}].é)
. . )

where

T =Clit 2517+ §[;§~/)}]) (7.7)

and the meah depth, say" 'i s 1s given by

7 = 661[7»+2A’1E/f<]) .8

/8
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where K, £, ~and 4 are respectively, the first and the second

kind of complete 1ptegralsand their modulus. Putting
i 2ian/tK) ] == Fe alei) 2, 0.9

and expanding . (7.8) for small values of 4 , we have - . (7.3).
Thus we find that the nonlinear piane wave solution corresponds to”
the weak cnoidai wave in the shallow-water limit. We note here that
we can obtain the nonlinear SchrSdinger equation (4.5) wiﬁh A=A
and Y =), directly from the Korteweg-de Vries equation (7.5) by
the same ﬁrocedure adopted in "pneQious sections. Similar pro-

17)

" cedure was also adopted by Tappert and Varma in the study of heat ‘i

pulses in solids, According to the criterion of the stability dis-

cussed in § 6 , we may conclude that the weak enoidal wave is modula- 15)
(as_shown numerically by Zgbusky and Kruskal>

tionally stable against the small disturbance|, because 4, };5450 .

For the complementary case to the weak cnoidal wave considered here ,

m

Jeffrey and Kakutani ° showed, by the conventional stability theory,

that the solitary wave solution of the Korteweg-de Vries equation is

zo)

neutarlly stable, Berezin and Karpman ° also investigated an asymptotic'
behaviour of the cnoidal wave for arbitrary values of the modulus _J
by starting from a formulation due to Whitham who did not take a dis-

persion term ( the last term in eq. (4.102)into account as was remarked

in §1,

16
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Appendix A, Fourier series expansion

By use of the stretched coordinates £ = ¢ (x-¥7¢)and T = &*(
10

ot

introduced by Taniuti and Yajima =, we expand & and ’Z into series

of the form

Finye)= 23 ¢ « s 2" (D)
Nz} M=-N

e 2, m m :

7(71t) = ,'2;-;5’”?( )(;, t)Z . (A.2)

where
¢(%vwr) %-[,,I,,,,) amd 'Zlm,-"): 7 (,m) (A.3)
since & and 7 are real,
Substituting (A.2) (A.3) into (2.1) - (2. l}{and separating
different order of ¢ and harmonics, we have a set of ordinary linear

differential equations for @™ and 7 (e

(n.m) ﬂlt”!) . .
By = P ACTE LT for RSJG0

?5;{%’") — 0 3; d=-F, (A.5)

?S#M’W)-r;fmw,'z{”'w: B(nw)(f’ 7:) at (?"’0 (A.6)
and
._m%qbfwu;z(*”’—c("-"””(ffc) at  geo (A7)
04/ d-fa’!. Jv/nwﬂatwn"f 2 . )
3¢m *) z?(mrm) ;3(» ;s £ at y—o (A.8)
(7, m)

where A (™™ , B and ¢ ®"7  contain the 1ower order qutleS

with respect to n, (their explicit forms are given in Appendix B) and

we have replaced the boundary conditions (2.3) and (2.4) at

3‘; 7{x,t) by those at é’ =0 by use of powers series in ’Z :

/8
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w Ny 7 5
- Tp= =25 92 aa /vj; - x:%;gi) (2.38)
w= ¥ / “9x2 f )
and
(2.44)

§tt+?§i = -;é }7‘;’[3?7; (#1e47%5)- ?/,‘?:',{ZZ)(Z’EL 27, 1—9,”“~ 2"”‘” f]

3;” 3]"‘” ;:J Mt 3} H-MH

We can integrate the above system of equation (A.4) - (A.7) with
respect to ; and obtain the following integrals ;

fof m=04:

‘P;?{,o): j} A(i’o) d; for - hD s vyv= 01 (A.9)
ZC‘M"): —3/__ C(@!’) | a’t y ___‘O/ (A.10)
and ‘ )
B = 4)(7"0):;,»],4(”1')/; =0, (a1
"‘go .
for m# 0 s
{_y (ﬁr"’ d . Cw A(‘h,‘m)'s d;f
m ™) __,__..
¢('u, ) J——d C..., 1/,("!*‘ + 53 (SMI A, c? j )
for-h = v =0 (A 12)
(n, 90 (™ .
?q("”’g‘im wo 't +C ,a y=0, (A.13)
and
(% .sm—frnw.,cm»ﬁ)(my/‘"'*' 7 f nn 4;!)+ (£ Coo™ 7% S*‘/f)” jA’”

- {o

. (™)
.:____.__ B('n‘w)-—‘.WWDC /} at y=0} (A.14) N

where

Cm (%)= caS"""‘ﬁo(?*’qn)) Sﬂn(;)" S/,”Iwﬂﬁ"{‘yf%’))

Como = Ca(0) 7 Sa..o S {6)
2 (A 15)

7%
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and \/JM’M) is a function of ¥ and T alone, Thus we can express

q)(%;""') and 72(“,44) in terms of Zf{",)"—"f for (n, m) = (1,0),

1,1), (2,00, (2, l) and (2,2) :

P = ¥ cushatyrtse, BT = Al ¥
4){,’,) =0, ‘]5 U”,): ; /94 Vé ] sb{z &.l}’cosklﬁ(?f{t)/ [(A.16)

’z”'"’ o gy0iziony, T107=7 1Y 70T, J1* V=0

N

with 2 o
ﬁ _ f(r—l)f:'—-zwofo
=

7’l’b"71 :7

' . | . (A.17)
fu =~ g R (A Tk Bo(geh) ~ B o0l

| atete g
Fa’—zwo s* 4“’00* J

where o = tanh Bofy » C = cosh B,%o » S = sinh B. Ko

€, = 'c_:osh 28,0 , and ) and /. are respectively given by (4.12) -
and (3.28). . v

These results are found to be in accordance with (4.11), _(3.16),
(3.21) and (4.4).

On the other hand, the consistency condition (A.8) for (m, m) =

(3.1) givés the same equation for % as (4.5)

. 3 2" ‘i
12% T/“;;Z:‘ﬁi'z)i‘f'f’f"o. (A1)

20
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Appendix B, Explicit forms of Am"m}, B™™and c 2

- Explicit forms of /? {30 s B(%”) and C’{'/ ») appeared in Appen:'

dix ‘A are ebtain_ed‘ from (2.1) - (2.4a) and (A.1) - (2.4A) as follows : 7

P

-

(n,a0) — ‘
Ts -2 L,M[Q ?((”l /,fm) C_’-é;(w-z, om) G .1
s

(BCM/ 3’1) (”7-—2,'3/) ‘ 7 (=], m

— <7(’l '] ?7"4«”)2”/ <?m ' 7{4/411") {3 "3)

 <fgmighomr (A

(ol ?) L o %at)
Doty 18s Con f 3 ) ot

i/ M’w" (911/ 73]
4 k’ N 7 6715 7 2»;—1,»«4 /fp <m<m”g§f’*" ’17m W’J%
,"57
4< {M/,Gyg’, (ﬂ‘ijﬂ"”} & (07(;/%,0 .
AT

7 Wt g0
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where the bracket < 2 n = denotes the coefficient of the m~th
harmonics with n-th order with respect to £ , e.g.,

<,m'/75(n,m)¢(m 4«) = > 5, //¢(7l ”’%(z ")

75*7L=7! w'rw = m 2
The consistency conditions (A.ll) and (A.14) for (n, m) = (1,0)
and (2,0) are trivially satisfied as easilly seen from ( B » 1)
(B # 3) . Those for (n, m) = (1,1) and (2,1) lead to dispersion relation
(3.17) and the reasonable foundation to take 7~ as the group veloclty,
Whereas those for (n, m) = (3,0) and (2,2) determine fi‘wand 75(2’2) in |

terms of ‘/’ « The condition for (n, m) = (3,1) requires that ¥71/

is governed by the nonlinear Schrodinger equation (Al9) ..

R2
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