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1. AUTOMORPHIC L-FUNCTIONS 

Let G be a reductive group over Q. The definition of an automorphic L-function requires 
two data: 

• A cuspidal autormophic representation 1r of G(AQ), say 1r = 1r00⑳ R戸p,where'lrp 
is unramified at p rf_ S, for a finite set S of places containing(X)； 

• A finite dimensio叫 complexrepresentation r of the Langlands dual group LG of G. 

From these data, we can form an Euler product 

L汽s,1r, r) == ITら(s,1r,r),
pES 

where, if s7fp denotes the Frobenius conjugacy class of'lrp (a.k.a. its Satake parameters), 
then 

ら(s,1r, r) := det (I -r(s1fp)p―s)―1. 

The Euler productだ(s,1r,r)converges absolutely for Re(s) >> 0. 

Conjecture 1.1 (Langlands). We can define factors at every place in S so that the resulting 
completed L-function A(s, 1r, r) has meromorphic continuation to all (C and it satisfies a 
functional equation withs= 1/2 as center of symmetry. 
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Suppose now that 7r is tempered everywhere, i.e. 四 istempered at every place v, then 
A(s, 1r, r) converges absolutely (and so it is holomorphic, non-zero) for Re(s) > 1. This 
fact together with the conjectural functional equation poses some mystery on the values of 

A(s, 1r, r) in the strip ½ s s s 1 (equivalently Os s さ½). It turns out that the behaviour 
of the partial L-function戸 (s,1r, r) (which might coincide with the one of A(s, 1r, r) if we 
know how to control the Euler factors at places in S) contains information of analytic and 
arithmetic nature. For instance, on the analytic side (see [GJSlO] for a nice survey on this) 

the location of poles ofい(s,1r, r) is often linked to the non-vanishing of certain periods for 
1r and to the realization of Langlands functoriality. Precisely, one might expect to relate the 
following three facts: 

(1) The L-function L汽s,1r,r)has a pole. 
(2) A certain period for cusp forms in 1r is non-zero. 
(3) The cuspidal representation 1r is a (weak) functorial lift with respect to the embed-

ding H Y LG, with H being the stabiliser of a generic point of the representation 
r. 

Often, theta correspondence has been used to realise functorial lifts, so one might replace 
(3) by the existence of such a correspondence. 

On the arithmetic side, the behaviour of炉(s,1r, r) at s = l contains rich arithmetic 
information. When L8 (s, 1r, r) is motivic, the conjectures of Beilinson link the trascendental 
part of the leading coefficients of these L-functions to regulators of motivic cohomology 
classes, while the conjectures of Tate relate the residues of these L-functions to the existence 
of algebraic cycles. 

1.1. Some examples of L-functions and their pole at s = l. 

1.1.1. The exterior square L-function. Let八2 : GL4(C)→GL5(C) denote the exterior 
square of the standard representation Vi of GL4(C); it is an irreducible representation of 
GL4(C) with highest weight (1, 1, 0, 0) (being the second fundamental weight for GL4(C)). 
We seek a subgroup HY  GL4(C) such that 

八21H= 1①P, 

with 1 the trivial representation of H and p a five dimensional irreducible representation of 
H. Let Sp4 be the symplectic group of genus 2. Precisely, if h denote the identity 2 x 2 

matrix and let J := (-h h), then 
Sp4(C) = {g E GL4(C) : tgJg = J}. 

Note that Vi defines also the standard representation of Sp4(C). Moreover, J defines a 
symplectic pairing J : Vi x Vi→C and hence a Sp4 (C)-equivariant map J :八州→ C.Its 
kernel is the 5 dimensional irreducible Sp4(C)-representation of highest weight (1, 1). Using 
the exceptional isomorphism Sp4(C) ~ Spin5(C), we can view p1,1 := ker(J) as a Spin5(C)-
representation. It coincides with the representation obtained by taking the composition 

of the standard representation of SOs(C) with the projection Spin5(C)→SOs(C). We 
therefore have the desired decomposition 

八2(Vi) = C EEl P1,1・

This can be upgraded to a decomposition for representations of the group of symplectic 
similitudes GSp4, but we won't need to get into that at the cost of restricting to automorphic 
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representations with trivial central character. Now suppose that 7rp is a spherical admissible 

representation of GL4(Qp) with Satake parameters at p which belong to Spパ豆砂 then

L(s, 1rかバ） ＝det(I -/¥2(snp)p―s)―1 

= (1-p―8) ・ det(I -P1,1(snp)p―s)―1. 

This implies that, if 1r is a tempered automorphic representation of GL4(Aq) with trivial 
central character, unramified outside a finite set S of primes, and with Satake parameters 
in Sp4 at every prime not in S, we then have a decomposition of partial L-functions 

L汽s,7r，だ）＝ L汽s，元Pl,1)合(s),

with L汽1,1r, P1,1) =/-0, and thus炉(s,7r,八2)has a simple pole at s = 1. One can show that 
this is equivalent to 1r being the transfer from a cuspidal generic automorphic representation 

of GSp4(Aq) with trivial central character. Moreover, these facts are also equivalent to 
asking that II has non-trivial Shalika periods (cf [JS90]). Shalika periods have shed profound 
insights into the Langlands program and their arithmetic significance has been explored for 

instance in [GS23] or [SDW叫

1.1.2. The Asai L-function and base-change. Let F/Q be a quadratic field extension and 
let us consider H = PGL2 and G = Resp;q(PGL2). The L-group of G is 

LG= (SL2(C) x SL2(C)))<IGal(F/Q), 

where the non-trivial element T of Gal(F/Q) acts by permuting the SL2(C) factors. Note 

t~at. the d.iagona.l_:~bedding induc~~ a map BC四Q: LH →LG. The m,a_p BCF/Q rea~izes 
the base change lift from automorphic representations of H to automorphic representations 
of G, in the sense that the Langlands parameters of a base change lift will factor through 
BCF/Q almost everywhere. Let V2 denote the standard representation of SL2(C) and let 

Vi= V2 R V2; identify GL(Vi) c::: GL4(C). We also have a map 

AsaiF/Q: LG→LGL4 
which on pure tensors is defined by 

AsaiF /Q (91, gい）（町R叫：＝ ｛印•町®g2 • V2 
91. V2 R 92. V1 

if 1 = 1 
if/= T. 

If 1r is a tempered automorphic representation of G(AQ), unramified outside a finite set S 
of primes, the base change lift of a tempered automorphic representation a of H(AQ) (we 
can choose S so that its Satake parameters lie in the image of BCF/Q at every prime not in 

S), the factorization of AsaiF/Q o BCF/Q into irreducible L H-factors induces 

L汽s,1r,AsaiF;Q)= L8(s,a,SymりL汽s茎FjQ),
with cF/Q the Hecke character associated to the quadratic extension F/Q by class field 

theory. The twisted L-function L8 (s, 1r, AsaiF/Q R cp;Q) has thus a pole at s = 1. The 

existence of a pole at s = 1 for炉 (s,1r, AsaiF/Q R EFjQ) is equivalent to asking that 1r is in 
the image of the base change lift. Moreover, these facts are related to the non-vanishing of the 
Hirzebruch-Zagier cycles for Jr. Hirzebruch-Zagier cycles and their generating series can be 
viewed as the prototype for Kudla program and its p-adic counterpart (cf. [HZ76], [GG12], 
[CNR24]). The relevant cases of Beilinson-Tate conjectures pertaining special values of the 
Asai L-functions have been studied by Kings and Ramakrishnan (cf. [Kin98], [Ram87]). 
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1.2. A .2. An exceptional setting: GSp6 and G2. 

1.2.1. The group G2. Let IHI be the algebra of Hamilton quaternions over Q with the us叫

basis {1, i, j, k }. The conjugate a of an element a = a。+a1i + a2j + a3k E IHI is a = 
ao -a1i —匹j -a3k. The split octonion algebra over Q is([)) ＝ lHI①IHI with multiplication 

(a, b) ・ (c, d) = (ac + db, ad+ cb). 

Then([))is a non-commutative, non-associative, alternative Q-algebra. If x = (a, b), let 
可＝（石，ーb).Then x f-----+百isa Q-linear involution on([))satisfying "x"-:-y = y ・百． Thenorm 
N:([))→Q, Xf-----+X．x, defines a quadratic form on([))．Define 

G2 := {g EGL(([))） |g(x ・ y) = (gx) ・ (gy), Vx, y E([))｝． 

G2 acts transitively on the set([))0 of trace zero octonions and preserves the quadratic form 
induced by N. Thus we have an embedding 

Std : G2'-+ S01→ GL7, 
which we denote by the the standard representation of G2. The dual group LG2 = G2(C). 

1.2.2. A key diagram. Let J := (-h I3) and define GSp6 := {(g, v(g)) E GL5 x GL1 : 
tgJg = u(g)J} and PGSp6 = GSp:/；GS]6. The d叫 groupof PGSp6 is Spin7(C) and we 
let Spin : Spin7 (C)→SOs(C)→GL8(C) be the 8 dimensional Spin representation. Despite 
G2 having discrete series at oo, the locally symmetric space associated to G2 does not have 
any complex structure. It is an observation of Gross and Savin [GS98] that the standard 
motive of cuspidal automorphic representations of G2(AQ) should be realised inside the 
cohomology of the Siegel sixfold (i.e. the Shimura variety associated to GSp叫． Thisis 
motivated by the following discussion. The etale cohomology of the Siegel sixfold realizes the 
Spin motive of cuspidal automorphic representations of PGSp6(AQ) (cf. [KS22]). Now note 
that the stabilizer of a generic vector in Spin is isomorphic to G2 (C), giving an embedding 

t: G2(C)'-+ Spin7(C). 

Indeed, one can see that G2(C) = Spin7(C)nS01(C) and we have the following commutative 
diagram 

Std 

／ 
G2(C)•—.- S01(C)←→GL1(C) 

く[ [ [ 
Spin7(C)し→ so8(C)し—→ GLs(C).

(1) 

＼ 
Then we have the decomposition 

Spin|的(G2(C))c::: Std 〶 C

If we let 7f be a cuspidal automorphic representation of PGSp6(A叫 whichis a weak func-
torial lift (via ~) of a cuspidal automorphic representation a of G2(A叫 thenfor a good 
enough finite set of places S 

だ(s,w, Spin) = L汽s,a, Std)（汽s). (2) 
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In general, by Langlands functoriality it is expected that if L汽s,1r, Spin) has a simple pole 
at s = l, then 7r is a functorial lift from伍 orits compact form. Combining results from 
[KS22], [Che19], [GS20], [GG09], and [PS18], one can show the following. 

Proposition 1.2 ([CLJ22, Proposition 8.1]). Suppose that 1r is a cohomological cuspidal 

automorphic representation of PGSp6(Aq) which is Steinberg at a finite place. Then 1r is 
tempered and the following statements are equivalent: 

(1) The partial L-function L汽s,1r, Spin) has a simple pole at s = l, 
(2) For almost all£) the Satake parameters of 1r at£ lie in ~(G2(C))) 
(3) There exists a cuspidal automorphic representation a of either G2 or its form compact 
at oo such that 1r is a weak functorial lift of a. 

Moreover, if 1r supports a Fourier coefficient of rank 2 associated to a quadratic etale Q-
algebra F these conditions are equivalent to 

(4) 1r is H-distinguished, with H = {(91, 92) E GL2 x ResF;qGL2,F : det(91) = det(92)}, 
i.e. that there exists a cusp form'11 in 1r such that 

匹（W)：＝J w(h)dh# 0. 
Zasp6 (A)H(Q)¥H(A) 

If one of the first three conditions hold) the residue at s = l of the partial L-function 
L汽s,1r, Spin) is given by 

Ress=lが(s,1r, Spin) = L汽1,a, Std) IT (1 -£―1). 
£ES 

In (4), His embedded into GSp6 as follows. Let V = Vj国杓 bethe standard representation 
of H, with Vi = Qe1④ Qfi, resp. 杓＝ Fe2 〶 Fh, the standard representation of GL2, 
resp. ResF;qGL2,F• On V we have a Q x F-values alternating formゆ： VxV→QxF
which sends心(e1,fi)= (1,0) andじ(e2,f叫 (0,1/2). If we regard V ＝ as a six dimensional 

Q-vector space with symplectic form似：＝ TrqxF/Qo心： VxV→Q,
1 

ゆ：（ae1+ ae2, bfi +(3f2)→ ab+ 5TrFIQ(a(3）， 

then we have an embedding H←GSp(V，ゅ＇）． Thelatter can be made isomorphic to GSp6 
after changing the symplectic Q-basis of V. For instance, if F = Q(o) the choice of Q-basis 
{e~,e;,eふ ff,fふ fH := {e1,e2,0e2,fi,h,6―1 h} of V identifies (V，心＇） with(V, J). 

1.2.3. The integral representation of the Spin L-function by Pollack-Shah. Pollack-Shah 
in [PS18], building up on work of Gan-Gurevich in [GG09], give an integral representa— 
tion of the Spin L-function for cuspidal automorphic representations of PGSp6 which sup-

port Fourier coeffients of rank 2. The results of [BGCLRJ23] and [CLJ22] concerning the 
Beilinson-Tate conjectures for Siegel sixfolds rely on the arithmetic incarnation of the an-

alytic construction of [PS18]. We now recall their result (which we have implicitly used in 
Proposition 1.2). 
Let S(Aら） denotethe space of Schwartz-Bruhat functions on At. Let B2 denote the 
upper triangular Borel of GL2 with modulus character如 (diag(t1,t2)) = lti/t2I- Given 
<I> E S(Aも）， denoteby 

f(9,屯s）：＝| det(g)|s J <I>(（0, t)g)|t|2sむt
GL1(AQ) 
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the normalized Siegel section in Ind~二翌峰） and define the associated real analytic 
Eisenstein series 

E(g, <I>, s) := ▽[] 
f(rg,屯s). (3) 

咋恥(Q)¥GL2(Q)

It has meromorphic continuation to the whole complex plane with at most a simple pole at 

s = l with constant residue. 

Let F be a quadratic 6tale Q-algebra and let H = ｛(91,92) E GL2 X ResFIQ偲2,F: 
det(91) ＝ det(g2)｝, which embeds into gsp6 as above. If T is a cuspidal automorphlC repre-
sentation of PGSp6 (A叫 forany factorizable cusp form i.p in the space of 1r and factorizable 
<I> E S(Ai) Q consider 

霞，i.p，S)=J E(h1，屯s)1.p(h)dh.
Zcsp6 (A)H(Q)¥H(Aq) 

We take屯i.pto be factorizable. 

Theorem 1.3 ([PS18]). Let S denote a finite set of places containing oo and the ramified 
places for 1r. If 1r supports a Fourier coefficient of rank 2 attached to F, then 

1（屯1.p,s) = Is（恥，i.ps,s)L汽s,1r, Spin), 

with Is (<I> s, i.p s, s) the integral over the places in S. 

Immediately from the theorem, taking the residue at s = l of the equality of Theorem 
1.3 yields 

知） •匹(i.p)
2 
= Ress=l (Is（応，i.ps,s)L汽s,1r, Spin)), 

where we have denoted by <I> the Fourier transform of <I> and we have used that 

Ress=1E(g,屯s)= 
<I>(O) 
2. 

2. BEILINSON-TATE CONJECTURES AND MAIN RESULT 

2.1. The analytic class number formula. Let K be a number field with ring of integers 
叩 anddegree [K: Q] = r1 + 2r2, where r1 denotes the number of real embeddings of K 
and 2乃 isthe number of complex embeddings of K. The Dedekind zeta function of K is 
the Euler product 

紐(s)＝こ 1 

I~OK 
NKjQ(I)s 

= IT (1 -NKjQ(P)―s)―1. 
匹 OK

It converges for Re(s) > 1 and admits meromorphic continuation to C with a simple pole 
at s = l. Note that 

(K匹 Rfc::: IT Rxx 
real vi= rr complex vi= ex= (Rx炉 X(C勺乃

and we can define the regulator map r : (K Rq R)x →RTl十丸 xH (loglx叫）v・ If pr : 
Rr1+r2→Rr1 +r2-1 is any of the natural projections, the regulator of K is the covolume of 
(pro r)（切り inRri＋圧1.

6 
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Theorem 2.1 (Analytic class number formula). 

lim伍(s)(s-1) = 
加 (21r）可訊K

S→1 |0;，tors1叫'

where hK is the class number of K, I噂，torsI is the number of roots unity in K，ふ isthe 
discriminant of K, and RK is the regulator of K. 

In the 70's, the analytic class number formula was extended to other special values of (K; 
precisely Lichtenbaum noticed that the order of vanishing of (K(s) at s = l -m, form> 1, 
is equal to the dimension dm of the higher K-group K2m-1 (K) R Q. Borel then proved a 
formula of the leading term of (K(s) at s = l -min terms of the covolume of the image of 
a higher regulator map rm : K2m-l (K)→Rdrn. In the 80's, Bloch defined a regulator map 

応 (E)→が(E(C),R),

for the second K-group of a complex elliptic curve E /C, and showed a similar formula 
relating the image of r with the leading term at s = 0 of the Hasse-Weil L-function of 
elliptic curves with complex multiplication. 

2.2. The conjecture. Beilinson conjectures generalize these class number formulas and 
propose the right framework in which they fit in. We refer to [Nek94], [Sch88] for excellent 
surveys on these conjectures. In what follows, we restrict to the setting of the conjecture 
where the underlying pure motive (which we assume to be of automorphic nature) has weight 
-2 (cf. [Nek94, (6.3)]). In this case one has to take into account the regulator from motivic 
cohomology as well as the contribution of algebraic cycles modulo homological equivalence 
(and this is why we refer it to Beilinson-Tate conjectures). 
Let G be a reductive group over Q, which admits a Shimura datum (G, Xe) and hence 

has a Shimura variety. For a neat open compact subgroup KこG(AJ),we denote by応 (K)
the attached Shimura variety of level K, which is a smooth, quasi-projective complex variety 
of dimension de. We assume that de is even. Also assume for simplicity that応 (K)
has a canonical model, which we still denote応 (K),over the rationals Q. Fix an element 

h : § := Resc/R GL1→G;R of Xe. Over C, §;c ~ GL1 x GL1 and precomposing h with 
GL1→GL1 X GL1, X→(x, 1), yields μh : GL1;c→G;c-Up to conjugacy, we can assume 
that the image of μh lands in a maximal torus T of G defined over Q. By our assumption, 
the conjugacy class of μh is defined over Q and we can further assume that the image of 
μh is CJntained in a maximal split torus of G. By dualりy,μh defines a character ph of the 
torus T dual to T and, after choosing a Borel pair for G, a dominant weight for G. We let 

Pe: G→GL叩 bethe representation of highest weight加． Thisrepresentation extends to 
a representation which we still call pe of the Langlands dual LG. 

Example 2.2. 

(GL叫Recallthat GL2 ~ GL2(C); h : §→ G 12 can be chosen to send z = a + ib E 
ex to（竺b~) E GL2(R). After base-changing h to C, it can be diagonalized to 

(z,z'）← (z z'). Then μh : (z z')←z and PGL2 is the two dimensional standard 
representation of GL2(C). 

(GL2;F) Consider the group GL2 over Spec(F), for F totally real number field. In this case, 

the reductive group over Q is nothing but G = Resp;q(GL2,F); as G(Q) = GL2(F) 
and 

G(R) = GL2(F匹 R)= GL2(R)叫
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with n = [F: Q], since F叡=lR= Rn, aRr→(rCT1 (a),・・・, r四 (a))withびirunning 
through均＝ ｛v: F'---+ R}. We can therefore define 

h:§→GR c:::: GL2,R, 
by sending z = a + ib→ (（靡~)'...'(喜り）． In this case, pc coincides with the 
Asai representation AsaiF/Q・ 

(GSp叫Wecan choose h : §→ GSp6 so that z = a + ib E C x to（宣悶） EGSp6(R). 
After diagonalizing it, we can assume μh : z→(13 zI3) E TGsp6 (C), with TGsp6 
being the diagonal maximal torus of GSp6. The associated character of'I'Gsp6 is the 
highest weight of the 8-dimensional representation Spin. 

Roughly speaking, the (global) Langlands conjecture predicts that the L-function of the 
Hecke isotypic components of the cohomology of Ye should be associated to the represen-
tation PG of LG of highest weight凪 Let7f = 7f00 R町 bea non-endoscopic tempered 
cohomological cuspidal automorphic representation of G(Aq). To町 onehopes to attach 
a Chow motive M（町） pureof weight叱 withcoefficients in a big enough number field L1r 
such that 

炉(s,M（町）（誓）り＝ L汽s,1r, PG), 

for S a finite set of places containing oo and the ramified primes for n. It should be realized 
in the interior cohomology of the Shimura variety Ye, i.e. for j E Z 

M（町）（j)R町＝ H炉(Ye,L1r(j)）［叫・
Denote jc:＝苧； letH1(M（町）（如＋ 1))denote the first motivic cohomology group of 
M(1「f)(jc+ 1) and let 1¥「(M(1「f)(jc))denote the group of algebraic cycles in M(1「f) （J•G) up 
to homological equivalence. Let Hも(M（町）R伽＋ 1))be the first Deligne-Beilinson coho-
mology group of M（町）（jc+l);the Betti cycle class clB induce a map rB : N(M（町）（JC)）→
Hも(M（町）R(jc+ 1)) (cf. [Nek94, §6.2]); this and Beilinson's regulator rv induce 

r = (rv,rB): H山(M（町）（jc+ 1)) E9 N(M（町）（jc))→Hら(M（町）R(jc+ 1)). 

Conjecture 2.3. (Beilinson-Tate) 

(1) The map r induces an isomorphism 

(HM(M（町）（jc+ 1)）①N(M（町）（JC)））匹 R→Hも(M（町）R(jc+ 1)), 

(2) ords=O戸（s，冗pc)=dimL7r H1(M（町）（jc+ 1)), 

(3) -ords=lL汽s,n, Pc)= dimL7r N(M（町）（如）），

(4) det(Imr) = L8,*(l,M(1r1)(jc))V(M(1町）（jc+l)),where V(M(1r1)Uc+l)) denotes 
the Deligne L1r-structure of det(Hも(M（町）R(jc+ 1)) ・ 

Very few cases of these conjectures (not only in weight -2) are known [Bet85], [Bet86], 
[Den89], [Den90], [Ram86], [BC16], [Kin98], [Leml 7], and they remain one of the main open 
problems in arithmetic geometry. 
We conclude this section with a speculation. Suppose that we are interested in the arith-
metic of L-functions attached to a reductive group G and representation p'of LG for which 

1The twist M（町）（芋） hasweight O and both L-functions are centred at s = 1/2. 
8 
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either G does not admit a Shimura datum or p'=I= PG. Is there hope to construct auto-
morphic Chow motives associated to cohomological cuspidal automorphic representations 1r 
of G and p'? If so, how to approach Beilinson's conjecture in those cases? One possible 
strategy: 

(1) Construct the motive as a piece of the interior cohomology of an auxiliary Shimura 
variety for a group G'by means of lifting from G to G'(e.g. theta or endoscopic 
lifting); 
(2) Seek for Rankin-Selberg integrals for automorphic representations of G'which nat-
urally detect the lifting from G and calculate the £-function associated to p; 
(3) Construct the motivic counterpart of the Rankin-Selberg integral of (2). 

As briefly commented in §1.2.2, an instance of (1) has been proposed by [GS98] and 
partially answered by [KS22] for G2: G2 does not admit a Shimura variety but its "standard 
motive'’appears as a piece of the cohomology of YGS?6 by means of an exceptional theta 
correspondence. In this case, the right Rankin-Selberg integral appears in the literature, but 
(3) seems out of reach as it is not known at the moment if there exist motivic incarnations 
of Siegel Eisenstein series for GSp4. We can similarly analyze the settings described in §1.1 

with (G, p') eq叫 toeither (GSpげ 1,1R EEjq)2 (in which case G'= GU(2, 2)), with E/Q 
an auxiliary imaginary quadratic extension and EE/Q the Hecke character associated to it by 

class field theory, or (GL2, Symり(inwhich case G'= ResF•IQ(GL2) with FIQ real quadratic 
extension). The "right" Rankin-Selberg integrals appear in the literature (cf. [ CT24]) and 
involve again Siegel Eisenstein series for GSp4. 

2.3. Our case of interest: main results. Let 1r = 1r00 R町 bea cohomological (for trivial 
coefficients) cuspidal automorphic representation of PGSp6(Aq) which is unramified outside 
a finite set S of places which we assume to contain oo. Suppose that at a finite place p the 

component 7rp is the Steinberg representation of PGSp訊Q砂 Then,by results of [KS22], 1r 
is tempered with脳 inthe discrete series L-packet for the trivial representation. Moreover, 

for a big enough number field L7r we have (cf [CLJ22, §2.8]) 

HB(YGSp5 (U), L'7!"(3)）［町］―・H如(Ycsp6(U), L'7!"(3) ）［町]~M瓜町）（3) R 1r『,
withM瓜町）（3)a pure Hodge structure of weight O such that, if hP,q = dime (M夙町）（3))P,q'

hp,q = ｛lifp#0, 
2 if p = 0. 

In particular, we have dimL7rM瓜町）（3)= 8 as expected. Furthermore Kret-Shin [KS22] 
have shown that 

L汽s,M（町）（3))=が(s,1r, Spin). 
Define R7r := L7r匹 R.The following lemma calculates the dimension of the 1r 1-isotypic 
component of the seventh degree Deligne-Beilinson cohomology group of Ycsp6 (K). 

Lemma 2.4 ([CLJ22, Lemma 2.11]). We have 

dimR7r Hる(Ycsp6(U) /R, R7r (4)）［町］ ＝dime咋．
2This is a quasi-split version of the setting of §1.1.1, in which if 1r is a generic cuspidal automorphic rep-
resentation of PGU(2, 2) in the image of the theta correspondence of a cuspidal automorphic representation 
a of PGSp4 we have a decomposition 

だ(s,1r,だ） ＝だ（s，冗Pl,lQ9年／Q）(s(s). 

，
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If we write 

HiJ (Yasp6 (U) /R, R孔4))[1r月＝ Hも(M(1rJ)R(4))R 7r『,
then the Lemma implies that Hも(M（町）出4))is one dimensional. Conjecture 2.3 therefore 
suggests the following: 

Expectation 2.5. 

(1) If L汽s,1r, Spin) is holomorphic at s = 1, there should exist a motivic cohomol-
ogy class訟 EHぶ(Yasp6(U)，ム（4))such that the projection TTJ（笈い（町） tothe 
可—isotypic component of its Deligne-Beilinson realization and its Hecke translates 

generate Hも(M（町）R(4))R叶
(2) If炉(s,1r, Spin) has a simple pole at s = 1, there should exist a codimension 3 cycle 
(modulo homological equivalence) Zhom E N列Yasp6(U))L" such that the projection 
叫 Zhom)（町） tothe 1r,-isotypic component of its realization via r B and its Hecke 
translates generate Hも(M（町）R(4))R叶

In [BGCLRJ23] and [CLJ22], we construct candidates forダM,Zhom. Before stating our 
result, we introduce some notation. We fix a sufficiently small open compact UこGSp6(Aり
such that 1r『#0.Let心 bethe discrete series of PGSp6(R) of Hodge type (3, 3) and let 
<.p00 be the highest weight vector of the minimal K-type o丘慧． Fora cusp form <.p =ゃ辱可
with町 E叶， wehave a harmonic differential form w'P of Hodge type (3, 3). The restriction 
of心 toSp6 (R) factors as the direct sum 心〗①T:> ofthe discrete series for Sp6 (R) of 
minimal K ~ U(3)-types rc2,2,-4) and rc4,-2,-2)・ Each of these representations have a one 
dimensional weight (0, 0, 0)-eigenspace and we let嗅 bea vector in the minimal K -type 
3,3 of 1r~.:i whose projection to each of the two factors generates the weight (0, 0, 0)-eigenspace. 
We will let峡：＝此R釘． Fixthe Schwartz-Bruhat function似 onR 2 defined by 

2 2 
(x,y)→ e―1r(x;:+i.l) and, for each L1r-valued Schwartz-Bruhat function的 ES(AJ,L砂，
we let<I> ＝ <I>00 R<I>f. Finally recall that we have introduced the integral representation 
工(<I>'<.p,s) of the Spin £-function of GSp6 by Pollack-Shah. 

Theorem 2.6 ([BGCLRJ23, Theorem 1.5], [CLJ22, Theorem 1.2]). 

(1) If炉(s,1r, Spin) is holomorphic at s = 1, for suitable<I>f E S(AJ,L砂， thereexist 

勾 EHぶ(Yasp6(U), L孔4))and a natural map 
〈,W凶： Hら(Yasp6(U) /R, R1r (4)）→ C匹 L1r

such that 

〈rp（心）（町），w'P〉＝ C四(Z讀 s，盛，s)L汽s,1r, Spin)), 
with C an explicit volume factor independent of 1r. 
(2) Suppose L汽s,1r, Spin) has a simple pole at s = 1, so that 1r is a weak functorial lift 
of a cuspidal automorphic representation O" of伍 (Aq). Then there exists Zhom E 

炉（S恥 (U))L"such that the value of the Poincare pairing 

〈TB(Zhom)（町），w'P〉=C'Ress=l (Is(<I>'s，併忍，s)l戸(s,1r,Spin))

= C'L汽1,O", Std)Ress=l (Is(<I>'s峠，s）＜汽s))'

with C'an explicit non-zero constant independent of 1r and<I>'a suitable Schwartz-
Bruhat function on A; Q・ 

10 
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Immediately from the Theorem (plus arguing as in [BGCLRJ23, Corollary 5.23] if in case 
(1) of Theorem 2.6) yields the following. 

Corollary 2. 7. Let <po,屯徊 beas in Theorem 2. 6. If Is (W s, <pi, l) =/-0 for ¥[I equal to 4>1 
and to the Fourier transform 4> then Expectation 2. 5 holds. 

Understanding the behaviour of the ramified integral恥(ws,蝶，s)at s = l is at the heart 
of the conjecture and calculating it would strenghten notably our results. At present, this 
seems however out of reach (at least for us in this generality). The main crux is that the 
space of Fourier coefficients that the integral I(w, <po, s) unfolds to is not finite dimensio叫
in general. 
We conclude with a remark on the arithmetic applications of our construction. 

(1) In [CRJ20], we showed how the etale realization of広訂 couldbe assembled into 
a norm-compatible tower at p of cohomology classes, giving rise to an element of 
the I wasawa cohomology of the local p-adic Spin Galois representation associated 
with 7r f. We expect these classes to form an Euler system for the Spin Galois 
representation. 
(2) If L汽s,1r, Spin) has a pole at s = 1, Conjecture 2.3 (3) would imply the existence 
of a Galois invariant vector in the p-adic Spin Galois representation attached to町・
Inspired by the diagram (1), if CY is a cuspidal automorphic representation of G2 
or its compact form lifting to 1r, Gross and Savin [GS98] conjectured the existence 
of the rank 7 "standard" motive M（町） attachedto CY and the decomposition of the 
motive M（町）（3)as the direct sum of M（町） andthe rank 1 trivial motive generated 
by the class given in Conjecture 2.3. Moreover, inspired by local calculations, they 
conjectured that this class should arise from a Hilbert modular threefold. Thanks 
to the work [KS22], we have a decomposition of Galois representations 

叫（町）R7r『~［島（町）パい叶

Under the hypotheses of Corollary 2.7, in [CLJ22], we show that the etale realization 
上

of Zhom generates the trivial sub-representation QP of Mp匂）， confirmingthe con-
jecture of Gross-Savin at the cost of assuming that the ramified integral is non-zero 

at s = 1. 

3. ELEMENTS OF THE PROOFS AND CRUCIAL TECHNICAL INNOVATION 

3.1. The construction of the motivic classes and algebraic cycles. The idea is to 
interpret geometrically Pollack-Shah's integral I（4>, <p, s) and its residue at s = 1. The 
construction of our motivic class therefore relies on the motivic incarnations of real analytic 
Eisenstein series on G 12. 

3.1.1. Modular units. The input of our construction are the modular units already con-
sidered by Beilinson and Kato, which are related to real analytic Eisenstein series by the 
second Kronecker limit formula which we now recall. Fix the Schwartz-Bruhat function 
鯰 onR2 defined by (x, y)He―7r(丑＋炉） and,for each Q-valued function的 ES(A}, Q), 

the smallest positive integer N <1> 1 such that的 isconstant modulo N的Z2.Fi叫 ly,denote 
So (A}, Q) C S (A}, Q) the space of elements 4> f such that叱((0,0)) = 0. The second 
Kronecker limit formula says the following. 

Proposition 3.1. Let 4>J ES。(A},Q) with N<1>1 2'. 3, then there exists 
u(4>J) E O(YaL2(U(N<1>1)))x R Q = H1(YaL2(U(N<1>1)), Q(l)) 

1 1 
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such that for any g E GL2(A) we have 

lim,; E(g, 1>, s) = loglu（列（g)I,
S→O 

where <I> = <I> oo R飢 andE(g,屯s)is the Eisenstein series defined in (3). 

Here, U(N:り isthe kernel of reduction modulo N,的Z.Note that when的＝ char((0,1) + 
立）， theunit u（り isa product of Siegel units g。,*／N as in [Kat04, §1.4]. 

3.1.2. Hilbert modular threefolds and the classes. Let F be a quadratic etale Q-algebra and 
let 

H = { (g1, g2) E GL2 x Resp;qGL2,F : det(g1) = det(g2)}, 

which embeds into GSp6 as in §1.2.2. The associated Shimura variety咋 isa quasi-projective 
threefold which splits as the product of a modular curve and a PEL-type Hilbert modular 
surface. The embedding H Y GSp6 induces a morphism of Shimura varieties over Q 

切：和(UnH(A1)）→Ycsp6(U). 

We suppose that U is "nice" (e.g. satisfies the condition of [CRJ20, Lemma 2.1]), so that 
the morphism iu is a closed immersion of codimension 3. Let 

切，＊： H幻(YH(Un H(AJ)), Q(l))―→ Hぶ(YGsp6(U), Q(4)) 

be the corresponding pushforward map in cohomology. If we let 

P町：咋(UnH(At))→ YGL2(U1),

with UnH(At) = U1 Xciet U2, be the map induced by the projection of H onto its GL2-factor, 

and let的 ESo(A},L砂肛 wecan define 

芝名f:＝切，＊（pri(u(4>t)))EHぶ(YGsp6(U), L孔4)).

The class rv（疇）（町） isthe projection of the 7rJ-isotypic component of the archimedean 

realization rv（空的M)． 
Similarly, let 

恥 (UnH(Ai))E CH0（咋（UnH(At)))=H図（咋(UnH(At)), Q). 

bet the fundamental class of YH(U n H(At)), i.e. I:dCJ E CH0(YH(U n H(A川） withC 
running through the set of connected components of YH(U n H(At)). Then 

lU,*(1咋 (UnH(Ai)))E CH刊YGsp6(U)) 

is the class associated to the codimension 3 cycle associated to咋 (UnH(At)) in YGSp5 (U) 
and we define 

Zhom := fhom(lu,*(1咋 (UnH(A1))))E N3(YGsp/U)) 

to be its image under the natural map !horn : CH刊YGsp6(U)）→炉(YGSp6 (U)). The class 
TB(Zhom)（町） isthen defined analogously to rゎ（広記（町）．

12 
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3.2. Strategy and a technical difficulty. Once we have defined the candidates for the 
two motivic elements which should satisfy Expectation 2.5, we want to 

(1) pair their archimedean realization with the the cohomology class attached to the 
harmonic differential form w'P, 
(2) relate this to the adelic integral of Pollack-Shah. 

In the case of Zhom, Poincare duality yields (cf. [CLJ22, Propositions 4.8,4.10]) 

〈 (Z
1 

TB(Zhom)（町），w'P〉＝ （2m)3 J咋（UnH(A1))し加c,
where We is a compactly supported differential form such that砂＝心＋dTJ,with TJ a degree 
5 rapidly decreasing differential form on Yasp6 (U). Since, by a result of Borel, 

J 心dTJ= 0, 
咋 (UnH(A1))

we get 

〈 (Z)（町）
1 

TB(Zhom)(7rj), W'P〉＝ （2面）3J い
Ytt(UnH(Aj)) 

It is easy then to see that the latter is equal (up to a non-zero constant) to the residue at 
s = l of the integral of Pollack-Shah (cf. [CLJ22, Proposition 5.10]). This, Theorem 1.3 
and Proposition 1.2 prove Theorem 2.6(2). 

的What about for fl'_;,/? Here we encounter a technical difficulty. We want to define a map 

〈,W凶： Hi](Yasp6(U)/R, R礼4)）→ C吹砂T

such that 

〈m（心）（町）凸〉＝J prilog |u（虹）1・ロ
咋 (UnH(A1))

so that we can conclude the proof of Theorem 2.6(1) by using the second Kronecker limit 
formula. One way to do it is by expressing Deligne-Beilinson cohomology in terms of currents 
which can be naturally evaluated against w'P. By a result of Jannsen [Jan88], Deligne-

Beilinson cohomology can be described by currents on the toroidal compactification X~~~ GSp6 
of Yasp6. If we knew that w'P extends to the toroidal compactification, we would be done. 
To the best of our knowledge this might not be the case. If w'P were holomorphic, then it 
would be ok but that's not the case as our form is of type (3, 3). At this point, it is worth 
to comment that the other similar cases of Beilinson conjectures appearing in the literature 

use more or less implicitly the assumption on the extension to the toroidal compactification 
of the Shimura variety of differential forms attached to cuspidal automorphic forms. When 

the groups in question are GL2, GL2 x GL2 (over Q), then the forms are holomorphic and 
are known to satisfy the assumption. However, in the cases ResF/Q(GL砂of[Kin98], GSp4 
of [Leml 7], and GU(2, 1) of [PSl 7], one is forced to work with cuspidal differential forms 
which are not holomorphic and it is not clear whether one can extend them or not to the 
boundary. 
Our first attempt to solve this issue (which also appeared in a first draft of lBGCLRJ23j) 
consisted of approximating the diffential form叫,by compactly supported differential forms, 

which can then be evaluated at the current representing rv（広訪． However,this approach 
13 
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is faulty: the final value is equal to 

J 曰loglu（的）1•い＋ Err,
咋 (UnH(AJ))

with Err an error term which we don't know how to control. 
The novel idea in [BGCLRJ23] is to give a description of Deligne-Beilinson cohomology 

in terms of tempered currents on X~~~n~, i.e. sheaves of continuous linear forms on smooth GSp6' 
differential forms on X;,0J GSp6 which are rapidly decreasing along Dcsp6 := X6f8 GSp6 -Y  GSp6・ 
Note that this retraces the reason why a Rankin-Selberg integral converges on the first 
place: the integral of a slowly increasing form (e.g. an Eisenstein series) against a cusp form 
converges because the cusp form is rapidly decreasing. 
In [BGCLRJ23], we carry out the description of Deligne-Beilinson cohomology in terms 
of tempered currents in a great level of generality so to include and thus fix the gap of the 

aforementioned cases (i.e. ResFjQ(GL叫， GSp4,and GU(2, 1)). 

3.3. Tempered currents and Deligne-Beilinson cohomology. We let Y be a smooth, 
quasi-projective, complex variety of pure dimension d obtained as the base change of a 
smooth, quasi-projective scheme over R. Let X be a smooth compactification of Y such 
that D = X -Y is a simple normal crossing divisor and denote by j : Y c:......+ X the open 
embedding. Let Oy be the sheaf of holomorphic differential forms on Y and let Ox(log D) 
be the sheaf of holomorphic differential forms on Y with logarithmic poles along D. Recall 
we have quasi-isomorphisms of complexes 

Rj*C→Rj⑬ ←叫logD).
For any p E Z, the Deligne-Beilinson cohomology groups Hら(Y,R(p)) are defined as the 
hypercohomology groups of the complex 

R(p)TJ := cone(Rj*R(p)④F叩 x(logD)→Rj*Oy)[-1]. (4) 

戸＝1The cohomology groups Hら(Y/R, R(p)) are then defined as Hら(Y,R(p))F~=1, with冗＝
F~ R c being the de Rham involution given by the action of the complex conjugation on Y 
and on the coefficients. 
To give the desired presentation of Deligne-Beilinson cohomology, we replace the com-
plexes appearing in Equation (4) by quasi-isomorphic complexes of tempered currents. Lo-
cally around any point, we can find a coordinate system (z1,..., Zk, Zk+l,... zd) such that 
X is isomorphic to a polydisc of dimension d and some radius r > 0 and that the normal 
crossing divisor D is given by the equations z1..．咋＝ 0.Slowly increasing (resp. rapidly 
decreasing) functions on X are then defined locally by asking that 

IJ(z)IさC（且Ilog lz,11) N 
for some N ~ 0 (resp. for all N :::::; 0) and some constant C, and if similar conditions holds 
for the derivatives of f as well. Let威＊屈＊ bethe complexes of sheaves on X of slowly si, =rd 

increasing and rapidly decreasing differential forms respectively. These are complexes of fine 
sheaves equipped with a natural Hodge structure, given by the type of a differential form, 
and with a real structure, given by real valued smooth differential forms. We define the 
complex勾 ofsheaves on X of tempered currents as follows. Define ~~/ as the sheaves si 

u f-----1- じ（U，況~-p,d-q)* of continuous linear forms on compactly supported sections on U 
of rapidly decreasing differential forms, where UこX is an open set. Here we have used 

14 
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a natural Frechet topology on rapidly decreasing differential forms. From these, we define 
ク＊
si' 
which is so equipped with a Hodge filtration as well as with a natural real structure. 

Note that there there is a filtered morphism of complexes 

し：心→勾

coming from the fact that, for any open subset UこX,any form w E辺空(U)defines a 
current Tw E庁 (U)by 

Tw(n) ＝ （2面）dJw八TJ, (TJ Eじ(U,“此―p,d-q)).
u 

Let匁，R(p-l)be given by R(p -1)-valued tempered currents and let 7rp-l : C→R(p-1) 
be the projection defined by 7rp-l (z) 

z+(-l)P-1z 
y 7rp-1 Z = 2 

Theorem 3.2 ([BGCLRJ23, Theorem 2.25]). We have 

Hv(Y, R(p))'.:::' 
{(S, T): dS = 0, dT = 1rp-1(S)} 

d(S, T) 

where (S, T) E FPPは(X)① P:)i(p-1/X)and d(S, T) = (dS, dT —砂ー1(S)). 

Let us define Gysin morphisms. Let 1, : Y Y Y'be a closed immersion of codimension 
c and assume that the smooth compactifications X, X'are chosen so that 1, extends to 
l : X Y X'with 1,―1(D') = D. We can then define a Gysin morphism 

ら： Hv(Y,R(p)）→ H£,+2c(Y',R(p + c)) 

by setting i*[S, T] :=［l*S孔＊T](where given a current X,ぃX:wHX（心））．
We can finally get to the construction of the linear form associated to certain rapidly 
decreasing differential forms at the cost of restricting their possible Hodge types. 

Proposition 3.3 ([BGCLRJ23, P 2d-n , Proposition 2.27]). Let n E N,p E Zand let w E叫 (X)
be a smooth closed rapidly decreasing differential form of Hodge type components inside 
{(a, b) : a, b > d -p}. Then the assignment (S, T)←T (w) induces a map 

〈叫： H戸(Y,R(p)）→ C 

3.4. End of proof of Theorem 2.6(1) and remarks. Proposition 3.3 is enough for our 

applications: let n = d = 6, p = 4, Y = Ycsp6. Then {(a, b): a, b > 2} = {(3, 3)} and so we 
have a linear pairing 

〈,w'P〉： HiJ(Ycsp6 (U), R(4)）→ C 

Moreover, with some diagram chasing, one sees that r7J（広訂） isrepresented by the pair of 
tempered currents 

(iu,*Tpridlog u（的）'iu,*Tprilog lu(的)|）．
By the explicit description of the Gysin morphism and the pairing, one gets 

〈m（勾），w凶＝幻，＊Tprilog lu（的）い）

= Tpr1 loglu（的）1（心凸）

= J pr「loglu（的）1•三
咋 (UnH(A1))

as desired. Proposition 3.1 and Theorem 1.3 finish the proof. 
15 
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Let us conclude with a remark on how the similar gap in the constructions of [Kin98] and 

[PSl 7] can be fixed; the case of [Leml 7], which involves cup products of Siegel units, has 
been discussed in [CLJ23, Theorem 3.15]. 

[Kin98]: Consider the motivic class constructed as pushforward of a Siegel unit with 

respect to the closed immersion (for nice enough level U) of 

l: YaL2(U n GL2(Aj))'-+ YResF/QGL2(U), 

with F/Q a real quadratic field, associated to the natural embedding GL2 Y Resp;qGL2. 

This defines a class in Hぶ(YResF;qGL2(U), Q(2)). If we let w be the differential form of 
Hodge type (1, 1) associated to a Hilbert modular cusp form F of level U, by Proposition 
3.3 (with d = n = p = 2) we can pair it with the archimedean realization of the motivic 
class yielding the value 

J log |u（的）I・ 心．
YGL2 (UnGL2(A f)) 

By Proposition 3.1, this is related to the Rankin-Selberg integral that calculates the Asai 

£-function of万

[PSl 7]: let E /Q be an imaginary quadratic extension defining the unitary group GU(2, 1). 
The associated Shimura variety is the so called Picard modular surface. Denote by H its 
subgroup 

H = {(g, t) E GL2 x ResE;qGL1 : det(g) = Nm(t)}. 

Then we have a diagram 

YGL2 ← YH→Yau(2,1) 
and one defines a motivic element in Hぶ(Yau(2,1),Q(2)) as the pushforward of the pullback 
of a Siegel unit. By Proposition 3.3 (same numerology of case above) its archimedean 

realization can be paired with a differential form of Hodge type (1,1) associated to cusp 

forms of GU(2, 1). The value of the resulting integral is meticulously studied in [PSl 7], 
where they relate it to a non-critical value of the degree six standard £-function of GU(2, 1). 

REFERENCES 

[BC16] Franc;ois Brunault and Masataka Chida. Regulators for Rankin-Selberg products of modular 
forms. Ann. Math. Que., 40(2):221-249, 2016. 

[BeI85] Aleksandr A. Beilinson. Higher regulators and values of L-functions. J. of Soviet Math., 
30:2036-2070, 1985. 

[BeI86] Aleksandr A. Beilinson. Higher regulators of modular curves. In Applications of algebraic K-
theory to algebraic geometry and number theory,, volume 55 of Contemp. Math., pages 1-34. 
Amer. Math. Soc., Providence, RI, 1986. 

[BGCLRJ23] Jose Ignacio Burgos Gil, Antonio Cauchi, Francesco Lemma, and Joaquin Rodrigues Jacinto. 
Tempered currents and Deligne cohomology of Shimura varieties, with an application to GSp6. 
arXiv preprint arXiv:2204.05163, pages 1-47, 2023. 

[Che19] Gaetan Chenevier. Subgroups of Spin(7) or S0(7) with each element conjugate to some element 
of G2 and applications to automorphic forms. Documenta Mathematica, 24:95-161, 2019. 

[CLJ22] Antonio Cauchi, Francesco Lemma, and Joaquin Rodrigues Jacinto. Algebraic cycles and 
functorial lifts from G2 to PGSp6. arXiv preprint arXiv:2202.09394, 2022. 

[CLJ23] Antonio Cauchi, Francesco Lemma, and Joaquin Rodrigues Jacinto. On higher regulators of 
Siegel varieties. arXiv preprint arXiv:1910.11207, 2023. 

[CNR24] Antonio Cauchi, Marc-Hubert Nicole, and Giovanni Rosso. Hirzebruch-Zagier cycles in p-adic 
families and adjoint L-values. preprint available, 2024. 

[CRJ20] Antonio Cauchi and Joaquin Rodrigues Jacinto. Norm-compatible systems of Galois cohomol-
ogy classes for GSp6. Documenta Mathematica, 25, 2020. 

16 



[CT24] 

[Den89] 

[Den90] 

[GG09] 

[GG12] 

[GJSlO] 

[GS98] 

[GS20] 

[GS23] 

[HZ76] 

[Jan88] 

[JS90] 

[Kat04] 

[Kin98] 

[KS22] 

[Lem17] 

[Nek94] 

[PS17] 

[PS18] 

[Ram86] 

[Ram87] 

[Sch88] 

[SDW21] 

247 

Antonio Cauchi and Armando Gutierrez Terradillos. A two variable Rankin-Selberg integral 

for GU(2, 2) and the degree 5 £-function of GSp4. arXiv preprint arXiv:2402.09855, 2024. 

Christopher Deninger. Higher regulators and Hecke £-series of imaginary quadratic fields. I. 

Invent. Math., 96(1):1-69, 1989. 

Christopher Deninger. Higher regulators and Hecke £-series of imaginary quadratic fields. II. 

Ann. of Math. (2), 132(1):131-158, 1990. 

Wee Teck Gan and Nadya Gurevich. Cap representations of G2 and the spin £-function of 
PGSp6. Israel Journal of Mathematics, 170(1):1-52, 2009. 

Jayce Getz and Mark Goresky. Hilbert modular forms with coefficients in intersection homology 
and quadratic base change, volume 298 of Progress in Mathematics. Birkhauser/Springer Basel 

AG, Basel, 2012. 

David Ginzburg, Dihua Jiang, and David Soudry. Periods of automorphic forms, poles of 
£-functions and functorial lifting. Science China Mathematics, 53:2215-2238, 2010. 

Benedict H. Gross and Gordan Savin. Motives with Galois group of type G2: an exceptional 
theta-correspondence. Compositio Math., 114(2):153-217, 1998. 

Wee Teck Gan and Gordan Savin. An exceptional Siegel-Weil formula and poles of the Spin 

£-function of PGSp6. Compositio Mathematica, 156(6):1231-1261, 2020. 

Andrew Graham and Syed Waqar Ali Shah. Anticyclotomic Euler systems for unitary groups. 

Proceedings of the London Mathematical Society, 127(6):1577-1680, 2023. 

Friedrich Hirzebruch and Don Zagier. Intersection numbers of curves on Hilbert modular 
surfaces and modular forms of Nebentypus. Inventiones mathematicae, 36:57-113, 1976. 

Uwe Jannsen. Deligne homology, Hodge-D-conjecture, and motives. In Michael Rapoport, 

Peter Schneider, and Norbert Schappacher, editors, Beilinson's conjectures on special values 

of L-functions, volume 4. Academic Press, 1988. 
Herve Jacquet and Joseph Shalika. Exterior square £-functions. Automorphic forms, Shimura 

varieties, and L-functions, 2:143-226, 1990. 

Kazuya Kato. p-adic Hodge theory and values of zeta functions of modular forms. Asterisque, 
295:117-290, 2004. 

Guido Kings. Higher regulators, Hilbert modular surfaces, and special values of £-functions. 
Duke Math. J., 92(1):61-127, 1998. 

Arno Kret and Sug Woo Shin. Galois representations for general symplectic groups. Journal 

of the European Mathematical Society, 25(1):75-152, 2022. 

Francesco Lemma. On higher regulators of Siegel threefolds II: the connection to the special 

value. Compos. Math., 153(5):889-946, 2017. 

Jan Nekovar. Beilinson's conjectures. Motives, 55(1):537-570, 1994. 

Aaron Pollack and Shrenik Shah. A class number formula for Picard modular surfaces. ar Xiv 
preprint arXiv:1801.07383, 2017. 

Aaron Pollack and Shrenik Shah. The spin £-function on GSp5 via a non-unique model. Amer. 

J. Math., 140(3):753-788, 2018. 

Dinakar Ramakrishnan. Higher regulators on quaternionic Shimura curves and values of L-

functions. In Applications of algebraic K -theory to algebraic geometry and number theory, Part 
I, II (Boulder, Colo., 1983), volume 55 of Contemp. Math., pages 377-387. Amer. Math. Soc., 
Providence, RI, 1986. 

Dinakar Ramakrishnan. Arithmetic of Hilbert-Blumenthal surfaces. In CMS Conference pro-
ceedings, volume 7, pages 285-370. Amer. Math. Soc., 1987. 

Peter Schneider. Introduction to the Beilinson's conjectures. In Michael Rapoport, Peter 

Schneider, and Norbert Schappacher, editors, Beilinson's conjectures on special values of L-

functions, volume 4. Academic Press, 1988. 
Daniel Barrera Salazar, Mladen Dimitrov, and Chris Williams. On p-adic £-functions for GL加

in finite slope Shalika families. arXiv preprint arXiv:2103.10907, 2021. 

ANTONIO CAUCHI 
DEPT. OF MATHEMATICS, SCHOOL OF SCIENCE, TOKYO INSTITUTE OF TECHNOLOGY, 2-12-1 00KAYAMA, 

MEGURO-KU, TOKYO, 152-8551 JAPAN 

Email address: cauchi. a. aacm. ti tech. ac.jp 

17 


