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FZEM DI & RETE R

BRRE REEITEEH
B YR (KATSUYA YOKOI)

BZ2DEEMIT T AT MNEREZERI E T, RITWMICBIT IR HEKROH 535
DHIYBLOVEDIE, BERMOKRTEZFMT LI L THLLEbND, ZD/MRIZBWT,
EHFROKRTORD B & RETEBEOBEKICOWT, TRMFEELZBRERBLRARNL
ZELIV, TOMCBREYVDEREEZXTEL,

We recall that the (covering) dimension dim X of a compactum X is the smallest
natural number n such that there exists an (n + 1)-fold covering by arbitrarily fine open
sets. The cohomological dimension c-dimg X of a compactum X with coefficients in an
abelian group G is the largest integer n such that there exists a closed subset A of X
with H"(X, A;G) # 0, where H*( ;G) means the Cech cohomology with coefficients
in G. Clearly, dim X < n implies that c-dimg X < n for all G.

Throughout this paper, Z is the additive group of all integers. Zp) is the ring of
integers localized at a subset P of P = {all prime numbers}. We denote by Z/p the
cyclic group of order p.

EFNTIE, FT—ROZEFOFEEMDOKRFTICTOVTDFTENLITILD L, L<Hb
RT3 L9, BEASERdmX xY <dimX +dimY 13RO 2083, SRBWRAELT
5 ELIXROL RV,

Example(Pontryagin [P]). There exist 2-dimensinal compacta X and Y such that
dimX xY = 3.

Example(Boltyanskii [Bol]). There exists a 2-dimensinal compactum X such that
dimX x X =3.

FOM, Borsuk RCRELAICLIFBOFBEREINTEY., FORELNIHER
FiEx, aFrxEFoP—RERIZHBIT S resolution DR Alexandroff DRIEICEE L T
DORBIDERIZBVT, HEMIEDHRTW3,

64




65

—RICIEFBEORTIZHDOWTIIROEEN L A6 TS, Z 2 TiHE&D7= % Bockstein
DEBIZEO 2V, HEERZE5 2 TRL,

Theorem ([Bo;, Bog]). Let X be an n-dimensional compactum. Then the square of

X has dimension 2n, or 2n — 1.

Remark. There is an n-dimensional metrizable separable space X such that dim X =

n

#H £ 1[Kiinneth formula for Cech cohomology]. Let (X, A) and (Y, B) be pairs of
compacta. Then the following is ezact:

0 = @itj=kH'(X, A) ® HI (Y, B) & H*((X, A) (Y, B)) = ®i+j=k+1H'(X, A) » H (Y, B) - 0,
where (X,A) x (YV,B)=(X xY, X x BUAXY).
ER 2. If G is a non-trivial abelian group with G® G =0, then G x G # 0.

iEA. dmX =n O dimX x X <2n-1 &7 3,

dmX =n THHZ L h b, X OFRMIER A THYX,A) £0 LR HbDOBF
TS, 2ZTdimX xX <2n—-112&Y, H((X,A) x (X,A) =0 L72ViER
1(k=2n) &9V, HA*(X,A)QH"(X,A) =0, > THEE2XLY H"(X,A)xH"(X,A) #0
THEPH, BUOER 1(k=2n-1) XV, H1((X,A) x (X,A)) #0 23, > T
dmX xX>2n—-1Tbhbd, ZHhix, BEZRLTWS, O

Borsuk {2 &Y TANR O 7 FRIZBWTRTHREERT 51 Z & ~08ET B8RO
RBRIRWVERTEHEZ b,

Theorem (Borsuk [B;]). Let X be an n-dimensional ANR compactum. Then there
ezists a prime p € P such that c-dimz;, X = n.

THZE Y areEn V—RuEDERMEE»ORER/ D,

Corollary (Borsuk [Bs]). Let X be an n-dimensional ANR compactum. Then the
square of X has dimension 2n.

—RIZBEL S5 LORDOKRTIL, TENENORTERLIZHDTHSH 5, ANR 138
HOFERE—RELDLVI 20 b, (LROMEIZLY) KROMEIZIBERTH S,

Problem (Borsuk [B3]). Is it true that the equality dim X xY = dim X +dimY holds
for ANR’s X and Y ?

THICELTOHSEE LT, REEERREIDIERED S,

Theorem (Kodama [Ko]). Let X be a 2-dimensional ANR compactum. Then X is
dimension full-valued.

Here recall that a compactum X is dimension full-valued, if
dmX XY =dim X +dimY

for every compactum Y.

EZAN, A RITULTREFABHOLNTVS (3 RFTITOWTIXETERAER),
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Example (Dranishnikov [Dr]). For each prime p € P, there exist a 4-dimensional
ANR compactum My such that dim M, x M, < 7 forp # q.

ULDEHED > H Borsuk 12X 2 bD% ANR O 7 7 23 b n Rt n— 1 RETER
ZZRICIRERE L TA K 9,

Recall that an inverse sequence G = (Gn,Pn n+1) of groups satisfies the Mittag-Leffler
condition provided for each n there exists k > n such that Imp, x = Imp,, », for all
m > k. G is said to be stable if it is isomorphic to a group in the category of pro-groups.

Proposition. Let X be a compactum having c-dimg X = n and H"(X;Z) # 0. If
pro-H,_1(X;Z) is stable and pro-H,(X;Z) satisfies the Mittag-Leffler condition, then
there exists a prime p € P such that c-dimz/, X = n.

Tx DR LWVEBRDIERICBN T, 28T R P—DBEKTORFEEMEIC T 5 Dydak-
Koyama D EH (Wilder D EEDAEIR) BLETH 5,

Definition. A compactum X is cohomology locally n-connected with respect to Z, if for
each z € X and neighborhood N of z, there exists a neighborhood M of = in N such
that the inclusion-induced homomorphism

i: HR(N;Z) — H*(M;Z)

is trivial for k£ < n, where H~() is the reduced Cech cohomology theory.

Theorem (Dydak-Koyama [D-K, Theorem 2.2]). Let X be cohomology locally n-
connected with respect to Z. If Ai, Az, B1 and Bs are closed subsets of X with
(B1,A41) C (Int B2, Int Ay), then the image of the inclusion-induced homomorphism

iz: fI7°(B2,A2;Z) - I?;c(Bl,Al;Z)

is‘ finitely generated for k < n.
ULEOBRRBREANLOME L EBEMH DY TEATIZ LITEY, KERS,

Theorem. Let X be a locally (n—1)-connected compactum having c-dimz X = n. Then
there exists a prime p € P such that c-dimz,, X = n.

7=, BIZBBEOARRITHR EE LD akrEn P—RTOERMEEIZ L Y RBDMS,

Corollary. Let X be an n-dimensional locally (n — 1)-connected compactum. Then
dim X x X = 2n.

" n KT n RFFERRZZEIX ANR TH 526, RFTEBEIZ OV TORER%Z Borsuk
DHLOLVDPLBRTHZ LA TEEZLEEKT D,

Remark. Borsuk IZ X 2RDOPUC LD, Th O DRFTEKEICOVWTORERZ S LITRE
3 Z Lk, —RITITTE 72Vt Borsuk [Bg] constructed a 2-dimensional locally connected
compactum with dimX x X = 3.
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