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A description of a space of holomorphic discrete series

: v
by means of the Fourier transform on the Silov boundary

ﬁ_ jl\ﬁf' f/ﬁri’j %‘Hﬁ- (Takaaki Nomura)

1. Let G be a connected non-compact real simple Lie group of matrices

énd K a maximal compact subgroup of G.  Assume that G/K is a hermitian
symmetric space. Then, G/K can be realized as a Siegel domain of type II,
D, in W X V, where W and V are finite dimensional complex vector
spaces. Let h Dbe a Cartan subalgebra of g contained in the Lie algebra
kR of K, A the root system of (gc, hc). We introduce an order in A
compatible with the complex structure of G/K. For each K-dominant K-
integral linear form A on hC satisfying the Harish-Chandra's non-vanishing
condition [1], the holomorphicvdiscrete series KA of G with A as a
parameter is realized on a Hilbert space H(A)&)of vector valued holomorphic
functions on D. Let S(D) be the gilov boundary of D. Then, one knows
that S(D) 1is the orbit of the origin in W X V' under a certain nilpotent
subgroup‘ N(D) of the affine automorphisms of D, and that S(D) is
diffeomorphic to N(D). By identifying S(D) with N(D), the aim of this
talk is a description of the space H(A) by using the Fourier transform on
N(D).

If D reduces to a tube domain, then N(D) 1is abelian and therefore

the Fourier transform on N(D) is euclidean. Since this case is treated

(t) For precise definition see p.7. 1



in Rossi-Vergne [4], we assume from now on that D does not reduce to a
tube domain. Then, N(D) is a simply connected 2-step nilpotent Lie group
(in fact N(D) is the nilradical of a maximal parabolic subgroup of G) and

the Fourier transform on N(D) is non-euclidean.

2. Let g =k + 3§ beia Cartan decomposition of g with the associated
Cartan involution 6 and p+ (resp. p_) be the sum of all the root subspaces
corresponding to positive (resp. negative) non-compact roots in A. Both p+

and §_  are abelian subalgebras in gc normalized by kc. Let P, and KC

be the analytic subgroups of G corresponding to @, and kc respectively,

C

where GC is the complexified connected matrix group having gc as Lie

algebra. Every x € P+K P can be expressed in a unique way as

C

x = exp g(x)k(x)eexp g'(x)

with z(x) ¢ B, k(x) ¢ K, and 7'(x) ¢ n_. We know that G is contained

C

in P+KCP_ and that the image M = £(G) 1is a bounded domain in p+. M is

known as the Harish-Chandra's realization of G/K.

3. Let {yl,..., YQ} be a maximal system of positive non-compact pair-

wise strongly orthogonal roots constructed as follows: for each J, Yj is

the largest positive non-compact root strongly orthogonal to Yj+l’°"’ Yo

For every o € A, we choose Hu € hC and Xa £ gu C,gc in such a way that

the following are valid:

B(Hu, H) = a(H) (H ¢ hC), Xu - X—a e k + ip,

ix, +X_ ) ek +ip, (X, X_ ] =20 /a(H),
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where B is the Killing form of B Note that Ha € ih. Put g =

RSt
that £ equals the real rank of G. Let

Zliiiﬂ R(XY- + X _ ). Then a is a maximal abelian subspace of g, so

2
(1) c=exp— ) (X —Xy)eG

and Vv = Ad c. It should be noted that ¢ belongs to P+KCP_. Put h

+ - .
zléjéﬂ RHY. and let h  be the orthogonal complement of h in ih

relative to the inner product —BT ihxih where BT(X, Y) = B(X, TY) and

T 1is the conjugation in gC with respect to the compact real form k + ip.

Since h! + 2 =vim), he +

c c is also a Cartan subalgebra of Bc- As

C
we have assumed that. G/K does not reduce to a tube domain, there is only

one possibility of the positive a-root system @(a)+ compatible with the -

% : 4 *
original order in A through Vv (see Moore [2]): put Aj =V (Yj), then

. M 'Uxi-x. Uxi
2@ = =515 wiaatU 5 5 1<ilU 5 5 1sied,

We denote by n the sum of all the positive a-root subspaces and put
$=3a+n. It is easy to see that the map r(X) = (X - 6(X))/2 is a linear
isomorphism of $ onto p. Let 4 be the complex structure on the under-
lying vector space '$§ obtained by transforming the complex structure on §

by means of r. We set

s(0) =a+ ) n

%
, s(1/2) = ] n , s() = ] n .
e AN /2 WL A2 K (A2 ) /2

Then, clearly we have $ = $(0) + $(1/2) + s(1) and s(0) is a subalgebra

of g. Let S(0) be the analytic subgroup of G corresponding to $(0).



Put

)

s = %%-kzl (ZHYk/<Yk’ Y T XYk + X_Yk).
Then, s belongs to $(1). Let § be the S(0)-orbit of s in $(1) wunder
the adjoint representation. By Rossi-Vergne [4, Theorem 4.15],  is a
regular open convex cone in $(1) and diffeomorphic to S(0). For every
t € Q, we denote by no(t) the unique element in S(0) for which
(Ad no(t))s==t. On the other hand, it is known that § leaves $(1/2)
invariant, and so $(1/2) can be considered as a complex vector space V by
{ s(1/2)" Let W be the complexification of $(1). The R-bilinear map Q :
V x V> W defined by Q(x, y) = ([jx, yl + i[x, y])/4 turns out to be an

Q-positive sesqui-linear hermitian map. By using this pair of & and Q,

we now define a Siegel domain of type I, D = D(Q, Q)
D= {(w, v) e WXV ; Imw - Q(v, v) € Q}.

Then, S(D) = {(x + iQ(¢, ), ¢) ;3 x € s(1), ¢ € V} and N(D) = {(x, T) ;

x € $(1), ¢ € V} with the multiplication
(x, D)+ (x', ¢") = (x+x'"+ 2Im Q(g, "), ¢ +C").

Let o : G~ D be the map which induces a G-equivariant biholomorphism of

G/K onto D. Then it holds that

D > (x + iy, ) = alexp(x, 7)*nyly - Qz, ©))).



*
4, Let E (resp. E+) be the set of all A e s(1) such that the
hérmitian form <X, Q(-, *)> on V X V 1is non-degenerate (resp. positive
definite). It can be proved»that E+ is equal to the dual cone

* * _
O ={des(@) :<x, x>0 for all xe Q - {0}}.

In particular, E is non-empty. As in Ogden-Vagi [3], we have a
family (WK)AEZ of concrete irreducible unitary representations of N(D)
enough to decompose L2(N(D)). The space of T is the Lz-space on a real

A
subspace EA of V with dlmR EA = dlmC V (=n, say). For A ¢

[1]

, let

p(A\) be the Pfaffian of the alternating bilinear form Im<X, Q(+, *)> on

the real vector space s(1/2) x $(1/2). The Fourier transform f of f €
Ll(N(D)) is by definition

%(X) = I f(n)wk(n—l) dn ,

N(D)
where dn 1is the Haar measure on N{(D). Then, the Plancherel formula for

N(D) is as follows:

Iel® = e fﬁ IEM 15 o) an. |

The positive constant - ¢ depends only on the normalization of dn. One

can define the Fourier transform of f ¢ L2(N(D)) in the standard way.

5. Let { be a continuous everywhere positive function on {2 such
that Y(at) = aﬁw(t) (a>0, te ) for some § & R. We consider first
the Hilbert space HZ(D, )  of C-valued holomorphic functions on D

satisfying
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J |F(x + 1y, C)’z Y(y - Q(g, 7)) dxdydg < « (x +iy e W, ¢ € V).
D

When the irreducible unitary representation of K with highest weight A g
one dimensional, H(A) is of this type for a certain Y. For F ¢ HZ(D, Y),

we put
2) £,(x, ©) = F(x + 1(t + Q(Z, ©)), ©)

2
for every t € 2. Then, ft belongs to L“(N(D)), so that one can consider

the Fourier transform (ft) of ft. Identify LZ(EX) with LZ(Rn) and

let {¢i ; m € (Z+)n} be the complete orthonormal system consisting of the

Hermite functions and VA the one dimensional subspace of LZ(EA) spanned
A 2 % 2 %

by ¢0. We now define a Hilbert space H (Q , ¥): every & € H' (R, V) is

a measurable function on E taking its value at A € E in the Hilbert

space of Hilbert-Schmidt operators on LZ(EX) such that

() o0 =0 if A¢Q,

*
(ii) Range ¢(A) is contained in VX if Ae @,

@) flell” = c f % lI@mHﬁS 1,000 dx < e,
2

where I, ,()\) = fQ e_2<A’ x> V(%) dx.

v

Theorem 1. Let F ¢ HZ(D, V) be given and define ft by (2). Then,

<A, t

d(A) = e >(ft) (A) 1is independent of t €  and belongs to HZ(QN, P) .

*
Conversely, let & ¢ HZ(Q , ¥) be given. Then,
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F(x + 1(t + Q(z, ©)), 0) = c f A T LN CRESLICN TG
: Q

is absolutely convergent and gives an element F ¢ HZ(D, Y) such that &(A)

< > ”
e A, t (ft) (\). Morecver, the map F -~ ® is unitary.

6. Now we treat H(A). Let A be as in 1 and TA the irreducible

unitary representation of K on a finite dimensional Hilbert space E with

is a semidirect product, T can be

highest weight A. Since P+K A

C

naturally extended to a representation of P+KC' Let c¢ € GC be the

element defined by (lj and put
8, (8) = T, (k(c) ™), (k(eg))
AB) T A Jtpteieelse

We note that it makes sense to write k(cg) for g € G, for one can show

that cg € P+K P_. Let

C

8(t) = |det ad ng (0|7 Jaery |y ad ny(o)] 7 (t e Q)

s(1/2) s(1)

and @A(a(h)) = @A(h) (heS =exp$s), where o dis the map G = D which
induces a G-equivariant biholomorphism of G/K onto D.
The Hilbert space H(A) consists of E-valued holomorphic functions on

D satisfying
HW2=J lo, Gy, 7Gx + iy, D% 60y - oz, ©)) dxdydz < =
D » :

Let VA be a highest weight vector for A normalized so that HVAI



= 1. We take an orthonormal basis vy = VA, v

consisting of weight vectors arranged in order so that any vector in the

v, (d = deg TA? in E

g3t Yy

root subspaces corresponding to positive compact roots in A 1is represented,

under T by an upper triangular matrix. We denote by Aj the weight for

A’

the weight vector Vj. Let Ek be the one dimensional subspace of E

spanned by Vi and

Hj(A) = {F € H(A) ; F(w, T) EEléB...@Ej}.

Then, it can be proved that Hj(A) is a closed subspace of H(A) invariant

under HA s Let Hl(A) = Hl(AO and fﬂ(AQ = the orthogonal complement of

Hj_l(A) in Hj(A) (j =2,..., d). Define a positive character Xj G = 1,.

d) of A =-exp a by

3 3
;(exp ) a. (X_ +X _)) = T exp a A (VX +X _)),
J i=1 Y 4 i=1 N 4 Yy

where v = Ad ¢ as in 3. Extending Xj canonically to a character of S,

we put

b (e) = ><j(n0(t))'2 B, (0) (t e §=1, 2,..., d.

S,
Then, wj(at) =a 3 wj(t) (a>0, t e Q) for some 6j € R. Consider the

Hilbert space HZ(D, wj) of the type in 5 and define an operator Tj by
TjF(w, g) = (F(w, 0, vj) (F e Hj(A))-

Tj is a bounded operator Hj(A) -> HZ(D, wj) and its range is dense.

8
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Therefore HJ(A) 4is unitarily isomorphic .to H2(D, wj) by Uj’ where Uj
is the partial isometry appearing in the polar decomposition of the operator

d .
Tj' Thus, we have an irreducible decomposition H(A) = @ HJ(A) for
j=1

I[A S*

%
7. Put for A e Q

N ~2<A, t> -1.2
(3) IA()\) = fﬂ e @A(no(t) ) So(t) dt.

Lemma. The integral in (3) is absolutely convergent.

Now the matrix of IA(K) with respect to the basis (v,) 1is upper

k
triangular with (k,k)-entry I¢ (A) > 0. Therefore we can give a meaning
k
/2

to ;A(k)l Put H, = L2(EA) and let BZ(H be the Hilbert space of

A V)

Hilbert-Schmidt operators on H Let us put

A
A(HA) = {T ¢ BZ(HX) ; Range T C VK}’

It is evident that A(HA) is a closed subspace of BZ(HA) and so A(HA)
itself is a Hilbert space. Consider the Hilbert space tensor product

A(HA) &QE of two Hilbert spaces A(HA) and E. This tensor product space
A(Hd) ®E is regarded as the Hilbert space BZ(E’ A(HA)) of anti-linear
Hilbert-Schmidt operators mappingk E to A(HX) via (T®Wv) (u) = (v, wT.

*
For A e Q , we define an operator MA(X) on A(HA) QE by

M, ()T @) = T ®1Am”2v.
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We are now in a position to define a Hilbert space H(A): it consists of

measurable functions ¥ on & taking their value at A € £ in A(HA) XE

such that

(1) YOy =0 if AéQ,

~
=
N’
3
"

c f * ”MA(X)‘P(X)HZ p(N) dX < o,
Q
Put H ) = (¥ € H) 5 ¥() € AG) ® (B, ® .. @ﬁj)} and
THO) = ¥O)v, € AG) ¥ € H.(8).

Tj is a bounded operator Hj(A) -> HZ(Q*, wj) and its range is dense. Let
Hl(A) = Hl(A) and Hj(A) = the orthogonal complement of Hj_l(A) in Hj(A)
(j=Z2,..., d). Then, Hj(A) is unitarily isomorphic to HZ(Q*, wj) by

Uj’ where Uj is the partial isometry appearing in the polar decomposition

of the operator Tj. Therefore we have an orthogonal deéomposition H@A) =

d .
@ H @).
j=1
Theorem 2. H(A) is unitarily isomorphic to H(A) via the following
diagram:
d . = d .
® H @) = HQ) ————-> H@) = @ W@
j=1 j=1
£ h j ( U, .
(for each j) I 3 i UJ
2 B N
B (D, wj) (Theorem 1) - @, 1l)j)

10
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