= A B X







Longitudinal and Transverse
Mixing
in Open-Channel Flows

April 1991

Shirou Aya






Longitudinal
and Transverse Mixing

in Open—Channel Flows






Abstract

The transport and mixing of mass, momentum, and heat in turbulent flows is of
important research topics in many fields of engineering and science. It has a long his-
tory, and has been investigated in terms of various aspects, while this report studies
only the longitudinal and the transverse mixing of conservative and passive materials
in the confined, and uniform turbulent shear-flows. The work focuses on the basic
studies, but aims to apply its results to actual problems in river engineering, because
the longitudinal and the transverse mixing of fine particles and contaminants dis-
charged into a river is quite interested in terms of environmental aspects in the field
of river hydraulics.

The report consists of three portions. The Part Iis concerned with the longitu-
dinal dispersion coefficient which is the most important parameter for describing the
longitudinal mixing in open-channel. The Part Il studies the other topics related
with the longitudinal mixing in open-channel flows, that is, concentration distribu-
tions and the mixing in the flows on permeable boundaries. The Part I is the
investigation of the transverse mixing in an actual river by use of the numerical mod-

eling.

In Part I, the longitudinal dispersion in confined turbulent shear flows was theo-
retically studied by the both method of Lagrangian modeling and Eulerian modeling.
It was also investigated by the Lagrangian numerical experiments, laboratory exper-
iments, and reviewing and examining the previous field-measured data. Theoretical
results were successfully verified by the numerical and laboratory experiments, and

field measured data. Finally it was concluded that:

1. Both of results by the Lagrangian and Eulerian modeling can describe the 1-D

longitudinal mixing in not only laboratory flumes but also rivers.

2. The longitudinal dispersion in open-channel flows is 3-D. It can be decom-
posed into three components: the Eulerian turbulent diffusion: the dispersion
caused by the vertical non-uniformity of the velocity distributions: the disper-

sion caused by the lateral non-uniformity of the velocity distributions.



3. The vertical and the lateral non-uniformity of the velocity distribution and the
turbulent mixing in both directions mainly cause the longitudinal dispersion.

4. The intensity of the vertical non-uniformity is commonly larger than the lateral
one in laboratory flumes and rivers, but the mixing time/length scale in the
lateral direction is much larger than that in the vertical direction in ordinary

open-channel flows in laboratory and rivers.

5. Therefore, both are effective on the longitudinal dispersion in laboratory, but
the influence of the vertical non-uniformity of the velocity distributions becomes
relatively smaller with increase of the width to depth ratio, and it can be

commonly neglected in the dispersion in rivers.

6. The dispersion coefficient in open-channel flows is dependent on the width to
depth ratio, because the mixing time scale in the lateral direction is in pro-
portion to the square of the width to depth ratio in the lateral direction, and

commonly larger than that in the vertical direction in open-channel flows.

The Part I is also investigations on the longitudinal mixing in open-channel flows,
but in views of the dispersion by discontinuous movements, and the mass transport
in the flows on pervious beds. The probability density function (PDF) of a particle
location was presented by use of the PDF of the Lagrangian turbulent velocity, and
the approaching processes to the Gaussian distribution for concentration distribution
were clarified. On the mixing in the flows over permeable boundary, the experimental
and theoretical results disclosed the important roles of the mass exchange between
the surface and sub-surface flows in the longitudinal mass transport; the convective
velocity of the concentration is the weighted average of the velocities in two flows,
and the dispersion coefficient is the sum of the weighted average of the dispersion
coefficients in two flows and the dispersion caused by the velocity difference between

two flows.

The Lagrangian analyses presented in Part I and Part II disclosed the notable

features of the longitudinal mixing in open channel flows as:

1. The non-linear growth of the variance observed in "Pulse Tracer Test” is caused
by the dispersion by continuous movements. The required travel length/time
for the linear growth of the variance are determined by the mixing time scale

in the lateral direction in open-channel flows.



2.

The skewed concentration distribution commonly measured in the longitudi-
nal dispersion experiments in laboratory and natural streams is peculiar to the
phenomena in shear flow dispersion, and the fundamental feature, because the
PDF of the Lagrangian turbulent velocity is commonly different from the nor-
mal distribution. The required travel time for the convergence on the Gaussian
is dependent on the PDF of the Lagrangian turbulent velocity, and its order
of the magnitude is longer than 207}, in case the PDF of v is described by the

exponential distribution.

The Part II dealt with the longitudinal and transverse mixing of mass in the

actual river system which has complicated geometry by numerical analysis. The

basic mathematical models in the generalized curvilinear coordinate system were

derived and their numerical models with use of FDM were presented. Flow behaviors

and concentration distributions at/below the confluence of the Yodo River system

obtained by numerical analyses were successfully compared with the observed data,

and the validity of the models was verified. The mechanism of the transverse mixing

in the Yodo River system is explained as;

1.

]

The riverbed is not uniform and the river water mainly flows down in the lower

part of the riverbed.

The main stream meanders within the channel in accordance with riverbed to-
pography, that is, the momentum flux vector distributions in the transverse

direction have the longitudinal variations in accordance with the riverbed to-

pography.

. This meandering/longitudinal variation of the momentum flux distributions

causes spreading and convergence of flows /tracer cloud and makes concentration

distributions more uniform.

In case the total discharge is larger or the cross-section of channel is rectangular,
the longitudinal variation of the transverse distribution of the momentum flux

vectors is smaller and the transverse mixing is also smaller.

The convective transport 1s more dominant than the turbulent and dispersion

transport in the actual river which has the non-uniform riverbed elevation in the

longitudinal and the transverse directions, but the dispersion transport is more im-

portant in the uniform channel.
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Chapter 1

INTRODUCTION

1.1 Preliminaries

The transport and mixing of mass, momentum, and heat in turbulent flows is of
important research topics in many fields of engineering and science. It has a long his-
tory, and has been investigated in terms of various aspects, while this report studies
only the longitudinal and the transverse mixing of conservative and passive materials
in the confined turbulent shear flows. The work focuses on the basic studies, but aims
to apply its results to actual problems in river engineering, because the longitudinal
and the transverse mixing of fine particles and contaminants discharged into a river

is quite interested in terms of environmental aspects in the field of river hydraulics.

Our environment is surrounded by various turbulent fluids as turbulent atmo-
sphere, ocean, and coastal, lake and river waters. One of the oldest descriptions on
the turbulent fluid was made by Leonard da Vinci in the 15th century, but the first
step of the scientific research on turbulence and turbulent diffusion was made by Ha-
gen (1839), Boussinesq (1877), Reynolds (1883), et al. The modern developments in
this research field were started in 1920's by Taylor (1921), Prandtle (1925), Karman
(1930), and so on. At present, the 2-D or 3-D turbulence and turbulent flows/mixing
are being investigated by the turbulence models represented by "k-¢ model” and
"LES Model”, or by the " Direct Simulation” by use of the highly developed electron-
ics computer and software as well as experimental studies in laboratory.

The mixing of mass in shear flows, which includes the main research topics con-
cerned with in this report was initially investigated by Taylor (1953) for the longi-
tudinal mixing in laminar flows in a tube. Taylor’s paper described the importance
of the shear on the mass transport in the flow direction; the non-udiform velocity
distribution and the mixing perpendicular to the flow direction contributes to the

longitudinal mixing much more than the molecular or turbulent transport. Thus, the



mechanism of the mass transport in shear flows is quite different from the traditional
turbulent diffusion, and it is called ”Dispersion”, ”Shear Diffusion”, or "Convective
Diffusion/Dispersion” After his paper, the "Dispersion” in various shear flows has
been investigated by various methods; the longitudinal dispersion in confined uni-
directional flows has been done by Taylor (1954), Elder (1956), Fischer (1966), and
so on by use of Taylor (1953)’s modeling based on the turbulent diffusion equation,
and by Aris (1956), Saffamn (1962), Sayre (1969), and so on by use of the ” Moment
Transform” of the turbulent diffusion equation. ”Dispersion” is not limited in con-
fined flows, but also observed in unconfined flows as clearly shown in Novikov (1958).
The Lagrangian modeling developed by Taylor (1921) for the diffusion in uniform
turbulent flows is also useful for the longitudinal dispersion, and it was done by Tay-
lor (1954), Batchelor (1956), Fischer (1966), and so on, but it was less successful,
because the measurement of the Lagrangian auto-correlation function was quite dil-
ficult especially under natural environments. These classic investigations and other
works are summarized in detail in Monin and Yaglom (1971), Tennekes and Lumley
(1972), and so on. Recent developments in the longitudinal/lateral mixing in open-

channel flows are summarized in Fischer et al (1979).

1.2 Objectives of Study

Focusing the topics on the longitudinal and lateral mixing in open-channel flows,
which is one of the most interested topics for hydraulicians and river engineers, the
investigation looked be over, because the longitudinal or transverse mixing/dispersion
coefficient in rivers can practically been estimated after the active works conducted
in U.S. in 1960’s and ’70’s by Fischer (1966), Okoye (1970), Yotsukura and Sayre
(1976) and so on. It is said that the research activity and the requirement in this
research field are in slowdown at present.

The one-dimensional equations commonly used in one-dimensional hydraulic anal-
ysis are mathematically described more simply than the 2-D or 3-D mathematical
models, and can be solved more easily. They are derived by the volumetric integra-
tion and/or averaging (Iwasa, 1976), and the complicated 3-D flow characteristics
under actual environments are condensed into the parameters introduced in the 1-D
models. Therefore, the parameter estimation for 1-D models has not yet clearly been

resolved, and the writer has following questions on the longitudinal mixing:

1. Why is the dispersion coefficient measured in wide rectangular cross-section

flumes larger than Elder’s result?



2. What kinds of relationship exist between Elder’s theory for 2-D open-channel
flows and Fischer’s theory for natural streams?, or
How can we interpolate the dispersion between 2-D open-channel flows and

natural streams?

3. What kinds of relationship does the dispersion coefficient have with the hy-

draulic variables?

4. Why are the concentration distribution curves measured in natural streams and
laboratory skewed? or

Do they converge on the normal distribution?

=

Which modeling is more rigorous for the longitudinal mixing in rivers, the
"Dispersion Model” or the "Dead Zone Model”?

Part T and Part II are investigations for solving the questions above.

Reviewing the environmental problems, the period of 1960’s and "70’s, during
which the investigations on the longitudinal/lateral mixing in open-channel flows were
the most active, was the "First Age of the Environmental Pollution” in developed
western countries. Now, we are living in the worlds of the ”Global Environmental
Problems”, and of "High Technology”, by which the super computer can commonly
be available at reasonable cost. Much better environments are required in view of
global aspects as well as close-at-home aspects. Part II is hoped to be useful for
solving such kinds of problems as well as the basic study on the transverse mixing in

actual rivers.

1.3 Scope of Study

The report consists of three parts. The Part I is concerned with the longitudinal
dispersion coefficient which is the most important parameter for describing the longi-
tudinal mixing in open-channel. The Part I focuses on the other topics related with
the longitudinal mixing in open-channel flows, that is, concentration distributions,
and the mixing in the flows on permeable boundaries, which is common under natural
environment. The Part TI is the investigation of the transverse mixing in an actual
river by use of the numerical modeling. The constitutions of the present study are

suminarized bellow.



(1) Part I

In Part I, the one-dimensional longitudinal dispersion in confined turbulent shear
flows is studied by theoretical, experimental and empirical methods. Chapter 2
investigates the longitudinal dispersion by continuous movements of a particle by
use of the method of Lagrangian modeling. The movements of a particle is stated
by Lagrangian descriptions, and the theoretical models for the Lagrangian auto-
correlation function in 3-D turbulent shear flows is presented and the longitudinal
dispersion coefficient is obtained in Section 2.2. The 3-D numerical simulation
models for a particle dispersion is developed in Section 2.3, and they are examined
by 2-D numerical experiments, comparing the theoretical results obtained by the
previous study in Sections 2.4 and 2.5. 3-D numerical experiments are conducted
in Section 2.6, and the theoretical results and assumptions introduced in Section
2.2 are examined by numerical experiments in Sections 2.7 and 2.8.

The longitudinal dispersion coefficient is theoretically investigated by the method
of Eulerian modeling in Chapter 3. In Section 3.2, the previous theoretical studies
on the dispersion coefficient based on the turbulent diffusion equation are reviewed,
and the assumptions used are summarized. In Section 3.3, the 3-D turbulent diffu-
sion equation, 1-D convective dispersion equation, and the definition of the longitudi-
nal dispersion coefficient are stated in the orthogonal curvilinear coordinate system.
The mathematical theory of the dispersion coefficient developed by the previous stud-
ies is presented in more general form by use of the 3-D turbulent diffusion equation
in the orthogonal curvilinear coordinate system in Section 3.4. In Section 3.5, the
locally time-averaged velocity and concentration are respectively decomposed into
three components: the cross-sectional averaged values: the deviation of the depth-
averaged values from the cross-sectional values: the deviation of the locally temporal
averaged-values from the depth averaged values. The dispersion coefficient in 1-D
models is also decomposed into three components, and theoretically investigated.

The longitudinal dispersion is also investigated by the detailed laboratory experi-
ments in Chapter 4. The objectives of the experiment are to disclose the character-
istics of time-dependent behaviors of the tracer cloud, and to verify the theoretical
results in Chapters 2 and 3. The experimental apparatus and the method are
stated in Section 4.2. The methods of data processing and analysis are described in
Section 4.3, and the behaviors of the temporal moments {or concentration distribu-
tions, the characteristics of the velocity distributions, and the dispersion coefficient
are calculated. The results of the experiments are stated in Section 4.4, and the
spreading of the tracer is investigated by the behaviors of the first, the second and the

third temporal moments and the peak concentration. The difference of the temporal



moment behavior between the cross-sectional concentration and those measured at
points in a section is also investigated. The experimental results are compared with
the theoretical results obtained by use of the Lagrangian modeling in Chapter 2, and
the Eulerian modeling in Chapter 3. The dimensional analysis is also conducted to
disclose the relationship of the dimensionless dispersion coefficient with the hydraulic
variables.

In Chapter 5, the applicability of the three formulae presented in the previous
chapters is examined to river flows as well as to the various flows in laboratory flumes
made by other researchers. The relationship between the dispersion coefficient and
the hydraulic variables in rivers is also investigated by use of the screened data. The
results of the previous measurements for the longitudinal dispersion coefficient in
various laboratory flumes and actual rivers are collected and carefully reviewed in
Sections 5.2 and 5.3. In Sub-section 5.4.1, the dispersion coefficient and the
characteristics of the velocity distributions in rivers in terms of one-particle analysis
described in Chapter 2 is examined and investigated by use of field measured data
in Sub-section 5.4.1. In Sub-section 5.4.2, the dispersion coefficient in terms of
Eulerian analysis described in Chapter 3 is also examined by use of field measured
data. The dimensional analysis of the dispersion coefficient is conducted in Sub-
section 5.4.3, and the relationship between D/du. and the hydraulic variables is

examined by using collected data in laboratory and rivers.

(2) Part I

The Part I also investigates the longitudinal mixing in open-channel flows, but
focuses on different topics from the dispersion coefficient: the particle dispersion by
discontinuous movement: concentration distributions in " Pulse Tracer Tests” in rivers

and laboratory: the mass transport in the flows on pervious beds.

In Chapter 6, the convective dispersion processes in the longitudinal direction in
confined flows are studied in view of the discontinuous movement of a particle. The
probability density distribution of a particle location is presented by use of the prob-
ability density function (PDF) of the Lagrangian turbulent velocity in Section 6.2,
and the approach to the normal distribution is described. In Section 6.3, the PDF
of the Lagrangian turbulent velocity v] in the longitudinal dispersion phenomena
is studied; the PDF of v; in 2-D open-channel flows under the logarithmic veloc-
ity distribution is described by the exponential distribution, and the concentration
distributions during the asymptotic processes approaching the Gaussian distribution

is described by the gamma distribution. The models describing the concentration



distributions in 3-D flows are presented in Section 6.4. The gamma distribution
approximation is examined by use of the concentration distributions and the velocity
distribution measured in the rectangular cross-section laboratory flume in Section
6.5.

The actual concentration distributions observed in "Pulse Tracer Test” observed
in laboratory and natural streams are investigated in Chapter 7. They are com-
monly skewed from the Gaussian distribution, and the possibility of the gamma
(Pearson’s Type II) distribution approximation is widely examined for not only cross-
sectional averaged concentrations but also point-measured ones in laboratory and
natural streams in Section 7.2. The main descriptors of the distribution: the first
moment: the variance: the modal value, and so on at each of measuring points are
investigated with relation to the hydraulic variables of flows in Section 7.3. The
gamma distribution approximation for point-measured concentration distributions at
a center of flow-section in natural streams is also demonstrated in Section 7.4.

The vertical and longitudinal mass transports in the flows over permeable bound-
ary, which are common in natural environment, are investigated in Chapter 8. The
results of preliminary dye tracer study presents the features of the vertical mass trans-
port between the surface and the sub-surface flows, and its magnitude in Section
8.2. By using the mathematical models similar to those in ”Dead Zone Modeling”
for the longitudinal mixing in natural streams, the longitudinal mass transport in
the surface and the sub-surface flows is theoretically investigated in Section 8.3 and
8.4. The theoretical results disclose that the mass exchange between the surface and
the sub-surface flows play an important role in the longitudinal mass transport, and

they are examined by use of the experimental results in Section 8.5.

(3) Part III

The Part I deals with the longitudinal and lateral mixing in the actual river which

has complicated geometry by two-dimensional numerical analysis.

In Chapter 9, the mathematical models and their finite difference forms are pre-
sented in the generalized curvilinear coordinate system, They are applied to an actual
river system, and their validity is examined. In Section 9.2, the 2-D mathematical
models for flows and the associated longitudinal and transverse mixing of mass are
derived in the generalized curvilinear coordinate system from the common 2-D math-
ematical models for shallow waters in the Cartesian coordinate system. The finite
difference forms of the mathematical models are presented by the integration method

in Section 9.2, and the numerical models are developed. The proposed models are



applied to the confluence of the Yodo River System case study and its validity is
examined by comparing field measured data in Section 9.3. The mixing processes
of the waters from Katsura River or Kizu River below the confluences are discussed
in detail with the relation to the flow behavior.

In Chapter 10, the mechanism of the lateral mixing at/below the confluence in
the Yodo River system are investigated by use of the mathematical models developed
in Chapter 9 as well as the simple physical model. The characteristics of the flow
behavior and the associated mixing are investigated by numerical experiments un-
der various hydraulic conditions in Section 10.2. The mechanism of the mixing in
the Yodo River System is also investigated by the numerical experiments under the
various channel geametries, the dispersion coefficient, and the discharge conditions
in Section 10.3. The features obtained by numerical experiments is examined by
the simplified hydraulic experiments in Section 10.4. The convective transport is
disclosed to be more dominant than the turbulent/dispersion transport in an actual
river which has the non-uniform riverbed elevation in the longitudinal and the trans-

verse directions.

The last Chapter 11 summarizes the contributions of each chapter to the longi-

tudinal and transverse mixing in open-channel flows, and its mechanism.
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Chapter 2

LONGITUDINAL DISPERSION
IN TURBULENT SHEAR
FLOWS IN VIEW OF
ONE-PARTICLE ANALYSIS

2.1 Introduction

A pioneer study of Taylor (1921) for the turbulent diffusion in a uniform turbulent
flows shows that the variance of displacement for a fluid particle [X"*(a,t)] is an
integral of the Lagrangian auto-correlation function By(7) and that the turbulent
diffusion coefficient D is a product of the square of Lagrangian turbulent intensity

[v"] and the Lagrangian integral time scale T%;

[X?(a,t)] = 2/0!(75 B () (2.1.1)
1 d 2 t F

= S—(X(a,1)] = /U Bi(r)dr (2.1.20)

D =["*|T; (t = c0) (2.1.26)

where X (a,t) is the displacement of the particle at time ¢ = ¢ which started at a point
aatt =10, X'(a,t) is the fluctuation from the mean displacement of the particle, 7
the time-lag, v(a,t) the Lagrangian velocity of the particle, v'(a,t) the fluctuation
from the mean Lagrangian velocity of the particle and [ ] denotes the ensemble mean.

Br(7) and Ty are respectively defined by:

By(r) = [W'(t)/(t + 7)] (2.1.3)
e [U_l] lim /; By(r)dr (2.1.4)
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Introducing the Lagrangian auto-correlation coefficient Ry(7) by:

1
Bilr) & —=B (2.1.5a)
L(T) [’U,r_)] L(T)
and assuming:

Ru(r) = exp(=1/T1) (2.1.50)

the variance o2 is stated as:
gy = [VI2 22 _i i_l 2.1.6
o1(t) = [X"(a,t)] = V*IT} {exp( T.r,) + T, } ( )

and

a { x t? for t< T (2.1.7)

%=\ «xDt for t> (3~ 6)Ty,

It is suggested that this classical theory can also be applied to a longitudinal mix-
ing phenomenon in a confined turbulent shear flow by Taylor (1954), Batchelor and
Townsend (1956) and Tennekes and Lumley (1972). The applications of this the-
ory to the open-channel turbulent shear flow were made by Fischer(1966) and Sulli-
van(1971). Fischer(1966) proposed the formula predicting the integral time scale T,
in turbulent shear flows in the form of
1 8

R i P = 2.1.8
Fi ]‘1.85{ (Z 213) ( )

where [; is the characteristic length (a half width for natural streams and the depth for
two-dimensional flows) and e; the turbulent diffusion coefficient in the z; direction.
The subscript 7 denotes the variables concerned with the z; direction and z;(: =
1,2,3) is the space coordinate in the flow direction (i = 1), the vertical direction
(i = 2) and the lateral direction (¢ = 3). He also proposed the formula predicting the

longitudinal dispersion coefficient Dy based on one-particle analysis as:

D) 2
sa L (B/2)
148 &

Dy= [ (@~ U) (2.1.9)

where @, is the local temporal-averaged velocity, U the cross-sectional-averaged ve-
locity, A the cross-sectional area and B the surface width. Sullivan (1971) observed
the Lagrangian characteristics of the velocity in the two-dimensional turbulent flow
through both methods of the experiment in laboratory flumes and the numerical
simulation. He concluded that the Lagrangian auto-correlation coefficient for a two-
dimensional flow is represented as the exponential function. Matsuoka(1986) obtained
Bp(7) by making the detailed Eulerian velocity measurement in a rectangular cross-
section laboratory flume and the idea of the transition probability for the particle

location, and he showed that T is quite long in open-channel flow. Hosoda and

12

=



Yokoshi (1985) investigated the relationship between the Lagrangian and the Bule-
rian turbulence and obtain the dispersion coefficient in the two-dimensional flows, of
which the velocity distributions are represented by the power-law. They also show
the dispersion coefficient by the Lagrangian method has the fine agreement with an-
alytical results by the Eulerian method by numerical procedures.

So far as the author concerns, detailed and reliable information of the auto-
correlation function in a 3-D turbulent shear flows has not yet been obtained, and the
study results of the Lagrangian characteristics in 2-D and 3-D steady turbulent shear
flows which is uniform in the longitudinal direction will be shown and discussed in
this chapter, while some parts of this chapter have already presented in Iwasa, Aya,
Maotita and Nishikawa (1982) and Iwasa and Aya (1985).

2.2 Lagrangian Description of Dispersion of a Par-
ticle in Shear Flows

2.2.1 Movements of a Fluid Particle

Assuming the confined turbulent flow which is uniform in the flow direction but
non-uniform in the vertical and the lateral directions, the Eulerian velocity vector is
written in the form of

u(zi,t) = (22, za) + w'(zi,t) (2.2.1)

where (3, z;) is the mean Eulerian velocity vector and w'(z,,%) the Eulerian tur-
bulent velocity, and overbars denote the temporal-averaged values hereafter. The
definition sketch of the coordinate system is shown in Fig. 2.2.1. Denoting the dis-
placement of the particle at time t = ¢ released romz = a att =0 by z = X (a,t),
X is written as: ;

X(a,1) =]0 v(a,)dt' + a (2.2.2)
where v(a,t) is the Lagrangian particle velocity vector, which is stated with the

Eulerian velocity vector u(z,,t) as:
v(at) = @ (¥ (a,1)) +u' (X(a,t), t) (22.3)

where Y (a,t) = (Xz(a,t), Xs(a,t)) is the 2-D displacement vector of the marked

particle in a cross section. The mean longitudinal Lagrangian velocity [v,] defined by

(] = VLQ /[/ vda;dasdas (2.2.4)

13
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Figure 2.2.1: Definition of coordinate system.

is equal to the cross-sectional mean longitudinal Eulerian velocity U which is defined
by
1
U= —[ U ' L2 dA
2 Aul(zl Za)
(Tennekes and Lumley, 1972). Therefore the longitudinal Lagrangian turbulent ve-
locity v{(a,t) can be written in the form of

vi(a,t) = u(X(a,t), t) + 4:1(Y(a,t)) = U (2.2.5)
In 3-D flows, @;(z2,23) can be decomposed into two components;

(23, 23) = %73 (z3) + uas(22,23) (2.2.6)

where ©@*2(z;) is the depth-averaged velocity and uj,(zs, ;) the fluctuation from

T@**(z3), and they are respectively defined by

1 r¢
.&Ii = E . ﬂldIz (d: C—I— Zb) (

[S]
(3%
-1
i

and

il =a4— g™ (2.2.8)

where —( is the water surface elevation, z, the bottom of the channel, and d the
depth.

Fig. 2.2.2 illustrates the mean velocity distributions of 3-D turbulent shear flows
and the definition of these three kinds of velocity components in a rectangular cross-

section flume.
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tion. (a) The cross-sectional averaged velocity U and a distribution
of the depth-averaged velocity @*?, and (b) distributions of the lo-
cally temporal averaged velocity 7,, the depth averaged velocity 777,
and the deviation uj,.

By substituting Eq. 2.2.6 into Eq. 2.2.5, v;(a,t) can be rewritten in the form of
via,t) = uy(X(a,1), t) + u35(Y(a,t) ) + 72( Z(a,t) ) - U (22.9)

where Z(a,t) = (X3(a,t)) is the 1-D displacement vector of a particle in the lateral

direction. Introduction of the new Lagrangian velocities of

v(a,t) = u (X(a,t), 1) (2.2.10)
v {@; 1) = uis { ¥le, 1)) (2.2.11)
yla,t) =™ (Z(a,t))-U (2.2.12)

vi(a,t) = v(a,t) + v, (a,t) + v(a,t) (2.2.13)

where the subscript f,v and [ denote the three Lagrangian velocity components re-
ferring to the Eulerian turbulent velocity, the vertical non-uniformity of the Eulerian

local mean velocity, and its lateral one respectively.

Note following facts;



1. In the shear flow, @*2(z4, z3) is the local mean velocity and not random, how-
ever the displacement Y (a,t) and Z(a,t) are random in a section by particle

migrations.
2. Therefore, both uf; (¥ (a,t)) and @™ ( Z(a,t) ) are random.

3. Hence, the longitudinal Lagrangian turbulent velocity vi(a,t) is random and

quite different from the longitudinal Eulerian turbulent velocity @j(zi,t).

In case the 2-D flows of which the velocity distributions are shown in Fig. 2.2.3(a),
positions of particles started at a point a(X,,Y;) at t = tp and ¢} is illustrated as
shown in Fig. 2.2.3(b). The two particles of which the heights at ¢ = {p+ Af, { =to+
2At and t = to -+ 3At were the same each other, are denoted by solid and open circles
respectively. Their displacements in the longitudinal direction are however different
each other becanse of v/(a,t), that is, the Eulerian turbulent velocity v} ((a,t),1)
and this displacement difference causes the turbulent diffusion. In case the particle
started at 2 = a at ¢ = 3 moved to different heights from the former two in t > g,
the difference of the longitudinal displacement between them is much larger than
that by the Eulerian turbulence because of v/(a,t), and the difference of the height
causes the longitudinal dispersion in shear flows. Open square in Fig. 2.2.3(b) shows
the movement of this particle. Fig. 2.2.3(c) schematically illustrates the time series
of the Lagrangian velocity of the two particles. The velocity difference at the same
travel time is very small and this is cansed by the Eulerian turbulence, however the
Lagrangian velocity fluctuation from the mean [v;] = U is much bigger than the

Eulerian turbulence.

2.2.2 Longitudinal Dispersion in Shear Flows

Under the flow condition that the velocity characteristics are uniform in the longi-
tudinal direction, vi(a,t) is a stationary random time series and Taylor’s classical
turbulent diffusion theory, that is, Eqs. 2.1.1 to 2.1.4 can be used to analyze the
concerned problem, when we use vj(a,t) defined by Eq.2.2.13 as the Lagrangian
turbulent velocity. The analogy of the longitudinal dispersion in confined turbulent
shear flows with the turbulent diffusion in homogeneous turbulent flow is shown in
details in Tennekes and Lumley (1972). Iwasa, Aya and Mitsuishi (1985) explains the
analogy of the longitudinal dispersion of particles released at a section in confined
turbulent shear flows in a uniform channel with the dispersion of particles released

at a point in a homogeneous turbulent flow field.
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Figure 2.2.3: Movements of fluid particles and their Lagrangian ve-
locity in 2-D turbulent shear flows. (a) Distributions of the velocity
4; in 2-D turbulent flows, (b) positions of particles in 2-D space
released at X(z,,0) , and (c) time series of Lagrangian velocity,
vi(a,t).
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Suppose the mean location of particles at time t = 01is ;1 = 0, then, a mean

displacement of particles [X;(a,t)] at t =1 is
Xila,t)] = Ut (2.2.14)
and a displacement fluctuation from the mean X’(a,t) is obtained as:
X!(a,t) = /ﬂtu'(a, t)dt (2.2.15)

The square of the Lagrangian turbulent intensity [v{?] can be obtained by

[v47] =[] + [w?] + [v7] (2.2.16)
in which
] = ;};/Au']?dA (2.2.17)
[""32] = % [ A (2.2.18)
] = B/ (% — U)*das (2.2.19)

Using Eq. 2.2.13, the auto-correlation function By(7) can be divided into nine com-

ponents and they are written in the form of

By =3} Bri,(r) (7 =1,u,1) (2.2.20)
where
Bpi,(r) = [vi(t)v;(t + 7)) (2.2.21)

The ample knowledge for B.(7) has not yet obtained. Asano (1980) estimates
Bru(7) by the Eulerian turbulence measurement in open-channel flows by using the

assumption made by Hay and Pasquill (1959) at
Bru(r) =[] exp(—7/Tr) (2222

Ty = 0.72d/u. (2.2.23)
F'ischer(1968) obtains the integral time scale 7 in 2-D turbulent shear flows as

1 &
2.2.24
Te= 1482, (2224)

by using his Lagrangian dispersion theory and Elder’s results (Elder, 1954). He
also extends the results above to the longitudinal dispersion in natural streams and

estimates

tJ

—
—

B/2)



Sullivan (1971) gives
By(r) = [v{]exp(~/Ty) (2.2.26)
by the direct measurement of the Lagrangian turbulence in the 2-D open-channel flows

and the quasi-Lagrangian turbulence simulation in 2-D confined flows. Lumley(1972)

estimates T, in the two-dimensional confined channel as

Ty = hju, (2.2.27)
where h is a half depth.
Introduction of the assumption,
Bri(r) =10 (i # 5) (2.2.28)
derives
Br(7) = Bru(r) + Brow(7) + Brulr) (2.2.29)

The previous study stated above leads to the general form of By(7) in the three-
dimensional turbulent shear flow as:

By(7) = [v]exp(—7/T2) + [v,*) exp(—7/T,) + [v;°) exp(—7/Th) (2.2.30)
and
Ty =0.72d/u, (2.2.31)
1 (dy? -
L= 148 0,4u. (2:2:32)
_ 1 (B/f2)? ;
=118 fads. (2354

where T, is the integral time scale of the BEulerian turbulence, T, the mixing time
scale in the depth-wise direction, 7; the mixing time scale in the transverse direction,
8, the dimensionless turbulent diffusion coefficient in the vertical direction (2 = 2)
and the lateral direction (¢ = 3).

Using Eqs. 2.2.30 to 2.2.33, the integral time scale T's, in the three dimensional

turbulent shear flows can be expressed by

oo = i (0] 7+ ] 7 7] 1) 2231

The dispersion coefficient D can be expressed by

Dy = [WTsz = WPIT: + RT, + (1T (2.2.35)
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The first term of the right-hand side of Eq. 2.2.35 shows the effect of longitudinal
turbulent diffusion on the longitudinal dispersion, the second term the effect of the
non-uniform velocity distributions in the vertical direction and the third term the
effect of that in the transverse direction.

The results above shows that small non-uniformity of the velocity distributions
in the transverse direction has very big influence on the magnitude of the dispersion

coefficient in wide channels as will be discussed in Subsection 2. 2. 3.

The assumptions introduced above and the validity of these results will be verified
by the numerical simulation in the next section and the results obtained in the tracer

dispersion study at the laboratory flume in Chapter 3.

2.2.3 Discussions on Theoretical Results

(1) Square of Lagrangian turbulent intensity: [v]]
The square of Lagrangian turbulent intensity of particles are expressed as the sum
of the three components as shown in Eq. 2.2.13. The general discussion on the
magnitude of each term is as follows;
Asano (1980) gives

[vP)/ul=1.0 to 2.0

by the detailed measurement of Eulerian velocity by the hot-film anemometer in lab-
oratory flumes and natural streams. Assuming the logarithmic velocity distribution
in 2-D turbulent flows

W’ [ 6.25 for k= 0.40
- 0 for k=10.33

The magnitude of [v?]/u? measured in laboratory flumes is reported as:
[v7)/u2 = 10.0 (2.2.36)

by Iwasa, Aya and Yakushiji (1984), and this is the function of the width to depth
ratio B/d and decreases as B/d increases as will be shown in 4.4.5 in Chapter 4.
The analysis of the field measurement data by Yakushiji (1983) shows that [v/]/u?

is not always dominant over three terms in natural streams.

(2) Lagrangian Auto-Correlation Function and Coefficient: B, and R,
The proposed models for By(r) described by Eq. 2.2.30 satisfies such basic features

that ‘
BL(t)z{[vl] for t=0

0 fort — co



and the Lagrangian Auto-Correlation Coefficient Ry, defined by Eq. 2.1.5a satisfies

|1 for t=0
RL(t){O for t— o0

(3) Integral Time Scale: Ts;
Tsy described by Eq. 2.2.34 is the weighted average of T; with use of [v/] (i = ¢, v, /)
as the weight. In 3-D turbulent shear flows, T is quite different from the mixing
time scale introduced by Fischer(1966). As represented by Eqs. 2.2.31, 2.2.32, and
2.2.33, the first and second term of Eq.2.2.34, that is, T, and T, are the function of
the flow depth d and the shear velocity u., however the third term 7} is the function
of the width to depth ratio, because T} is written in the form of
T, I B o

T = g (2.2.37)
In ordinary open channel flows in natural streams, the width to depth ratio is quite
large and

Ii>»T, T,

and Eq. 2.2.33 gives
i > Tse

because the magnitude of the weight [v*]/[v{] is small.

(4) Longitudinal Dispersion Coefficient: D
The longitudinal dispersion coefficient Dy is the sum of three components as shown
in Eq. 2.2.35 and each term of Eq. 2.2.35 is a product of the square of turbulent
intensity and the mixing time scale, respectively. As already discussed in 2.2.3 (1),
the magnitude of [v)?] is not so large in 3-D turbulent flow in laboratory flumes and
natural streams, however, the magnitude of T; is quite larger than the other two and
increases with increase of the width as discussed in 2.2.3 (3). Thus, the longitudinal
dispersion coefficient in open channel flows is quite larger than that in 2-D turbulent
flows in laboratory flumes as well as natural streams. This is also increases with the
increase of the width or the width to depth ratic.

Fischer (1966) proposed the formula predicting the longitudinal dispersion coef-
ficient based on the theory of one particle analysis as shown in Eq. 2.1.6, however
the square of turbulent intensity and the Lagrangian integral time scale used in Eq.

2.1.6 may not be rigorous as described above.



(5) Time Dependent Behavior of the Variance
By substituting Eq. 2.2.30 into Eq. 2.1.1, the growth of the variance is written in

the form of
[X%(a,t)] = 2Av’1T {exp(—t/T:) + /T — 1} +
ot 21T {exp(~t/T) + /T, — 1} + (2.2.38)
2v1T {exp(—t/Th) + t/Ty — 1}

In a short travel time, [X"?] is proportional with the square of the travel time ¢
(X ext® for t=0
and with increase of the travel time, [X”] is proportional with the travel time,
[X?lxt for t>(B~8T or z>(3~6)TU (2.2.39)

These relationships are equivalent to Fischer’s criterion for Taylor’s period (Fischer,
1966). This criterion will be used in measuring the longitudinal dispersion coefficient

in the laboratory flume experiment described in Chapter 5.

(6) Applications of the Models to Different Kinds of Turbulent Fields

a. Homogeneous turbulent field

In the homogeneous turbulent field in which the velocity distribution is uniform in the
vertical and lateral directions, [v/’] and [v]?] are equal to 0.0, therefore, the proposed

models gives:

[v1°) = [v] (2.2.40a)
Bi(1) = [v}}] exp(—T/T}) (2.2.400)
Tse =T, (2.2.40¢)
and
Dy = [vT: (2.2.40d)

b. 2-D turbulent shear flows
In case 2-D turbulent flow in which the velocity distribution is uniform in the lateral

direction, [vf"] is equal to 0.0 and the proposed models gives:

[01°]) = [oe®] + [v)7] (2.2.41a)

Bi(7) = [v’] exp(—7/T,) + [v.*] exp(—7/T,) (2.2.410)
1 i .

Ts, = e {[v2] T+ [v?] .} (2.2.41¢)

(2]
[E%]



and
Dy = [T, + [«\ T, (2.2.41d)

Therefore, the proposed models includes the application to the diffusion in homo-
geneous turbulent fields and the longitudinal dispersion in 2-D turbulent shear flows

as well as the 3-D turbulent shear flows in laboratory flumes and natural streams.

2.3 Numerical Simulation Procedures

2.3.1 Simulation Models

In the following, assume that the turbulent shear flows are confined within the rect-
angular cross-section and uniform in the longitudinal direction, and that the local

mean velocity is:

Uy (22, 23) = T (23) + uhy(23, 73) (2.3.1a)
fig(z2,73) = 0 (2.3.1b)
t3(z2,23) = 0 (2.3.1¢)

The displacement vector X (a, (n + 1)At) at t = (n+ 1)At of a particle released at
a =0 and ¢ = 0 can be evaluated by:

X (a,(n+1)At) = X (a,ndt) + v (a, nAt) At (2.3.2)

Each component of the Lagrangian velocity v(a, nAt) can also be evaluated by:

Yn+yn+l Zﬂ-+Zﬂ+1
2 ¢ 2

v(a,nit) = i, { } +u (X", Y™, 2% nAt) (2.3.3a)

vi(a,nAt) = u(X™ Y7, 2% nit) (1= 2,3) (2.3.3b)

In the numerical simulation procedure, u'(X (a,t),t) is simulated using the " Turbu-
lon Theory” initiated by Inoue (1952) and the "Random Number Models” developed
by Hino (1965). The model has been used for the analysis of the turbulent dif-
fusion by Hino (1965), and Hayashi and [wasaki (1975), and for the analysis of the
longitudinal dispersion in two-dimensional turbulent shear flows by Sumitomo (1976).
The outlines of the simulation procedures are as follows:
1. Turbulence v’ is represented by the sum of its component v},
T A S S T/ S 4 (2.3.4)

where vy, is the k-th rank component.
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Each rank component has its own turbulent intensity Ag.
‘UL = AkRk (235)

where Ry is the random number of which the ensemble average is equal to zero
and the standard deviation is unity, and the subscript k denotes the variables
related with the &-th rank component.

. Each rank component also has its own life time 7, and by using the geometric

progression models 1t is written as:
Te = To(l/?)k (236)

where the proportional constant of the geometric progression is a half.

Ry can be generated by electronic computer and the movement of a particle can

be simulated by use of Eq. 2.3.2 and the time series of Lagrangian velocity of a

particle can be evaluated hy Bq. 2.3.3.

Other noticeable features used in the numerical simulations are:

1.

The number of the maxdimum rank of the turbulence is six, that is, k is equal
to 0 to 5.

Turbulent intensity in the longitudinal direction used in the numerical experi-
ments is

vP = uf = 2.500.°2 (2.3.7)
which is obtained by averaging the universal function models proposed by
Asano(1980) with respect to the flow depth. The turbulent intensities in the
other directions are obtained by the relationship between the turbulent diffu-
sivity and the turbulent intensity:

& = U-QTL (238)

t

Different turbulent diuffusivities are used in each numerical experiment, how-
ever, the relationship proposed by Asano (1980):

i
T, =072~ (2.3.9)

FAR
-

is used in all the experiments. The details will be shown in each numerical

experiments.
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Figure 2.3.1: Reflections of particles at boundaries.

3. The time step At for the particle tracing is determined at:

at=o06t (2.3.10)

U
by the results of the preliminary experiment described in Subsection 2.5.2.
This At is alse equal to the life time of the 5-th rank component of the turbu-

lence.

4. Boundary condition used is "the complete reflection” of a particle at the bound-
aries, and the turbulent velocity »! and its each component v, has the same

absolute value but the opposite sign after the reflection.

2.3.2 Measuring Lagrangian Auto-Correlation Function in
Shear Flows

(1) Definition of the Lagrangian Auto-Correlation Function

The longitudinal component of the Lagrangian turbulent velocity in shear flows of

Eq. 2.2.9 is rewritten in the form of
U;(S; a:tﬂ) = U (.X(S, a, f'U)at) —U (2311]

where @ is the displacement vector of a particle at the initial time ¢ = ¢, and s the

travel time from t = 5. Introduce the new function
br(sy,s2; @,t0) = v (s1; @, to)vy(s2; @, t0) (2.3.12)

by is a product of the Lagrangian turbulent velocities at t = ¢5 + s; and t = {5 + s

of the particle released at © = a and t = #; and the function of s1,s,, @, and #; at
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moment. The Lagrangian auto-correlation function is defined by the average of b
and the following three kinds of averaging are practically possible.

a. Ensemble average: < by >

1
< by(s1,82;@,10) >= lim ——}: (515 @, t0:)v] (s2; @, toi) (2.8.18)
I

This method is realized by use of the time series of the Lagrangian velocity of
particles which are released at the same point z = a, but different time ¢ = iy,
where 7 (= 1 to N) denotes the i-th particle. This is initially used by Taylor(1921).
b. Volumetric average: [by)

[br(s1, 52; a@,tp] = hm ——fj] (s1;a, to)vi(s2; @, tg)dadasdas (2.3.14)

This is the average of b (s1, s2; @, tg) with respect to the box V, in which the particles
were located at time § = .

c. Temporal average: by

br(s1,0;a,t) = hm —f vy (513 @, o)y (51 — o5 @, to)ds (2.3.15)

where o is the lag time. This averaging method is commonly used in the analysis of
the turbulent motion and realized by averaging a time series of observed Lagrangian
velocity of a particle released at a point © = @ at time ¢ = #; with respect to the

travel time s;.

The flow field concerned is 3-D turbulent shear flows which is confined, uniform
in the longitudinal direction and stationary. Therefore, the ensemble average with
respect to the particles released at # = a = (a,, as, a3) at different time is equal to
the average with respect to the particles which were located on the line parallel to
the z; coordinate and through the point a = (a;, a;, a3) at the time ¢ = ty. That is,

1 7L
< by >= LI'LI’IOIOE ; vi(s1; @, to)vi (s2; @, t0)da, (2.3.16)
Therefore, the volumetric average [b.] is equivalent to the cross-sectional average of

< b >, that is,
1
= = [[ < > darda, (2.3.17)

[br] is also independent on the time when the particles are released, because

[bL(s1,52; @, o)), the volumetric average at ¢ = 4 is also equivalent to
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[br(s),s5; a'(sy; a, ), to + s1)], the average with respect to the volume in which the
particles are located at the arbitrary time ¢ = #5435, because the flow field is uniform
and stationary.

In case the travel time of a particle is long enough that the probability of the par-
ticle location in a cross-section is uniform, by is independent on the initial location

of a particle.

Thus, three kinds of the averaging methods are theoretically equivalent each other
and they are the function of only the lag time ¢ = s, — 55 as described in details
in Iwasa, Aya and Mitsuishi (1985). Note the following features of the Lagrangian

turbulent velocity:

1. The Eulerian turbulent velocity is uniform in the longitudinal direction but non-
uniform in the vertical and lateral directions, and the longitudinal component

of the Eulerian locally averaged velocity is steady and three-dimensional,

v

Therefore, the longitudinal component of the Lagrangian velocity is stationary
and random, because the particle migrates in a cross-section and gets the sta-

tionary random turbulent velocity in the longitudinal direction.

The Lagrangian auto-correlation function is quite influenced by the initial loca-
tion of the particle during the short travel time. Fig. 2.3.2 illustrates [b;] and < by >
obtained in the numerical experiments for 2-D dispersion studies. In a short travel
time, < by > are quite dependent on the releasing point of particles, however, it con-
verges into [bz] with increase of the travel time. In the following sections, Lagrangian
auto-correlation function will be calculated by use of the definitions of Eqs. 2.3.14 to
2.3:17.

2.4 Preliminary Numerical Experiments

2.4.1 Objectives and Design of Experiments

The numerical study on the particle dispersion in 2-D turbulent shear flows has been
conducted before making the numerical experiments in 3-D turbulent shear flows.

The objectives of the study are:

l. Calibrating the simulation codes developed,

2. Verifying the assumptions introduced in the theory and the theoretical results

obtained in Section 2.2,

o
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3. Verifying the theoretical results for the dispersion coefficient based on 2-D tur-
bulent diffusion equation developed by Taylor(1954) and Elder(1956), and

4. Disclosing the Lagrangian characteristics on the particle dispersion in 2-D tur-

bulent flows.

The strcuture of the 2-D turbulent shear flows are simpler than the 3-D turbulent
flows, and it is much easier for handling the simulation codes, therefore numerical
experiments in 2-D turbulent shear flows are preferable in view of the first and second
objectives. The theoretical results based on the 2-D turbulent diffusion equation by
Elder(19586) is very simple and clear, and looks rigorous, however, it also seems very
difficult to realize the dispersion in 2-D turbulent shear flows by hydraulic experiments
in laberatory flumes, because the particles disperse in the three-dimensional space and
the actual velocity distribution is three-dimensional. Therefore the numerical study
is required in view of the third and the forth objectives. The numerical experiments
in 2-D turbulent shear flows have already been conducted by many researchers, that
is, numerical study based on the 2-D turbulent diffusion equation by Yotsukura and
Fiering (1964), and Tanaka (1979), the numerical study based on the "one-particle
dispersion theory” by Sullivan (1971) and Sumitomo (1976) and so on. These results
can be usable to examine the numerical results obtained by this study.

In order to cover the four objectives stated above, the four series of numerical
experiments are designed, that is, the numerical experiments based on the 2-D tur-
bulent diffusion equation (Run E Series), the Lagrangian numerical experiments in
the uniform turbulent field (Run U Series), the Lagrangian numerical experiments
in the 2-D turbulent flows (Run L Series and P Series). The details of experimental

conditions in each series will be shown below.

2.4.2 Diffusion in Homogeneous Turbulent Field (Run U
Series)

The flow field specified is the homogeneous and isotropic 2-D turbulent field in the
infinite space, and the locally averaged velocity distribution is u(zs,z3) = 0. The
number of particles released at £ = @ is 2 000. The flow condition and results will
be given in Table 2.5.2 in Section 2.5.



2.4.3 Dispersion Based on 2-D Turbulent Diffusion Equa-
tion (Run E Series)

The turbulent diffusion equation in 2-D uniform flows is:

de oc a ac a ac

9 ¢ gy O S 2.4.1

ot +u’($g)az; Bz, (E‘ 311) L ( -azg) (2:4.)
where 7 is the averaged concentration, ; the turbulent diffusion coefficient in the z;

direction, z; the space coordinate ( ¢ = 1 and 2). The velocity distributions used is

the logarithmic velocity distribution in the z; direction:

G (ln i 11 1) (2.4.2a)
K d

U,

and

iy =0 (2.4.2b)

The basic equation is transformed into the non-dimensional form by use of the
flow depth d and the shear velocity u, and into the moving coordinate system
€ = (21— Ut)/d. The boundary conditions specified is the “method of image” at
the top and the bottom in accordance with the Lagrangian experiments and the
length in the longitudinal direction is infinite. The initial condition is:

t=Cy for —0.01<¢<0.01 (2.4.3)

Eq. 2.4.1, under such boundary conditions, and the initial condition of Eq. 2.4.3
can be solved by the finite difference method and the ADI scheme was used. The
magnitude of the mesh size is selected as: A£ = 0.01, 0.05 or 0.2 (£ = z,/d), An
= 0.025, 0.05 or 0.1 (n = 22/d) and At = 0.0002, 0.0 or 0.05 (7 = t/du.). The
velocity on the bottom is adjusted so that the accumulated discharge in the moving
coordinate system is equal to zero. The velocity distributions specified is shown in
Fig. 2.4.1. The turbulent diffusion coefficient in the z, direction is &, /du. = 1.80

and that in the vertical direction z, is:

€2
Zu. = rn(l=2) (2.4.4)

ar
&g

du.
The condition used and results will be summarized in Table 2.5.1.

(2.4.5)

(=28 =4
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Figure 2.4.1: Velocity distribution and division of non-dimensional

depth in 2-D simulation.

2.4.4 Particle Dispersion in 2-D Turbulent Shear Flows (Runs
L and P Series)

Two kinds of velocity distributions are used, that is,
Logarithmic velocity distribution in Run L Series:

2~ i— (m%%-;- 1) +u£_ (2.4.6)
In case T, is negative, T, is replaced by zero. The von Karman’s constant x is
determined at 0.4 and the depth-averaged velocity U = 20.
Power law in Run U Series:

= - pan AT
2 3 74ReN (%) (Re. = E) (2.4.7)

U v
Re. used is 836 which is equivalent to the averaged velocity U/u. = 20 and Re. =
400 is also used.

Some combinations of the turbulent intensities in the longitudinal and vertical
directions are used after the results by Asano (1980) and Laufer (1954). Transfor-
mation between the turbulent intensity, the Lagrangian integral time scale and the
turbulent diffusion coefficient was made by use of Egs. 2.3.8 and 2.3.9 and they will
be summarized in Table 2.5.3 with the measurad results in the numerical experi-

ments.



The 200 particles start from each releasing point, and the 10 releasing points
selected uniformly distributes on the line z; = 0.0. The duration of particle tracing
is over 2000A7; and after completion of the traces of 200 particles from one releasing
point, the releasing point is shifted to the next point. The statistical analysis of
the time-series of Lagrangian velocity and locations of particles are made after the
completion of 2000 particle tracings. In case of calculating the Lagrangian turbulent
intensity and the auto-correlation function, 40 time series are selected as the sample
and time-series analysis was made for each time-series and the ensemble average over

40 samples.

2.5 Results and Discussion on Preliminary Ex-
periments

2.5.1 Results of Calibration Test
(1) Turbulent Diffusion Test (Run-U10)

One-dimensional turbulent diffusion of particles in homogeneous turbulent fields was
examined. Its conditions specified and the dispersion coefficient measured will be
summarized in Table 2.5.2. The variances of particle location o?/d* are plotted
against the number of time step n = t/Af (At = d/u.) in Fig. 2.5.1. The time-
dependent growth of the variance is non-linear for n < 100, but becomes linear for
n > 200 as described by Taylor (1921). The turbulent diffusion coefficient defined by
Eq. 2.1.2a is calculated at :

1d,. .4 d?
===l = Wkl— 2.5.
D 2dt[X (a,t)] Oll.&t (2.5.1)
By use of the specified condition:
[v")/u.? = 2.50
and
T /(e ) =10.72
the dispersion coefficient is calculated at
D = [v*]T, = 1.80du. (2.5.%)

These two values obtained by Eqs. 2.5.1 and 2.5.2 should be equal each other, there-
fore At is calculated at

d
At =0.061— (2.5.3)
U.

Eq. 2.5.3 will be used in the following analysis.
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Figure 2.5.1: Time-dependent growth of variances in homogeneous
turbulent field in Run U10.

(2) Longitudinal Dispersion Tests (Runs-E300, E310 and L30)

The longitudinal dispersion coefficient obtained by the particle dispersion test (Run—
L30) and the Eulerian simulation (Runs—E300 and E310) based on the 2-D turbulent
diffusion equation is summarized with the specified condition in Table 2.5.1. The
vertical turbulent diffusion coefficient is uniform in Run-E300, however, it has a
parabolic distribution in Run—E310. The longitudinal turbulent diffusion coefficient
used is €3 /du. = 1.80 in Runs-E300 and 310. This value is derived from the results by
Asano (1980), and he also measured the square of the longitudinal turbulent intensity

Table 2.5.1: Summary of conditions and results in experiments,
Runs-E300, E310 and L30.

DISPERSION
CONDITION COEFFICIENT

(M) (2) (3) (4) (5) (6)
€v/du, | ex/du, |ulZul|ui?/ul | D/du, | D/du,

RUN-E300 | 1.80 | x/6 8.70 8.75
RUN-E310| 1.80 | «n(1-n)| —— 8.43 8.11
RUN-L30 — 2.50 | 0.0925 | 11.80 8.75

NOTATIONS:  (5); Simulated, (6); Elder's Analysis
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at u}?/u? = 2.50 in 2-D turbulent flows and this value is specified in Run-L30. This
condition is equivalent to that used in Runs-E300 and E310. The square of the
vertical turbulent intensity specified is u5?/u? = 0.0926 and this is equivalent to the
vertical turbulent diffusion coefficient ;/du. = /6 and T}, = 0.072d/u..

The theoretical values of the dispersion coefficient calculated by Elder's formula

(Elder, 1956) 1 i
D=d’-’/u i”h{/u”‘(ﬁ] -U)dn}‘+§fols,dq (2.5.4)

€2
are also listed in Table 2.5.1. They are little different from the dispersion coefficient

in 2-D turbulent flows originally given by Elder
D =6.01du. (2.5.5)

because the turbulent diffusion coefficient in the longitudinal direction used here is
larger than that used by Elder, and because the numerical integration was used in
calculating Eq. 2.5.4.

The magnitudes of the longitudinal dispersion coefficient obtained in Runs-E300
and E310 have a good agreement each other. It is also disclosed that the longitudinal
dispersion coeflicient resulting from the condition of the constant turbulent diffusion
coefficient is a little larger than those from the condition of the parabolic distribution,
however the magnitude of the difference between two results is negligibly small and
they are almost equal to the theoretical values respectively. Therefore, it is concluded
that the assumption of the constant vertical diffusivity introduced in the Lagrangian
simulation models is appropriate.

The magnitude of the longitudinal dispersion coefficient obtained by the La-
grangian simulation Run-L30 is a little larger than those measured in Runs-E300
and E310. The time-dependent growth of the variance measured in Run-L10 and
Run-E300 is shown in Fig. 2.5.2 and the concentration distributions in Fig. 2.5.3.
The variances measured in Run-L10 is also a little larger than those in Run—E300,
however the concentration distributions are quite similar, therefore it is concluded
that the Lagrangian simulation models proposed in Section 2.3 is valid and useful
for investigating the characteristics of the Lagrangian turbulence and the dispersion

processes in shear flows.

2.5.2 Statistical Properties of the Lagrangian Turbulence in
2-D Turbulent Shear Flow (Run U and Run P Series)

The data measured in the eight numerical experiments are summarized with the

conditions specified in each experiment in Table 2.5.2. The difference in each series
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Table 2.5.2: Summary of conditions and results in 2-D Lagrangian

simulations.
FLOW CONDITION THEORETICAL RESULTS SIMULATED RESULTS

(1 (2) (3) (a) (5) (6) (7) (8) (9) d (10) .
AUN 0. fuiful fuit/ul [ adtAun [ Vs | dggenseiTsley T;.;/%_ Copdms | oree, | TsLV/G, | Tsiz/g,
Run-uto | 2.50 | 0.0 = 2.50 1.80 0.720
RUN-L10 2.50 0,383 —| 0.0 © B.7% 0.245 B.23 5.45 0.660 0.793
RUN-LZO.| ©.00 0.382 = 20.0 6.25 0.245 5.82 3.61 0.625 0.692
RUN-L3D 2.50 p.0526 | —— | 0.0 8.75 1.013 B.4l 11.80 1.403 1.878
RUN-L40 0.00 0.0926 | ——— 20.0 6.25 1.013 6.40 10.00 1.560 1.655
RUN-L50 2.50 2.50 —_| 20.0 0.75 0.037 0.4 2.87 0.340 0.326
RUN-LED 2.50 0.276 —— 0.0 8.75 0.338 7.84 6.05 0.770 0.507
RUN-P10 2.50 0.0502 | —— | 20.0 8.B5 1.17 8.31 13.20 1.670
RUN-P20 2.50 0.08%) 18.0 7.64 1.05 T2 11.10 1.620
RUN-3A 2.50 0.0926 0.208 1.0 12.68 31.7 1.1 102.0 9.19 6.25
RUN-38 z.50 0,0925 0.417 19.0 © 12.68 15.8 1.1 65.0 5.86 5.42
HOTATIONS: U Series; Uniferm Flow, L Series; Log-law(e=0.4), P Series; Power-law(n=1/7)

3 Series; Three Dimensional Flow

(5); Lumley's Formula, (B); Fischer's Formula, (89): Tgy=0/[v’]. (10); TSLZ‘rRL(TN"

is made by the specified conditions for turbulent intensity in the longitudinal and/or

the vertical direction.

(1) Lagrangian Turbulence and Its Intensity

The time series of the Lagrangian turbulent velocity measured in Run-L10 is illus-
trated in Figs. 2.5.4 (2) and (b). The vertical component v’ in Fig. 2.5.4(b) was
generated by electronic computer with use of the "Random Number Models” de-
scribed earlier and looks rigorous. The longitudinal component v,’ in Fig. 2.5.4(a) is
the sum of the Eulerian/Lagrangian turbulence generated and the turbulence which
is resulting from the random movements of a particle migrating in the confined steady
2-D shear flows. Therefore, the magnitude of the turbulent intensity in the longitu-
dinal direction is of the much larger order than that in the vertical direction and it
looks that the turbulence has much lower frequency components, which is caused by
the migration of the particle.

The square of the turbulent intensity in the longitudinal direction calculated by

12 1 KL 1 2 -
[44] = Z/A”i dA + E/Auf;a da (2.5.6)
is listed in the 4th column and the measured one in the 5th column in Table 2.5.2.

These two results have a fine agreement each other and their magnitude is of the

much larger order than those of Eulerian turbulence. It is also disclosed that the
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Figure 2.5.5: Lagrangian auto-correlation coefficients. Open and
solid circles denote measured ones in Runs L30 and L60, and solid
and dash-dotted lines denote predicted ones by Eq. 2.5.7.

Lagrangian turbulence can be observed even if the Eulerian turbulence in the z;
direction did not exist.
Thus, the simulation results satisfy the theoretical relationship of Eq. 2.2.41a and

the simulation models confirme to realize the random movement of particles.

-

(2) Lagrangian Auto-Correlation Coefficient

The auto-correlation function was calculated by the inverse-transform of the spectrum
density function with use of FFT, and the sample size is 1024. The Lagrangian auto-
correlation coefficient measured in Runs-L30 and L60 are shown in Fig. 2.5.5, and
an example of the spectrum density function is illustrated in Fig. 2.5.6.

In Fig. 2.5.5, the auto correlation coefficient calculated by
Ry(r) = e™*/Tst (2.5.7)

is also plotted and the integral time scale is determined by the measured turbulent
intensity and the longitudinal dispersion coefficient by use of Eq. 2.5.9 bellow. Fig.
2.5.5 discloses that the Lagrangian auto-correlation function in 2-I) turbulent shear
flows can be estimated by Eq. 2.5.7.
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Fig. 2.5.6: Power spectrum density function measured in Run L10.

(3) Integral Time Scale
The integral time scale is calculated by both methods of

t
Ts_[, = t1.11"1'1/ RL(T)d'I‘ (253)
kil
and
Tsp = Df[v?] (2.5.9)
They are listed in the 8th and the 9th column in Table 2.5.2. The integral time scales
obtained by the two different methods agree each other quite well and its magnitude
is of the order of d/u.. The estimated values by use of Fischer’s equation
&
 148e;
are also listed in the Tth column in Table 2.5.2. The estimated values are a little

Try (2.5.10)

smaller than measured ones, but Eq. 2.5.10 gives good approximation for Ts;.

(4) Concentration Distributions

Examples of the concentration distribution in the vertical direction, that is, the prob-
ability density distributions of particle location in the vertical direction at different

travel times are illustrated in Fig. 2.5.7,
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Figure 2.5.7: Probability density distributions in the vertical loca-
tion of particles released from different points (Run-L30). Selid
lines denote the distributions for line source, broken lines for a point
source at 7 = 0.9, dash-dotted lines at 7 = 0.5, and dotted lines at
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The releasing points of particles are n = 0.1, 0.5, and 0.9. In the short travel time,
the probability density distribution is influenced by releasing points, however, it be-
comes more uniform with increase of the travel time, and after t/T's; is bigger than
3, it is almost uniform. This fact corresponds to the linear-growth of the variance of
particle location described in Eq. 2.5.7. The longitudinal distributions of the particle
location at different times are also presented in Fig. 2.5.8. The distributions and the
mean travel time are also quite influenced by the releasing point of particles in short
travel time. They slowly become similar each other with increase of the travel time,
and even when /Ty is greater than 9, the distinguished difference is observed. It is

also notable that the distributions are quite different from the Gaussian distribution.

(5) Longitudinal Dispersion Coefficient

The longitudinal dispersion coefficient calculated by

= %%[X’z(a,t)] (2.5.11)

is listed in the 7th column in Table 2.5.2. The magnitude of the longitudinal disper-
sion coefficient is larger than that of the longitudinal diffusion coefficient estimated
by &; = 42T =1.80. Comparing the magnitude of the dispersion coefficient between
Runs-L10 and 120, and Runs-L30 and L40, it is disclosed that the longitudinal dis-
persion coefficient is the sum of the turbulent diffusion term and the shear dispersion
term as described in Eqs. 2.2.41d and/or 2.5.6. It is also described that the magni-
tude of the dispersion coefficient increases with decrease of the turbulent intensity in
the vertical direction by comparing the results between Runs-L10, L30, L50 and L60.
This fact means that the larger vertical turbulent intensity accelerates the migration
of the particles in the vertical direction, and the dispersion coefficient decreases. This
effect is the most affective on the magnitude of the longitudinal dispersion coefficient
in 2-D turbulent shear flows. The different velocity distribution of the log-low and
the power-low give the nearly the same values of the dispersion coefficient.

The theoretical values of the dispersion coefficient calculated by the anthor's Eq.
2.2.41d and Elder’s Eq. 2.5.6 have nearly the same magnitude in each run as expected,
but the results obtained by the simulation is a little larger than theoretical ones as
seen in Subsection 2.5.1, however the magnitude of the dispersion coefficient is of
the same order each other and it is much smaller than those measured in laboratory
flumes and natural streams. The variation of the vertical turbulent diffusivity causes

nearly the same effect on the magnitude of the longitudinal dispersion coefficient as
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Figure 2.5.9: Time dependent growth of variances measured in sim-
ulation, and calculated by Eq. 2.5.2.

stated in the above paragraph.

(6) Time Dependent Growth of Variances

Time-dependent growth of the variances of particle locations is described by Eq.
2.1.1. By substituting Eq. 2.5.7 obtained in simulations into Eq. 2.1.1, the variances
in non-dimensional form can be written in the form of

o

o = —1+exp(—7 25,12
Z[Ui']TEL TSL p( ) ( )

In calculation of Eq. 2.5.12, [v!?] in the Tth column and 7% in the 9th column of
Table 2.5.2 is used. The comparison of the results calculated by Eq. 2.5.12 and
measured one in experiments is made in Fig. 2.5.9. It is disclosed that Eq. 2.5.12
satisfactorily describes the time-dependent behavior of the variances in all experi-

ments.
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2.6 Three-Dimensional Experiment

2.6.1 Objectives and Design of Experiment

It is reported that the dispersion coefficient measured in the rectangular cross-section
laboratory flumes is much larger than that predicted by Elder’s formula of Eq. 2.5.4
and that observed ones in natural streams are much more larger. Fischer success-
fully proposed the formula predicting the longitudinal dispersion coefficient in natural
streams. He also proposed the formula predicting the longitudinal dispersion coeffi-
cient based on the theory of one-particle analysis, but it is less successful. Matsuoka
(1989) reported Br(7) has a long tail in the falling limb and Ty in laboratory flumes
is quite long. This report is only one which is concerned with the characteristics of
the Lagrangian turbulence in 3-D confined turbulent shear flows, as far as the author
knows. Therefore, it can be said that the mechanism of the longitudinal dispersion
in the 3-D channel in view of one-particle analysis has not yet been disclosed. The
numerical experiment in 3-D turbulent shear flows are planed in order to investigate
the following objectives by use of the models proposed in Section 2.2, and numerical

models developed in Section 2.3 and verified in Sections 2.4 and 2.5;
1. Verifying the models proposed in Section 2.2,

2. Disclosing the characteristics of the Lagrangian turbulence in 3-D confined tur-
bulent shear flows and their differences between 2-D and 3-D confined turbulent

shear flows,

3. Making the mechanism of the longitudinal dispersion in 3-D confined turbulent

shear flow more clear in view of the one-particle analysis, and
4. Examining the applicability of the models proposed to the actual flows

14 numerical experiments as shown in Table 2.6.1 were conducted in order to
accomplish the objectives above. They are divided into two categories by the given
local mean velocity distributions. The first simulation set of Run 3 Series: Run 3A
to 31 was conducted under the first, second and third objectives and the hypothetical
velocity distributions as will be shown in the next subsection are used. The 3-D
velocity distributions and the intensity of the turbulence is specified so that their
influence on the Lagrangian turbulence characteristics is made to be clear through
the experiment. The second set of Run S Series: 5921 to S222RC was made for the
forth objectives and the velocity distributions measured in the laboratory dispersion
experiments in Chapter 4 are used, however the intensity of the turbulence is the

same throughout the series. Conditions used for specifying the turbulent intensity are
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Table 2.6.1: Summary of conditions and results in 3-D numerical

experiment.

(1 (@) 3) (@) (8 (6 (7)
Run No. 0*2 k  ul%u? u}u? uiFu? B/d
3A uy, 0.4 2.50 0.0926 0.208 16.8
38 u; 0.4 2.50 0.0926 0.417 16.8
3C u; 0.4 2.50 0.0926 0.278 16.8
3D up 0.3 2.50 0.0926 0.278 16.8
3E u, 0.4 2.50 0.383 0.278 16.8
3F u; 0.4 2,50 0.276 0.278 16.8
3G u, 0.35 2.50 0.0926 0.278 16.8
3H u, 0.4 2.50 0.0%26 0.278 16.8
3I u; 0.4 2.50 0.0926 0.278 16.8

S821 observed 2.50 0.0926 0.278 9.29
S221 observed 2,50 0.0926 0.278 7.78
5222 observed 2.50 0.0926 0.278 4.73
S221RC  observed 2.50 0.0926 0.278 7.56
S222RC observed 2.50 0.0926 0.278 9.50

nearly the same as those in 2-D numerical experiments already described in Section

2.4 and the difference between them will be mentioned in the next subsection.

2.6.2 Conditions, Procedures and Data Processing Used in
3—-D Numerical Experiments

(1) Velocity Distributions and Intensity of the Turbulence

a. Run 3 Series

The hypothetical velocity distributions described as:

U33(%2) - (111 o Y 1) (2.6.1a)
U, K d
1 B—?II;;I 8_2[33|
_z — I —— x f — =
0, 2(13) B R 11'1 B + G 3 or BB >~ Cl (0 6 lb)
= -2 s
U. -l—an for ¢ < B Sz <1
Ko B

are used, where . is the coefficient, C,, the constant. The example of the velocity
distributions is shown in Fig. 2.6.1. The vertical distributions of the temporal aver-
aged velocity are expressed by the log-law as shown in Eq. 2.6.1a, however its average

with respect to the flow-depth is constant in the core region but is expressed by the
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Figure 2.6.1: Example of velocity distributions used in Run 3 series.

log-law near the side boundary as Eq. 2.6.1b. The velocity distributions and/or the
intensity of the Eulerian turbulence in the vertical and lateral directions are made
to be different each other in the series by specifying the different parameters or the
turbulent intensity. They are summarized in Table 2.6.1.

b. Run S Series

The measuring points for velocity distributions in laboratory experiments are coarse,
and the interpolation described below was used. A cross-section was divided into
800 sub-cross-sections by 10 lines in the vertical direction and 80 lines in the lateral
direction. In each sub-cross section, the velocity distributions are uniform and its
magnitude is determined by the linear-interpolation with use of the measured veloc-
ity. The figures and characters following after ”s” in each of the run numbers are
corespondent with the run number for the laboratory experiments in Chapter 4.
The specified turbulent intensities in the three directions are the same as those in
Run-3C.

(2) Procedures of Experiments and Data Processing

a. Tracing particle locations
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Procedures of releasing particles and tracing the particle locations are similar with
those in 2-D numerical experiments described in Subsection 2.4.4, however the
flow field is three-dimensional. Therefore, a cross-section is divided into sub-cross-
sections by 10 x 20 lattices, and the 200 lattice points are used for the releasing
point of particles. 2 particles were released from each lattice point and traced until
4050 time steps. The location of particles are recorded at every 200 time steps and
the average [X;] and the variance [X}?] is calculated. The longitudinal dispersion

coefficient is calculated by
1d

T 2dt
b. Characteristics of Lagrangian Velocity

[X?(a,1)]

Time series of the Lagrangian velocity and its components are required in order to

investigate the characteristics of the Lagrangian velocity
vi(a,t) = vi(a, t) +v)(a,t) + vla,t) (2.2.13)

The measurement of the Lagrangian velocity and its components are made for the
particle released from each point of 6 x 10 latfices in a cross-section. The flow
conditions are specified as same as those in the test for "Tracing particle location™.
The sample size is 10001.

c. Lagrangian Auto-Correlation Function

The Lagrangian auto-correlation function

o) 1 T
br(s1,0;a,t) = lim ?/ vil(sy;a,to)vy(sy — a;a,tp)ds; (2.3.15)
0

TS0

is calculated from the time series measured in the above, but the sampling frequency
is 5 time steps, and the sample size is 1600 in case calculating the magnitude of
each component. The maximum lag-time is one-tenth of the duration for the particle
tracing.

In case investigating the features of the Lagrangian auto-correlation function and
each component, different sampling method are used because the magnitude of the
integral time scale for each component is quite different, that is, the sampling fre-
quency is 10 time step and the sample size 1000 for By(r) and Bru(r), and the
sampling frequency is 1 time step and the sample size 3000 for Br,,(7) and Bru(7).
The condition for the maximum lag-time for them is the same as described in the
paragraph above.

In calculating the integral time scale, By and Bp; were numerically integrated
from 7 = 0 to the maximum lag-time. The magnitude of the integral time scale at
the maximum lag-time is not so small for By(7) and Bpy as shown in Fig. 2.6.2.

Therefore, their falling limb is approximated by the exponential function and it is
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Figure 2.6.2: Example of the Lagrangian auto-correlation function
and its component measured in Run 3C.

integrated to infinity. This value is added to the result obtained by the numerical
integration.

2.7 Results of Three—Dimensional Numerical Ex-
periments

2.7.1 Dispersion Processes Obtained in Simulations

Dispersion processes of particles starting from a point = = a = (0.0, 0.05, 0.025) at
t = 0 measured in Run-S921 are illustrated in Fig. 2.7.1. Fig. 2.7.1(a) is the bird’s
eye view of particle dispersion, Fig. 2.7.1(b) a plan view, and Fig. 2.7.1(c) a side
view. [t is disclosed that a period required for migrations of a particle in a lateral

direction is much longer than that in a vertical direction by comparing Figs. 2.7.1(b)

and (c).

48



[72) (144]) {en)  {s/ew,)
— o e

iy

3 2
| R LR S T
0.8 .0 3.0 0.0 o0 %0 alg!
(2] plen viem
1 ]ﬂi‘ﬁ"i‘—r"f“f-'l—
10.0 0.0 0.0 9.9 50.0 sig!
(a) bird's eye view xlgt =U-50 {e} side vire

Figure 2.7.1: Dispersion processes of particles released at a = (0.0,
0.03, 0.025) in Run-8921. (a) a bird’s eye view, (b) a plan view, and
(¢) a side view.

2.7.2 Lagrangian Turbulence and Its Intensity

Movement of a particle released in Run-3C are illustrated in Fig. 2.7.2. Positions
of a particle in z,-z3 plane is illustrated in Fig. 2.7.2(a), that in z;-z, plane in
Fig. 2.7.2(b) and that in z,—z3 plane in Fig. 2.7.2(c) respectively. The associated
Lagrangian velocity and its three components of a particle also measured in Run-3C
are illustrated in Fig. 2.7.3. Fig. 2.7.3(a) shows the time-series of the Lagrangian
velocity of a particle, Fig. 2.7.3(b) is the time-series of v] + U, Fig. 2.7.3(c) that
of v, and Fig. 2.7.3(d) that of v, respectively.  v{ is equivalent to the records

generated by the "Complex Random Number Series Models”, ! is caused by the

v
random movements and the non-uniformity of the velocity distribution in the vertical
direction, and v are caused by the random movements and the non-uniformity of the
velocity distributions in a lateral direction. Note the small turbulences recorded in
Fig. 2.7.3 (b) are correspondent with the locations of a particle which migrates very
near the side boundary as shown in Fig. 2.7.2 (a).

These two sets of figures disclose that the movement of a particle in a vertical
direction is much stronger than that in the lateral direction. Therefore, it is suggested
that the time series of v has much lower frequency components and the time required
for particle mixing in the lateral direction is much longer than those in the vertical
direction.

The square of the Lagrangian turbulent intensity and its three components mea-
sured in numerical experiments are plotted against each of theoretical results calcu-

lated by Eqs. 2.2.16 to 2.2.19 respectively, in Fig. 2.7.4. Measured values have good
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agreements with theoretical ones, however the theoretical values in Run S Series is a
little smaller than measured ones, because the number of subsections used in calcu-
lating the theoretical values by the numerical integration is smaller than those used

in the numerical experiments.

Thus, it is verified that the decomposition of the Lagrangian turbulent velocity
into three components is rigorous and the generation of Lagrangian turbulence does

in terms of the turbulent intensity and the particle movement.

2.7.3 Lagrangian Auto-Correlation Function

The examples of the auto-correlation function measured in Run-3C, $921 and S221RC
on normal section papers are presented in Fig. 2.7.5, and those on a semi-logarithmic
sheet in Fig. 2.7.6. Comparing the auto-correlation coefficient in 2-D turbulent
shear flows described in Fig. 2.5.5, the auto-correlation function in 3-D turbulent
shear flows has a quite long tail in the falling limb, and it is realized that plottings
are not represented with a single straight line, but represented with a line having
one or two bends. These bendings indicate that the decrease of the aute-correlation
function is very fast for a range of short travel time, whereas for a range of long travel
times, it decreases much slower. Thus, for different ranges of a travel time, different
time scales are possible.

Fig. 2.7.7 illustrates the auto-correlation function and its nine components ex-

dominant and the other six Bri;(7) (i # j) are negligibly small. Thus, it is verified
that the assumption introduced by Eq. 2.2.28

BL,-,(T):O for 15&3 ( e

12
]
[f]
oo
—

is appropriate.

The major three components have the comparable magnitude for the short lag-
time, however they decrease slowly as the lag-time increases. The characteristic time
scales of the three dominant components are different from each other, and that of
Byy is much longer than other two, therefore B decreases rapidly for a short lag-

time, and only By is prevailing over By for a long lag-time.
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Figure 2.7.8: Comparison of two-kinds of the Lagrangian integral
time scale measured in numerical experiments: Tsy, by Eq. 2.7.1a
and Tsr, by Eq. 2.7.1b.

2.7.4 Integral Time Scale

Table 2.7.1 summarizes the characteristic features of Lagrangian turbulence obtained
in the 3-D numerical experiments. The integral time scale calculated by Eq. 2.1.4 are
listed in column (3) in Table 2.7.1. Fig. 2.7.8 shows the comparison of the integral

time scales calculated by two methods of

T.S'Ll = [’Uiz] :1_1-12, 1 BL(‘F)dT (27111)
and
Tsp2 = = (2.7.2b)
T[]

The fine agreement between two kinds of Ts; is demonstrated in Fig. 2.7.8. The
magnitude of T, increases as the lateral turbulent intensity decrease, and as the
lateral non-uniformity of depth-averaged velocity increase. The magnitude of the
vertical turbulent intensity is less effective on Ts;. The magnitude of the integral

time scale in Run 3 Series is much larger than that in a two-dimensional flow, however,
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that in Run S Series is about 3 and has the magnitude of the same order of that in
2-D flows.

Tsr = dfu. (2.7.2)
Its reason will be disclosed by the models for the integral time scale, that is, Eqgs.
2.2.31 to 2.2.34 in Section 2.8.

The time scale of three dominant components of the auto-correlation function is

defined by

lim BL;,'(T)dT (z =T, E) (273)

T and T, calculated by Eq. 2.7.3 are compared with Fischer's time scale Tr; cal-
culated by Eqs.2.2.24 and 2.2.25 in Fig. 2.7.9. Fischer’s time scale Tr; listed in
the 4th column in Table 2.7.1is 2 or 3 times larger than Ts; measured in numerical
experiments, however as shown in Fig. 2.7.8, the respective comparison of Tr; with T
ot Tr, with T, demonstrates that they have good a agreement each other. Therefore,
it is concluded that Tr; does not represent the integral time scale in 3-D turbulent
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Table 2.7.1: Summary of the Lagrangian integral time scale obtained
in 3-D numerical experiments.

(n (2) (3)

run-no. | Tsu/(d/us) o T p/d/u) o Ty /(d/u,)
[R{x)dv/(d/u,) O7(V;2]/(d/u,)

RUN-3A 9.46 10.4 31.8
RUN-3B 6.22 5.94 15.8
RUN-3C 7.76 8.19 23.8
RUN-30 6.29 6.42 23.8
RUN-3E 7.22 8.15 23.8
RUN-3F 7.58 8.0l 23.8
RUN-3G 7.00 7.52 23.8
PUN-3H 12.9 14.5 23.8
RUN-31 15.0 16.6 23.8
RUN-5921 2.63 2.20 7.29
RUN-5221 3.25 2.75 5.11
RUN-5222 2.36 1.95 1.89
RUN-5221RC 2.27 1.75 4.83
RUN-5222RC 2.81 2.73 7.62
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shear flows, but Tp, and T correspond to T, and T} proposed by Eqs. 2.2.32 and
2.2.33 in Section 3.2 respectively. Thus, the models for the mixing time scale, that
is, Eqs. 2.2.32 and 2.2.33 are verified to be appropriate.

2.7.5 Longitudinal Dispersion Coefficient

The dispersion coefficients calculated by its definition Eq. 2.1.2b in 3-D numerical
experiments are listed in the column (4) in Table 2.7.1. The magnitude of the dis-
persion coefficient in three-dimensional flows are much greater than those obtained
in the two-dimensional flow experiment. This big difference between results in 2-D
and 3-D flows is mainly caused by the difference of the magnitude of the integral
time scale between these two kinds of flows, because the magnitude of the turbulent
intensity in both flows are of the same order but the integral time scale in 3-D flows

are greater than that in 2-D flows.

The dispersion coefficients measured in the laboratory experiments which will be
described in detail in Chapter 4 are also listed in the 5th column in Table 2.7.1,

and the calculated values by Fischer's equation:

Dg = / N [ / ) uoaddza} (3.5.43)

in the 6th column in Table 2.7.1. The dispersion coefficients measured in numerical

experiments and laboratory experiments agree quite well each other, therefore, the
numerical experiment is again verified to be valid in terms of the dispersion coefficient.
The dispersion coefficients calculated by Fischer’s equation, Eq. 3.5.43 have a little

smaller values than those measured in numerical and/or laboratory experiments.

2.7.6 Time Dependent Growth of Variances

The examples of time-dependent behavior of variances measured in numerical exper-
iments are presented in Fig. 2.7.9. Measured variances denoted by the open circle
have a quite good agreement with the solid line calculated by Eq. 2.1.1 by use of
the measured Lagrangian auto-correlation function. This result demonstrates that
the application of Taylor’s diffusion theory in the homogenous turbulent field to the
longitudinal dispersion is valid and useful.
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2.8 Discussions

2.8.1 Integral Time Scale

The time scales of three dominant components of the auto-correlation function are
verified to be equivalent to Fischer’s integral time scale in Subsection 2.7.5, that is it
is concluded that T'r; does not represent the integral time scale in 3-D turbulent shear
flows, but Tr, and Tr correspond to T, and T; proposed in Section 3.2 respectively.
The direct comparison of the integra] time scale calculated by

— 2
Ty w7 tlm] Bi(r)dr (2.1.4)
and the predicted ones by the proposed equation:

roc= i ] e

are made in Fig. 2.8.1. The definite agreement between two results verifies the use-
{ulness of the proposed models Eq. 2.2.34.

T, + o] Ti} (2.2.34)



2.8.2 Lagrangian Auto-Correlation Function

Fig. 2.8.2 illustrates the three dominant components, B (i = f,v and () in La-
grangian auto-correlation coefficient measured and calculated by Eqs. 2.2.30. The
definite agreement between two results demonstrates that the proposed models of Eq.
2.2.30 for the Lagrangian auto-correlation function in 3-D turbulent shear flows are
quite useful.

Bi(7) = [v]exp(—=7/T2) + [v,%) exp(—7/T.,) + [v}*] exp(—7/T}) (2.2.30)

BEgs. 2.2.31, 2.2.32, and 2.2.33 predicting the mixing time scales in 3-D turbulent
flows were used in calculating Eq. 2.2.29 and their validity has already be discussed
in the subsection above.

2.8.3 Time-Dependent Behavior of the Variances

Fig.2.8.3 shows the time-dependent growth of variances measured and calculated by
the proposed models

[X?)xt for t>(3—-6T1 o z>(3—6TU (2.2.39)

The definite agreement between two results are demonstrated as well as those shown
in the comparison of Lagrangian-auto correlation function.

The equations proposed in Section 2.2 is directly applied to the results obtained
in the Eulerian measurement in the laboratory which will be described in detail in
Chapter 4. The variance in the time coordinate is transformed into that in the z,
coordinate by

z=Ut

Fig. 2.8.4 shows the time-dependent growth of variances. In this figure, observed
values in the laboratory experiments denoted by solid circles for Run 221 and open
circles for Run 222RC and predicted values by Eq. 2.1.1 and 2.2.39 respectively
denoted by solid and broken lines are presented. The good agreements observed
in this figure demonstrates the usefulness of the proposed auto-correlation function

models in Section 2.2.

2.8.4 Dispersion Coefficient

The dispersion coefficient measured in numerical experiments are compared with

those predicted by proposed Eq. 2.2.35 in Fig. 2.8.5. The definite agreement between
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Figure 2.8.2: Lagrangian auto-correlation function and its three ma-
jor components. Circles denote the measured auto-correlation func-
tions and lines indicates the calculated results by use of Eq. 2.2.30
proposed. (a) Run-3C, (b) Run-5921, and (d) Run-S221RC.

64



o3/d?

£5S VARIANCE

HSTONL

M2

-
v

= S =

~

o g

£

DIMENSIONLESS TIME t/({d/u,)

Figure 2.8.3: Time dependent growth of variances measured and predicled.

DIMENS LONLESS TIME t/(d/u,)

DIMERSTONLESS TIHE

1 3
RUN-3¢ ‘a7l ¢ | n
- 4 [~ RUN-5921 W | | : ~5
RUM-S221RC
2 0
a
0O, 6 —
0
8= 4
6
) (S e T __._I_______ — 2 —
2 w0
i =y
Q:[x)ye o |
o : - o Qi 6 — O :(xt)ye .
. el IERL LT - — [ — = .
- .‘:E:h}:}:.-p:-:::.;:”;t"”"i_ g L —— 2 M texpl-uT v tyzet T L e L L G Y Ry e P
L - ,2(VY1]1:lE’F|-l}|‘} tjrv‘:)fdr_ ol SV T Lexp(- LT Dot/ 21 fet I LTSy VLAY VT
i lexpl-UT ) rt/Ty 104 | 42V} IT] Cexpl-1/T) JorsT, V)60 T P I Ceapl /Ty bR T - !
; I | | I N S 1 1 2 I S I ! 1
10 2 4 6 810} 2 4 6 810 2 1 6 B0} 2 4 6 810 2 4 6 8107 2 4 6

t/(d/u,)

The open circles

denole the measured variance and the solid line indicales the predicted ones by use of Bq. 2.2.39
for (a) Run=3C, (b) Run=5921, and (d) Run-S221RC.




. |
~
*-._.
™
o 104
=<
1y 6
Q
ot
= 4
=4
-
=3
@ 2
[#n]
[l |
=
2 3
10
=
£
=
- B
(]
T . RUN 221 RUN 222RC|_
OBSERVED o] ®
PREDICTE) ——— ———
> Lo | | |
6 10 5 4 6 10° 2
DIMENSIONLESS TIME +t/(d/u,)

Figure 2.8.4: Time dependent growth of variances measured in lab-
oratory experiments. The circles denote the measured variance and
the lines indicates the calculated results by use of the proposed mod-
els of Eq. 2.2.39.

66



300 r
250
gf
2 200 ¢
-
[=]
150
100 AN-IG AUN-3A
AUN-IC ‘
Ruy-32 AUN-30
ALN-3F
50 [RuN-s222 AUN-522] AuN-D3
RUN-5521
‘RUN-52223C
RUN-5221RC
0 : ; ' . . |
o] 30 1C0 150 200 250 300 350

Lvy*1Tg /40,

Figure 2.8.5: Dispersion coeflicient measured in numerical experi-
ments and predicted ones by proposed madels.

two results verifies the validity of Eq. 2.2.35 for predicting the dispersion coefficient in
3-D turbulent shear flows. The dispersion coefficients predicted by Eq. 2.2.35 are also
compared with those obtained in the laboratory experiments and field measurement in
Fig. 2.8.6. The details of the laboratory measurement will be described in Chapter
4. The field measurement data are taken from Godfrey and Frederick (1970), and
Fischer (1969). They will also be referred in Chapter 5. The fitness of data in the
laboratory experiments to Eq. 2.2.35 shown in this figure is very good. Regarding the
disagreements shown in the field observation data, they will result from few velocity

measurements in a section and/or the irregularity of channel geometry.

Thus, the formula based on the Lagrangian one-particle analysis:
Dy, = (2| Tst, = [vT: + [¥.°]T, + [@*]Th (2.2.35)

is verified to be valid and useful for predicting the longitudinal dispersion coefficient
in 3-D turbulent shear flows.

67



103 l .
o —
6 -] = +—
a
S 5 -
= o 1
A [ ]
§ 102 _.. il I
< |
B .
-:::;
2 8) o '[
o) O LABORATOPY FLUMES
18 = ® NATURAL STREAMS |7
J [N 1 L |
10 2 L 6 10% 2 4 6 10°

D/du, (OBSERVED)

Figure 2.8.6: Dispersion coefficient measured in laboratory flumes
and natural streams, and predicted ones by propose models.

63



2.9 Conclusions

The longitudinal dispersion in 3-D confined turbulent shear flows was investigated in
terms of one-particle analysis in the uniform turbulent field. The study was focused
on the Lagrangian auto-correlation function in a turbulent shear flow.

In Section 2.1, the turbulent diffusion theory in uniform turbulent flow by Tay-
lor was summarized, and the previous applications to the longitudinal dispersion in
confined turbulent shear flows were reviewed. In Section 2.2, continuous movements
of a particle released in shear flows were described in terms of Lagrangian modeling.
The Lagrangian particle velocity vector in shear flows is quite different from the Eu-
lerian turbulent velocity vector, and its longitudinal component was decomposed into

three components as:
¥i(a,t) = vi(a,1) +v)(a,0) + vi(a,1) (2.2.13)

where the first term is related with the Eulerian turbulent velocity, the second term
with the vertical non-uniformity of the Eulerian local mean velocity, and the third
term with its lateral one respectively. The Lagrangian auto-correlation function was

proposed to be stated by
Bi(7) = [v)exp(—7/T¢) + [v.?] exp(—7/T,) + [v}*] exp(—7/T}) (2.2.30)

and the integral time scale and the dispersion coefficient are respectively stated as

Tyy = [_1_] {[o2] T+ [2] 7w + o] T} (2.2.34)
1
Dy = W sy = WPAT: + BT, + 100 (2.2.35)

Numerical simulation models for a particle dispersion in confined 3D turbulent
shear flows were developed by use of ”Complex random number models”, and the data
processing methods for the auto-correlation function were also discussed in Section
2.3.

Preliminary numerical experiments for the turbulent diffusion and for the longi-
tudinal dispersion in 2-D turbulent shear flows were conducted before 3-D numerical
experiments. The objectives and conditions for the preliminary experiments were
described in Section 2.4, In Section 2.5, the magnitude of the time step in the
numerical models was determined by the results of the turbulent diffusion test in
uniform flows. The results of the longitudinal dispersion test in 2-D turbulent shear
flows were successfully examined by being compared with results by Elder’s theo-

retical work, and by 2-D} numerical experiment based on 2-D turbulent diffusion
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equation. Statistical properties of the 2-D Lagrangian turbulence and the longitudi-
nal dispersion of particles were also investigated. They verified the theoretical results
in Section 2.2 useful, but the Lagrangian auto-correlation function and the growth

of the variances were respectively modified as:
Ry(r) = e tTst (2.5.7)

and 3
7

i
20°T3,  Tse

Tst,

Sections 2.6 to 2.8 were concerned with the three—dimensional experiments.
The objectives of 3-D experiments were stated in Section 2.6. The experiments
mainly aimed to investigate the Lagrangian auto-correlation function in 3-D turbulent
shear flows, and their conditions, procedures and the method of data processing were
also described in Section 2.6. The results of experiments, that is, the particle
dispersion, the intensity of the Lagrangian turbulence and its three components,
the Lagrangian auto-correlation function, the integral time scale, the longitudinal
dispersion coefficient and the time-dependent growth of the variances were presented
in Section 2.7. The Lagrangian auto-correlation function in 3-D turbulent shear
flows was disclosed to decrease very slowly in the course of the travel time, and possess
two or three time scales. The three components B (7) (i = t,v,l) are dominant
and the other six Bri;(7) (7 # j) are negligibly small, and it was verified that the
assumption introduced by Eq. 2.2.28 was acceptable. The major three components
have the comparable magnitude for the short lag-time, however they decrease as the
lag-time increases. The characteristic time scales of the three dominant components
are different from each other, and that of By is much longer than other two, therefore
By decreases rapidly for a short lag-time, and only By is prevailing over By for a
long lag-time. The Lagrangian integral time scale depends on a composition of the
Lagrangian turbulent velocity which refers to the Eulerian local mean velocity and
the turbulence, the channel geometry, and the turbulent diffusion coefficients in both
vertical and lateral directions. It was also disclosed that Fischer's formula of Eq.
2.1.8 is equivalent to the characteristic time scale for vertical/lateral mixing, but
quite different from the integral time scale in 3-D turbulent flow.

The proposed models of Eq. 2.2.30 for the Lagrangian auto-correlation function
models have successfully been examined by the results of the numerical experiments,
and the models for the integral time scale, the mixing time scale, the variance and

the dispersion coefficient have respectively been verified in Section 2.8.
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The mechanism of the longitudinal dispersion are summarized in terms of one-

particle analysis as,

1

The non-uniformity of the velocity distributions in the lateral direction is the
most important on the longitudinal dispersion in turbulent shear flows in rect-

angular cross-section laboratory flumes.

The dispersion processes in open-channel flows can be decomposed into three
components, that is, the Eulerian turbulent transport, the dispersion caused by
the vertical non-uniformity of the velocity distributions, and the dispersion by
the lateral non-uniformity of the velocity distributions.

The intensity of the non-uniformity of the velocity distributions in the lateral
direction is smaller than that in the vertical direction, but the mixing time scale

in the lateral direction is much larger than that in the vertical direction.

Therefore, the dispersion coeflicient described as a product of the three com-
ponents of the intensity of the non-uniformity of velocity distributions and the

three components of the integral time scale is quite larger in open-channel flows.
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Chapter 3

LONGITUDINAL DISPERSION
COEFFICIENT BASED ON 3-D
TURBULENT DIFFUSION
EQUATION

3.1 Introduction and Objectives

The Lagrangian analysis of a particle in Chapter 2 demonstrated that the non-
uniformity of the velocity distributions in the lateral direction is the maost important
on the longitudinal dispersion in turbulent shear flows in rectangular cross-section
laboratory flumes.

In this chapter, the mechanism of the longitudinal dispersion phenomena in shear
flows and the longitudinal dispersion coefficient will be investigated theoretically in
view of the Eulerian turbulent diffusion equation by using the results obtained in
Chapters 2 and 4. The flows mainly concerned are 3-D turbulent shear flows, and
especially open-channel flows in wide rectangular cross-section laboratory flumes as
well as natural streams, which may have the similar mechanism of the longitudinal
dispersion to laboratory flumes. by using the results obtained in Chapters 2 and
4. At first, the previous theoretical studies on the dispersion coefficient based on the
turbulent diffusion equation will be summarized. Next, the mechanism of the disper-
sion will be discussed, and the formula predicting the dispersion coefficient in 3-D
turbulent shear flows will be derived. Theoretical results obtained will be examined

in Chapter 5 by comparing the experimental results described in Chapter 4.



3.2 Review of Taylor, Elder, and Fischer’s Mod-
els

As far as the author knows, the first study on the longitudinal dispersion was made
by Taylor (1953) for the laminar flows in a tube. Taylor (1954) also studied the lon-
gitudinal dispersion coefficient for turbulent shear flows in a pipe by using the same
approach of the modeling as presented in his previous paper (Taylor, 1953). After
Taylor’s two papers, many research works on the longitudinal dispersion phenomena
in various flows have been conducted by theoretical, experimental and empirical meth-
ods. Elder (1956) applied the Taylor’s modeling to the open-channel flows which had
the logarithmic velocity distribution. Fischer (1966) studied the longitudinal dis-
persion in natural streams. He pointed out the importance of the lateral velocity
distributions on the longitudinal dispersion in natural streams, and presented the
formula predicting the longitudinal dispersion coefficient by use of Taylor’s modeling.
He also studied the longitudinal dispersion coefficient in 2-D turbulent shear flows
by tracer experiments in wide rectangular cross-section flumes, and concluded that
Elder’s results was varied. However, many researchers reported that magnitude of
the dispersion coefficient in rectangular cross-section laboratory flumes is much larger
than Elder’s results (Michiue, Muramoto and Itami, 1978). Iwasa, Aya and Yakushiji
(1983) showed that the longitudinal dispersion coefficient in rectangular cross-section
flumes and natural streams depends on the width to depth ratio as will be shown
in details in Chapter 4. Recently, Fukushima, Hayakawa and Sanjo (1984) theo-
retically studied the dispersion coefficient in turbulent shear flows in a lower-half of
elliptic cross-section flumes and concluded that the dispersion coefficient asymptotes
the Elder’s results with increase of the width to depth ratio. The non-uniformity of
the velocity distributions in the lateral direction is commonly much smaller than that
in the vertical direction in ordinary wide open-channel flows, therefore, the direct ap-
plication of the Fischer’s results in natural streams to the flows in laboratory flumes
should carefully be considered.

The mathematical theory of the dispersion coefficients initiated by Taylor will be
presented in more general form in Section 3.3, and only the assumptions introduced

in his theory and commonly used in other papers are summarized in followings:

1. The concerned flows are confined turbulent/laminar shear flows, which have
the non-uniform cross-sectional distributions of the velocity in the longitudinal

direction.

2. The flow is steady and uniform in the longitudinal direction.
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3. The mass transport by the secondary current is negligibly small.

4. The mass transport by the turbulent diffusion in the longitudinal direction is
additive to that by the convective transport by the averaged velocity in the
longitudinal direction.

5. The time averaged concentration &(z,,1) is able to be stated as the sum of two
components, C¢(zq,1) and ¢(z;,1):

&(2i,t) = Ce(z4,8) + (24, 1) (3.2.1)

—=Const. In €f=z,-Ut, 7=t (3.2.2)
where U is the cross-sectional mean velocity.

1

¢" is not the function of £ and

=~

acfl’
=
8. The convective mass transport through the cross-section A in the moving co-
ordinate £ is defined by:

(3.2.3)

M= /A u'edA (3.2.4)
and this mass transfer can be stated by gradient type flux as:
. ac
M=-AD,—* 4.
r (3:25)

where u] is the deviation from the cross-sectional mean velocity U and defined

by Eq. 3.3.9, D, the proportional constant for the gradient type mass flux.

The 1-D convective dispersion equation can be derived for the confined 3-D turbulent
flows by the one-dimensional method of hydraulics (Iwasa, 1976), therefore, assump-
tions 2 and 3 are not essential in the dispersion phenomena, however, nobody has
succeeded to get the dispersion coefficient theoretically without these assumptions.
The meaning of the assumptions 5, 6 and 7 was not so clear in Taylor (1954), and

Fischer (1968) formulated these assumptions more clearly as:

Ce = Cay,t) = %/ﬂeﬂm (3.2.

"=c"(z;,t)=c-C (8.2

(R
(o]
—

[Sv]
-3
~—

Assumption 6, that is, Eq. 3.2.2 is rewritten in the following form:
ac, _acC

= — = Const. 3.2.8
5 9z, ons ( )
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by using € = z; — Ut. Fischer (1966) stated that ¢” has the steady state solution in
stead of introduction of the assumption 7, that is, Eq. 3.2.3. The definition of the

dispersion coefficient, Egs. 3.2.4 and 3.2.5 is also rewritten in the following form:

. ac
= "o = __ 3.2.9
M Lulc dA = —ADi7~ (3.2.9)

by using £ = z; — Ut and [, u{dA = 0.

Note that there is one big difference between Taylor-Elder’s models and Fischer’s
models. It is assumed that the concentration distributions in a cross-section is only
the function of z5, which is the only one coordinate describing the velocity distri-
butions in Taylor-Elder’s analysis. The constitutions of such coordinate system can
always be possible in any channel, if the z; coordinate would be selected in accor-
dance with the velocity distributions (Chiu, Lin, and Mizumura, 1978). Hayakawa,
Fukushima, and Sanjo (1984) applied this method to the flows in the lower-half of
elliptic cross-section flumes, and they assumed the velocity distributions is logarith-
mic in the elliptic coordinate system. On the contrary, Fischer (1966) assumed that
the velocity distributions are three-dimensional, that is, @; = @;(z5, z3) but the con-
centration distributions are two-dimensional, that is, ¢” = ¢”(z3,t), and only the

function of the lateral coordinate z3 in natural streams.

3.3 Longitudinal Dispersion in Turbulent Shear
Flows

3.3.1 Basic Equations

The ordinary hydraulic phenomena are governed by the three principles of fluid me-
chanics; the conservation law for mass, the conservation law for momentum, and the
conservation low of energy. Assuming the fluid is incompressible, and the density of

fluid is constant, the governing law for the fluid and the low concentration solute are:

1. Conservation law for the volume of fluid,

| SN

. Conservation law for the mass of solute or the concentration of solute,
3. Conservation law for the momentum, and

4. Conservation law for the mechanical energy.
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A

Figure 3.3.1: Definition of the orthogonal coardinate system.

These conservation laws are mathematically stated by using the control volume mod-
eling in the specified coordinate system. Hereafter this modeling is called Eulerian
Analysis. According to Rouse (1958), the conservation laws for the volume of water
and the concentration in 3-D turbulent shear flows are written in the orthogonal
curvilinear coordinate system as;

Continuity equation,

1 {agzgsﬁl ® 993913 + 3919?‘_"3} =0 (3.3.1)

919293 23} Oz, dz3

Turbulent diffusion equation,

dé 1 Jga03E0 d el 0g,g2C1
08 09205¢81 | 89391802 QJQ-CU:;}
Bt G10243 8:1 31‘2 6133

1 0 (gags O ) 9 (9391 oc ) 9 (9192 ge )}
= — | ==y | F — —f o — —_— 3.3.2
919203 {3171 ( qQ 6}311 dz; \ o 523932 dz3 \ g3 53313 ( )

where ; is the Eulerian averaged velocity in the z; coordinate, ¢ concentration of

solute, g; the metric defined by

S EEC R

z; the space coordinate (i = 1, 2, 3), and ¢ the time coordinate, and ~ (over bar)

denotes the ensemble or temporal average. The definilion of the coordinate system is
shown in Fig. 3.3.1. The molecular transport of mass is negligibly smaller than the

turbulent transport in ordinary turbulent flows, and it is neglected in Eq. 3.3.2. The

T



turbulent mass transport is usually stated by gradient type flux, and it is written as:

—— de 1 dc — 1 o
—cu! = —e— —dul = — —clul = —e¢
cuy 916185’3] 1 Uq 9262 833' 3 & 3&1:3

(3.3.3)

where ¢; is the turbulent diffusion coefficient. Eq.3.3.3 has already been introduced
in BEq. 3.3.2.

3.3.2 1-D Convective Dispersion Equation and the Defini-
tion of Longitudinal Dispersion Coefficient

In usual analyses for low concentration solution, ; is solved by the momentum equa-
tion and the continuity equation under certain boundary condition, and by using the
velocity distributions obtained, the turbulent diffusion equation is solved indepen-
dently. Since solving these equations in 3-D space is not so easy and requires a lot
of time and computer resources at moment, simpler models which preserve the fea-
tures of flow and concentration field are commonly used. In case of river flows which
are almost uni-directional, and the length scale in the longitudinal /flow direction is
much larger than those in the lateral and the depth-wise directions, one-dimensional
models are commonly used. The one-dimensional models for Eq. 3.3.2 obtained by
Iwasa (1976) are written as:

d 9295 0¢

a 7] _
/Aglacggggdxgdmg+8—I]Lcu1ggg3dzgd$3 = 3_11 . c,é—z-l—

(3.3.4)

in which it is assumed that the mass of solute is not transported through the channel-

bottom, the channel-side, and the free surface, and the assumption

_0h J _0A 0
Cymy — By =
T ™

is introduced, where ¢, is the concentration at the surface, ¢ the water surface eleva-
tion, and B the surface width. The cross-sectional mean concentration €, and the

cross-sectional mean velocity U are respectively defined as:

1
C= ZAEQQQJdI?dIQ (335)

1
U= ILﬂ]ggggd$3dI3 (336)

where A is the cross-sectional area and defined as:
A= /Ag-_;g;,da:-_.dl'g (3.3.7)
The deviations from the cross-sectional mean values are also introduced as:
"z, t) = &2, 1) — Oz, 1) (3.3.8)
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Uy (2:,) = 8y (24, t) — U(zy, 1) (3.3.9)

Hereafter, assume

71 = g1lz1)
Introduce Dg, by the following relationship:
2 o ADg, 8C
/ g gael—dxgda:a = L i (3.3.10)
A 0 T3 g1 Oz

Eq. 3.3.10 assumes the Bulerian turbulent mass transport through the cross-section
A is also stated as the gradient type mass transport and its proportional constant is
Dg.. By using Eqs. 3.3.5 to 3.3.10, Eq. 3.3.4 is written in the form of:

d 1 a . 1 8 1 ocC
—AC+ —M = ——— (—AD ) 33141
Bt gl 82:1 91 C'}Il g; EEBI] ( )
where
AJ E/ 5'&19‘393(1226313 = AUC-I‘/ u']’c”gg-ggdmgdﬂzg (3312)
A A

Assuming the second term of the right-hand side of BEq. 3.3.12 is also stated as the
gradient type mass flux and its proportional constant is Dg,,

0= LUYC,’gggngng‘; = —gilADgu;% (3.3.13)
It will be shown in the next section that the definition of Dk, Eq. 3.3.13 is equivalent
to the definition of the longitudinal dispersion coefficient D, by Taylor (1954).

Note that the energy coeflicient (Coriolise) & and the momentum coefficient
(Boussinesq) [ are introduced in the one-dimensional equations of energy and momen-
tum respectively, and that they are connected with the cross-sectional mean velocity
U, however in case of the concentration equation, the correction term is connected
with the gradient of the cross-sectional mean concentration 9C/dz;.

Substituting Eqs.3.3.12 and 3.3.13 into Eq. 3.3.11, Eq. 3.3.11 is written:

2acstLavonll (L4, 20)
ot g1 0z, g1 0z \ g1 dz,

where Dg is the longitudinal dispersion coefficient in view of the Eulerian analysis

(3.3.14)

and defined as:

Dg = Dgi+ Dgy (3315)
By using one-dimensional continuity equation:
gA 1 @
4~ AU=0 3.3.16
8i a1 311 ( )

Eq. 3.3.14 is rewritten in the form of:
a 1 _oC 11 d 1 ac
—C+ U —=————|—4ADg—
at +g] 3.1‘] Ag|3171 (g] 682.1)

Eq. 3.3.14 or iq. 3.3.17 is called the ”Convective Dispersion Equation”

(3.3.17)
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3.4 Theory of Longitudinal Dispersion Coefficient

3.4.1 Equation for ¢"=¢-C

The longitudinal dispersion coefficient is defined by Eq. 3.3.15. Assuming u] is given
as the solution of the momentum and the continuity equations, the longitudinal
dispersion coefficient Dpg is theoretically calculated by use of Egs. 3.3.10, 3.3.13 and
3.3.15, if the distributions of ¢” in a cross-section can be obtained. The governing
equation for ¢” is obtained by subtracting Eq. 3.3.17 from the equation which results
from substituting Eqs. 3.3.8 and 3.3.9 into Eq. 3.3.2, and the result is:

L
at
1 8 110 (1
PR rIU MY s T _/ i it dod _
019293 07, (9295¢"(U + uy)) a1 A Bz, (91 Aulc g2g3dTs 3;3)

1 3 (g2 ( - ac”) }
- "ty — ¢ E
019293 023 | g3 il Y8z,

- _l_i{gzﬁ(cwﬂ’;)- E)}—

- £
019293021 { ¢ 1oz,
1 9(939:C2) 1 9(g19.Cii3)
- (3.4.1)
919293 Oz 619293 Oz3

Eq. 3.4.1 could be solved under certain boundary conditions if the distributions of
C,U,uj, @a, U3, €1,€3, and 3 would be known, however it is very difficult. Therefore,
the simplification of Eq. 3.4.1 will be made by introducing following assumptions;
for the transport of ¢ in the longitudinal direction, assume:

1
O(C”U) > O (C”Uh = :/ U;IC”gQgsdmng‘g) (342)
4 A
and 3
1 4
O fo — SRl
(cU)>» o0 (9151331) (3.4.3)
for the transport of C in the longitudinal direction, assume:
1 ac
O(Cuy O|—e—
(Cuy) > (gl EIBI]) (3.4.4)
and P 9
¥ C’
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Then, Eq. 3.4.1 can be written as:

o
ot
1 8 ,
9 onondTr
gumags Bay P8s< )

1 i{g.‘igl (g C”ﬂ . ac”)}“{“
919293 9 g2 \° T 0z,

1 d ; ac”
T { 9192 (gaclﬂa - 53—6—') } +
g19293 0z3 | g3 0z4

1 0

= Cu
" 919293 0y (9295 ) -
1 8(9:9:C%) 1 8(9:19:C1) (3.4.6)
919293 dz, §19293 dz,

Recent turbulence measurements in uniform flows in rectangular cross-section labo-
ratory flumes by LDV discloses the existence of the complex longitudinal vortex and
the secondary current (Tominaga, Nezu, Ezaki, 1989), however assuming that the
convective transport of ¢ and C by the secondary current is negligibly smaller than

that of turbulent transport:

I
o (l = ) > 0(c"tis) (3.4.7)
2 3.7..":
a '
0 (iﬁa - ) > O(c"a3) (3.4.8)
g3 Oz
and the convective transport of C' by u{ prevails over those by %, and @;:

0 (2 (425Gt} | > O [ 7 (0301C) (3.4.9)
a. Un 4.
9z, 9T B PBSR

o[ cut)) > 0 [ (919:Ca) (3.4.10)
3—1_1(9293 Uy Bas §192CU3 4.

(The assumptions of Eqs. 3.4.9 and 3.4.10 are not necessary in case of the uniform
flows in straight channel, in which @,, and @3 is assumed to be zero.)
These assumptions leads Eq. 3.4.6 to the following equation:
ac’ % 1
Bt " g19295 01
1 0 (939’1 36") 1 @ (glgo Bc”)
— €y S35 —
019293022 \ g2 "9z 919293 333 Oz
1 2

= (9293Cuy) (3.4.11)
5’19"93 311

(90938 0=
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Assuming that ¢” is convected by the cross-sectional mean velocity U without any
deformation of its distribution in a cross-section (" Frozen tracer cloud” hypothesis},
Eq. 3.4.11 is rewritten in the from of:

1 d (g3 ac”) 0 (9192 30”) } 1 a it g
i gm— | T e3— |t = —(g293Cuy) (3.4.12)
919293 {31‘2 ( g2 255-“2 dzs \ g3 8z, 919293 02, ( 1

According to Fischer (1966), ¢” in Eq. 3.4.11 has the steady state solution in §{ = z —
Ut, and t = T coordinate system after enough long travel time/length, and it satisfies
Eq. 3.4.12. Eq. 3.4.12 is the Poisson’s partial differential equation of the second

order, in which ¢” is the unknown variable, and 8Cu{/8z; the non-homogeneous

term. The boundary condition for ¢” is:
acﬂ
- = 3.4.13
on . ( )
3.4.2 Solution of ¢" Equation and Calculating Dispersion
Coefficient in 2-D Uniform Flows

Dg, will be obtained by substituting ¢ into Eq. 3.3.13 after solving Eq.3.4.12 under
the boundary condition, Eq. 3.4.13. The independent variables of Eq. 3.4.12 are z,
and z3, and Eq. 3.4.12 can numerically be solved by using electronics computers, but
it is difficult to get the analytical solution. In case the velocity and concentration
distributions are two dimensional, and the second coordinate is selected at z., Eq.
3.4.12 is reduced to the ordinary differential equation, and becomes much easier to
be solved.

Assuming that ¢ and &; are only the function of the =, coordinate, and referring

Fig. 3.4.1, Eq. 3.4.12 can be integrated with respect to 23 as:

d dc" aC dAi(zs)
d.’ag (Engmz) = ETEUI(IQ) {3414)
where
z3b
s(zs) E_/ﬁ gadzs (3.4.15)
=2 z3b
Al(.’ﬂg) E-/'; dl‘g/ ggg3dﬂ:3 {3416)
Ila
Integrating Eq. 3.4.14 with respect to zs, the following equations can be obtained:
dC" 80 1 1 Wi ot dl-"('I-l ! o
dl‘-_: = E;/{; ul(xe)d_ﬂ:gdlg (341!)
under the boundary condition:
dc”
En =
[ 45d;’:2 . (3.4.18)
=




' — indicates Velocity Vector
| (Vv wtw')
----- indicates Iso Velocity Line

Figure 3.4.1: Definition of the coordinate system z, — z3. Solid lines
denote z, lines equivalent to the iso-velocity contour lines, and bro-
ken lines z3 lines.

Eq. 3.4.17 can again be integrated with respect to 24, and the result is:

aC (= dzl (= dA
" iy 2 ne it 1 5 0 "
(z3) = —311./c; - /0 i (a) 3 e + (0) (3.4.19)
Substituting Eq. 3.4.19 into Eq. 3.3.13, the final result is:
1 T2b dl'g T2 dAl 2
D wl = f 4 f} ; 4.2
Eul = 7 s os s u,(r_)a,Ig dl_] (3.4.20)

Applying Eq. 3.4.20 to the Poiseuilli flow in a tube of which the diameter is a, and
assuming the molecular diffusivity D,, = e, the dispersion coefficient is calculated

at

' 2772

Dy = % (3.4.21)
under the assumption of the parabolic distribution of the velocity u{(z,). Eq. 3.4.21
is the same as the result in Taylor (1953). Assuming the logarithmic distribution of
the velocity and the Reynolds analogy for turbulent diffusion coefficient &4, the ap-
plication of Eq. 3.4.20 to the turbulent shear flows in a pipe calculates the dispersion

coefficient at:
0.327

K3

Dgl,[ = au. (34?.2)

where a is the diameter of a pipe, u. the shear velocity and x von Karman’s constant.
Assuming & = 0.32 after the tables used in the calculation in Taylor (1954), Eq. 3.4.22
gives:

Dg, = 9.98au.
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and it is very close with D; = 10.1au. obtained by Taylor (1954).
In case of the 2-D plain turbulent flows in which the velocity distribution is log-
arithmic, the phenomena is uniform in the lateral direction z3, therefore variations

of ¢ and @, in the z; coordinate can be negligible, and Eq. 3.4.12 is written in the

form of: J o aC
( L) = u!(z) (3.4.23)

dzy \ dzs 8,
and under the assumption of Reynolds analogy for the turbulent diffusivity e the

dispersion coefficient is calculated at:

0.404

——du. (3.4.24)

Dgy =

where d is the flow depth. Eq. 3.4.24 is the same as the theoretical result obtained
by Elder (1956).

Hayakawa, Fukushima and Sanjo (1984) applied the same modeling to the turbu-
lent flows in the lower-half of the elliptic cross-section channel, assuming the velocity
is the logarithmic in the z; coordinate, and the concentration distributions are also
the function of the z5 coordinate. Their theoretical results describe the behavior of
Dg, with respect to the width to depth ratio B/d as:

0.404
B = { Tdu., for B/d —0 or oo (3.4.25)

10.1du., for B/d = 1.0

Fischer (1966) assumed that the concentration distribution is dependent on only the
lateral coordinate z in the Cartesian coordinate system for the river flows, because
the length scale in the z direction is much larger than that in the depth-wise direction
y in the ordinary river flows, therefore, Eq. 3.4.12 is written as:

a oc’(z)\ _ ac
Oz (ez Oz )-— v 255

(3.4.26)

Integrating Eq. 3.4.26 with respect to the depth, and integrating the result with
respect to the width two-times, ¢ distribution is obtained as:

2 dz' e ac
"o b g1 i A=
g _L - /0 ¢'(2")d' 5>+ ¢(0) (3.4.27)

where
! i "
d@)=[ d.dy, (@d=n+2)
-
and Dpg, is finally obtained as:

Dgy = %/h i [/0 q‘(z’)dz’] (3.4.28)

by &,d
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RUN 121 B/d=13.7 u;IN CM/S

[ =2
2 r L _J
32.5
X 30.
TRy

DEPTH Y(CM)

22,5

-8 -6 -4 -2 0 2 4 6 8
WIDTH Z(cM)

Figure 3.4.2: Iso-velocity contour map measured in Run 121 in a
rectangular cross-section flume.

He also demonstrated the validity of Eq. 3.4.28 by comparison of the theoretical
results with the dispersion coefficient measured in the tracer study in the trapezoidal
cross-section flumes with the stone roughness at the side boundaries as well as in
natural streams.

As described above, the dispersion coefficients D, in the five different kinds of
flow were obtained from the same basic equation, Eq. 3.4.12. The difference be-
tween the former four results by Taylor (1953 and 1954), Elder (1956) and Hayakawa,
Fukushima and Sanjo (1984), and Fischer (1966) should be notable. It is assumed
that the concentration distributions in a cross-section is only the function of z,, which
is the only one coordinate describing the velocity distributions in Taylor-Elder’s anal-
ysis. The construction of such coordinate system is always possible in any channel,
il the z5 coordinate would be selected in accordance with the velocity distributions
(Chiu, Lin, and Mizumura, 1978). This assumption for concentration distributions
may be acceptable in case of the flows in a pipes or 2-D apen-channel flows, be-
cause the characteristics length of the flows is only the diameter a or the depth d
respectively, and the flow and concentration fields is two-dimensional, however this
assumption may not be acceptable for the flows in arbitrary cross-section channels
by following reasons. .

Referring Fig. 3.4.2 which describes an example of the iso-velocity contours of the
turbulent flows in the rectangular cross-section flumes, consider the dispersion of the

tracer cloud injected as a plain source at the section z; = 0 at { = 0. The injected
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tracer is transported by the convective velocity u;(zs,3) in the z; direction and
also disperses in the zj, 25, and 23 directions by the turbulent transport. Therefore,
the concentration distributions are similar to the velocity distributions for the short
travel time. The two different sets of the combination for the principal directions are
possible for the diffusive transport of the tracer in the cross-section for longer travel
time. The first set is the combination of 2, which describes the velocity distributions
and 3 orthogonal to z,, and the second combination is the depth-wise direction y
and the lateral direction z orthogonal to the depth-wise direction. In cases of the axi-
symmetric two-dimensional flows considered by Taylor (1953, and 1954), and of the
2-D open-channel flows considered by Elder (1956), the first combination is natural
and varied, because the flow field is uniform in the z; direction and has only one
characteristic length a or d and also the concentration field does.

In case of the flows in rectangular cross-section flumes, the constitutions of the
coordinate system z5 and z5 is possible, but the concentration distributions would he
quite different, because it has two different length scales, that is, the depth d for the
length scale in the depth-wise direction, and the width B or B/2 for the length scale
in the lateral direction. Therefore, the characteristic time scale for the depth-wise
directional mixing T, is:

Tg, = d°/e, (3.4.29)

where ¢, is the turbulent diffusion coefficient in the vertical direction. The charac-
teristic time scale for the lateral directional mixing Tk, is:

Tg- = (B/2)*/e. (3.4.30)

where ¢, is the turbulent diffusion coefficient in the lateral direction. Therefore the

ratio T, of Tg; to Tg, is written as:

Tk 1/B\? ¢
o= = (—) £ 3.4.
Ts, ~3\d (a:) (3.4.31)
In ordinary open-channel flows,
e.
223 to 4 (3.4.32)
&y
and
B [ > 10, for 2-D labcira.t.oryqﬂumes (3.4.33)
d > 100, for natural streams

and the magnitude of T, is very huge in ordinary open-channel flows. Therefore, the
mixing in the lateral direction is much slower than those in the vertical direction, and

the iso-concentration contour lines are almosl parallel to the depth-wise coordinate for
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long travel time and independent on the velocity contour lines. Fig. 4.4.1in Chapter
4 describes the concentration distributions measured in the time coordinate, and
demonstrates the non-uniformity of the concentration in the depth-wise direction is
much smaller than those in the lateral direction for the long travel time. Fig. 3.4.3
shows the concentration distributions calculated by Eq. 3.4.12 by use of the velocity
distributions measured in a rectangular laboratory flumes and the numerical method
of FEM (Hosoda, 1980). This figure also demonstrates that the non-uniformity of the
concentration in the depth-wise direction is much smaller than those in the lateral
direction, and that concentration distributions in the depth-wise direction is almost
similar each other, and the depth-averaged concentration distributions are slightly
varied in the longitudinal direction. Thus, the concentration distributions in wide
open-channel flows can be deseribed to be rather uniform in the depth-wise direction,
and the iso-concentration contour limes are not parallel te the iso-velocity contour
lines.

3.5 Dispersion Coefficient in Open-Channel Flows

This section will study the longitudinal dispersion coefficient in steady turbulent

open-channel flows. The coordinate system used in this chapter is the Cartesian as:
Zy=z, T3=y, and z3=z (3.9.1)

and
g1=g2=g3=1 (3.5.2)
where z,y, and z is the Cartesian coordinate in the flow direction, the depth-wise

direction, and the lateral direction respectively and the definition sketch of the coor-

dinate system and symbols is shown in Fig. 3.5.1.

3.5.1 Decomposition of Variables

The locally average velocity @, in the flow direction and concentration ¢ can mathe-

matically be decomposed into the following forms:

=1

,(.’.E,‘)-_-'&:'”(131,273)-]-u,'ga(l‘l,l‘g,r;) (L= 1,3) (353)

C(Ii) == Exgizl?zﬂ-)+cf_:3(m1)1:3sr3vt) {354]
where @* denotes the depth-averaged values of @ defined by:

1
d

a™ = adIg
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Figure 3.4.3: Concentration distributions at some heights calculated
by Hosoda (1980). Open-circles denote the results of 3-D calcula-
tion, and solid circles the results of 2-D calculation. (a) B/d = 3.12,
and (b) B/d = 8.50.
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Definition ¢f Symbols and Coordinate System

Figure 3.5.1: Definition of the Cartesian coordinate system and sym-
bols.

in which d(= n+2z,) is the flow depth, n the water surface elevation from the reference
level, and —z, the elevation of the bottom. af; is the deviation from the depth
averaged value @*? and defined by:

aga = 5‘. - ELZ’

Introduction of the cross-sectional mean values defined by Eqs. 3.3.5 and 3.3.6 again

decomposes @, and € as,
Uy(z) = U + (27 — U) + wyg (3.5.5)

&(zi,t) =C+ (7 — C) +chy (3.5.6)

In Eqs. 3.5.5 and 3.5.6, the locally time-averaged value a is decomposed into the
cross-sectional averaged value A, the deviation of the depth-averaged value from the
cross-sectional averaged value @** — A, and the deviation of the locally averaged value
[rom the depth-averaged value a%,. (See Fig. 2.2.2.)

Substituting Eqs. 3.5.5 and 3.5.6 into Eq. 3.3.12, the total mass flux transported
by the locally averaged velocity @; through the cross-sectional area A can be rewritten
in the form of:

. by by n
M=AUG+ [ (@ - V) —Cldas+ [ duy [ wilpchydza  (357)

—z3

where —b; and by is the 3 coordinate at left/right boundary of the water surface
respectively, and B = (by+b;) the surface width. The mass transport M’ = M-AUC
whichi is the mass transport in the moving coordinate £ = z — Ut is decomposed into
two components in Eq. 3.5.7, that is, the second term of the right-hand side of Eq.

3.5.7 indicates the product of the deviations of the depth-averaged value from the
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cross-sectional value, and the third term does the product of the deviations of the
locally averaged value form the depth-averaged value. Since the assumption is made
that the distribution of 4, is given, M can be calculated if the distribution of ¢** and

¢y are obtained. Assuming the following expressions:

/ (@ - U)(e™ ddza_-wmgc (3.5.8)

" BC
/bl dx3[_ wrfachda; = —/ (74 2) D2 3 iy = ~ADg,5-  (359)

7 o™
_/ u153¢h3d22 = —(n + zb)Di?a;—aCx (3.5.10)
e} 1
By using Egs. 3.5.8 to 3.5.10, Eq. 3.3.15 can be rewritten as:
Dg = Dgy + Dgy + Dg (3.5.11)

The first term of the right hand-side of Eq. 3.5.11 describes the turbulent transport
by Eulerian turbulence, the secand one the dispersion caused by the vertical non-
uniformity of the velocity distribution, and the third one the dispersion caused by

the lateral non-uniformity of the velocity distribution.

The mathematical procedures to obtain Dg, and Dg; are illustrated in Fig. 3.5.2,
comparing those for Dg,; described in Section 3.4. The author recently found that
Yotsukura (1977) discussed and explain the dispersion phenomena by the similar

approach.

3.5.2 Equation for cy; and Calculation of D2;;

The 3-D turbulent diffusion equation and the 3-D equation of continuity are written

in the Cartesian coordinates system as:

9 Oca, aaa;, 951,
il 8
8121 Lo 31'3

_i(,£+isﬁ+a o .,
T 9z, \lor, 8z 25553 A, 5331‘3 (3.5.12)

du, dtu, i s
0z,  dz; Oz,
Integrating Eqs. 3.5.12 and 3.5.13 with respect to the vertical direction {rom the bot-

tom z; to the water surface 7, the following two equations are obtained respectively:

o a o 7] ¢ a ¢
dagt —— " e A8 o i
5 /c z + ulcdzg-kaza 38d T, 7. ( 5131'] dlg)-l— P ( €, a%drg)

(3.5.14)

=0 (3.5.13)
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3-D turbulent diffusion equation......... (a)

Root A Root B

[ deptl-integrating of Eq. (a) ]

2-D convective dispersion equation... (b) [ 1-D modeling in hydraulics ]

[ integrating Eq. (b) with respect to width ]

' v

1-D convective dispersion equation...... (c)

o Variables introduced in
Eq. (a)...... i;, ¢ and g;
Eq. (b)...... u3*, 43°, €@, and D2;;
Eq. (c)...w.- U, C, and Dg

s Modeling in the present study: Root A
’ (a') - (b)D
equation of c¢j; =&— &7, and uly, =i; —a?
defining D2;; = D2y; + D2,
- (b) — (),
equation of ¢ =& - C, and ugp =4’ —U
defining Dg = Dg+ Dg, + Dg

s Taylor, Elder, and Fischer’s Modeling: Root B
(3) — (9),
equalionofl ¢"=é—-C, and uf=17,-U
defining Dg = Dgi+ Dgu

Figure 3.5.2: Decomposition of the dispersion processes in 1-D equa-
tion.
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d a a
i — [ iivdzs + — [ fiadza =0 (3.5.153)
5 (n+2z) + Bz, /u;d:r‘-l- Ba /Ua T2
Substitution of Egs. 3.5.3 and 3.5.4 into Eq. 3.5.14 leads the following equation:

d oy DE , 8e™

5 —C7 4+ 13 511 — + 43? 52s

1@ i a

0z, U “1?3"“23‘5“) + a0 (/ “3°3°°3d’“°)

1@ ac 18 oz

_ 190 9ot 19, 8 3.5.16
da:z:l ( ElazldIQ) * da.l';; ( EaaIng:?) ( )

E¢. 3.5.16 is well known as 2-D convective dispersion equation commonly used in
plain 2-D hydraulic analysis. The forth and fifth terms of the right hand-side of Eq.
3.5.16 represent the dispersion transport which are caused by the non-uniformity of
the velocity distributien in the depth-wise direction and they are commeonly stated

as the gradient type mass flux as:

/ ultycladzs = dD2,;; %’; (4,7 =1,3) (3.5.17)

7

The integral of the turbulence transport terms in Eq. 3.5.16 are also assumed to be

stated as the gradient type mass transport:

a=
6 dﬂlo = dD2y;— 5z, (4.§=13) (3.5.18)
Then, Eq. 3.5.16 is written as:

ge= g ac* + g de=?
ot " 1 9z, 3 Bz,

19 dc*e 10 de=?

2 D Bl :
ok o o {d(D ,1,+D2,,1.) }+ i {d(D @i + D2,3;) B } (3.5.19)

The determination of the magnitude of the depth-averaged turbulent diffusion tensor
D2, and the 2-D dispersion tensor D2,;; are generally very difficult. Assuming the

principal axes of D2; and D2,;; are in the z; and z; directions, then,
thg_,‘ = D?,_,,‘J =ia for ] 55 J

and the previous studies on D2,; and D2,,, in the uni-directional open-channel flows
are summarized as:
K
D?.g“ = gdu_ (35.20}

by use of the logarithmic velocity distributions and the Reynolds analogy,
Dg“l = l.1du. (3521)
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according to the estimation based on the Eulerian measurement of turbulence by
Asano(1980). As for the lateral dispersion coefficient, many works have been done
in the laboratory flumes as well as natural streams by Elder (1956), Okoye(1970),
Hosoda(1990) and so on, and the magnitude of D25 + D233 in laboratory flumes

are estimated at of the order of:
D23 + D233 = 0.2du, (3.5.22)

D2; and D2,,; are expected to be closely related with the depth-wise velocity distri-
butions and the result of Eq. 3.5.22 is limited. Theoretically, D2,;; can be calculated
by use of Eq. 3.5.17, if the distributions of ¢f; can be obtained, and the governing
equation of ¢}, results from subtracting Eq. 3.5.14 from Eq. 3.5.12 and it written as:

aCH

=23
5 +
=73 acgz« " o™ 7] 3Cg3 18 "non
o o+ g+ {ub g~ g (/ d)} !
= 5 i aEIQ " 8{:” 1 a I
3 3:2; + Usag 3 + { 323 - 35_1:_3 (] ”3::3'333&’“)} *
acﬂ
— 13 23
2 31‘2
a lo s 1 8 de=
= {om (o5) - (o) | +
) ach, 10 dcyy
{3_231(51 Brl)_dax, (/El 83[71 dI'B +
a oc™ 14 acr
{oms (5 ~ a30s (o5 ) } +
a ang 10 acf)f:;
= 23 o =
{ z (53 89:3) 49z, UES dzy [T

(3.5.23)

Eq. 3.5.23 describes the conservation lows for ¢3;, but looks very difficult to be
solved. The only solution has been obtained under the condition that the velocity
and concentration fields are uniform in the lateral direction, however this conditions
are hypothetical as will be described in Chapter 4. Elder’s solution under such
conditions was already described in Section 3.4 as:

0.404

D2, = 3
K

du. (3.5.24)

D = 0.404/x*du. is clearly depends on the velocity distributions, that is, the mag-

nitude of . If the non-uniformity of the velocity distributions are stronger, the
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D2,1; becomes larger, on the contrary, it becomes smaller, if the velocity distribu-
tions becomes more uniform. In case of the uniform turbulent flows in rectangular
cross-section laboratory flumes where von Karman’s constant is at « = 0.4, D2, is
calculated at:

D.?an = 631dﬂ, (3525)
3.5.3 Equation for ¢j; and Calculation of Dg;

Mass transport caused by the lateral non-uniformity of the velocity and concentration

Q is evaluated by:

oc
Q= / ubschyddrs = —ADpi——. (3.5.26)
6231
where ug, and cj; are respectively defined by:
Uy, =40 — U (3.5.27)
Ce=8"-C (3.5.28)

The mass conservation equation for c¢j, is obtained by following procedures. The
one-dimensional equations of the convective dispersion equation and the continuity

equation of Eqs. 3.3.1 and 3.3.2 are written in the Cartesian coordinate system as:

7] d a o¢

E-/Afdl‘gdma + 8_1']./:46ﬁ1d12d13 = ELEIE:%dIQdIS (3529)
0A a
5 T 5 AU =0 (3.5.30)

Substituting Eqgs. 3.5.5 and 3.5.6 into Eq. 3.5.29 and using Eq. 3.5.30, Eq. 3.5.29 is

rewritten in the form of:

ac ac 1 8 t 1 8 1 2 de

- U_-__ mide [ (s I — . (/ ’9’ " ) = =

& oy A ( _e.,”“"”dd“) T 20z, \Jmndd) = 35| [ap-dA
(3.5.31)

The mass conservation equation for cfj; is obtained by subtracting Eq. 3.5.31 from
Eq. 3.5.16 as:

Bcp 3‘303 p Ocgs 10 A g _2, OC03
ot * Uc") T3 + s 9z, A odz, ./:-b| UoaCosddzs | + T3 dz;

T3
= —ufmgTC;
+§8i:c] {d(D?m + D-vn)gi} - %;Tl {/_b:] d(D2y; + Dguh)g—id%}
e {d(Dz.l, + D2 5 } T { [ o2+ ngre)%dl‘a}
+1o {a02a+ 2, S22 (8:532)
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Simplifying Eq. 3.5.32 under the following assumptions;
for transport of C in the z; direction,

ac 1 @8 b2 ac
ufmC >> (Dgtli "‘|" D?uh‘)a—xi m Za—:l:l {./—b] d(D?.”, + D?,,l,-)é;;dz:g} (3533)

for transport of cg, in the z; direction,
r I I ]' bj I J
Ucos > ugscos — rum Up3Co3ddT3
—u1

> (D?u; + Dzﬂi)% - ZE[ d(D..gh ol nglz) $‘3 (3.5.34)
1 1

for transport of ¢f; in the z3 direction,

dct et
(D2t3t + D21)3|) CUE = Dr‘) aCDa :>>' —;z CO3 (3535)
leads to " 8! 50 1B 5
Coa Co3 _ _,1 9 Cy
o VB2 %3z, T doz, {dD“3‘ 5’1‘,} (3:5:%0)

where D2;; = D2y; + D2,;;. Assuming also the "Frozen Convection of ¢;” by the
cross-sectional mean velocity U, Eq.3.5.36 is reduced to be:

10 dcps , 9C
23 = P 5.37
83, (dD 3 6z.~) U033, (8537}

Assuming the principal axes of the diffusion and 2-D dispersion coefficient tensor
are in the z, and z, directions, the solution of Eq. 3.5.37 is obtained by integrating
Eq. 3.5.37 with respect to z; twice as:

8chy |77 8C =
D5y 23 = —/  dd 3.5.38
[dD 33 353];,:._;,1 Be, s, Ugydazs ( )
degy; [ OC 1 /3‘1 r
—= f — = — dd 3.5.39
3&."3 /63:1 dD233 —=by Hog@aTs ( )
oc = dz ) ac
s | — 3 ddz} te | =— 3.5.40
603/31:1 -/bl dD233,/ um I [03/611]“:_5‘ ( )
Substituting Eq. 3.5.40 into Eq. 3.5.26, which is the definition of Dg;,
ac
Dp = — / d 3.5.26
Bl = Up3Cos I3/ 81:. ( )
Dgy is calculated as:
1 gk, s da! £
Dp = —E-/—b. upydzs . dD2333/ ugyddz’ (3.5.41)
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Figure 3.5.3: (a) The lateral distribution of the depth-averaged ve-
locity, (b) / ubsdz, and (c) I,
0

1o dzy [ :
= — oy dds 3.5.42
DB’ A ./—bl dD233 l:-/;fn “os 13] ( )
Eq. 3.5.42 is rewritten in non-dimensional form as:

220G
— O — | = - 3.5.43
du. 6 \u.) \d (3:5.43)

= U " F e : 4

f,q = W./—-bl [/0 (ul = U) dz] dl‘g (304‘1)

where d = A/B and I, represents the intensity of the lateral non-uniformity of
the distributions of %™ (See Iig. 3.5.3), and the assumplion of D23; = #3du. is
introduced.

As shown in Eq. 3.5.43, Dg is the function of the velocity factor U /u., the width

to depth ratio B/d and the average turbulenl diffusion coefMicienl 8;.

Thus, the dispersion coeflicient Dg is obtained as:

Dg = Dpi+ Dpy+ Dp

1 o¢ oc 1 fto 3 fou ac
o= [ = 4= [ dD2 ity f o
A /AEI BI] /03:; ¥+ A —b - al'g 3 01‘1
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b dz) 2 )
]51 dD233 [f by U3dd13] (33‘:{5)

The estimated value for Dg, is
Dg,=5to0 15 (3.5.46)

and that for Dg,
Dg, %~ 1.0 (3.5.47)

3.6 Conclusions

In this chapter, the mechanism of the longitudinal dispersion phenomena in shear
flows and the longitudinal dispersion coefficient was investigated theoretically in
view of the Eulerian turbulent diffusion equation by using the results obtained in
Chapters 2 and 4. The flows mainly concerned are 3-D turbulent shear flows, and
especially open-channel flows in wide rectangular cross-section laboratory flumes and
natural streams.

The objectives of the study in this chapter were stated in Section 3.1. In Sec-
tion 3.2, the previous theoretical studies on the dispersion coefficient based on the
turbulent diffusion equation were reviewed, and the assumptions used in Taylor, El-
der, and Fischer’s modeling were summarized. In Section 3.3, the 3-D turbulent
diffusion equation, 1-D convective dispersion equation, and the definition of the lon-
gitudinal dispersion coefficient were stated in the orthogonal curvilinear coordinate
system. The mathematical theory of the dispersion coefficient which was initiated
by Taylor and applied to various flows by other investigators was presented in more
general form by use of the 3-D turbulent diffusion equation in the orthogonal curvi-
linear coordinate system in Section 3.4. The major component of the dispersion

coefficient Dg,; was derived as:

1 =2 dz, dfl .
DEU! - [L ( ]

r’l T2 E2S

(3.4.20)

It was proved that Eq. 3.4.20 gives the same (equivalent) result as (to) each of Taylor
(1953), Taylor (1954), Elder (1956), and Fischer (1966). The distinguishable features
of Fischer’s modeling from others were also discussed in terms of the mixing time
scale, and it was suggested that the longitudinal dispersion can be modeled in terms
of 2-D plain phenomena in wide open-channel flows, but should be done in terms of
3-D phenomena in ordinary laboratory flumes.

In Section 3.5, the locally time-averaged velocity and concentration were respec-

tively decomposed into three components, that is, the cross-sectional averaged values,

97



the deviation of the depth-averaged values from the cross-sectional values, and the
deviation of the locally temporal averaged-values from the depth averaged values.

The dispersion coefficient in 1-D models are also decomposed into three components,
Dg = Dgy+ Dg, + Dg (3.5.45)

that is, the Eulerian turbulent diffusion term, the dispersion caused by the vertical
non-uniformity of the velocity distributions, and the dispersion caused by the lateral
non-uniformity of the velocity distribution. These three components of the disper-
sion coefficient were discussed and investigated in detail, and finally the dispersion
coefficient in 1-D models was obtained. Dpg, is written as:

n dey [, ?
Dot = / b dD253 U 1”°3dd$3] (3:5.42)

*;_:(E) (f::) . (3.5.43)

12

and equivalent to Fischer’s formula. Dg, is dependent on B/d and the major compe-
nent of Eq. 3.5.45 in wide open-channel flows in laboratory and natural streams, but
the magnitude of Dg, is estimated to be of the same order in ordinary laboratory

flumes.
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Chapter 4

EXPERIMENTAL STUDY ON
LONGITUDINAL DISPERSION
IN LABORATORY FLUMES

4.1 Introduction, Objectives and Design of Ex-
periment

A lot of experimental works on the longitudinal dispersion coefficient in various flows
have been made since Taylor (1953), however most of them were conducted with
the flumes which had not enough length required for the complete transverse mix-
ing. Fischer (1966) made excellent measurements of the dispersion coefficient in wide
rectangular flumes and trapezoidal-section flumes, but his series of experiments with
rectangular flumes do not satisfy the length scale of Eq. 2.2.39 required for the trans-
verse mixing. His another series of experiments with trapezoidal flumes satisfies the
length scale but velocity distributions were artificially distorted by stone roughness in
channel sides. Therefore his two kinds of series of experiments do not give the enough
information for verifying the theoretical results given in Chapters 2 and 3. Michiue,
Muramoto and Ttami (1978) made experiments with a rectangular cross-section flume
of 150m in length. Their experiments satisfy the length scale and they showed that
Elder’s result of Eq. 3.4.24 is not acceptable in the open-channel flows, however they
were not concerned with the influence of the hydraulic characteristics of flow, that
is, the width to depth ratio, the bottom roughness, the lateral velocity distributions
and so on.

It should also be noted that almost all experimental works directed to measure
only the dispersion coefficient. And the time-dependent behavior of tracer clouds
or the behaviors of the moment characteristics of the cross-sectional average concen-

tration which are investigated in Chapter 2 have not yet been verified. Thereflore,
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detailed measurements of cross-sectional averaged concentration at many sections in

the flow direction are required in order to verify the theoretical results obtained in
Chapters 2 and 3.

Experimental study of measuring the concentration-time curves at fixed points

was conducted to investigate the three primary subjects:

1.

2

to disclose the characteristics of time-dependent behavior of tracer clouds in the

whole region from the insertion point of tracer to the fully developed region;

to disclose the behavior of the second central moment and the effect of flow
characteristics on the dispersion coefficient which is closely related with the
second moment and the most important parameter in the mixing phenomena,

and

to verify the theoretical results for the dispersion coefficient obtained in Chap-
ters 2 and 3.

The experiments of 19 runs were conducted with two flumes by adjusting the

slope, the width, the bottom roughness and the discharge. The experiments have

following notable characteristics to accomplish the subjective stated earlier:

1.

2

Two rectangular cross section flumes of 10m or 37m in length are used: they
have the large length to width ratio L/B which is more than 80, so that all series
of experiments are satisfied with the length scale of the longitudinal mixing of

19 series of the experiments are designed to cover the wide range of the width
to depth ratio B/d and the velocity factor U/u..

Concentration is directly measured with a conductivity-meter by inserting the
small sensors simultaneously in the flow at several selected points in a sec-
tion and this is done at many sections in the flow direction. An average
concentration-time curve is calculated by the weighted averaging method for

concentration-time curves measured at the selected points in a section.

The velocity distributions also obtained by measuring the flow velocity at 40

to 100 points in a section by use of a propeller or a hot-film anemometer in the

same flow condition of concentration measurement.
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Figure 4.2.1: Schematic illustration of Flume B.

4.2 Experimental Apparatus and Method

4.2.1 Experimental Apparatus
(1) Flumes and Measuring the Basic Hydraulic Variables

Laboratory experiments were conducted in the Hydraulic Laboratory located at the
basement of the Civil Engineering Building, Kyoto University. They were done in
two recirculating rectangular cross-section flumes, identified as Flume A and Flume

B. The slope of both flumes are adjustable by hinge and jack supporting systems.

Flume A:

Five preliminary series were conducted in Flume A made by duralumin and its di-
mensions are 10m in length and 0.25m in width. In experiments the width was made
narrower at 0.1m in width using the painted plywood, so that it satisfies the length
scale.

Flume B:

14 series were made in Flume B of 37m in length and 0.40m in width. It is made by
lucid aclyl board, so that they can observe the dyed tracer behavior from its side and
bottom. In experiments the width were adjusted at 0.10, 0.20 and 0.25m by painted
square-lumber steel. A schematic diagram of Flume B is illustrated in Fig. 4.2.1.
Bottom roughness:

Both flumes have hydraulically smoolh side and bottom. 13 runs were conducted in
the flume with smooth bottom and 6 runs with rough bottom. Three kinds of the
bottom roughness are adjusted by 0.001m diameter glass beads roughness in exper-

iments identified as Run RA Series and two kinds of sand roughness in experiments
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Figure 4.2.2: Conductivity-probe.

identified as Runs RB and RC Series. Equivalent roughness height is 0.001 m in
Series RA. Roughness made by sand sorted out with 0.00314m and 0.00476m sieves
was used in Run RB Series, and 0.00193m and 0.00314m sieves in Run RC Series.
Each equivalent sand roughness height is 0.0025m in Run RB Series and 0.00149m
in Run RC series. It was determined by the similar method used by Taylor(1954).
Flow discharge:

In both flumes, selected discharge is adjusted by the control valves situated at the

upper part of a inlet tank. Discharge was measured by a triangular-shape weir or
direcily done.

Flow depth:

[low depth was measured by a point gauge at three points in each section at every
0.5m to 1.0m in the flow direction. In case of determining the depth of the flow
over rough bottom, an average depth was calculated by subtracting the equivalent

roughness height from the results of direct depth measurements by a point gauge.

(2) Concentration Measurement

The tracer used for quantitative measurement in the laboratory was salt solution,
whose density was adjusted to unily by addition of methanol. Concentration of
salinity of tracer cloud was measured by the conductivity- meter (KENEK MA106),
conductivity-probes (KENEK MTK-50-04) and a pen-recorder (WATANABE MCG11).
The system can simultaneously measure the concentration at six points.

Iig. 4.2.2 illustrates the design ol the conductivity-probes. The main tube made

by slainless steel is 0.5m long and ils diameter 0.004 m. At the lower end of the main
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Figure 4.2.3: Examples of recorded out-put from the conductivity-
meter.

tube, four electrodes were mounted on a cylinder made by aclyl plastic. Conductivity-
probe can make in-place measurements with less effect on the flowing water, and is
sufficiently sensitive and accurate in case they are located at 0.01m far each other
and 0.005m far from channel side or bottom.

Typical examples of conductivity (voltage)-time curves recorded on the paper by
use of this system are shown in Fig. 4.2.3. Paper speed and gain were adjusted,
so that enough resolution for the time and the out-put voltage were obtained for
digitizing them by the direct method. They have fluctuations caused by concentration
fluctuation associated with turbulent motion of the flow, therefore original curves
were manually transformed into smooth ones and digitized at more than 30 points.
The time interval for digitizing was constant in a sub-run at a selected section, but
different between sub-runs at different sections. It was decided by the valid period of
conductivity-measurements.

The values of conductivity were transformed into salinity concentralion through
calibration curves, which were made in a calibration test in beakers before or after

in-place measurement.

(3) Velocity Measurement

The local time-averaged velocity was measured by the anemomeler of 0.005m diame-

ter propeller (KENEK VA403) identified as Ancmometer P or a hot-film anemometer
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(DISA 55M System) with use of a conical type probe (55R42) or cylindrical probe
(55R41) identified as Anemometer H. Both velocity measurement systems were cal-
ibrated in the velocity calibration tank located at Ujigawa Hydraulic Laboratory,

Disaster Prevention Research Institute, Kyoto University.

4.2.2 Experimental Method

Tracer was inserted at 1.m downstream from the inlet end of the flume in Flume A
and 3.m downstream in Flume B by rotating the trough filled with the salt solution
of constant volume. The trough length is little smaller than the width of flume and
by this procedure a line source of solution would drop onto the flow in the stream and
instantaneous plane insertion of the tracer would be made possible. The volume of
tracer solution is adjusted to get enough out-put voltage from the conductivity meter
and changed by the flow discharge. The effect of insertion on the stream would be
negligibly small.

In one run of experiments for the selected flow condition, concentration was mea-
sured at 4 to 5 sections in the flow direction. One sub-run of tracer experiment
at a selected section and a selected probe height has more than three times tracer
insertions and concentration measurements. The concentration distribution is not
uniform in the both depth-wise and transverse directions in the near region from the
insertion section, therefore it was measured at three different probe heights in the
vertical direction, and more than 9 times tracer insertions were made in one sub-run
and the number of measuring position was 15 at maximum. Traveling along the flow
direction, the tracer cloud is developed and fully mixed in the depth-wise direction,
and therefore it was measured at a half of depth in a section after confirming the
concentration distribution 1s almost uniform in the vertical direction. In all sub-
runs, three conductivity-time curves for each probe were selected and used for data
processing.

In 14 runs, the three-dimensional velocity distributions were measured by either
one of anemometers immediately after concentration measurements or in the similar
flow condition on the next day. A measuring section was selected at downstream
part from the tracer insertion section. Velocity measurement points were selected in
the area of 0.002 to 0.003m above the bottom and 0.003m inner from the channel
sides, and the measurement were conducted 3 to 7 points in the vertical direction
and 13 to 22 points in the transverse direction. Measuring period is 60. to 120.
seconds for each point. Oulput voltage from the amplifier was recorded on the paper
and curves containing the effect of turbulence were manually made smooth ones

and directly digitized and converted to the local time-averaged velocity by use of
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calibration curves.

4.3 Data Processing and Method of Analysis

4.3.1 Concentration Measurement

In data processing, original curves on the recording paper were made smooth ones
and digitized directly at more than 30 points in the time coordinate. Digitized values
of conductivity were put into the computer at Data Processing Center, Kyoto Uni-
versity and transformed into concentration-time curves at each measuring point after
averaging the values obtained in more than three times tracer insertions. Obtained
‘concentration-time curves contain the effect of background, that is, the conductivity
of recirculating water in channels, and this values were subtracted from measured
ones. Concentration-time curves observed are quite different from the Gaussian dis-
tribution and skewed. They have long tails in falling limb. This part would be quite
effective on the magnitude of temporal moments, and the part which has less than

1% of the highest concentration in falling limb was truncuated in the analysis.

(1) Cross-Sectional Averaged Concentration

Cross-sectional averaged concentration was obtained by the weighted averaging method
from the concentration obtained at each measuring point in a section and the control
area AA; for each point i was used for weight.

1 1
C(i;:ﬁ) = I/ﬂﬁ(f;.’!ﬁl, Ta,T3)dA = mé;&;’l,‘ (4.3.1)
=1 T

where C(#; ;) is the cross-sectional averaged concentration, &(t; z;, z2,23) the con-
centration at a point x;(zy, 15, 73), AA; the weight(= the control area of the i-th
probe), A the sum of weight (= the cross-sectional area), i the probe number (i = 1
to n), n the total number of measuring points in a section, z; the distance from the
insertion point, ¢ the time from the tracer insertion.
Normalized concentration-time curves C,(t;z;) are commonly used. They are
calculated by:
Colt;2y) = c//ﬂm C(t; 2,)dt (4.3.2)

and the area under the normalized-concentration-time curve is equal to 1.

(2) Temporal Moment

The zero-th, first, second and third central moments in the time coordinate are defined

and calculated by following equations.
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a. The zero-th moment: M,

The zero-th moment is defined and calculated by:
My(z4) Eju (t; 2,)dt = ZC(f,,I; (4.3.3)

where At is the time interval equal to 0.2 — 1.0 second. This value is used for calcu-
lating the normalized concentration-time curves in Eq. 4.3.2.

b. The first moment: M,

The first moment is defined and calculated by

M](zl)sfom Calt; z1)tdt = M Zc ti; 21 At (4.3.4)

M; means the concentration time of the centroid of the tracer cloud from the inser-
tion point, and is sometimes denoted by ¢ which indicates the average travel time of
the tracer cloud from the insertion point 2, = 0 to the measuring point z; = z,.

c. The second central moment: M or o,°

The second central moment is defined and calculated by

Ma(z,) E/n”c (& 21) (8 — 0)%dt = ;D iC’(zﬁ;;ml)(t —f)PAt (4.3.5)

M} is sometimes denoted by ¢Z, which is called the variance.
c. The third central moment and the skewness factor: M; and S,
The third central moment Mj is defined and calculated by

My(z,) = ]:’ Colt; z1)(t — £)3dt = wih, Z C(ti z1)(t: — D) At (4.3.6)

and the skewness factor S; by

S, =M, /(arf)”2 (4.3.7)

In the analysis following, the statistical values for the concentration-time curves
Z. measured at a center of the flow section, that is, at the point of a half depth and
a half width will be sometimes used. They are denoted by subscript ¢ and calculated

by Eqs. 4.3.1 to 4.3.7 in which &, is replaced C with.

(3) Dispersion Coefficient

The dispersion coefficient is theoretically defined by
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as shown in Eq. 2.1.2a. The measurement of ¢2(¢) is quite difficult in hydraulic
experiments and Fischer (1966) proposed three different methods determining the
dispersion coefficient in experiments; that is, (a) Change of Moment Method, (b)
Routing Procedure, and (c) Diffusive Transport Method. In this study, following two
or three methods were used.

a. Change of moment method

This method is obtained by Glover (1964) and Fischer(1966) by the temporal moment
analysis of the basic 3-D turbulent diffusion equation without any assumption.
EUﬂdirfi

DM:E dz

(4.3.9)

This equation is also obtained from Eq. 3.3.14 directly, assuming that the tracer cloud
is convected at the same velocity as the cross-sectional averaged velocity without any
deformation of concentration distribution (”Frozen cloud” hypothesis). Dispersion
coefficient obtained by this method is denoted by Dy in this study.

b. Routing method

Fischer's Routing Procedure is derived under some assumptions. Therefore the fol-
lowing new routing method was used in this study (Iwasa, Aya, and Kokado, 1978).
Assuming the flow is uniform, the convective-dispersion equation derived by the one-

dimensional analysis is written (Iwasa, 1976)

¢ 8c 92c
—_— _—= e — 4.3.10
5t Vg = PR 5530

The solution of Eq. 4.3.10 under the boundary condition;

Clt;21) = o(t) at = =12] (4.3.11)
and .
_3£ —0 when z; — o0 (4.3.12)
Oz,
and the initial condition;
C(0;z,)=0 at t=0 (4.3.13)

is obtained as:

zy—zh 1t y z, —z,— Ut 1
C(t; Ti— Irl) = Q‘I/Tﬁ A (p(i —1 )exp {_(1_4,01351—)} m‘df’ (4314)

Therefore, the dispersion coefficient can be determined by comparing the observed
concentration-time curve Copservea(t; 24) at z; = ¥ with results Coatcutated(t; 27 — 21)

calculated by Eq. 4.3.14 by use of Cop,ervea(t; z4) and the dispersion coefficient Dp.
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This method consists of two steps. In the first step, the convective velocity of
tracer cloud U/, should be determined so that the first moment 7 should satisfy the

following relationship

n — !
=20 (4.3.15)
i

In the second step, the dispersion coefficient could be determined so that the peak
concentration in calculated concentration-time curve is equal to that in the observed
concentration-time curve. This method is called Routing Method and the dispersion
coefficient determined is denoted by Dp. (Recently the author has known that Yot-
sukura and Kilpatrick (1973) proposed the same method).

c. Peak concentration method

The third method used in this study is called Peak Concentration Method (Iwasa,
Aya, Kokado, 1978). In Eq. 4.3.14, the peak concentration C,p is written in the

form of

1 /U2 1
Cnp’ = = (’JTD) rin when ¢t — oo (4.3.16)
P

where tp is the time when the C,p is observed at a measuring section. Therefore the
dispersion coefficient Dp is given by
U? d

= e e P 3.
Tr ds O (4.3.17)

P

4.3.2 Velocity Measurement

From the locally time-averaged velocity at many points in a section, the cross-
sectional averaged velocity U; and the depth-averaged velocity @? are obtained by
following relationships.

Cross-sectional averaged velocity: U,

1 e
U,‘ = -——m mzluh(t; I, mg,zg)AA, (4318)
Depth averaged velocity: u7?
T TR S - P SRR VR ST < P
1 n Az, - 1l 21, T2, T3) AT, ( —; Ta; = — 2) (4-3‘19)

The theories stated in Chapters 2 and 3 disclose that following three param-
eters for velocity distribution characteristics in a section is closely related with the

dispersion coefficient.
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The first parameter: J,

1 _ 2

JA — A—U?/A(u] - U.‘)"d.‘:'l (4320)

This parameter is related with the dispersion coefficient obtained by the Lagrangian
view point in Chapter 2 and also the momentum coefficient # commonly used in

the one-dimensional hydraulic analysis (Fukuoka and Sayre, 1973) as,
Ja=p—1 (4.3.21)

The second parameter: Jy
This parameter shows the characteristics of the lateral velocity distribution and is also
related with the dispersion coefficient in view of the Lagrangian theory in Chapter

2.
— ._1.._ % T I AT -
Ian = gy /_h(u1 U)?dzy (B = by +by) (4.3.22)

The third parameter: I,
This parameter also shows the characteristics of the lateral velocity distribution, but

it is related with the dispersion coefficient from the Eulerian view point in Chapter
3.

1 ba 2 2
I=—— 25— U, ;} , 3.2
4= Fig /_ ) { /_ (7 = U)dzh } de (4.3.23)

4.4 Results

4.4.1 Outlines of Results

Results obtained in all of the laboratory experiments are suimmarized in Tables 4.4.1,
4.4.2 and 4.4.3. Each experiment in a particular flume at a particular set of hydraulic
conditions is termed as a "run”; each insertion of tracer for a selected measuring
section under the same hydraulic conditions constitutes a "sub-run”; a sub-run has
more than three times tracer insertions. Thus all of the sub-runs in a particular run
are made at identical hydraulic conditions although the location of measuring probes

may vary between sub-runs.

The first column of Table 4.4.1 shows the run number. 13 runs were made in flumes
with smooth side and bottom; 6 runs were made in flumes with smooth side and rough
bottom and they were identified by the two alphabetical characters following three
numbers of runs. The second column shows the flume used in a series of experiment

by A or B. The number of concentration measuring points in a section is shown in the
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3rd column and the number of sections selected for concentration measurements in a
run in the 4th column. The number of concentration measuring points in a section
may vary between sub-runs in a run and the maximum and minimum numbers of
measuring points in a section are listed in the sub-columns of the 3rd column. In
the near region from the insertion section the concentration was measured at more
than one vertical positions, and in the far region it was done at only a half depth
in almost all of runs. And in every sub-runs it was done at more than 3 points in
the lateral direction. The longest and shortest distances of the measuring section
from the insertion section are listed in the 5th column. They are shown in the non-
dimensional form with use of the cross-sectional average velocity Uy(= @/A4) and the
time scale of transverse mixing defined by

1 /B\?
T =Tis, (5) (a.3)

where B is the width and €3 the transverse diffusion coefficient. Eq. 4.4.1 is equivalent

to the Fisher’s integral time scale as shown in Chapter 2. In all experiments, the

transverse mixing coefficient was not measured, and the relationship of
€3 = O.Qdu. (‘1—42)

is used. T; is mainly influenced by the width, therefore it is much smaller in the runs
conducted in the 10cm wide channel than those in the wider channels. The longest
dimensionless distance of a measuring section in a run is more than 6 throughout
runs. The selected width is 10.0, 20.0, and 25.0cm and the depth is adjusted by
selecting the flow discharge but the slope of the flume is about 1/500 in most of all
series. The shear velocity listed in the 11th column is calculated by

. =1\/gRI, (4.4.3)

where R is the hydraulic radius and [, the energy slope. The dispersion coefficient
obtained by the moment method D, are listed in the 13th column.

Thus, the experiments in the hydraulic condition of the wide range of the width
to the depth ratio and the velocity factor could be made. These non-dimensional
hydraulic variables and the dispersion coefficient obtained by the three method stated
earlier are summarized in Table 4.4.2.

The width to depth ratio varies from 1.99 up to 16.8 and the velocity factor from
8.1 to 20.0. The non-dimensional dispersion coefficient varies from 9.56 up to 126.,
and it is not constant even in a rectangular cross-section flume but widely varies

according to the hydraulic conditions.
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Table 4.4.2; Dimensionless hydraulic variables and dispersion coefficient.

(1) (2) (3) @ e (6)
Aspect Velocity | Reynolds | Froude ; : -
Run RaP:i: Factor Number | Number Dispersion Cocfficient

Bid Ulu, Re. Fr. D, jdu, | D,ldu, D, [du,
o1l 3.21 16.5 9560 .580 28.9 13.2 18.0
912 1.99 20.0 19400 630 9.56 3.60 8.5
913 4.88 16.2 4700 .10 47.6 14.4 26.4
111 441 16.2 4420 600 28.6 25.0 26.6
112 7.30 14.8 2320 586 69.0 45.3 534
921 9.29 16.7 8380 710 46.0 272 36.6
121 13.7 17.4 3090 642 92.8 43.4 62.0
122 16.8 15.5 2360 632 113, £9.9 92.0
123 134 15.2 4070 819 1C0. 52.1 759
124 10.1 16.2 6270 656 68.1 51.7 61.6
125 14.0 18.0 6430 1.37 126. 452 201.
221 7.78 17.4 8820 683 525 — —
222 4.73 19.7 19800 127 326 —_ —_
111RA 448 14.1 . 3340 492 233 12.8 18.6
112RA 7.63 1.3 1340 360 50.7 34.7 56.0
12IRB 9.71 812 3220 331 36.3 — L—_
122RB 1.75 10.5 5500 403 35.6 — —
22IRC 1.56 9.85 5310 382 23.9 - —
222RC 9.50 B.75 3450 355 31.0 —_ —_

4.4.2 Concentration Distribution

Figs. 4.4.1 (a), (b) and (c) show the typical examples of the concentration-time curves
measured in Run 121.

Figs. 4.4.1 (a)(1) and (2) are results measured in the section 4.00m downstream
from the tracer insertion section. Fig. 4.4.1 (a)(1) shows the depth-averaged concen-
tration curves in three vertical lines and a cross-sectional averaged one. Fig. 4.4.1
(a)(2) shows the concentration-time curves at three points in the vertical direction
near the center line of the flume. The features of concentration distributions are
described as:
~the concentration distribution in the vertical direction is rather uniform, and
—a little bit variation from the depth-averaged mean concentration is observed, how-
ever,
~the concentration distribution in the transverse direction is non-uniform, and the

spatial variation from the cross-sectional mean concentration is quite larger.

[t is also known that all concentration-time curves observed is neither symmetrical
nor Gaussian but skewed; the travel time of peak concentration ¢p is shorter than
the mean travel time of tracer cloud  in each curve. The mean travel time in the

depth-averaged concentration-time curve is different each other; the one measured
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Figure 4.4.1: Concentration distributions measured at several points
in Run 121. (a)(1) Depth/cross-sectional-averaged concentrations
at a section z; = 400cm, (2)Concentrations at several points in
a line at z; = 400cm and z3=0.5c¢m, (a)(1) Depth/cross-sectional-
averaged concentrations at a section z; = 1200cm, (2)Concentra-
tions at several points in a line at z; = 1200cm and z3;=0.5cm,
(c)(1) Depth/cross-sectional-averaged concentrations at a section
z; = 2400cm, (2)Concentrations measured at several points in a
line at z; = 2400cm and z3=0.5cm.
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near the center of the flume is shorter than that near the channel side. It may reflect
the velocity distribution.

In Figs. 4.4.1 (b)(1) and(2) showing the results at the section 12.00m dewnstream
from the tracer insertion section, nearly the same description for the concentration
distribution can be made as those from Figs. 4.4.1 (a)(1) and(2).

The concentration distribution in the section 24.00m downstream is a little dif-
ferent from those in the former two sections. The concentration distribution in the
vertical direction is quite uniform as shown in Fig. 4.4.1 (¢)(1), and that in the trans-

verse direction is also uniform, but the distinguishable spatial variation still exists.

These results from the measured concentration-time curves, the observation and
the photos taken during the experiment can make the following image sketches of
Figs. 4.4.2 (a), (b), (¢) and (d), and the descriptions for the development of tracer

cloud.

1. The tracer injected at a insertion section is distributed uniformly in the entire
section (Fig. 4.4.2 (a)).

2. The tracer is transported by the flow whose convective velocity is different and
dependent on the position of tracer in a section. In this process, the high
speed core region of the flow transports the tracer fast and the tracer near
the channel bottom and sides is transported slowly. These spatial variation of
velocity makes the tracer stretched and the concentration distribution three-
dimensionally non-uniform (Fig. 4.4.2 (b)). In the earlier stage of this process,
the transverse distribution of the concentration near the center region of the
flow may be uniform, because the velocity distributions are two-dimensional
and uniform in the transverse direction in the center region of the channel in a

wide flume.

3. The turbulent mixing in the vertical direction causes the depth-wise concentra-
tion distribution uniform again (Fig. 4.4.2 (c)). The time scale of mixing in the
vertical direction is much smaller than that in the transverse direction, there-
fore the concentration distribution becomes uniform in the vertical direction at
first. Figs. 4.4.1 (a)(1) and (b)(1) show this process. This process can also be
illustrated in the both of rising and falling edges of the developed tracer cloud
in Fig. 4.4.2 (d).

4. The weak transverse variation of velocity can also stretch the tracer and make

the transverse non-uniformity of the concentration distribution stronger. This
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Figure 4.4.2: Development of tracer cloud dispersion instantaneously
inserted in wide 3-D open-channel flows as a plane source. (a) Tracer
cloud just after the insertion, (b) Tracer stretched by the veloc-
ity non-uniformly distributed; concentration distributions are quite
three dimensional. (c) Development of tracer dispersion in early
stage; 2-D concentration distribution is established in the vertical
direction near the center region of the flows, (d) Fully developed
tracer cloud in 3-D space; tracer is stretched in the vertical and lat-
eral direction, and the concentration distributions in the the core of
cloud beconies more uniform by vertical and lateral diffusion.
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effect becomes more important as the tracer travels much farther from the
insertion section, because it takes much time for the tracer to be stretched by
this weak transverse velocity variation. Thus the concentration distribution
becomes uniform in the vertical direction but non-uniform in the transverse
direction. This process is shown in Figs. 4.4.1 (a) and (b).

5. Finally the concentration distribution becomes uniform in both of the vertical
and the transverse directions by the effect of the transverse mixing as shown
in Fig. 4.4.1 (c). The time scale of transverse mixing is much larger in a wide
channel and the non-uniform distribution in the transverse direction disappears
very very slowly.

The image of fully developed tracer cloud is illustrated in Fig. 4.4.2 (d). Its
concentration distribution can be described as follows; in the top and end edges
of the tracer cloud, the concentration distribution is three dimensional; in inner
parts from both edges it is uniform in the vertical direction but non-uniform in
the transverse direction. Fig. 4.4.1 (c) describes the distribution only in inner

parts and this parts becomes longer, as tracer flows down. .

4.4.3 Temporal Moments and Peak Concentration
(1) The First Moment

The transformation of the probability variable z to ¢ by z = Ut derives
t=gfU (4.4.4)

Fig. 4.4.3 makes the comparison between observed and measured 7 on a logarithmic
sheet and they are in non-dimensional form by use of 7} defined by Eq. 4.4.1. It is
clear that Eq. 4.4.4 is established in all runs. Therefore, the convection velocity of
the centroid of the tracer cloud is concluded to be equal to the discharge velocity U,.

Thus, the theoretical result of Eq. 2.2.14 is verified, and it is disclosed that the

transformation of the coordinate system:
E=z-Ut

used in the theory in Chapter 3 is equivalent to describe the phenomena at the
centroid which moves at the velocity U, and to describe the behavior of the central

moments in view of the statistical movements of a particle in Chapter 2.
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Figure 4.4.3: Concentration time of the centroid of the tracer cloud
t/T)" and the distance z, /Ty U.

(2) The Second Central Moment

As described in Eq. 2.1.1 in Chapter 2, o2 is stated by use of the turbulent in-
tensity [v42] and the Lagrangian auto-correlation function Ry(¢). Assuming R.(t) =

exp(—t/Ts), by use of the transformation of Eq. 4.4.4, 07 is written in the form of:

2

oy
= exp(— -1 4.

where x is the non-dimensional distance defined by:
x=z,/UTs, (4.4.6)
and Tsy is determined by use of Eq. 2.2.35 as:
Tst = Dy /JaU?

where the effect of Eulerian turbulence is neglected.

Observed o and those obtained by Eq. 4.4.5 are plotted against x in Fig. 4.4.4 on
a logarithmic sheet. It is disclosed that Eq. 4.4.4 gives smaller values than observed
ones, but not-bad agreement with observed ones for x > 40. Further discussion on

the behavior of the second central moment will be shown in Section 4.5.
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Figure 4.4.5: Third central moment measured at several sections.

(3)The Third Central Moment and Skewness Factor

The third central moment in non-dimensional form M;/J 4373, are plotted against

x on a logarithmic sheet in Fig. 4.4.5, where

1 AN
Jag = — ——=14d 4.4.7
A= 7 ]A (1 U ) A (4-4.7)
It is disclosed that
M, ¥ for x <15
T & x'®  for 1.5<y<8. (4.4.8)
A SL for 80<x<1.5

The skewness factor S; is also plotted against x on a logarithmic paper in Fig.
4.4.6, and it is disclosed:

S,{ =1~3 for x <8 (4.4.9)

xx YV for 8<y
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Figure 4.4.6: Skewness factor measured at several sections.

(4) Normalized Peak Concentration

The normalized peak concentration in non-dimensional form C,p/ (l/TgL\MﬂJM)
after Iwasa, Aya, and Toda (1981) is plotted against tp/Ts;, on a logarithmic sheet
in Fig. 4.4.7. It is also disclosed that:

Cap { (tp/TgL)-z'o for tp/Tsp < 1.5

—_— o 44.10
1/Tsp/4md a . (tp/Tst) e for 8 <tp/Tst ( )

The time difference between the concentration time for £ and that for ¢ is plotted
against y on a logarithmic sheet in Fig. 4.4.8. It is disclosed that:
x ¥ for ¥ <15

x x°° for 1.5<y<8 (4.4.11)
= Const. for 8 < y

t—tp
Ty

Thus, the distributions of the cross-sectional concentration is highly skewed, and
its convergence to the Gaussian is very slow and requires very long travel time/distance.
The temporal behavior of the tracer cloud injected as a plane source in open-channel
flows is summarized as shown in Table 4.4.1.

(5) Temporal Behaviors of Concentration Measured in the Center Point
of Flows

a. Second central moment: o,

: . _ : .
The variance o, for ¢ and ¢} measured in Run 121 are plotted against z, or xona

normal sheet in Fig. 4.4.9.
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Figure 4.4.9: Variance o, for & and ¢} for C measured in Run 121.

It is shown that the time-dependent growth of o7, is slower than those for o7 and
the required time for the linear growth of o7 is larger than that for o7, however, the
proportional constant for ¥ > 6, which is equivalent to the dispersion coefficient, is
the same as that for o?.

b. Peak concentration: Z..p
The relationships between the peak concentration for 2., or C,, and the dimensionless
concentration time for t.p or tp is presented in Fig. 4.4.10. ¢_.p is always larger than

Cnp, but have the nearly the same behavior as for C,p.

Thus, it is disclosed that the behavior of ¢, is a little different from those of C.
Therefore the data analyses of ¢, instead of C should carefully be done. The further

discussion on ¢, will be described in Chapter 7.

4.4.4 Dispersion Coefficient

The three kinds of dispersion coefficient obtained by (a) Change of Moment Method,
(b) Routing Procedure, (c) Peak Concentration Method stated in 4.3.1 (3) are listed
in Table 4.4.2. They are shown in the non-dimensional {orm and hydraulic variables

in the non-dimensional form are also listed.
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Figure 4.4.10: Peak concentration versus concentration time for &, and C,

Comparing the magnitudes of dispersion coefficient by three methods, it is con-
cluded that the Change of Moment Method gives the largest values of the coefficient
Dys/du. in almost all runs between the three methods. The Peak Concentration
Method usually gives the second largest values Dp/du.. The Routing Procedure
gives the smallest values Dpg/du., because the travel length of the tracer cloud is not
so large enough as the one-dimensional equation can be applied to the analysis of
the development of the tracer cloud injected as a plane source, and because Dy is
selected so as to give the same peak concentration in the predicted curves as that in
observed ones. Dy would be larger if Dy would be determined so as to give the least
square error between predicted and observed curves.

The notable features on the dispersion coefficient are summarized as:

1. The values of the non-dimensional dispersion coefficient measured in the ex-
periments is much larger than the theoretical and experimental values in El-

der(1959) and experimental results in Fischer(1966).

2. The non-dimensional dispersion coeflicient is quite dependent on hydraulic con-

ditions. The relationship between D¢ /du. and B/d will be shown in Fig. 4.5.6.

3. According to Elder(1959) and its expansion made by Hayakawa, Fukushima
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Figure 4.4.11: Iso-velocity contour map measured in Run 121

and Sanjyo (1984), D/du. should be decrease to 5.93 with the increase of B/d,
however experimental results shows that D/du. becomes larger with increase

ol B/d.

The further discussion on the dispersion coefficient will be given in Section 4.5

and Chapter 5.

4.4.5 Velocity Distributions
(1) Average Velocity

A typical example of velocity distributions measured in Run 121 is presented as iso-
velocity contour map in Fig. 4.4.11. Iso-velocity contour lines indicate that the
flow is two-dimensional in the core region near the center line, however the velocity
distributions are influenced by the channel sides and it is three-dimensional near the
side region, therefore Elder’s results in the two-dimensional flows are difficult to apply
to the flows in the rectangular cross-section flumes.
Table 4.4.3 shows three kinds of the cross-sectional average velocity, that is, the
discharge velocity defined by
Us=Q/A (4.4.12)

the accumulated velacity defined by

Ui=) audAif Y AA; (4.4.13)
=1 =1



Table 4.4.3: Cross-sectional average velocity measured by several methods

) ] @ [E)] [ @
Discharge Accumulated |Convective
Run velocity velocity velocity
U=0JA w,=YadAlA | u.=dx|di
911 322 27.6 335
912 4.1 37.8 44.1
913 274 223 26.6
111 28.3 303 28.7
112 21.5 23.6 22,2
921 36.5 311 36.8
121 27.6 26.2 243
122 223 359 225
123 313 — 309
124 378 — 37.6
125 51.4 — 48.0
23] 343 386 344
222 46.8 479 46.4
11IRA 23.0 — 24.5
112RA 12.9 — 16.2
I1ZIRB 15.1 14.7 14.6
122RB 20.6 20.1 18.6
21RC 19.8 19.2 19.1
222RC 16.2 16.5 159

and the convective velocity defined by

dz
Uc = = -4,
= (4.4.14)
The discharge velocity has good agreement with the convective velocity as already

shown in Fig. 4.4.3, and this experimental results confirm the theoretical results in
Chapter 2.

(2) Characteristics of Velocity Distributions

Three kinds of characteristics of velocity distributions: J4, J4 and T4, and the La-
grangian velocity fluctuation and its three components: [v7] /u?, [v7] /u2, [v7] /42,
and [v?] /u? are listed in Table 4.4.4.

a. Jy and Jy

Ja is the square of the coeflicient of variation (COV) for the Eulerian velocity dis-
tributions and also the square of COV for the sum of two components of Lagrangian
velocity fluctnation: v, + v/ in Chapter 2. The magnitude of J4 is of the order of
1072 and J, is not dependent on B/d as illustrated in Tig. 4.4.12. J, is the square
of COV for @7* and the parameter showing the strength of the non-uniformity of @y’
distributions in view of the Eulerian analysis and also the square of COV for v} in
view of the Lagrangian Analysis. The magnitude of J,; is of the order of 1072 and it

decreases with increase of B/d as illustrated in Fig. 4.4.13, and the relationship of
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Table 4.4.4: Characteristics of velocity distributions and Lagrangian
velocity fluctuation.

(1) (2) (3) | @ | (5 (6) (7 | (8) (9) (10)
No. of velocity
Ve- | measurement 7, I 2 2 0 ‘3
Run  |locity| in section 2, |stgs | zioe [1‘1] 'L';'] [25 ‘L{:—z'l
meter| verti- | hori-
cal | zontal
91l P 5 13 A72 .586 621 30.5 1.39 19.2 9.91
912 |3 6 13 097 600 673 223 1.67 7.85 12.8
913 P 3 19 227 560 465 122 1.35 234 7.41
111 H 5 13 119 445 537 36.5 2.07 21.6 12.9
112 H 4 13 127 .458 569 33.6 1.87 20.3 11.5
921 P 5 17 136 246 258 23.5 1.28 18.2 4.04
121 H 4 22 A25 291 3713 358 1.92 26.0 7.88
122 H 4 22 A3 234 | 210 | 388 | 1.68 | 30.5 6.52
123 — — — — — — - - — —
124 — — — — — — — —_ —_ —
125 —_ —_ —_ —_ —_ — — — — —
221 H 6 15 067 2319 357 21.6 1.19 13.2 7.24
222 H 7 15 055 251 403 4.5 65 12.1 10.0
11IRA —_ — — — — = == —
112RA — — — — _ —, — — — —_—
12IRB H 6 15 22 .285 352 11.9 857 9.45 1.47
122RB H 6 15 141 223 205 12.0 1.36 10.9 2.05
22IRC H 6 15 134 215 207 13.5 1.32 10.2 1.96
222RC H 6 15 150 217 275 13.1 1.20 10.2 1.72
(2) P: Propellers velocity meter, H: Hot film velocity meter
4
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Figure 4.4.12: J, and B/d

126



~ |
n3 B 2 _ 1
~ g Q ;=
4 1
al frzme R
R-222 O Rr-22 2
2 R-122R0 - e
R-221RC
R:AUTHOR®S EXPERIHENT l
10 ?
1 2 4 6 g8 10 2 4
B/d

Figure 4.4.13: J4 and B/d.

Jar o (B)d)™0% (4.4.15)

is obtained. The difference between the relationship of J,4 to B/d and that of J, to
B/d can be explained as follows:

The temporal-averaged velocity i;(z,, 23) can be written as the sum of two compo-

nents: 4i’(z3) and @5;(z,, 23) as shown in Eq. 2.2.6, and uj; is defined by Eq. 2.2.8
as

Uny (22, 23) = Uz, 23) — T (z3) (2.2.8)

By using Eq. 2.2.8, J, is written in the form of

‘IAzJAl_l'JAu (4416)

where J,, is defined by

— 1 b2 ¢ "2
Jay = W/_b. das /_“ ult %z, (4.4.19)

In case the flow is two-dimensional, assuming the logarithmic velocity distribution,

1 (a\"?
Jao= = (’i) (4.4.21)
[N Ue

wliere x is von Karman’s constant and U the depth-averaged velocity. The core

region where the two-dimensional velocity distribution is established becomes wider
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in a wider rectangular cross-section flume, however, the velocity distribution is still
three-dimensional in whole of the cross-section. Therefore J4 becomes smaller and
J 4 becomes equal to J4, with increase of B/d.

b. 14

The relationship of T4 with B/d is also illustrated in Fig. 4.4.14. In case the flow
is two-dimensional, [4 is equal to zero and experimental results in the rectangular

cross-sectional flumes lead the following relationship
T4 o (B/d)™"* (4.4.23)

The relationship of these characteristics of velocity distributions with the dispersion

coeflicient will be discussed in the next section.

4.5 Discussions

4.5.1 Discussion Based on One-Particle Analysis
(1) Summary of Results in Chapter 2

The theoretical results based on one-particle analysis and verified by numerical ex-

perimments in Chapter 2 are again summarized [or the convenience for discussion in
this chapter, and they are as follows:

a. Turbulent intensity

(47 _ 08, (2], G

ol s et S o (4.5.1)
[‘Uﬂ] 1 u 2
_;:2 ==/, u_lzfm (4.5.2a)
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2

[U.' 2] i1 urzi'32 ( \2
] = a’ - .. g
u? Alta u? A=Ja u,) (4.5.28)
[v7] 1 o (7 = U)° U2 |
2 I?/_bl Td“ =Ja ('u—) (4.5.2¢)
b. Mixing time scale

d d

T,=072— =~ — (4.5.3a)
Uu Uu

1 & d )
s 14.80,du.  u. (4.5.3b)
2

T = 1 (B/2° _ 1 (E)gi

148 Odu. 5928, \d/)

where T} is the integral time scale of the Eulerian turbulence, T, the mixing time

scale in the depth-wise direction, 7} the mixing time scale in the transverse direction,

8, the turbulent dispersion coefficient(s x/6), #; the turbulent dispersion coefficient
in the transverse direction (= 0.2).

¢. Lagrangian auto-correlation function
By(r) = [vi’]exp(=7/T2) + [v,”] exp(=7/T,) + [v”] exp(~7/T1) (4.5.4)
d. Growth of variances

(X?(a,t)] = 2 THexp(—7/T)+1/T.—1} +
2[v, )T {exp(—7/T.) + t/T, — 1} + (4.5.5)
T {exp(—7/T) + /T, — 1}

e. Integral time scale

Tse [ T W1 T (W] T

= 4.5.6
dfu. = WA T T s
f. Dispersion coefficient
Dy _ [ Ts
du. u? dfu.
1 n 2 "2
= —{BfIT+ [T + bFIT (4.5.7)
D Dy , Du
= G T " du
DL; [U:? 1 -
=0.72 = 1k 4.5.8
du. vl dfu. - (4.5.8a)
2
Do W 1 g (4.5.86)

du.  u? dfu. =



Dy _ 1 [](B/2) _ _1 .]M(E)?(-B*)‘ (4.5.8¢)
du. 14.8 u? fidu. 59.24, U. d

The first term of Eq. 4.5.7 is the cross-sectional average of the turbulent diffusion
coefficient in the flow direction, the second one the dispersion coefficient caused by
the non-uniform distribution of the velocity in the depth-wise direction, and the third

one caused by the non-uniform distribution of the velocity in the lateral direction.

(2) Lagrangian Auto-Correlation Function

The theory and the numerical experiment based on one-particle analysis presented
in Chapter 2 leads Eq. 4.5.4 for the Lagrangian auto-correlation function as stated
above. The Lagrangian auto correlation coefficient Ry (¢) in turbulent flows is usually

assumed as:
Rp(t) = e~ Tse (4.5.9)

and By is:
Bp(t) = [v}]e~" st (4.5.10)

Using velocity distributions measured in experiments and Ty calculated by the first
equation of Eq.4.5.7, two kinds of By, for Run 122 calculated by Eqs. 4.5.4 and 4.5.10
are presented in Fig. 4.5.1. By, by Eq. 4.5.4 decreases much more rapidly than those
by Eq. 4.5.10 for short lag-time, but decreases much more slowly than those by Eq.
4.5.10 for longer lag-time. Thus, the approximation of exponential function for Ry
commonly used in uniform turbulent flows is not acceptable for dispersion in the

turbulent shear flows. The other possible relationship is

B (t) = [v2)etTr (4.5.11)
where T} is defined by:
D
= - .5,
L= 7 (4.5.12)

B} is not the auto-correlation function, because B} (0) is not equal to the Lagrangian
turbulent intensity. However, B}(t) is good approximation for Bp(t) for longer lag
time as examined in Fig. 4.5.1.

(2) Growth of Variances

Growth of variance is obtained by integrating B;, and they are shown in Eq. +4.5.5.
For Eq. 4.5.10, the variance is calculated at:

a7, = 2| Tsp (™75t +4/Ts, — 1) (4.5.13)

x1
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Figure 4.5.1: Lagrangian auto-correlation functions for Run 122.
Solid line denotes Eq. 4.5.4, broken line Eq. 4.5.10, and thick solid
line BEq. 4.5.11.
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Figure 4.5.2: Growth of variances for Run122. Solid line denotes Eq.
4.5.4, broken line Eq. 4.5.10, and thick solid line Eq. 4.5.11.

and for Bj(t), the variance is calculated at:
02, = 2"V uT (T + /1) - 1) (4.5.14)

Eqs. 4.5.5, 4.5.13 and 4.5.14 are illustrated in Fig. 4.5.2. For a long lag-time,
they converge the same values, but for a short lag-time, Eq. 4.5.13 gives larger
values than those by Eqs. 4.5.5 and 4.5.14. Thus, the approximation of exponential
function for Ry is again not acceptable for calculating the variance for dispersion in
the turbulent shear flows, and this fact has already been shown in Fig. 4.4.4. The
variance calculated by Eq. 4.5.14 is much better approximation for Bq. 4.5.5 for the
longer period, and its failure is seen in only short travel time.

Iig.4.5.3 demonstrates that the variances observed in the experiments and calcu-

laled by Eq. 4.5.14 under the assumption of £ = Ut have fine agreement each other.
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Figure 4.5.3: Growth of variances observed in experiments and cal-
culated by Eq. 4.5.14.

It is also concluded that the growth of variance is linear for xi(= z,/T;7U) = 2 ~ 3.

(3) Integral Time Scale

The relationship between the integral time scale T’s; calculated by Eq. 4.5.7 and
Fischer's time scale Ty equivalent to the mixing time scale 7} in the lateral direclion
are illustrated in Fig. 4.5.4. Ts. is not so large even in wider channels, but 7; is
quite large, because [v[?]/[v}2] = Ja becomes smaller with increase of B/d. Thus, it
is disclosed that the mixing time scale is quite different idea from the integral time
scale as described in Bq. 4.5.5 in 3-D turbulent shear flows. Fig. 4.5.5 shows the
relationship between the mixing time scale T} and T;" It is definitely demonstrated

that 77 is good approximation for T}".
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4.5.2 Dispersion Coeflicient
(1) Relationship with Hydraulic Characteristics

As listed in Table 4.4.2, the dimensionless form of dispersion coefficient in laboratory
flumes looks dependent on the width to depth ratio B/d and the velocity factor U/u..
Fig. 4.5.6 definitely demonstrates the dependence of Dys/du. on B/d as:

B

1.002
Dyyfdu. = 6.21 (E) for 2.0< B/d< 20.0 (4.5.15)

Another possibility examined is the relationship between Dy /du. and Ufu.. As
shown in Fig. 4.5.6 displayed above, Dy /du. in rough-bottom channels are commonly
smaller than those in smooth bottom channels. Fig. 4.5.7 plots Dys/du.(B/d)~*%
against U/u. and the following relationship is obtained:

__Df”__l.a.ﬁ:o.as(u) (4.5.16)
du. (B/d)™ u,
Finally we obtains: o
Dy B o0z (U "
= 0. — — 4.5.1
du. 0.3 ( d) u-) ( )
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Figure 4.5.8: Dispersion coeflicient observed in experiment and pre-
dicted by Eq. 4.5.7 in view of Lagrangian Analysis.

(2) Dispersion Coefficient in View of One-Particle Analysis

The values of the dispersion coefficient obtained in the laboratory experiments are
plotied against the theoretical values by £q.4.5.7in Fig. 4.5.8. The definite agreement
between observed and theoretical values are demonstrated. Thus, validity of Eq. 4.5.7

for predicting the dispersion coefficient in 3-D turbulent shear flows are verified.

(3) Dispersion Coefficient Based on 3-D Turbulent Diffusion Equation

The results obtained in Chapter 3 are summarize as follows.

.Iﬁ _ Dg DEu 4 28 Dgy
du.  du. du. du,

_E:' f dA/ ( ) 1.0 (4.5.19a)

D
By _ / UychydA (—-a’u.) ~ 10.0 (4.5.195)

(4.5.18)

du.

Eii_‘ = %/A(ﬁn - U)(& - dA/ (—du ) = g—': (%)2 (g) (4.5.19¢)

The first term of Eq. 4.5.18 is the cross-sectional average of the turbulent diffusion
coeflicient in the flow direction, the second one the dispersion coeflicient caused by the
non-uniform distribution of the velocity in the depth-wise direction, and the third one
caused by the non-uniform distribution of the velocity in the lateral direction. The

constitution of the dispersion coefficient based on 3-D turbulent diffusion equation is
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Figure 4.5.9: Dispersion coefficient observed in experiment and pre-
dicted by Eq. 4.5.18 in view of Eulerian Analysis.

the same as thal based on one-particle analysis of Eq. 4.5.7, however, the expression
is little different each other because the method of analysis is different.

The direct comparison of measured data in the laboratory flumes with those by
Eq. 4.5.18 are illustrated in Fig. 4.5.9, and the fine agreement between observed and
predicted dispersion coefficient is demonstrated. Thus, the validity of Eq. 4.5.18 for
predicting the dispersion coeflicient in 3-D turbulent shear flows are verified.

Fischer’s theory (Fischer, 1966) for natural streams, which neglects the effects of
the turbulent mixing in the flow direction and the non-uniform velocity distribution
in the depth-wise direction is equivalent to Eq. 4.5.19. Therefore, Fischer’s formula
may give the smaller values than observed one in flows in narrow flumes, however,
the width and/or the width to depth ratio in ordinary river channels is very large
and the magnitude of the third term of Eq. 4.5.18 is much bigger than other two,

therefore Eq. 4.5.19¢ may be applicable to predicting the dispersion coellicient in
natural streams and rivers.
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4.6 Conclusions

This Chapter investigated the longitudinal dispersion by the experimental method.
The experiments were conducted by injecting the salt solution as the tracer in the
rectangular cross-section laboratory flumes, and measuring its concentration at se-
lected points in selected sections by use of the conductivity meter. The behavior of
the temporal moments was calculated and the dispersion coefficient was determined
by three different methods. The results disclosed the 3-D spreading of the tracer
cloud inserted as a plane source into the flow, and verified the theoretical results ob-
tained in Chapters 2 and 3. The dimensional analysis also disclosed the empirical
relationship of the dimensionless dispersion coefficient with the width to depth ratio
and the velocity factor.

The objectives and the design of the experiment were described in Section 4.1,
and the experimental apparatus and the method in Section 4.2. The methods of
data processing and analysis were stated in Section 4.3.

The results of the experiments were stated in Section 4.4 and they were sum-

marized as:

1. The spreading of the injected tracer in 3-D space was disclosed, and it is de-
scribed as:

(a) the tracer is stretched in the longitudinal direction by the longitudinal
component of the flow velocity vector which has the strong non-uniform
distribution in the vertical direction and the weak one in the lateral di-
rection, and the concentration distributions becomes three-dimensionally

non-uniform and highly skewed.

(b) the vertical mixing makes the concentration distribution in the vertical

direction uniform again.

(c) the lateral mixing following the vertical mixing also makes the concentra-
tion distribution in the lateral direction uniform again, and the magnitude
of the dispersion coefficient becomes much larger than that in 2-D shear

flows.

2. The spreading of the tracer was also investigated by the behavior of the first,
the second and the third temporal moments and the peak concentration. It de-
scribes the quite different concentration distributions from the Gaussian distri-
bution, and highly skewed ones. The convergence to the Gaussian distribution

is disclosed to be very slow. The difference of the temporal moment behavior
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between the cross-sectional concentration and those measured at points in a

section was also disclosed.

The velocity distributions were also measured in the experiment and the char-

acteristics of the velocity distributions were disclosed.

The theoretical results obtained in Chapter 2 were successfully examined by

the experimental results.

(a) the convective velocity of the centroid of the tracer cloud is equal to the

cross-sectional averaged velocity.

(b) the growth of the variance of the tracer cloud can be stated by

[X?(a,t)] = 202 T exp(—7/T)) +t/T:— 1} +
Q[ULQ]TE{GKP(—T/TJ =+ t/Tu - 1} i (4-5-5)
21T {exp(—7/Ty) + /T, — 1}

and can be approximated by
(X"2(a, )] = 20u°) T (e + /T - 1) (4.5.14)

(c) The characteristics of the integral time scale in 3-D turbulent shear flows
was also examined and it was verified that the mixing time scale in the
lateral direction is quite different from the integral time scale, and also
good approximation for T}".

The empirical relationship of the dispersion coefficient with the hydraulic vari-

ables obtained by the dimensional analysis was stated as

_DJ B 1.002 U
Ef.i = 0.38 (g) (u—) (4.5.17)

The definite agreement between the dispersion coefficient measured in the ex-
periments and predicted by
Dy 1

7 = 7 (I AT, + [T} (45.7)

was demonstrated.

The dispersion coefficient based on 3-D turbulent diffusion equation, presented

in Chapter 3
Dg _Dgi , Dg, | Dg

du. du, * du, du.

(4.5.18)
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ff: =2 [@ -y - c)aa/ (%du.) - % (-il) (g)g (4.5.19¢)

was also successfully examined by the measured dispersion coefficient.

8. It was concluded that the dispersion coefficient in rectangular cross-section
open-channel flows is not predicted by Elder’s formula, but can be predicted by
Eqs. 4.5.7, 4.5.17, and for 4.5.18.
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Chapter 5

PREDICTING LONGITUDINAL
DISPERSION COEFFICIENT IN
LABORATORY FLUMES AND
RIVERS

5.1 Introduction and Objectives

In the field of the river hydraulics, various investigations on the longitudinal mixing
in river flows were made especially in view of the spreading of the contaminants as
radio active materials, or waste into rivers from various sources and so on. Elder's

work (Elder, 1956)
D 0.404

du,  #3

for 2-D turbulent shear flows was one of the most primitive ones and was found

(3.4.24)

less useful for predicting the dispersion coefficient of rivers. Assuming the velocity
distributions in rivers, some investigations were made in this direction (Thomas,
1958, Parker, 1961, Sooky, 1968 and so on), however, they were neither successful
for predicting the dispersion coefficient in rivers. The theoretical and experimental
works for the dispersion coefficient for natural streams made by Fischer (1966) were

one of the most famous and successful works in this research field, that is,

o

D= %fjl j; {/0: q'(z’)dz’}“ (3.4.28)

Some variations of Fischer’s formula have been proposed for the flows in various

cross-section flumes or natural streams, assuming the relationships of the velocity
distributions with the geometric characteristics of the cross-section (Jain, 1976, and
Chiu, Lin and Mizumura, 1978). The effect of bends in channels on the dispersion was
also investigated by Fukuoka and Sayre (1973). Empirical relationships of the disper-

sion coeflicient in rivers with the geometrical features of the cross-sections and/or the
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hydraulic variables have also been investigated by Liu (1977), Iwasa and Aya (1980)
and others.

The quite different modeling for the dispersion in rivers is the dead zone modeling
developed by Hay (1966), Thakston and Schnelle (1970), Valentine and Wood (1977),
and Muramoto, Michiue and Nakagawa (1976) and others. They assumed that the
dead zone which may be exist in the channel-bottom or channel-side in natural rivers

causes the dispersion and the highly skewed concentration distributions.

In the previous chapters, the three different formulae for the dispersion coefficient
of open-channel flows are presented. In Chapter 2, the author presented the formula
predicting the dispersion coefficient in 3-D open-channel flows by being based on
Taylor's turbulent diffusion theory in the uniform turbulent field as:

Dy = (v Tsy = [v21Te + [WAT, + [T, (2.2.35)
In Chapter 3,

L1 oem b dr, [ = ]
f Y8z, 31:1 _bfw Y / 8o, T / ndD23; f_bluﬂadd%
(3.5.45)

was also presented by being based on the 3-D turbulent diffusion equation. Chapter

4 disclosed the empirical relationships of

2o (27 (4)

Ly the dimensional analysis. Each of three formulae was successfully examined by
comparing them with the experimental results made by the author in Chapter 4,
however, not examined by previous measurements in laboratory flumes and natural
streams, because theoretical works presented in Chapters 2 and 3 are limited only

for the flows in the rectangular cross-section straight flumes.

This chapter will demonstrate the applicability of the formulae presented in
the previous chapters to river flows as well as to the various flows in laboratory
flumes made by many investigators and the formulae presented by other investiga-
tors. The reason why the concentration distribution measured in open-channel flows

is so skewed will be investigated in Chapter 6.
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5.2 Review of Previous Measurements of Longi-
tudinal Dispersion Coefficient in Laboratory
Flumes

As described in Chapters 2 and 4, the variance of tracer clouds injected to the flows
as an instantaneous plane source is proportional to the square of the travel time for
the short travel time and to the travel time for the long travel time. The required
travel time or length for the linear growth in flows in rivers as well as laboratory

flumes is:
(X? et for t>(3~6T o z>(3~6TU (2.2.39)

Assuming ¢3 = 0.2du., B/d =~ 10 ~ 20, and U /u. = 20 for flows in smooth laboratory
flumes, the required length is approximately calculated at:

z/B = 100 ~ 200 (4.2.1)

As far as author can know, the previous laboratory measurements of the dispersion
coefficient in open-channel flows which satisfy Eq. 2.2.39 or 4.2.1 are only 6 series
summarized bellow. Adding to the author’s experimental results presented in Chap-
ter 4, they are used for examining the formulae of the dispersion coefficient in open-
channel flows proposed in the previous chapters. They includes the measurements in
rectangular cross-section flumes with smooth or rough bottoms, meandering flumes
and the triangular cross-section flumes, therefore, they are useful for examining the

applicability of the proposed models to varicus flows.

(1) Fischer (1966) ’s Experiment

Fischer made 21 series of tracer studies in smooth or rough laboratory flumes of
rectangular or trapezoidal cross-section. 11 series out of 21 series satisly Eq. 4.2.1,
however, the 6 series made in trapezoidal flumes with stone roughness at the side-
boundary were exempted from the investigation in this chapter, because the velocity
distributions were distorted by the stone roughness and not natural. The last 5 series
of 0100, 0200, 0300, 0400 and 2500 were made in rectangular cross-section flumes
and the bottom roughness was made by sand dunes or stone roughness. B/dis 2. to
7., and U/u. 5. to 10.. Fischer conducted these experiment for verifying the Elder’s
theoretical work of Eq. 3.4.24, measuring the concentration distributions at a center
of flows and reported that the dispersion coefficient determined by the ”Moment
method” are Dy /du. =~ 5.17 ~ 7.17.
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(2) Michiue, Muramoto and Itami (1978) ’s Experiment

They conducted 4 runs of dispersion measurements in the rectangular cross-section
flume of 150m in length and 0.6m in width, therefore the dimensionless distance
is quite long, however, B/d is 9. to 17., and U/u. about 16.. The concentration
measurement is made only a center of the flows except Run I. They determined the
dispersion coefficient by the ”Moment Method” and the "Routing Method” according
to Fischer (1966). It is reported that the routed concentration distributions have the

fine agreement with the observed ones and that the dispersion coefficient is Dy Jdu. =
37.5 ~ 85.0. The development of the tracer cloud was also discussed in their paper.

(3) Hayakawa, Fukushima and Sanjo (1984) ’s Experiment

The measurements were conducted in the flows in rectangular cross-section flumes
of 10.5m in length and 0.099m in width. The width to depth ratio is very small
and B/d = 0.66 ~ 3.96, and U/u. about 12. The dispersion coefficient determined
by the *Routing Method” were reported at Dg/du. =~ 2.16 ~ 9.69. They also
measured the lateral diffusion coefficient in the similar hydraulic condition and they
are £3/du, =~ 0.20 ~ 0.30.

(4) Glover (1964) ’s Experiment

Fortcollins tests were exempted because of the requirement of Eq. 2.2.39, and only
3 runs in Allenspark experiments were used. They were done in a triangular cross-
section flumes of 122m (400 ft.) in length; B/d is about 4., and U /u. about 25.. Dis-
persion coefficient were determined by using the Gaussian distribution of the mathe-
matical solution for the 1-D dispersion equation under the initial condition of Dirac’s
distribution, therefore its accuracy may be not so high, and D/du. ~ 13.2 ~ 17.6
was reported..

(5) Fukuoka and Sayre (1972) ’s Experiment

He conducted the systematic experiments of measuring the dispersion coefficient in
25m sinuous channels. 13 runs were made in a smooth-bottom channel of 0.25m in
width and 5 runs in a rough-bottom channel of 0.125m in width. The experiment
covers B/d of 4. to 10. and U/u. of 14. to 18. for the smooth-bottom channel,
and B/d of 2. to 5. and U/u, of 17. for the rough bottom channel. The measured
concentration distributions were truncuated at 5% of the highest concentration, and
they were used for determining the dispersion coefficient by the ”Moment Method”

and the "Routing Method”. The objectives of the experiments were to investigate
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the influence of meandering on the dispersion coefficient and Dy, /du, ~ 12.2 ~ 44.3
for a smooth-bottom channel and Dy, /du. ~ 6.08 ~ 28.5 for a rough-bottom channel

are reported.

(6) Tkeya and Tamai (1984) s Experiments

The dispersion coefficient in meandering channel of 3.0m in length and 0.30m in
width was measured, and B/dis 10., and U /u. 14.5. The concentration distributions
were truncuated at 10% of the highest concentration and used for determining the
dispersion coefficient by the ”Routing Method”. The dispersion coefficient reported
was Dp/du, = 31.6 and this value may be a little smaller because the dimensionless

distance is not long enough.

5.3 Review of Previous Measurements of Longi-
tudinal Dispersion Coefficient in Rivers

(1) Godfrey and Frederick (1970) ’s Measurement

They measured the longitudinal dispersion coefficient under 10 different hydraulic
conditions at 6 channel reaches in 4 natural streams, that is, Clinch River (Va.),
Copper Creek (Va.), Powell River (Tenn.) and Coachella Canal (Calif.). They used
Gold-198 solution as tracer injected as a line source at a water surface, and measured
concentration distributions at a center of 5 to 6 cross-sections downstream. They
also measured the velocity distributions at each section in detail. They will be used
in Sub-sections 5.4.1 and 5.4.2. They investigated the convective velocity, and
the dispersion coefficient by calculating the first, and the second temporal moments
of tracer cloud. The concentration distributions were also examined by Gamma
distributions.

The results of their measurements are often used by many investigators, because
measurements of concentration distributions and velocity distributions as well as
geometric features of channel was very detailed and reported in detail. Fischer (1968)
used their data (Godfrey and Frederick, 1963) for verifying his formula of Eq. 3.4.28,
and obtains the dispersion coefficient by the "Routing Method”. He also referred the
dispersion coefficient obtained by Thakston and Krenkel (1966). Iwasa, Aya and Toda
(1981) reviewed their measured data in detail and calculated the convective velocity
and the dispersion coefficient by themselves and reported that the magnitude of the
dispersion coefficient obtained is 2 times more than Fischer’s one in cases. The dala

used in the following analysis are 8 measurements referred by Fischer, but calculated
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by Iwasa, Aya and Toda (1981). The magnitude of the dispersion coefficient reported
by the authors is D/du, =~ 122. ~ 514., B/d ~ 15.3 ~ 43.3, and U/u. = 1.36 ~ 15.4.
They are listed in Table 7.2.1 in Chapter 7.

(2) Yotsukura, Fischer and Sayre (1970) ’s Measurement

They conducted the longitudinal and the transverse dispersion measurements in 141
miles reach between Sicus City (Ia.) and Plattsmouth in Missouri River. The tracer
used was Rhodamine WT solution and the direct sampling was made for measuring
the concentration distribution. The magnitude of the dispersion coefficient has been
the largest among those reported and is 16,000 ft*/s by the Routing Method and
15,000 {t? /s by the Moment Method.

(3) Data Summarized by Nordin and Sabol (1974)

Nordin and Sabol reported 51 results of the field measurement of tracer studies in 22
rivers in United States made by Geological Survey, U.S.. They includes the results by
Godfrey and Frederick (1970), and Fischer, Yotsukura and Sayre (1970), therefore,
39 measurement results out of 51 were examined in this study. The procedures of

examining data are as follows.

1. Plot t and o7 reported by Nordin and Sabol against the distance z on normal
section papers, and the reach in which both of f and o} are proportional to z

is selected.
do? ud do?
2. t —t =-<£—t
Calculate wu,, = and D >
3. Calculate the average hydraulic variables in the reach selected in the item 1.
by use of the data listed in the tables in Nordin and Sabol.

4. Calculate the mixing time scale 7} by Eq. 2.2.37, and the required length scale
by Eq. 2.2.39. 6; is assumed to be 0.2.

5. Select the data which satisfy Eq. 2.2.39

The 32 data measured in 17 rivers are finally used in the analysis in Sub-section
5.4.3. The magnitude of the dispersion coefficient by the author is D/du. = 10. ~
8,200, the width to depth ratio B/d =~ 16. ~ 270., and the velocity factor U/u. =~
1.1 ~ 24.0. Note that all the tracer insertion were not made as a line or plane source,
therefore, Eq. 2.2.39 is not always varied for the criteria for the dispersion period,
but the linear growth of # and o7 is assured by the first procedure.
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(4) Data Summarized by McQuivey and Keefer (1974)

McQuivey and Keefer summarized the 41 field data measured in 18 rivers in United
States by Geological Survey, U.S., and reported the average hydraulic variables as
well as the dispersion coefficient determined by Fischer’s Routing Method and the
least square error method. They satisfy the conditions; 1) complete concentration dis-
tributions in the test reach are obtained, 2) concentration distributions are measured
at least two sections, and 3) hydraulic variables are measured in the test reach.

Fischer discussed on their results, because the reported variables by McQuivey
and Keefer are sometimes different from those by Nordin and Sabol. Therefore, the
data included in Godfrey and Frederick, Yotsukura, Fischer and Sayre, and Nordin
and Sabol are exempted from the following analysis, and 26 measured data in 15 rivers
are finally used in the analysis. The magnitude of the dispersion coefficient reported
by the writers is D/du. =~ 120. ~ 5,700., the width to depth ratio B/d =~ 14. ~ 150.,
and the velocity factor U/u. ~ 4.2 ~ 20.0.

5.4 Predicting Longitudinal Dispersion Coefficient
in Open-Channel Flows

5.4.1 Dispersion Coefficient in View of One—Particle Anal-
ysis

The dispersion coefficients as well as hydraulic conditions measured in laboratory
flumes by the author and in natural streams by Godfrey and Frederick (1970) will be

examined, because other papers do not include the detailed velocity distributions.

(1) Dispersion Coefficient

Fig. 5.4.1 compares the non-dimensional dispersion coefficient D/du. measured by
the author and calculated by Fischer (1969) for Godfrey and Frederick data with
those predicted by use of Eq. 2.2.35, assuming the lateral mixing coefficient is equal
to 0.2du.. The agreement of the measured and predicted dispersion coefficient in
laboratory is very fine as already described in Section 4.5, but the measured ones in
natural streams have not so fine agreement with predicted ones as those in laboratory
flumes, because all the hydraulic conditions assumed in the theory were may be not
satisfied. The magnitude of the turbulent diffusion term (the first term) in Eq. 2.2.35
is of the order of 1.0 and its contribution to dispersion coefficient is calculated at 10%
for laboratory flumes and 1% for natural streams, therefore, it is negligibly small for

calculating the dispersion coefficient in natural streams. The magnitude of the term
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of the vertical non-uniformity of the velocity distributions (the second term) is of the
order of 10. in laboratory flumes and 1. in natural streams. The contribution of
the second term to the dispersion coefficient can not be negligible in laboratory, but
is around 1% and negligibly small in natural streams, because the magnitude of the
dispersion coefficient, which will be disclosed to be dependent on the width to depth
ratio in Sub-section 5.4.3, increases with increase of the width to depth ratio. The
magnitude of the third term, that is, the term of the lateral non-uniformity of the
velocity distributions is 5.26 to 100. for laboratory flumes and 40.4 to 920. for natural
streams. Therefore, the contributions of the second term is comparable to those of
the third term in narrow laboratory flumes, but it is negligibly small for wide natural
streams, and

DL = Dm:[b‘{z]ﬂ

1 U\? [ B\?
59.26, (u_) (E) e

for natural streams (5.4.1)

1

Fig. 5.4.2 shows the relationship between D, and Dy, and it is concluded that
the dispersion in rivers can be approximated as the 2-D phenomena in the lateral

direction.

(2) Lagrangian Turbulent Intensity

a. Bulerian turbulence term
According to the measurements in laboratory and rivers by Asano (1980), the mag-
nitude of the cross-sectional average of the Eulerian turbulent intensity is estimated
at of the order of:
2
[v:]

S5 =10~20 (5.4.2)

b. Turbulent intensity caused by the vertical non-uniformity of the veloc-
ity distribution

In case of the 2-D flows in which the logarithmic velocity distribution is established,
the following relationship is obtained.

In case of the 3-D flows in laboratory and rivers, the following relationship is obtained.

(5.4.3)

(%% [ 6.0~10.0 for laboratory flume
] 0.2~ 10.0 for rivers
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According to the data measured by Godfrey and Frederick, almost all of [v?]/u? has
its magnitude of the order of 1.0, and not so strong.

¢. Turbulent intensity caused by the lateral non-uniformity of the velocity
distribution

As shown in Fig. 4.4.13, J4 = 20.0(B/d)~*/? for laboratory flume, and therefore,
the equivalent relationship is obtained as:

2

2 B -=0.5 U 2
[1::2] 20.0 (E) (u—) for laboratory flume (5.4.4)

In case of the river flows, the relationship of [v;*]/u? with B/d is presented in Fig.
5.4.3 (a), and the definite relationship is hardly obtained. Fig. 5.4.3 (b) shows the
definite relationship of [vj%]/U? with B/d, and its magnitude is of the order of 10.

(3) Lagrangian Integral Time Scale

In wide open-channel flows, the Lagrangian auto-correlation coefficient T's; is able to

be approximated as:

T.S‘L = D/du _

Ju. = WA (5.4.5)
[1’12] 1i -
(o7 4/u. (5.4.6)

Fig. 5.4.4 plots Ts;, measured by Eq. 5.4.5 against the approximately calculated one
by Eq. 5.4.6 on a logarithmic sheet, and the following relationship is obtained.
TsL Bi* B o
m d) for 'a" > 10 (54!)

Therefore, it is concluded that the dispersion can be approximated as the 2-D phe-

—003(

nomena in the lateral direction for B/d > 10 in terms of the Lagrangian integral
time scale. The little difference of the magnitude of the proportional constant be-
tween Eqs. 4.5.3 and 5.4.7 is cause by the magnitude of the lateral mixing coefficient

and the characteristic length in rivers.

5.4.2 Dispersion Coefficient Based on Turbulent Diffusion
Equation

The dispersion coefficient Dg calculated by Eq. 3.5.45 can also be approximated by

Dg for wide open channel flows as:

DE'::'J

b drs z T L rUN Ty By®
= / nd D23 U_ ”03‘“"”] ‘E}(u_) (E) duy

for natural streams (5.4.8)
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The dispersicn coefficients measured in laboratory flumes by the auther and in natural
streams by Godfrey and Frederick (1970) were again examined. Fig. 5.4.5 compares
the non-dimensional dispersion coefficient D/du. measured by the author and calcu-
lated by Fischer (1969) for Godfrey and Frederick data with those predicted by use of
Eq. 5.4.8, assuming the lateral mixing coefficient is equal to 0.2du.. The agreement
of the measured one in natural streams with predicted ones is not so fine as those in
laboratory flumes, because all the hydraulic conditions assumed in the theory were
may be not satisfied.

Assuming the lateral mixing coefficient for rivers at 0.23du., the dispersion co-
efficients calculated by Eqs. 2.2.35 and 5.4.8 by use of the velocity distributions
measured in laboratory by the author and measured at each section in rivers by God-
frey and Frederick are plotted on Fig. 5.4.6. Eq. 2.2.35 gives a little larger values
for laboratory flume data, because Eq. 2.2.35 includes the effects of the Eulerian

turbulence and of the vertical non-uniformity of the velocity distribution, but Eq.
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5.4.8 excludes them. As the width to depth increases, these effects becomes neg-
ligibly smaller than that of the lateral non-uniformity of the velocity distributions,
the magnitude of these two kinds of dispersion coefficient becomes of the same order
exempting one exceptional datum. Thus, Eq. 2.2.35 is concluded to give the same
magnitude of the order as those by Eq. 5.4.8, which is equivalent to the Fischer’s
formula of Eq. 3.4.28 for the dispersion coefficient in rivers.

5.4.3 Dimensional Analysis of Longitudinal Dispersion Co-
efficient

Hydraulic conditions and the channel geometry are continuously changing from a
section to a section in actual river flows. A practical way to estimate the dispersion
coefficient is the application of the dimensional analysis. The mass transpert pro-
cesses and the mixing in open-channel flows are usually of meso- and macro-scales in

hydraulic phenomena, and the hydraulic variables are then classified as
e dynamic: p, i
e kinematics: D, &, U, u., @;,ul,g

e geametry: B,d,d, dmaz, L



where d is the hydraulic depth (= A/B), dpm.- the maximum local depth, L the
characteristic length for the mixing, and g the gravitational acceleration. The Buck-
ingham 7 theorem makes
D B dpee L U @ ul
a3 L
where Re is the Reynolds number, and Fr the Froude number.

The functional form of ¢ and the phenomenological priority of all the dimension-
less parameters consisting of ¢ have to be selected by the experimental procedures.
All the experimental data come from the author described in Chapter 4, Fischer
(1968), Muramoto et al (1978), Hayakawa et al (1984), Glover (1964), Fukuoka and
Sayre (1973), and Tkeya and Tamai (1984) in laboratory measurements referred in
Section 5.2, Godfrey and Frederick (1970), Yotsukura et al (1970), Nordin and Sabol
(1974), and McQuivey and Keefer (1974) in field measurements referred in Section

Re, Fr (5.4.10)

5.3. In total, 62 different data in laboratory flumes from 7 sources, and 79 different
data in actual rivers/canals from 4 sources are examined in this study.

All the data used in the study satisfy the required time/length scale of Eq. 2.2.39
for lateral mixing, and the dispersion coefficient is calculated by use of the ” Moment
method” or the "Routing Procedure” by the author or writers as described in Sec-
tions 5.2 and 5.3. The magnitude of the dispersion coefficient will be changed by
the computation procedure itself.

The results obtained in Sub-sections 5.4.1 and 5.4.2 describe the most impor-

£=F(B U) (5.4.11)

du. d’ I

which represents that the dimensionless dispersion coefficient D/du., as a bulk pa-

tant prierity would be:

rameter of the dispersion processes is a function of the width to depth ratio B/d and
the ratio of mean velocity to the shear velocity U /u..

Fig. 5.4.7 shows the relationship between D/du. and B/d obtained in laboratory
flumes and natural streams. Notable features seen from this figure are summarized
as follows:

1. A distinct correlation of D/du. with B/d is observed in laboratory data as well
as in river/canal data.

2. A functional relationship of

D B 1.5
—=20(3) (5.4.12)

can be obtained, exempting the data in laboratory flumes of small B/d, and

the some data in actual rivers/canals.
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3. The influence of bends in flumes on the longitudinal dispersion is not so clear,
comparing the data of the author, Muramoto et al, and Hayakawa et al in
straight laboratory flumes to those of Fukuoka and Sayre, and Tkeya and Tamai

in sinuous laboratory flumes.

4. The influence of bottom roughness on the longitudinal dispersion is not so large,
comparing the data of the anthor and Fukuoka and Sayre in smooth and rough

bottom flumes.

The results of the items 1. and 2. are similar to those obtained by Liu (1978) and
Iwasa and Aya (1980) which mainly examined the data in rivers/canals. Eq. 5.4.12is
employed to describe the relationship of D/du. with B/d in wide rage of the width to
depth ratio in laboratory flumes as well as rivers/canals. Some data scatter around
Eq. 5.4.12, and this fact suggests the influence of other parameters as described in
Eq. 5.4.10, but Eq. 5.4.12 will be useful for predicting the dispersion coefficient in

open-channel flows.

5.5 Conclusions

In this chapter, the applicability of the three formulae presented in the previous chap-
ters was examined to river flows as well as to the various flows in laboratory flumes
made by other investigators, and the dispersion coefficient in rivers was also inves-
tigated. The theoretical results developed in the former chapters were summarized
and the objectives of this chapter were stated in Section 5.1. The short review of
each of previous measurements in laboratory was described in Section 5.2 and those
in rivers, streams, and canals in Section 5.3.

The dispersion coefficient in rivers was examined in terms of one-particle analysis
by use of Godfrey and Frederick’s data in Sub-section 5.4.1. The applicability
of the theoretical results described in Chapter 2 was successfully examined to the
longitudinal dispersion in rivers, though its agreement was not so fine as that in
laboratory. The magnitude of the three components of the dispersion coefficient was
also investigated by use of the velocity distribution data measured in rivers, and it
was concluded that the 2-D approximation in the lateral direction can be possible
for the dispersion in rivers. The characteristics of the velocity distributions in rivers
were investigated in terms of Lagrangian dispersion theory, and it was concluded that
the magnitude of the non-uniformity of the vertical direction is of the order of 1.0
to 10., and those of the lateral direction 10.. Therefore, they are comparable each
other. The integral time scale and the mixing time scale were also studied, and the

definite relationship of Bq. 5.4.7 for rivers was obtained.
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The dispersion coefficient in rivers was alse examined in terms of Eulerian anal-
ysis in Sub-section 5.4.2. The applicability of the theoretical results described in
Chapter 3 was successfully examined to the longitudinal dispersion in rivers, though
its agreement was not so fine as that in laboratory. The dispersion coefficients cal-
culated by Eqgs. 2.2.35 and 5.4.8 by use of the velocity distributions measured in
laboratory by the author and measured at each section in rivers by Godfrey and
Frederick were compared, and it was concluded that the magnitude of the dispersion
coefficient calculated by both of the Lagrangian method and the Eulerian method
which is equivalent to Fischer’s formula are of the same order in rivers.

The dimensional analysis of the dispersion coefficient was also conducted in Sub-
section 5.4.3, and the definite relationship between D/du. and B/d was obtained

D B\
— =20 (E) (5.4.12)

by using 62 data in laboratory and 79 data in rivers.

as,

Thus, the conclusions in this chapter are summarized as:

1. The dispersion coefficient in rivers can be predicted by both of Lagrangian
method described in Chapter 2 and Eulerian method described in Chapter

3 by use of the velocity distributions measured.

2. They are approximated by Eq. 5.4.1 or Eq. 5.4.8 respectively, and they give
the same magnitude of the order.

3. The empirical relationship of Eq. 5.4.12 can be employed to describe the disper-
sion coefficient in ordinary laboratories and rivers, unless the detailed velocity

distributions in a cross-section are obtained.
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PART 1:

DISPERSION PROCESSES
IN OPEN-CHANNEL FLOWS






Chapter 6

DISPERSION BASED ON
DISCONTINUOUS
MOVEMENTS OF A PARTICLE

6.1 Introduction and Objectives

On the longitudinal concentration distributions, Taylor (1953) initially pointed out
the importance of the convective transport by the longitudinal component of the Eu-
lerian velocity, and described the longitudinal dispersion coefficient in laminar flows
in a tube. McQuivey and Keefer (1976) proposed the ”Convective Models” which
was based on the logarithmic distribution of the temporal averaged velocity. They
successfully applied their models to the field measurement data for the longitudinal
dispersion in natural streams. Sayre (1977) discussed that McQuivey and Keefer's
models should be modified in its application to natural streams, because the velocity
distributions are 3-D in natural streams. Shimada (1980) studied the longitudinal dis-
persion in turbulent shear flows in pipes and 2-D open-channel flows by the stochastic
approach and succeeded to explain the skewed concentration distributions by the sta-

tistical properties of the velocity distribution.

This chapter will investigate the concentration distributions in open-channel flows
in view of the discontinuous movements of a particle. Studying the concentration
distributions is equivalent to deing the probability density distribution of the location
of a particle as discussed in detail in Monin and Yaglom (1965). The normalized
three-dimensional concentration distribution &,(z;;?) is equivalent to the probability
density distribution of the location of a particle P'(z,,t), and the normalized one-
dimensional concentration distribution in the longitudinal direction C,(z;;t) is also

equivalent to the one-dimensional probability density distribution of the location of
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Figure 6.1.1: Definition of symbols and coordinate system.

a particle P(z,;1):
Plag:t) = LP’(I.‘; t)dzadzs (6.1.1)

where z, is the space coordinate, that is, z, the space coordinate in the longitudinal
direction, z the space coordinate in the vertical direction, and z3 the space coordinate
in the lateral direction.

The behaviors of the ensemble average and the variances of the location of a
particle in turbulent shear flows have already been discussed in detail in view of
continucus movements of a particle in Chapter 2, however, the probability density
distributions and other information on the location of a particle has not yet been
discussed. Therefore, this chapter will study the probability density distributions
of the location of a particle, being based on Lagrangian movements of a particle in
turbulent shear flows. In case that the probability density function (PDF) of the
Lagrangian turbulent velocity of a particle is different from the normal (Gaussian)
distribution, the higher moments are required to describe the PDF of the location of a
particle, and it is a little complicated to know the behavior of the corresponding higher
Lagrangian correlation in view of the continuous movements of a particle. Therefore,
the movements of a particle will be modeled by the discontinuous movements and

the PDF of the location of a particle in the longitudinal direction will be discussed
in this chapter.
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6.2 Displacement of a Particle by Discontinuous
Movement

6.2.1 Mathematics of Probability and Statistics
The PDF of the random variable y is defined by

[ fwdy=Ple<y<a=5 (6:2.1)

where f(y) is the PDF of y, and F(y) the cumulative distribution function (CDF)
of y defined by

F)=PlY <sl= [ f(n)dn (6.2.2)

The characteristic function ¢(y) of a random variable y is defined by

)= [~ ol (P=-1) (6.3

where £ is the parameter, and the inverse-transformation of the characteristic function
defined by

1 g
F@) =52 [ e olw)dk (6:2.4)
gives the PDF of y. The derivative of the characteristic function with respect to the

parameter £ gives the moment as:

d"é(k)

¢(r)(0) = [— = {"m (6.2.5)

k=0

dkr

where m! is the r-th moment around y = 0 defined by:

m= [~y )y (6.2.6)

6.2.2 Discontinuous Movements of a Particle

Stochastic approach for convective transport of the tracer cloud derived by Shimada
(1980) can be rewritten in the following forms in view of the discontinuous movement
of a particle based on the Lagrangian modeling.

Consider the behavior of the particle released at the position 2 = a = (0, az, a3) at
time £ = 0 in the confined 3-D turbulent shear flows, where a is an arbitrary position
in a cross-section at z; = 0. Denoting the longitudinal component of the Lagrangian

turbulent velocity of a particle which was located at X;_,(a,t;—;) at ¢t = ¢,y by

vy = vi(a,tiq)

1
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and assuming

=1 1
vj; = Const. for Y At <t< O

=1 =1
the fluctuation of a particle displacement in the longitudinal direction AX; at t = At
from the mean displacement

[AX]) = [sht] = 0
is calculated at
AX] = v At; (6.2.7)

by use of Eq. 2.2.15.
After n time steps, the fluctuation of the longitudinal displacement of a particle

X! is written as:
X,=AX]+AXj+ -+ AX + -+ AX, (6.2.8)

assuming that a particle obtains different Lagrangian velocity vi,,, = v{(a,t;) at a
point X (a,?;) where a particle arrived after the migration period Af; from a point
X(a,ti—), and ¢, is calculated at:

t=1, = At; + Aby+ - + At + - + At

n

(6.2.9)

The Lagrangian turbulent velocity in the longitudinal direction is defined by
vila,t) = ui(X(a,t), t) + up(Y(a,t)) + 3™ ( Z(a,t)) - U (2.2.9)

(1) = vi(a,t) + v'(a,t) + vl(a, 1) (2.2.13)

and a random variable, because a particle migrates in a cross-section, and therefore
AX is also random as already shown in Chapter 2.

Following notes are important. In the simulation models in Chapter 2, the
movements of a particle is stated by the similar models, and the Lagrangian velocity

is decided by a location of a particle in a cross-section as described:

vi(a,t) = u) (X(a,t), t) (2.2.10)
v,(a,t) = uy (Y(a,t)) (2.2.11)
v(a,t) =" (Z(a,t))-U (2.2.12)



and a particle location in the three-dimensional space is decided by
t
X(a,t) = / v(a,t)dt' + a (2.2.9)
0

That is, in the models in Chapter 2, a particle is given a random velocity v} and
obtains a random velocity v{ by the random movement of a particle in a section.
On the contrary, in the models of Eqs. 6.2.7 to 6.2.9 presented in this chapter, the
Lagrangian turbulent velocity v{,,, is assumed to be random and independent on v!_,
therefore, the location of a particle in a cross section at ¢, = 3!, At; is assumed
not to be dependent on the particle location at #,_; = /21 At;. This assumption is

equivalent to the complete mixing in a cross-section.

The PDF of the Lagrangian turbulent velocity fluctuation v} is defined by
b
Pla < v < b] z[ FCACH (6.2.10)

By use of Eq. 6.2.10 and the transformation of the random variable v} to AX’ by
Eq. 6.2.7, PDF of AX' is written as

g(AX") = f(A—i;/-A—Q (6.2.11)

where g(AX") is the PDF of AX'.
The Lagrangian turbulent velocity v] is assumed to be independent each other
in the sense of probability, therefore, the displacement A X' is also independent each

other and the first and the second central moments of AX’ is written as:
[AX"] = At /: o, f(u!)dv! (6.2.12)

and
[AX") = (At)?[v;? (6.2.13)

because of [v]] = 0 and [AX'] = 0, where [ ] denotes the ensemble average.
Since AX!is independent each other, the average and the variance of the location
of the particle X! = ©7_, AX] at t = £, At; are obtained as:

1=1

(X)) = SJax) =0

1=1

and
"

(X7 = Yo () [ounf® (6.2.14)

=1

where [X] is the average of X, and [X?] the variance of X! at t = ¥ 1L, At,.

nl
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In case that the time step n is not so large enough, the PDF of a particle location
X! is influenced by and dependent on g(AX’), thatis, f(v}). In case nislarge enough,
the ”Central Limit Theorem” assures that the variable defined by

Y, = =1 (6.2.15)
VT (AL (2]

is described by the standard normal distribution, even if the PDF of the turbulent
velocity is not the normal distribution. ( The Bessel’s correction coefficient is ignored
in Eq. 6.2.15.) The ”Central Limit Theorem” is also established in case that the
populations of AX; at each time t = !, At; are different each other. Therefore, in
case that the PDF of AX' is varied in the longitudinal direction, that is, the PDF
of v;" is varied in the longitudinal direction, the concentration distribution becomes

the Gaussian, if the time step n is large enough. Thus, the establishment of the
convective dispersion equation is again verified in view of the statistical analysis of

discontinuous movements of a particle.

6.2.3 Statistical Properties of the Location of a Particle

The PDF of v}, is assumed not to be varied in the longitudinal direction in the
following analysis, and this assumption is satisfied in the confined flows uniform in
the longitudinal direction. At; is also assumed to be constant hereafter.

The characteristic function ¢(k) for the Lagrangian velocity fluctuation v} is de-
fined by:

sk = [ Z S f)d, (= —1) (6.2.16)

Since the Lagrangian turbulent velocity for (i—1)At < ¢ < 1At is assumed to be inde-
pendent on the Lagrangian turbulent velocity for other time steps, the characteristic
function (k) for the sum X, of independent random variables AX/

Xo= v+ +- o+ 40 )AL (6.2.17)
is the product of each of the characteristic function:
(k) = {g(k)}" (6.2.18)

The inverse-transformation of Eq. 6.2.18 gives the probability density distribution of
the displacement of a particle as:

P(X!) = %[iexp(-j%k){qs(k)}" d (6.2.19)
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and by denoting the operation of the convelution by =:

fly)*g(y) = /0; f)g(y — v')dy'

P(X]!) can be rewritten in the form of
PX, )= P(X._;) «P(X]) (6.2.20)

The moments of P(X,) are obtained as:

the first moment

the variance
(%27 = n[v}?)(At) (6.2.22a)

and since t is equal to nAt, Eq. 6.2.22a can be written as

(X% = At[vn?) ¢ (6.2.225)
the dispersion coefficient defined by Eq. 2.1.2a is derived as

Pi= %[Uizl(:ﬁt) (6.2.23)
By use of Egs. 2.1.2b and 6.2.23, the magnitude of the time step should be

At = 2Ts, (6.2.24)

6.3 Longitudinal Dispersion in Turbulent Shear
Flows

6.3.1 Probability Density Distribution of Lagrangian Tur-
bulent Velocity

As shown in Chapter 2, the longitudinal dispersion processes in 3-D turbulent shear
flows can be decomposed into three components as:

Lagrangian turbulent velocity in the longitudinal direction
vi(a,t) = vla,t) +v,(a,t) + v/(a,t) (2.2.13)
Dispersion coefficient
Dy = [V, Ts, = WAT, + [0 *]T, + [v3]Th (2.2.35)
Time-dependent behavior of the variance
Bi(r) = [v]]exp(—7/T) + [v.}) exp(—7/T.) + [v}*] exp(—7/Th) (2.2.30)
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Figure 6.3.1: 3-D velocity distribution and the cummulative area A,

where the Lagrangian turbulent velocity V} is less than v} = u;. The

hatched area denotes A;(u)). CDF is equal to F' = A, /A.

and it was disclosed that the effect of the Eulerian turbulence is much smaller than
those of the non-uniformity of the time-averaged velocity in the vertical and lateral

directions.

Neglecting the effect of the Eulerian turbulence, and noting that the Lagrangian
turbulence can be realized and be random by the random movements of a particle in
a section, the cumulative distribution function CDF of the Lagrangian turbulence
is:

Ay (u)
A
u=u-—U (6.3.2)

F(v) = PV < 4] = (6.3.1)

where A is the cross-sectional area, A; the cumulative area in which Lagrangian tur-
bulent velocity V{ is less or equal to vi(= u}), @; Eulerian temporally averaged ve-
locity, and U the cross-sectional averaged velocity equal to the average of Lagrangian
velocity [v;]. The relationship between F(v;) and the 3-D velocity distribution is
presented in I'ig. 6.3.1. By use of Eqgs. 6.2.1 and 6.3.1, the PDF of the Lagrangian
turbulence is obtained as:

F(v) _ dF(s) _ 1day(u]
dv} duf A dul

flv) = : (6.3.3)
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6.3.2 Longitudinal Dispersion in 2-D Turbulent Shear Flows

In case of 2-D turbulent shear flows, let assume the logarithmic velocity distribution
of Eq. 6.3.4 is established:
Uy — U 1 To

R ;(ln—d: + 1) (6.3.4)

where u, is the friction velocity, x von Karman’s constant, d the channel depth, and
z3 the depth-wise coordinate. By use of Eq. 6.3.3, the PDF of v/ is written in the

form of:
] I K K " Ua
F0)) = f(u) = Zexp { (- ) (6:3.5)
where
rt — U. Lo
u =8 —-U=—(nn+1), (=) (6.3.6)
and the PDF of AX' = vjAf is:

R (6.3.7)

kK AX" wu, 1
u, = At h‘.)

I
AX) = —e = il
g(AX’) u.“p{ ( At

Egs. 6.3.5 and 6.3.7 show that the PDF of v{ and the PDF of AX' is described by

the exponential distribution:

9(AE) = Aexp(—AAE) (6.3.8)
where
&
A= ;
"y (6.3.9)
and
AE=AX' —ul_, At (6.3.10)

u
" — = Y
Uyrmaz = Uifg=1 — U = .

The average pu is
1
p=1 (6.3.11)
and the variance o?

, 1
o= — (6.3.12)

Therefore, the PDF of the displacement of a particle after n steps is deseribed by
the Earling distribution by use of Eqs. 6.2.16 to 6.2.19

Mg

Pa(€) = R exp(—A£) for £€>0 (6.3.13)



where
€= — (¢ — t1mast) (6:3.14)

and

Ulmaz = U |11=1

t = nAt (6.3.15)
and the average: .
W
and the variance: k =
op g (“—) nAt? (6.3.17)
K

Note the Earling distribution converges on the Gaussian distribution with increase

of the parameter n.

The results obtained in Sections 6.2 and 6.3 are almost equivalent to the re-
sults by McQuivey and Keefer (1976), Sayre (1977), and Shimada (1980). In their
analysis, it is assumed that inserted dispersant is convected by the longitudinal ve-
locity non-uniformly distributed, and completely mixed after t = At. In the models
described here in this study, the dispersion phenomena is dealt with in view of the
Lagrangian analysis of a particle, and the movement of a particle is modeled by the
discontinuous movements. They deprive the phenomena of features of continuous

movements disclosed in Chapter 2, but following results are obtained.

1. In the region near the releasing point, the PDF of the displacement of a particle
is extremely dependent on the PDF of the Lagrangian velocity fluctuation of
a particle. Its difference from the Gaussian distribution can cause the skewed

distribution of the concentration.

o

When n is large enough, the concentration distribution converges on the Gaus-
sian distribution by the "Central Limit Theorem”, even if the PDF of the

Lagrangian turbulent velocity is arbitrary.

3. In the 2-D open-channel flows, the concentration distribution will be approxi-
mated by the Earling distribution. The parameter n in the Earling distribution
should be replaced by the real number k in view of the continuous movements

of a particle, and the distribution should be the gamma distribution.
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6.4 Longitudinal Dispersion in 3-D Turbulent Shear
Flows

6.4.1 Period Required for Particle Migration

The PDF of the Lagrangian turbulent velocity v{ is theoretically obtained by Eq,
6.3.3, however the direct use of Eq. 6.3.3 for 3-D turbulent shears flows should
be carefully examined. The most important assumption introduced in the theory
described in Sections 6.2 and 6.3 is the independence of the random variable v},
in the sense of probability. This independence is established by the migration of a
particle in view of the continucus movement of a particle. The order of the magnitude
of the period required for the establishment of the independence of v!; is expected
at T'sy by Eq. 6.2.24. However, the integral time scale is the different idea from the
mixing time scale as discussed in Chapter 2. The migration period required for the
independence of v{; in 3-D turbulent shear flows is dependent on the particle location
and the width to depth ratio as will be discussed below.

As described in Chapter 2, Tz in 3-D turbulent shear flows can be decomposed
into three components:

[v]
[v1%]
[v4%]/[v{?]T} is negligibly small in ordinary 2-D or 3-D turbulent shear flows. There-

fore, Tsy, has only one component T}, and the assumption that the required period

7 (2.2.34)

!
Uy
Tsr =

., | ]
ORI TR

does not have any relationships with the location a particle in a cross-section is valid
in case of 2-D turbulent flows. On the contrary, this assumption is not acceptable
for 3-D turbulent shear flows, because the required period for migration depends on
the location of a particle. Let assume two particles locating at different positions in
a channel, that is, "Particle A” near the channel side, and ”Particle B”, near the
bottom in the center of the channel and that the both of Lagrangian velocity of two
particles are the same. (Refer Fig. 6.4.1). The required time for the "Particle A” to
get the maximum velocity is of the order of T;, however, that is of the order of T,
for the "Particle B”. Thus, the required time for migration between the maximum
velocity point and the minimum velocity point is quite different and depends on the
location of a particle. This is also explained by Eq. 2.2.34, which states the model
for Ts;. Tsy has two components of [v,%]/[v{%]T, and [v/*]/[v{*]T; in 3-D turbulent
flows, and the order of the magnitude of T} which describes the mixing time scale
in the lateral direction is much larger than that of 7, which describes the mixing

time scale in the vertical direction in wide open-channel flows as demonstrated in
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Figure 6.4.1: Iso-velocity contour map in Run 921, and the migration
of a particle.

Chapter 2. Therefore, the discussion on the results of McQuivey and Keefer (1976)
by Sayre (1977) should be re-considered carefully.

6.4.2 Modeling Dispersion Processes in 3-D Turbulent Shear
Flows

In wide open-channel flows, the non-uniform distributions of the depth-averaged ve-
locity in the lateral direction is dominant over the longitudinal dispersion processes.
Assume that the Eulerian turbulence and the non-uniformity of the velocity distri-
butions in the vertical direction is much less effective on the dispersion processes in
3-D turbulent shear flows than the non-uniformity of the velocity distribution in the
lateral direction, then the theoretical results presented in Sections 6.2 and 6.3 will
be re-written as follows.

The Lagrangian turbulent velocity v} should be replaced with the Lagrangian
turbulence component caused by the lateral non-uniformity of the depth-averaged
velocity v

v =y (6.4.2)
where vy is defined by Eq.2.2.12 in Chapter 2. Thereflore, CDF of v, is stated as:

A (™)
A

where @™ is the depth-averaged velocity introduced in Chapter 2, and PDF of v]
is wrilten as:

F(u)) = PV < v)] = (6.4.3)

f[‘u:) - df;(!:;) - dF(ﬁ’:) _ 1 dAl—(:ﬁn)
v} @

= 1 4 (6.4.4)
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The dispersion coefficient obtained in Chapter 2 can be approximated by:
Dg = [T (6.4.5)
for wide open-channel flows, therefore, the relationship of Eq. 6.2.20 is rewritten as:
At = 2T, (6.4.6)

Other relationships are also obtained by replacing v{ with v/, and Tsy with T} respec-
tively.

As shown in Fig. 6.5.1 in the next section, the PDF of v, in rectangular cross-
section laboratory flumes can be approximated by the exponential distribution, then
the concentration distribution in rectangular cross-section laboratory flumes again
can be represented by the Earling distribution as well as those in 2-D open-channel
flows. However, the order of the magnitude of the dispersion coefficient and the
required time scale for migration, that is, the order of the magnitude of the time step
is much bigger than those in 2-D flows.

McQuivey and Keefer (1977) made simulations by means of their ”Convective
Model” through the series of the operation of the convolution. Their simulated re-
sults are compared with the results in laboratory flumes and the field-measurements,
and they are quite agreed each other. In their analysis, the parameters are decided
by the trial and error method, and it is concluded that the magnitude of the time
step At should be equal to Fischer’s time scale Tp; of Eq. 2.1.8, which is equal to 7;.

This result confirms the above consideration valid.

6.5 Concentration Distributions in Laboratory

Assuming the non-uniform velocity distributions in the lateral direction is dominant
over the dispersion in 3-D open-channel flows, the longitudinal concentration distri-
butions in 3-D open channel flows are theoretically discussed in Section 6.4. Fig.
6.5.1 shows the lateral distributions of the depth-wise averaged velocity measured
in the author’s experiment Run 921 on a log-normal sheet and it is disclosed that
the logarithmic velocity distribution in the lateral direction is almost established.
Therefore, the concentration distributions in Run921 are expected to be described
by the gamma distribution. The measured concentration distributions were in the
time coordinate, and the direct approximation for the concentration distributions by

the PDF of the gamma distribution in the time coordinate will be examined in this

181



0.08

0.04

0.00

<0.04

-0.08

DIMENSIONLESS VELOCITY DEVIATION o /8

-
I O 1 PRI B T

2 4 6 810" 2 4 681 2
DIMENSTONLESS DISTANCE
I# LATERAL DIRECTION z/(8/2)

Figure 6.5.1: Lateral distribution of the depth-averaged velocity
measured in Run 921.

section, because the gamma distribution is the expansion of the Earling distribution

and the parameter n of an integer number is replaced with the real number k.

Normalized cross-sectional mean concentration is defined by:

Co(t;21) = C(t; 1) //Dm C(t; 1)at (6.5.1)

Assuming C,(t;z,) is able to be described by the PDF of the gamma distribution
(See Fig. 6.5.2), it is written as:

(Ak)*
T'(k)

Cult;z) = (t =) exp {=Mk(t — 1)} for t—t;>0 (6.5.2)
where, I'(k) is the gamma function, and t;, A, and k is the three parameters of the
gamma distribution, and they are related with the moments of the concentration

distribution as:

1
T7 (6.5.3)
1

o = (A)gk (6.5.4)
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Figure 6.5.2: Schematic illustration of PDF of the gamma distri-
bution. (a) Gamma distribution and its three parameters, and (b)
Gamma distributions of which the mean is 1.0 but k& is various.

where ¢ is the first moment (the concentration time of the centroid of the dispersion
cloud), ¢; the concentration time of the top edge of the dispersion cloud, and ,° the
variance and they are calculated from C,(¢; z) as shown in Chapter 4.

Fig. 6.5.3 makes the comparison of the concentration distributions curves mea-
sured at selected points in a section and the cross-sectional averaged ones in Run 921
with the predicted ones which were calculated by use of £ and ¢? measured, and ¢;
which was determined by the trial and error method. The fine agreement between
two kinds of results are demonstrated not only in the cross-sectional averaged con-
centrations but also point-measured concentration distributions. Figs. 6.5.2 (a), (b)
and (c) respectively correspond to the data in the three different periods, that is, the
convective period, the transition, and the Taylor’s period defined by Fischer (1968).
These three figures show the skewed concentration distributions, and the agreement
of the calculated results with the observed ones is quite fine in three periods.

These results verifies that the cross-sectional mean concentration distributions in
the time coordinate measured in the laboratory flumes are almost predicted by means
of the PDF of the gamma distribution in the region from the beginning of the tracer

insertion to the Taylor (dispersion) period.
The gamma distribution approximation are expected to state the concentration

distributions under different conditions in laboratory as well as natural rivers, and

its further applications will be examined in Chapter 7.
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Figure 6.5.3: Concentration distributions in the time coordinate.
The calculated distributions are compared with those observed in
Run 921 in rectangular cross-section laboratory flumes. Closed cir-
cles denote the cross-sectional averaged concentration measured, and
open and halfl closed circles point-measured concentration. Three
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gamma distribution. (a) Convective period (z,/Ts U = 1.33), (b)
Transition (z,/Ts,U = 3.99), and (¢) Taylor period (z,/Ts U =
7.98)
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6.6 Conclusions

The convective dispersion processes in open-channel flows were studied in view of
the discontinuous movements of a particle. The models for a particle movement are
similar to those described in Chapter 2, however, it is assumed that the Lagrangian
turbulent velocity v{; in the time step At; is independent on v!,_, in the former time
step At;_;. Therefore the models in this chapter deprive the dispersion processes of
the features described in Chapter 2, but following notable features are obtained in
Section 6.2.

1. The probability density function PDF of a displacement of a particle, that
is, the concentration distribution was described by use of the PDF of the

Lagrangian turbulent velocity of a particle.

12

It was disclosed that the concentration distributions are influenced by the PDF
of the Lagrangian velocity, and are different from the Gaussian distributions for
a short travel time, if the PDF of the Lagrangian turbulent velocity distribution

is different from the Gaussian distribution.

3. It converges on the Gaussian distribution by the ”Central Limit Theorem” in
the mathematics of probability and statistics for a longer travel time, even if
the PDF of v is not described by the Gaussian distribution.

In Section 6.3, the PDF of the Lagrangian turbulent velocity v{ in the longi-
tudinal dispersion phenomena was studied, assuming the influence of the Eulerian
turbulent velocity is negligibly small. The PDF of v; in 2-D open-channel flows
under the logarithmic velocity distribution was disclosed to be described by the ex-
ponential distribution, and it was demonstrated that the concentration distributions
during the asymptotic processes approaching the Gaussian distribution can be stated
by the Barling/gamma distribution (Pearson Type III distribution). The parameter
n of the integer number in the Earling distribution should be replaced by the real
number £ in this approximation in view of the continuous movements of a particle.

The concentration distribution in wide open-channel flows was studied in Section
G.4. The PDF of v{, and the magnitude of the time step Af in the longitudinal
dispersion in 3-D flows were discussed in view of the magnitude of the mixing time
scale T, in the vertical direction, and T} in the lateral direction. The meodels for
describing the concentration distributions in 3-D flows were presented, though they
neglected the effects of the Eulerian turbulence and the vertical non-uniformity of

the velocity distribution on the longitudinal dispersion.
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The direct verification of the proposed models was not made, but the gamma
distribution approximation was successfully examined by use of the concentration
distributions and the velocity distribution measured in the wide rectangular cross-
section laboratory flume in Section 6.5. The non-uniform lateral distribution of the
depth-averaged velocity, which is dominant component over the longitudinal disper-
sion, was disclosed to be stated by the logarithmic distribution. That is, the PDF
of ] is described by the exponential distribution, and the concentration distribution

by the gamma distribution in wide open channel flows.

Thus, the skewed concentration distribution commonly measured in the longitu-
dinal dispersion experiments in laboratory and natural streams was disclosed to be
peculiar to the phenomena in shear flow dispersion, and the fundamental feature, be-
cause the PDF of the Lagrangian turbulent velocity is commonly different from the
normal distribution. The skewed concentration distribution converges on the Gaus-
sian distribution for a longer travel time by the ”Central Limit Theorem”, but the
required travel time is dependent on the PDF of the Lagrangian turbulent velocity,
and its order of the magnitude is longer than 207}, in case the PDF of v] is described
by the exponential distribution.
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Chapter 7

CONCENTRATION
DISTRIBUTIONS IN PULSE
TRACER TESTS IN NATURAL
STREAMS AND LABORATORY

7.1 Introduction, Objectives, and Outlines

The longitudinal dispersion coefficient can be experimentally measured and deter-
mined by the analysis of the behavior of the first and the second temporal moment of
the concentration distributions, and/or distributions themselves, which are made by
instantaneous injection of tracer into flow as a plain source, as described in PART
I. ( Hereafter this method is called ”Pulse Tracer Test”.) This method is very com-
mon, and has widely been used for the measurement of the longitudinal dispersion
coefficient in laboratory as well as natural streams.

As teported by many researchers, and typically described in Chapter 4, the
growth of the second temporal moment measured is commonly non-linear during a
short travel time of the tracer cloud, and the concentration—time curves measured
at the selected sections are usually very skewed, that is, the slope of a concentration
distribution curve in the leading limb is steep, and that in the trailing limb is very
mild, so that it 1s quite different from the Gaussian distribution:

o 1 exp{_[z - Uz)?}
VaxDt 4Dt

which is the fundamental solution of the 1-D convective-dispersion equation in infinite

(7.1.1)

and uniform flows: ac ac Fc
= U—=D—
ot " Bz dz?

under the initial condition:

C(z;t) = 6(z) at t=0 (7.1.3)
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where C' is the cross-sectional averaged concentration, U the cross-sectional averaged
velacity, D the longitudinal dispersion coefficient, § Dirac’s distribution, z the space
coordinate in the flow direction, and ¢ the time.

The skewed distribution was explained to be caused by some mechanisms such
as: the effect of the laminar sub-layer (Elder, 1956), the effect of the dead zone,
or the convective transport itself as described in Chapter 6. The difference from
the Gaussian distribution are especially strongly observed in field measurements in
natural rivers, and it leads to the development of another models for describing the
longitudinal mixing in a river, that is, "Dead Zone Modeling” It was initiated by
Hay (1966), and investigated by Thakston and Schnelle (1966), Valentine and Wood
(1977), Muramoto, Michiue and Nakagawa (1978), and so on. They assume the ex-
istence of the dead zone in riverbed or bank-sides, because a cross-section of natural
streams is irregular and a depth is also irregular by sedimentation. Assuming a river
channel is uniform in the longitudinal direction, but has the dead zone, Bo Petersen

(1977) described the non-linear behavior of the variance based on the following equa-

tions:
8C, . ,8C, 8, 0C.. Qp, . . :
5 +U = é—z—( P 5a y= % (Ci = C,) {or main stream (7.1.4)
aC; L.
QE = QE(Ca — Cl) for dead zone (1’15)

where C, is the cross-sectional averaged concentration, C; the average concentration
in the dead zone, U’ the cross-sectional average velacity in the main stream, Dp the
Fischer’s dispersion coefficient in the main stream, Qp the exchange discharge per
unit length, V' the volume of main stream per unit length, and Q the volume of the
dead zone per unit length. According to him, the variance in a river with dead zone
1s stated as the sum of that caused by the non-uniform distribution of the velocity
and that caused by the dead zone. He examined the 21 data by Godfrey and Fred-
erick (1970), and verified his theoretical results. Muramoto, Michiue and Nakagawa
(1978) obtained the longitudinal dispersion coefficient by use of the Fourier transfor-
mation of the mathematical models similar to those described by Eqs. 7.1.4 and 7.1.5.

The non-linear growth of the second moment was clearly explained by the La-
grangian theory of a particle dispersion by continuous movements described in Chap-
ter 2, and the skewed distribution of the concentration-time curves by the Lagrangian
theory of a particle by discontinuous movements described in Chapter 6. The skewed
distribution results from the probability density function (PDF) of the Lagrangian
velocity of a particle, therefore these two features are peculiar to the longitudinal dis-

persion in shear flows, and fundamental characteristics of the phenomena; however,

188



the variance has the linear relationship with the distance after 2 > 67,0 as shown in
Eq. 2.2.39, and the concentration curves converges on the Gaussian distribution after
the required travel time which is dependent on the PDF of the Lagrangian turbulent
velocity.

Fischer (1966) proposed that the application of Eq. 7.1.2 to "Pulse Tracer Test”
should be limited for the period:

22
t> 6Tpr = 0,180

(7.1.6)

U

where T is the Fischer’s time scale, | the characteristic length (the half wide (=
B/2)), R the hydraulic radius, and u, the friction velocity. Eq. 7.1.6 is equivalent to
Eq. 2.2.39. The convective dispersion equation of Eq. 7.1.2 is available to state the
concentration distributions in the "Pulse Tracer Test” for the period abave, if the
concentration distribution at a certain time ¢y > 677 is obtained. The concentration
distributions for {5 < 67 1s 3-D or 2-D, therefore they are numerically obtained
as a solution of the 3-D turbulent diffusion equation under the specified boundary
and initial conditions in various flows, if close distributions of the velocity field and
the turbulent diffusion coefficient are available, but it will require a lot of time and
computer resources. Therefore, the models describing cross-sectional averaged con-
centration distributions in the longitudinal direction are convenient and preferable to
predict the concentration distributions in such a case of accidental influent of toxc
materials or pollutants into a river as well as the measurement of the dispersion co-

efficient.

In this chapter, the skewed concentration distributions measured in natural streams
and laboratory will be examined by the "Gamma (Pearson’s Type III) Distribution
Model”:

1
= — M@ —t) T exp{-Alt - t;
£ = e =10 exp{=(e - 1)
The gamma distribution is commonly known to have three parameters, that is, &, A,
and #;, while the Gaussian distribution has two parameters. Therefore, the parameter

estimation methods will also be investigated as well as the approximate description

of concentration distributions by the gamma distribution.
7.2 Approximation of Concentration Distributions
by Gamma Distribution

It has already been realized that the gamma distribution can be employed to describe

the concentration distribution measured in ”Pulse Tracer Test” in natural streams
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(Godfrey and Frederick, 1970, Sayre, 1969, and so on). The gamma distribution
for concentration distribution can be obtained, if the PDF of the component of
the Lagrangian turbulent velocity ¢! in open-channel flow, or that of the Lagrangian
turbulent velocity v/ in 2-D flow is described by the exponential distribution as shown
in Chapter 6.

The theoretical approach to the concentration distributions will not be concerned
any more, but the direct application of the gamma distribution approximation for
concentration distributions in the time coordinate under various flow conditions will

be examined in this chapter.

Assuming the probability variable ¢ is described by the gamma distribution, it is
written as

flt) = m,\"(t — )" Pexp{—A(t — ¢,)} for t2>¢ (7.2.1)

where ¢ is the travel time of a particle which started at z = 0 at the time t=0,
I'(k) the gamma function, and £, A and ¢; the three parameters of the distribution.
The gamma distribution is equivalent to the exponential function for £ = 1, and
convergent on the Gaussian distribution for & — co, assuming A is constant. The
relationships between these three parameters with the moment of the distribution are

respectively given as

pe=Tt—1t; = k/\ (7.2.2)
o = k/\ (7.2.3)
S, =2/Vk (7.2.4)

where p; is the first moment, o? the second central moment and S, the skewness
factor, and ¢; shifts the origin of the distribution. (See Fig. 7.2.1.) The maximum
value of the distribution f, at the modal value ¢, can be stated as:

A
flt) = gk = D exp{=(k -1} (k2 1) (7.25)
at
b — 4 = %(k ~1) (7.2.6)
and simultaneously
t—t,=1/A (7.2.6)

Therefore, characteristic parameters which describe the concentration distributions
will be:
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Figure 7.2.1: Gamma distribution in the time coordinate and its
three parameters.

]

the first moment of the distribution, and
the concentration (average travel) time for the centroid of the distribution.
o; : the variance of the distribution.
tp: the concentration time for the maximum value of the distribution, or
the time when the peak concentration is observed.
i the concentration time for the top edge of the distribution, or
the time when the top edge of the distribution is transported at a measuring
section and the concentration goes up.

t and o} can be calculated by Egs. 4.3.4, and 4.3.5 respectively, and ¢, and ¢; can
be directly determined by use of the measured concentration-time curves. Therefore,
the gamma distribution can practically be determined by either of following two sets

of parameters.

e { 02 and ¢;:

He i —i; -
)\ T e—— T 72.
g i (7.2.7)
2 y 2
Ly (t - tl) =
k=t = 2.8
o 1,0}, and t,:
A=(T—t,)! (7.2.9)
T L ¥ (7.2.10)
‘ (f—1,)2 -
ti=1—k/A 7.2.11)



The first sei determines the distribution by use of the initiation time of the concen-
tration distributions #;, the first moment f and the variance ¢, and the second set

by use of the first moment f, the variance ¢? and the skewness factor S;, because
Se =2t —t,)/o: (7.2.12)

is established.

In Chapter 6, it has already successfully been demonstrated that C,(¢;z) could
be approximated by the PDF of the gamma distribution for author’s data of Run 921
by use of £, 7,7, and ¢; measured. The further possibility for the “gamma distribution
approximation” will be examined for author’s data (Run 921), Fischer’s data (Series
2900 and 3400) in trapezoidal laboratory flumes (Fischer, 1966), and Godfrey and
Frederick’s data (Tests 1 and 8) in natural streams (Godfrey and Frederick, 1970).

Figs. 7.2.2 (a), (b), (c) compares the observed concentration distributions in Run
921 which are denoted by open circles, with the distributions calculated by use of
the measured three parameters which were denoted by solid lines, as well as the

distributions predicted by use of the following equations by dashed lines.

t=afU (7.2.13)
2 12
g _ 2] {exp(=x) + x — 1} z
8 = 7.2.
Tor E ) (x TSLU) (7.2.14)
b= =) (7.2.15)
OUmaz

where o is the new parameter which links the distance z; and the concentration time
of the top edge of the dispersion cloud ¢; at =, = z; with the maximum velocity
Uaz, and it is selected at 1.1 in the following analysis. Eq. 7.2.14 is the empirically
obtained relationship between the variance ¢? and the distance z in Chapter 4. This
relationship is used in stead of the theoretically obtained relationship, Eq. 2.2.30,
because Eq. 2.2.30 is more complicated than Eq. 7.2.14. Figs. 7.2.2 (a), (b),
and (c) respectively correspond to data in the three different regions proposed by
Fischer (1966), namely, the convective period, the transition, and the Taylor’s period.
These figures show the skewed distributions, and the agreement of the calculated and
predicted results with the observed ones is quite fine.

Fig. 7.2.3 show the results of the application of the proposed models to Fischer’s
data sets, Series 2900 (Fig.7.2.3 (a)) and Series 3400 (Fig. 7.2.3 (b)). In the simula-
tion, the three parameters used are obtained from the measured cross-sectional mean
concentrations, and ¢, is estimated by Eq. 7.2.15. The concentration distributions
routed by use of the 1-D convective dispersion equation by Fischer (1966), and those
simulated by use of the ”Convective Model” by McQuivey and Keefer (1976) are
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Figure 7.2.2: Concentration distributions in the time coordinate for
Run 921. Open circles denote the distribution observed, solid lines
the calculated distributions by use of the gamma distribution with
parameter measured, and dashed lines the predicted distributions by
use of the gamma distributions with Eqs. 7.2.13, 14, and 15. (a) z
= 4.00 m, (b) z = 12.00 m, and (c) z = 24.00 m.
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Figure 7.2.3: Concentration distributions in the time coordinate.
Comparison of the calculated distributions by use of the gamma dis-
tribution, "Convective Models” and 1-D convective dispersion equa-
tion with the distributions measured in trapezoidal laboratory flumes
are made, (a) Fischer’s Series 2900, and (b) Fischer’s Series 3400
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also presented in Figs. 7.2.3. Author’s, and McQuivey and Keefer’s results represent
the skewed concentration distributions, and both models are more acceptable than
Fischer’s models.

The calculated results for the tracer dispersion study made in two natural streams
by Godfrey and Frederick (1970) are presented in Fig. 7.2.4 (a) for Test 1 in Copper
Creek below gage near Gate City, Va., and Fig. 7.2.4 (b) for Test 8 in Coachella Canal
near Hotvill, Calif.. Simulated results are also acceptable, though the concentration
distributions used were not the cross-sectional averaged one, but measured at a center
of the flow-section.

These results show that the cross-sectional averaged concentration distributions in
the time coordinate in the laboratory flumes and natural streams are almost predicted
by use of the PDF of the gamma distributions throughout any region, and suggest

the PDF of v is approximately described by the exponential distribution.

7.3 Parameters of Concentration Distributions

[t was disclosed that the concentration distributions measured in " Pulse Tracer Test”
under various hydraulic conditions was described by the PDF of the gamma distri-
bution in the time coordinate in Section 7.2, though the general relationships of
f, o2, t; and/or tp with the distance z are required to describe the concentration
distributions. The concentration times of the centroid 7, the peak concentration ¢p
and the top edge t;, the variance o}, the peak concentration C,p is very important
and interested parameters of a concentration distribution in view of engineering as-
pects as well as the parameters in the gamma distribution. In this section, these
relationships will be investigated by use of the concentration distributions measured
in natural streams and laboratory. The selected data are listed in Table 7.3.1. The
9 data sets in 6 natural streams/canal are from Godfrey and Frederick (1970); they
conducted ”Pulse Tracer Test” by a line source injection of tracer, but the concen-
tration measurement was only done at a center of a flow-section at each of 3 to 6
sections downstream. The behavior of the temporal moment for the concentration
distributions measured at a center is different from those for the cross-sectional av-
eraged concentration as described in Chapter 4, therefore, the 4 data sets selected
from author’s experiments are also examined, and listed in Table 7.3.1.

7.3.1 Concentration Time of Centroid

The relationship between various concentration times and the distance from the in-

sertion point is presented in Fig. 7.3.1 (a) for Run 921 in laboratory, and (b) for Test
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Figure 7.2.4: Concentration distributions in the time coordinate.
Comparison of the calculated distributions by use of the gamma
distribution with the distribution observed in natural streams are
made. (a) Test 1 in Copper Creek below gage near Gate City, (b)
Test 8 in Coachella Canal near Hotvill
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Table 7.3.1: Summary of hydraulic variables in selected measurements in laboratory and natural streams.

3’:TL=DI(JA‘V.2)

Abbreviations: Lab,,laboratory; St.,Straight; Cr.,Crooked

Investigator| (1) (2) (3) (4) (5) (6) [(7) | (8) | (9) | (10) | (1) (12) (13) (14}
Run Velocity | Width | Depth | Shear Re. |[Fr. | B/d [¥/u,| Jy | D/du, Tf/(d/u,) A/A River
-Number -Velocity
V(em/s) | 8(m) d{cm) |[u,lem/s) | x103 x10-2
(m Run-1 .2 (00| 32 [ 1.94 | 9.560.58(3.21116.6/5.57| 28.9'| 1.88 | 9
(2) Author Aun-3 27.4 | 00| 205 | 1.69 | 4.20{0.71|4.88|16.2(5.23| 47.6 | 3.47 [ '(-g'g~,F1““‘E
(3) Run-4 36.5 0.25 2.69 2.18 8.38(0.71]9.29]16.7 [ 2.46| 46.0 6.60 |1 ]
(4) = Test-1 21.9 15,94 ) 44,80 7.83 99,00 10,11} 35,6 2.80) 25.5| 555.9 2> 277.9 1.385 | Copper Creek (St.)
(5) Test-2 22,2 18,46 | 93.30 6.7 222,0 | 0.08| 51.9] 3,31 [18.8 | 222,02 107.9 1.688 | Clinch River (St.)
(6) Godfray Test-3 14,1 10.65 | 38.40 11.16 54.00 | 0.07|48.6[1.,23)12.8( 211,1 2> 1009.0 | 1.026 | Copper Creek (Cr.)
{7) -Frederick | Test-4 13.2 35.36 | B6.90 5.18 124.0 | 0.05) 40,7 2.55|10.1] 210.7 2> 321.4 1.119 | Powell River (Cr.)
(8) Test-5 13.5 29.57 | 69.50 4.88 221.0 /0.1 42.6| 2.77[19.0| 238.3 2| 163.3 | 0.644 Clinch River (SEt.)
(9) Test-6 53.3 18.29 | 80.80 10.27 329.0 [ 0.19] 22.6( 5.19 | 45.1| 258.0 2> 21.2 1.079 COpper Creek (St.)
(10) Test-7 82.3 59.431 216,70 9.04 1171.0 1 0.18] 27.4] 8,36 | 14,1 ] 252.7 2> 25.5 1.379 Clinch River (St.)
() Test-8 65.8 24,69 ] 157,30 3.96 [1052.0|0,17]15.7| 16.6 2.34[ 153,7 2> 23.8 [ 1.037 Coachella Canal (St.)
(12) — Test-10 65.5 51.21 | 251.20 10.15 1633.0 [{0.13] 20.4( 6.45] 15.4( 182.0 &> 28.4 | 1.784 | Clinch River (St.)
liote 1?18y means of moment method 2 :0y means of routing method by Fischer




1lin Copper Creek. In Fig. 7.3.1 (a), the open circles denote : the concentration time
for the centroid of the cross-sectional averaged concentration distributions Cy(%;z),
the closed circles 7,: that for the concentration distributions &., measured at a center
of flow-section, and the half closed circles ¢;; that for the top edge of the distributions.
The reciprocal of the slope of the solid lines is equal to the cross-sectional averaged
velocity, and that of the dashed line to the celerity of the top edge of distributions.
It is clearly demonstrated that the relationship:

=y (7.3.1)

Ue

i
| H

is established, that is, the convective velocity u, is confirmed to be equal to the cross-
sectional average velocity U as already shown in Chapter 4. It is also demonstrated
that the convective velocity for €., is also equal to U The dimensionless time dif-
ference between 7, and 7 is plotted against the distance in Fig. 7.3.2. The difference
becomes constant as the distance from the injection point increases. On the contrary,
t is smaller than ¢t = 2/U in 7 data sets out of 9 data sets in natural streams. The
convective velocity u. and the celerity of the peak concentration in Test 4 are equal
to U after a long travel time, but it is commonly larger than U as shown in column
13 in Table 7.2.1. (A/A in the column 13 is equal to u./U.) Thus, the concentration
distribution at a center of flow-section is commonly transported faster than by the

average velocity U in natural stream.

7.3.2 Variance

The variances for Cy, and &, are plotted against the distance in Fig. 7.3.3 for Run
921. The open circles denote the variance o7 for C,, and the closed circles denote the
variance o7, for &. The behavior of ¢, is different from that of ¢?; the magnitude
of o7, is smaller than that of o7, and the required length for linear growth of o,
is longer than that for o7, but the slope of each two curves becomes the same for
a longer travel time. These facts observed in laboratory confirm the results in the
numerical experiments in 2-D flows by Yotsukura and Fiering (1964). Thus, the
moment method for ¢, can be usable for determining the dispersion coefficient in
stead of that for €', but the required length for linear growth of the variance is much
longer than that for C.

The growth of the variance is sometimes approximated by

2
Ty _ » _ A T
2T, exp(—x)+x—1 (4.4.5)
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Figure 7.3.1: Various concentration times measured at selected sec-

tions. (a) Laboratory measurements, and (b) Measurements in nat-
ural streamns.
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dash-dotted lines Eq. 7.3.2.

and the similar modeling for the growth of ¢%:
o (x')

2J4Ts Ty

where T} is the parameter which describes the delayed growth of ¢2, is examined for

Run 921 in Fig.7.3.3. The dash-dotted line in Fig. 7.3.3 denotes the relationship of

Eq. 7.3.2, where T was determined by the try and error method, and the magnitude

ol T} /Tsg is 4.0. Eqgs. 4.4.5 and 7.3.2 are also examined in Test 1 in Copper Creek,

and the results are presented in Fig. 7.3.4, where the magnitude of T} /Ts; is 10.0.

=exp(—x)+x'—1 (x' ==z/TLU) (7.3.2)

Further applications of Eq. 7.3.2 to selected data in laboratory and natural streams
are presented in Fig. 7.3.5 and fine agreements between Eq. 7.3.2 and o2, measured
is demonstrated. The relationship between T} and hydraulic variables are illustrated
in Fig. 7.3.5, and it is stated as:

=0.3

T: B
2= ).8— 7.3.3
Ts d ( )

Thus, the growth of the variance for the concentration distributions measured at

a center of a cross-section in natural streams as well as laboratory was formulated.

7.3.3 Peak Concentration

The time difference between  and ¢p for C, in laboratory is presented in Fig. 7.3.7. It

201



= : | I
6 | (]
C ] ]
4 [ ] m
i — ot/ 2T T =exp(=X)+x=1 (})
2 : *LnD
-
T
Sof
< g
= o i
&4
g b
35
Z 2
=
= ']
‘ﬁur_
5 o=
w6
= -
£ a
E —
2
BTEST 4
2 QTEST 5
10 L OTEST 6 —
3 il - ®TEST 71—
[ Qrest 8 ||
a3 @TEST 10
q p—— 1 L. Ll
[N 1 1 Ll | |l|]|ll
24 6810" 2 4 68 2 1 5 810

DIMENSIONLESS DISTANCE X '=x/(T{v)

Figure 7.3.5: Variances for ¢, at selected sections measured in lab-
oratory and natural streams. Circles denote the variance o2, for &,

and a solid line Eq. 7.3.2.

Figure 7.3.6: T;/Ts; and B/d in laboratory and natural streams.
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Figure 7.3.7: The time difference between { and ¢p for C,, in labora-
tory.

is realized that the celerity ol Cp is shorter than the convective velocity of the centroid
u, for a short travel time, and this is equivalent to the fact that a concentration
distribution is skewed. It is also realized from Fig. 7.3.7 that the time difference
between £ and ¢, becomes constant with the increase of the travel time, and this is
also presented in Fig. 7.3.1 (b) for natural stream. This fact assures that A in the
PDF of the gamma distribution is constant for a long travel time as shown in Eq.
7.2.9:

Fig. 7.3.8 shows the time difference  — ¢p at selected sections in natural rivers,
and it is disclosed that the time difference in natural streams is much bigger than
that in laboratory. Assuming the concentration distributions can be approximated

by the gamma distribution, the relationship between ¢p and f is stated as

_i_w -

MTsp  Tsp Tse
and Eq. 7.3.2 leads to the following relationship
L 2 =1+ x' +exp(=x) (13.5)
MspJa B x!
and B
p= ¥ (1) (756)
Ue XUmaze

where au,qzc is the celerity of the top edge of the concentration, and equal to 1.1u,,,..
The magnitude of £ defined by Eq. 7.3.6 is estimated at 0.1 ~ 0.3 from Ilig. 7.3.8.
Assuming Eqs. 7.3.2 and 7.3.6 are established, the parameters in the gamma

distributions are rewritten as:
g X'
Mg = —
YT 2Ja =14 X+ exp(=X)

(7.3.7)
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N N,

= 7.3.8
2J4 Tsp' =1+ x' + exp(—x") ( )
and the normalized peak concentration is obtained by Eq. 7.2.5. Therefore,
e For ' <1, ~
1 3 ip Ja ,
= - — = — 7.3.9a
s, Tsi Tsz BY ( )
= (TL’) (n>1) (7.3.96)
= — —_— n ad.
Ja \TsL -
' J k—1)k=g—(k=1) ¢ ¢, -1
Cop = —L ( LU _ —*1) RN e () (7.3.90
Jalsp \Tspue B I'(k) Tsy,

Thus, ¥ — tp increases in proportion to the distance z, and C,p decreases in

inverse proportion lo tp/Tsr.

e for ¥ > 1
1 2J4
m‘; = T (7.3.10a)
_ BT,
=~ o%: TSLX (7.3.100)

204



—

2 RUN 4

. O CROSS
o | SECTIONAL
= MEAN

" @ center
(22-0.028)
1

PEAK OF NORMALIZED CONCENTRATION cpg

2 4 6 81 2 a4 & 810 2
DIMENSTONLESS TIME TO PEAK tprL

Figure 7.3.9: C,p and é,,p observed in Run 921 against tp and the
predicted ones by use of Eqs. 7.2.5, 7.2.6, 7.3.7, and 7.3.8 denoted
by solid lines. Plottings are on log-log sheet.

1 u % tp -3
Capim —p—— (—) (-—) (7.3.10¢)
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Thus, f—tp is constant and C, p decreases in proportion to (tp/Tsz)~ /2. (Aya,
Iwasa, Toda, 1981).

Fig. 7.3.9 shows C,p and ¢.,p observed in Run 921 against tp and the predicted
ones by use of Eqs. 7.2.5, 7.2.6, 7.3.7, and 7.3.8 denoted by solid lines. The fine

agreement between two results are demonstrated for tp/Ts;, > 1.

7.3.4 Predicting Concentration Distributions

The gamma distribution approximation for the concentration distributions in labora-
lory and natural streams has already demonstrated in Chapter 6, and Section 7.2.
Determining U and uma; is difficult in non-uniform natural flows which has irregular
cross-section, therefore, the other parameter estimation method should be developed.

One of them is the use of # defined by Eq. 7.3.6, that is, tp can be determined
by B. Fig. 7.3.10 shows the comparison of concentration distributions measured in
Test 1 and calculated by use of Eq. 7.3.2 for 62, Egs. 7.3.4 and 7.3.5 and { for tp,
and measured {. The fine agreement is observed in the concentration distributions
for a longer travel time, and the models proposed above were verified to be usable

for predicting concentration distributions in natural streams.
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7.4 Conclusions

This chapter is concerned with the concentration distributions observed in ”Pulse
Tracer Test” in natural streams and laboratory. They are commonly skewed from the
Gaussian distribution. The skewed distribution is sometimes explained to be caused
by the trapping of tracer cloud in the dead zone in riverbed or channel-side, but
more commonly and clearly explained by the convective transport by the temporal
averaged velocity, that is, the Lagrangian turbulent velocity of a particle, of which
the PDF is described by a non-Gaussian distribution in Chapter 6. Such skewed
distributions were examined and approximately described by use of the gamma (
Pearson’s Type 111 ) distribution in this chapter.

In Section 7.2, the possibility of the gamma distribution approximation were
successfully examined and demonstrated for the concentration distributions measured
in rectangular or trapezoidal cross-section laboratory flumes, and natural streams.

The main descriptors of the concentration distributions measured, that is, the
concentration times of the centroid (the average), the peak-concentration time (the
modal value), the top of leading limb, the variance, and the peak concentration
were investigated in Section 7.3. The concentration time of the centroid of the
distribution f is commonly longer than that of the peak concentration ¢p, but the
celerities of the centroid and the peak concentration is the same as the mean velocity
U for the cross-sectional averaged concentration curves C in laboratory. On the
contrary, . of ¢.: a point-measured concentration curves at a center of flow-section is
shorter than £ of C, but its celerity is the same as the mean velocity U for laboratory
data, but 1.2 times larger than U for natural streams. That is, the convective velocity
for ¢. and C' is equal to U in laboratory, but the convective velocity for ¢, in natural
streams is larger than U. (Compare the result in Chapter 8.)

The behavior of the variance for Z. is quite different from that for C. That is,
the magnitude of the variance o2 is smaller than o? for C and the growth of o2 is
slower than that of o7, but the slope of ¢% - z in a normal sheet is the same as that
of ¢ z. Therefore, it is concluded that the Moment Method for Z, gives the same
dispersion coefficient as for C, but the required time for the linear growth of o2 is
much larger than that of ¢7. This delayed growth of the variance was described by
the introduction of the parameter T}, and the relationship of 777 with the width to
depth ratio B/d, Eq. 7.3.3 was obtained.

The relationship between the peak concentration Cp and its concentration time
tp was also investigated by being based on the gamma distribution approximation,

and the new parameter § which links the celerities of the centroid and the top edge



of the distributions with U was introduced. The value of J for ¢, in natural streams
is 0.1 ~ 0.3. The gamma distribution approximation by use of t, o.t?, and f was also

successfully demonstrated.



Chapter 8

MASS TRANSPORT IN THE
FLOWS OVER PERMEABLE
BOUNDARIES

8.1 Introduction and Objectives

The actual streams under natural environment commonly flow over permeable bound-
ary consisting of silts, sands, gravels and so on, and it is well known that there exist
the sub-surface flow under permeable boundaries and the inter-flow between surface
and sub-surface flows through the permeable beds. Therefore, the associated mo-
mentum and mass transfer between two kinds of flow influences the characteristics
of flow and the mass transport in the surface flow and the sub-surface flow. Yamada
and Kawabata (1982) reported that the velocity distribution of the surface flow is
still stated by the log-law, but should be shifted, and the friction factor is larger than
that in impervious flows; the velocity distribution in the sub-surface flow is described
by the exponential function and becomes constant with the increase of the depth.
This inter-flow also influences the longitudinal and depth-wise transports of the
mass contained in surface and/or sub-surface flows. Einstein (1968), and Ashida,
Egashira, Kanayashiki and Ogawa (1980) reported that the concentration of fine par-
ticles in the flows over sand or gravel beds decreases in the longitudinal direction.
Nagaoka and Ohgaki (1990) investigated the depth-wise dispersion coefficient in such
a porous boundary in view of the water quality improvement works. Adrian and
Martel (1990) measured the longitudinal dispersion coefficient in overland flow of
wastewater on the grass covered slopes and reported the magnitude of the dispersion

coefficient at (2. ~ 30.) x 1072 m?/s.

This chapter is concerned with the mass transport of solute in the vertical and

longitudinal directions in the flows over permeable boundaries, because the mecha-
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Figure 8.2.1: Classification of permeable boundary measured by flow
visualizatfion.

nism of the depth-wise mass transport has not yet been clarified, and its eflects on
the longitudinal transport have not yet been investigated. The study focuses on the
convective velocity and the dispersion coeflicient of tracer clouds in the {low over
permeable boundaries. Theoretical analysis will show that the convective velocity
and the dispersion coeflicient are quite different from those in the flow aver imper-
meable boundaries by the effect of vertical mass transport between the surface and
the sub-surface flows.

8.2 Results of Preliminary Experiment

8.2.1 Classification of Permeable Boundary in View of Mass
Transport

lwasa, Aya and Nakai (1986) made the dye tracer study in the flows over porous beds
made by 4 kinds of sorted sands. The flow visualizalion with dye solution disclosed

the inter-flow. Figs. 8.2.1 (a), (b), (c) show the permeable boundary is classified into
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Figure 8.2.2: Schematic illustration of flows in permeable boundary.
The hatched region is the mixing layer which consists of the mixing
cell where the mass transfer between surface and sub-surface {lows
is the most active.

three layers; the layer A is rapidly dyed by Rhodamine B solution inserted in the
surface flow and the intruded dye returns to the surface flow soon alter stopping the
insertion of the dye solution, the layer B can also be dyed, but more slowly, and the
layer C is not dyed by the dye solution from the surface flow. The interface between
the layers B and C is clear and stable. The Methylene Blue solution inserted at the
bottom of the permeable boundary does not intrude the layer B and the inlerface
observed by two methods of dye insertion is the same one.

The eddy flow is observed in the layer A, and it is realized that the depth-wise
mass and momentum transports exist between two flows because of large velocily

diflerence.

8.2.2 Geometrical Features of Mixing Layer/Mixing Cell

The permeable boundary is schematically classified into three regions as shown in

Geometrical features of the mixing cell are described by the average thickness i, the

thickness to length ratio 7, and the length ratio € of the active surface length L' to
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Figure 8.2.3: Thickness of the mixing cell and the mean grain size
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the total length L, and they are respectively defined by

2 a;
S A
w=5—= V7 (8.2.1),
:'gl i
7= ’}yf (8.2.2)
E=L'[L (8.2.3)

where a the area of the mixing cell, A the total area of the mixing cells observed in
the length L, [ the surface length of the mixing cell, L' the total length of the surface
length of the mixing cells observed in the length L, n the number of the mixing cell
observed in the length L.

20 dye tracer experiments in 4 kinds of beds by lwasa, Aya and Nakai (1986)
disclosed the geometrical features of the mixing cell. The relationship of y, with the

mean grain size d,, of the bed is presented in Fig. 8.2.3, and it is stated by
yp = 2.35d,, + 0.53 (unit in em) (8.2.4)

§ and 5 were not found to be related with the hydraulic variables and the grain

size of the beds, but as shown in Fig. 8.2.4, their magnitude are commonly

Thereflore, the number of the mixing cells observed in the unit length is stated by

n/L = 0.206/y, (8.2.5)
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Figure 8.2.4: Dimensions of the mixing cell. (a) Mixing cell length,
and (b) Mixing cell thickness.

8.2.3 Characteristic Time for Concentration Decay

The concentration decay in the mixing layer aller stopping the tracer injeclion are
presented in Fig. 8.2.5 on log-normal sheet, and it is clearly stated by use ol the
exponential function. The dimensional analysis disclosed the relationship between
the characteristic time of the decay Typ and the hydraulic variables of the surface and

the sub-surface flows as shown in Fig. 8.2.6. The relationship is described by

d. =C(£) ;_13/5 Ua 7/10 -
T]OUA UA d,-“ \J"gh - '

where I/ the average velocity of the surface flow, h the depth of the surlace flow, i

the permeability coeflicient of the porous beds, d,, the mean grain size of the beds,
and g the gravitational acceleration. The subseript ;5 denotes the base of the decay
is 10.

The mass exchange velocity k& between the surface and the sub-surface flow is

related with the characteristic time Tjp as
k= (In10)yy/T1o (8.2.7)
and the magnitude of k is calculated at
kfU 4= (2.0 ~9.0) x 1072

The vertical dispersion coefTicient 1, in porous beds is described by

4In 10 3° (52.5)
m? 10 -

Dy

and its magnitude is
D, /hu. = (0.6 ~ 16) x 1072
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or

D!‘/Ubd:u = 09 L ?,5

The order of the magnitude of D, is the same as the depth-wise turbulent dilfusion
coeflicient of the surface flow, and much larger than the lateral dispersion coeflicient
in porous media. Thus, it was disclosed that there is the mass exchange between the
surface and the sub-surface flows, and the vertical mixing in .porous beds are affected

by the surface flows.

8.3 Longitudinal Dispersion in Flows over Per-
meable Boundary

8.3.1 Mathematical Models

This section is concerned with the eflects of the vertical mass transport described
in Section 8.2 on the longitudinal convection and the dispersion ol tracer clouds.
Mathematical models are similar to those of the "Dead Zone Models” for the longi-
tudinal mixing in open channel flows with dead zone (Okubo, 1973, and Muramoto,
Michiue and Nakagawa, 1976). The flows are idealized as shown in Fig. 8.3.1, in
which the mixing layer is identified by the layer A.

Supposing the unilorm surface flow over a saturated permeable boundary and
referring to the definition skelch of Tlig. 8.3.1, the mass conservation equalions of

unit width in two flows can be written as lollows:
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Mass conservation equation in the surface flow,

ac 8C 4 O*Cs  Apk

A
o - Cu— 8.3.1
5 T Ua e Da 522 5 (Ca—Cp) (8.3.1a)
Mass conservation equation in the mixing layer,
dCp aCp PCp Mk
= - -C 8.3.1b
o tUsg, = Do — 3, (Cs — Ca) g

where C; is the average concentration in the flow 7, U; the average velocity, D; the
dispersion coeflicient for the cross-section Bh, h the depth, y, the thickness of mixing
layer, k the characteristic velocity for mass exchange, A the porosity, A4 the effective
porosity for mass exchange, = the distance, and ¢ the time. The subscript ¢ denotes
the variables for the surface flow (i = A), and the sub-surface flow (i = B).

Egs. 8.3.1 can be rewritten in the non-dimensional form by use of the friction
velocity w., and the depth of the surface flow h as:

ac dCa LOPC, R

A * — — o
Y o+ UA Fyem = D,q 31:"‘2 .S‘A" (CA CB) (832&)
aCg aCg 92Cgp  k*
Ug™ = Dg" = — 3.2
at* e az* Ds Az % sp* (Ca—Ca) )

where 53 = 1/A4, s = 1/A4 x Ayp/h, and = denotes the non-dimensional variables,
but it will be neglected hereafter.

The above system of partial differential equations under the specified initial con-
ditions is easily solved in the form of characteristic function of concentration distri-

bution by use of the Fourier-Laplace transformation:

Ci(m,1) = /_: ™= Ci(z, 1) da (7 = —1) (8.3.3)
The n-th moment of concentration distribution defined by following equation:
Ma(t)= [7 2°Ci(z, t)de / / “: Gila, )z (8.3.4)
is obtained by use of the characteristic function as follows,
Man(t) = =Ti(m,1)| | TH0,1) (5.3.5)
3™ 8mn _r

8.3.2 Solving the Equations under Special Initial Condi-
tions

The special case in which the tracer of mass Wy = phisinserted at z =0 and t = 0

in the surface flow will be considered. Initial conditions are written as;
Ca(z,0) = é(z) (8.3.6a)
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CB(.’E,D) =0 (8.365)

where §(z) is the Dirac’s distribution. By using the Fourier-Laplace transform of Eq.
8.3.3, Eqs. 8.3.2 are transformed into the following forms.

aC 4

? = JmUACA = DAm C’A - —(CA r— C"B) (83.7&)
Sa

aCp . . = om k= =

_8t£=JmUBCB_DBm-CB_—'(CB—GA) (8376)
Sp

and the initial conditions of Eq. 8.3.6 are transformed as

Ca(m,0) =1 (8.3.8a)
Tp(m,0) =0 (8.3.85)
The solutions of Eqgs. 8.3.7 under the initial conditions of Eq. 8.3.8 are easily obtained
as: y 8 i 5
T = 20 BT Tt 2 BT
%= (74 575) 7+ (3~ 5) -
6 Tt ‘mf B
B= SB\/_(e (8.3.96)
where

( 'ZDA‘F )+ij_4

( ‘Dg+ —) + 3mlUs
P=a+p
Q= (x— B) +4k*[sasp
n=(P+/Q)/2
v =(P-\/Q)/2
The n-th moment is given by use of Eq. 8.3.5 for Eq. 8.3.9. The concerned transport
characteristics in the longitudinal direction are the total amount of mass, the convec-

tive velocity and the dispersion coefficient in each flow. Therefore, the zero-th, the

first, and the second moment are obtained as:

The zero-th moment,
MAD = -+ (1 - 9)8_" (8310&)

Mgo = 8(1—e™*) (8.3.108)
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where

8= h/(h+ ) (8.3.11)
s = (h+ )k /ysu. (8.3.12)
The first moment,
26(1— ¢ ‘
pa = {—9“3—)% — Ug)(1— ™)+ fut + (1 - 9)ﬂte"‘}/ Ma  (8.3.13q)
pp = {(—1;9)?9——1)(% = W1 =) +-@(ut — ﬂte""} / Mgy (8.3.130)
where & 3
_ Yb
u—h-l-)«ya,U htAys ©
. Ay h
= U U
iy Ay + h+ Ay =
The second moment moment,
2 _ _ 9 _ (Qa)+2 +(] g 4 242
"3 Ma  \Ma MAO MAO Mao
ag 20u 1-48
P e R R T - E e L
{M,m Mao Mao) Mm " [ °
Qq—(1-6)at 5
{ Mo } e (8.3.14a)
2 by ( Q5 )2 26 g 8
ogp’ = = - + t 1— 2t2
B ﬂ/fgg M_E‘O ﬁ’fﬁg * ﬂffgo ) ﬂ/fgg ®

bo QB 2 2 63 20u g
+ +2 ( ) F t— - — at? p et
{Mﬁo Mpq Mpo ( MBO) (u Mﬁo) Maou ¢

= 2
¥ {—QBJBSM} gt (8.3.14b)
where
ag = —48(1—8)(Ds— Dg)/s —64(1—8)(1—26)(Us — Up)?/s?
a; = 8D 4 Quu(l —6/My)
a = (1—-8)D— Q4@
a; = Q{(1-8)i—fu}
bo = —20(1—28)(Das— Dg)/s —26{(1 — 26)* — 26(1 = §)} (U, — Ug)?/s>

bi = 6D+ Qgu(l —8/Mpy)
by = —(QD-FQB'E)



by = Qpblu+ )

D = D4+ (1-6)Dg+6(1—8)(Us—Up)’/s
D = (1-8)Da+6Dp—6(1—6)(Us —Us)*/s
Q4 = 20(1—06)(Us—Ugp)/s

Qp = 6(1-20)(Us—Usg)/s

8.4 Results

The amount of mass W;, the convective velocity Uy, and the dispersion coefficient
D; are stated/defined by the following relationships:

Total amount of mass,

W, = phMag (8.4.1a)
Wp = pAys Mz (8.4.1b)
Convective velocity,
Ui = %/':'—1 for 1=A B (8.4.2)
Dispersion Coeflicient measurable;
Bi= %‘%‘2 = %%(M,-g —M%)  for i=AB (8.4.3)

These transport characteristics are found as functions of the travel time of cloud and
the time-dependent behavior are illustrated in Figs. 8.4.1 for (a) Total amount of
mass, (b) Convective velocity, and (c) Dispersion coefficient, where the parameter s
defined by Eq. 8.3.12 is equal to a reciprocal of the characteristic time scale. For
a larger travel time, they converge on constant values respcetively, and they are de-

scribed bellow.

Total amount of mass
By use of Egs. 8.4.1, Eqs. 8.3.10 derive the mass existing in each flow in final stage
as

Waltmoo = W, (8.4.4a)

Whleson = (1= 8)Wo (8.4.40)

The total amount of mass in two flows are
WA + WB = I‘VD
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Figure 8.4.1: Time dependent behavior of transport characteristics.
The parameter s = (h + Ayy)k/ysu. is equal to a reciprocal of the
characteristic time scale. (a) The zero-th moment, (b) Convective
velocity, and (¢) Dispersion coeflicient.
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at arbitrary time and equal to Wy. The amount of mass inserted in the surface flow at
t = 0is W,(0) = Wy, and that in the sub-surface flow is Wg(0) = 0. Traveling in the
longitudinal direction, the tracer spreads in the longitudinal and vertical directions in
both of two flows mainly by the vertical mass exchange characterized by the velocity
k. For a large travel time, the amount of mass in each flow becomes constant, and
the ratio of mass existing in each flow is equal to the ratio of each flow section as
shown in Eqs. 8.4.4.

Convective velocity of tracer clouds
By use of Eq. 8.4.2, Eq.8.3.13 derives the convective velocity in a final stage as

h

_ __h Ay
UCAIt—boo = UcBIt—voo - - /\ybUA + h - Ayb

Up (8.4.5)

During a short travel time, the inserted tracer is convected by the surface flow and the
velocity of tracer cloud is equal to the average velocity of the surface flow. However,
the convective velocity of cloud in the surface flow becomes slower and that in the
sub-surface flow becomes higher. For a large travel time, both convective velocities
become the same as described in Eq. 8.4.5 and equal to the weighted average of the
velocity of two flows, while the average flow velocity in each flow is quite different

from each other. This interesting phenomenon can be explained as follows;

1. Real mass transport processes are the vertical mass transport between surface
and sub-surface flows, that is, in the leading limb the tracer convected by the
surface flow intrudes into the sub-surface flow and in the falling limb the in-

truded tracer returns into the surface flow.

[

The convective velocity in the final stage is given by Eq. 8.4.5. Its value is
equal to the weighted average of velocities of two flows, and the flow section of

each flow is used as the weighting factor.

Dispersion coefficient
By use of Eq. 8.4.3, Eqs.8.3.14 derive the dispersion coefficient measured in a final

stage as:

ﬁ.ﬁl |t—*oo = b-ﬂ‘lt-—mo
h Ay

(Ags)?h
= D
Rty ° TET AYs

D
5t R aw)

- %(UA ~Us)?  (8.46)

The mass transport mechanism explained in the above paragraph is much more effec-

tive on the dispersion coefficient. For a large travel time, the dispersion coefficient is
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given by Eq. 8.4.6 and stated by the sum of three terms. The first two terms are the
weighted average of the dispersion coefficient in each flow with use of the flow section
as the weighting factor. The last term shows the effect of vertical mass transport
between the surface and the sub-surface flows, and the velocity difference between
two flows. This term is sometimes much larger than the first two terms. Eq. 8.4.6
also shows that the measurable dispersion coefficients in both flows have the same

value.

Thus, results obtained by mathematical models indicate that the mass exchange
between the surface and sub-surface flows play an important role in the longitudinal
mass transport. Under special hydraulic conditions, the convective velocity is much
smaller and the dispersion coefficient much larger than those in the flow over imper-

meable boundaries.

8.5 Discussions on Dispersion Coefficient

The time dependent growth of the variance ¢ described by Eq. 8.3.14a is shown in
Fig. 8.5.1 (a) on log-log sheet, and (b) on normal sheet. o7 rapidly increases during
1 < st < 10, and has the linear relationship with st for st > 10. Thus, the required
length for linear growth of the variance depends on the parameter s, and commonly
much larger than that in impervious channels.

The third term of the dispersion coefficient given by Eq. 8.4.6 is the function of
k, h, ys, A, Uy and Ug. Preliminary studies in the experimental flume with sand
beds show that the magnitude of the characteristic velocity k is of the order of 102
cm/s, and the thickness of mixing layer y, a few times of the grain size of permeable
boundary, and that they are dependent on hydraulic conditions. The relationship
between v = (hAys)*/(h + Ays)® and y,/h is presented in Fig. 8.5.2. « is strongly
affected by ys/h and has the maximum value at y,/h = 2/A. Therefore the value
of the dispersion coefficient is the maximum at y,/h = 2/X. Thus, the longitudinal
mass transport in the flows over permeable boundaries is strongly affected by the
thickness of the mixing cell y, and the characteristic velocity of mass exchange k.

The results obtained by the dispersion experiment made in the laboratory flumes
with sand bed (Iwasa, Aya and Nakai, 1986) are summarized in Table 8.5.1. The
convective velocities Uy and U,p of surface and sub-surface flows agrees each other,
and commonly slower than the discharge velocity U4 in the surface flows as described

in Eq. 8.4.5. The dispersion coefficient D,; measured in the surface flows by the
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Figure 8.5.1: Time dependent behavior of variance of tracer cloud.
(2) on log-log sheet, and (b) on normal sheet.

moment method are listed in the column 6, and its order of the magnitude is much
bigger than those of D4 which are estimated by Eq. 4.5.15. It is of the same order
measured in the flows on the glass covered slope by Adrian and Martel (1990). Thus,
the mathematical results obtained in Section 8.4 were verified.

In natural streams with the large aspect ratio B/h, the third term can be ex-
tremely smaller than the first term, because the dispersion coefficient D4 is depen-
dent on B/h as described in Chapter 5, and much larger in these streams. However,
it would be important in the shallow, narrow, and steep streams flowing over the bed

composed by large gravels in mountainous areas.

The discussion obtained above will be extended to the "Dead Zone Model”. In
the condition of Up = 0, Dp = 0, and h/y, = flow zone volume / dead zone volumne,
these results are found to be equivalent ones in the models with dead zone in channel
bed (Valentine and Wood, 1977), and in channel sides (Muramoto, Michiue and
Nakagawa, 1976). They are concerned with the transport processes only in the main
flow, and the interesting results described above are not indicated. The dead zone
modeling should be carefully examined in view of not only the dispersion coeflicient,

but also the convective velocity of tracer cloud and the behavior of the variance which
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Figure 8.5.2: Relationship between v and y/h.

Table 8.5.1: Summary of dispersion experiments in laboratory flume
with sand bed.

(1 (2) 3 () (5) (&) (7) (8) (9) (10) (1
RUN NO, Ues Ues Uen Ux Da Dy W Dy k/u, kiefus
(cm/sec) Iy hug hne (% 10-%)
Al 13.0 12.0 1.5 14. 8 178 131 2. 10 8. 06 7.54 327
a2 5 31 5.5 0. 1% 10. G 1204 0.2 1. 20 1.3 1. 97 0. 856
il 15.5 15. 2 L6 19. 4 (HTEN 115 200 B. 29 2.68 1. 16
L 10.7 0.8 4. 28 16 4 1151 2101 Jod 8.3 171 0. 713
1 21.5 2]:2 22.0 33 1039 13. 2 2.13 5. 44 2.57 112
2 20.0 194 18- 4 304 1023 7.9 2.88 4. 89 2.75 1. 19



requires a much more longer period for the linear growth.

8.6 Conclusions

The vertical and the longitudinal mass transports in the flow over permeable bound-

aries were investigated in this chapter. Preliminary dye tracer study in Section 8.2
disclosed the features in the sub-surface flows which have the surface flow over the
permeable boundary. That is,

1

=]

3

The sub-surface flow is classified into three kinds of flows/regions in view of
the vertical mass transport between surface and sub-surface flows. The strong
mass transport is observed in the upper two layers, and it is influenced by the
surface flow.

The mass transport is the most active in the mixing cell in the first upper layer.
It covers 80% of the surface of the permeable boundary; its thickness is a few

times of the mean grain size of the porous media, and the thickness to length
ratio is 0.25.

The vertical mass transport between two flows and/or in the sub-surface flow
was examined by use of the characteristic time scale T3, the characteristic
velocity of mass exchange k, and the vertical dispersion coefficient D, in the
mixing layer. Tjo is described by Eq. 8.2.6, the order of the magnitude of
k/U, is 1073, and that of D, is the vertical turbulent diffusion coefficient in

the surface flows.

The longitudinal mass transport in the flows over permeable boundary was in-

vestigated by the theoretical analysis in Sections 8.3 and 8.4. Results obtained

disclosed that the mass exchange between the surface and sub-surface flows play an

important role in the longitudinal mass transport. That is,

1.

o

The convective velocity in the surface flow is equal to the weighted average of
two velocities in the surface and the sub-surface flows, when the cross-sectional
areas are used as a weighting factor. The convective velocity in the sub-surface

flow is the same values as that in the surface flow.

The dispersion coefficient in the surface flow is a sum of three terms; the first
two terms are the weighted average of dispersion coefficient in each flow, when
cross-sectional areas are used as a weighting factor, and the last term is caused

by the velocity difference and the mass transport between two flows. The value
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of the dispersion coefficient in the sub-surface flow is the same as that in the

surface flow.

3. These characteristics are strongly dependent on the ratio of the thickness of the
mixing layer to the depth, and the characteristic velocity of mixing. They play

an important role in the torrential flow.

These theoretical results were verified by use of the experimental results for the
longitudinal dispersion in the flows over sand bed in Section 8.5.

The results obtained in this chapter are easily extended to the dead zone model
for longitudinal mixing in the channel flow with dead zone in channel bottom and/or
sides. They will also be useful in the research of the deposition/transport of fine
particles over gravel beds, the groundwater pollution caused by the contaminants
from the surface water, and the longitudinal mass transport in the flows over hill

slopes.
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PART III:

TRANSVERSE MIXING
IN RIVERS






Chapter 9

NUMERICAL MODELING OF
FLOWS AND TRANSVERSE
MIXING IN A RIVER

9.1 Introduction

9.1.1 Objectives

Contaminants discharged into a river spread in the longitudinal, the transverse and
the depth-wise directions by convection and turbulent transports. The flows in rivers
is uni-directional and the magnitude of the length scale in the longitudinal direction
is much larger than those in other two directions, and one-dimensional models have
been the most usable. In case the transverse distribution of the concentration is
of interest, the depth-averaged two-dimensional models are required. The stream
tube models by Yotsukura and Sayre (1976) is one of the most famous 2-D models
and they are successfully applied to the analyses of transverse mixing in many river
channels (Lau and Krishnappan, 1981, Holly and Nerat, 1983, and so on), and its
recent application to Yodo River was made by Li, Yagi and Sueishi (1987).

It is well known that the hydrodynamic transport processes, that is, the convection
plays an important part in the mixing in the river, therefore the 2-D models for the
flows and the mixing is required in case the flow field is not simple or unsteady, while
the contaminant itself is passive. The development of the electronic computer system
and the software in the last two decades makes these analysis possible and the 2-D
mathematical models in the Cartesian coordinate system have mostly been used and
solved by Finite Difference Method (FDM) or Finite Element Method (FEM).

During the last decade, the numerical analysis by use of the mathematical models
in the curvilinear coordinate system with FDM has been developed, so that it saves

computer resources and makes the handling of the computation codes much easier
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especially in the flow analysis in the complicated domains. A river confluence forms
such kind of complicated domains, and this chapter will show the 2-D mathematical
models for flow behavior and associated mixing in a river in generalized curvilinear

coordinate system, and it will be applied to Yodo River System.

9.1.2 Yodo River System

It is common that effluents from sewerage systems are discharged into rivers, therefore
the water quality in a receiving river is usually worse than that in the upstream part
of a river. In case river waters are used repeatedly for the source of the service water,
the water quality problem in receiving rivers is serious, and the analysis of spreading
of the effluent by use of refined models is required in view of water quality aspect as
well as quantity aspect.

The area selected in this study is the Yado River System, which is one of the most
important rivers in Kinki metropolitan area, Japan. Its catchment area is 8,240 km?
and the population in the riverbasin is 16 million. Its riverbasin is roughly divided
into four portions, that is, three sub-riverbasins of three main tributaries; Uji River ,
Kizu River , Katsura River , and the lower sub-riverbasin from the confluence of three
tributaries to the rivermouth. The Yodo River System, and its water systems are
illustrated in Figs. 9.1.1, and 9.1.2 respectively. The status of the water utilization
is summarized that water used in the upstream region from the confluence flows back
into the Yodo River and it causes the qualitative problems to water utilization in the
downstream region.

Water quality in the Yodo River system is not bad in general; the water in Uji
River is relatively clean and it has the highest flow rate amongst three tributaries,
Kizu River has the highest water quality because the population in its sub-riverbasin
is small, and the water quality in the upstream part of Katsura River is clean but it
is worse above the confluence of the Yodo River system, because it receives the waste
water discharged from Kyoto City. In the lower riverbasin from the confluence, the
Osaka metropolitan-area has been developed and the amount of the service water
tapping this lower reach is more than 40 m®/s and it is distributed to more than 10
million persons in the metropolitan area.

The flow regimes in the Yodo River as of 1980 are listed in Table 9.1.1. The
main tributary, Uji River shares more than 60% to the total amount in discharge
throughout all of flow regimes. In the flow regimes of the annual average, the discharge
of each of Kizu River and Katsura River is nearly equal to 60 m®/s and each share is
about 20%. This share is changed as the total discharge is decreased. For example,
in the flow regime of the drought water discharge, the discharge of Kizu River is 30
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m>/s and its share 25%, while the discharge of Kizu River is 18 m*/s and its share
15%, because the discharge in Katsura River includes the constant efluent from the
sewerage treatment plants in Kyoto City, and it is estimated about 5 m*/s at present.

After completion of the sewer systems, it will increase up to 15 m?/s.

Table 9.1.1: Flow regimes in the Yodo River system.

Regime Discharge (m®/s)
Katsura R. Uji River Kizu River Total
Annual average 62.(19.3) 203.(63.2) 56.(17.5) 321
185: Ordinary water discharge | 50.(20.2) 160.(64.5)  38.(15.3)  248.
275: Low water discharge 35.(20.6) 108 (83.5) 27.(15.9)  170.
355: Drought discharge 30.(24.4) 75.(61.0)  18.(14.6) 123.

Figures in the parentheses denote the ratio to total discharge in per cent.

A lot of research works and field measurements have been made because of the
importance of Yedo River and scientific interests in the mixing below the conflu-
ence since 1950°s. At present, the most convenient method investigating the water
quality in the Yodo River system will be the mathematical simulation. The mathe-
matical models are required to express the complicated geometry of the confluence,
flow behaviors and associated dispersion, therefore those described in the curvilinear

coordinate system will satisfy the above requirements.

9.2 2-D Numerical Modeling of flows and Mixing
in Yodo River System

9.2.1 2-D Numerical Models in Curvilinear Coordinate Sys-
tem

(1) 2-D Mathematical Models

The basic hydraulic principles applied to describing the flow behavior and the asso-
ciated mixing of concentration are the conservation laws of momentum, water and
mass of dispersion materials as stated in Section 3.3 in Part I. The length scale
in the depth-wise direction is much smaller than those in the transverse and the lon-
gitudinal directions in rivers, and therefore the mixing time scale in the depth-wise
direction does. In case the river water is not stratified, the concentration distributions
in the depth-wise direction are commonly almost uniform, and the 2-D mathematical

models in the horizontal plane will be usable.
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The basic 3-D mathematical models for turbulent shear flows and concentration
mixing are:

Momentum equations,

a1, 81—11'&] i aﬁ o7
—+——=F--—+ - ;= 2
7 o, ﬁam'*a% (i =1,9,8) (9.2.1)
Continuity equation,
o5 9272
dz; 8:2.2)
Turbulent diffusion equation:
ac Bﬁj:‘: _ 3§j
Rl Pl (9.2.3)

where ; is the ensemble average of velocity in the x; direction, g the ensemble average
of pressure, 7 the ensemble average of density of water, F, the body force in the z;
direction, 7j; the z; directional shear stress acting on the control surface element
perpendicular to the z; direction caused by the turbulent motion, & the ensemble
average of concentration, §; the z; component of the gradient type mass transport
vector caused by the turbulent motion, z; the Cartesian coordinate (i = 1,2,3), z,,
z, the horizontal coordinate respectively, z3 the vertical coordinate, and ¢ the time.
(Hereafter, ~(overbar) denoting the ensemble averaged values will be neglected.)
The 2-D mathematical models are obtained by integrating each of the basic 3-
D partial differential equations of Eqgs. 9.2.1 to 9.2.3 from the bottom —z, to the
water surface { assuming the hydrostatic pressure distribution. Its procedures are

well-known and the final results in the Cartesian coordinate system are written as:

M, U M,y hri;/p —gh - ¢/dz, —Ti/p
_2 M, N _3_ UM, | i hrs;fp A, —gh-9(/8z, ! —Th/p
at | h dz; | Uik 9z, 0 0 0
N U.nN hS; 0 0
(9.2.4)
and
¢
U,-z/ didzs/h (h=C+z) (9.2.5)
e
¢
M, = ﬁid$3 = U‘h (926)
=
¢
c= [ cdes/k (9.2.7)
{
NE/ &dzs (9.2.8)



4 ¢
= = __{ (u, = %)y, — v;)dzs + (% — Ui)(&; — U;)dzs} (9.2.9a)
o —zp —zp
T au; | ou,
M= 9.2.96
iy _ g0’ Mo/ M + M3 (9.2.10)
F =3 IJE g
¢ — ¢
§i= u%{]_ e 20w — B)das+ [ (6= C)(w; - Uy)das} (9.2.11)
S, = D;0C [0z; (9.2.12)

D) = Dy Dy \ _ ( cos*0Dy + sin*6Dr  sinfcosf (Df, — Dr)
( i ) T\ Dy Dy )~ \ sinficosf (Dp — D7) sin®8Dp + cos*6 Dy
(9.2

where U; is the z; component of the depth averaged velocity vector, M; the z; com-
ponent of the momentum flux vector, h the water depth (= ( + z;), ( the water
surface elevation, z, the bottom elevation, C' the depth-averaged concentration, N
the depth-integrated concentration, 7/; the z; directional shear stress acting on the
control surface element perpendicular to the z; direction and it includes the turbulent
and dispersion effects, v’ the viscosity coefficient including turbulent and dispersion
effects, 735 the frictional shear stress acting on the bottom and Eq. 9.2.10 is equiva-
lent to Manning’s formula for 1-D flows, n Manning’s roughness coefficient, S; the z;
component of the gradient type mass transport vector including the turbulent diffu-
sion and the dispersion, Dy, the longitudinal dispersion coefficient, D the transverse
dispersion coefficient, and & the angle between Cartesian coordinates and the princi-
pal axes of diffusion and dispersion. Note that D;; is equivalent to D2;; in Part L
The definition sketch of variables, and the Cartesian coordinate systems are shown
in Fig. 9.2.1.

Viviand (1974) shows the transformation of a conservation form equation; Eq.
9.2.14 in the Cartesian coordinate system z; can be transformed into Eq. 9.2.15 in

the generalized curvilinear coordinate system ;.

1 (af OF
i = 9 14
J (at Bz;) f (2.2.14)
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where

£§ = Ef(rlt:E?) (I= ll 2) {9'216)

7= gi | (9.2.17)

Therefore, by application of the relationships described above to each component of
the set of Eq. 9.2.4 in the Cartesian coordinate system, they are rewritten into the set

of partial differential equations in the non-orthogenal curvilinear coordinate system

as:

My UM,
a (i) M +_i (l) UM,
8t \J h o \J U"h
N U'N
hv'"fp —gh - 868z, - BC/ B¢ —r/p
=2 (l) hr®fp + 1| —gh-06/0z,-0¢/0 | | 1| —mm/p
CERY 0 J 0 i 0
hS' 0 0
(8.2.18)
and "
U= > 9.2.19
52U (9.2.19)
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Figure 9.2.2: Cartesian coordinate systems and generalized coordi-
nate system.
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The shear stress 7/; and the gradient type mass transport S can be written:

T 8&, OU;  8&, 8U; 2
8 g b SR p SRS g.2.21
P (azj %, " By a&) LBl
.GC
5= pi = 9.2.22)
9¢; (
o€ JE
A SIS el 223
D B, Bz, Kt (9 )

Followings are notable on the set of Eq. 9.2.18;

1. The first equation of Eq. 9.2.18 is the momentum conservation equation in
the z, direction, the second one that in the z, direction, the third one the

continuity equation and the forth one the mass conservation equation for the

contaminant.

2. The dependent variables are the same as those in the Cartesian coordinates sys-

tem, but only the independent variables are transformed into the non-orthogonal

curvilinear system.



3. They are as simple as those in the Cartesian coordinate system.

4. The space coordinate system is non-orthogonal curvilinear system, therefore it

is much easier to generate the grids for calculation in the physical domain.

(2) Boundary Conditions

The set of Eq. 9.2.18 can be solved under certain boundary and initial conditions.
Boundary condition for flows adopted at the closed boundary is "non-slip condition”,

then the following relationship will be specified:

My =M, = (9.2.24)

At open boundary, the distributions of momentum flux vector M or water surface

elevation { can be specified. In case the distribution of mementum flux vector in the

&, direction is specified, assuming that the coordinate system is orthogonal near the
boundary, M, is obtained as:

M, = _I_GI‘M 4 1 Bz;

Va1 06 V922 962

where g,, is the metric tensor defined by

31’1 Io . 5
gii = (35.) + (%) (t=1,2) (9.2.26)

and M* the contravariant vector component of momentum flux vector specified. In

M? (9.2.25)

usual flow analysis in a river, the measured data of discharge @ is available. Assum-
ing M? is equal to zero, M! distribution can be obtained as:
M} = Qh® Z Rl (9.2.27)

where J denotes the J-th lattice in the & dlrectxon.

For the conservation equation of concentration, the condition of "no-mass trans-

port” at the closed boundary gives:

i (9.2.28)
o€

and in case the concentration is specified at the upstream open boundary,
N = Ch (9.2.29)

can be used.
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X2

Figure 9.2.3: Definition points of variables and domains for inte-
grating the mathematical models in a physical plane. Open circles
denote the points for M; and M, and solid circles for ¢ and V.
Dotted domain is for the equations for mass and concentration, and
hatched domain for the momentum equations.

(3) Numerical Procedures

The system of the partial differential equations of Eq. 9.2.18 can numerically be
solved by FDM. The definition points of variables is shown in Fig. 9.2.3 and the
finite difference forms of Eq. 9.2.18 are obtained by integrating the each of equations
in the hatched or dotted domains in Fig. 9.2.3. The final finite difference form
of each of Eq. 9.2.18 is obtained by use of Adams-Bashforth scheme for the local
derivative, Donor-cell scheme in 2-D plane for convection terms, and the application
of the central difference scheme for gradient type transport. The finite difference
form of the convective terms usually includes the numerical effects which causes
the numerical dispersion and dissipation. The third order finite difference scheme
as QUICK (Leonard, 1978) and its extension to 2-D phenomena by Takemoto et al,
(1986), Kawamura (1985) ’s scheme and so on are possible. Iwasa et al (1988) showed
that the Donor-cell scheme of the second order accuracy gives the same results as the
QUICK scheme, il the coordinate system would be selected in accordance with the
flow direction.

Write the momentum equation in the z, direction as:



a
Z (5}) + Ly (9) = I (&) + Ls (¢) + L+ (&) (9.2.30)

The finite difference representation for each terms of Eq. 9.2.30 is shown as:

Local time derivative term,

o+ I8 {20 (7 + 5L (57) 4 S0 (87) - 5La (477
Jr%fza (¢") - %La (Cﬁn_ ) + 554 (") - %La (flsn_l }
(9.2.31)
Convective terms,
Ly($) = % (1 v's) (9.2.324)

is approximated as

OAEI‘ZAE» jle(‘f) dydésy ; = 7&5112A§q{](w )d& n /(Ul )

I+1,7

S, - 15,

I,J+1
(9.2.325)

11 /
e {U;l,J (b1=10+ Gr41,0)+ | UL g | (110 = @Hu)} 206 (9.2.32¢)

IJ

1.4 2
3 {Uf,.r (@r,0-1+ ¢re1) + | ULy | (Pra-1— ¢’1,J+1)} 206 (9.2.32d)

hereafter, subscript J, J and so on denote the variables at the lattice point (I Ag;, JAE)
or the center of the integration.

Turbulent and dispersive viscosily terms,

La )= 2 (f—‘-’—’) (9.2.330)



is approximated as
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Pressure terms,

gh aiic—) (9.2.34a)
1,7

Laldh= _7(313 B¢,

is approximated as

1 B (B L
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&, 1
+ (E) I,JQA& (Cf,.rﬂ = CI,J—J)}
(9.2.34b)

7' is calculated by the relationship of Eqs. 9.2.20 and 9.2.21, and the space derivative
of the depth averaged velocity can be approximated by the central difference scheme.

Bottom shear-stress term,

L) =-17 (9.2.35a)
I .p
is approximated as
1 1 7ip
m&m&/fm (4)dedey = -—(—j?)“ (9.2.35b)

In case the variable not at its definition points are required, it is calculated by

the method of linear interpolation.

9.3 Verification of the Numerical Models

The developed models are applied to the Yodo River system. As stated in Section
9.1, it has the three main tributaries of different flow characteristics and concentration
fields. They merge into Yodo River and the confluence has complicated flow behaviors

as well as geometry. A lot of research works and the field measurement on the mixing
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in the Yodo River system have been made because of the importance of the river and
scientific interests in the mixing below the confluence since the 1950’s. Recently Li,
Yagi and Sueishi(1987) investigated the mixing process in the river by the stream
tube model (Yotsukura and Sayre, 1976) and estimated the transverse dispersion
coefficient at 0.6 ~ 2.0hu., however hydraulic characteristics of the mixing have not
vet clarified.

9.3.1 Outlines of Simulations for Verification

The segments of the Yodo River System selected for the study area includes the
confluences, so that it is suitable for examining the models developed in view of
topographic aspects. Its downstream boundary is 32.0 km from the reference point
near the rivermouth and the upstream boundary 36.2 km at Katsura River, 36.2
km at Uji River and 0.4 km at Kizu River. (See Fig. 9.1.1.) The concerned niver
channels are limited only within the low flow channel, because the study focuses on
the spreading of the contaminant and the water quality problem usually becomes
serious during the low-flow condition.

Generated grids made by use of the geographical survey data in Yodo River and
their numerical interpolation by Akima (1970) are shown in Fig. 9.3.1 (a). Non-
orthogonal curvilinear grids of about 25 m in length and 5 m in width cover the
study area of about 4 km in length in the longitudinal direction and about 100 m
in width in the transverse direction. Its gemeral topography made by use of the
geographical river survey data and its interpolation is illustrated in Fig. 9.3.1 (b).

Selected study area includes two confluences, that is, Kizu River merges into Uji
River at the upper confluence located at the 35.2 km section and Katsura River
merges into Uji River at the lower confluences located at the 34.4 km section. The
non-uniform distributions of riverbed elevation and the existence of concavities and
convexity are observed. There is a big concavity along the right bank-side between two
confluences and a convexity below the concavities. There are also some concavities
along the right or the left bank-side below the lower confluence.

The flow discharge and the concentration distribution, i.e., the transverse distri-
butions of the flow rate per unit width and concentration of the contaminants, for
example, NH3-N are specified according to the results of the field measurements at
the upstream boundaries of the three tributaries. The uniform water surface elevation
is also specified at the downstream boundary in the main stream.

The values of the parameters used in the mathematical models are: Manning's
toughness coefficient n = 0.02: the turbulent and dispersive viscosity coefficient

v = 0.01 m?/s: the longitudinal dispersion coefficient Dy = 5.93hu. according to
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Figure 9.3.1: Yodo River confluence selected for study area. (a)
Generated curvilinear grids, and (b) bathymetric map (in O.P. +
m).



Table 9.3.1: Summary of boundary conditions for 62-0904, and 61-
1028 Tests.

Test | Item Katsura R. Uji R. Kizu R. Yodo R.
Discharge Q(m*/s) 19.0 1204 1322 —
62- | Stage C(O.P. + m) — - — 5.13
0904 | NH3-N Cone. C(ppm) 3.39 0.24 0.13 —
Discharge Q(m?/s) 184 605 11.4 —
61- | Stage C(O.P. + m) — — —_ 5iT5
1028 | NH;3-N Conc. C(ppm) 3.03 0.35 0.14 —
Si0, Conc. C(ppm) 9.00  2.27 13.21 —

Elder (1959): the transverse dispersion coefficient Dy = 0.2hu,.

Tie transverse dispersion coefficient was measured in laboratory by Elder (1959,
Okoye (1970), Iwasa, Hosoda and Noguchi (1982), Webel and Schazmann (1988),
and so on, and in rivers by Yotsukura et al (1970), and so on. Their results are
St}mmarized in Yotsukura and Nakamura (1988), and many texts as Fischer (1979)
and Holly (1985), and its magnitude is of the order of 0.1 ~ 0.2Aw. in laboratory, and
0.4 ~ 0.8hu, in straight rivers. The detailed discussion on the transverse dispersion
coefficient in Yodo River System will be given in Sub-section 9.3 and Chapter 10.

Two sets of verification test, that is, 62-0904 Test and 61-1028 Test were con-
ducted. Field measurements for 62-0904 Test were made by Kinki Regional Bureau,
Ministry of Construction on September 4, 1987 and that for 61-1028 Test by Osaka
Prefectural Government on October 28, 1986. They were done in the period of the low
or drought water discharge, and flow and concentration fields were confirmed to be
almost steady-state. 2-D models described in the previous subsections can calculate
unsteady behavior of flow and concentration, however by specifying the steady-state
boundary conditions, they give the steady flow and concentration fields.

The specified boundary conditions for two tests are summarized in Table 9.3.1.
The selected water quality parameters are NH3-N for 62-0904 Test, and NH;3-N and
Si0, for 61-1028 Test. The transverse concentration distributions of these water
quality parameters at each upstream boundary section of three rivers were almost
uniform. NHj3-N concentration in Katsura River is the highest among three tributaries
because it receives the effluent from sewerage treatment plants in Kyoto City, but

Si0, concentration is the highest in Kizu River among three tributaries.
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9.3.2 Simulation Results and Discussions

The simulation models calculate the unsteady behaviors of flow and spreading of

contaminants, but only the results under the steady conditions will be presented.

(1) Steady-state flow behaviors

Water surface elevation contour map, the momentum flux vector distributions and the
depth-averaged velocity vector distributions obtained in the simulation for 62-0904
Test are illustrated in Figs. 9.3.2 (a), (b) and (c).

Water surface contour lines are nearly perpendicular to channel boundaries. The
increase of water surface elevation in the lower reach below the second confluence is
very small and the water surface profile is backwater curves in a mild slope channel,
however in the upper reach, the water-depth is shallow and the water surface profile is
more influenced by the riverbed condition. The riverbed in Kizu River is the highest
and the increase of the water surface elevation is the biggest, on the contrary the
bed-slope in Uji River is nearly horizontal or partially adverse, therefore very small
increase of the water surface elevation is obtained. The water surface in Katsura
River is medium among the three tributaries, because its riverbed slope is medium.

The distributions of the momentum flux vector and the depth-averaged velocity
vector distributions are shown in Figs. 9.3.2 (b) and (c) respectively. In the upper
segments above each of the confluence, the transverse distributions are nearly uniform,
because the riverbed elevation in the transverse direction is nearly uniform in Kizu
River and Katsura River and the water depth in Uji River is deep. Below the upper
confluence, Kizu River merges into Uji River. The riverbed elevation in Uji River
is much lower than that in Kizu River, therefore the water of Kizu River flows into
the right side of the channel below the upper confluence, and the momentum flux
vector distributions in the transverse direction are quite different from that in each
of the upper part, that is, it becomes quite non-uniform, because it is influenced
by the deep concavities. As shown in the bathymetric map of Fig. 9.3.1 (b), there
is a concavity in the central part of the channel just below the second confluence,
and the flow concentrates the central part of the channel. In accordance with the
existence of the concavity in the left bank-side following the concavity upstream, the
flow concentrates on the left bank-side. Thus, below the second confluence, the flow
changes its main route {rom the central part to the right bank-side, to the left bank-
side and so on according to the distribution of the riverbed elevation. The depth-
averaged velocity vector distributions are shown in Fig. 9.3.1 (c). Velocity vectors

change their direction in accordance with channel configuration as in the momentum
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Figure 9.3.2: Simulated results under steady state conditions in 62-
0904 Test. (a) Water surface elevation contour map, (b) momentum
flux vector distributions, and (c) depth-averaged velocity vector dis-

tributions.
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flux vector distributions of Fig. 9.3.1 (b), however its transverse distributions are
more uniform than the momentum flux vector distributions.

The comparison of the simulated results with the observed ones are not able to
made because of the lack of measured data, however simulated results give the rigor-

ous and reasonable results for flow behavior.

(2) Steady-State Concentration Distributions

The spreading of NH;-N concentration from Katsura River is shown in Fig. 9.3.3 (a)
for 62-0904 Test and Fig. 9.3.3 (b) for 61-1028 Test. The high NH3-N concentration
from Katsura River merges into Yodo River at the lower confluence and mainly flows
down along the right bank-side, but its spreading width becomes longer or shorter
along the flow direction, because the flow concentrates on the central part at first,
next the right bank-side, then the left bank-side as described in Paragraph 9.3.2
(1). Thus, the change of the spreading width is correspondent with the longitudinal

variation of the transverse distributions of the momentum flux vector.

(3) Flow Behavior and Mixing at the Confluences

The momentum flux vector distributions obtained in the simulation for 61-1028 Test
and the bathymetry at the confluence are presented in Fig. 9.3.4 (a), and the velocity
vector distributions and the iso-depth contour map in Fig. 9.3.4 (b). They are
a part of the simulation results for whole of the test area, and demonstrate the
flow behavior in more detail in the area including two confluences. According to
the riverbed elevation distribution, the flow mainly goes down along the Uji River
below the upper confluence, and on the central part of the channel below the lower
confluence. The water from Kizu River merges into the water from Uji River at the
upper confluence and a part of the merged water flows toward the right bank-side
above the convexity between two confluences. The water from Katsura River flows
into the main stream below the lower confluence.

The variations of the flow direction are more clearly demonstrated in the velocity
vector distributions in Fig. 9.3.4 (b). The flow toward Uji River from other two
tributaries is clearly observed in the portion of the shallow water below each of two
confluences, and the divergence and convergence of flows are also clearly observed
above/below the convexity located between two confluences.

Thus, the angle between Kizu River and Uji River at the first confluence, and
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Figure 9.3.3: Spreading of NH3-N concentration simulated in (a)
62-0904 Test, and (b) 61-1028 Test.

2
NS
~I



5.0 (/5] —

PNy | LS O PSP

(M)

-13,2 -8 -11.3 -i1.3 -its -11.12 -7
VoM =it
{a) momentum [lux vector distributions and bathymetry.

SRR " S CRNT AT S C e b i a

[T TR S .

5.0 (m/§) —0 k0

(M)

=27 % =8 2 =T 3 =1¥.5 e =T =55y

; " . |
Yoo 11

~

b} velocity vector distributions and iso-depth contour map.

Figure 9.3.4: Flow behavior and mixing at the confluence simulated
in 61-1028 Test. (a) Momentum flux vector distributions and the
iso-contour map of the bottom elevation, and (b) Depth-averaged
velocity vector distributions and the iso-contour lines of water depth.



Figure 85.3.5: Spreading of Si0O, concentration at the confluences
simulated in 61-1028 Test.

that between Katsura River and Uji River at the second confluences are very small,

however the strong mixing occurs below the confluence.

The mixing at the confluences is demonstrated in Fig. 9.3.5, which describes
the spreading of SiO» concentration for 61-1028 Test. The high SiO, concentration
water from Kizu River spreads widely just below the upstream confluence, being
transported by the flow toward the Uji River, and it disperses channel-fully above
the convexity by the flow diverged. The Si0O5 concentration from Katsura River also
spreads into Uji River below the lower confluence, being transported by the flow into

Uji River, however it is not so clearly shown as that below the upper confluence.

(4) Transverse Distributions of Concentration

The transverse distributions of NH3-N concentration at the sections of 33.6 km and

36.1 km obtained in the simulation for 62-0904 Test under various dispersion coeffi-
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cients are comparatively presented with the measured ones in Figs. 9.3.6 (a) and (b).

The influence of the magnitude of the transverse dispersion coefficient on the
transverse concentration distribution is small at both sections of 33.6 km and 32.2 km,
and the larger transverse dispersion coefficient causes the smaller decrease of NH;-N
concentration near the right bank-side. Simulated results under the non-dimensional
dispersion coefficient Dr/hu. = 0.20 and 2.00 have nearly the same concentration
distribution and give fine agreements with observed one as shown in Fig. 9.3.6 (a).

This results show that the convective transport plays a more important role in
the transverse mixing in the Yodo River Confluence than the gradient type mass
transport, because the transverse distribution of the momentum flux vector is quite
non-uniform and the mixing is mainly governed by the convection as described above.
It is also concluded that the magnitude of the transverse dispersion coefficient at the
confluence is of the same order as those measured in other straight laboratory flumes
and river channels (Fischer et al, 1979).

The transverse distributions of NH3;-N concentration obtained in the simulation of
61-1028 Test are comparatively presented with field-measured distributions in Figs.
9.3.7 (a), (b), and (c). NH3-N concentration from Uji River and Kizu River mixes
well and its distribution is almost uniform at 6-6' (34.8 km) section which is 400. m
below the confluence of two tributaries, as shown in Fig. 9.3.7 (a). This is caused
by the strong mixing of the flow from Kizu River with the flow from Uji River
and the divergence of diluted Uji River water as stated earlier in Paragraph 9.3.2
(3). Simulated results have quite good agreement with the observed concentration
distribution.

Observed and simulated NH3-N concentration distributions at 5-5' (34.2 km) sec-
tion are presented in Fig. 9.3.7 (b). The test section locates at 200. m below the
confluence of Uji River and Katsura River, and the water of Katsura River containing
high NH;-N concentration merges into Uji River water as described in Paragraph
9.3.2 (3), but a part of water from Katsura River flows down along the right bank
side below the confluence, therefore concentration near the right bank-side is still
high. The river width is so long and the distance from the confluence is so short,
therefore the NH3-N concentration near the left-bank side is still low.

At the section of 4-4' (33.6 km), the concentration distribution is more uniform,
that is, the concentration near the right bank-side becomes much lower and it becomes
alittle higher near the left bank-side, because as described in Paragraph 9.3.2 (1),

the flow concentrates at the center part of the channel at the 5-5 section but near the
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Figure 9.3.6: Transverse distributions of NH3-N concentration sim-
ulated in 62-0904 Test and measured ones. (a) 33.6 km section, and
(b) 32.2 km section. Circles denote simulated values under vari-
ous dispersion coefficients, and the hatched area shows the observed
concentration distribution.
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right-bank side at the 4-4' section. This change of the flow rate distribution causes
the strong mixing of water, that is, the low NH3-N concentration water at the center
part of the channel dilutes the high concentration water near the right bank side. The
dispersion transport makes the concentration near the left bank-side a little higher.
The agreement between observed and simulated concentration distributions at both
5-5/ and 4-4/ sections are not so bad, and small difference between them are observed
near the center part of the channel.

The simulated results of SiO, concentration for 61-1028Test are also compara-
tively illustrated with field-measurement concentration distributions at 6-6', 5-3' and
4-4' sections in Figs. 9.3.8 (a), (b) and (c). Simulated results at the 6-6' section
have not so good agreement with observed one but those at the 5-5' and 4-4’ sections
are much better. A special feature observed through three results is the difference
between measured and simulated concentration near the left bank-side, but two re-
sults at the 5-5' and 4-4' sections have very fine agreements each other except this
portion. It is thought to be caused by the insufficient upstream boundary condition
in Kizu River, or the entrainment from the bottom, and/or inflow of Si0O» which is
not included in the numerical models between the upstream boundary and the 6-6'
section, because the results for NH3-N has very good agreement with observed ones
near the left bank-side as shown in Figs. 9.3.7 (a), (b), and {c).

Two sets of simulation for verifying the mathematical models described in Sec-
tion 9.2 were carried out in the Yodo River System which includes the confluences
of three tributaries. The simulated flow behavior was not compared with field data,
because they were not measured; however the water surface elevation contour lines,
the momentum vector distributions, and the velocity vector distributions simulated
are reasonable ones, and their features are discussed in details with relation to the
bathymetry of the study area. The simulated concentration distributions were sue-
cessfully compared with the distributions obtained in 62-0904 and 61-1028 field mea-
surements. The estimated transverse mixing coefficient is less than 2.0hu., and it is
supposed that the convective transport play a more important role than the disper-
sive transport. The mechanism of mixing in the Yodo River Confluence are discussed

in detail with relation to flow behavior, and they are summarized as;

1. The river bed of Yodo River is not uniform, and the river water mainly flows

down in the lower part of the riverbed,

2. Therefore, the main stream changes its route from one side to the opposite side

of the channel in flowing down,
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3. This change of the water-route within the low-flow channel makes the mixing

accelerated and the concentration distribution more uniform.

9.4 Conclusions

The 2-D mathematical models describing the flow behavior and associated mixing
for the river system was presented in the generalized curvilinear coordinate system
and the validity of the developed numerical models was successfully examined by
comparing the simulated results with field data.

In Section 9.1, objectives of the study in this chapter was stated, and its necessity
was also described in the Yodo River system which has the three main tributaries,
and receives effluents from sewerage treatment plants in the middle part; its water is
used for service water in the lower riverbasin.

The 2-D mathematical models in the generalized curvilinear coordinate system
were derived from common 2-D plain hydraulic models in the Cartesian coordinate
system in Sub-section 9.2.1. Their dependent variables are the same as those in
the Cartesian coordinates system and only the independent variables are transformed
into the non-orthogonal curvilinear system. They are as simple as those in the Carte-
sian coordinate system. The space coordinate system is non-orthogonal curvilinear
system, therefore it is much easier to generate the grids for calculation in the physical
domain. The finite difference forms of the mathematical models in the curvilinear
coordinate system were obtained by the integration method in Sub-section 9.2.2.
They have the second order accuracy in space coordinate and time coordinate, and
the numerical models were also developed.

The proposed models was applied to the confluence of the Yodo River System case
study and its validity was examined in Section 9.3. The simulated flow behaviors
were not compared with field data, however the water surface elevation distributions,
the momentum flux vector distributions and the depth-averaged velocity vector dis-
tributions simulated were reasonable and their features were discussed in detail with
relation to its bathymetry. It was disclosed that the water-depth was shallow in
low/drought discharge conditions, and the flows in channels were very affected by
the riverbed elevation which is non-uniformly distributed in the longitudinal direc-
tion as well as the transverse direction. The simulated concentration distributions
were successfully compared with the measured ones. The concentration distributions
of contaminants were mostly affected by the convective transport of the flows, and
the transverse mixing coefficient is estimated at less than 2.0hu..

The mixing processes of the waters from Katsura River or Kizu River below the



confluences were also discussed in detail with the relation to the flow behavior. It was
suggested that the convective transport plays a more important role in the transverse

mixing in the Yodo River Confluence than the gradient type mass transport.
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Chapter 10

MECHANISM OF
TRANSVERSE MIXING IN
YODO RIVER SYSTEM

10.1 Introduction

10.1.1 Objectives and Outlines of Experiments

As described in Sub-section 9.1.2, the investigation on the mechanism of the mixing
at/below the confluence of the Yodo River System is urgently required in terms
of environmental view points, as well as very interested in terms of environmental
hydraulics on the mixing in open-channel flows. This chapter will study the mixing
at/below the confluence of Yodo River System under various hydraulic conditions
and disclose the mechanism of mixing in terms of the aspects stated above by the
numerical methods developed and examined in Chapter 9,

The hydraulic conditions affective on the mixing at/below the confluence can be

expected to be:
1. The magnitude of the transverse dispersion/mixing coefficient,
2. Flow regimes of rivers of which the confluence is consisted,
3. Distributions of the riverbed elevation at/below the confluence,
4. Flow rate of each of tributaries to the total discharge below the confluence,

5. Geometrical features of the confluence as an angle between each of tributaries

and the main stream, and

6. Water surface elevation al the lower boundary.



Therefore, the first series of the numerical experiment for the mixing in Yodo River
system was conducted under the various flow regimes listed in Table 10.2.1 in Sec-
tion 10. 2. It covers the flow regime between the annual average discharge and
the drought discharge during which the water quality pollution problem is the most
serious. The second series was also done under the same boundary conditions of the
first series, but with hypothetical cross-section channels, that is, Model river (a):
the rectangular cross-section channel, and Model river (b): the river-channel dredged
along the right bank side, while the alignment of both model rivers is similar to the
actual river. The influence of the magnitude of the transverse mixing coefficient will
also be examined through these two set of numerical experiments. The other possible
influence of the item 4, 5, and 6 were examined in Iwasa and Aya (1990), and Oue,
Iwasa and Aya (1990).

The numerical simulation models and their procedures are similar to those de-
scribed in Chapter 9, so that they are not mentioned, but the results of the numer-
ical experiments under various hydraulic conditions will be described in this chapter.
The numerical simulation models can disclose the unsteady behavior of flow and the
spreading of tracer cloud, but only the results under the steady conditions will be
presented.

Additionally, the simplified hydraulic model experiment for the dispersion in the
downstream part from the Yodo River confluence was also conducted to confirmn the

results obtained in numerical experiments.

10.2 Numerical Experiments in an Actual River
System

10.2.1 Conditions of Numerical Experiments

The numerical experiments were conducted under four different hydraulic conditions
listed in Table 10.2.1. The discharge of each tributary was from ”Annual Report
for 1980: Discharge Measurements in Important Rivers in Japan” (River Bureau,
Ministry of Construction, 1982), and the water surface elevation at the downstream
boundary was calculated by use of those measured at Takahama stage-observatory
and listed in " Annual Report for 1980: Stage Measurements in Important Rivers in
Kinki Region, Japan” (Kinki Regional Bureau, Ministry of Construction, 1982). The
concentration at upstream boundary of each tributary is hypothetical, and two sets of
conditions were given, that is, C = 100% at Katsura River and C' = 0 at Uji River and
Kizu River for the first set, and C = 100% at Kizu River and C' = 0 at Katsura River

and Kizu River for the second set. The each value of turbulent viscosity, roughness
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Table 10.2.1: The flow regimes used in the numerical experiment.

Regime Discharge @ (m*/s) Stage at D. B.
Katsura R. Uji R. Kizu R. Total | (m + O.P.)
Annual average 62. 203. 56. 32L 6.475
discharge (19.3) (63.2) (17.5) (100.)
Ordinary water 50. 160. 38.  248. 6.190
(185) discharge (20.2) (64.5)  (15.3) (100.)
Low water 35. 108. 27. 170. 5.890
(275) discharge (20.6) (63.5)  (15.9) (100.)
Drought (355) 30. 75. 18, 123, 5.485
discharge (24.4) (61.0) (14.6) (100.)

Figures in the parentheses denote the ratio to total discharge in per cent.

coefficient and the longitudinal mixing coefficient is the same as these in Chapter 9.
The value of the transverse dispersion/mixing coefficient estimated in Yodo River was
reported at Dy = 0.05 m*®/s by Nambu (1960), Dy /hu. = 0.6 ~ 2.0 by Li, Yagi and
Sueishi (1987), Dr/hu. = 2.2 by Yoneda, Iwata and Inoue (1986), and so on. The
magnitude of the transverse dispersion coefficient is larger than those summarized in
Sub-section 9.3.1, while the lower dispersion coefficient 0.2hu. was selected in this

numerical experiments, but the different values of the coefficient were also examined.

10.2.2 Results and Discussions of Numerical Experiments
(1) Effects of Flow Regime

a. Flow fields

The water surface elevation contour maps, the momentum flux vector distributions
and the depth-averaged velocity vector distributions are shown in Figs. 10.2.1, 10.2.2,
and 10.2.3 respectively. Bach of figures illustrates those obtained under different
four flow conditions. The features of flow fields obtained under each hydraulic con-
dition are nearly similar each other and to those described for verification tests in
Chapter 9. The distinguishable features between four flow regimes are observed in
the distributions of the momentum flux vector and the depth-averaged velocity, and

they are summarized as:

1. The river water mainly flows down in the lower part of the riverbed elevation
in the channel, and the water route in the channel was developed in accordance
with the riverbed topography, that is, concavities and convexities as illustrated
in the topographical map of Fig. 9.3.1 (b).

259



Figure 10.2.1: Water surface elevation contour maps in Yodo River
system under various flow regimes. (a) Annual average discharge,
(b) Ordinary (185) water discharge, (c) Low water (275) discharge,
and (d) Drought (355) discharge.
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system simulated under various flow regimes (a) Annual average
discharge, (b) Ordinary (185) water discharge, (c) Low water (275)
discharge, and (d) Drought (353) discharge.



Figure 10.2.3: Depth-averaged velocity vector distributions in Yodo
river system simulated under various flow regimes. (a) Annual av-
erage discharge, (b) Ordinary (185} water discharge, (c) Low water
(275) discharge, and (d) Drought (355) discharge.



2. The momentum flux vector distributions are non-uniform in the transverse di-

rection, and its transverse distributions are also varied in the longitudinal di-
rection.

3. These distributions are influenced by flow regimes; that is, the non-uniformity

becomes larger and larger as the discharge becomes smaller.

4. The distributions of the depth-averaged velocity vector are also affected by the
riverbed topography and the flow regimes

5. These influence is definitely observed in the confluences, because the water-
depth is shallow and the riverbed topography is more non-uniform, and the

direction of the depth-averaged velocity vector is changed in the confluences.

6. But they are smaller bzlow the second confluence, because the riverbed slope is

very mild and the water surface profile is the backwater below the confluence.

These features are more definitely observed in closer illustrations of Fig. 10.2.4
in which the momentum flux vector and the depth-averaged velocity vector distribu-
tions are illustrated between two confluences under (a) Regimes of annual average
discharge, and (b) drought discharge.

b. Concentration distributions

The steady state concentration distributions of tracer cloud from Katsura River un-
der four flow regimes are shown in Figs. 10.2.5 (a),(b), (c) and (d). The tracer
cloud from Katsura River merges into the main channel at the second confluence,
and mainly flows down along the right bank-side. They disperse in the transverse
direction, but the spreading width is changed in the longitudinal direction, that is, it
becomes longer and/or shorter in flowing down as described in Sub-section 9.3.2.
The distinguishable feature between four regimes is that the spreading width of tracer
cloud is wider and wider with the decrease of discharge, that is the transverse con-
centration distributions are less uniform in Regime of annual average discharge, and
more uniform in Regime of drought discharge. This feature is more clearly demon-
strated in Fig. 10.2.6, which illustrates the transverse distributions of concentration
at 33.6km section under four flow regimes in Figs. 10.2.6 for (a) the tracer from
Katsura River, and for (b) the tracer from Kizu River. This notable characteristics

of the transverse mixing is explained as:

1. The momentum flux vector distributions is less non-uniform in Regime of annual
average discharge, and more non-uniform in Regime of drought discharge in

both longitudinal and transverse directions.
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CONCENTRATION

Figure 10.2.5: Distributions of concentration from Katsura River in
Yodo river system simulated under various flow regimes. (a) Annual
average discharge, (b) Ordinary (185) water discharge, (c) Low water
(275) discharge, and (d) Drought (355) discharge.
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Figure 10.2.6: Transverse distributions of concentration at 33.6 km
section simulated under under various flow regimes. (a) Tracer from
Katsura River, and (b) Tracer from Kizu River.
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These variations of the momentum flux vector distribution causes the transverse
mixing of tracer cloud by the convective transport as well as the transverse

dispersion.

3. The transverse distributions of the momentum flux vector are more varied in the
longitudinal direction with decrease of discharge as described above, therefore,

the transverse mixing is more accelerated.

4. Thus, as the discharge becomes smaller, the mixing of the tracer cloud in
the transverse direction becomes more accelerated by the convective transport,

therefore, the transverse distributions of the tracer becomes more uniform.

Figs. 10.2.7 (a) and (b) show close views of the momentum flux distributions
between 34.0km section and 33.0km section below the confluences, and Figs. 10.2.8
(a) and (b) the corresponding concentration distributions of.the tracer cloud from
Katsura River. These figures more definitely demonstrate the mechanism of the

transverse mixing in the downstream part from the Yodo River confluence.

(2) Effect of Transverse Dispersion

The influence of the transverse mixing coefficient was examined under Regime of
Ordinary water (185) discharge, because it has already examined under 62-0904 ver-
ification test in Section 9. 3, and its discharges are between low water and drought
discharges. The value of the transverse mixing coefficient is specified at Dp/hu. =
0.02, 0.2, and 2.00. The transverse distributions of tracer concentration from Katsura
River are presented in Figs. 10.2.9 for (a) 33.6 km section, and (b) 32.08 km section.
The variation of the concentration distributions is not so large, but the concentration
distribution is more uniform, as larger transverse mixing coefficient is specified, com-
paring the results in 62-0904 Test, because it becomes more effective with increase
of the discharge, as described in former Sub-subsection 10.2.2 (1). However, its
influence is less effective on the distributions, and the different flow regime causes

much more varied concentration distributions as shown in Fig. 10.2.8.

Thus, it was disclosed that the transverse mixing was made by the transverse
mixing coefficient as well as the convective transport caused by the change of water-
route in the channel, and the latter one is more dominant in Yodo River System,
which has non-uniform distributions of the riverbed elevation in the longitudinal and

the transverse direction.
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Figure 10.2.8: Distributions of concentration from Katsura River be-
tween 33.0 km and 34.0 km sections in Yodo River System simulated
in (a) annual average discharge, and (b) drought (355) discharge.
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Figure 10.2.9: Transverse distributions of tracer concentration from
Katsura River under various transverse mixing coefficients simulated
in ordinary (185) discharge condition. (a) 33.6 km section, and (b)
32.08 km section.
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Figure 10.3.1: Bathymetric maps of model rivers. (a) Model river
(2), and (b) Model river (b).

10.3 Numerical Experiments in a River System
of Various Cross-Section Channels

10.3.1 Outlines of Experiments

The first numerical experiment disclosed that the non-uniform distributions of the
riverbed elevation is more effective on the transverse mixing in Yodo River System,
and this section will investigate the mixing in two kinds of the model channel of Yodo
River System, that is, Model river (a) which has the rectangular cross-section, and
Model river (b) in which the river channel was dredged along the right bank-side.
The bathymetry of two model rivers are illustrated in Figs. 10.3.1 for (a) Model
river (a), and (b) Model river (b). These channel geometries are hypothetical ones,
but happened to be infafter river improvement works. The simulation conditions
are similar to those in 62-0904 Test in Section 9.3 and in the first set of numerical

experiments in Subsection 10.2.
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Figure 10.3.2: The momentum flux vector distributions under
Regime 62-0904 in model rivers. (a) Model river (a), and (b) Model
river (b).

10.3.2 Results and Discussion on Experiments under Vari-
ous Channel Geometries

(1) Effects of Channel Geometry

a. Flow fields

The momentum flux vector distributions are presented in Fig. 10.3.2 for (a) model
river (a), and (b) model river (b). Comparing the results in actual river channel
presented in Fig. 9.3.2 in Chapter 9, the momentum flux vector distributions in the
lateral direction are quite uniform in Model river (a), and its longitudinal variations
are very small. On the contrary, the momentum flux vector distributions in Model
river (b) is quite non-uniform in the transverse direction, but uniform in the longi-
tudinal direction. The flows from three tributaries converge and concentrates on the
right side of channel and flows down along the right bank-side. Thus, the channel

geometry is quite effective on the flow fields.
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Figure 10.3.3: Spreading of tracer concentration from Katsura River
in various channel geometry under Regime 62-0904. (a) Model river
(a), and (b) Model river (b).

b. Concentration distribution

Spreading of the tracer from Katsura River are also illustrated in Fig. 10.3.3 for
(a) Model river (a), and (b) Model river (b). Comparing the concentration distribu-
tions obtained in an actual river channel presented in Fig. 9.3.3 in Chapter 9, the
spreading width of tracer are limited and much smaller than those in actual ones.
The transverse concentration distributions at 33.6 km section under three different
channel conditions in Regime 62-0904 are comparatively presented Ilig. 10.3.4. The
concentration distribution is quite non-uniform in Model river (a), and the mixing
is controlled, because the momentum flux vector distributions are uniform in the
longitudinal direction, and, therefore the convective transport in the transverse di-
rection is very small and the mixing is only caused by the transverse dispersion. The

spreading width is also limited in Model river (b), but its peak concenlration is as
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Figure 10.3.4: Transverse distributions of tracer concentration at
33.6 km section in various channel geometry under Regime 62-0904.
Solid circles denotes distributions for the actual river cross-section,
half closed circles for the model river (a), and open circles for the
model river (b).

small as that in the actual river, because the flows from three tributaries strongly
merge together below the confluence, therefore the high concentration from Katsura
River was diluted by the waters from Uji and Kizu Rivers. Below the confluence, the
momentum flux vector distributions are non-uniform in the transverse direction, but
uniform in the longitudinal direction, and the spreading width is limited. Thus, the
channel geometry is quite effective on the spreading of the concentration, because the

flow fields are affected by the channel geometry.

10.3.3 Results and Discussions on Experiments in Rectan-
gular Cross-Section Channels

(1) Flow Fields

The water surface elevation contour maps, the momentum flux vector distributions
and the depth-averaged velocity vector distributions under various discharge condi-
tions are shown in Figs. 10.3.5, 10.3.6, and 10.3.6 respectively.  The features of
flow fields obtained under each hydraulic condition are nearly similar each other, but
quite different from those obtained in actual river channels. That is, the water surlace
elevations in Fig. 10.3.5 are quite uniform in the transverse direction. The momen-
tum flux vector distributions, and the depth-averaged velocity vector distributions

are quite uniform in the transverse direction except near the side-boundaries, and in
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Figure 10.3.5: Water surface elevation contour maps in rectangu-
lar cross-section channels under various flow regimes. (a) Ordi-
nary (185) water discharge, (b) Low water (275) discharge, and (c)
Drought (355) discharge.
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Figure 10.3.6: Momentum flux vector distributions in rectangu-
lar cross-section channels under various flow regimes. (a) Ordi-
nary (185) water discharge, (b) Low water (275) discharge, and (c)
Drought (355) discharge.
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Figure 10.3.7: Depth-averaged velocity vector distributions in rect-
angular cross-section channels under various flow regimes. {a) Ordi-
nary (185) water discharge, (b) Low water(273) discharge, and (c)
Drought (355) discharge.
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the longitudinal direction. It is because that the riverbed elevation is uniform in the

lateral direction.

(2) Concentration Distributions

The spreading of tracer concentration in various flow regimes is presented in Fig.
10.3.8 for (a) Regime of the ordinary water discharge, (b) Regime of the low water
discharge, and (c) Regime of the drought water discharge. The transverse concentra-
tion distributions are also presented in Fig. 10.3.9 at (a) 33.6 km section, and (b)
32.05 km section.

Comparing the results in actual river channels presented in Figs. 10.2.5, and
10.2.6, the spreading width is controlled and limited and the concentration distri-
butions are much more non-uniform, and only a little difference of concentration
distributions between various flow regimes are observed. It is because the momen-
tum flux vector distributions are uniform in the longitudinal direction, and, therefore
the convective transport in the transverse direction is very small and the mixing is
only caused by the transverse dispersion as described in Subsection 10.2.

The transverse concentration distributions under various transverse dispersion
coefficients in Regime of the low water discharge are also presented in Fig. 10.3.10
at (a) 33.6 km section, and (b) 32.08 km section. The results under the transverse
dispersion coefficient of Dr/hu. = 0.02 and 0.2 are similar each other at 33.6 km
section and 32.08 km section, but under the dispersion coefficient of Dy /hu. = 2.0,
its effect is more obvious and the high concentration at the right bank-side becomes
lower.

Thus, the transverse spreading are hardly affected by the flow regimes, but mainly
governed by the transverse dispersion transport, because the riverbed elevation is
distributed uniformly, and the momentum flux vector distributions are also uniform
in the longitudinal direction, so that the convective transport is minor. Therefore, the
estimation of the magnitude of the transverse dispersion coefficient is more important

in rectangular cross-section channels than in actual river channels.

10.4 Laboratory Flume Experiment

10.4.1 Simplified Hydraulic Model Experiment

A series of hydraulic experiment by use of the laboratory flume was conducted in order
to verify the characteristics of the mixing obtained in the numerical experiment. The
straight flume of 25.0 ¢m in width has the series of rectangular-shaped depressions

on the bottom alternately located beside a right or left channel-side. Its dimensions
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Figure 10.3.8: Spreading of concentration in rectangular cross-
section channels under various flow regimes. (a) Annual average
discharge, (b) Low water {275) discharge, and (c) Drought (333)
discharge.
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Figure 10.3.9: Transverse distribution of tracer concentration in rect-
angular cross-section channels under various flow regimes. Open cir-
cles denote the distribution for drought water (355) discharge, solid
circles for low water (275) discharge and half-closed circles for ordi-
nary (185) discharge. (2) 33.6 km section, and (b) 32.05 km section



100.0

o
@ @ Simuleted (o=0.02)
g.ofF O @ . N
® Simulated (ep=0.20)
i O  simulated (ex=2.00)
S s0.0 -
=
=
=
2
S0 O
]
20.0 - o
®$ o
0.0 L L @
100.0 80.0 §0.0 40.0 20.0 0.0
DISTANCE FROM LEFT 8ANK SIDE (m)
(a)
100.0
(O]
®
80.0 - ® Simuleted (e=0.02)
@ ® Simulated (2.=0.20)
[ ] O simulated (e.=2.00)
=g0.0 |
=
= o
éqo 0 Q
= L0 =
5 8
(@]
20.0 F 5 o
@]
e Q
S 2.9 5
) 100.0 80.0 50.0 40.0 20.0 0.0
DISTANCE FROM LEFT BANX SIDZ (m)
(b)

Tigure 10.3.10: Transverse concentration distributions under var-
ious transverse dispersion coefficients in Regime of the low water
discharge. Circles with dot denote the results under the transverse
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= 0.2, and open circles under Dr/hu. = 2.0, (a) 33.6 km section,
and (b) 32.08 km section.



Table 10.4.1: Summary of conditions of simplified hydraulic model
experiment.

Run No. | Depth Discharge Velocity | Flume
h(cm)  Q(l/s)  Ulcm/s)

1 0.610 0.239 15.7 | rectangular
0.696 0.263 15.1 simplified model
3 1.040 0.536 20.6 simplified model

are 75.0 cm long, 5.0 cm wide and 1.0 cm deep. This flume was used as a simplified
hydraulic model for the Yodo River System below the confluence, and its scale is
about 1/400 in the horizontal plane and 1/200 in the vertical direction. A rectangular
cross-section channel was also used. The hydraulic conditions in the experiments are
summarized in Table 10.4.1 and the discharge in Run 1 is equivalent to the annual
average discharge in the prototype.

The dye-solution used as the tracer was continuously injected as a point source
at the upstream section of the flume. The tracer spread in the transverse and the
longitudinal directions and its dispersion cloud was observed and recorded by a photo-

camera, but quantitative measurements were not made.

10.4.2 Results and Discussions on Hydraulic Experiment

The spreading of the tracer cloud observed in a rectangular cross-section flume test is
illustrated in Fig. 10.4.11in (a) a rectangular cross-section flume test, and Figs. 10.4.1
in (b), (c) and (d) a flume with depressions. The tracer injected near the channel-
side spreads in the transverse direction in flowing down, but the width of tracer cloud
is smaller on depressions and larger below the ends of depressions. The transverse
mixing is the largest in Run 2, the second one in Run 3 and the third one in Run 1, and
these results are in accordance with the results obtained in numerical experiments.
That is, the spreading width becomes larger as the discharge decreases. Fig. 10.4.1
(d) shows the spreading of the tracer cloud injected at the half-width (the center of
the flume). The meandering of the dye cloud suggests the flow also meanders and it
is caused by the existence of the depressions; the flow concentrating on depressions
spreads in the transverse direction below the downstream end of them, because the
flow depth becomes shallower, and at the upstream end of depressions, the flow again
converges and concentrates on them. Thus, the spreading and convergence of flow
caused by depressions make the transverse mixing accelerated. This effect is stronger

as discharge and/or average depth is smaller as shown in Figs. 10.4.1 (b) and (c).
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Figure 10.4.1: Spreading of continuously injected dye solutions. (a)
Run 1: rectangular cross-section flumes, and side injection, (b) Run
3: simplified model with depressions, and side injection, (c) Run 2:
simplified model with depressions, and side injection, and (d) Run
2: simplified model with depressions, and center injection.



10.5 Conclusions

The characteristics of the flow behavior and the associated mixing at/below the con-

fluence in the Yodo River system were investigated by the mathematical and the

hydraulic modeling. The mixing investigated by numerical experiments under vari-

ous hydraulic conditions in Section 10.2 was summarized as:

L.

i~

The riverbed in Kizu River is the highest and that in Uji River is the lowest in
the elevation, and the waters in Kizu River and Katsura River merge into the

water in Uji River at the confluences.

Below the confluence, the river water mainly flows down in the lower part of
the riverbed and the main water-stream changes its route {rom one side to the

opposite side of channel according to the non-uniform riverbed topography.

The spreading width of the tracer cloud changes in the longitudinal direction
in accordance with the divergence and the convergence of flows caused by the
non-uniform riverbed topography.

The tracer cloud spreads more widely as total discharge is smaller.

The mechanism of the mixing in the Yodo River System was also investigated by

the numerical experiments under various channel geometries, dispersion coefficient,

and discharge conditions in Section 10.3. The features obtained by numerical ex-

periments were verified by the simplified hydraulic experiments in Section 10.4, and

they are itemized as:

1,

2.

The flow behaviors are influenced by the riverbed topography and flow regimes,

The spreading of tracer cloud in the transverse direction is wider as discharge is

lower, and this is caused by the existence of concavity /depression in the bottom.

The mechanism of the transverse mixing in the Yodo River system below the

confluence can be explained as;

I,

2.

The riverbed is not uniform and the river water mainly flows down in the lower

part of the riverbed.

And the main stream meanders within the channel in accordance with riverbed

topography.
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3. This meandering causes spreading and convergence of tracer cloud and makes

concentration distributions more uniform.

4. In case the total discharge is larger or the cross-section of channel is rectangular,
the longitudinal variation of the transverse distribution of the momentum flux

vectors is smaller and the transverse mixing is also smaller.

Thus, the transverse convective transport caused by the longitudinal variation of
the transverse distributions of the momentum flux vector plays an important role in
the transverse mixing as well as the dispersive transport. The convective transport
is more dominant than the turbulent and dispersion transport in an actual river
which has the non-uniform riverbed elevation in the longitudinal and the transverse
directions, but the dispersive transport is more important in the channel which does
not have the lengitudinal variation of the riverbed and the momentum flux vector

distributions.
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Chapter 11
CONCLUSIONS

The longitudinal and transverse mixing of mass in turbulent shear flows in open-
channels was investigated by various methods in this report. The work focused on
the basic studies, but aims to apply its results to actual problems in river engineering,
because the longitudinal and the transverse mixing of fine particles and contaminants
discharged into a river is quite interested in terms of environmental aspects in the
field of river hydraulics.

The report consists of three portions. The Part I is concerned with the longi-
tudinal dispersion coefficient which is the most important parameter for describing
the longitudinal mixing in open-channel flows. The Part II studied the other topics
related with the longitudinal mixing in open-channel flows, that is, concentration
distributions and the mixing in the flows on permeable boundaries, which is common
under natural environment. The Part Il is the investigation of the transverse mixing
in an actual river by use of the numerical modeling. The contributions of the present

study are summarized bellow.

11.1 Contributions of Part I

In Part I, the one-dimensional longitudinal dispersion in confined turbulent shear

flows was studied by theoretical, experimental and empirical methods.

(1) Contributions of Chapter 2

Chapter 2 investigated the longitudinal dispersion of continuous movements of a
particle by use of the method of Lagrangian modeling. The movements of a particle
is stated by Lagrangian descriptions, and the theoretical models for the Lagrangian
auto-correlation function in 3-D turbulent shear flows were presented and the lon-

gitudinal dispersion coefficient was obtained in Section 2.2. The 3-D numerical
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simulation models for a particle dispersion were developed in Section 2.3, and they
were successfully examined by 2-D numerical experiments, comparing the theoretical
results obtained by previous studies in Sections 2.4 and 2.5. 3-D numerical exper-
iments were conducted in Section 2.6, and the theoretical results and assumptions
introduced in Section 2.2 were successfully examined and verified by the results
of numerical experiments in Sections 2.7 and 2.8. Thus, the dispersion processes
and the longitudinal dispersion coefficient in 2-D and 3-D turbulent shear flows were

disclosed as:

1. The dispersion processes in open-channel flows can be decomposed into three
components, that is, the Eulerian turbulent transport, the dispersion caused by
the vertical non-uniformity of the velocity distributions, and the dispersion by

the lateral non-uniformity of the velocity distributions.

2. The Lagrangian auto-correlation function is also decomposed into three com-
ponents, and each of them is stated by the exponential function.

3. The Lagrangian integral time scale is quite different from the mixing time scale
in 3-D turbulent flows, and described by the weighted average of the mixing

time scales for the three components of the Lagrangian turbulent velocity.

4. The intensity of the non-uniformity of the velocity distributions in the lateral
direction is smaller than that in the vertical direction, but the mixing time scale

in the lateral direction is much larger than that in the vertical direction.

Therefore, the dispersion coefficient is described as a product of the three com-

T

ponents of the intensity of the Lagrangian turbulent velocity and the three
components of the integral time scale. It is quite larger in open-channel flows
which has the large width to depth ratio.

6. The non-uniformity of the velocity distributions in the lateral direction is the
most dominant over the longitudinal dispersion in turbulent open-channel flows,
and the dispersion coefficient depends on the width to depth ratio.

(2) Contributions of Chapter 3

The longitudinal dispersion coefficient was theoretically investigated by the method
of Eulerian modeling in Chapter 3. In Section 3.2, the previous theoretical studies

on the dispersion coefficient based on the turbulent diffusion equation were reviewed,
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and the assumptions used were summarized. In Section 3.3, the 3-D turbulent diffu-
sion equation, 1-D convective dispersion equation, and the definition of the longitudi-
nal dispersion coefficient were stated in the orthogonal curvilinear coordinate system.
The mathematical theory of the dispersion coefficient developed by the previous stud-
ies was presented in more general form by use of the 3-D turbulent diffusion equation
in the orthogonal curvilinear coordinate system in Section 3.4. The distinguishable
features of Fischer’s modeling from others were disclosed in terms of the mixing time
scale introduced in Chapter 2, and it was concluded that the longitudinal disper-
sion can be modeled in terms of 2-D plain phenomena in wide open-channel flows,
but should be done in terms of 3-D phenomena in ordinary laboratory flumes. In
Section 3.5, the locally time-averaged velocity and concentration were respectively
decomposed into three components, that is, the cross-sectional averaged values, the
deviation of the depth-averaged values from the cross-sectional averaged values, and -
the deviation of the local temporal averaged-values from the depth-averaged valu=s.
The dispersion coefficient in 1-D models were also decomposed into three compo-
nents, that is, the Eulerian turbulent diffusion term, the dispersion caused by the
vertical non-uniformity of the velocity distributions, and the dispersion caused by
the lateral non-uniformity of the velocity distribution. The third term is equivalent
to Fischer’s formula, and dependent on B/d. It is the major component of the dis-
persion coefficient in wide open-channel flows in laboratory and natural streams, but

its magnitude is estimated to be of the same order in ordinary laboratory flumes.

(3) Contributions of Chapter 4

The longitudinal dispersion was also investigated by the detailed laboratory experi-
ments in Chapter 4. The objectives of the experiment were to disclose the charac-
teristics of time-dependent behaviors of the tracer cloud, and to verify the theoretical
results in Chapters 2 and 3 as stated in Section 4.1. The experimental apparatus
and the method were stated in Section 4.2, that is, the experiments were conducted
by injecting the salt solution as the tracer in the selected flows in the rectangular
cross-section laboratory flumes, and measuring its concentration at selected points
in selected sections by use of the conductivity meters. The methods of data process-
ing and analysis were stated in Section 4.3. That is, the behaviors of the temporal
moments for concentration distributions, and the characteristics of the velocity distri-
butions was calculated. The dispersion coefficient was determined by three different
methods.

The results of the experiments were stated in Section 4.4. The spreading of the

injected tracer in 3-D space can be stated:
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1. The tracer is stretched in the longitudinal direction by the longitudinal compo-
nent of the flow velocity vector which has the strongly non-uniform distribution
in the vertical direction and the weak one in the lateral direction. The con-
centration distributions becomes three-dimensionally non-uniform and highly
skewed for a short travel time.

2. The vertical mixing makes the concentration distribution in the vertical direc-

tion uniform again.

3. The lateral mixing following the vertical mixing also makes the concentration
distribution in the lateral direction uniform again for a long travel time, and
the magnitude of the dispersion coefficient becomes much larger than that in
2-D shear flows.

The spreading of the tracer was also investigated by the behaviors of the first, the
second and the third temporal moments and the peak concentration. They described
the quite different concentration distributions from the Gaussian distribution, and
highly skewed ones. The convergence on the Gaussian distribution was very slow. The
difference of the temporal moment behavior between the cross-sectional concentration
and those measured at points in a section was also disclosed.

The theoretical results obtained by use of the Lagrangian modeling in Chapter
2, and the Eulerian modeling in Chapter 3 were successfully compared with the
experimental results;

1. The convective velocity of the centroid of the tracer cloud is equal to the cross-

sectional averaged velocity.

2. The growth of the variance of the tracer cloud can be stated by the proposed
models of Eq. 4.5.5 and can be approximated by Eq. 4.5.14

3. The characteristics of the integral time scale in 3-D turbulent shear flows was
examined and it was verified that the mixing time scale 7} in the lateral direction

is quite different from the integral time scale T's;, and T} is good approximation
for Ty

4. The definite agreement between the dispersion coefficients measured in the ex-
periments and those predicted by Eq. 2.2.35 presented in Chapter 2, and Eq.
3.5.45 presented in Chapter 3 was demonstrated.

The dimensional analysis also disclosed the empirical relationship of the dimensionless
dispersion coefficient with the width to depth ratic and the velocity factor as described
by Eq. 4.5.17.

(3]
el
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Thus, it was concluded that the dispersion coefficient in rectangular cross-section
open-channel flows is not predicted by Elder’s formula, but can be predicted by Eqgs.
2.2.35, 3.5.45, and/or 4.5.17.

(4) Contributions of Chapter 5

In Chapter 5, the applicability of the three formulae presented in the previous chap-
ters was examined to river flows as well as to the various flows in laboratory flumes
made by other investigators. The relationship between the dispersion coefficient and
the hydraulic variables in rivers was also investigated by use of the screened data.

The results of the previous measurements for the longitudinal dispersion coefficient
in various laboratory flumes and actual rivers were collected and carefully reviewed
in Sections 5.2 and 5.3. A lot of experiments and field measurements have been
domne, but a few of them were satisfied with the requirements in the theory.

The dispersion coefficient obtained in terms of one-particle analysis in Chapter
2 was successfully examined by the dispersion coefficient measured in rivers by use
of Godfrey and Frederick’s data in Sub-section 5.4.1, though its agreement was
not so fine as that in laboratory. The magnitude of each of three components of
the dispersion coefficient was also investigated by use of the velocity distribution
data measured in rivers, and it was concluded that the 2-D approximation in the
lateral direction can be possible for the dispersion in rivers. The characteristics of
the velocity distributions in rivers were investigated in terms of Lagrangian dispersion
theory, and it was concluded that the magnitude of the non-uniformity of the vertical
direction 1s of the order of 1.0 to 10., and those of the lateral direction 10.. Therefore,
they are comparable each other. The integral time scale and the mixing time scale
were also studied, and the definite relationship of Eq. 5.4.7 for rivers was obtained.

In Sub-section 5.4.2, the dispersion coefficient obtained in terms of Eulerian
analysis in Chapter 3 was successfully examined by the dispersion coefficient mea-
sured in rivers by use of Godfrey and Frederick’s data, though its agreement was less
fine than that in laboratory. The dispersion coefficients calculated by Eqs. 2.2.35
and 3.5.43 by use of the velocity distributions measured in laboratory by the author
and measured at each section in rivers by Godfrey and Frederick were compared. It
was found that the magnitude of the dispersion coefficient calculated by both of the
Lagrangian and the Eulerian modeling are of the same order, though the theoreti-
cal proof was difficult for the agreement between two results by the Lagrangian and
Eulerian modeling.

The dimensional analysis of the dispersion coefficient was also conducted in Sub-
section 5.4.3, and the definite relationship between D/du. and B/d described by
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Eq. 5.4.12 was obtained by using 62 data in laboratory and 79 data in rivers.

11.2 Summary of Dispersion Coeflicient

The longitudinal mixing and the dispersion coefficient in open-channel flows were
studied by theoretical methods by use of the Lagrangian and the Eulerian modeling.
Theoretical results were verified by numerical and laboratory experiments, and field-
measured data. Both of results by the Lagrangian and Eulerian modeling can describe
the 1-D longitudinal mixing in not only laboratory flumes but also rivers, though the
agreement between two results by two different modeling were not theoretically proved
but experimentally done. The mechanism of the longitudinal mixing are described

as:

1. The longitudinal dispersion in open-channel flows is 3-D. Tt can be decom-
posed into three components: the Eulerian turbulent diffusion: the dispersion
caused by the vertical non-uniformity of the velocity distributions: the disper-

sion caused by the lateral non-uniformity of the velocity distributions.

2. The vertical and the lateral non-uniformity of the velocity distribution and the

turbulent mixing in both directions causes the longitudinal dispersion.

3. The intensity of the vertical non-uniformity is commonly larger than the lateral
one in laboratory flumes and rivers, but the mixing time/length scale in the
lateral direction is much larger than that in the vertical direction in ordinary

open-channel flows in laboratory and rivers.

4. Therefore, both are effective on the longitudinal dispersion in laboratory, but
the influence of the vertical non-uniformity of the velocity distributions be-
comes relatively smaller with increase of the width to depth ratio, and it can

commonly be neglected in the dispersion in rivers.

11.3 Contributions of Part II

The Part I investigated the particle dispersion by discontinuous movement, the
concentration distributions in ”"Pulse Tracer Tests” in rivers and laboratory, and the

mass transport in the flows on pervious beds is investigated.



(1) Contributions of Chapter 6

In Chapter 6, the convective dispersion processes in the longitudinal direction in
confined flows were studied in view of the discontinuous movement of a particle. As-
suming the Lagrangian turbulent velocity was independent each other in the sense
of the probability, the probability density distribution of a particle location, which
is equivalent to the concentration distribution, was presented by use of the proba-
bility density function (PDF) of the Lagrangian turbulent velocity in Section 6.2.
The models for a particle movement were similar to those described in Chapter 2,
however, it was assumed that the Lagrangian turbulent velocity v{; in the time step
At; was independent on vj,_,; in the former time step At,_;. Therefore, the models
in Chapter 6 deprive the dispersion processes of the features in Chapter 2, but
following notable features were obtained:

1. The PDF of the Lagrangian turbulent velocity for longitudinal dispersion is not
described by the Gaussian distribution, but by the exponential distribution for
2-D open-channel flow and for the flows in rectangular cross-section laboratory

flume.

b3

Therefore, the PDF of the particle displacement is different from the Gaussian
for a short travel time, because it is influenced by the PDF of the Lagrangian
turbulent velocity; for a longer travel time, it converges on the Gaussian by the

”Central Limit Theorem” in probability and statistics.

3. Thus, the skewed concentration observed in the dispersion measurement is dis-

closed to be peculiar to the shear flow dispersion and the fundamental feature.

In Section 6.3, the PDF of the Lagrangian turbulent velocity v{ in the longitu-
dinal dispersion phenomena was studied, assuming the influence of the Eulerian tur-
bulent velocity was negligibly small. The PDF of v{ in 2-D open-channel flows under
the logarithmic velocity distribution was described by the exponential distribution,
and the concentration distributions during the asymptotic processes approaching the
Gaussian distribution was described by the Earling/gamma distribution (Pearson’s
Type T distribution).

The concentration distributions measured in "Pulse Tracer Test” in open-channel
flows were studied in Section 6.4 and 6.5. The PDF of v}, and the magnitude
of the time step At in in 3-D flows were discussed in view of the magnitude of
the mixing time scale 7, in the vertical direction, and 7} in the lateral direction.
Neglecting the effects of the Eulerian turbulence and the vertical non-uniformity of

the velocity distributions on the longitudinal dispersion, the models for describing
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the concentration distributions in 3-D flows were presented in Section 6.4. The
direct verification of the proposed models was not made, but the gamma distribution
approximation was successfully examined by use of the concentration distributions
and the velocity distribution measured in the rectangular cross-section laboratory
flume in Section 6.5. The non-uniform lateral distribution of the depth-averaged
velocity, which is dominant component over the longitudinal dispersion, was stated by
the logarithmic distribution. That is, the PDF of v is described by the exponential
distribution, and the concentration distribution by the gamma distribution for the

flows in rectangular cross-section laboratory flumes.

(2) Contributions of Chapter 7

The actual concentration distributions observed in ”Pulse Tracer Test” for the mea-
surement of the dispersion coefficient in laboratory and natural streams were inves-
tigated in Chapter 7. They are commonly skewed from the Gaussian distribution,
and the skewed distributions were examined and approximately described by use of
the gamma ( Pearson’s Type II ) distribution in this chapter.

In Section 7.2, the possibility of the gamma distribution approximation was
widely examined and successfully demonstrated for not only the cross-sectional aver-
aged concentrations C' but also the point-measured concentration distributions ¢, at
the center of flow-section in laboratory and natural streams.

The main descriptors of the distribution, such as the first moment, the variance,
the modal value, and so on at each of measuring points were investigated with relation

to the hydraulic variables of flows for C' and . in Section 7.3.

1. The concentration time of the centroid of the distribution { is commonly longer
than that of the peak concentration £p, that is, the concentration distributions

are commonly skewed.

2. The celerities of the centroid and the peak concentration is the same as the
mean velocity U for C' as well as ¢, in laboratory for a longer travel time. It is

1.2 times larger than U for & in natural streams.

3. The magnitude of the variance o7, is smaller than o} for C and the growth of
o’ is slower than that of o7, but the slope of o2 - z in a normal sheet is the

same as that of o7 - z.

4. Therefore, the Moment Method for ¢, gives the same dispersion coefficient as
for C, but the required time for the linear growth of o2, is much larger than
that of 7.



5. This delayed growth of the variance is described by the introduction of the
parameter 77, and T7 has the relationship with the width to depth ratio B/d
described by Eq. 7.3.3.

6. Being based on the gamma distribution approximation, the parameter 3, which
links the celerities of the centroid and the top edge of the distributions with
U, was introduced. The concentration time ¢, for the peak concentration Cp
is described by the parameter 2, and the value of 7 for &, in natural streams is
0.1 ~0.3.

The gamma distribution approximation for ¢, in natural streams by use of £, a.t2,

and 3 was also successfully demonstrated in Section 7.4.

(3) Contributions of Chapter 8

The vertical and longitudinal mass transports in the flows over permeable bound-
ary, which are common in natural environment, were investigated in Chapter 8.
Preliminary dye tracer study in Section 8.2 disclosed the features of the vertical
mass transport between the surface flows and the sub-surface flows under permeable

boundary.

1. The sub-surface flow is classified into three flow regions in view of the vertical
mass transport. The mass transport is observed in the upper two layers, and it

is influenced by the surface flow.

o

The mass transport is the most active in the mixing cell in the first upper layer.
It covers 80% of the surface of the permeable boundary; its thickness is a few
times of the mean grain size of the porous media, and the thickness to length

ratio 15 0.25.

3. The vertical mass transport is characterized by the time scale Ty, the velocity
of mass exchange &, and/or the dispersion coefficient D, in the mixing layer.
Tyo is described by Eq. 8.2.6, the order of the magnitude of k/U, is 1073,
and that of D, is the same as the vertical turbulent diffusion coefficient in the

surface flows.

By using the mathematical models similar to those in "Dead Zone Modeling” for
the longitudinal mixing in natural streams, the longitudinal mass transport in the
surface and the sub-surface flows was theoretically investigated in Sections 8.3 and
8.4. Results obtained disclosed that the mass exchange between the surface and the

sub-surface flows played an important role in the longitudinal mass transport.
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1

The convective velocity in the surface flow is the same as that in the sub-surface
flow, and equal to the weighted average of two velocities in the surface and the

sub-surface flows.

. The dispersion coefficient in the surface flow is the same as that in the sub-

surface flow, and described by a sum of three terms; the first two terms are
the weighted average of dispersion coefficient in each flow, and the last term is

caused by the velocity difference and the mass transport between two flows.

These characteristics are strongly dependent on the ratio of the thickness of the
mixing layer to the flow-depth, and the characteristic velocity of mixing. They

play an important role in the torrential flow.

These theoretical results were verified by use of the experimental results for the lon-

gitudinal dispersion in flows on sand bed in Section 8.5.

11.4 Summary of Mechanism of Longitudinal Dis-

persion

The studies on the longitudinal mass transport, the dispersion coefficient, and the

concentration distributions in Part I and Part II disclosed the mechanism of the

one-dimensional mass transport in the longitudinal direction in open-channel flows

as;

L

[N

The non-linear growth of the variance observed in "Pulse Tracer Test” is caused
by the dispersion by continuous movements. The required travel length/time
for the linear growth of the variance are determined by the mixing time scale
in the lateral direction in open-channel flows, because the width to depth ratio

is commonly large in open-channel flows.

The skewed concentration distribution commonly measured in the longitudi-
nal dispersion experiments in laboratory and natural streams is peculiar to
the phenomena in shear flow dispersion, and the fundamental feature, because
the PDF of the Lagrangian turbulent velocity is commonly different from the
normal distribution. The skewed concentration distribution converges on the
Gaussian distribution for a longer travel time by the "Central Limit Theorem”,
but the required travel time is dependent on the PDF of the Lagrangian tur-

bulent velocity, and its order of the magnitude is longer than 207}, in case the
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PDF of v/ is described by the exponential distribution.

11.5 Contributions of Part III

The Part T investigated the longitudinal /transverse mixing in a river system which

had the complicated geometry by numerical analysis.

(1) Contributions of Chapter 9

In Chapter 9, 2-D mathematical models for flows and associated mixing were pre-
sented in the generalized curvilinear coordinate system, and the numerical models
with use of FDM were developed. They were successfully examined by their applica-
tion to the Yodo River system.

The 2-D mathematical models for flows and the associated longitudinal and trans-
verse mixing of mass were derived in the generalized curvilinear coordinate system
from the common 2-D mathematical models in the 2-D hydraulic analysis for shallow
water in the Cartesian coordinate system in Section 9.2. Their dependent variables
are the same as those in the Cartesian coordinates system; only the independent
variables, that is, the space coordinates were transformed into the non-orthogonal
curvilinear system, therefore, it is much easier to generate the grids for calculation
in the physical domain. They are as simple as those in the Cartesian coordinate
system, and the finite difference forms of the mathematical models were presented
by the integration method in Section 9.2.. They have the second order accuracy in
the space and the time coordinates, and the simulation codes were developed.

The proposed models were applied to the confluence of the Yodo River System
case study and its validity was examined in Section 9.3. The simulated flow be-
haviors were not compared with field data because of the lack of data, however they
were reasonable ones, and their features were discussed in detail with relation to
its bathymetry. The water-depth is shallow in low water/drought discharge condi-
tions, and the flows in channels are very affected by the riverbed elevation which
is non-uniformly distributed in the longitudinal and the transverse directions. The
simulated concentration distributions were successfully compared with the measured
ones. The concentration distributions of contaminants were mostly affected by the
convective transport of the flows, and the transverse mixing coefficient was estimated
at less than 2.0hu..

The mixing processes of the waters from Katsura River or Kizu River below the
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confluences were also discussed in detail with the relation to the flow behavior. It was
suggested that the convective transport played a more important role in the transverse

mixing in the Yodo River Confluence than the gradient type mass transport.

(2) Contributions of Chapter 10

In Chapter 10, the flow behaviors and the transverse mixing at/below the confluence
of the three rivers in the Yodo River system under various hydraulic and geometri-
cal conditions were investigated by use of the mathematical models developed in
Chapter 9 and also by the simple physical modeling.

The characteristics of the flow behavior and the associated mixing were investi-
gated by numerical experiments under various hydraulic conditions in Section 10.2,
and described as;

1. The riverbed in Kizu River is the highest and that in Uji River is the lowest in
the elevation, and the waters in Kizu River and Katsura River merge into the

water in Uji River at the confluences.

2. Below the confluence, the river water mainly flows down in the lower part of
the riverbed and the main water-stream changes its route from one side to the

opposite side of channel according to the non-uniform riverbed topography.

3. The spreading width of the tracer cloud changes in the longitudinal direction
in accordance with the divergence and the convergence of flows caused by the

non-uniform riverbed topography.

4. The tracer cloud spreads more widely as total discharge is smaller.

The mechanism of the mixing in the Yodo River System was also investigated
by the numerical experiments under the various channel geometries, the dispersion
coefficient, and the discharge conditions in Section 10.3. The features obtained
by numerical experiments were verified by the simplified hydraulic experiments in

Section 10.4, and they are summarized as;
1. The flow behaviors are influenced by the riverbed topography and flow regimes.

2. The spreading of tracer cloud in the transverse direction is wider as discharge is

lower, and this is caused by the existence of concavity /depression in the bottom.
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11.6 Summary of Mechanism of Transverse Mix-

ing in Yodo River System

The mechanism of the transverse mixing in the Yodo River system below the conflu-

ence can be explained as;

1.

2.

The riverbed is not uniform and the river water mainly flows down in the lower
part of the riverbed.

The main stream meanders within the channel in accordance with riverbed to-
pography, that is, the momentum flux vector distributions in the transverse
direction have the longitudinal variations in accordance with the riverbed to-

pography.

This meandering/longitudinal variation of the momentum flux distributions
causes spreading and convergence of flows /tracer cloud and makes concentration

distributions more uniform.

In case the total discharge is larger or the cross-section of channel is rectangular,
the longitudinal variation of the transverse distribution of the momentum flux

vectors is smaller and the transverse mixing is also smaller.

Thus, the transverse convective transport caused by the longitudinal variation of

the transverse distributions of the momentum flux vector plays an important role in

the transverse mixing as well as the dispersion transport. The convective transport

is more dominant than the turbulent and dispersion transport in an actual river

which has the non-uniform riverbed elevation in the longitudinal and the transverse

directions, but the dispersion transport is more important in the channel which does

not have the longitudinal variation of the riverbed and the momentum flux vector

distributions.
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