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ABSTRACT

System analysis and synthesis by Markov renewal
processes (which include renewal processes and discrete
time Markov chains as special cases) are discussed in
this thesis. N

‘Reliability analysis of redundant systems of repair-
able units are considered and the Lapalace-Stieltjes
transforms of the time distributions to first sySteﬁ
down are obtained. Signal flqw graph method of obtain-
'.ing the Lapalce-Stieltjes transforms by using Mason's
_gain formula is also presented. A standby redundant
repairable system with preventive maintenance is also
presented. ' i

Markovian decision processes and Markov renewal -
programs are discussed as system synthesis. In
Markovian decision processes the policy iteration and
linear pnogramming algorithms for the discounted and -
the nondiscounted models are discussed and the relation-
ship between the two algorithms is also discussed. A
new algorithm is proposed from the relationship.
Numerical examples and comparison with the three algo-
rithmé just mentioned ahove are presented for Markovian
decision processes. The similar discussions are made

for Markov renewal programs.
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INTRODUCTION

0. 1. Problems of System Analys is and Synthe51s

- The remarkable progress of engineering technlques
yields various kind of systems. The systems are from
a simple system of a machine.tool to a large-.
scale system such as the Manned Spacecraft Center in
Houston. As a simple example of systems, we consider
a system of a machine tool. We shall below
describe the problems of system analysis and system
synthesis by demonstrating the;system of a machine
tooltf
Sysfem Analysis

First we consider the problems of system analysis.
For a system of a machine tool, the perfogﬁance of
the system is assumed to/béudéfined as that the machine
is operable. If the machine is down, we cannot perform
its function. Then we should consider the maintenance
problem of the machine, Before the discussion of the '
maintenance problem, we should know the failure law of
the machine. That is, we should investigate the failure
time distribution of thé'machlne._ The random variables
occurring in such problems are all nonnegative. One
of the simplest examples is a random fallure law, 1i. e.,
the exponentlal failure time dlstrlbutlon. Some of
failure time distributions can be further considered:
The gamma, the Weibull, the extrehe value, the trun-
cated normal, the log normal, and the regular (constant

time) distributions. In this thesis, we shall discuss



the failure time distributions as the exponential ones
-or the arbitrary ones. The analysis'of systems with
the exponential distributions is easy because of the

" "memoryless property." -

To maintain the system, we can consider the
following three policies: ‘

(i) The machine is repairable.

(ii) The redundant machines are provided.
(iii) The inspection or the preventive repair is
made before failure.

The first policy is that we have repair facili-
ties of the machine. If the machine fails, then the
repair of the failed machine is made. The repair time
is also random. The repair time distributions can be
similarly considered as described in the failure time
distributions. After the repair completion the machine
recovers its function, i.e.,‘%he machine can be
opefable.

The second policy is the redundancy technique.
That is, if two or more machines are provided, we may
use the provided machine instead of the failed machine.
We can further consider the redundant repairable '
systém, i.e., the system in which the repair of the
failed machine is made when any of the other machines
are oﬁerable. This is a simple redundant repairable
model. If the two machines are provided and they are
used alternatively, this system is called a two-unit
standby redundant model which will be discussed in |

this thesis. We will further discusé some redundant
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models.

The third policy is the preventive maintenance one.

If the failure time distribution of the machine has
“Increasing Failure Rate (IFR) [5, p. 12], i.e., the
probability of the failure increases as the elapsed
‘time is longer, we should make the inspection or the
preventive repair before failure since the inspection
or the preventive repair is easier and shorter in time
than that of the usual repair.

Systems considered in this thesis are redundant
systems of multiple units (or éubsystems)‘each of which
is repairable. The "unit" refers to a machine, a
computer, a generator, and others. . Systems
with preventive‘maintenance are also considered.

In this thesis, we shall consigerAthé'situations
where the total system failure is a catastrophe. The
recent large-scale and complicated systems have such
situations. Then our concern of the systems is the
time to first system down starting in an initial
state. We shall discuss the time to system down
throughout Chapters I-V.

System Synthesis

Second we consider the problems of system synthesis.
In this thesis we shall discuss Markovian decision
processes and Markov renewal programs és the problems
of system synfhesis. A Markovian decision process is
a stochastic sequential decision process based on a
discrete time Markov chain. Demonstrating a system: -
of “a machine tool just mentioned above, wegdescribe

o



a simple example of Markovian decision processes or
Markov renewal programs.

Consider a system of a machine tool. The
machine can be operated synchronously, say once an
. hour. At each period there are two states; one is
operating (state 1), and the other is a condition of
failure (state 2). If the machine fails, the machine
can be restored to perfect functioning by repair. At
any period, if the machine is running, we are assumed
to earn the return of $3.00 per period; the probability
of being in state 1 at next step is 0.7, the probability
of moving to state 2 is 0.3. If the machine is in
failure condition, we have two actions to repair the
failed machine; one is a rapid repair which requires
a cost of $2.00 (i.e., a return of -$2.00) with
the probability of moving to state 1 of 0.6, another is
a usual repair which yields the cost of $1.00 (i.e.,
~a return of - -$1.00) with the probability of moving
to state 1 of 0.4. For the model considered, there
are two alternatives available in each state. The
state trénsition diagrams of the alternatives are

shown in Fig. 0.1.

i I 0.3 ' 0.3
B . 0.6 © ‘ ) 0‘4 . L

Rapid repair ' Usual Repair‘

Fig. 0.1 Transition diagrams for the machine
maintenance problem.

TR
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Under these situations, what strategies we may
choose to maximize the total expected return starting
in some initial state? We now consider a time planning
horizon. If a time planning horizon is finite, then
we call the case a "finite horizon problem." A finite
horizon problem can be directly formulated by Dynamic
Programming and an optimal strategy which is a sequence
of decisions for each state can be obtained by means
of a recurrence relation. On the other hand, if a time
planning horizon is infinite, then we call the case
an "infinite horizon problem." In this case, we can
not apply either the dynamic progrémming‘approach or
the direct enumeration approach since the number of
the strategies considered is infinite. Furthermore,
the total expected return is not necessarily convergent.
Then, we consider two apprbaches’for the infinite
horizon problem. One is an introduction of a digscount
factor and the other is an introduction of average
return per period; . a problem of the former type is
called a "discounted problem" or a "problem with dis- '
counting." If we introduce a discount factor 8 (058<lf,
a unit return at the 7 period is worth only 8", and
the total expected return is always convergent. For
the discounted problem we may consider the total
expected return as: our objective funcfion. On the
other hand, we may consider a "probiem with no dis-
counting” or a "nondiscounted problem." For the non-
discounted problem we may consider the average return

per period in the steady state as our cbjective

-5-



function, if the total expected>return is divergent.
We can also consider a case where the total expected
return is convergent for a nondiscounted problem.

' Our main concerns are to find a strategy for
maximizing the given objective functidn, and to
determine its maximum value. Such processes are
called Markovian Decision Processes.

Markovian decision processes are based on discrete
*time Markov chains. We can extend a discrete time
process to.a continuous time process. Let us consider
an example similar to the preceding one. In the pre-
ceding example, we have considered that the machine is
operated in discrete timsf We can also consider a
machine which can be operated continuously in time.
If the machine fails, it is repiared by either usual
or rapid,repair aétion. The distribution of the
runnlng time is Flz(t) (t20), while the two distribu-
‘tions of completing a repair .are Foj (t) (z20), 1
and 2, respectively, where k denotes any action in
. state 2. Furthermore, we may consider returns which
depend on the duration of the elapsed time in any
state. Such a process is based on a Markov renewal
process or a semi-Markov process; we call it a
Markov Renewal Program or a Semi-Markovian Decision
Process. As a planning horizon we can consider either
- a finite or an infinite horizon. Here we shall
consider only an infinite horizon problem for Markov

renewal programs.
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0. 2. Review of the Literature

We review the literature on system analysis and
synthesis in this section. The bracketed number stands

for the reference listed in the end of this thesis.

Many contributions to the reliability theory have
been written and a large number of recent papers will
be ‘published in technical articles. Barlow and
Proschan [5] summarized an excellent book emphasizing
the mathematical theory in 1965. In 1965, the Russian
mathematicians Gnedenko et al.}summarized a book of
the reliability theory and it was translated in
English [35] in 1969.

The measures of reliability have béen defined by
many authors and summarized by Barlow and Proschan
[5, pp. 5-8]. The measures of reliability are:
Reliability, Pointwise availability, Interval avail-
ability, Limiting interval availability? Interval
reliability, and so on. Hosford [39] has defined
three measures of dependability of the system. i

The reliability analysis of two-unit redundant
systems has been discussed by Epstein and Hosford [26].
Gaver [32, 33] and Liebowitz [43] have discussed a
two-unit paralleled (or standby) redundant system.
Harris [37] has also discussed a two-unit paralleled
redundant syétem in thch the two units are correlated
each other. Gnedenko et al. [35] and Srinivasan [58]
have discussed a two-unit standby redundant system

- under the most generalized assumptions. Srinivasan [60]

.



has discussed the same system with noninstantaneous
switchover.

Multiple unit redundant systems have been dis—b
cussed by Barlow [1], Halperin [36], and Srinivasan
[59]. Downton [23] has discussed m-out-of-n éystems.
The reliability analysis for the multiple unit redun-
dant systems by the integral equations of the renewal
type has been discussed by Gnedenko [34].

The graphic representation of systems plays an
important role in the system theory. In particular,
signal flow graphs are applicable to the reliability
analysis. The signal flow graphs have been first
discussed by Mason [51, 52]. The applications of
signal flow graphs are found in Huggins [u42, 43].

The relationship between Markov processes and signal
flow graphs in the reliability theory has been inves-
tigated by Dolazza [22] and Tin Htun [62].

The preventive maintenance theory has been dis-
cussed as the replacement problems by Barlow and
Hunter [3], Barlow and Proschan [%, 5], and others.
Fiehingef [12, 13] has discussed some interesting
preventive maintenance policies as the marginal'

checking and marginal testing.

A Markovian decision process was first introduced
in 1957 by Bellman [6]. In 1360 Howard [40] published
an excellent book in which he discussed some types of
Markovian decision processes and gave the policy itera-

tion algorithms for some types of the processes. For



the discounted process Blackwell [9] has studied
rigorously the process and shown that there exists a
B-optimal stationary strategy. Linear programming
formulation of the discounted process has been first

_ given by D'Epenoux [21]. De Ghellinck-Eppen [17] have
also discussed linear programming formulation. Inte-
resting numerical examples such as the taxicab problem
and the automobile replacement problem are found in
Howard [u40].

Markovian decision processes with no discounting
have been also discussed by Howard [40]. Howard [40]
has given the policy iteration algorithm for the
completely -ergodic Markovian decision process and the
multichain Markovian decision process. The rigorous
discussions for these processes have been studied by
Blackwell [9]. Blackwell [9] has also defined a 7
l-optimal strategy. Veinott [63] has further given
the policy iferation algorithm for finding l-optimal
strategies. Optimality of stationary strategies has
been given by Derman [20], Blackwell [9], and others.
Linear programming formulation has been given by |
Manne [50], Wolfe-Dantzig [65], and others. For the
nondiscounted model the terminating process has been
discussed by Howard [40] and Eaton—Zadeh [25].

Markov renewal programs have beeﬁ’%irst discussed
by Jewell [u4, 45]. Howard [41] and De Cani [16] have
also studied the policy iteration algorithm for the
processes. Optimality of stationary stratégies has

been given by Denardo [18] for the discounted model



and by Fox [31] for the nondiscounted model. Denardo-
Fox [19] have further studied the multichain Markov
renewal ﬁpograms.

Though we omit in this thesis, the following
models are of interest: Markovian decision processes
with state and action spaces having nonempty Borel
sets have been discussed by Blackwell [10], Strauch [61],
and others. Brown [11] has considered Markovian
decision processes from the viewpoint of dynamic pro-
gramming [7, 8]. Contraction mappings in sequential
decision processes have been discussed by Denardo [18].
Stochastic games are also of interest (see Shapley [55]
and Hoffman-Karp [38]). Applications of Markovian

decision processes are found in Klein [48] and others.

.In the final part of this section we review
mathematical tools used in this thesis. Renewal pro-
cesées are of importance throughout this thesis. The
theory of renewal processes are summarized in Smith
[57], Cox [14], and Feller [28]. Discrete time Markov
chains are summarized in Kemeny-Snell [47] and Feller
[27]. Markov renewal processes, which are extensions
of renewal processes and Markov processes, play an
important role throughout this thesis. For Markov
renewal processes, Smith [56], Pyke [53, 54], and
Barlow [2] have discussed in detail. Linear program-

ming theory is found in Dantzig [15].

~10-



0. 3. Outline of the Thesis

This thesis is devided into Introduction, Chapters

I-VIII, Conclusion, and References. Here we describe
the outline of each chapter.

Chapter I discusses the reliability analysis for
two-unit redundant systems by integral equations of
renewal theory. The three types of two-unit standby
(or paralleled) redundant systems will be investigated.
Applying the integral equations of renewal theory, we
shall analyse each of the three systems. A

Chapter II discusses the feliability analysis for
redundant systems by’integral_equations of the renewal
type. This chapter studies reliability analysis for
multiple unit redundant systems of dissimilar units by
' using integral equations of the renewal tYpe. Some
special models are also diécussed.

Chapter III discusses the signal flow graph analysis
for systems. The relationship between Markov renewal
processes and signal flow graphs is investigated and
some examples of the signal‘floﬁ graph analysis for
redundant systems are_presented."-’ ‘

Chapter IV discusses a two-unit standby redundant
system with standby failure. Taking account of the
failure of a'standby_unit, we shall deriye the Laplace-
Stieltjes transform of the time distribution to first
syétem down and its mean time. The analysis is made
by using the signal flow‘graph method obtained in the
preceding chapter. '

Chapter V discusses a two-unit standby redundant

-11-



system with repair and preventive maintenance. Consi-
dering the repair and preventive maintenance policies
for a two-unit standby redundant system, we shall
obtain the Laplace-Stieltjes transform of the time
distribution to first system down and its mean time.

The analysis is also made by using the signal flow graph
method obtained in Chapter III.

Chapter VI discusses Markovian decision processes
with discounting. Definitions and notations of
Markovian decision processes are introduced. The
policy iteration algorithm is discussed and the linear
programming formulation is stﬁdied. The relationship
between the above two al%orithms is discussed and
numerical examples are presented.

Chapter VII discusses Markovian decision processes
with no discounting. Some properties of the processes
are provided and the policy iteration algorithm is
discussed for the completely ergodic process. Linear
programming formulation is also presented for the com-
pletely ergodic process. The relationship between the
above two algorithms are discussed and a new algorithm
is proposed. Comparison among the above three algobithms
is demonstrated for the automobile replacement problem.
The ferminating process is also discussed. Linear
programming considerations for the multichain process
is finally presented.

Chapter VIII discusses Markov renewal programs.
Markov renewal processes are defined and some useful

properties are provided for the preliminaries. Markov

-12-



renewal processes with feturns are also discussed for
the discounted case, the nondiscounted case, and the
terminating case. Markov renewal programs are intro-
duced. TFor the nondiscounted model the policy iteration
and the linear programming algorithms are discussed and
‘the relationship between the above two algorithms is
investigated. We shall also discuss the two algorithms
for the nondiscounted model and the terminating model.

Conclusion summarizes the results of this thesis
and describes further problems of system analysis and
synthesis. Publlcatlons list of the author are
présented.

References are provided in the end of this thesis.

~13-



CHAPTER I

RELIABILITY ANALYSIS FOR TWO-UNIT REDUNDANT SYSTEMS
BY INTEGRAL EQUATIONS OF RENEWAL THEORY

1. 1. Introduction

Reliability analysis for a redundant repairable
system is important and basic in the theory of relia-
bility. Many contributions to the reliability analysis
for such a system have been made by Gaver [32, 331,
Downton [23],Gnedenko_[3u], Srinivasan [ 58, 59, 601,
and others. In this chapter, we shall only discuss
two-unit redundant repairable models. A two-unit
redundant repairable modelbis basic and applicable to
many practical fields. LWe shall analyse the following
thfee models: ‘

" (i) A two-unit paralleled redundant system.

(ii) A two-unit standby redundant system.
k(iii) A two-unit standby redundant system with
priority.
Here we assume that the switchover. time is instantaneous
for models (i), (ii), and (iii). In this chapter, we
shall analyse these models systematically and elegantly
by using the integral‘equation of renewal theory [ 141].

Consider a system composed of two units as a
~ general model described above. Appropriately labeling
the number of units, we may call unit 1 and unit 2.

We assume that unit ¢ (4 = 1, 2) obeys its failure

~time distribution Fi(t) (¢t =0) and its repair time

14—



distribution G(t) (t=0). These distributions are
mutually independent. We further assume that the repair
of a unit recovers its function perfectly. The switch-
over time from the failure to the repair, from the
repair completion to the operating state (or standby
state), or from the standby state to the operating state
is suppoéed to be instantaneous. Necessary assumptions
shall be imposed for each model therein. Our concern
is the first time to a state that two units are under
failure or repair simultaneously starting the initial
state that two units are operating (or standby) at
t = 0. We shall show in this chapter that the analysis
for the above models can be made systematically and
elegantly by using the integral equation of renewal
theory, and we obtain easily the Laplace-Stieltjes (LS)
transform of the first time distribution to system down
and its mean time for each model.

The renewal theoretic method described in this
chapter may be easier than the earlier convéntional
methods. This method is applicable to other modified

systems.

1. 2. Integral Equation of Renewal Theory

This preliminary section describes the integral
equation of renewal theory by introducing the concept
"ecycle." A cycle is the duration of time and the cycle
is completed by the realization of an event. An event
is defined for each model. For example, a two-unit.

paralleled redundant system has the cycle which is

-15-



defined by the time duration from two units operating
- one unit failure - repalir to repair completion and
it is free from system down. Fig. 1.1 shows an example

of the cycle for model (i). As soon as the first cycle

.2 units operating

1 unit repair

|
§

N

N2

t=0 ' '
j¢e—1st cycle ———>{¢— 2nd cycles|

5

Fig. 1. 1. The behayvior of model (1).

is completed, the second cycle begins and so on. For
each cycle, the probability of the occurrence of system
down exists. Thus we have two possibilities for each
cyclé: One is the completion of the cycle, and another
is the occurrence of system down. These two events are
mutually excluseve. The former proceeds in the next
cycle, and the latter stops the system behavior.

Let B(t) (£=0) define the probability that
{the time duration of each cycle is < ¢ and it is
free from system down}. Let A(t ) (t=0) define the
probability that {the'time duration to system down for
each cycle is < T}. When each cycle is completed, we
assume that the system is the same state at the initial
time t=0. Let §(+) (£ = 0) denote the distribution
of the first time to system down up to time . Then

we can consider two cases for Q(t ): One is the

~16—-



occurrence of system down for the first cycle, and
another is the completion of the first cycle, which
proceeds in the second cycle. Assuming that the second

cycle also obeys ®(t), we have
(1.1)  J(t)=Al) + BMD* d(),

where x denoted the convolution operation. Equation

(1.1) can also be written by
.2y 0w=1 B T*Aw,

where n

s (BDEB® 5 ¢BO . a1
(1.3) Bt) ={

H(t) (Heaviside step function;M=0).

Equation (1.2) can be interpreted that the \6écﬁrrence
of system down is the first cycle ( A(t )), the second
cycle ( B(t)* A(£)), the third cycle ( B(t )« B(t )x A(+ )),
or so on. and these events are mutually exclusive.
Let the LS transformst of A(t ), B(t), and
@ (t) denote the corresponding small letters. For

‘example, we define
., '
(1) ‘-P(S)=I;e's 40(t).

Applying the LS transforms for (1.1) (or (1.2)), we

have

t The Laplace-Stieltjes (LS) transform is not the same

as the Laplace (L) transform. Where both exist,

LS{PW= L{dD/dt}-

-17-



(1.5)  9®) = &)/ [1— BB

To verify that ®(t) is a proper distribution [28,
p. 129] (i.e., d(e<C) = 1), we have from (1.5) the

following condition:
(1.6) @0 =ot(0)/[1— gOI=1,
or
(1.7) «(0) + B(0) = {.

Applying the results just mentioned above, we shall
obtain the LS transzFm of the firét time distribution
-to system down. That is, definding the cycle and finding

A(S ) and B(S) for each model, we can obtain $(s)
from (1.5), Then we should verify that (1.7) holds so
that ®(t) is a proper distribution.

1. 3. A Two-Unit Paralleled Redundant System

This section describes a two-unit paralleled

redundant system. Since this model depends on the
hiétory of the failure time, we assume that the failure
time distribution has "memoryless'" property [27, p. u41l].

That is, we assume

(1.8) Fult) =1 - exp (=aut). (1=1, 2)

we can consider an arbitrary distribution &(£) (¢ = 1, 2).

The behavior of the model can be interpreted in detail

. by Gaver [32, 33] and Liebowitz [49].
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As we have mentioned in the preceding section, the
model has the cycle which is defined by the time
duration from two units operating - one unit failure
- repair completion and it is free from system down
(see Fig. 1.1), where we assume that two units are
operating simultaneously at T = 0.

Let's determine &A(S ). For A(S ), by using
that unit 1 (4 = 1, 2) fails with probability

Ai/( A1 + A2 ) and its distribution 1 - g (+Alt
(i.e., the LS transform ( 21 + 22 )/(sS + At + Az ))
and then fhe remaining unit F (7 # 1 ) fails before

the repair completion of the failed unit ¢ , we have

(1L9)  &5)= & A shis j 'S"o(t[ B

—Z‘S+7\.+9\z's+a [l 3’~(5+7\3)] (1#0)

" where

(1.10) G )=1 - Gt (¢ =1, 2)

For @(s ), by using that the repair of the failed
unit 4 is completed before the remaining unit }'( j £21)

fails, we have

(L1 =2 & ‘:7\1 e [y, [ [ g, 0]

A=l

_«-Zs S+7h+7\ §a 6+Ap). (3#t)
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Noting that the failure time distributions are memoryless,
we have the same state at time t = 0 when the first
cycle is completed.
From (1.5), we have the LS transform of the first

time distribution to system down:

2~Xr —_ Q.
);| sia 1= 56t)]
StAi+A, - gk; i (st23)

(1.12) Gl9)= (7 #1)

To verify that ®(t ) is a proper distribution, we have
1 2
(1.13) d(0+ ()= ZHA 3<ﬁ)+ 1/\% [1-3-(l=1.

For the mean time to system down, we have

AL
1+ 221 - %@
(114)‘1’_%%—: 2“1?‘3 ‘36]-(;##1;)
= Eall- gy

These results (1.12) and (1.14) have been given by
Gaver [33].

Gaver [33] has further considered the overloading
situafion. ‘That is, when unit € (% = 1, 2) fails, the
remaining unit # (4 # 7 ) may be overloaded. We
have two situations on overloading. One is the probabil-
ity ©&j that the system immediately fails because the
remaining unit f' is overloaded when unit 1 is under

repair. Another is the probability ga( t)=1- S;(t)

¢
that the remaining unit j can perform its function
without system down for the time duration at least T

starting from the instant that the remaining unit / is
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operating. This modified model can be easily obtained

in the same fashion. For Al(S ) and @(S ), we have

2 s tm T
(1.15) & =F graier [o + (—op [ €SN GOF 0it

(=) ‘“"aq-mdsw] (§#1)

and

(1.16) @(s =2§ (1- o{d)Je SN SHd&.( G # € )

S+ 1‘32.

Substituting (1. 15) and (1.16) into (1.5), we can
obtain ®(s ). We further can obtain its mean time.
Here we omit these results (see equations (24) and

(10) in Gaver [331).

1. 4. A Two-Unit Standby Redundant System

This section describes a two-unit standby redundant

system, where the switchover time is instantaneous.
The model can be analysed under the most generalized
assumption that the failure and repair time distribu-.

tions are arbitrary ~

‘Initially at t = 0, unit 1 is ‘operating and unit

2 is in standby. As soon as unlt 1 fails, unlt 2 is
operating and unit 1 undergoes repair. When the repair
of unit 1 is completed befor unit 2 fails, unit 1 is

in standby and then as soon as unit 2 fails, unit 1 in
standby begins to be operating. While we consider
another case that unit 2 fails before the repair comple-

tion of unit 1, which implies system down. The systém
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behaves from the operating unit 2 to the operating unit
1 and so on if it is free from system down.

To use the "cycle" mentioned above, we should
change the initial time. That is, the initial time is
the instant that unit 2 begins to be operating and
unit 1 undergoes repair in the first time. The time
distribution from the old initial time to the new has

F1(t ). The desired LS transform ¢ (S ) can be given
by
(1.17) ¢ = fils) ¢, .

where fl(s ) is the LS transform of Fi(t ) and @ (s )
is the LS transform under the new initial time.

- For $(S), we define the cycle as follows: The
cycle is the time duration from the instant that unit 2
bégins to be operating (unit 1 begins to repair) to the
instant that unit 2 begins again to be operating via
failure-repair-standby of unit 2 and failure-repair-

St@@d@Y”Qf unit‘l‘(see Fig. 1.2). The occurrence of

§ unit 1 ____;m“:_::”"mm v
- | Tt =0 l S . — t
o . 1st cycle — ,‘!if. 2nd cycle —————>{
“._ H oper‘a‘ting‘ »
ey ¢ repair
ettt standby

Fig. 1. 2. The behavior of model (ii) (for Y(s)).
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system down has two cases for each cycle: The first is
that unit 2 fails before the repair completion of unit
1, whose distribution is j:@,(‘t YdPF2(t ) in the same
way of (1.9). The second is that the repair of unit 1
is completed (and thereon unit 1 undergoes standby
state) before unit 2 fails, after the failure of unit 2,
unit 1 in standby begins to be operating and unit 1
fails before the repair completion of unit 2.

Let's consider the probability that the repair of
unit 1 is completed (and thereon unit 1 undergoes
standby state) up to time T with &(T ) and unit 2
fails in the interval (t, t + dt ) with dFa(t).
Thus we have S;téh(‘t ydFa(t).

These two cases are mutually exclusive and the
second case has the convolution of the distributions
(i.e., the product of the LS transforms) of
(et dR(t) and [[G(t)dF(t). For a(s),

we have -
(1.18) &(s) = rés{ de [ f:@(t)dﬁ(tﬂ
+ [ 4 [ [qdr] r 4 [ GOIRL]

={eFoiRn + (e qtiny Le‘“@(t) dRtD).

For B(s ), the cycle is the time duration from the
instant that unit 2 begins to be operating to the
instant that unit 2 begins again to be operating. Thus

we have

(1.19) B =j:°e‘“ca (0 dF, () [:e‘s* RO dR (©).
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Using (1.18) and (1.19), we have
(1.20) 6 (s)= o=/ [1— B

From (1.17), we have
(1.21) @)= [(H

_ ) TR + 0| EGe[E G
- [ [etamdRe

We can easily verify that (1.17) holds for the model.

The mean time is given by

(1.22) F=-4E6

ds ls.p
' L 1— —- fGﬁ(f)dF
L
A " | rq-(t)dﬁ(’f) rgr E)dm(t) 7
where ' o ! o
(1.28)  1/n= C‘to\F}(t). C i=1, 2

These results (1.21) and (1.22) have been found in
Srinivasan [58].

As a special case, we consider that
(1.24) R =1- exp(=At) (L o=1,2)

In this case (1.21) and (1.22) become

At

S+A S+A Ll 31( +A7~>:H-_—_— %‘(s-‘-)\z)Siﬂ U 82(S+Al)]

StA Stz

(1.25) %)= Il -
1—- Gt 355, sﬂ fals+2)
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and

1 |
1 —i:‘\‘ "};" 3‘(//\2)

(1.26) T=2-L .
¥ IR T

At

Gaver [32] has given these results (1.25) and (1.26),

where two units are identical, i.e., Ay = Az = A

and G(t) = G(t)=G(t) (H(s) = F.(s) = g(s).

1. 5. A Two-Unit Standby Redundant System with Priority

This section describes a two-unit standby redundant

.system with priority. This system is composed of two
units. Initially at € = 0, unit 1 begins to be operat-
ing and unit 2 is in standby. When unit 1 fails, unit

2 in standby begins to be operating énd unit 1 under-

~goes repair immediately. When the repair of unit 1 is
completed before unit 2 fails, unit 1 begins to be
operating again and unit 2 undergoes standby state
immediately. While, when unit 2 fails before the
completion of the repair of unit 1, system down occurs.
For the model, we want to use unit 1 if it is available.\
So we give the priority for unit 1. Then we have no
repair facility for unit 2 becduse unit 2 stops its
operating state on the way and it is free from failure.

For the model, we assume that unit 1 has priority.

Unit 1 has its failure time distribution Fi(t)
(afbitrary) and its repair time distribution &,(t)
(arbitrary). Unit 2 has its failure time distribution
Fa(t) = 1 - exp(- Ast) and no repair facility. We

assume that the failure time of umit 2 has "memoryless"
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property for the convenience of analysis because unit
2 stops its operating state. ,

For the model, we define the cycle as follows:

The cycle is the time duration from the instant that
unit 1 begins to be operating (unit 2 is in standby)

to the instant that unit i begins again to be operating
via failure-repair of unit 1.

For ofl(S ), we can consider that when unit 1 fails,
unit 2 begins to be operating and unit 2 fails before
the repair completion of unit 1. The failure time of
unit 1 obeys [y(t) (its LS transform {(s )) and
the distribution that unit 2 fails before the repair
completion of unit 1 at least t obeys g:_é—;(t)_ﬁgéﬂztdt.

‘'Thus we have

| ) o
aan A= (4 [ Fone ]

={o e [1-§(s+a])

vFor @(s ), we can consider that when unit 1 fails,
unit 2 begins to be operating and the repair of unit 1
is completed before unit 2 fails. The distribution that
the repair of unit 1 is completed before unit 2 fails
at least t obeys S‘:e";\itdﬁ-‘(‘t ), Thus we have

(1.28) BG)=4,(s) f:qe‘“ de [g:e‘”d%(_t)]
=fi(s) §i (s+4a).

From (1.5), we have
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1) —5%;—:. [1— g(s+A)]

1l — 5§+

(1.29) G(s)=

It is evident that (1.7) holds for the model.

The mean time is given by

a0 d@@) _ _L_ 1 9
(1.30) T—"‘js_ Az + A [1- 3’\(9\1)]

S=0

where

s 1/ = (TuRp= 40
o S=

0

The mean time (1.30) coincides with (1.26) of a two-unit
standby redundant system with no priority, where we
assume that Ay = Az = A and G(t) = G(t) = G(t)
( $(s) = F2(s) = F(s)). This fact is interesting.
But we can understand that the mean time 'ﬁ‘ in (1.26) \
has exponential failure time distributions and thus

"memoryless" property is indepéndent of "priority".

1. 6. Conclusion
Reliability analysis for two-unit redundant
systems has been discussed by using the integral equa-
tion of renewal theory and its associated "cycle".
The LS transform of the vfi:rst time distribution to

system down for each model and its mean time have been
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~given by defining the cycle, finding o(S ) and B(s),
and using (1.5). The method mentioned in this chapter
is elegant and applicable to other modified systems.

The conventional analysis for such systems will
be used. As an example we consider the supplementary
variable method (see e.g., Gaver [32] and Liebowitz[ug9]).
The supplementary variable method for model (i) is
tedious and complicated for calculation. The method
described in this chapter seems to be elegant and
easy.

Renewal theoretic argument will occur in the
field of reliability and in the other areas of systems
analysis. The basic concept of integral equation of
‘penewal theory .is applicable to many systems and the
method mentioned in this chapter will be capable of

analysing such systems.
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CHAPTER II

RELIABILITY ANALYSIS FOR SYSTEMS BY INTEGRAL EQUATIONS
‘ ' '~ OF THE RENEWAL TYPE

2. 1. Introduction

In this chapter, we consider a system which is
composed of several repairable units. We find the
mean time to system failure and the failure time
distribution for the system, according to a particular
criterion of system failure.

We treat the multiple unit system, where each
unit is dissimilar. This has two advantages. 1) In
practical situations, the units are not identical.

2) Our results for dissimilar units imply many earlier
ones as special cases (as shown in Section 2.4). Thus,
the results are practical ‘and useful. '

Many studies have been made for multiple-unit
systems with repair. Epstein-Hosford [26], Barlow [1],
and Halperin [36] have discussed such systems with
exponential failure and exponential repair. Furthef;
Gaver [32, 33], Downton [23], and Liebowitz [49] have
discussed such systems with exponential failure and
general repair. In this chapter, we discuss a system
with exponential failure and general repair.

“In Section 2.2, we consider a 2-out-of-n system
in which the failure time distribution of each unit is
expoﬁential'and the repéir time distribution of each

unit is general. A 2-out-of-n system is defined to be
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down if and only if two or more units are simultaneously
in a failed state. Then, the Mean Time to System Failure
(MTSF) is derived. Further, we derive the MTSF for

the system under the overloading condition. In

Section 2.3, We show that the failure time distribution
for the system is derived from an integral equation of
the renewal type. The failure time distribution for

~ the system under the overloading condition is derived

in a similar way. In Section 2.4, we show that our
results imply many earlier results, e.g., Gaver,

Downton and others, as special cases.

2. 2. Mean Failure Times

In this section, we derive the MTSF for a 2-out-
6f4¢ system of dissimilar units without first getting
the failure-time distribution. It is also derived in
the next section from the failure-time distribution.

‘Consider a system of 71 units numbered consecutively:
i=1, 2, ...;'n. (The index < will always go from 1
to n; where used as an index for summation, the sum
is from 1 to ”7.) Assume that _

(1) the failure time of the 4th unit is distributed

exponentially with parameter A::

t

(2.1) Re=1—e™ t20,

>

(2) failures of the units are mutually independent,
(3) the repair time of the 41th unit obeys an

arbitrary distribution (%), where the
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operation of each unit is fully restored upon
repair

We now define
(2.2) \N= Z;%; ,
and

X _ .
(2.3) 7\:.=I\—7\La

where \ denotes the parameter of the exponential distri-
bution when one of 71 operable units fails, and 7\:
denotes the parameter of the exponential distribution
when a unit 1 is under repair and one of the rémaini_ng
(M - 1) operable units fails.
We define the states of the system as follows:
state 0: 7 units are operable,
state 4: a unit 1 is under repair and the
remaining (7 - 1) units are
operable,
state 7l + 1: two units are down (system
failure).
The MTSF for a 2-out-of-7N system when the system
starts with all 7 operable units is equivalent to the
mean first passage time from state 0 to state M+ 1.
Let T} (j =0, 1, 2, ..., 7) denote the mean first
passage time from state ¢ to state 7+ 1. Since the
system fails with the parameter \ and the conditional

probability that a unit 1 fails is Ai/ N\, we have

(2.4) To=1/A + Z; (A /A)Tx .
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Then there are two possible transitions from state 1.
These are: (1) transition to state O, i.e., a repair
is completed before the remaining (M - 1) units fail

" in the interval t, and (2) transition to state 7 + 1,
i.e., at least one of the remaining (71 - 1) units
fails before a repair is completed in that interval.

These two events are mutually exclusive. Thus we have
. _aX * 5t
(2.9 To=[ e+ TG0 + [1TONE N,

where @;(t )= 1- G;(t), the complementary distri-
bution. Integrating by parts and rearranging (2.5), we

hawve

(2.6) T;= [1—. EADI/N+ T ()
where

2.7 %5 Efe"‘ftd%(’c))

i.e., the Laplace-Stieltjes (LS) transform of Gi(t)
evaluated at S = Al . Solving (2.4) and (2.6) for
To , we have

(2.8) T, ={ 1+>;%§ [1- 3;@:‘)]}/;% [1-3:0];
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which is the MTSF for a 2-out-of-7 system when the
system starts with all 71 operable units.

In the above model, though one of 71 units is
under repair, the system is assumed to be able to
perform its function perfectly. In practical situations,
if one unit is under repair, the system méy fail because
the remaining (7 - 1) units are overloaded. So let

Ai(t ) denote the probability that the system fails
up to time t because of overloading when a unit 1 is
under repair. Then, ?&(t')ff‘l - AL(t) denotes the
probability that the system~caﬁ perform its function
at time t. |

For the system under the overloading condition,
equation (2.4) also holds. But we have to consider the
overloading condition for state {. There are three
possible transitions from state {: (1) a transition
to state 0 without overloading, (2) a tramsition to
state N + 1 because of overioadiﬁg, and (3) a tran-
sition to state MM + 1 because of a failure of the
remaining 71 - 1 units. These three evénts are

mutually exclusive. Thus, we have

(2.9) Ti= =(t+me™ R t)de(tHfteA FE o dAil)
+ g”t G A E st

Integrating by parts and rearranging (2.39), we have
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(2.10) T;I (e ‘tdé‘r(t) +f A (t)GQ(t)eA‘ dt .

Solving (2.4) and (2.10) for Ty , we have

C]

L+ | RoGme™d

o

(2.11) To= " -
- | Rw Mg ]

To is the MTSF for a 2-out-of-7l system under the
overloading condition when the system starts with all

‘N operable units.

2. 3. PFailure Time Distributions

In the preceding section, the MISF for a 2-out-of-N
system has been derived. In this section, we shall
derive the failure time distribution for that system
'bofh without and with overloading. The method used is
an extension of that of Gnedenko [34], which is simple
and elegant. ,

First, we consider a 2-out-of-70 system. Let R(t)
be the probability that the system is operable up to
time t, i.e., 1 - R(t) is a distribution for the
system failure, R(0) = 1, R(ee) = 0. Since R(t)
denotes the probability that the system is operable
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up to time t, there are three possibilities, viz.,

(1) all 7 units are operable up to time t ; (2) one

unit fails up to time W (0 < UK t ), and the remaining
units are operable, but the repair is not completed
during the balance of time <t - % ; and (3) one unit
fails up to time U (0<% U <t), the repair is completed
during a time interval V(0 < U +vV <t ), and
consequently the system returns to state 1. These

three events are mutually exclusive. Thus we have

| | . ot i % —
(2.12) R)=€" 44 So NEM M EWE (£ du
+o [ ne™e™ygw Rit-u-vids.

arv<t

This is an integral equation of the renewal type, and
the derivation resembles that of the integral equation
in renewal theory [14, p.54]. To solve (2.12) for
R(t ), we apply the LS transforms. Let

(2.13) G@)= fé‘s’: d[1-Ret) =— fe:Sth(t)

by the LS transform of 1 - R(t ). Applying the LS
transforms to (12), and solving for ® (S ), we have

(see Appehdix)

i A%

: g;:?‘—{ (1—-% (s+2a8)]

(2.14) @(9= , >
S+ TA (1= §(s+an]
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which is the LS transform of the failure time distri-
bution for a 2-out-of-71 system.

The MTSF for the system is

—-%.(a¥ ¥
e LT EAU-RAD] /AL

ds s, ~ . >
’ ;%L [1- iz 1]

(2.15) MTSF =-

which is the same as (2.8).
For a 2-out-of-7 system under the overloading
condition, we have the following similar integral

equation:

(2.18) Rety=eM+ e f N EMENEVE (o) B - t)du

H AT ) dG0) R (- u-wdu,

’LH"V <t

+Z
i

- Applying the LS transforms to (2.16), and solving for
®(s ), we have (see Appendix)

% (A0 +A:‘f°€ A% s+ r SOt 0]
(2.17) (s)= _. ’ .,
s + 2 (1= [ e R d60)]
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which is the LS transform of the failure time distri-
bution for a 2-out-of-71 system under the overloading
condition. | |

The MTSF for (2.17), derived as in (2.15), is the

same as (2.11).

2. 4. Special Cases

In this section we show that the results of the
preceding two sections include many earlier results as
special cases.

; Caf=a f=1

A. Consider M= 2. Then Ad = Az, Az = Ar,
For this case, @(s ) in (2.14) and MTSF (To ) in
(2.15) become

{ = 3 (sth) 1~ﬁz(s+xn)]
My [ S +l?\a. + S+ o
(2.18) ¢(9)= : b
S+ [1- g5+ + 2, (1= 5+24]

and

A Az
120 (- g ] + 3% U= 5 0]

(2.19) MTSF =

A [1—% )] + A (1= (1))

which correspond to (4) and (5), respectively, of

Gaver [33]. This case is a two-unit paralleled
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redundant system of dissimilar units (see (1.12) and
(1.14) in Section 1.3).

B. Consider the case in which the units are
identical. Then A= A¢, G(t) = Gu(t ) and

= (M - 1) . Then (2.1%) and (2.15) become

1— % (s +[n-132)
(s+M-14)

— _m-DA
(2.20) %(5)= s+m S+@M-DA 1 _

s+m ¢
and

1
m{ -3t

1
(n

' (2.21) MTSF = +

which correspond to (5.17a)aand (5.19a) of Downton [23].
C. Consider the special case where 7= 2 in the
above. Then

”(2.22) b(s)= A 1—3(3-1—7\)
S 2 s+
+ Yo T ?(sﬂ)

and

1

(2.23) MTSF =1%.4‘—ZZXEF:€RXﬁ_,

which have been given by Gaver [32] and Liebowitz [ug].

This case is a two-unit paralleled redundant system
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of identical units.

D. Consicier the case M = 2, and set AL= A
A= 0, AL=Af =4, Gt)= Gi(t). Then,
(2.14) and (2.15) become

b

<25 [1- §(s+al]
S+All—- gt

(2.24) ¢ (s)=

and

1

1
(2.25) MTSF =— + ————————
A +7\[1—-3(9\)]

which correspond to (4) and (5), respectively, of
Gaver [32]. This case is a two-unit standby redundant
system (see Section 1.4).

E. Consider the case M—N+ 1, A1= Ag
A=N (F=2,...,m +1), Gt)= &(t) and
2;=*ﬂ1 (# =1, v.., M +1). That is, we consider
a system which is composed of 71 units plus one

standby unit. Then (2.14) and (2.15) become

b= TAMATA U - +mV]
(s-+1) {s+ (Ma+A) (1~ §is+mA}

(2.26)

and

nA-+ (PA+A) [1=30n]

(2.27) S = MATA) [ 1 — 3 ("]
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In cases D and E, we did not use equation (2.3)
q
( A = A - AL ) since the calculation for (S ) does

not require it.

2. 5. Conclusion

We have discussed a system of dissimilar units.
The method of the integral equations for obtaining the
failure time distribution is simple and elegant. The
generalization to a system under an overloading con-
dition is also simple and may be applied to other
modified systems.

Othef methods of handling this problem are, e.g.,
" the supplementary variable technique, or the applica-
tion of semi-Markov processes. But the supplementary
variable technique requires that the distribution be
absolutely consinuous, and the calculation is compli-
cated. Our method does not require the absolute conti-

nuity of the distribution, and is simpler to calculate.
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Appendix

In this appendix we show only the derivation of
®(s ) in (2.17) because ®(sS) in (2.14) is immediately
obtained by setting Ai(t ) =

Applying the Laplace transforms to (2.16), we havet:

L.H.S. = [1 - & (s )1/s.
The first term of R.H.S. = 1/[s + A 1].

‘The second term of R.H.S.

ZM st eyt j & UANE (T -

n

MY re' A=Ay f e‘w“)t@ (t-u)A (t—wdu
' ('

0

- Z/AAX ~(A-A5)u (s+a*)u0{u jo & ¥k it Q‘(t)A ) dt

.t [ eSOt T W, (bt

s+l\.

The third term of R.H.S.

| -Z:mj "‘dtf R v)d@(v)f EMRE—U-v)du

T R.H.S.

side.

and L.H.S. stand for right and left hand
3. = sum over L from 1 to M.

41—



- L
) Zﬂ et f MR W) dg ) [F o Rit-v])

(where F(t) =1 - e‘m and F(t)¥R(t)
denotes the convolution of F(t ) and R(t).)

P

f ) ) f 5 [Flt-v)* Rit—u)ldt

=5 Ai (s+A%) gst
LR [ SR, mo\erv>§ [Feo Rt

Ai v )
_Z_K_Se(sﬂ) Amdﬁ- s S

_ Av 1-®) —(s+'/\AW
IR [ R,

Thus, setting L.H.S = R.H.S and solving for &(s),
we have (2.17).
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CHAPTER III

SIGNAL FLOW GRAPH ANALYSIS FOR SYSTEMS

3. 1. Introduction

Markov chains are well-known as a mathematical tool
for system analysis. Renewal processes are also used
to analyze sytems (in particular, maintainable systems).
A Markov renewal process (or semi-Markov process), which
is(a marriage of Markov chains and renewal processes,
was first discussed by Lévy and Smith, independently,
in 1954, A Markov renewal process is one of the most
important mathematical tools for system analysis. We
shall discuss Markov renewal processes as a mathematical
tool throughout this chapter. B

Graphical representations'%or systems are of great
importance in system science. | Especially, block dia-
grams, signal flow graphs, and'wiring‘diagrams are gener-
ally used to represent systems graphically. Block dia-
_ gréms are used for control engineering, signal flow \
graphs are used for electrical engineering (in pafticular,
electrical circuit theory), and wiring diagrams are
used for analogue computation (or simulation). The
relationships among the above three graphs (or diagrams)
are well-known (see, e.g., Huggins [42, 43]). Here we
shall discuss the relationship between Markov renewal
prbcesses énd signal flow graphs, and show that deriving
the Laplace-Stieltjes (LS) transform of the first passage
time distribution from one state to another in a Markov

renewal process is obtaining the system gain by defining
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that a starting state is a source and an ending state is
a sink in the signal flow graph.

Using the relationship between Markov renewal pro-
cesses and signal flow graphs, we shall finally obtain
system reliability for some systems, e.g., a two-unit
standby redundant system, a two-unit standby redundant
system with noninstantaneous switchover, and m-out-of-n
systems. The use of signal flow graphs for system
analysis makes the system clear, and obtaining the
system gain implies our desired result, which is an

easy mechanical procedure.

3. 2. Markov Renewal Processes

A Markov renewal process [53, 54], roughly
speaking, is a stochastic process in which the state
transitions obey the given transition probabilities
and the sojourn time in a state is a random Qariable
with any distribution depending on that state and the
next visiting state, where the number of states may be
denumerable. In this paper we resfrict our attention
to Markov renewal“processés with finitely many states
since our models can be usually represented by Markov
renewal processes with finitely many states. The
detailed discussion of Markov renewal processes with
finitlly many states can be found in Pyke [54].

Here we shall describe the necessary definitions
and properties of these processes. We denote the
states of a Markov renewal process by the symbols
5% , St , ..., Sw. We define the transition proba-

‘bility f% from state 3§; to state g for all
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4,4 =0,1,2, ..., N. We also define the distri-
bution F:J(‘t) (t = 0) of the sojourn time in state

S: and the next visiting state S; . We define
(3.1) Qka-(t).—_r,JF;J(t). ‘ (4, =0, 1, cc., V)

Defining the states of the process, we can find the
Q;a-('t) for all < and F. Then we have all infor-
mation on the process considered. In this chapter we
restrict our attention to the first passage time distri-
bution from one state to anothér state. So, define an
absorbing state Su . Then the remaining states
4=0,1,2, ..., VM- 1 are transient. We define the
first passage time distribution @(t) (£ =0, 1, 2,
«ess N - 1) starting from state Si at t = 0 to the
absorbing state $v up to time t. We can consider
two cases for the Q;(t ):: One is the immediate
transition to the absorbing state Sv. Another is the
transition to any transient state $§ (4 =0, 1, ...,
N --1). These two events are mutualiy exclusive. 1In
the latter case, the process after the transition to

state §; obeys the @.j(t ). Thus we have

(3.2) @A&) - QA.N )+ ZQL ('t) X @ ®

({= 0, 1, 2, «o., ¥ - 1)

where ¥ denotes the convolution. The small letters

¢.(s) and %- (5 ) denote the corresponding LS
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transforms of the ®(t ) and Q;J( t ), respectively.
Defining the AN X 1 vector @(s ) with component %S )
(¢ =0,1, ..., ¥ - 1) and taking the LS transforms

for (3.2), we have in matrix form
(3.3) ®(s) = %,65) + e,

where the §4(§) is the W X 1 vector with component
Fu(s) (4 =0,1, ..., ¥ - 1) and the (s ) is the
N X A/ matrix with element 3;&(8 ) (€, ] =0, 1, ...
N- 1). Solving (3.3) for @(S ), we have

| (3.4) els)=[I— %(S)]-I by (s),

where ] is the MX A identity matrix. Our concern
is to find the ¢ (S) (in particular, P,(S)) for the
models discussed below. The general first passage
time distribution from one state to another has been
given by Pyke [s54]. Using the general result, we can
also obtain (3.4). We, however, derived (3.4) by

using the intuitive method.

3. 3. Signal Flow Graphs

In this section we shall consider an algorithm
for deriving the (&(S) (€ =0,1,2, .., N-1)
by using sAignallflow graphs. The definitions and
notations of signal flow graphs obey those of Chow and

Cassignal [13].
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Consider a system whose states are defined and
their associated ‘%,;j(s )'s are given. For the system,
using the states and the 3,;3( S ), we can construct a
state transition diagram which becomes a signal flow
~ graph of the system. In the graph each node corres-
ponds to each state of the system and- each branch gain
to the (EA-J(S ). We shall consider an algorithm for
deriving the ¢,(S ) by using the signal flow graph.

As is anticipated, the ¢,(S) given in (3.4) is derived
by using Mason's gain formula, [13, p.63] in the signal
flow graph, where we define that node So 1s a source
and node §y is a sink. We shall below verify the
above fact by using the results of signal flow

~graphs [13].

Since the source Sp; in the graph has both incoming
and 6utcoming branches, we define a new source Sa
which has an outcoming branch to node S, with its
branch gain unity (see Fig. 3.1). From equation (A.5)

in reference 13, p.136, we have

Xn - Aoy

(3.5) .-rNa.E o "‘A——“’

where the (N + 1)X( ¥ + 1) determinant

Qoo am """ Q.oN

Qo Qut ----- Wy
(3.8) A=|. i

():uo Owi--- -+ (G
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The rest of

the graph

Fig. 3.1. Signal flow graph with the source connected

only to one node of the system.

and the Agy is the (0, ¥ ) cofactor of the A. Each
element Qa«; of the A can be represented by

(3.7) 0'0““= S/:d' - %"J (s).

(t, 7 =0,1,2, ..., ¥)

Here S“J denotes the Kronecker delta. We note that
the subscripts 4 and 7 in the OJA and 3;3(5 ) are
interchanged. In the system considered, we have that
fyls) =0(z7 =0,1,2, ..., ¥ -1)and ls) =1
since node Sy is absorbing. If we set §,(S) = 1,
the determinant A is singular. So we set G(s) =0

( Qwwy = 1) for the convenience of analysis. Defining
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the WNXAN determinant

Qoo = - - - - - QoN-1t

(3.8) A =] ' ,

a'l-l.o Tttt Qu—(,u—s

we have A = /A from the above fact. We also note that
A = II, - %(Sir’ = |T - $(s )|, where the super-
script T denotes the transpose of the matrix and the
% (s ) is defined in (3.3). rI"hen we have from (3.5)

(3.9) Twoa=—Lox /A/-,

Expanding the cofactor Ay with respect to the - th
row and using Quj= -85”(5 ) (#=0,1,2, ..., ¥ - 1),

we have
N-1 ’
(3.10) A0N=,Z QNJ Ao&
d=°

il y

. 7 ' . ’
where the Aod- is the (0, ¢ ) cofactor of the A'. Thus

we have
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(3.11) TNQ —_— AON/ A/

" /
=L, i ® boj /&

={48" [1-367T1,.,

={ ([~ 366" a0}, »

where { 1}, denotes the 4th component of the vector.
Therefore, we show that equation (3.11) coincides with
(3.4). For the other @;(S) (£:=l,2,.”, N - 1),
. we can show the same result. In the above discussion
we defined a new source Sa. In practice, we define
that a starting state is a source and an ending state
is a sink, and by using Mason's gain formula we can
obtain the system gain which is the LS transform of

the first passage time distribution.

3. 4. System Reliability

In the preceding section we discussed the relation-

ship between Markov renewal processes and signal flow
graphs.

Markov renewal processes are of great use for
system analysis. In particular, the processes are
used in the reliability theory. We encounter a
problem that the total failure of a system yields a
catastrophe. Our concern in the problem is the first

passage time distribution to system down. For the
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problem we can apply the signal flow graph method to
obtain thé LS transform of the first passage time
distribution. We shall show some examples of systems.
The systems have been investigated by Gaver [32, 331,

- Srinivasan [58, 60], Downton[23], and others. However,
the signal flow graph method discussed in this chapter

is simple and elegant.

A Two-Unit Standby Redundant Systems

A two-unit standby redundant system with instan-
taneous switchover has been investigated by Gnedenko
et al. [35], and Srinivasan [60] under the most genera-
lized assumption that both the failure and repair time
distributions are arbitrary. Appropriately labeling
the number of the two units, we may call them units 1
and 2. The failure time of unit < (4 =1, 2) is a
random variable with an arbitrary distribution F,(t)
and the fepair time of unit 4 is also a random variables
with an arbitrary distribution G&u(t ). These random
variables are nonnegative and mutually independent.
Initially at t = 0, unit 1 begins to be operating
and unit 2 is in standby (state So). As soon as unit
1 fails, unit 2 begins to be operating and unit 1
undergoes repair (state Si). When the repair of unit
1 is éompleted before unit 2 failé, unit 1 is in standby’
and then as soon as unit 2 fails, unit 1 in standby
begins to be operating and unit 2 undergoes repair
(state 55). While in state sy we consider another case
that unit 2 fails before the repair completion of unit 1,
which implies the system down (state S3). In state

we can consider
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two cases: One is the repair completion of unit 2
before unit 1 fails, which goes to state Si. Another
is the failure of unit 1 before the repair completion
of unit 2, which goes to state S3. The system behaves
from the operating unit 2 to the operating unit 1 and
so on until the recurrence of the system down. In the
system considered, we assume that each switchover time

is instantaneous.

Fig. 3.2. Signal flow graph of a two-unit standby

redundant system.

Fig. 3.2 shows the signal flow graph of the system.
Then each branch gain is easily obtained from the

discussion just mentioned above as follows:
X ~st
(3.12) T (s):f et dR ) =Hl9),
- °
\

13 fuo=[e* 4R,
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o0

(3.14) ‘5‘2,(3)—g €% GAR W),

0

o0

(3.15) Te® = g G AR,

Q

(3.16) Tas(s) = S e G@t) o\R(‘t)

(]

where Gi(t) = 1 - Gt ) is the survival probability

function. In the graph in Fig. 3.2, node S, is a
source and node $3 1is a sink. Thus, we have from

Mason's gain formula [13]the following system gain

B () Fo(8) 3558) + 01D Gz ®
1 — %0 al®

(3.17) Qyl9)=

which is the LS transform of the first passage time
distribution from state So to state S3. The mean

time is given by

= d(?o(s
(3.18) T=- is )L_=°

RV ALY
1 = %120 520

where

H

(4]
(3.19) 1///\;=§’co\FI(Jc), ({=1,2)
o _
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A Two-Unit Standby Redundant System

with Noninstantaneous Switchover

Here we shall discuss a two-unit standby redundant
system with noninstantaneous switchover, which has
been discussed by Srinivasan [60]. He discussed a
simple case that two units are identical, but we
shall discuss the more generalized system that two
units are dissimilar. In the similar way of the pre-
ceding system, the two units ave denoted by 1 = 1, 2.
The failure time of unit { is a random variable with
distribution Fi(t) = 1 - exp(- At ) and the repair
time of unit 4 is a random variable with an arbitrary

" distribution &;(t ). Here we assume the memoryless
property of the failure time distribution. Whenever
unit 1 (€ = 1, 2) is active and the other & (F # € )
in standby, action is initiated on the latter of T}
unit of time in order to bring it to the operating
standby state. The switchover time from the action
to the operating standby state of unit # is a random
variable with an arbitrary distribution T}(‘t).

These random variables are nonnegative and mutually
independent. The five stafes of each unit are active,
repair, standby, switchover, and operating standby,
and are denoted by the symbols 0, 1, 2, 3, and U4,
respectively. The state of the system will be
specified by the states of unit 1 and unit 2

together. The possible state of the system are
enumerated in Table 3.1, where states Sg, Sq» S,

Su, and Sy, denote the system down and these states
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Table 3. 1. Possible states of the system.

State of s s s s s
system -0 °1 S2 ®3 Sy S5 Sg 87 Sg 89 S5 81) Sy9
Stateof v 5 4 1 2 3 4 0 1 1 1 3 o2
unit 1
Stateof  , 3 4 o 0 0 o0 1 1 2 3 1 1
unit 2

8 S.

O e 82 33

Q— => >

:
& < —0 |
. ~35 ‘

Fig. 3. 3. Signal flow graph of a two-unit standby

<
~

redundant system with noninstantaneous

switchover.
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are combined in an ébsorbing state Sa.
Fig. 3.3 shows the signal flow graph of the
system using state So-Sq¢ and Sa. Each branch

gain of the system is given by

( 3. 20) %Ol S) — (S+A|)~FL R % (S) e (S+9\2)T1

(3.21)  $oulo)= [1-€°MR], =52 (- €]

s+>\

(3.22) G (8)="Tol(s+A)> 56 ) =T (s+2)

(3.28) = T (- hbeil  Fsal®=giz (-nka

(3.24) %23( )_m %(W(S):S-{-g\\“;{-a,_
(3.25) 3wl = 3a(9)> bl =8ul
(3.26)  Fyls) = Hi(s+a), | Yoo (8)= alst2)

(3.27) %z s)—sﬂ [1—=fils+a» %qa(s)_—sﬁ[l %, (s

where $:(s) and Ti(s) (1 =1, 2) are the LS trans-
forms of Gu(t) and Ti(t), respectively. We define
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that node So is a source and S, 1s a sink in the
system. From Mason's gain formula the system gain is

~given by

(3.28) (?o (s) = /\//(1.“‘ gol%li ?2'1 %f(o - %45 %‘56263%34) ’
where
(3.29) N = 80&*’ Em%m+ zmz\z %23%3& +%O(%lz%2fzqﬂ

+ B0 B tubda — Boo as B %—53 s

+ ot iz B2s 234. %45 Tsa— Bo i g&s%ss s34 ‘-

%q(s ). We further note that the results (3.28) and
(3.29) are simplified by using the relations (3.20)-
(3.27). We have obtained the %i(S ), which is the
LS transform of the first passage time distribution
to system down from state So. We can obtain the ‘
©(s) (1L =1, ..., 7) by defining a sbu_fce S: in
the similar fashion.

Srinivasan [60] considered a special case of the
above system. That is, he considered"é/simple case
that two units are identical. In this case we assume
that the failure time distribution is F(t) = 1 - exp(—f)\'t),
the répair time distribution &(t ), the switchover

time distribution T°(T ), and the requited time to
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bring a standby unit to the operating standby state 1 .
Then each branch gain is given in (3.20)-(3.27), where
the two branch gains for the right and left equations
are identical. Noting that states So and S, St
and Sg, Sz and S¢, and S3; and Sy are identical,

we have the reduced signal flow graph in Fig. 3.4.

Fig. 3.4. Signal flow graph of the system of identical

uniys.

Assuming that node §y is a source and node Sa is a

sink, we have the systém gain from Mason's gain
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formula as follows:

4 (g2 oot hafnt 280 B bia.

(3.30)
1—2 %o BieFan Fro

The mean time is given by

A

(3.31) T=

e 1 SATY
th 2 [1-tgwe™] Twer)

m-out-of-71 System

An m-out-of-n system is a redundant system compoéed
of n paralleled units (M =M). Whenm units are simal-
taneously under failure or repair, the system down
occurs [23].‘We assume that the system considered has
one repair facility and the failed unit may be waiting
for the repair if the repair facility is busy. We
also assume that each switchover time is instantaneous.

First, we shall consider a 2-out-of-m system of
dissimilar units. Appropriately labeling the number
of unifs, we may call them units 1, 2, ..., 7 - 1, and
7. The failure time of unit {1 (£ =1, 2, ...,7) is
a random variable with exponential distribution

Fa(t)=1- exp(- Ait) and the repair time of the
failed unit 1 is a random variable with an arbitrary

distribution Gi(t ), where we assume the
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memoryless property of failure time distribution for
the convenience of analysis. These random variables
are nonnegative and mutually independent. In the
system state So denotes one that all 7 units are
operating, state Si (4 =1, 2, ...,7) denotes one
that unit 4 is under repair and the remaining units
are operating, and state Sy denotes one that af
least two units are under repair or failure (i.e.,
state S£+1 denotes the system down). Fig. 3.5 shows

the signal flowvgraphvof the system. For the system

Fig. 3.5. Signal flow graph of a 2-out-of-m system

of dissimilar units.
we obtain easily each branch gain as follows:

(3.32) Foi(3) = AL /(s+N\), (4 =1, 2, ...,)
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(3.33) §,(®)= § R NG

=% (s+af) » ({=1,2, ...,7)

(3.34) i an(S)= g ‘S*GR(t)ﬂfe‘A*to\t

= §+ax [1 3’ S+—ﬂ*)]9
(¢ =1,2, ...,7)

where

(3.35) I\=§7\;,

(3.36) A =N-2c. (€ =1,2, ..., n)

Assuming that node S, is a source and node Sy is a

sink, we have from Mason's gain formula

(3.37)  @,ls) =}:14;_1:1 Foi(S) Famnt (5)/[1“'é Boi ) Faols)]

The mean time can be immediately obtained from (3.37),
but we omit the result (see Section 2.3). As a
special case 6f the above system, we consider 7 = 2.
In this case the system is a two-unit paralleled
redundant'system, which is used in many fields.

Second, we shall consider'a 3-out-of-?M system.

-61-



In the system,we shall only consider a simple case

that all units are identical. The failure time distri-
bution of each unit is F(t ) = 1 - exp(- AL) and the
repair time distribution of each unit is &(t ). The
state Si( { = 0, 1, 3) of the system denotes the
corfesponding number of the failed units. In the
system we need not to consider a state S. since we

take notice of the regeneration point of the repair

Fig. 3.6. Signal flow graph of a 3-out-of-n system

of identical units.

time distribution. Fig. 3.6 shows the signal flow.

- graph of the system. Each branch gain is given by

-

(3.38) 9y, () = MA/ (s+m2),
(3.39)  $,06) =re‘ e MGG = § (s + - 1)
0

s.s0)  Ful = (M71) (et (1- € dG)

]

M =1 {3(s+n=2A) — (s+ (n—100}>
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(3.81) §,00= ("3 1) g:’e.st it € MY [(1- €2y

_ am-nin-2 _ _ —-M) _ B
- m [1 %(s+[“ 2];\)] S+ (M-1)A § ﬁ(S+[11 1)1,

Assuming that node S, is a source and node s3 is a

sink, we have from Mason's gain formula

F0) 530

(3.42) ‘ =
% 1 - %0%:06 — {6

The mean time can be immediately obtained from (3.42)
As the third model we shall consider a U4-out-of-n

system. In the system we shall also consider a

simple case that all units are identical. The state

sx (4= 0, ¥, 2, 4) of the system denotes the corres-

ponding number of the failed units. In the same '

reason of the preceding model we need not to consider

a state S53. Fig. 3.7 shows the signal flow graph of

Fig. 3.7. Signal flow graph of a 4-out-of-7 system

of identical units.
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the system. We shall derive each branch gain. For
Fo(s ), %p(s ), and F,(s ), we have obtained in
(3.38), (3.39), and (3.40), respectively, of a 3-out-
of-n system. For the other %A-a( s ), we have by
focussing on the regeneration point of the repair time

distribution

(3.43) %0 ="T0Y [ (s + (-3 ~2g(s+ (-2 + § 5+ 013 »

o) B l9=5 g (1~ s+ -20)

_Anhn-2

St Ll s+ =14,

(3.45)  fyuls)=¢(s+M-22) »

(3.46)  $,u(5) = (N-2) [F(s+M-3]2) — (s + (n-2A)»

(m-2))

S+ mn [1 — g+ [’n—ﬂﬂ)] .

(3.47) 0=

Assuming that node Sy is a source and node S4 is a

sink, we have from Mason's gain formula

gon%m%% + %on 3|4— (1 229.)
1 - 201%(0 3(1 3193“ %22"’ %mzio %22 + %li 329.

(3.48) &, (9)=
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where we also use the abbreviated notation 3% instead
of %@(s ). The mean time can be immediately obtained
from (3.48).

In general, we can consider an m-out-of-# system,
where we assume that all units are identical. The
similar signal flow graph can be demonstrated and each
branch gain can be obtained. Thus we can obtain the
LS transform of the first passage time distribution to
system down for an m-out-of-M system. Here we omit

the detailed results.

3. 5. Conclusion

The relationship between continuous time Markov
processes and signal flow graphs have been discussed
by Tin Htun [62] and Dolazza [2?]. So far as we know,
we have found no paper describing the relationship
between Markov renewal processes and signal flow
- graphs. Markov renewal processes are of great use
for the analysis in system science since the processes
are generalizations of Markov processes and renewal
processes, and have the fruitful results [53, 5ul].

We believe that the results obtained in this chapter
are of great use and may be applicable to many other
fields. _ )

The signal flow graph approach is intuitive and
obtaining the Pequired quantity is an easy mechanical
procedure form Mason's gain formula. Thus, the LS '
transforms of the first passage time distribution can
be automatically obtained if we can give the signal

Flow graph and its associated branch gains.
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CHAPTER IV

A TWO-UNIT STANDBY REDUNDANT SYSTEM
WITH STANDBY FAILURE

4. 1. Introduction

We have discussed some redundant repairable models
in the preceding chapters. In this chapter we shall
also consider a two-unit standby redundant system.

The analysis for the model in Sections 1. 4 and 3. 4
has been made with the assumption that a standby unit
never fails in the interval of standby state. In this
chapter we should, however, congider the failure of
standby units in that interval.

In the first analysis for the model we shall
discuss the system with exponential failure, general
repair, and general standby failure. Then we shall
~give the Laplace-Stieltjes (LS) transform of each
transition time distribution from one state to another,
where a state is the time instant of the system. Using
the LS transform of each transition time distribution
(which is a branch gain of the signal flow graph
considered), and applying Mason's gain formula, we
shall derive the LS transform of fhe time distribution
to first system down. As special cases we shall
discuss a two-unit paralleled redundant system with
exponential failure and general repair, and a two-unit
standby redundant system with exponential failure and
~ general repair.

In the second analysis for the model we shall
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discuss the system with all general failure, repair,
and standby failure. Focussing on the regeneration
point of the failure time distribution, we shall
derive the LS transform of the time distribution to
first system down. In the analysis we cannot obtain
all one step transition time distributions. The
similar special cases of the first analysis will be

discussed.

4. 2. Model with Exponential Failure

We consider a two-unit standby redundant system

of two dissimilar units, which is considered to be

the most generalized model. Appropriately labelling

the number of two units, we may call unit { (4 = 1, 2).
The failure time of the operative unit € is subject

to the exponential distribution Fi(t) = 1 - exp(-ait)
(t > 0), the repair time of unit < is subject to an
arbitrary distribution &(t ) (£ = 0), and the failure
time of the standby unit < in the standby interval is
subject to an arbitrary distribution Hi(t ) (€= 0).
Here we assume that the failure time of an operative
unit has the "memoryless property," i.e., the failure
time distribution is exponential. We use the memory-
less property for the analyéis as it is shown below.

We shall, however, show the general failure case in
Sectioﬁ 4.5. We define the survival distribution
Hi(t)=1- Hi(t), which denotes the probability
that the standby unit 4 does not fail up to time t

in the standby interval. We also define the similar
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survival distributions Fi(t)=1- Fi(t) and
G(t)=1- Gi(t).

We assume that the switchover times from the
operative state to the repair, from the repair comple-
tion to the standby state, and from the standby state
to the operative state are instantaneous. We further
assume that the repair completion of a unit recovers
its functioning perfectly. We note that, when the
~ standby unit 1 is put into operation, the failute time
of the operative unit { also obeys Fi(t ), which is
independent of the standby time.

4, 3. Derivation of the LS Transform

We shall apply the signal flow graph method of
analysing the model just mentioned above. Our concern
is the time distribution to first system down, where
we assume that initially at € = 0 unit 1 begins to
be operative and at that time unit 2 begins to be
standby.

In our model, we define the following five states,
where a state is the time instant (or the epoch) of
the system;

State S, ; unit 1 begins to be operative and unit 2
begins to be standby.

Stéte Si; unit 1 begins to be standby and unit 2
begins to be operative.

State S,3 unit 1l begins to get repaired and unit

2 begins to be operative.
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State 335 unit 1 begins to be operative and unit
begins to get repaired.

State S;; two units are under repair or failure,
which denotes the system down.

Using the above states, we obtain the signal flow
graph of the system in Fig. 4.1. We shall give each

branch gain.

L

-

Fig. 4.1. Signal flow graph of the system.

In state Ss we can consider the fdilowing two
(exclusive and exhaustive) cases:

(i) The operative unit 1 fails before the standby
unit 2 fails. |

(ii) The standby unit 2 fails before the operative
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unit 1 fails.
In the first case the system goes to state Sai.

Its branch gain is

(5.1) (0= f St H dR (= 555 SM (1= fa(s+)>

where we denote the LS transforms of &(t ) and Hi(t)
by the corresponding small letters 3¢(S ) and Hi(s ),
respectively. In the second case, noting that the

failure time of unit 1 has the memoryless property, we

obtain

2)  Ga@=] EFFOAH ) =ha(s+20)

In state S; we obtain each branch gain from the

similar discussion of state S; as follows:

[1—4 (s5+2)]>

(u.3) %13(5) =‘co€5t Hi(t)dl:z( = S‘f’ﬁ

(v.4)  Fials) =§we“* F, (O dH (1) =4 (s+29)-
0

In state $; we can consider the following two
(exclusive and exhaustive) cases:
(i) The operative unit 2 fails before the repair
completion of unit 1. -
(ii) The repair of unit 1 is completed before the

operative unit 2 fails.
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In the first case the system goes to state S

(i.e., the system down). Its branch gain is
. ~-st = _
(5.5) =) € GdRID= =2 (1= (s+na]-

In the second case, noting that the failure time of

unit 2 has the memoryless property, we obtain

(]

(4.6) fulo={ € RDdG®) =4 (s +20)-

From the similar discussion we obtain two branch

~gains in state S3:

.7 (4] —
1) By (9 =] € GldR =504 (s+A0]>

(4.8) %3°(s>_§‘s"a(t)dazt) 3, (5441) -

We define @o(s ), the LS transform of the time
distribution to first system down starting from state
Se at t = 0. Using the results discﬁésed in the
preceding chépter, and defining that state So is a
source and state S; is a sink, we obtain immediately

from Mason's gain formula
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(4.9) &, (s)% %02%24 + %o ba 313 %34 + Bos B34 (1-%,%2) i
= b —%"3 B30~ B2 Far B B30t B2y B2 fos T30

where we use the abbreviated notation &% instead of
%%(S ) and each branch gain 3% is given in (4.1)-

(4.8). The mean time is given by

(4.10) "\“.—._ﬂ_&@ .
$=0

4. 4. Special Cases

In this section we shall consider the three special
cases of the results obtained in the preceding section.
The first is the same system of identical units. The
second is a two-unit standby redundant system without
standby failure. The third is a two-unit paralleled
redundant system.

The first special case is the same system of
identical units. We assume that the failure time
distribution of each operative unit is
F(t) = 1 - exp(-At), the repair time distribution
is &(t ), and the failure time distribution of each
standby unit is H(t ).

The states of the system are defined as follows:

State So ; a unit begins to be operative and the
other remaining unit begins to be standby.

State Si ; a unit begins to be operative and the
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other remaining unit begins to get repaired.
State S, ; two units are under repair or failure,
which denotes the system down.

The signal flow graph of the system is given in

O*%2

Y
- jv\/ -

Fig. 4.2. Signal flow graph of the system of identical

units.

Fig. 4.2. Each branch gain is given by

4

@.11) gy (e =[ € AHIdRD = (e Foduw

A |
=55 (- hls+0)1+ Als+2),

1.12) Gy l9) = [ € Fw dGH=§ (s+2)

.19 Fualo = [ € GodRte=gx -0

Defining that state S 1is a source and state s, is a

sink, we obtain immediately from Mason's gain formula

(4.14) )= F4(8) $10(8) / [1- B (s) %yo ONE
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The mean time is given by

' A1 1- 40
(4.15) T——Tf- 9\[1_3(,)\)]'
These results can be also obtained by assuming that
two units are identical in (4.9) and (4.10).

‘The second special case is a two-unit standby
redundant system, where we assume that the failure of
the standby unit never occurs in the standby interval.
For the model, we should set H(t)=0 ( Hi(t ) =1)
in (4.1)-(4.8). In this case we obtain

(4.16)
R 511%.3131. S+2y fils+2a) (-t 5+”\‘)]+ S’r?\\ s+'A [1—3 (s44:]
W (S)= ,
1—.5131'S+A2 H(5+2%) Fa (s+20)
and :

A 1 2
NPT S U 7k 4
M I- %)

—~—

These results have been given in (1.25) and (1.26) of
Section 1l.4. However, in the model we need not the
memoryless prbperty of the operative unit, i.e., the .
failure time distribution of the operative unit

£ (1 =1, 2) is an arbitrary one Fi(t). In the

most generalized model, we have given the LS transform
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by using the signal flow graph method in Section 3.4.
The third special case is a two-unit paralleled

redundant system. In the results of Section 4.3, we

assume that the failure time of the standby unit €

(1 = 1, 2) has also the same distribution

MiCt) = Fi(t) = 1 - exp(- a:t) as unit 1 is

operative. For the model we obtain

{-§i5+2) | 1 — 3,5+
Az [ StAa + S+Aq ]

(4.18) flo)= S+ (1— §:(St2a)] +22 [1— FalstA)]
and

L 12 - g+ 22 T1-3.00]
(4.19) T= 2 ‘

A3 + 2 01— )]

which have been given in Section 1.3.

In the second and third special cases we can also
obtain the LS transforms for the same systems of
identical units and their mean times by setting
H(t ) = 0 for the second case and by setting
H(t) = 1 - exp(-at) (A(s) =2/(s+A)) in (4.14)
and (4.15). ( |

4. 5. Analysis for the system with general failure

In the first analysis for the model we assume that

the failure time distribution of the operative unit is
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exponential. In this section we assume that the failure
time distribution of the operative unit + (4 = 1, 2)
is an arbitrary Fi(t) (t = 0). We shall analyse
the model by focussing on the regeneration point of
the failure time distribution. TFirst, we shall consi-
der a simple system of identical units. The system of
dissimilar units will be discussed in the following
section. \

For the simple system of identical unit we define
the following three states of the system:

State So; one unit begins to be operative and
another unit begins to be in standby.

State Si; one unit begins to be operative and
another unit begins to get repaired.

State Ss;; two units are under repair or failure
simultaneously. This state denotes the system down.

We note that these states denote the time instants
(or epochs) of the model. The state transition diagram

of the model is demonstrated in Fig. 4.3.

Fig. 4.3. The state transition diagram of the model

of identical units.
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We shall consider the state transitions from state
So. In state S, two transitions can be considered;
one is to state Si , and another is to state Sz,

In the first place we shall consider the state
transition from state Se to state Si1. We consider
the time interval (0, t). The probability that the
operétive unit'fails first in the time interval
(t, t+dt) is dF (t ). 1In the time interval (0, t),
the probabilities that another unit is in standby up
to time T are H(t), H(t)* G(t)*H(1),

HCOt )® &(t )% H(t)* &G(t)* H(t ),and so on, where *
denotes the convolution operation. We note that H(t)
means that another unit never fails in (0, t),
H(t)*G(t )* H(t ) means that another unit is in
standby up to time T via the unit's failure and
repair, H(t)* G(t )% H(t)* G(t)* H(t ) means that
another unit is in standby up to time T via two times
of the unit's failure and repair, and so on. These
events are mutually exclusive. Thus, the one step
distribution (which may be improper) from state So

to state Si1 is

1 o —
(4.20) Qo (t>=§ [H) +HE) G0 KT + H ) 68 % HE & *HC)
0

+ - - - - 1dRE.

Introduce the notation

o (1-Aw) =5 (e,

n=0
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where
T

A xAD «--- A (M= 1)

(4.22) [A(t)]m:

. (7m = 0; a Heaviside step function)

Using the notation (4.21), (4.20) can be rewritten

AN

1)

29 Q0 =[ [Ans (1-Hoxe) "I ®.

‘The LS transform of on('t) becomes
I &1
(4.24) %m(s)=go e [H) x (1= H@) % 6Lt) 1]o\F(Jc).

In the second place we shall consider the state
transition from state 8y to state S2. We also
consider the time interval (0, t). The probability
that the operative unit fails first in the time
interval (t, t + ot ) is dF(t). In the time inter-
val (0, t), the probabilities that another unit is
under repair up to time t are H(t)* &(t),

HOt)#* G(t ) H(t)* &(1), |
HOt )% G(t )% H(t )% G(t)* H(t)* G(Tt), and so on.
Thus, the LS transform of the one step distribution

from state So to state Sa is given by

(1.29)  §y(9={ €= [HD*Fet)x (1- Hi 6e)JdFE.
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We shall consider the state transitions from
state S;. In state Si two transitions can be
considered; one is coming back to state Si, and
another is to state Sa.

In the first place we shall consider the state
transition from state Si1 to state S1 again. In this
caée we can consider that the operative unit fails
in the time interval ( t, t + ot ) and another unit
is in standby up to time T. The probabilities that
another unit is in standby up to time t are G(t )* H(t ),
Gt H(t)* G(t)*H(t ), and so on. Thus we have

(4.26) G, ()= g”e““ [t Hit)x (- H*6a) "] dRe).

In the second place we shall consider the state
transition from state Sy to state Sa. In the
similar way we shall consider that rthe operative unit
fails in the time interval (t, t + dt ) and another

unit is under repair up to time t . Thus we have

(4.27)  Fpl0) = g:e'“ (G« (1=Hw* ) ] dFe).

We define (s ) (1 = 0, 1), the LS transform
of the time distribution to first system down starting
from state S; at t = 0. For %,(s), we have by
using %;a-( s)

(14.28) Bo(S) = Fog($) + Fo;(9) BulS).
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For (s ), we have similarly
(4.29) (ﬁ (s) = %19_(5) + 211(5) cf\ (s-
Solving for ®o(S ) in (4.28) and (4.29), we obtain

(4.30) (fo(s) = %02(5) + 801(5) %IQ(S)/[]-—%H(S)]’

which is our desired result. The mean time is immedi-

ately given by

(1.31) %z_d;f’g(s)

S=0

4. 6. Dissimilar Unit Case

We have derived the LS transform for the simple
model that the two units are identical. In this section
we shall extend the model to one of dissimilar units.

We define the following four states of the model:

©, State So; unit 1 begins to be operative and
unit\? begins to be in standby.

State Si1; unit 1 begins to get repaired and
unit 2 begins to be operative.

State S, ; unit 1 begins to be operative and
unit 2 begins to get repaired.

State S3; two unit are under repair or failure

simultaneously. This state denotes the system down.
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Fig. 4.4, The state transition diagram of the model

of dissimilar units.
The state transition diagram is demonstrated in

Fig. 4.4. Each LS transform 8@(5 ) of the one step

distribution from state Si to S; is similarly given by -
(4.32)  §o (= r S (Mt * (- Wb Ge) ] dF 1),
(133 = (e [Hns G+ (- Hilos &) T dR ),
(3w B0 = E* (G Rls U-HOGH) IR0,
(4.35) % (sf = &[G * (- HW*Ge) " 1dRW),

#.38) i) = | € [P (I-HorGe) 1Rt
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(4.37)  $,(0) _—_g”e-st (G« (1- H,@x g 1dR ).
"]
We also define @(s) ({ =0, 1, 2), the LS

transform of the first time distribution to system down

starting from state £. For each 6.(s ), we have
(u4.38) ©(S) = F(® T Tor (9 &)
(4.39) (-Q"(S) = %'13(5) -+ %IQ(S) (?1(5),

(4.40) 9,6 = Fu6) + 3006

Solving for @,(S ), we have

Fo. 5) 3569 + Foils) %12(5) Bi3(s)
1= e®t®

(4.41) (Po(s)=%'03 (S) -+

and the mean time can be derived from (4.31) by using
@o(s ) in (u.ul1).

Two special cases can be easily obtained. The
first case is a two-unit standby redundant system in
no consideration of standby failure by setting
He(t) = 0 (Hi(t) = 1), the results of which have
been given in Sectioh 1.4, The second case is a
two-unit paralleled redundant system by setting
Fi(t) = Ha(t) = 1 - exp (-x{t), the results of

which have been given in Section 1.3.
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CHAPTER V

A Two-Unit Standby Redundant System
WITH REPAIR AND PREVENTIVE MAINTENANCE

5. 1. Introduction

It is an important problem to operate a system in
a specified long time without failure. We have known
some policies to maintain a system. In particular,
the following two policies are well-known:

(i) We make the system redundant.

(ii) We make the system preventively maintainable.

For the models using (i), a two-unit standby (or
paralleled) redundant system is found in many fields
and is well-known. The.detailed discussion of such a
system has been described in the preceding chapters.
For the models using (ii), Barlow and Proschan [4, 5]
héve discussed as replacement problems. They have
studied in detailra random replacement, an age
replacement, a block replacement, and other replace-
ment models.

In this chapter we shall consider a system which
combines the above two policies. As a redundant
model, we shall consider a two-unit standby redundant
system with repair maintenance. As a preventive main-
tenance policy, we shall adopt a randomrone for an
operative unit of the system. That is, an operative
unit stops its operation after a time duration for
the preventive maintenance. Combining the two policies

just mentioned above, we call the system a two-unit
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standby redundant system with repair and preventive

maintenance. Our concern for the system is the time
to first system down.

First, we shall consider a system of two identical
units. That is, we consider a system of two units in
which the two units have the same statistical properties.
Defining the states of the system, and focussing on
the regeneration point of the failure or inspection
time, we shall derive the Laplace-Stieltjes (LS)
transform of the time distribution to first system
down. The mean time will be also derived from it.

We shall further show that the mean time derived here
is greater than that of a two-unit standby redundant
system with only repair maintenance under the suitable
conditions.

Second, we shall consider a system of two dis-
similar units. That is, we consider a system in which
the statistical properties of the two units are differ-
ent. In the same way we shall analyse the system by

\
using the signal flow graph method.

5. 2. Model

Consider a system of two identical unit (or

subsystems). The failure time distribution of each
unit is an arbitrary F(t ) and the repair time distri-
bution is also an arbitrary G&G(t ). We assume that
after the repair completion a unit recovers its func-
tion perfectly. We also assume that the switchover

times from the failure to the repair, from the repair
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completion to the standby state, and from the standby
state to the operative state of each unit are all
instantaneous. The behavior of the system obeys the
usual two-unit standby redundant system (see Gnedenko
et al. [338, p. 329] and Srinivasan [58].

Next we shall consider the preventive maintenance
policy. When an operative unit goes to a specified
time t and it is free from failure in that interval,
the unit undergoes inspection as the preventive main-
tenance policy. We assume that the time distribution
to the inspection is an arbitrary A(t ). The time
distribution from the inspection to the inspection
completion (or the preventive repair completion) is
assumed to be an arbitrary B(T ). We assume that
after the inspection completion a unit recovers its
function perfectly. We also assume that G(t) £ B(t)
for all T so as to make the preventive maintenance
policy effective. We shall further consider a special
situation: When an operative unit goes to the inspec--
tion time before the repair completion of the other
failed unit (or the inspection completion of the other
unit under inspection), we make no inspection for an
operative unit since the inspection of the operative
unit yields the system down. That is, the inspection
of an operative unit is only made if the other unit is
in standby. ‘We assume that the switchover times
occurring in the inspection are all instantaneous. We
also assume that all random variables are mutually

independent and nonnegative. We should naturally
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assume that the failure time distribution of an operative

unit has IFR (see Barlow and Proschan [5, p. 12]) so

as to make the preventive maintenance policy effective.
Our concern for the system is the LS transform of

the time distribution to first system down. We shall

derive the LS transform.

5. 3. Analysis
Consider the time instants of the failure or
inspection of the units for the analysis of the system.
We shall consider the following four states (which are
the time instants of the system):
State S, : One unit begins to be operative and
the other is in standby.
State sy : One unit begins to be operative instead
of the other failed unit and the failed

unit begins to get repaired.

State S.: One unit begins to be operative instead
of the inspection of the other unit and

\ the inspection of the other unit begins.
State S3: The two unit are under failure, inspec-

tion, or repair simultaneously, which
state denotes the system down.
We shall consider the time distribution to first
system down (i.e., state S3) starting from state So
at t = 0. Then we shall consider each transition time
distribution from one state to another.
In state So , we can consider the following two

(exclusive and exhaustive) cases:
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(i) An opérative unit fails before the inspection
time comes.

(ii) The inspection time of an operative unit comes
before an operative unit fails.

In case (i) the system goes to state Si . Its

distribution becomes

t—
(5.1) MGECEEOR

where A(t) = 1 - A(t ) denotes the survival proba-
bility function. In general, the upper bar of the
distribution denotes the survival probability function
throughout this chapter. Applying the LS transofrms for
(5.1), we have

_ _—
(5.2) Fouls) =ré'5t d Qo (1) =§ LA AR )
0 o

In case (ii) the system goes to state Siz. The
LS transform of the time distribution from state Se

to state S5 becomes
(5.3) Fw®=\ €*F@)dAw).
0

In state St, we consider the following three
(exclusive and exhaustive) cases:

(i) After the repair completion of a failed unit,
an operative unit fails.

(ii) After the repair completion of a failed unit,
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the inspection time comes.
(iii) An operative unit fails before the repair
completion of a failed unit.

In case (1) we can further consider the following
two (exclusive and exhaustive) cases: (A) After the
repair completion of a failed unit, an operative unit
fails and that the inspection time does not come in
that interval. Then its distribution becomes
S:.P-\('t ) G(t)dF(t). (B) The inspection time comes
before the repair completion:of a failed unit. In this
case the inspection is not made as we have described
in Section 5.2.Then the probability that the repair of
a failed unit is completed up to time X after the
inspection time comes is gﬁA(% )Ad&(Y ). The time
distribution that an operative unit fails after the
repair completion (and that the inspection is not made)
becomes f:[g:/\(”d' Yd& (Y )1dF(x ). Thus we have the
LS transform of the time distribution from state §;
to state Si as follows:

~
%
0

(5.4) 3, (s>=§°°e‘“7\‘<f) GO R + gé“[ g’; ) dGETIAR (D).

In case (ii), after the repair completion of a
failed unit, the inspection time comes and it is free
from failure of an operative unit in that interval.

Then the system goes to state S2. Its LS transform
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becomes
(5.5) Fols) = fe‘“ Fet) Gt dA ().

In case (iii) the system goes to state Sz . Its
LS transform becomes
3
0

(5.6)  $y(9) =[ €= FOMRD).

In state S, we can consider the following three
(exclusive and exhaustive) cases: "

(i) After the inspection is completed, the inspec-
tion time of an operative unit comes. _

(ii) After the inspection is completed, an operative
unit fails. - ‘

(iii) An operative unit fails before the inspection
is completed.

In case (i), after the inspection is completed,
the inspection time of an operative unit comes and it
is free from failure of an operative unit in that
interval. Then the system goes to state Sa. Its LS

transform becomes

(5.7)  fplo= gj €% F () Bit) dA)-
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In case (ii) we can further consider the following
two (exclusive and exhaustive) cases: (A) An operative
unit fails after the inspection completion and that
the inspection time does not come in that interval.

(B) The inspection time of an opergtive unit comes
before the inspection completion. In this case the
inspection is not made so as to avoid the system down.
Then the inspection is completed before an operative
unit fails. In both cases (A) and (B), the system
~goes to state §;. Ih the similar way of deriving

(5.4), we have

(5.8) B0 = S:e-stmt) BlodFw) + gje's* [gt AC) AU dFCt).

In case (iii), the system goes to state S;(i.e.,

the System down). Its LS transform becomes

7/,

(5.9) 0= re‘“—B'(t)dF(t).

Thus we have all branch gains of the signal flow
~graph of the system. We show the signal flow graph of
the system in Fig. 5.1, where each branch gain is
given by (5.2)-(5.9). Defining that state So is a
source and state S; is a sink in Fig. 5.1, and

applying Mason's gain formula [13], we have

(5.10) $(9= Bulo) 3[3(5)[{—%22(5)]'% TV 5209 %59+ Bt h23(8) (=B8] + Boal®) Bails) ZB(5)7
0 1 - %“(S) - %22(5) + %-“(S) %22(5) - glz(s) zll(s>
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Fig. 5.1. Signal flow graph of the system of identical

units.

which is the LS transform of the time distribution to
first system down starting fromrstate S at t = 0.

To prove that the above distribution is a proper
one [28, p. 129], we should proveVVQO(O) = 1. Then we
should verify

(5.11) For (0 + Foq(0) =1,
(5.12) 3,0 + 30 + S =1,

(5.13) %21(0) + %12(0) -+ Zza(o) 21 .

As we have described in deriving E@(S ), we have
considered all the possibilities in state Si( 4 = 0,
1, 2). Thus we have verified that (5.11), (5.12), and
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(5.13) hold. We can also verify analytically that (5.11),
(5.12), and (5.13) hold, but we omit the proof.

5. 4. Mean Time and Discussions

In this section we shall derive the mean time to
first system down. We shall further discuss some
properties concerning the mean time. To simplify the

notation, we introduce the notations

(5.14) %4653‘*&(0); ' ({.‘3 ] =0,1,2,3)

(5.15) t&o = _OL}%L_(S) disga_ )

a0 dS  s=0’
3
(5.16)  |Ji= 5 456 (€1 =1, 2)
. #=1 ds

Using the above notations (5.14), (5.15), and (5.16),

we have the mean time to first system down

| A_“_d%©
(5.17) T = 35 lses

(Fo1 %1z + Go) o (1= By —For 7s) M
'(r_%ﬂ)&f+%u%3

= Ho-+

We have discussed a random preventive maintenance
policy. We further consider an age preventive main-
tenance policy. In practical situations we should

adopt an age preventive maintenance policy since it is
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suitable for the actual policy. Then we assume that
0 for t <o

(5.18) Act) {

1 for t=T..

In this case we introduce the following notations

(5.19) 9, sg: GOAFR), B Er'é(t)d\?&),
(5.20) P=Fk), B. =F k),
to
.20 =\ Fod,
% 7 t
(5.22) /A= So F)dt =§ tdR ),

(5.23) G =G, B=B(t).

Using the above notations (5.19)-(5.23), we have for

an age preventive maintenance policy

146 , B+ {BT—(Bi0+E.0)/2] -

(5.24) T= A0 + 9({9(""@5—(6\_92—89')}

where the first term of the above equation denotes the
mean time without the preventive maintenance and the
second term denotes the effect of the preventive

maintenance.

-93-



The results (5.29) is equal to the first term of the
right-hand side of equation (5.24) as is shown above.
Thus the second term of equation (5.24) denotes the
effect of the preventive maintenance policy.

We shall finally discuss the following theorem
that the preventive maintenance policy is effective in

the sense of the mean time.

Theorem 5.1. The mean time (5.24) for the system with

repair and preventive maintenance is greater than that
of (5.29) for the system with only repair maintenance
on the assumptions that the failure rate Y(t ) of the
failure time distribution is strictly increasing and

there exists a ff such that

(5.30) Y(tf) =26/ (8,-6:),
and that we adoRF a suitable inspection interval .

Proof. To prove the theorem, we should verify that
the second term of the right-hand side of equation
(5.24) is positive on the above assumptions. We
should only consider the second term of the right-hand
side of equation (5.24). We shall only show that the
denominator and the numerator of the second term are
both positive on the above assumptions. It is evident
from (5.19) and (5.23) that 61 and 01+ & are both

positive. The brackets of the denominator become

(5.31) 6, + 3, (66,—- B8y)
= (1~ Fltto) BCt)) B, + Fto) Gt 81> 0,
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As a special case of the system discussed in this
chapter, we shall consider a two-unit standby redundant
system with only repair maintenance. In this case we
may only consider the states §,, Sp, and $S3 which
are defined in Section 5.3. We need not to consider
state &, since the inspection is not made. Each LS
transform of the transidion time distribution from one

state to another is given by

0 -gt
(5.25) %01(s)=g° e dF),
(5.26)  F, ()= gme‘s" Gt dF D),

(5.27)  §,(6) = gwéstg{f) dFce).

These results can also be obtained by setting
ACt)y=0 (A(t)=1) for all t in (5.2)-(5.9).
The LS transform of the time distribution to first

system down is given by

_ 50 @
(5.28) b.(s) = =36

where each ?;;3(5 ) is defined in (5.25)-(5.27). The

mean time to first system down is given by

>_ 146,
(5.29) T= 26
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from F(t,) < 1 and B(t, ).< 1. Define P( %o ) by the

brackets of the numerator, which is a function of To.

(5.32) P(1)=0,7 — (B0, +B.0.)/2
=6, [ Feondt—{ (6 Fit) 0, + F(19.6:} /4
=(8,- 6.)Ft) /2 + 6, gt Ttdt.

For P (%), we have p(0) = - f2/4 <0, P o) =
- Differentiating ;D(‘fo) with respect to T, , we have

(533 AW _(o ) (/a1 o, Fit)

=F—4—(to) {91_ (Qt“ez)YCto)/A} ’

where {(to) = dF (ts)/dte and Y(t,) = { (to)/ T (to).
By using the assumptions that Y (1) is an increasing
function of ‘o (i.e., Y(to)l as t, 1 , we can show
that there exists a 7, such that olf’('l'o)/ dt = 0,

that is

(5.3u) Y (tS )_ f)\91 )
-0
where §- 9,> 0 if B(t)> &(t) and G(Tt) F B(Tt)
for all t. Using also p (o) <o, 77(00) = 0, and
P('(‘o) is a unimodal function of §, > 0, there exists
a Tp such that ]’(%%) = 0. Thus, if we choose a
to > To, we have P('lfo)> 0. That is, the second
term of the right-hand side of equation (5.24) is
" positive if we choose a 1, (>%), which proves the

theorem.
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5. 5. Dissimilar Case

In this section we shall further consider a two-
unit standby redundant system with repair and preventive
maintenance in which the two units are different in
their statistical properties. We shall simply describe
~ the necessary definitions of the system.

The two units can be labeled by the integers 1 =
1, 2. The failure time distribution of unit 1 ( ¢ =
1, 2) is an arbitrary Fi(t ) and the repair time dis-
tribution of unit { is also an arbitrary §(t ). The
time distribution from the beginning of the operation
to the inspection of the operative unit ¢ is also an
arbitrary At ). The time distribution from the
inspection to the inspection completion (orrthe preven-
tive repair completion) of unit 1 under inSpection is
an arbitrary B(tT). We also assume that all random
variables are mutually independent and nonnegative.-

The same assumptions of the system are imposed as des-
cribed in Section 5. 2. For example, we should assumé
that Fi(t) (4 =1, 2) has IFR, B(t)= &G(t) (4=
1, 2), and so on.

Consider the time instants of the failure or inspec-
tion of the units for the analysis of the system. We
shall consider the following six states (which are the
time instants of the system): ‘

State sg: Unit 1 begins to be operative and unit

2 begins to be in standby.

State s;: Unit 2 begins to be operative instead

of the failed unit 1 and the failed

unit 1 begins to get repaired.
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State S;: Unit 1 begins to be operative instead
of the failed unit 2 and the failed
unit 2 begins to get repaired.

State s3: Unit 2 begins to be operative instead
of the other unit 1 and the inspection
of unit 1 begins.

State S4: Unit 1 begins to be operative instead
of the other unit 2 and the inspection
of unit 2 begins.

State s;: ‘The two units are under failure, in-
spection, or repair simultaneocusly,
which state denotes the system down.

We shall consider each LS transform of the transi-

tion time distribution from one state to another. Each
LS transform is derived in the gimilar way of the

system of identical units. Then we have

(5.3)  §,0= & RBdRe),
(s.38)  fu0=] e Fdh®,
0

(5.37) ?;,z(s>=§: e A,) (‘T,(’c)olE(tHgoe'“ [f ALd& (] dF, @),

(5.38) - §.0 =§:°e’St R G dAL®),
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(s.

(s.

(s.

(s.

(5.

(5.

(5,_'

(5.

(s.

39)

40)

41)

42)

43)

)

45)

u6)

47)

(5.48)

§i5(5) =fe'5" GdR®),
b= RO GodRn +( e[ Awdldre,
20 =§:°e‘$t R0 & (DdAs),

s = € TR,

L= KW e R0 B dAsl),

e _ L t
b ={ € RB oD+ [ MadBia]dic,

%, (5= oé“ B.(t)dF (1),

1 ® =g:°e‘5* (6 By d ().

Bl =§° €At R ) +§:e‘s“[ X:A‘(’a)O\BA‘dﬂdﬁ(t), |

t —
b =] e Butldi ),
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The signal flow graph of the system is demonstrated

in Fig. 5.2. Each brach gain is given in (5.35)-(5.48).

Fig. 5.2. Signal flow graph of the system of

dissimilar units.
Thus, defining that state S, is a source and state

Ss is a sink, and applying Mason's gain formula, we

have immediately

(s.49)  %6)=N/D,

where

(5.50) D=1=5.059 = 508 ~ F34(5) 59 — §256) 225
+%l2 () %2! (5) 3'34(5)%43 ® + 8‘|4(S) %4.( )] @zz (s) <532(5) »
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(5.51) N= 5,0 3u5) 5 ) [1-354(5) 31a(6)] + 308 5 §s8 50 15 5)
+ () 5150 U1 83 84a(5) ~ 32509 Fsal5) + 31 (9) §1alS) §x5) Bas )
+50r () §15) 3459 [1 = $2305) a2 (5]
+§536) F348) 35 (1= 5a(9)326) + 36a5) 349 Tu5) 3125) Bas ()
+6036) F350 (1~ 3149 F216)— 318 B (ST + Fo36) 3548 Buls) B1s(S)
+503(5) 5225) $35® [1 = 5168 Fas ()],

We have obtained @,(S ), the LS transform of the time
distribution to first system down. The mean time

can be easily obtained from it. The similar result
of Theorem 5.1 will hold for the system but we omit

the form of the. theorem here

5. 6. Conclusion

We have considered a two-unit standby redundant
system with repair and preventive maintenance. For
the system we have obtained the LS transform of the
time distribution to first system down and its mean
time. We have further shown that the preventive
maintenance policy is effective in the sense of the
mean time on the suitable assumptions. ’For the fail-
ure, repair, and inspection time distributions, we have
~assumed arbitrary distributions.  Thus, our results
obtained in this chapter are available by assuming.

suitable distributions.

-101-



In a recent paper, Mine and Asakuraf have discussed
a multiple unit standby redundant system with repair and
preventive maintenance. They have derived the LS trans-
form of the time distribution to the first emptiness and
its mean time on the assumptions that the failure and
inspection time distributions are exponential. In this
chapter, we have derived the LS transform on the assump-
tions that all distributions are arbitrary, where we have
considered a two-unit standby redundant system.

In many fields we use a two-unit standby redundant
system. In this situations, if the failure time dis-
tribution has IFR, we should adopt the preventive main-
tenance policy. Then Theorem 5.1 states that the pre-
ventive maintenance policy is effective on the suitable
assumptions. In the actual situations, these assum-
tions may be satisfied. In Theorem 5.1, we have adopted
an age preventive maintenance policy. However, we
believe that a random preventivé maintenance policy
(which includes an age one) is effective on the suitable

assumption of the random inspection distribution.

t Mine, H. and Asakura, T., "The effect of an age
replacement to a standby redundant system," J. Appl.
Prob., vol. 6 (1969), no. 4, to appear.
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CHAPTER VI

MARKOVIAN DECISION PROCESSES WITH DISCOUNTING

6. 1. Introduction

Consider a system whose state space has finitely
many states as we have described in the Introduction.
Let a state space S be a set of states labeled by the
integers {1=1, 2, ..., W, That is, S= {1, 2, ...,
N}, For each {¢§S, we have a set Ki of finite

actions (or alternatives) labeled by the integers #A-=

1, 2, ..., Ki. The policy space is denoted by the

Cartesian product of each action set, i.e., K=Kx Kex
o xKw. Then we consider a sequential decision pro-
blem, i.e., we observe periodically one of statés at
time N =10, 1, 2, «.., and have to make an action,at
each time. ) ) o ) | -
When the system is in state <¢g and that we make

an action £ ¢ K;, the following two things happen:
(i) We have the return Y. ' o 7
(ii) The system obeys the probability law ]&;’
(j€S) at the next time, where Hf is the

transition probability that the system is in

‘state 7 at the next time given that the system
is in state 4 at that time and an action A&
» is made. , )
Here we assume that the return Yf‘ is bounded for all
4A€9, ReKi. It is clear from the finiteness of state
space that '

£ _ & ‘ . ,
(6.1) a'GZS an. =1, P‘J >0, (4,7€S, #ekK:)
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In this chapter, we consider a discounted process.

Let P (0<B<1) be a discount factor. That is, unit

return becomes Bn after M times (e.g., M days).

The discount factor is considered as the reciprocal of

1 plus the interest rate. The introduction of the
discount factor is mathematically to avoid the divergence
of the total expected return.

We also give an initial distribution

(6.2) a=(Q1, Qa,..., Gu),

where

(6.3)- %Q;=1, Qi = 0. (1e8)
_ A€

Then the system is a nonstationary Markov chain with

returns. Our problem is to find strategies which

maximizes the discounted total expected return over

a finite or an infinite time horizon, where a strategy

is a sequence of decisions in each time and each state.
In this chapter we shall focus our attention on a

discounted decision process over an infinite time hori-

zon. We consider a maximization problem (if we consider

a minization problem, we may change the sign of the

returns).

6. 2. Policy Iteration Algorithm‘

In this section we shall give the so-called Policy

Iteration Algorithm for a discounted Markovian decision
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process. The policy iteration algorithm has been given
by Howard [40], So it is sometimes called Howard's
policy iteration algorithm. The policy iteration
algorithm has the close relation to linear programming
discussed afterwards.

Since we consider a sequential decision process,
we have the complete information of all states and times.
Let F be a set of functions from the state space S
to the policy space K. Since S and its associated K
are both finite sets, R is a:finite set. Let § or
§ be a function in F. Then a strategy T is defined
by a sequence {fx, =1, 2, ... }. So, we may write
a strategy = ( fio 52 «ees fns -..), where fn is the
decision vector for each state at time M, i.e., &&i),
the {th element of fn, is an action of state 4€S at
time N. S ) )

A strategy ( ¥, %, §2, ...) is denoted by ( 3,T),
where §€R and M= (51, §2, ...). A strategy (f.5%,
«ees §5 «<.) is denoted by 7, where {€ F, and we )
call it a stationary strategy. That is, a stationary
strategy {" 1s ong which is independent of time M.

A strategy ( §jf§?‘7??:}, fi, &, ...) is denoted by
( §", ), where §€F and T= (1, fr, ...).

For any strategy T, we have a nonstationary Markov

chain. = Then we write N step transition probability

matrix as -

(6.4)  Pulm) =PHIPH) - -- P(fn). (m=1, 2, ...)
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where P ($.) is the NXA transition matrix whose {¢-7 th
element is B-?, 4= f,n(/i.) € KA',. For M= 0, we define
Po(TC) = I (the #X# identity matrix). For any f{é€f,
we may write the #xl return vector T({ ) whose {th
element is ﬁﬁ, 4 = f(i.) €K, Under the notation
defined above, we have the M X 1 discounted total

expected return vector starting in each state L€S:

(6.5) V(M) =,§ 8" (T Y (et ).

To show the finiteness of the above vector, setting

—— " . .g_

YW= max Y% and Y= min Y*, we have
i ~ i >
by >

Y-L. YU
(6.6) T8 ﬂéV@(‘u‘)él_@ﬂ,

where 1 is the Wx1 vector with all elements unity.

While we have

(6. 7.) Ve (T0) ?é B" B (10 T(fna)
| = 1050 + 3% € R0 1)
= YG) + p P& Z E R (TOT )
=Y + 6 P Ve (T,

where Tw= ( 2, 3, ...) is a strategy delayed one step
for each time. Then, for any #X 1 vector W we define

a function L($) which maps W into L( fyw= Y(§)+
A P({)W. We may consider that a function L)
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is one step returﬁ under the preceding return W when
we use the decision f¢F. Thus, Ve( §,T) =
L) Vp(TC).

We define the vector inequality as follows. For
any two column vectors Wi, Wz, we write Wi2W, if every
element of Wi is not less than the corresponding element
of W,, and WiD>Woif W\ =Woand Wi # W=z, This notation

of vector inequality is used throughout this thesis.

Definition 6. 1. A strategy T¥ is called B-optimal
if V()2 V() for all T, where 3 (0£B3<1) is fixed.

This definition means that an optimal strategy is attained
simultaneously for each initial state. But this fact

is nontrivial, and will be shown below. If an optimal
strategy MY is attained simultaneously for each initial
state, we have & Vp(T*)2 aVa(TT) for any T and any
initial distribution Q, i.e., an optimal strategy is
independent of the initial distribution Q. Conversely,
if an optimal strategy which maximizes OL\/@('UC) is
independent of the initial distribution @ , we have

Ve (T9) = Va(T0).

Lemma 6. 2. L(f ) is monotone, i.e., Wi2Waimplies

LHwiz LK) .

Proof. L()wi- L)W= PE)IwR - wo) = 0 if
W', 242, which completes the proof.
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Under the above preparation, we have the following

three theorems which have been given by Blackwell [9].

Theorem 6. 3. V@('IEX) = Va(g, ™) for all 4eF
implies that ¥ is @-optimal. '

Theorem 6. 4. Vﬁ( £, M) > \/g(TE) implies Vp(*oo)>
V(g(‘ﬂ:).

Now we have our main theorem.

Theorem 6. 5. Take any f €F. TFor each 4€9,
denote G( 4 ,f ) the set of all R€ K. for which

% 4
A Ay >
4B LR >

whe;:*e V. is the 4th element of V‘s( f”). If G(4,4§)
is empty for all 4 €S, then fw is @—optimal. For
any 3¢ such that

(a) (i) e G(4,4) for some { and

(b) %(&)=S(;\.)whenever ‘j(/‘\)i Gr('{.,f),v
we have Va(§") > Ve (§™.

As a direct consequence of the above theorems, we

have

Corollary 6. 6. There is a P-—optimal strategy which

is stationary.

These theorems describe a method for finding an
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optimal stationary strategy, which is called (Howard's)
Policy Iteration Algorithm. The algorithm has two

parts as follows:

Value Determination Operation
Take any §{€F. Solve
&
A = yR s PR
~ it r3,;'es F‘J 1{7.
" for V.(4€S), where 4 = fa) correspods to the

chosen strategy fno.

Policy Improvement Routine
Using the values V;(4€§), find the element of
G (4,f) for each {€S such that

Iy R ’
Y. + A > U
~ B;Eé% F"J ?

for all f €Ki If G(4,§) is empty for all
{€5, §°is B-optimal and Vp(fw) = [Vi] is the
discounted total expected return. If al least
¥(i)€ G(4,f) for some €, make an improved
strategy ’6” such that 3*(4;) € G(4,f) for
some 1 and q(4) = f(4) for G(4A,%) empty

and return to Value Determination Operation.

As an initial strategy 'fm, we may; take, for
example, -éneali(,. Tj‘ for each 1€S.

This policy iteration algorithm is simple and ele-
gant. The numerical examples using this algorithm

will be presented in Section 6. 6. The convergence
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to an optimal strategy is fairly rapid. .In Section
6. 4 we shall discuss the setup of this algorithm from

the viewpoint of linear programming.

6. 3. Linear Programming Algorithm

In this section we shall consider the linear pro-
gramming formulation of the discounted Markovian deci-
sion processes. The relation between the policy itera-
tion algorithm and a linear programming algorithm will
be described in the next section. In this section we
formulate a linear programming algorithm and discuss
some interesting properties of this problem.

It is more convenient for the latter discussion
to extend the range of decisions to include randomized

(or mixed) strategies. Thus for any M, we define

7&%41), the joint probability of being in state 4¢S
and making decision % €Ki. Our problem then is to
find an optimal strategy which maximizes the discounted
total expected return. Here we consider the maximi-
zation problem under the initial distribution (6.2)
because an optimal strategy is attained simultaneously
for each state.

Since ?&’Yl) obeys the probability law F"'j’ we

may write

Bimy . ey — A _
(6.9)£§3 A (m)—’XJ(O)—% (M= 0)

£ .4 .
:%%ﬁ?&éﬂk(m’oj(n- l, 2, ooy JéS)
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where Qé is the probability that the system is in
state # at time O defined in (6.2).

Lemma 6. 7. Any nonnegative solution lf(4l) of
(6.9) is a probability distribution and the corresponding

discounted total expected return is bounded.

Proof, Since 22 ‘F; = 1, summing (6.9) over alljéS

#es
implies
(6.100 I T X(m=7I 0 (N = 0)
ies 4y ¢ j€s

PN

=Lk Af(m-1). (m=1,2, ..

The assumption that Qé is a probability distribution

implies recursively

(6.11) Z ﬁ‘(m=1 (m =1, 2, o)
Aé

This plus the fact that X?(dl) is assumed to be non-
negative, which proves the first part of Lemma. The
second part has been proved in (6.6). These complete

the proof.

As a result of this lemma, we have the following

objective function:
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(6.12) Max {% (3,ﬂ ) YA& 5\5(’71)
) €S REKL

N=0 A

under the constraints (6.9) and 7&("&) = 0 for all
MN=0,1, ... 3 4€S, and ®€Ki. As it stands,
this problem, say problem ( & ), is similar to a
standard linear programming problem; however, it
contains an infinite number of constraints and variables
and thus the classical theory of linear programming
cannot be used to analyze it in this form. Using the

fact that the sequences '/\S‘(’ﬂ) are bounded, and
£

0L (3<l, we define a set of new variables XJ by
N
(6.13) k=1 pmﬁ?%(ﬁ) (J'GS,éékJ-)
e ¢ =0 ¢

By definition, the new variables xf can Ze
viewed as the Z transforms of the sequences 9\;(’72)
evaluated at £ = r:S . Using these variables X;ﬁ“, we
have the following standard linear programming problem,

say problem ( Pr):

(6.14) Max Y. 2. Y'vﬁ:(-"i
j€s gex; & 4
subject to |
£ — 2. 4 .
(6.15) . RyR = Q; ( )
ﬁezt{,-sz + (3}&:5 ﬁzeT(; EJ X ¢ { €5
(6.16) xfz(), <;es,4&ekj)
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Problem ( Pr ) is now a standard linear programming
problem. In the following discussion, we take advantage
of the special structure of this problem to prove that
its solution has several interesting properties. We
shall then use these properties to show that there is
always an optimal solution for this problem and that
for any basic optimal solution there is a corresponding
optimal solution to problem ( Py ).

We shall derive a stationary strategy as a func-
tion that for each 1€S selects exactly one variable
X® where £ €Ki. This definition of stationary
strategies will coincide with that of the preceding
section. TFor any stationary strategy, we shall now
prove the following theorem which has been given by
De Ghellinck and Eppen [171. ‘

Theorem 6. 8. If the system of equations (6.15) is
restricted to the variablesrjxf-selected by any
stationary strategy then: 7 7
(i) The corresponding subsystem has a unique
solution.
(ii) If Q,-zo'( $ €S ) then xf_zo ( 7€S).
(iii) If Q>0 ( j€8) then x>0 (4 €5).

We shall now use Theorem 6. 8 to préve an
important relationship between stationary strategies
and the basic feasible solutions of (6.15) when
QJ> 0 ( j€5). The following two theorems have also
been given by‘De Ghellinck and Eppen [17].
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Theorem 6. 9.  Whenever Qj> 0 ( €S ), there exists

a one-to-one correspondence between stationary strate-
gies and basic feasible solutions of (6.15). Moreover,

any basic feasible solution is nondegenerate.

Proof. Theorem 6. 8 actually states that when (ﬁ) 0
(7 €S), a stationary strategy has a corresponding
unique solution of (6.17) which has ¥ positive
variables. This is, by definition, a basic nondegene-
rate feasible solution of (6:15). Conversely, if Xf

is a feasibIe solution of (6.15), we have

& A% :
] £ _q. L G2 Q> 0, (€S
(6.17) ﬁ% X" =0 +(s% ﬁ%Pa ;70 ies)

f

and thus, at least one variable X;” has to be positive;
hence, there is exactly one 1j&> 0 for each state j .
This uniquely defines a stationary strategy. These

complete the proof.

Any strategy which is associated in this way with
an optimal basic solution will be called an optimal
stationary strategy. In the next theorem we shall show
that although an optimal stationary strategy is derived
with a specific set of values @ >0, this strategy

remains optimal for any nonnegative right-hand side Q}.

Theorem 6. 10. Whenever the right-hand side Qﬂ of
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(6.15) is strictly positive, the problem ( Pr ) has an
optimal basic solution and its dual has a unique
optimal solution. Any optimal stationary strategy
associated with it remains optimal for any nonnegative

right-hand side of Qé.

Proof. From Theorem 6. 8 it is clear that there are
feasible solutions, and we also know from Lemma 6. 7
that the objective function is bounded. This guarantees
the existence of an optimal solution for both the
problem and its dual. By Theorem 6. 9 any basic
solution will be nondegenerate and by the complementary
slackness conditions, any optimal solution of the dual
should satisfy the corresponding system of N dual
equalities (which is nonsingular), and therefore the
dual solution is unique. The discussion of the dual
problem will be stated in detail in the next sectién.
To prove the second part of the theorem, we note
that the optimality of a given basic feasible solution
of a linear programming problem depends on the
objective function and not on the right-hand side.
Changing the latter can only affect the feasibility
for any nonnegative value of Gj. These complete the

proof.

The follo-wi_ng corollary is useful in the next

section.

Corollary 6. 11. For all positive right-hand side
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G >0 (say Q3= 1/¥), there exists any basic solu-
tion with property such that for each 1€ S , there is
only one # such that xfj>0 and Xf= 0 for £ other-

wise.

Proof. This is a direct consequence of Theorems 6. 9

and 6. 10.

From a series of the theorems, we know the special
structures of this linear programming problem. Then
under the suitable initial distribution (say Q;j= 1/~),
we can get,;h optimal basic solution which corresponds
to an optimal stationary strategy. We have seen two
algorithms; one is the Policy Iteration Algorithm
discussed in the preceding section and another is a
Linear Programming Algorithm discussed in this section.
However, we cannot answer which of these is more
advantage to compute an optimal strategy. In the
next section we shall discuss a relation between the

two algorithms.

6. 4. Relation between the Two Algorithms

In section 6. 2 we have derived the Policy Ite-
ration Algorithm, which may be considered to be a
successive approximation method in policy space of
Dynamic Programming. In Section 6. 3 we have formulated
the same problem by Linear Programming. In this
section we shall show that these two algorithms are

equivalent in mathematical programming.
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We now rewrite a linear programming problem
discussed in the preceding section as the primal problem.

Primal problem:

(6.18) Max ¥ 2. Gﬂx;ﬁ
i€s ﬁé}
subject to
(6.190 X+ BT ¥ prxf=u, (€8
ks q ies pei ¢
(6.20) x*zo. ( #€S, Rek)

The dual problem of the above one is significant as
discussed in the preceding section.

Dual problem:

(6.21) Min 37 TSNV
. i€s
subject to
£ far . .
(6.22) vz R+ e B, (€8, rEKL)
jes 4
(6.23) Vo 3 unconstraihed in sigﬁ‘for £€8S.

This dual problem can be immediately derived from the
discussion of Section 6. 2 as follows. For an optimal

: T o
stationary strategy TC= f » we have
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(6.20) Va5 2 LIDVG™) = 1@ +8 @ V(5™

for all $e€ F . Writing the above equation elementwise,
we have the constraints (6.22). While, the objective
" function is the discounted total expected return

starting in the initial distribution & ;
(6.25) aVe (§7) =7 0,13,
Aes

which implies the dual problem. It is more compre-
hensive to write the Tucker Diagram in Fig. 6. 1 for
the primal and dual problems.

We shall consider to solve the primal problem.
Since the constraints of the problem are equalities,
we must use Two Phase Method or Composite Algorithms
to obtain an initial basic feasible solution. But,
Corollary 6. 11 implies that each V} ¢S there is one
such that Kf)>0 and {f= 0 otherwise. So, we omit
phase I and can obtain a basic feasible solution. 1In
order to obtain an initial basic feasible solution,

we use the usual simplex criterion for each J¢S.

For example, we may apply

(6.26) -t = min f——gﬁ], (Fes)
' ﬁEK&'
or
(6.27) 'f;: max TR . (7€8)
REK
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which corresponds to an initial strategy discussed in

Section 6. 2. We note that the asterisk stands for

the data of a basic solution throughout this section.
For any basic feasible solution, we have the

basic matrix;

(1-8% -8R - - - - -BF
—BR. -8k - - Bl
(6.28) B=| .- : : ,

8% BB - - - - 1-BRE

where 'ﬁ; is the transition probability according to
the basic solution. Adding the row vector corresponding
to the coefficients of the objecfive function, we have

the modified basic matrix;

1 __“¥ _rz'! c. .. ._‘r”*
R !
0

(6.29) B= -8k 1-eta - - - '-(3.7’&( )

\0 _ﬁﬁ: "(3?11:1 T 1_9F”7U
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where we add the ( ¥ + 1) X 1 unit vector with the first
element unity to the first column. From the preceding
section, B is nonsingular (Theorem 6. 8), so is B.

1 =
Thus, let B  Le the inverse matrix of B. We have
—a (1
(6.30) B =[ Pli]'

. 5 51 . . .
It is clear that B B =1 (identity matrix). So, we

have

(6.31) w=r"g"
or

(6.32)  BW=r"

where the superscript T denotes the transpose of the
matrix. From its definition (6.30), M is the vector
of the simplex multipliers for the primal problem, and
that }1 is also the vector of the dual variables.
Thus, we have W= (Vi, V2 s vees V¥ ). Rewriting

(6.32) elementwise, we have
(6.33) v.=Y+ 3 X PR (1€8)
-t Bjes ?"J 4’
which corresponds to Value Determination Operation in

the Policy Iteration Algorithm discussed in Section

6. 2. In other words, solving the system of AN linear
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equations (6.33) is to find the simplex multipliers
(and also the dual variables) for the primal problem.
(This derivation is straightfoward from the complementary
slackness principle.)

Next, we consider the simplex criterion for the
next step using these simplex multipliers. Let the
simplex multiplier for the objective function be 1 and

we write
(6.34) K=(1, Vi, Vo, .. -, Un).

The coefficients of the corresponding linear programming

problem can be written by

(_f _r‘:'- B - h

\-eh 1R - -+ -+ ~BRt - -ERr

(6.35) A= [Pk @R - " < ° - b —(3'?&?'
. - . 'y . k

B R = [ B

The simplex criterion of the next step iss;

(6.36)  [Af] = WA
£
["‘f; - (3>j§3 P,@?’Vj + v ]

Il
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It is evident/that for the basic variables
X .
6.37 J“:;."—JK—- % -+ = (165)
(6.37)  Af=-Y; (3?%31?3%{, Vi, =0
If for all <¢S and REK:,

& £ T wh
. L = A A '\I ;20,
(6.38) A ) @Jzeg PJ i+

or by using (6.37), for all <€S and § €Ki
6.39 ¥ sy a R
( ) i + ﬁééé-af f >+ @;%;F% 3>

we have én optimal solution from the basic theory of
linear programming [15]. ‘
While, if there is at least one' pair i€8 .and
4 € Ki such that

(6.u0) A= -vF_py TA?%‘ +V, <0,
P

or by using (2.38)

¥ X T ALpy pRa
(6.41) Y; +@;’Z’;‘,ﬁ"% <Y [3(,_26—S Bi s

there exists an improved solution, or an improved

strategy, which corresponds to Policy Improvement

Routine in the Policy Iteration Algorithm.
Consequently, Policy Iteration Algorithm is only

a special extension of linear programming such that
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pivot operations for many (at most N ) variables are
performed simultaneously. We have already seen in
Section 6. 2 that the substitutions for many variables
imply an improved strategy. But, even if there is only
one pair 1€S and 4eK: satisfying (6.41), we must
solve the system of N linear equations (6.33). It is
a disadvantage to perform its computation. These
questions arising in computing an optimal strategy

will be discussed in Section 7. 5.

6. 5. Return Structures

In the preceding discussion we assume that we
receive the return when the system is in state €.
We extend the return structures as follows:
When the system is in state 1, two things happen:
(i) We receive the return V..
(ii) If the system moves to state 4 at next time,
we receive the return ﬁ%.

Under the above return structures, Vi(m), the N

step total expected return is;
. ‘/ » ../ . _
(6.u42) (M =1 +,-§ | [n}+ BV (n=1)]

= T:;,/ ,;-Y,a/ ’\7 /n—‘D.
+§:Paa+@jéﬁg (=1,
Substituting

6.43 =Y Y
659 n=T 4 T,
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we have the same return structures treated in the
preceding discussion. Thus, in the sequel we consider

only the return ﬂ% for the discrete time models.

6. 6. Examples
This section gives two numerical examples and
their solutions by using two algorithms, i.e., the
policy iteration algorithm and a linear programming

algorithm.

Example 1. The first exaﬁple has been given in
the Introduction. Now we define F = {fi, f&,
where fg(1) = 1, f(2) = 4.

Then
| (0.7  0.3) - r 3)
P(f't) = ’ Y‘(ﬂ) = >
0.6 0.4 , -2
(0.7  0.3] (3
P(fa.) = L] T(fz) =
0.4 0.6 -1,

where §; denotes a strategy of a rapid repair and f,
a strategy of a usual repair. We now shall solve
this problem setting a discoun? factor = 0.9.

First we apply the policy iteration algorithm.
Take an initial strategy fi. From Valué Determination

Operation we have
Y, = 1380/91 J,= 880/91

By using the values obtained above and Policy Improvement
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Routine, we obtain

L+ (s‘i}a;vé = 881/91 > 880/91 = \h,
=1

which implies an improved strategy f,. Returning to

Value Determination Operation we have

V, =1110/73 Y,=710/73

which concludes Qith a 0.9-optimal fa..
Second we apply the linear programming approach.

Under an initial distribution
Q=( 0.5, 0.5 ),

we have the following linear programming problem:

2

Max 3x - 2x) - X3

subject to
0.37 X{ - 0.54X; - 0.36 X; = 0.5
-0.27 X' + 0.64 X, + 0.46 X = 0.5
Xi, X, X3 20
Thus the optimal solution is
X}= 410/73 XZ= 320/73

and the objective function is 910/73. The value of
our objective functioﬁ coincides with
| 1110/73
Vp(£) = [ 0.5 0.51] = 910/73
710/73
Example 2. (Howard's Taxicab Problem [40, p. 4u4]).

Consider the problem of a taxicab driver whose territory
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encompasses three towns, A, B, and C. If he is in

town A, he has three actions:

1. He can cruise in the hope of picking up a
passenger by being hailed.

2. He can drive to the nearest cab stand and
wait in line.

3. He can pull over and wait for a radio car.

If he is in town C, he has the same three actions,
but if he is in town B, the last action is not present
because there is no radio cab service in that town.
For a given town and given action, there is a probabi-
lity that the next trip will go to each on the towns
A, B, and C and a corresponding return in ménetary
units associated with each such trip. This return
presents the income from the trip after all necessary
expences have deducted. For example, in the case of
actions land 2, the cost of cruising and of driving to
the nearest stand must be included in calculafing the
returns. The probabilities of transition and the
returns depend upon the action because different
customer polulation will be encountered under each
action.

If we identify being in towns A, B, and C with
states 1, 2, and 3, respectively, then we have Table
6. 2.

Here we assume @ = 0.90. Let an initial policy
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Table 6. 2. Data for the taxicab problem. (From R. A.
Howard, Dynamic programming and Markov Processes, M.I.T.

Press, Cambridge, 1960.)

State Action Probability Return
A 3 3 O S . S
¢ k o n TWoTe e W=RN
1 1/2 1/4 /4 10 b 8 8
1 2 1/16 3/4 3/16 8 2 L 2.75
3 /4 1/8 5/8 L 6 b 4,25
l\\ 1/2 3/4 3/16 L 6 4 16
2
1/4 1/8 5/8 14 0 18 15
1 /4 1/4 1/2 10 2 8 7
3 2 1/8 3/4 1/8 6 L 2 4
3 3/4 1/16 3/16 4 0 8 4.5
v, 91.3 119.4 121.7
02 97.6 134.5 135.3
Us //hQOQl //ﬂ 121.9 //ﬂ 122.8
v.D.0. P.I.V V.D.O. P.I.V. V.D.O. P.I.V.
1 1 2 2
f 1 ‘ 2 2 2 53
S
1 2 2 2
V.D.0.: Value Determination Operation
P.I.V.: Policy Improvement Routine

Table 6. 3. Solution of the taxicab problem by the
Policy Iteration Algorithm with = 0.9.



be

which is derived from ga? 'ﬂﬁ for each 4 ¢§
€Kx

Policy Iteration Algorithm yields an optimal
strategy. The calculations of Policy Iteration Algorithm
are given in Table 6. 3.

We can also solve this problem by linear programming.

Here we omit the solution.
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CHAPTER VII
MARKOVIAN DECISION PROCESSES WITH NO DISCOUNTING

7. 1. Introduction

We shall consider Markovian decision processeé

with no discounting in this chapter. We shall treat
only the process over an infinite planning horizon.
In this process, the total expectéd return will be
usually divergent. (In Section 7. 6 we consider a
special case in which the total expected return is
finite.)

So, we shall not expect the elegant discussion as
we have done in the preceding chapter since Markov
chain under consideration may change its state
classification structure from strategy to strategy.

First, we shall discuss the special structure
procesées, i.e., the completely érgodic process and

4the terminating process (see the definitions below).
Second, we shall discuss the general process that the
state classification may change from strategy to
strategy.

Two approaches have been considered for Markovian
decision processes with no discounting. One is treating

@ =1 as a limiting case of § < 1, where we can use
the discussion of the preceding chapter. Anoter is
treating directly the long-run average return per
unit time. We shall mainly treat the first approach,

but we shall partially treat the second approach.
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7. 2. Policy Iteration Algorithm

This section provides the preliminaries on the
theory of Markov chains. This section further states
the‘policy iteration algorithm for the completely
ergodic process, which has been given by Howard [40].

First, we shall show the well-known fact of

matrices.

n
Lemma 7. 1. For any N XN matrix A, if A tends to
0 (zero matrix) as M tends to infinity, then (I - A)
is nonsingular, and

(7.1) (1-A) =5 A

i

[1]
o

A

The proof of this lemma will be found, e.g., in Kemeny

and Snell [47, p. 22].
Next we shall show

Lemma 7. 2. For any WNXN Markov matrix P, if
e

_;,PA/'T[ tends to P' as M tends to infinity, then
(L-p8) DZ":(:"Si"PA tends to P* as @——>l - 0.

A=)

Proof. The hypothesis asserts Césaro summability of
{P"} to P*. Thus Césaro summability of {F"} to p*
implies Abel summability of {P"} to P*, i.e.,

(7.2) ( —ﬁ)‘i (.1,'.‘ P'L — P* as pB—>1-0,
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which completes the proof.

The next lemma will be important for the latter
discussion. The proof of the lemma is found in

. Blackwell [9] and others.

Lemma 7. 3. Let P be any NxN Markov matrix.
(a) The sequence gﬁPﬂ/ﬂ, converges as N—o
A=0 .

to a Markov matrix P° such that
(7.3) PP =PP=pP=p"

(b) I- (P -P*) is nonsingular, and
(7.9 HE=LE (-F) —H= (1-P+Py =P
as B —>1-0.

(7.5)  H(@E P*=PH(e) =HP"=P'H=0,
and
(7.6)  (U=PYH=H({I-P) =1—P"

(7.7) (¢) rank (T - P ) + rank P*= N.
(d) For every N X 1 column vector €, the system

(7.8) Px =X P*x = P*c

?

has a unique solution X.
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Following“the notation of the preceding chapter,
the total expected return up to time t starting in
each state is

n-1

(7.9) 2 B (i)

for any strategy M= ( 1, $2, ...). Thus the limit
infimum of the average return per unit time as M tends

to infinity is
i m-{
(7.10) Tlw) = 1im inf T > P;&('(E) T‘(S‘m) .
Mn— o0 A=0 Y

Our problem is then to find a strategy which maximizes
(7 10) under all strategles ’E, i.e., an optlmal

strategy T( such that

(7.11) | T’(‘rt“) T

for all ﬁt.

Derman [20] has shown that there is an optimal
strategy which is stationary, where an optimal strategy
is considered under the average returﬁ criterion. The
same result has also been proved by Blackwell [9] and

others.

Theorem 7, 4, There is an optimal strategy which is

stationary.

This theorem shows that there is an optimal

stationary strategy under the average criterion, where
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an optimal strategy is attained simultaneously for all
initial states. Thus, an optimal strategy remains
optimal for any initial distribution Q.

In the sequel (up to Section 7. 5), we shall
discuss a special structure problem, i.e., the so-called

completely ergodic process.

Definition 7. 5. For a Markovian decision process,

Markov chain under consideration is always ergodic
whatever strategies we choose. Then the process is

called the completely ergodic process.

Examples presented in Section 6. 6 are all
completely ergodic processes. Though there really
are many examples which are not completely ergodic, we
shall discuss only the completely ergodic processes up
to Section 7. 5. The general case that there are
several ergodic sets plus some transient states will be
shown in Sections 7. 7 and 7. 8.

Note that the process, which extends the range of
decisions to include randomized strategies, is also
completely ergodic from its definition.

For any statlonary strategy §* of the completely

ergodic process, we have

(7.12) Lim infd E ROn)= Lint 2 PO ¢ = POV,
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| * . . . . L] - -
where P is the limiting matrix which is composed of

all identical rows T(§{ ) = [Tti(f )1. That is,
(7.13) P*(§) =1 ),

where | 1is the N X1 column vector with all elements

1. Then, the N X 1 row vector T(§ ) is a unique solu-

tion of

(7.14) T =T P,

(7.15) T, (6) > 0, (#€S)
(7.16) mwH =1

Thus an average return per unit time for a

stationary stratégy starting in each state is

(7.17)  PHr$) =17 ) =(% 'stj({)rf)ﬂ,

where & = $(3 ). This means thét the average return
per unit time is the weighted sum of Q% over the
limiting probabilities ﬂi(f ), and is identical for
any initial state 4 €S . That is, the average return
is independent of any initial distribution.

We have known from the preceding discussion that
our préBlem is to find an optimal strategy within the
finite set of stationary strategies because there is
an optimal stationary strategy. That is, our problem
is a combinatorial one and we can apply the direct
enumeration method. (This fact is valid not only for

the completely ergodic process but also for the general
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process in Sections 7. 7 and 7. 8. In most cases, how-
ever, the direct enumeration approach seems to be im-
possible because the number of stationary stratigies,
Ki X Ko X -+ - XKy , is too numerous to compute each
quantity. Thus we shall need efficient algorithms to
find an optimal strategy.

For any stationary strategy {, V(4 ), the total
expected return vector up to time M, satisfies the

following recursive relation:

(7.19)  V'H=YOH+PHVT®), (m=1,2,...)

where
(7.20) V' (5)=0.

Throughout this chapter, we restrict our attention to
stationary strategies, then we may write a stationary

strategy § instead of §°.  We have the following

AN .
Lemma 7. 6. If P(f) tends to ‘f(f ) as N tends to

infinity, i.e., P(§) is regular, then we have
(7.21)  V"H) =mgl+vE + M, 5),

where E£(M, {) tends to zero as M tends to infinity,
9= T(f)T(§), and V(F) = H(E) V().

The proof of the above lemma is easily obtained
by using Lemma 7. 3. Using the above lemmas, we have

the policy iteration algorithm for the completely
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ergodic process. Here we shall only give the algorithm.
The heuristic derivation of the algorithm and the proof
of the convergence to an optimal strategy are found in

Howard [u0].

Value Determination Operation

Take any stationary {™. Solve

9+ v, =+ Nﬁr.%.
i A e Aé d .

for 9, Wi, Va, «.e, Vny (éetting Ay= 0),

where the superscript % is determined by the

chosen strategy )(”.

Policy Improvement Routine
Using the values Vi and 9, find the element
of G(A, §) for each 1€¢§ such that

¥y N~ 2 N
T PG> 9+

for all R€ Ki. If G(4i,f ) is empty for

all 4€8S, fm is optimal and ¢ is the average
return per unit time, Vi, ..., Vy-1 are the
relative bias terms. If at least

3(A)€ &(A, § ) for some {, make an

improved strategy §° such that %(4)é G(4, f)
for some 1 and 4) = f(i) fér‘ G4, §)
empty, and return to Value Determination

Operation.

In Policy Improvement Routine, if there are two or
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more actions satisfying G( 4, § ) for some 4 €9, we

should apply an improved strategy $( 4 ) such that

W=t
(7.22) max [ F + 2 Ff'lf'].

The reason of this choice will be presented in Section

7. 4 from the viewpoint of linear programming.

7. 3. Linear Programming Algorithm

We shall show that the completely ergodic Markovian
decision process is also formulated by a linear program-
ming problem. For any stationary strategy of the com-
pletely ergodic process, the average return per unit
time is
(7.23) 9E) =D,

where T(§ ) is the limiting vector of P(§ ), which
saisfies (7.14)-(7.16). Thus our problem is to find
an optimal strategy {* such that

(7.24) ) ) = nax T V).
b

It is more convenient to extend the range of
decisions to include randomized strategies. Note that
the assumption of complete ergodicity also holds for
the extension to randomized strategies. Then, let
df( #€S, #¢eK) be the joint probability that the
system is in state {1 and the decision £ is make,

where 4? is independent of time 1 because we restrict
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ourselves to statienary strategies. It is evident that
(7.25) . dﬁ=1, 0<df (<) ( 3¢S, eKj)

Rek; ¢ t :
Then the objective function of our problem is

(5 rR gk
(7.26) P %m(&)r& d;

IS8 4

from (7.24) and the definition of if. While, the

. . ]
constraints using d; are

(7.27) TGE - 5 Th PR ok =0, (jes)
i ¥
(7.28) T4 =1,
j€s

(7.29) T; () >0 (4€8)
Setting

A _ 14
(7.30) Xt =mdd 20
and using the fact that TG({) =ﬁz:% x{{ for zesS ,

AN

we have the following linear programming problem:

(7.31) Max T 3 LRk
j€s ﬁéK" ¢ 7t
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subject to

(7.32) .&%Xa Z & Py =0, (e
‘ R

(7.33) ;‘%%Kj X =1,

(7.34) G 20, (7€S, feky)

For the completely ergodic process, rank(I - P)
= N - 1 because rank P'= 1, So, one of the constraints
(7.32) is redundant. We omit one constraint, e.g., for

& =N of (7.32). Then the constraints are (7.32) for
#=1,2, ..., N-1, and (7.33).

Theorem 7. 7., There exists any basic feasible solu-

tion with property such that for each {€ S , there is
only ont 4 such that X2>0 and x%=z 0 for %

~ otherwise.

Proof, Our linear programming problem has N const-

raints, where one redundant constraint is omitted.
Since rank of the constraints is N, there are N posi-
tive variables x® and zero otherwise for any basic
feasible solution from the basic properties of linear
programming. For the coefficients of the constraints,
- Py t # 7 ) is nonpositive, (1 - Fﬁ ) is positive

and Xf is nonnegative, so there is at least one term
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(.

(1 - E& ) in which x{ is positive for each { . That
is, for each 1 there is at least one Zf > 0. If
there are two :§&> 0 for any one j , there is some €
without the term (1 - Fﬁ ) somewhere because any basic
feasible solution has N positive variables %f and
zero otherwise. This contradicts that the right-hand
side is zero or unity. Therefore, for each 1 there

is only one X§'>-O and zero otherwise, which completes

the proof.

Corollary 7. 8. Any basic feasible solution of the

linear programming problem (7.31)=(7.34) yields a pure

stationary strategy.

Proof. From (7.30) and TQ(f ) =3 Ef , we have
fek;
: 4 _ Lk &
(7.35) d; = X X

-ﬁéKj
&
Thus (# = 0 or 1 from Theorem 7. 7, which completes

the proof.

From the above discussion, an optimal solution of
the linear programming problem (7.31)-(7.34) yields an
optimal pure stationary strategy fm. Also the primal

variable Kff>0‘gives the limiting probability
TG )> 0 for state P

7. 4. Relation between the Two Algorithms

We have shown in Section 6. 4 that Policy

Iteration and Linear Programming Algorithms are
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equivaleﬁt in mathematical programming for the dis-
counted Markovian decision process. In this section
we shall also show the similar relation for the
completely ergodic process.

We now rewrite a linear programming problem dis-

cussed in the preceding section as a primal problem.

Primal Problem:

(7.36) Max ). ) Yﬁxf
; .
J€S ReK;

subject to

(7.37) Zig -y WX =0, (d=1,2, ...,
€-

i€ Reks

)

(7.39)

(7.38) ZZZ: x* =1,
€5 Bk
;‘20, (7€s, hek;)

Here we gmit a redundant constraint for ¢=N in
(7.37).

The dual problem of the above one is significant
since any basic feasible solution corresponds to the
N dual equalities (which is nonsingular) from Theorem
7. 7 and its proof. Let dual variables be ( Vi, Va,
ey VN,

Dual Problem:

(7.40)  Min Vg
subject to

N-1
(7.41) v~+mzrf‘+3§p§v-, (ies, BEKi)

-1u2-
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(7.42) Vi3 unconstrained in sign for 1€S.
Since the primal problem has an optimal solution and

its value is ¢, we may write the dual problem using

duality theorem (see, e.g., Dantzig [15]) as follows.
Dual Problem: ;

(7.43) Max g
subject to
N-1
(7.11) g+ 20+ 2 RV, (ies, ek )
a.—_
(7.45) 9, Y3 unconstraintd in sign for 4 =1, 2,
eses N - 1.

where we suppose “WVy= 0 in (7..44).

The dual problem is immediately derived from the
discussion of Section 7. 2. The method of deriving the
dual problem is almost similar to that of Section 6. 2.
So, we omit here the derivation. 7 |

It is more comprehensive to write the Tucker
Diagram in Fig. 7. 1 for primal and dual probléms.

In the dual problem, setting Vn= 0 correéponds to
omitting a redundant constraint for F =N in (7.37)
of the primal problem. ‘

As the similar discussion of Section 6. 4, we can
omit Phase I and can immediately obtain a basic feasible
solution using Theorem 7. 7. As an initial basic

variable, we may, for example, apply

(7.46) ~¥=min (Y. (jes)
i REK;

. -143-



*S$S9204d UOLSLI3P URLAONAR) OLpobud x_mpmﬁasou 3y} 404 weaberp aayon) syy Ll °/ ‘64
O\«v o ,u.» f e .%» ._n» . e . a..» ._.» Sjuelsuo)
Tz z < <" 7 Z < suotjeay
! = |1 oo e T 1 1 6
- ~N' -N’Z| -N‘g - [ T
0 = . ._wﬁl _zEI Coe e Ny _JLI. .o Y- nxl "o
g
. . . . . - . - - Dlu-
0 = - nﬁl M.ml. . . . uml_ d_wlﬂ. .- . M_l N_mt a?
0 N - S EENLNEE S a
solqeluep | suoLje[ay - - 0XWx oM - - - - KX 0T - - - 0T %X

| ewLdg




For any basic feasible solution, we have the

basic matrix:

(W )
.-?‘: 17-[,22... "ﬁ:z
(7.47) B=| - : SR
4ﬁ;l “€}|" : Tt 'R&q
(11 e 1

where B; is the transition probability corresponding
to a basic solution. From the similar discussion of
~ Section 6. 4, defining the simplex multipliers (also

dual variables) P=.( Vi, Va2, «v., V-1, 3), we have
(7.u48) EfkT==T*,

where Y is the N X1 row vector &hose 4{th element
is YY, and the superscript T denotes the transpose.

Rewriting (7.48) elementwise, and supposing “Vy= 0,

we have

N-1 : '
(7.19) 9+ =1, +2 B (4¢8)
a.:

which corresponds to Value Determination Operation in
the Policy Iteration Algorithm discussed in Section.
7. 2.

The simplex criterion of the next step is

N-
(7.50) [pRy=(—vk —;{; K% +9 +ul.
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It is evident that for the basic variables, we have -
N

{
S

N1, .
(7.51) DI=-1 —n Yot w=0. Cies)

If for all €S and ek,

. N-1
(7.52) pP= ~L W% —9-m =0,

or using (7.51), for all <{€S and %€Ki,

N
(7.53) A
;

=t L N 2 N-1 'y .
=Zl ?33'03 2 % +j§l ﬂg'up

we have an optimal solution from the basic theory of
linear programming.

While, if there is at least one pair (€S and
% €Ki such that
(7.54) Af‘=—yf—;t: B 49+ % <o,

A
or

PR = &, e
(7.55) 1 +ZP&3"%<E +ER&'\)J;

j=1 321

there exists an improved solution, or an improved
strategy, which corresponds to Policy Improvement
Routine. From the viewpoint of linear programming,
we may apply §(4 ) =f such that

Nt N-1
£ & x ¥
(7.56)  max [Yﬁa,; 1 (> Yﬁ%ﬁa"‘}d)

We have already seen from Theorem 7. 7 that substi-
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tutions for many variables imply an improved strategy.
Consequently, we have the equivalence between
Policy Iteration and Linear Programming Algorithms.
That is, Policy Iteratoon Algorithm is a special exten-
sion of linear programming such that pivot operations
for many (at most N ) variables are performed simulta-

neously.

7. 5. Examples

The examples described in Section 6. 6 are
completely ergodic. In this section we shall solve
two examples, i.e., the taxicab problem and the auto-
mobile replacement problem by using the policy iteration
and linear programming algorithms. We further shall
propose a new algorithm which is a mexture of the above

two algorithms.

Taxicab Problem (Howard [40, p. 44]): The data
of the problem were given in Table 6. 2. Starting with
an initial strategy we have an optimal stfategy with
three iterations. The calculations are summarized in
Table 7. 2. We also show the linear programming solu-
tion starting with the same initial strategy (i.e., the
initial basic feasible solution of the policy iteration
algorithm. Then we get an optimal solﬁtion with 6
steps, where'we suppose that 3 steps require to get an
initial basic feasible solution.

Now we shall consider a new algorithm which is a

mixture of the above two algorithms. We recall the
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o
4

vy , 1.33 -3.88 -1.18

Vg 7.47 - 12.85 12.66
V3 0 0 0
9 9.20 13.15 13.34
V.D.O. P.I.V y.D.O. P.I.V. V.D.O. P.I.V.
1 1 2 2
©
f 2 2 2 s
S
2 2 2
V.E.O.i Value Determination Operation

"P.I.V.: Policy Improvement Routine

Table 7. 2. Solution of the taxicab problem by the
policy iteration algorithm. (From R. A. Howard, Dynamic
Programming and Markov Processes, M. I. T. Press,

Cambridge,1960.)
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the relation between the two algorithms. As we have
pointed out in Section 6.4, the policy iteration algo-
rithm has a disadvantage to perform its computation.
That is, even if there is only one pair 1¢S5 and 4€&K;
satisfying (7.55) we must solve the system of N linear
equations. While the standard linear programming ap-
proach alsohas ‘a disadvantage, especially, for a large-
scale problem. That is, the simplex criteria are
always required in each step. But the basic feasible
solution may be changed for one variable in each step

by using the standard linear programming code. From
Policy Improvement Routine we have seen that an improved
strategy makes the increase of the average return ¢ .
In other words, the pivot operations for many _variables .
yield an improved strategy. Thus we come to a new
algorithm. We apply the linear prégramming approach
except that the simplex criteria are used in the same _

fashion of the policy iteration algorithm. The new

algorithm is summarized as follows: -

(a) Take an initial strategy and calculate an
initial basic feasible solution by using
Theorem 7. 7.

(b) Calculate

N-1{
N o s SNSRI
. i

for each 1¢§ and +#¢Ki, where we suppose

Uy = 0.
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(e) 1If Af.>_0 for all <€s and 4 €Ki, we get an
optima seclution. Or, if A& <0 for some
4€S5 and #®€K., perform pivot operations
(change the basic variables) for each 1€8
and its associated one &€Ki satisfying Mi<o
by using the simplex tableau, and return to (b).

This new algorithm can be applied to the discounted
Markovian decision model in Chapter 6 by doing the suit-

able modification. Here we omit the algorithm.

. Iterat ion.s
j 1 2 3

5 T f 7
15 | ' : .
TS T

11

......... Policy Iteration Algorithm
‘New Algorithm

.............. Linear Programming

Fig. 7. 3. Comparison among the three algorithms for

the taxicab problem.
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Fig. 7. 3. shows the results of the threee algo-
rithms, where we assume that 1 iteration corresponds to
3 (=N) steps of linear programming. Fig. 7. 3. asserts
that the new algorithm is most efficient among the three.

In generai the new algorithm 1s more
effecient than the policy iteration one because the
calculation of pivot operations such that Af‘<.0 for
each 4¢s and its associated one #¢Ki is less than
that of solving the system of & linear equations.

We cannot, however,. answer which of the new algorithm

or the linear programming algorithm is more efficient.

Automobile Replacement Problem (Howard [40, p. 541).
Let us consider the problem of automobile replacement
over a time interval of ten years. We agree to review
our current situation every three months and to make a
decision on keeping our present car or trading it in at
that time. The state of the system, £ , is described
by the age of the car in three-month périods; t may
run from 1 to 40. In order to keep the number of
state finite, a car of age 40 remains a car on age 40
forever (it is considered to be essentially worn out).
The actions available in each state are these: The
first action, R = 1, is to keep the present car for
another quarter. The other actiomns, £:>l, are to buy
a car of age & - 2, where # - 2 may be as large as
38. We have then 40 states with 41 actions in each
state, with the result that there are 4140 possible

stationary strategies.
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The data supplied are the following:

C.3 the cost of buying a car of age ¢ ,

T.5 the trade-in value of a car of age 1 ,

Eis the expected cost of operating a car of age
until it reaches age 1+ 1,

P.3 the probability that a car of age ¢ will
survive to be €+ 1 without incurring a prohibitively

expensive repair.

The probability defined here is necessary to limit
the number of states. A car of any age that has a
hopeless breakdown is immediately sent to state 40.
naturally, P, = 0. ,
The data [} and Ef by using the terms of our

earlier notation can be written as

= - E for R=1,

= Ti - Cpa—Eew for &>1,
b. i= L +1 .

Pe=q1 p 4= uo for # = 1,
0 other
B2 i= 4 +1

é .

B= 91 - 4= 10 for 4> 1.

0 other

The actual data used in the problem are listed in
~Table 7. 4 and graphed in Fig. 7. 5. The disconti-
nuities in the cost and trade-in functions were intro

duced in order to characterize typical model year
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Periods ¢
Fig. 7. 5. Graphs for the automobille replacement data.
(From R. A. Howard, Dynamic Programming and Markov
Processes, M. I. T. Press, Cambridge, 1960.)
Iterations .
1 72 3 4 5 ) 7
E 1 H H E] +
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=200 J
-250 + — Linear Pregramming e
L 1 1 F L] i A i i A 3, 1 1 1 i | i L s 1 i A A [}
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Fig. 7. 6. Comparison among the three algorithms for

the automobile replacement problem.



effects.

The policy iteration algorithm yields an optimal
strategy with seven iterations. The linear programming
algorithm yields an optimal strategy with 84 steps,
where we suppose that the calculation of finishing phase
I (obtaining an basic feasible solution) needs 40 (= N)
steps. The new algorithm yields an optimal strategy
with 174 steps. Here we apply the same strategy as an
initial one. Fig. 7. 6 shows the results of the above
three algorithms.

The new algorithm is more efficient than the policy
iteration one. That is, the new algorithm requires the
same size criteria, but for the pivot operations we can

save the computing time 174/280 (about 62%). Comparing

with the linear programming is generally an open question.

7. 6. Terminating Process

In this section we shalll discuss a Markovian
decision process of special type. That is, we assume
that the system has a common absorbing state whatever
decisions we make. Her we denote the absorbing state
by state 1. Then we suppose that state 1 is reachable
from any other state. This assumption is described

precisely as follows:
Terminating Assumption. The common absorbing state is

reachable with probability 1 from any state in a finite

number of transitions whatever decisions we make.
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In other words, this assumption asserts that state
1 is absorbing and state 2, ..., and N are transient
whatever decisions we make.

Now our problem is to find a sequence of decisions,
namely a strategy of maximizing the total expected return
before absorption and its maximum value. This problem
is appeared in a Shapley's [55] stochastic game in which
the second player is a dummy. This problem is in
general a terminating stochastic game. And Shapley's
terminating assumption is ;é'ﬁg <1 for all < and k.
But our assumption is at igést §¥F£'<l for some 4
and its associated all actions Ezig. Then the system
may not move to state 1 in a transition from some tran- .
sient state. But state 1 is reachable from any tran-
sient state in a finite number of transitions with
probability 1.

The objective function of our problem is finite
because the system is absorbed in a finite number of
transitions with probability 1. This is an example
in which the total expected return is finite for the
nondiscounted model.

The total expected return starting in each state
using any strategy TC.is

)

(7.57) VIT) =22 BT Y(§in),

L=0

where TC= ( $1, $2, «v.y $iy oo. ) and V(W), Y(§2)
are the ( N - 1) X1 column vectors and R(T) is the
(N -1)X(N - 1) matrix elimating the first row and
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column. For this problem we have the following theorems.
The proof is almost similar to that of Section 6. 2.

Here we omit the proof.

Lemma 7. 9. N(T*) >=V(§f,T) for all §eF implies
that T is optimal, where ( §, 7¥) is a strategy pre-
ceding T with {.

Theorem 7. 10, Exact one of the following has to occur
for each 3¢ F .

(1) V(I =Vvig, ) for all 3¢F implies that
§* is optimal. |

(i1) V() <Vv( ¢, ) for some 4¢F implies that
V) <Vig, £ <Vgm.

Theorem 7. 11. There is an optimal strategy which is

stationary.

Theorem 7. 10 gives the following policy iteration

algorithm:

Value Determination Operation
Take any feF. Solve
Z 45 0
+a=1Fj #
for W (€ =2, ..., N ), where the superscript

4 corresponds to the chosen strategy { .
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Policy Improvement Routine
Using the values Vvi( ¢ = 2, ..., N ), find the
element of &(4,§) for each €= 2, .., N such
'that

e +>:1agv NE

for all #€K. If G(4,f) is empty for all
1=2,.., N, fw is optimal and V({*) = [vi]
is the total expected return. If at least

F(L )€ &G(A,$§) for some 1, make an improved
strategy §" such that $(+ )€ &G(4,¥) for some
4 and §(4) =f(L) for G(4,§) empty, and

return to Value Determination Operation.

We have also the following linear programming

problem for the terminating process:

N
Max Y. > anf

;-—2&“
subject to
(7 59) Zx ZZ -_(13, (=2, ...,N)
GK? ) L"zﬁéKA .
(7.60) xf=0 (F=2, ..., N5 Reky)
where @Q = ( &, G2, ..., Gg) is an initial distribu-

tion of the process.
. This derivation of the above linear programming
problem is almost similar to that of Section 6. 3.

Thus the same properties discussed in Section 6. 3 are
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also satisfied. Further we can show the relation
between the above two algorithms. These facts can be

easily verified. We don't state here in detail.

7. 7. Policy Iteration Algorithm for the General Case

In the preceding sections we have discussed the
special structure processes, i.e., the completely
ergodic process and the terminating process. In this
and the next sections we shall consider the general
process that there may be several ergodic sets and some
transient states, and these séts may vary from strategy
to Strategy.

In this section we shall derive the policy ‘iteration
algorithm for the general process. Here we use the
results of the processes with discounting in the pre-
ceding chapter.

We shall treat P=1as a limiting case of B <1.
For the discounted model, the discounted total expected
return is V@,(‘TL) =L§ (3;‘ Pt v $i+v1), where 0 ép<i.
Let T( @) be B-optimal and U(B) = Vg(T(B)).

Definition 7. 12. A strategy T is l-optimal if

(.60 im Dy - U(e)=0.

It will be shown that l-optimal strategies are
important for our problem. Now we shall show the
following theorem, which corresponds to Lemma 7. 6.

The proof is found in Blackwell [9].

-159-



Theorem 7. 13, For any stationary strategy §, let
P"()C ) = llm Z P(‘f )/M , which has been defined in
Lemma 7. 3. Then

(7.62) V(f")— “f) AR
where U(f ) is a unique solution of
(7.63) (I-PEU=0, PHOU=PHrE),
V(f ) is a unique soltuion of

(7.648)  {I=PE)0 =rh-ud), P§V=0,
and €(R,§)=>0asB—1- 0.

The solutions U(f ) and V(4§ ) of (7.63) and (7.64)
may be written by

(7.85)  u@) =PHre),

(7.68)  VEH=HE r§) =[ (1 -PE)+P T - PO v,

The above equations state that, specifying {¢F, we

can determine P($ ) and also obtain UCE ) and V(5 ).
Thus our problem is to find a strategy which maximizes
UCE) (and also V(%)) within all stationary strategies.

That is, our problem is a combinatorial one. We then
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shall need the efficient algorithm for this problem.
" As we have seen in Theorem 7. 4. that there exists
an optimal stationary strategy under the average return

criterion, we define the set of strategies such that
(7.67) F={ { | $¢F . uh>uq for all §eF}.

That is, B’ is the set of all feF having maximal

average return per unit time. Further, we define the

set of strategies such that

(7.68) \:”:{S,k |§eF’,x)($)2v(e) for all 3eF’}.

It is evident that F” is a subset of F and is the set
of all feF’ having maximal bias term V(§{).

For fhe discounted model, V(;( T £y is computed
by using (7.62) as follows:

(7.69) Vg (3, = 1® + P& Ve ™
= BYU 4 viq) +6P@VE + PRI (R, D)
= f‘”““" +Y(g) — P@UE) + PHVE)
-(1-m P(z)w)(f-) + BP{) 2((3/4;)
=—PEYD Ly@) ~POUWH +P@VD +E (B D,

where £1(B,4%,%3) =-(1-8)P(3)V($)+
B P(3)E(B,f)—=>0a —s 1 - 0.

Comparing the right-hand side of both (7.62) and
(7.63), we define the set of actions such that
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~ Cf)= . £S5 s R UL = U,
(7.70) G—(A,f)—{%lﬁékk,igska’u,> Uiy orl iy Uy =
. A0S Ut Ve }s
and Y +;}e:s ?*a 4>(7> UtV }

where ; and V; are the {th elements of U(4 ) and

V(¥ ), respectively. Further we define
¥
(7.71) &) =X G (4,9,

Using the above results and notations, we have the fol-

lowing theorem which has been given by Blackwell [91].

Theorem 7. 14. Take any f¢F.
| (a) If &(f) is empty, then fef”
(b) If 4(i )€ G(4,%) for some 1€S and
(&) = $(4) whenever G(4A)§ G(4,%),
then Va(3*) > Va(£") for all g (<1)

sufficiently near 1.
This theorem describes the Policy Iteration Algo-
rithm, which yields an optimal statlonary strategy

fGF with a flnlte number of iterations.

7. 8. Linear Programming Considerations

on the General Case

In this section we shall develop a linear program-
ming algorithm for thé general Markovian decision proc-
ess with no discounting. In this section we apply an

.approach of treating directly the long-run average

-162-



return per unit time. From Theorem 7. 4, we restrict
"our attention to stationary strategies and wirte a sta-
tionary strategy { instead of §{".

From (7.10) we have for any §

(7.72)  ATH=aPHrd =L T o B GH),
1€8 g€

which is the average return per unit time starting in
an initial distribution &, where P(§) =[ (51
Note that an opt%mal strategy under the average return
criterion is independent of the initial distribution
since an optimal strategy is attained simultaneously
for each initial state. So, we consider a problem

for finding a stationary strategy which maximizes (7.72)
under all f¢PB. That is, our problem is to find an

optimal strategy § such that

(7.78)  mx Y T api

fes jeS

It is convenient to extend of decisions to include

randomized strategies. So, let 4? denote the joint
probability that the system is in state fé¢§S and an

action -ﬂek} is made. It is evident that

(7.74) d¥>0 (jeS,kek), Y df=1.

: ¥,
We consider any fixed nonrandomized strategy for the
latter discussion.

Setting
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(7.75) - =Y api(Ndf (jeS,keK),

€S

and

(7.76) y?k =Y ahi(f)d* (jeS, kek)),

ieS

where

(771 Bl = H(f) = U =P () + PHAY — P,

and using the relations P(1- P) =0 (from (7.3))
and P+ H(I- P) =1 (from (7.6)), we have

(7.78) Y Y Cu—piyxt=0 (e S),‘
7S ek
and
1
(7.79) | EZK, x +j§$’kezl{, (85 —-p,’-’,)y," =aq (IesS),

where Sﬂ is the Kronecker's delta. It is evident

from (6.3), (7.74), and (7.77) that

(7.80)  x*=Y agi(f)d*>0 (je S, ke K)).
s
While the sign of gf is not clear and we shall show
afterwards that %52_ 0 for any transient state.

Thus we have a following linear programming

problem:
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(7.81) Max
]eSkEK‘
subject to
(7.82) XY Gu—p)x* =0 . (eS),
_ JeS keK;y
(7.83) x*>=0 (je S, ke K),

(7.84) ,E%xtk'f*; Y Gu—t)yt—a  (eS).

We shall afterwards show that %f:zo for any transient

state 7.

For a fixed strategy §, Markov matrix P($) nas
some ergodic sets plusra transient set.

relabeling the number of states, we have the following

keK;

-~

form for Markov Matrix P(§):

(7.85) P =

0 Y

LRH,I B'H,l- T Bﬂ.u

Appropriately

BHJH/

Y

where B, e.., By are submatrices associated with each

ergodic set Eu( =1, .., V ), respectively, and the
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remaining states specify a set T of ‘transient states.

Next two lemmas are useful to eliminate redundant
constraints in (7.82) and (7.84). In the discussion
of these lemmas (containing Lemma 7.17) we have to
restrict ourselves to any fixed nonrandomized strategy
since we cannot consider simultaneouly state classifi-
cation for randomized strategies. Thus we omit the

summation on & below.

Lemma 7. 15. Take any fefR. For any #€Ep ( M= 1,

«ees V), constraints (7.84) become

(7.86) . z x;k‘i‘ 2 Z(Sn—pﬁ)y,-k= Z a; (r=12..,v).
IeE, IeE, jeT IE,

Proof. Using Lemma 7. 3 (c¢), we combine constraints
. i . Whi = +
(7.84) by summing on EHt hile, {Eé e 5%3e5u
+%_ and ZL&EFQ ng— HJ) =Z$§§( &J' R]-) = 0 (from
(7.85)) implies (7.86), which completes the proof.

Lemma 7. 16. For any ergodic set EP (p=1, ..,V),

one of constraints (7.82) associated with 'Eﬁ is redundant.
Proof. It is obvious from the property of Markov chains
and the fact that Fpﬁ (p=1, ..., V) is a Markov

matrix, which completes the proof.

The above two lemmas give the necessary constraints

for any ergodic set. Next lemma also gives a constraint
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for any transient state.

Lemma 7. 17, Take any {¢F. For any state F¢€¢T,

a constraint (7.84) becomes

(7.87) Z;(ail"??t)yikzal (leT),
Jje

where

(7.88) yE=0 (leT, k= f()).

proof.  From [ﬁ;(f)];esgﬁ=[0]*6513'5Tand (7.75), we have
xf= 0 for any £¢T and #= f(1). And we have

— By _ __ pRyyt — pRyyR
Zé-s(é';‘;‘ﬁ;)% —i}&_(&aﬁ EJ)% +,§—‘r(6-‘0‘, B) @

A

While, from [‘?\;3 (fﬂ.‘».ée‘r = [I - R?H,VH]_‘ =4§0 Pv;vnl o 20,

[R‘i et = [g‘o P —PH] i¢r=[0litrand (7.76), we have
’ gev - $ET

T

—_ L _paYvR_ . » which corresponds to (7.87).
=% 6 7i =g,
A

(7.89) CoyE=Y ahy(f)dF >0 (leT,k =f(l)), |

&S .

which completes the proof.

From (7.88), we suppose that “df‘zo for any § €S,
RE I(J', since . 3:' disappears for any ergodic state ¢.
Thus we also consider a dual problem of the linear
programmming problem (7.81), (7.82), (7.83), (7.84),
and (7.88). Let the HX] column vectors U(f ) and
V(§ ) be the corresponding dual variables. Then
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its dual problem is:

(7.20) Max Y. au(f)
: ies
subject to
(7.91) w(f) = ¥ P f) (ieS, keK),
jes
(7.82)  u(f)+olf)zr+ Nonlf)  GeSkeK),
jes
(7.83) ' 'u,-(f), vf);  unconstrained in sign ({ € S),

where U, Vi are the {th elements of u({ ), V(§{),
respectively. We know that this dual problem corre-
sponds to the policy iteration algorithm, i.e, this
dual problem is immediately derived from the policy
iteration algorithm. We also note that the dual
variables %(f ) and V(¥ ) are unique solutions of

(7.94)  wN=PNUN  uf) + o) =) +P () v,
where from (7.7) we set the value of one V. in each
ergedic set to zero, which refers to (7.86). Then

V(¥ ) is a relative solution and the difference be

tween the exact solution of (7.64) and V(¥ ) in (7.94)
is a constant.

Now we have a linear programming algorithm for
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the general Markovian decision processes. The algorithm
- is made by using Lemmas 7. 3, 7. 15, 7. 16, and 7. 17.
Further we note that the dual variables (U(§f), VH))

are also simplex multipliers. Using these simplex
multipliers, we have the simplex criterion, which cor-
responds to Policy Improvement Routine in the policy
iteration algorithm. The direct proof of increasing
the average return by its simplex criterion without
linear programming properties can be made. It is con-
venient to consider the following set of actions which
corresponds to the simplex criterion of the primal pro-

blem using simplex multipliers ( U(f), V(§)):

,(7.95) G(:,f) IzeK¢|Zp,,u,(f)>u;(f),0r21>uu,(f)—uz(f)and

e r‘+2p‘,vj(f)>u,(f)+v.(f)

Then we have the follow1ng proposition of descrlblng the

linear programmlng'algorlthm without proof.

Proposition 7. 18. Taking any feF and determining

the constraints for each state according to the state
classification (using Lemmas 7. 15, 7. 16, and 7. 17),
we can obtain a basic feasible solution which corre-
sponds to a strategy § and gives its dual variables
U($) and m(f) (simplex multipliers). Using these
simplex multipliers, we have the simplex criterion.
That is, G(4 , §) is empty for all <¢S , then we have
an optimal stationary strategy. Otherwise, select a

new strdategy § such that (i) €G(4,f) and §(4) =
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£ & G(A ,%). Returning to the first part of this

proposition, repeat until an optimal strategy is obtained.

Note that Proposition 7. 18 describes a special
structure linear programming algorithm such that pivot
operations for many variables are performed simultaneous-
ly if there are two or more states such that G(4 ,§)
is nonempty.

Proposition 7. 18 and primal and dual problems

imply the following corollary.

Corollary 7. 19. The policy iteration algorithm is

equivalent to the linear programmong one.

Proof. Finding a basic feasible solution (i.e., the
dual variables) corresponds to Value Determination
Operation, and the simplex criterion of the next step
correspondskto Policy Improvement Routine. But in the
policy iteration algorithm pivot operations are performs
simultaneously for many variables. The facts complete

the proof.

Next corollary is clear if we consider the policy

iteration algorithm.

Corollary 7. 20. An optimal strategy is independent

of the initial distribution Q.
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Here we shall show the linear programming algorithm
and the policy iteration algorithm for Howard's example
(40, p. 65]. The data of the problem are given in
Table 7. 7. Let an initial strategy denote by § , its
associlated Markov matrix by P(¥) and the return vector

by Y(§). Then

1] 100 8

Primal and dual problems are written by the following
tableau (reduced Tucker Diagram), where only the data
associated with a basic feasible solution are given.

And the superscripts of its chosen strategy are omitted.

X X3 X :
7il 0 —1]=0
4,10 1 O|=a, (v, =0)
m=ul 0 1l =a, + a4 (z3=0)
v M
3 4 8
) Dual Variables
' - [112 — 502
wf)=| 4], on=| o [.
11/2 0

Using the simplex criterion (or equivalently Policy
Impfovement Routine), we have a next improved strategy

¥ and its data.
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State Action Probability Return
i X k k -r k
Pi1 Pi2 Pis i
1 1 0 0 1
1 2 0 1 0 2
3 0 0 1 3
1l 1 0 0 6
2 2 0 1 0 y°
3 0 0 1 5
1 1 0 0 8
3 2 0 1l 0 g
3 0 0 1 7

Table 7. 7. Data for a multichain example. (From R. A.
Howard, Dynamic Programming and Markov

Processes, M. I. T. Press, Cambridge, 1960.)
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3 oo 3
g=H, p(g).—_[o 0 1], r(g)—_—H.
3 001 7

Then

N Ve X3

7l 0 0|=a

2,10 1 O|=a,

y=u=u|l 1 1l=a¢ (v;=0)

VIV VI
357
Dual Variable§

v T o [—4
ug) = [{I ’ v(g) = [” 2] .
' 7% - 0

Using the simplex criterion, we have an optimal strategy

% since &(«x, }) is empty for any 1€S.
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CHAPTER VIII

MARKOV RENEWAL PROGRAMMING

8. 1. Introduction

In the preceding chapters we have discussed the
decision processes in which the decisions are made syn-
chronously in each time period. In this chapter we
shall discuss the decision processes in which the sojourn
time in each state is random and thus the decisions are
made asynchronously. That is, our preceding models are
based on a discrete time Markov chain. But in this
chapter we shall consider a decision process based on a
continuous time stochastic process.

An extension of a discrete time Markov chain is a
continuous time Markov process. A decision process
based on a continuous time Markov process has been
studied by Howard [40]. But in this chapter we shall
treat a decision process based on a Markov renewal pro-
cess which includes a continuous time Markov process as
a special case.

A Markov renewal process of a semi-Markov process

. is a marriage of Markov processes and renewal processes.
A Markov renewal process, roughly speaking, is a sto-
chastic process which moves from one state to another
with given probability laws, but the sojourn time in a
state is a random variable with distribution depending
on that state and the next visiting state. Markov

renewal processes include a renewal process, a discrete
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time Markov chain and a continuous time Markov process
as special cases. That is, a renewal process is a
Markov renewal process with one state. A discrete
time Markov chain is a Markov renewal process in which
every sojourn time distribution is degenerate at
unit time, and a continuous time Markov proéess is a
Markov renewal process in which all distributions are
exponential.

In this chapter we shall treat a decision process
based on a Markov renewal process or a semi-Markov

process, i.e., a Markov renewal program, or a semi-

Markovian decision process.

In Section 8. 2 we shall study the properties of
Markov renewal processes, and further consider Markov
renewal processes with returns in Section 8. 3. In
t@g successive sections we shall introduce the decisions
qﬁCMé%kov renewal processes with returns and show the
similar results that Markov renewal programs are formu-
-lated by linear programming problems for discounted
and nondiscounted models. In the discussion we shall
derive the corresponding policy iteration algorithms

from these linear programming problems.

8. 2. Markov Renewal Processes

In this section we shall show the known facts about
Markov renewal processes or semi-Markov processes which
will be useful or suggestive for the latter discussion.
Semi-Markov processes were first discussed by Lévy,
Smith, and Takdcs, independently, in 1954.

Consider a system that moves from state to state.

We define a stochastic process { Z:; =0 } , where
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Zt= t denotes that the system is in state ¢ at
time T. The states are denoted by integers
1=1,2, ..., N€S and in general the state space
S is countable, but we consider only the case that S
is finite throughout this chapter. In the discussion
below a part of results is valid for the countable
case, but we shall state nothing for these facts.
Note that we shall introduce the concept of regularity
for each state afterwards.
The probability laws of state transitions obey an

NXx N Markov matrix p-= [ P,;a'L ] which is called an
imbedded Markov chain, where P"'d" is the probability
from state € to state # . Further, the sojourn time
in any state <+ is a random variable with distribution
Fz3(t) which depends both on that state and on the

next visiting state . We define
(8.1) Qi) =P;Fy), (1,4¢€9)

where Qx‘a( t) satisfies

(8.2) (1) @Q;10=0, (4,7¢€3)
(8.3) (ii) I Q =} py=1. (tes)
A T

We define an Nx N matrix Q with element Q;}(‘t ),
which is called a matrix of transition distributions.

Further, we define

(8.4)  Hilt)=) Q;), (ies)
: €8S
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which is a distribution of the sojourn time in state €
disregarding next designating state. So, it is called

a distribution of unconditional sojourn time, or an

unconditional distribution. Let & be an initial

distribution (1 XN row vector);
(8.5) Q=(Q1, QQ.,---) QN)’

where
(8.6) 2. OG=1, =0, : (4€8)
A€S ) :

Then, the stochastic process {Zt; 120} is called

a semiiMarkov process determined by
(8.7) (N, 0, Q). -

While, we are concerned with an N-dimensional renewal

quantity
(8. 8) n(t) = (W{(t)7 ' n;_(t), PR Y nﬂ(t))l

then the stochastic process { Yl (t); t=0} is

called a Markov renewal process. A semi-Markov

process 1s regular if each state is entered only a
'finite number of times within a finite time with
probability 1, i.e., Prob(¥1it) <0 1= 1 for each
14¢S and t=0. Thus a regular semi-Markov process
has always a finite number of transitions within a
finite time. We consider only a regular semi-Markov

process throughout this chapter. We suppose that each
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state is defined such that the semi-Markov process is
regular.

We define
(8.9) Py =R [2e=5120=11, ( 1,7¢€8)

which denotes the probability that the system is in
state 7 at time {t given that the system is in state

4 at time zero. Further we define

(8.10) G, (1) =R IM)>01Z,=47, (T, 3€8)

where E[-] denotes the expectation. Here Gu(t)

is the first passage time distribution from state €

to state ¢ , and Mq(t ) is the mean number of visits

to state § up to time t starting in state €, which

refers to a renewal function in the renewal theory.
From renewal-theoretic considerations we have

immediately
(8.12) P;j,(t) =({—H: D) 8"6 +-f§s Qia(t) * R&&(t)

= ({1 —Hitt) §; + Gy (8% ByLD),

(8.18)  Gy(®) =Qy(t) +2%.Qﬁ(t)* Gy (1),
?

(8.14)  Mylt) =Grylt) T Gyt x Myt

=040 + Z 0O M0,
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where ¥ denotes the convolution. To solve the above
equations with respect to R@(T ) s Qﬁ(t ) and
M;ﬂ't), we apply the Laplace-Stieltjes transforms.

Let the small letter with argument S denote the
Laplace-Stieltjes transform of the corresponding
quantity, e.g., PQ(S ) is the Laplace-Stieltjes
transform of ﬁ%a(t ). Further, let $(S) and M(S)
be NXN matrices with elements %La(s ) and  My(s ),
respectively.

Taking the Laplace-Stieltjes transforms for (8.12),
(8.13) and (8.1u4), and solving to each quantity, we

have

(8.15) mes) =(1-36T $O=1-360 -1,
(8.16)  §i; () = my() /(1 + My,
(8.17) By =B (), (4 #d)

(8.18) P& =U—#61/11-3;]..

Thus, inverting the above equations successively, we
have the required quantities, My(t ), Gy(t) and
ag(f). '

Then we can give the state classification for a
semi-Markov process. We first define that two states
€ and j are said to communicate if Gr;(e9) Epa(ed)>o0.
Since the communication relation is an equivalent one,
we may épply the usual state classification for finite

Markov chains, which obeys that of Kemeny-Snell [47].
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Let
(8.19) biy =5 tdFym), (€, 7€8)
and
0 o
. V= . = 2. ,i.‘t - % b y;
(8.200 7= tarn %P&_(atd\?a() TPy, (tes)

be mean values of [ (t) and H(t), respectively.
A1l these mean values are assumed to be finite.
Farther we shall give the additicanl assumptions if
necessary. k
Let Mg and }.lf;) be the first and second moments
of &i(t). From the mean-theoretic considerations,

we have

(8.21) Mi; =ﬁZS Pigla; + 74

&5
' @) _ : (2) : (2)
(8.22) W —ﬁ;s Pie [ Mg +2b,;%f&@.3] + 7,
bl
where
(8.23)  O=[ tdH. 0. (tes)
[+]

If the imbedded Markov chain is ergodic and let
T; be the limiting probability of the imbedded

Markov chain, we have

(8.24) Vi =%’(ta4]a/ T »

-180-



(8.25) MY =[T WP +2 T T big Mai | + T,
&+ ¢
where W} and Fj?) are the first and second moments
of the reccurrence time in state # .
We consider the limiting (or steady state)

probability P,;;(OO). In general, we have
(8.26) Py (00) =Gy 00 75 / K -

In particular, if the semi-Markov process is ergodic,
from G—,;é(oo) =1 for all 4, €S and (8.24), we

have
(8.27) Py @)= / Mij =T, 72;/%‘%’7& >

which is independent of any ini;:ial distribution. In
lb general we can obtain Gr;a'(‘oo) and Mii fo‘r' any
1, 4 € S , and thus we can obtain the limiting pro-
bability PA;(OO) for any 1, j € S. Here we omit
the results. |

Let M. be the mean time to absorption, starting
in any transient state <4 €T. Here the word "absor-
ption" means the entrance of some.ergodic state. We

have
=3 b b » o+ M
(8.28) nk' ,%Thba +;§rh (b +715)
=7 i Mg e
Tt 2 By

Let 7 and ’IZ be column vectors with 7 and 7%,
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respectively, where (€ T. Then we have
(8.29) M=M+Pn

or

(8.30) M=[1-”I7.

where B is a submatrix of P eliminating all ergodic
states.

Finally we shall show the asymptotic behavior
about the generalized renewal quantities  My(t).
From (8.16), we have

(8.31)  Mij(8)=Fy(s) [1+My(9)]

= %Aa (?) [1 1%3853; s)]

If states t and F are in the same ergodic set, ex-

panding oorz;( S ) at a small S, we have, for a small S-,

(2)

1 Mig

M
+
S M

s — —2 4+ Q).
2 (™ My

(8.32) My (9)=

Thus from a Tauberian theorem we have

t M;;) _ Mig
Mii 2 (MY Mg

(8.33) Maa' (-

which is an analogous result of an extension of the
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so-called elementary renewal theorem. We note that,
if the semi-Markov process considered is periodic, the
limit of (8.26), (8.27), (8.30) and (8.31) means
Césaro limit, conversely if it is nonperiodic, the

limit is the usual one.

8. 3. Markov Renewal Process with Returns

In this section we shall consider the returns
associated with Markov renewal processes. In the
discrete time case we have considered the return
per time period, but in the continuous time case we
may consider the returns Yi ( {€S ). That is, when
the system is in state ¢ during a unit time, we
receive the return Yi. Thus when the system is in
state { during a time duration 1, we receive the
return Yit.

First, we shall consider the discounted case.
Since the process 1s continuous in time, we use a
*discount factor o (o >0) of exponential type. That
is, if we have a unit return at any time, we have the

“ after a time duration t from that time.

return €
Then, if we have the return Y., the accumulated

‘return between 0 and t is
t : _
(8.31) [ ne*dr=I-[1- €]
1 .
Let <Vt ) be the discounted total expected return

up to time t starting in state 4 at time zero.

Then we have similarly the following equation of
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renewal type with respect to Vi(t ) (e.g., confer
(8.12)):

(8.35) V(1) =(1-H]: (1~
3¢
- Vi -d ~dT ay.
+a'>?s i [F U=+ e v -} dQy .
(ALE€S)

Since the discounted total expected return Vi(t)

converges as t— oo to a finite value, we set
(8.36) ’\);(o()'—‘{lim Vi(t), (1€8)

— 00
(note that %Yi(d ) is a function of ¢ ) and letting
t—> o in (8.35), we have

=Jar_ o N ~ ‘
(8.37) Vild)=7>[1 JZ“(“)]*'J%%LJ(SWJ(“)’ (4€8)

where Ai(d ) and 'ﬁ-;a( S ) are the Laplace-Stieltjes
transforms of Hi(t ) and Qsa(‘t) evaluated at S = o ,

respectively. Setting

(8.38) ﬁwm=l‘[y—au&], T (des)

and defining two N X 1 column vectors

£i(4) D (d)
(8.39) p) = N V() = »
3TILY Vx ()

-184-



we have

(8.40) V() = Pld) + F(R)D(H),

or
(8.81) V) =[1- 3] p(a,

since we have known that T - 3(o ) is nonsingular
for d> 0. Thus we have the discounted total expected
return starting in each state 4€§S. If the system

starts in an initial distribution & in (8.5), we have
~1
(8.42) Q@) =& [I-FN] p.

Second, we shall consider the nondiscounted case.
We have seen two approaches of the nondiscounted model
in the discrete time case. For the continuous model
we have aléo two apprdéqhes. One is treativng as a
limiting cése of o >O Ahother is treating directly
the long-run average per unit time. We shall show
below two approaches. Let us consider the first

approach. From (8.41) and (8.15), we have

(8.43)  V(d)=[T+ME]PW.

We now assume that the semi-Markov process is
ergodic. Then, using (8.32), the asymptotic behavior
M(K) for a small « , and noting i__i;% Plod) = %,

we have

9

(8.u4L4) '\)i(o()=a~+'l);+0(l), T (1€8)
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Y371,
8.u45 =y 24 =5 TMY,”, 7,
( ) . k i i jes ”‘OZJ/Z i

jes
and
Mi M
(8.46) V=Y + 35 07 T — — + &]
ﬂ #¢s i%[z(Wﬂ Pn 4

Here we assume that Hg) is finite. Note that § is
the long-run average return per unit time and shows the
result of the average of Yi( 4€¢S ) with respect to

' the limiting probabilities in (8.27).

It is easy to extend the result of (8.44) to any
ergodic state. For any ergodic state 1 belonging to
an ergodic set EyC §, we have the similar result
(8.44) except that the summation is taken over Ey
instead of S. And that for (8.45) and (8.46) the
summation is also taken over Ev,

Applying the similar approach, we have for each

state (see Fox [31])

(8.47) v(o()=—g~ + + o),

where U, V- are N X 1 column vectors. This corres-
ponds to (7.62) in the discrete time case.

We shall show the second approach of treating

directly the lQng—run average per unit time. Let

-186-



Vi(t ) be the total expected return up to time t
starting in state 4 at time zero. Then “W(t)
satisfies the following equation of renewal type in
the same way as we have derived PRy(t ). That is,

we have
. . t
(8.48) ()=[1-HiIGt +5 S 06T+ v T4 @44 ().
J o

(i€8)

We shall first assume that a Markov renewal
process is ergodic. In this case we shall consider
only the average return per unit time in-the steady
state. Therefore, for a sufficiently large ¢, the
first term of the right-hand side of (8.48) tends to
Zéro because of the finitenessrbf the mean of H(tT)
and of the fact that [1 - Hi(t)] converges to zero
more rapidly than Nt diverges. .Consequently, for a

sufficiently large -+, we have
(8.43) W)= St[ﬁl' +0;(t-T)) de; (T)
€8 Yo ¥
t t
=y K nfdg%mﬁ.:g V; t-DdA4(T).  (¢es)
fes ™ ies™® -
The first term of the right-hand side of (8.49) tends
to N7 as t—eo, then we have for a sufficiently

large ¢

(8.50)  ww=rtpr[y-0ddyo. . ({e€5)
a ]
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Let Vi($S ) be the Laplace transform of Vi(t ). We

define two KN X 1 column vectors

’\)1(5) Tl”Zi
(8.51) 'V(d) = . > Y=

wel Yo
App;ying the Laplace transforms to (8.50), we have
(8.52) \)(§)=—51—T + §606),
or
(8.53)  v(OH=+[-36TT.
Using (8.15), we have
(8.54) v(s>=§1— (I+melY.
The total expected return up to time t starting in
an initial distribution Q® is QV(S ), where V(S )
is the N X 1 column vector with ith element Vi(t).

Since Jlim s*a[l+ eI =2 (%% /M), from a

Tauberian Theorem we have

. Q) 7% ./ :
. = = R T »

which is independent of an initial distribution & .

Thus g 1is the long-run average per unit time which
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has been obtained in (8.45).

We shall then consider the terminating process

(see Section 7. 7). Since we consider only the total
expected return before absorption, it is sufficient
for this case that the semi-Markov process considered
is absorbing. So, we assume that state 1 is absorbing
and other states are transient. Let 7Vi(1) be the
total expected return up to time t. Then we have the
following equation of renewal type in the same way as

we have derived (8.48):

+
(8.56) WD=[I-H@®IGT + | WTdQ, )

N S :
+3 (TRt Tl T (= 2, e, W)
o d=aar s ' : e
While R
(8.57) , Vi=1im ;\),;,(f) ’ (t=2, ..., N)
00 -

which is valid since the system reaches the absorbing
state with probability 1. Assuming t—>o0 in (8.56),

we have

. N 00
(8.58) W=21.Y: V"tdQ;é O+ § dQy(0)
. F€S ° 3=2 0
. (i=2 )
==?lﬁx-f§£i?§“ﬁ »L =2, ..., N |

Introducing two ( ¥ - 1) X 1 column vectors
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’\)1 Y‘z/]zz
(8.59) V'=1-1|, v=l . |,

'\)N TN?N
we can rewrite (8.58) in matrix form as follows:'
.U/____ Y/+ R D,,

where R is the ( N - 1)X( N - 1) submatrix of

eliminating the first row and column. Thus we have
-1
(8.60) v={1-PR] Y/

where [ I - B ]—1 is the fundamental matrix of the

absorbing Markov chain in the discrete time case
(see Kemeny and Snell [47, p.46]). Therefore, the
total expected return before absorption starting in

an initial distribution Q is
L an? 7 =1,
(8.61) Av=l1-R] T,

where "= ( Gz, G3, ..., Qn).

Ve have defined the return structure that we
receive the return Y; when the system is in state 1
during a unit time. Now we shall consider the genera-
lized returns (see Jewell [44]). When the system is
in state 1, and the next visiting state 4 , a return
is accumulated according to the arbitrary function

R;é('tl't), depending on ¢ and § , the sojourn time

T(4, F ), and on the clock time T since the
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beginning of the transition interval (0< t < T(<, 7 )).
We shall assume that Ry(01T) = 0, and will denote
the total return at the end of the interval by
R;.a'(’C | T) = R;,a(’c). Returns from successive
transitions are additive.
For the discounted model, the average, one-step-

discounted return starting in state € is
T
(8.62) f’,-_(ol)——:zgmo\(l;é(t)g e“*"olxRA.é(xlc), ( LES)
jes Ve 0

which corresponds to (8.38). 6ur return structure
considered above is a special case Raa(xlf) = iX.
Thus the return structures are essentially the same
ones for the discounted model.
For the undiscounted model wre have in general
fi( ok )—>F: (constant) aé 5(-:-—;‘0’, which corresponds to
fi = Yi%i , but the bia-s' term (8.46) will change
slightly (see Jewell [45]).
Consequently, in both cases it suffices to
consider only the simple return structures Y; ( A& S)

instead of R;}(tl T).

8. 4. Markov Renewal Programs with Discounting

We shall consider Markov renewal programs with
discounting using the results of the pﬂrecedibng section.

Markov renewal programs with which we are
concerned may be stated as follows: When the system
is in state 14 , we have K. actions in each state

{€S . If we choose an action # in state 4€S ,
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the system obeys the probability law
Qfg(‘f ) = R-? Rj(t) (€5 ), where ﬁf is the
transition prdbability from state € to state # and
F§(1L) is the sojourn time in state { knowing that
the next visiting state is #. And we get the return
¥# when the system is in state < during a unit time.
In other words, we have K. selections in each state
4, that is, we have A= 1, ..., K: actions

&

(8.63) Qf;(t) (H@,F;f(t)) and Y (§€s)

for each 1€ 8.

Then, what strategy, i.e., the sequence of actions
in each transition epoch for each state over all t=>0,
maximizes the total expected return (or the average
return per unit time) starting in an initial distri-
bution? ‘ '

As we have seen in the preceding section, the
total expected return is finite if the process is
discounted or terminating, and is usually infinite if
the process is nondiscounted. Thus we shall consider
the total expected return if it is finite and the
-average return per unit time if it is infinite. In
this section we shall first treat the discounted
process. ,

Note that we can consider Markov renewal programs
over a finite time horizon. But for the model the
sojourn time in'any state is a random variable and we

cannot know the transition epoch. Thus we can expect
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no results so far as we know except thé'approximation
approach.

For our model with an infinite time horizon we
define a stationary strategy such that for each state
we take the identical action independent of the history
of previous states, transition times, and decisions.

In general we may consider the nonstationary strategy
depending on the history of states and transition times,
and decisions. :

Let V(& , T) be the discounted total expected
return ( ¥ X 1 column vector) s%arting in each state

using any policy T, where a discount factor &> 0.

" Definition 8. 1. A strategy T is called d-optimal
if V(A, T)=V(k, T) for all T, where o ( &> 0)
is fixed.

Then we have

Theorem 8. 2. There is an d-optimal strategy which

is stationary.

The proof of this theorem has been established via
contraction mapping (Denardo [18]). )

From Theorem 8. 2 we may find d—ébtimal strategiés
within stationary strategies whose number is finite.
Then we can use immediately the preceding result
(8.41).

We now develop the linear programming formulation
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for Markov renewal program with discounting. From

(8.41) we have for any stationary strategy
-1
(8.64) (K, T =[I—F7] PE&).

And the discounted total expected return starting in

an initial distribution QA is

(8.65) GV, T)=0[I-3@] P

=T 5 Gy &) f(@)

4€8 3¢5
where
(8.66) EI—%(o()]-l‘—j[ M ],
and it holds that
[1- @] [T-5e]=T,
or
(8.67) jgs Mg (e —Bje @)= &4 .

It is more convenient to extend of decisions to
include randomized (or mixed) strategies. Let the
probability that we make an action ® when the system
'is in state 1 be df‘( i{€s8, +*€Ki), which is in-
dependent of time t since we consider only the sta-

tionary strategies. It is clear that

(s.68) dfz0, Zdf=1. (ies, Rek)
. 'Y
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. & .
Using di’, we have for any stationary strategy

: V(d, T) = ¢ iy G0 PR o B
(8.69) GV, M) 4§§s%ega f*af )P dE,

where
A r A
(8.70)  ple=5* [1- K@,

(8.71)  #w=2 [ edafw =2 3fw.
A F€5™° 4 jes ¢

Note that f&'a"(O() depends on df since [ T - $(ot)]

is determined by df Now we define
%
(8.72)  XF=E aipy@df >0
i s :

Rewriting (8.69) by using xf, we have

(8.73) A, T© =3 I PA Xf.
€3 Rek;

While we caiculate
' o — R ok
(8.74) %%KJ(JJQ _839(00)13
= ok s () d R
=X ;%%K, (832 = o ) Py (0
=T 3 S H @ (D (G e () df)

A€S 3€S
= &‘ES O [gg N;d- &) (d:;'a‘ﬁﬂ )]
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=Y Q:dy (from (8.87))

L€5
=0y, (fes)
that is,
(8.75) L« % «) xf 0. (7€s)

e\@’ ae Rek;

Thus we have the following linear programming problem:

(8.76) Max Y5 fﬁ(o()x%
F€3 ﬁéka
subject to
(8.71) Y ¢ z}:% (oa)x“‘—a ( 7€5)
A 1 iS
(8.78) x> 0. ( €8, HREkj)

This problem is similar to that of Section 6. 3. Here
we apply the different derivation of Section 6. 3, but
we can also use the similar approach of Section 6. 3.
Thus we have the similar results of Section 6. 3 for
this process. We don't state here repeatedly.

We show only the following theorem which is

useful for the later discussion.

Theorem 8. 3. Tor all positive right-hand side

0;> 0 (say O = 1/N ), there exists any basic

feasible solution with property such that for each
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4 €3S there is only one & such that Zf)O and

xf= 0 for # otherwise.

Since the proof is essentially the same one of Coro-
llary 6. 11, we omit the proof.

This theorem asserts that any basic feasible
solution forms a nonrandomized stationary strategy.
This theorem plays an important role for the policy
iteration algorithm.

We then shall consider the dual problem of the
primal problem (8.76)-(8.78) (since the similar
discussion of Section 6. 3 implies that the constraints
(8.77) have rank N and the dual problem is meaning).
The dual problem is:

(8.79) Min S0V
4€5
sﬁbject fo
(8.80) Vi = P& +%%§(qn)vd, (ieS, aekKi)

(8.81) V.; unconstrained in sign for (€S,

where the dual variable Vi ( 4 € S) is the 4th element

of V(o, T¥), where T* is an o-optimal strategy.
Fig. 3.1 shows the Tucker diagram of the primal

and dual problems. The relation between policy ite-

ration and linear programming algorithms has been

stated in Section 6. 4. For this problem we can

apply the similar approach. Usingbthe results of

Section 6. 4 for this problem and Theorem 8. 3 of the
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primal problem, we have immediately the policy iteration
algorithfn for Markov renewal program with discounting.
We first note that the dual variables in (8.81) are
also the simplex multipliers for the primal problem.
Policy iteration algorithm is the following two

parts.

Value Determination Operation

Take any stationary strategy . solve
v = phe) + T3k @,

for V; ( 1 €S ), where the superscript #

corresponds to the chosen strategy "

Policy Improvement Routine
Using the values U%( 4€S ), find the element
of G( 4, § ) for each 4 €S such that

& £ i
fi () +sz‘§ B () V5 > s

for all 4 e€kKi. If G(4, § ) is empty for

all 4€s; §°is d-optimal and V(d , §7)=[w]
is the discounted total expected return. If

at least §(A)€ G( 4, §) for some 4, make

an improved strategy 3~ such that

$(i)e G(4i, §) for some ¢ and J(4)=f(4)
for G(A, §f ) empty, and return to Value

Determination Operation.
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Here we use the same notation { , which has denoted a
stationary strategy in the discrete time case.

As an initial strategy §, we may take, for
example, Jax Rf(d.) for each 1 €5, the reason of
this selection can be seen from the linear programming
viewpoint.

From the linear programming viewpoint, Policy
Improvement Routine is an extension of the simplex
criterion such that the simplex criteria for each
state are applied simultaneously. If (1 )e G(A, {)
for some one 4 and G( 4, § ) is empty for other t,
Policy Improvement Routine is equivalent to the simplex
criterion of the primal problem.

We shall show that an improved strategy 3N from

Policy Improvement Routine satisfies V(o , $°)> V(o , 7).

Theorem 8. 4. Take any §» If 4(4i)e G(4i, §) for
some 1 and otherwise T ) = £ (L) for G(A, §)
empty, then V(d, §°)>V(o , 7).

Proof. For two strategies fm and 47, we have

(8.82) V& =0 +Hav §,

(8.83)  V(k 3= + 30V,

Substracting (8.82) from (8.83), we have

(8.84) VT~V ) = Py = P10 + PV, §°) —F(o V(5.
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We define the N X 1 column vector
(8.85) T=0wl=PHE) — P + §) VI §™) — Fayv (e, 5.

where 7, > 0 if §(4)e G( 4, § ) for some { and
Ti=0if G( 4, § ) is empty from the hypothesis of

the theorem. Combining (8.84) and (8.85), and defining
AV= V(d, §°) - V(4 , 7), we have

(8.86) AV = T + @) A0,
Solving for AV, we obtain
(8.87) av=[1-FT 7.

. e S .
Since (8.85) and [T - »%%( 4 )]". is nonnegative and
these are never zero simultaneously, we have that at
least one element of AV is positive, i.e., av >o0,

which completes the proof.

We have seen from Theorem 8. 4 that the policy
iteration algorithm terminates an «-optimal stationary
strategy with finite iterations, since the number of .
stationary strategies ‘is finite. Note that if there
are two or more strategies which satisfy the optimality
equation V( , §7) = maxl (&) + §H(aIVCS, I,

then these strategies are all o{-optimal.

8. 5. Markov Renewal Programs with No Discounting

Now we shall develop the semi-Markovian decision
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processes wiht no discounting. For the discounted
process we have seen that there is an d-optimal
stationary strategy. For the nondiscounted process
we shall first prove the same result.

As a criterion for the nondiscounted model, we
define for any strategy
(8.88) W) =1Jicr3_>§°nf——“i?—¢9—r
where V(+t ; ™ ) is the total expected return ( ¥ x 1
column vector) up to time t starting in each state |
using a strategy . Then WU(T) is the long-run
average return per unit time, which corresponds to
(6.12) in the discrete time case. If we take a statio-
nary strategy, we have V(+t ; TC) by solving (8.48)
for Vi(t). But for any nonstationary strategy, we
cannot write ekplicitly.

Qur problem is then to find a strategy which
maximizes (8.88) under all strategies T, i.e., an
optimal strategy T such that U(T¥)=ZU(T) for all
M. The following theorem has been given by Fox [31].

Theorem 8. 5. There is an optimal strategy which is

stationary.

Proof. We have seen from Theorem 8. 2 that there is
an c-optimal stationafy strategy. Since the number
of stationary strategies is finite, then it is possible

to choose a sequence {dy} , &i% dy = Q, such that
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x
M= My, , V=1, 2, ..., where T4, is a stationary
strategy. While, we have from (8.47) that

(8.89) V&, 5= L)+ o)

for any stationary strategy §° Thus using Abelian

and Tauberian Theorems, we have
(8.90) WM < livm_)gonf VT < li\_’rl)imnf o V(dhv, W) =YU(T¥)

for any strategy T, which shows that T is an optimal
stationary strategy. Thus we complete the proof.

Applying Theorem 8. 5, we may find optimal stra-
tegies within the stationary ones under the average
criterion. Thus we restrict our attention to statio-
nary strategies and then we can immediately apply the
results of Section 8. 3.

In the remaining part of this section we shall
discuss the linear programming formulation for the
completely ergodic process and the terminating process.
Further we can obtain similarly the corresponding
policy iteration algorithms from the straightforward
results of Chapter VII. ]

First we shall considef the complétely ergodic case.
For this problem the long-run average return per unit

time is

(8.91)/ §=xg N/ Ll
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where T is the limiting probability in state § of
the imbedded Markov chain. Now we shall consider the

decision process. Then the objective function is
(8.92) TR S T
. TGOy S L@y
des 7€5

where TG(§ ) is the corresponding limiting probability
of a stationary strategy {7, and ’Z%, r® are the
corresponding unconditional mean, the return of the

strategy f{ , respectively. The limiting probabilities

satisfy
(8.93) TC(&)_ 'rt(f;) ]vd(ﬂ (7€8)
(8.94) L ACESH
J€S
(8.95) T (5) > 0. (je€s)

. -
Then, let da-( § €S, #€k;) be the joint probability
that the system is in state { and the decision & is-

made. It is evident that

(8.96) 2:?01%—1 0<df‘(s1). ( 7€8, feki)
: _

The objective function of our problem is

(8.9 T Emmnirhdt /L r wrfd,

F€8 ReEkj 7€s €K

2
by using d;. While (8.93), (8.94) and (8.95) become
y . ¢
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(8.98) ) Q%%K?‘*“’Rﬂh 0, (fes)

(8.99) a_eZSTE;,(‘s):l,

(8.100) T, (5) > 0. (€3 )
Setting

(é.lo:L) xf:'ma(ﬁdf‘zo, | ( F€s, 4el)
and using the fact that TG(§ ’) =ﬁ%éx§‘ for jes ,

we have from (8.97)-(8.101) the following programming
problem:

b & 8 [
8.102 M ;X i K
( ) ax ?% %K;h i a/jéi—;@ﬂﬂ §

subject to
(8.103) ¥ Xt — T prxt=0, (§€53)
Relg AES BEKG
(8.104) T X x‘=1,
FI EGQ
(8.105) Xf).O. ( 7€S, #eky )

This problem is the so-called linear fractional

programming problem (see, e.g., Charnes and Cooper [12])
since the objective function (8.102) is linear
fractional and the constraints are linear. So we can
reduce to a linear programming problem by using

variables transformation. Noting that >y 7fxf‘> 0,
- d€S k<K
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we transform the variables Ef to ‘%ﬁ and ¥ such that

X f A N
(8.106) so= X, &
4 4 /éezs%%% ¢’
and
R, £
8.107 = N9 S48
{ ) k 1/%&%7’ 7

Then we have the following linear programming problem:

o
(8.108) Max Y Y Aty
i€s aek;z’ i

subject to

' — AR 2 R .
(8.109). > — =y — ( 7€8)
‘%"‘é 4 xezs%kj“?% 0, _ ?

(8.110) Ay
110 aezs%@%ﬁ Y

(8.111) ¥ S nhyf=
jes %{(3 4=t

(8.112) yr>0, ( FeS, kek;)

where the additional constraint (8.111) is derived from
the transforms of (8.106) and (8.107).
Now we shall consider some properties of the above

linear programming problem.

-206~



Theorem 8. 6. TFor. the linear programming problem

(8.108)-(8.112), there is any basic feasible solution
with property that, for each i¢§ , there is only
one & such that ‘jA =20 and ’&‘,_ = 0 for # otherwise.

The proof of this theorem is similar to that of
Theorem 7. 8. So we omit the proof here.
Theorem 8. 6 implies that any basic feasible

solution has always % > 0.

Theorem 8. 7. Semi-Markov decision process under

consideration is equivalent to the linear programming

problem:
(8.113) Max 7
ieSﬁeKd ¥
subject to
(8.114) Z ZZ%% 0, (4=1, ..., N=1)
QK AeS ek,

- Ay f_
(8.115) ;z_;_Z ’fzjfa{, 1

iéﬁ

(8.116) >0 (7es, Rek; )

That is, we need not to take account of the constraint
(8.110) and of the variable ¥. Here we omit the

redundant constraint for 7 = N in (8.114).

Proof. As we have noted above, any basic feasible
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solution has always %>0. But we should require the
optimal stationary and its associated maximum average
return per unit time ¢. It is clear that the optimal
value of (8.113) has no relation to Y. From the trans-
forms of variables in (8.106) and (8.107), we have

E?: ggﬁ for 7eS, 4¢K. Thus the optimal stationary

strategy is determined by

&
Rt y 5
(8.117) d; = P T
fe; ¢ aeg% bk
which is independent of 4. These completes the proof.

Theorem 8. 7 gives the linear programming problem
(8.113)—(8.116) which has/&%&k variables and N con-
straints, where the redundant sonstraint for 4 = # in
(8.114) is omitted.

Now we shall consider the dual problem (8.113)-
(8.116) as a primal problem. Defining dual variables
(W, V2, .., Vyoys §), we have the dual problem:

(8.118) Min §
subject to
| & frh s , .
(8.119) 9T 2B ( jes, fek)
‘ =1
(8.120) B, 1 unconstrained in sign for

t=1, 2, ..., N -1.
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where we suppose VUy= 0 in (8.119). Here we have used
the known fact that the constraints (8.11%) and (8.115)
have rank N and the dual problem is meaning.  Further
we have also used the fact that the objective function
of the dual problem is ¢, the average return per unit

time, from the duality theorem (see, e.g., Dantzig [15]).

Fig. 8. 2 shows the Tucker diagram of the primal and
dual problems for the completely ergodic semi-Markovian
decision process.

We see the similar discussion of Section 7. 4 that
the dual variables W ( 4 = l; 2, «+.5, N -1) are relative
bias terms, which correponds to (8.46). For this pro-
blem we can obtain the poliéy iteration algorithm from

the similar discussion of Section 7. 4. We note that

the dual variables ( Vi, V2, ..., Yn-, @ ) are also the

simplex multipliers. From the linear programming view-

point we have for any basic variables
x %t Nt * * _O . "
(8.121) 'A;=—"Z;T;—;E{Uj—"lxg—'\)k- , (1€8) ",
a-‘.

where the asterisk x denotes the data of any basic
feasible solution (and also any stationary strategy).
While, if

NA o
(8.122) A?:—”'zfﬂ‘—;h?vd‘ +%9 4+ <0
a:

for some 1¢s and 4¢kK;, we can obtain an improved
strategy. Further if Aﬁzo for all 4€S and &cki, we
have an optimal strategy. Solving for g in (8.122),
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we have
N-1
(8.123) g < rfﬂ-% [j;\\vf;vé — V]

which implies Policy Improvement Routine in the policy
4
iteration a_lgorithm. Thus in the above discussion

we have the following policy iteration algorithm.

Value Determination Operation

Take any stationary f . Solve

i

Nt
{ . omk LA .
'7,& 9+ Vi —'?A' Ti +J}E_TE;‘7),;

for 9,7V, Vs, .., V1 (setting W= 0), where the
superscript & 1s determined by the chosen

strategy § -

Policy Improvement Routine
Using the values 4, find the element of G(4,4%)
for each 4€S such that

2, 1L ¥ .
Y, +77?[,-§Em_”*] >9

for all &€k, If G(4,%) is empty for all 4€S,
-S:m is optimal and ¢ is the average return per unit
time, Vi, ..., Vpq are the relative bias terms.

If at least (1) € G(4,f) for ébﬁe {, make an -
improved‘strat.egy such that ¥({)e G( 4, §) for
some 1 and §(¢) = f(1) for &(4i,f) empty, and

return to Value Determination Operation.
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We shall only show that the Policy Improvement
Routine yields the improved strategy whose average

return is greater than the previous one.

Theorem 8. 8. Take any {. If 3(i)eG(4,§) for
some 4 and otherwise 3(4) = §(4) for &G(4,§) empty,
then 9(9)>9(§), where G(§) denotes the average return

per unit time using a strategy {~
' . o %)
Proof. For any two strategies f and ¢, we have

. N—-1
(8.129) L ID + 0§ =7 Tf*‘j; By 6,

N-1
(8.125) NP g@ + %@ = ”Z?YE‘F?Z;??; V; ()

where Qf, H; denote 7(?, Bf , respectively, where 4= §({).
Dividing (8.124), (8.125) by '7,;{, 74}, respectively, and

subtracting the former from the latter, we have

Vi) v
7

f

(8.126) +g@) - g =1 -

UL =0 DA [~ P
+-71;azl B%® - 75 Py

A a—
We define the NX1 column vector

(8. 127) T =I[%]

__[Y% rr—l— ZE (@) @) - 2 {EFGV(’;) v(ﬁ)ﬂ

A
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where ¥,> 0 if 9(4)€ &( 4, §) for some € and ¥i= 0 .if
G(4,%) is empty from the hypothesis of the theorem.
Note that at least one ¥i>0 for some <. Combining
(8.126) and (8.127) and defining bsWi= V(3) - V()
(=1, ..., N-1), 8G= 3(3) - 9(§), we have

N-1
(8.128) AV + a9 = T, +a;\]%m""

Let T(§) = (T(§), .., Tu(})) be the limiting proba-
bility of the imbedded Markov chain P(§) = [‘P?d- 1. It
is evident that T(§) = T($) P(9). Premultiplying
(8.128) by Ti(3) and summing on all {€S, we have

(8,]_29 = 1 3 © Tl 4'3,
) a9 =T fawzr/g_s 3”27

which is positive since the_limiting probability in
state 4 is ‘!r;(?,)azf'/%m(ax)?? > 0 for all {¢§5, and
R aatEa! b4 .

at least one ¥ > 0. Thus we have

(8.130) Ag=9®m—-9% > 0,

which completes the proof.

Theorem 8. 8 implies that the policy iteration
algorithm terminates an optimal stationary strategy
with finite iterations. Note that if there are two

or more strategies which satisfy the optimality

N-t
equation 7f 9+ Vi= max [’Yfff +J§_:I'ﬂ;"\)a-] (4e8),
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then these strategies are all optimal and have the same
average return @.

In this case we encounter the problem for finding
a strategy having the maximal bias term among the optimal
strategies. That is, we should require a 0-optimal
strategy which refers to a l-optimal strategy in the
discrete time model. We omit the problem for finding
O0-optimal strategies here.

Finally we shall consider the terminating process.

For the terminating process the total expected return
before absorption starting in an initial distribution

is
(8.131) av'=q [1-R]'Y’

where we define that state 1 is absorbing. For the
semi-Markovian decision process with which we are
concerned we shall first provide the following assump-

tion (confer Section 7. 6).

Terminating Assumption. The common absorbing state is

reachable with probability 1 from any transient state

in a finite time whatever decisions we make.

_ Under the above assumption our problem is to find a
| strategy having the maximal total expected return
before absorption among all strategies, thus we need
not to consider the decision of state 1 since our
concern is the behavior before absorption. This

problem is very similar to that of the discounted
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model. So we shall only give the following linear

programming problem:

(8.132) Max LY Yf"’[ﬁ){f
subject to
(8.133) - &yl —q; i =
"ga' PRI S (d=2, ...oN)
(8.134)  xf=20 (7= 2,..., N3 Reky)

The next theorem is obvious.

Theorem 8. 9. For all positive right-hand side 0;>0

(say G4= 1/( N-1)), there exists any basic feasible
solution with property such that for each t= 2,..., N,
there is only # such that xf>0 and xf= 0 for 4

otherwise.
The above linear programming problem and Theorem

8. 9 imply immediately the corresponding policy itera-

tion algorithm. Here we don't state the algorithm.
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CONCLUSION

9. 1. Summary of the Results

We summarize the results of the thesis in this
section. As titled in the thesis, Markov renewal
processes and their associated processes such as renewal
processes and discrete time Markov chains are treated
throughout this thesis. A Markov renewal process is
one of the most powerful mathematical tools for analyz-
ing and synthesizing systems.

In the first part of this thesis (Chapters I-V),
we discussed some of redundant repairable systems.

Some redundant systems treated in this thesis are of
importance in the practical fields.

' Mathematical techniques throughout the first part
of this thesis are applications of Markov renewal pro-
cesses (which include renewal processes). Taking
account of the regeneration points of the failure (or
the inspection) time distributions of units, we obtained
the required Laplace-Stieltjes transforms. Systems
considered in this thesis were a two-unit standby
"redundant éystem, a two-unit paralleled redundant system,
an m-out-of-n system, and the modified systems just
mentioned above.

Signal flow érapﬁ representation of systems is of

~great interest for engineers. We cannot understand
at a glance the behavior of a large-scale and and
complicated system. The signal flow graph method

makes us suggestive and helpful, and the required
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quantities can be obtained by using Mason's gain formula
which is a mechanical procedure. Examples of system
analysis in Chapters IV and V are applications of the
signal flow graph method.

In the second part of this thesis (Chapters VI-VIII),
we discussed Markovian decision processes and Markov
renewal programs as system synthesis. Markovian deci-
sion processes are one of the recent topics in Operations
Research and Mathematical Statistics.

Policy iteration and linear programming algorithms
were described and the relationship between the two
algorithms was discussed in the viewpoint of Mathematical
Programming. The discount factor in.Markovian decision
processes (and also in Markov renewal programs) plays
an important role in analysis. For the discounted
model we can analyse the processes elegantly since the
processes have simple structures.

For the nondiscounted model we must consider the
average return criterion if the total expected return
is divergent. For the model a Markov chain considered
changes its state classification from strategy to stra-
tegy. The policy iteration algorithm for the nondis-=
counted model was discussed. Linear programming consid-
erations for the nondiscounted model were studied in
detail and the relationship between the two algorithms
made clear.

Markov renewal prbcesses’were reviewed in Chapter
VIII. Markov renewal processes with returns were dis-
cussed for the discounted and the nondiscounted models.

Markov renewal prdgrams with discounting and with no
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discpunting were discussed, and the policy iteration

and linear programming algorithms were studied.

9. 2. Further Problems of System Analysis and Synthesis

We shall describe the further problems of system
analysis and synthesis. The problems of system analy-
sis and synthesis discuused in this thesis have the
possibilities of extensions and modifications of models.
We shall simply discuss the possibilities and suggestive
comments.

Reliability analysis of redundant repairable systems
has many fruitful studies. This thesis discussed only
siﬁple models and we restricted out attetion to the first
passage times. In the actual situations we should
consider more complicatéd models and futher discuss
the mixed configurations of the models. Qur concerns
are also extended to not only the first passage times
but also the transition probabilities, the limiting
probabilities, etc.

We did not consider the factors of costs, weights,
capacites, etc., which were associated with the models,
for the analsysis of redundant systems. In the actual
situations such factors will be imposed. We should
consider the optimization problems of attaining the
maximal reliability subject to the suitable constraints
on such factors.

Markovian decision processes have also many pro-
blems and applications. Tﬁough we omitted in this

thesis, l-optimal strategies are of interest and many
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contributions to l-optimal strategles have been made
and will be made in future. Markov renewal programs
have also the similar problems concerning O-optimal
strategies which correspond to l-optimal ones in dis-
Crete time case. ‘

Applications of Markovian decision processes and
Markov renewal programs are of great interest. _
Markovian replacement problems have been disccused by
many authors and will be discussed in futute. = Appli-
cations to sampling inspection plan, quality control,

reject allowance problem are also of interest.
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