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1. Introduction

1.1 Purpose of this thesis
In physical or engineering applications, the operational calculus
is used as a convenient method to solve a problem such that the value
of the variable is equal to 0 in the domain #<0 and described
by a differential equation with respect to ¢ in ¢20.

The operational calculus has its origin in the method of symbolic
analysis by Heaviside. This method had too many intuitive elements
and was doubted its strictness in the mathemafic&l sence at that time.
But after that time, it has been modified or extended by many reserchers
and theoretical correctness of the method was assured by Carson’s
integral equation.

On the other hand, there was a method called the Laplace transform
originated by Laplace on the basis of the function theory and later
extended by Poincarée. At thatAtime, this method had the main purpose
to get the fundamental solutions of a linear differential equation,
but after that time, correspondence between this method and the
operational calculus was made by the'integral transform of Bromwich.

Strictly speaking, the operational calculus of Heaviside and the
Laplace transform are different fundamentally and the former agrees
with the special form of the later. But in practical applications,
they are different only in the expression and we cah get the same
results by either of them and the Laplace transform is more generally
used today than the operational calculus of Heaviside.

In the Laplace transform, the problem with - respect to the initial

values was made clear, and for the intuitive element such as the



unit impuls mathematical strictness was assured by the theory of
distributions of Schwartz and the Laplace transform is established
ﬁathematically perfect.

Today transformation pairs of fairly many functlons are given in a
transformatlon table and the Laplace transform is used as the most
powerful‘tool in physical or engineering applications.

However, in the Laplace transform; the class of the functions to be
treated must have the property of transformable in infinite integral
and if a given operat10na1 solutlon does not exist in a transformation
table, we doubt whether. the solution in the time domain corresponding
to it exists or not, whether the solution is unique or not and if the
unique solution e#ists it is difficult or sometimes impossible to get
its analytical form. Thus we need an advanced mathematical theory as
the degree of complexity of the problem increases, and cannot deny
that the Laplace transform becomes far off from the spirit of the
operational ealculus intended implicitly by Heavisied that an operator
is treated{aame as a number.

On the other hana, Miksinsky constructed the operational calculus
algebraically without depending iotegral transformation. His idea
lies on that tﬁe convolution qugtient is defined as the operator and
in his operational calculus a set of operators contains the sets of
functioh$>and numbers'and for any operator, the positive real number
which is fhe norm of continuous and bounded function in t20 is
determined uniquelyvand operators can be treated without distinction
between functions and numbers.

This'operational.caleqlus contains all the results of the Laplace
transform including those given by the theory of distributions and the

A :

existence and uniqueness of the.solution for a certain operational
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solution can be proved by the theory of the functional analysis,
therefore, it is a more general method and gives an advanced approach
to the spirit of the operational calculus intended by Heaviside.

In this way the correspondence between the operational solutiodns
and positive real numbers is given, then we shall consider the relation
between the operator s in the operational domain and time ¢ in the
time domain. The Laplace transférm is the special case of the Fourier
transform and there, the operator s is regarded as a complex number
and the left half plane which is decided for an arbitrary positive
real number g greater than Ehe real part of the pole of the operational
function by the inequality

Re(s) <a
corresponds to the region ¢>0 in the time domain.

By~the_descrete Fourier trénsférm, the Laplace transform is approximated
by'the Fourier series and the value of the function in the time domain
is related to a séeries of values of the operational function at a
certain series of & in the operational domain. The above.series is
determined not uniquely, but onkce the parameters are determined, it
is determined uniquely, and by the arithmetic operations in the s
domain we can get a value of the function at any value of t2>0 in the
time domain, or reversely by the arithmetic operations in the t HQomain
a value of the operational function in the operational domain.

In this way, a numerical correspondence between the time t and the
operator s is given and the method gives a remarkable advantage in
numerical‘analysis. For example, if we do not find the time function
in a transformation .table for a given operational solution, first we
assure the existence of the solution by the theory af the operational

calculus and then get the numerical solution in the ¢ domain by the



above method and regard it as the solution, provided that it is not
v-contradicé%y to the practical phenomendn. This method is one of the
methods of numerical inversion of the Laplace transform and is the
method which makes the most of the spirit of the operational calculus
among them. .

In the mean time, we shall often encounter the case to analyse a large
system yhose property is described by a set of differential equations.
In this case, we can get the time function algebraically by solving
the simultaneousilinear equation given by applying the operational
calculus, but recently to carry out the analysis systematically such
a method is used that the analysis is performed by the theory of the
matrix functions, for example, the state variable analysis developed
from the control theory.

Then, if we extend the operational calculus to the matrix form and
get the transforﬁation pairs for various matrix functions, we can
treat the simultaneous differential equation in a matrix form formally
by the same_method as the corresponding scalar equation. However, the
results given by the above method is merely the formal solutions and
we can get the practical solutions when every element of the matrix
functions is determined analytically or nhmerically. Therefore, at the
same time we must give a method to determine evéry element of the time
solution for a given matric operational solution analytically or
numerically.

As the scale of the system increases, the order of the equation
increases and it becomes extremely difficuit to get the analytical
solution, but by the progress of the numerical treatment by the large
scale digital computers, the numerical method is not so difficult and

is used more widely tdday than the analytical method.
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In this case, the procedure to get the matric operational solution for
a given matric differential equation is fairly easy and if we apply the
numerical inversion method of the Laplace transform, we can get the
numerical solution in the timé domain directly by extending the scalar
voperation to the corresponding vector or matrix operation without
getting the formal solution, and to do so, the advantage in numerical
analysis of the many variable systems increases remarkably.

Analysis of the wave propagation properties is one of the typical

‘ W
examples where the above method can be used effectively for the follg@ng

reasons. There the operational calculus has been used as the tool of
analysis for a long time and an operational soiution for the phenomena

is given easily. But if we consider the factors which give remarkable
influences to the phenomena such as the skin effect and‘the %bsorption
effect, the operational solution becomes very complicated and it is
impossible to get the analytical solution and thé»sufficient numerical
solutions in practical applications were not given because of imperfection
of the numerical method. For such a case we can get the sufficient
numerical solution by applying the numerical inversion method of the
Laplace transform.

As was given in the outline above, this thesis has the purpose to
establish the theoretical and numericaltreatmenﬁs of large scale'
systems by the operational calculus and is made out under the following
policies.

(1) To extend tire Miksinsky'’s operational calculus to a matrix
form and to make clear the relation between the operational calculus
and matrix functions.

(2) To make clear the relation between the operators and numbers

and give a practical method of numerical inversion.



(3) To give a numerical method in analysing the wave propagation

properties on transmission systems.

1.2 Construction of this thesis
This thesisiconsists-of 9 chapters and some appendices as shown
below. Chapter 1 is devoted to the introduction where the historical
backgropnd and the purpose of this study are shown.

Chapters 2,3 and 4 are devoted to an extension of Miksinsky'’'s
operational calculus to a matrix form. In Chapter 2, we shall show the
algebraic properties such as definition of the operat;r; its extension
to a matrix form, definition of the matrix function and its application
to the linear simultaneous differential equation with constaﬁt
coefficients. Ih Chépter 3, we shall show some properties concerning the
convergence; such as a series and a sequence of the matric operators
and their application to the analyis of the periodic functions in the
operational calcplus. The properties of the operators in the topological
space are shown in Appendix A and formulation of the state equation
by the topological method-in Appendix B. In Chapter 4, we shall show
ﬁhe analytical properties such as the derivatives, integrals and the
differential equations of the matric operétional functions. and their
application to the telegraphic equations. The Properties of derivatives
and integrals of the operational functions in the topological spaces
are shown in Appendix C.

Chapter 5 is devoted to extend the operational calculus to a multi-
dimensional space, for.example to analyse the telegraphic equations.
~The properties of the differential equations of the operational
‘functions derived from the partial differential equations by the

operational calculus are shown in Appendik-D.



Chapter 6 is devoted to show the relation among the operatoré, the
numbers and the numerical treatment of the Laplace transform by the
Fourier éeries technique, and give a practical numerical inversion
method of the Laplace transform. An algorithm of the Fast Fourier
Transform used there is shown in Appendix E.

Chapter 7 and 8 are devoted tq_show the applications of the results

obtained to the analysis of the wave propagation properties in the
transmission systems. In Chapter 7, we shall give the differential
equations of the operational forms deséribing the wave propagation
properties considering the skin effect and the absorption effect.
The detailed reductions of the equations are sﬁown in.Appendix F. In
Chapter 8, we. shall study the attenuation and the distortion of the
traveling waves on the transmission systems by applying the numerical
inversion method given in Chapter 6 to the results obtained in Chapter 7.

Chapter 9 is devoted to the conclusion and theré the results obtained

in this thesis are summarized.

1.3 General literatures for this thesis

In writing out this thesis( the auther made an effort to treat ei?y
subject as strictly as possible in the mathematical point of view and
referred to the following literatures frequently.

They are shown as follows by some items and by every chapter of this

thesis where they reffered.

Operational calculus ( Chapters 2,3,4,5,6 and 7 )

(I-1) J.Miksinsky; "Operational calculus"” »

Translated by S.Matsuura,H.Matsumura and K.Kasahara Shokabo (1969
Theories of matrix and linear space ( Chapters 2,3,4,5,6,7 and 8 )

(I-2) M.Fujiwara; "Gyoretsu oyobi Gyoretsushiki" Iwanamishoten (1961)



(I-3) XA K QAIREEB = B.H CAINEEBA, " BEIMMCIHTE/BHBIE METOABI JIMHENHOIL AJTEBPEL"

) Translated by S.Furuya and T.Oguni Sangyotosho (1970)

Lebesgue integral ( Chapters 2 and 6 )

(1-4) S:Mizohaﬁa; “Lebesgue sekibun" Iwanamishoten (1966)

Theory of distributions ( Chaptefé 5 and 6 )

(I-5) L.Schwartz; "Méthodes mathématiques pour les sciences physiques"”
R Tfanslated by K.Yoshida and J.Watanabe Iwanamishoten (1966)

Functional analysis ( Chapters 2,3,4,5,6 and 7 ) |

(1-6) T.A.TTrocTepPHUKA and A. P. 9HuomheikoTo;"Functional analysis"

Translated by T.Sato and R.Iino Sogotosho (1968)

(I-7) T.Kato; "Isokaiseki" Kyoritsushuppan (1967)

Theories of Fourier analysis and partial differential -equations

( Chapters 5 and 6 )

(I-8) S.Mizohata; "Henbibun Hoteishiki Ron" Iwanamishoten (1965)

Numerical treatment of Fourier ahalysis ( Chapter 6 )

" (I-9) T.Yoshizawa; "Suchi kaiseki (Kisokogaku Koza)" Iwanamishoten
(1968)

Theory of skin effect of ground ( Chaptes 7 and 8 )

(I-10) E.D.Sunde; "Earth conduction effects in transmission

systems" Van Nostrand (1949)
Theory of traveling waves ( Chapters 7 and 8 )

(I-11) S.Hayashi; "Surges on transmission systems" Denkishoin (1955)



2. A]gebrajc properties of operators

2.1 Preface

The starting point of Miksinsky'’s operational calculus is the concept
of the convolution integral of continuous functions in the interval 0st<=,
His idea lies in the fact that a set of continuous functions forms a
qugtient field with respect to two operations, addition and convolution
and that an element of this field is termed an operator. In this way
he introduced the operationél calculus and by usiné it, ag linear
ordinary differential equation with constant coefficients can be solved
only by the algebraic operations.

A set of linear ordinary differential equations with constant coefficients
is represented briefly by a matrix form and if the operational calculus
is extended to a matrix form, it can be treated éystematically by the
theory of matrix functions in the same way as a scalar form.

Hence it is the purpose of this chapter to show the fundamental
properties about the algebraic operations of matrix functions in the
operational calculus.

First we shall show the definition of operators in terms of the
abstract algebra formulated by Miksinsky and the definition of matrix
functions. And then we shall extend this operational calculus to the

matrix form and show some basic properties.

2.2 Definition of operators in terms of abstract algebra

2.2.1 Continuous functions and operatorsl)

The terminologies,
operators and contipuous function in terms of the abstract algebra

which are defined by Miksinsky are shown as follows.
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In a set a={a,bse,...} two operations, addition a+bed, and multiplication
obes are Qefined for arbitrary elements. Then 4 is called a commutative
ring if it has the following properties.

(i) a+b=b+a ‘

(ii) (a+e)+e=at(b+te)

(iii) For any pair of elements a,b, there exists a third element
Xe4A, satisfying the equation atx=b.

(iv) ab=ba

(v) (ab)e=a(be)

(vi) a(b+e)=ab+ac
A ringis said to have no divisors of zero if

(vii).ab=0 implies a=0 or b=0.
Any ring without divisors of zero can be extehdéd tq a qugtient field

which is a set of fractions with the following properties.

(1) ==

e if and only if be=ad

o
I

(2) a=%& for any k#0

o
In the qudtient field, addition and multiplication are defined as

follows.

ac

b ,d_betad bd_bd
a [ a ¢

ac ! =

The elements of the qugtient field with the introduced addition and
multiplication satisfy also axioms (i) - (vii). Moreover the following
condition is satisfyed.

(viii) Fbt»any pair of elements a,b, provided a#0, there exists-a

third element. =z, satisfjihg the equation ax=b;

Let us consider a set C={a,b,¢,...} of complex functions of a real
Qariablé t, defined to be continuous in the interval 0<t<e.. This set

s a commutative ring with respect to addition and multiplication

10



defined as follows

atb={a (t) }+{b (t) }={a(t)+b (¢)} ‘ (2.2.1)
. t "
ab={a(t)}{b_(t)}={foa(t—r)b(r)dr} (2.2.2)

where _
{a(t)} is a function a(t)
a(t) is a value of function a(t) at t=t
é is an operator for funétion a(t).
For these oberaﬁions, the propegties a+beC and abeC hold and all the
axioms for the commutative ring (i) - (vi) are satisfied.
The operation (2.2.2) is a'convolution integral and by Tichmarsh’s
theorem*

<< If two'func¥ions aeC and beC are not identically equal to zero,
then.their convolution is noi tdentically equal to zero.>>
. the‘cohsideréd:ring C has nd divisors of zero. Therefore, it can be
extended to a qu%tient field. The elements of tﬂis quatient field are
called operators.’

2.2.2 Locally integrable functions and operators In applying
the operational calculus, it is not sufficient to restrict a set of
functions whose elements belong to the class C. From the theoretical
point of View; it is cthenient to introducé the class L of locally
integrable functions in the interval 05£<w, which means a set of
complex' functions integrable in the sence of Lebesgue in any bounded
interval 0<t<T. For the convolution of these functions, the following
theorems are given**.

<< If feL and ge€L, then fgeL.>>

<< If the convolution fg of two functions feL and gelL vanishes

*

See I-1 Part 1 Chapter II
&k

See I-1 Part 6 Chapter 1II

11



almost everywhere in the interval 05t<®, then at least one of these
functions vanishes almost everywhere in this interval.>>

From the standpoint of the functional analysis, two functions f, and
f, of class L are said to be equivalent if they are equal almost
everywhere in the interval to be considered because oﬁ the following

relation
t t
U fiarl={f f,(vdr}.
Therefore, for a function feL, let us consider the convolution integral
. .
te={f f(myarl (2.2.3)

where 1={1}, then 1fe€C and because l#0 it can be regarded that the
function f and the operator 1f/l are equivalent in the functional
analysis. By using this relation, two operations, addition and

multiplication for any pair of functions in a class L are defined as

follows.
f+g_a_;b (2.2.4)
ro=%% | | (2.2.5)

where a= Zf and b=1lg. Because ae€C,beC and ZéC, two rings L and ¢ can be
treated equlvalently in the operational calculus and all the results
obtained for the quﬁtient field can be applied to the functions of

class L.

2.3 Definition of matrix functions
In applying the operationalcalculusto a system with many variables,
a matrix of the following form is introduced
{(Ff11(a)} {Ffr12(2)} covvee {(Fin(2)} .
2 - T O (2.3.1)
{fmi(2)} {fm2(2)} cco.... {fmn(2) }

12



where every element {fij(z)} is a compiéx function of a comple¥
variable gz.

Specially a matrix of function {f(A)} arising from a scalar function
{f(2)} is treated frequently where A is a square numerical matrix and
we call it matrix function f(A). Such a matrix function is defined
as follows 2).

(1) {f(z)}={k} - then {f(A)}={k1}

(ii) {f(z)1}={z} then {f(A) }={A}

(iii) {f(a)}={g(2)+h(z)} then {f(A)}={g(A)+h(A)}
(1) {f(2)}={g(z)h(2)} then {f(A)}={g(A)h(A))
(v) {f(z)}={nlg(2)1} then  {f(A)}={nlg(A)]}

For a polynomial with complex coefficients
T i
(Fay={ 1 aza®}
=0
we mean that A® is determined by ordinary matric multiplication, A°
is replaced by'unit matrix, aiAL interpleted ordinary as scalar

multiplication of A® by a; and the addition as matric addition, then

we have a matrix polynomial
T i
rmyi={ 1 a,A%}
: =0
satisfying the above properties (i) - (v).
Next we shall consider a matrix function {f(A)} arising from an

analytical function {f(z)}. Assume that a matrix A is transformed

into the Jordan canonical form C by the following transformation.
c=p~ AP ‘

C=C ,+C y*. .. .+Cn

( 3
Ai 10....0 > (2.3.2)

o Ai l10..0

H
e s e es o0t ens e

o .......0 AiJ J
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By Taylor’s expansion, {f(z)} can be given as the following infinite

series in the neighborhood of z=ki
o (Z) (4., .
(rearref | L 28 en )
n=0 ° *
then we have
o (1) . . -
= Q) ¢ . 7
{f(ci)}-{ngo (- )

Since (Ci-li1)t vanishes if ini where v is the order of Ci, we have

rs . i (vi=-1) .
A , 7 \
(FOp} o) (F508) ey
. (vi-2) .
. (A1)
0 {FfOD} (Fap ... (A
{f(c)}= ¢ (vi-2)1 } (2.3.3)
[ o0 0 0 veveenns {FOADY J
and
(FOI={FC+F(Ca) +ennn tF(Cy) ) (2.3.4)
then we have 7
{F(A)}={F(PCP L) }={PF(CIP '} (2.3.5)
This matrix function {f(A)} satisfies the properties (i) - (v) if

{f(2)} is single valued.
For a many valued function, above formula can be expanded by introducing

the Riemann plane.

‘2.4 Operational calculus for matrices of functions
2.4.1 Definition of matric operational calculus When matrices of
functions {F(t)}=[{Fij(t)}] and {G(t)}=[{6ij(t)}] are given, where
FijeF and Gijec' as in the case of ordinary matrix algebra, we shall
define sum {H(t)}=[{Hij(t)}] satisfying the following relation .
{Hij(t)}={Fij(t)}+{6ij(t)L
and denote it by
{H(£) }={F (£) }+{G(¢) }-. ’ (2.4.1)

14



Furthermore when {F{(z)} and {G(t)} of the above class are comformable
and not nilfactors, we shall define product {H(t)} satisfying the
following relation . |

{Hij(t)}={£fﬁFik(t-r)ckj(t>dr}
and denote it
{H(e) Y={F () }{G(t) }- (2.4.2)

In a set of square matrices of functions, for any pair of its elements
the sum and the product by the above definition belong to the same set
and these operations satisfy the axiomé (i) - (vi) in 2.2.1 except (iv).
In other word, this set is a ring but non-commutative, therefore, a
matric operator cannot be defined in the same Qay as in the scalar
functions.

In general we shall consider a matrix of operators in the following
fofm

@11 @12 ceceeeses Qin
] (2.4.3)
Qmi Qmz ceveeves Qmn
where Qijeg and @ is a quatient field of operators.

For the algebraic operations of this matrix of operators, all of them
- in the qugtient field hold for every element. Let us call such a matrix -
of operators as a matric operator and define some special examplés.

Matric integral operator: For a matrix function {1} and a matrix of

functions {F(t)}, we have
{1}{F(t)}={f:F(T)dt}- (2.4.4)

Denote £={1} and call it the matric integral operator, then from the

definition follow the following formulas.

n tn-l
"=} n=1,2,c.... (2.4.5)



t t
LF={] dt....[ F(rdt}=(] iizl{TT—F(r)dr}

é (2.4.6)

n=1,2,....

Matric numefical operator: For a matrix function {1} and a matrix of
Eﬁnctions {A} where A is a numerical matrix, we shall consider the
matrix of functions {X} satisfying the following relation

- {1} {X}={A} '
We shall denote {X}={Al/¢ , write it [A] and call it a numerical
operator. For any pair of numerical operator} we have
 [A1+([Bl=[A+B] , (2.4.7)
[A] [B]=[AB] ' (2.4.8)
because by the definition yield

{A} {B} {A+B}
L e ¢

(a1 (51 = A1 (BLL U8 (A8 g,

[A1+[B} = [A+B]

Owing to these formulas, the blackets [ ] can be ommited in the operational
calculus and matric numerical operatqrs can be treated same as ordinary
numerical matrices.

Furthermore, fhe following relations hold

~ A{B}=[A]{B}={AB} | (2.4.9)
{1}A={A} (2.4.10)

because -

A(B)=LALLB)_L(AB) ()

{1}A= ‘{A}-{A}
Let A=1 then by (2.4.9) becomes the formula _
1{B}={B} : (2.4.11)

and let A=0 then by (2.4.9) becohe the formulas

16



0{B}=0 (2.4.12)

{o}=0 . (2.4.13)
and

0+{B}={B} (2.4.14)

because

,_{0)}+£{B} 2{B+0}

Matric differential operator: In the operational calculus the operator
defined by the following relation
£s=s £=1 ‘ (2.4.15)

plays an important role, then we shall denote it by
s=p - (2.4.16)

and call it the matric differential operator. For this operator the
following theorems hold.

mxn

<< Denote C a mxn dimensional space of functions of class C and

suppose a matrix of functions {X(£)} of ™"

has a derivative matrix
{X"(£)} of class C™*™", then follows the formula
s{X(¢) }={X" (£) }+X(0) (2.4.17)
where X(0) is the value of {X(£)} at t=0.->>
Proof: From the relation
{x<t)}={IfX'(r)dr}+{x<0)}
we have
{X(t) }=2{X" () }+£X (0)
and multiplying both sides by s, we have
s{X(t)}={X"(t)}+X(0). Q.E.D

<< Suppose a matrix of functions {X{(t)} of cmxEn

has n-th derivative
(M (4} of men» then follows the formula

sPTIX(E) ={X ) () 3ax 1) 0y asX (2D 10y 4. 451X (0) (2.4.18)

17



shere s"=ss..s and X'¥7Y(0) (i=1,2,....n) is the value of (x -t

n

(¢)}
at t=0. >>
Proof: Multiplying both sides of (2.4.17) by s, we have
s2{X(£) }=s (X’ (£) }+sX (0)
and by (2.4.17)
s{X’ (£) }={X"" () }+X' (0)
then we have
S2{X(£) }={X'" (£) X’ (0)+sX(0),
Repeating this procedure, we have (2.4.18) . ' Q.E.D
So far discussions were limited to matrices of continuous functions,
but they can be extended to matrices of locally integrable functions
in the folldwing way. '
mxn

Let L a mxn dimensional space of functions of class I and for

matrices of functions {F(z)} and {G(t)} of ™" give the definition

(1) £F=LG then F=G

(2) F+G=%(£F+£G)

]
(3) FG=ZT%£F£G)-

then matrices of locally infegrable’functions can be treated in the
same way as matrices of continuous function in the operational calculus.
2.4.2 Operational forms of matric exponential functions Let us

consider a matrix function {eAt}, then by (2.4.17) the following

formula yields
s{eft1=nteht)a
and it becomes
| (s-m {Pt1=1.
For this relation, we shall denbte {eAt} as.follpws.

At 1 - (2.4.19)
{e""}=gg .

18



By the definition of the convolution, the following general forms are

given.
1 _, Aty, At At RNy
(s=my7 te }if_Yl;: }= {(n-l)l }
n (2.4.20)

n=1,2,ce0..

Let us consider matrix functions {cosAt} and {sinAt}, then by (2.4.19)

they become ' :

{cosAt}— { tAt, -1At} ( -LA s+zA)

At -iAt 1 :
{51nAt}— { g e ¢ } 2¢(sle sle)

The matrices s and A are commutative, therefore, above formulas become

as follows.

{co;At}=§;}K; , (2.4.21)

\ __A
{SlnAt}_ETIKT . (2.4.22)

In the same way we have the following formula.

1

{coshAt}=52_A2 (2.4.23)
, A
{s;nhAt}=§7:K7 (2.4.24)

When the matrix A is non-singqular we have

T;y;%;TT=A—2{sinAt}{sinAt}={%A—3(sinAt-AtcosAt)} (2.4.25)

Tgr;%77?=A-3{sinAt}{sinAt}{sinAt}

={%A-5(3sinAt-3AtcosAt-A2tzsinAt)}. (2.4.26)

By (2.4.20) we have

ntl ;_ n 'l:At}
TE:?KTﬂ$T_{t e
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and compad¥ring real and imaginary parts of the both sides, we have.

n +1 2m+1

A
(t"cosAt}= Tsz—+A—z‘)n—+r2‘ 17 1Come §) 2.a.27)
0$2m$n _
n's 2m

) A
{t"sinAt}= —ET;I?TﬁTIZ( n" n+l 2m( )

0<2m<n+1

.(2.4.28)

For matgix‘functions with more than one coefficient matrix, the
scalar forms éan be extended to the matrix forms in the operational
domain if all the éoefficient matrices are commutative.
For examplé if numerical matrices A and B are commutative, the following
aquality holds
eAeB=eBeA=e(A+B)

and the following relations hold.

At _ s-A
{e c°snt}—T§:ﬁTTT§7 - (2.4.29)
At . B B
{e Slnﬂt}=TE:K77¢§7 : (2.4.30)
.B )
(M Pcosndt )3 70-p7 (2.4.31)
B ' . : :
{eAtSinhAt}=T§:K%T:§7 (2.4.32)

2.5 Applications to linear simultaneous ordinary differential
equations with constant coefficients
2.5.1 First order é@ations The properties of linear time-invariant
systems are described by the following set of differential equations
{x’ (t)+Ax(t) }={Bu(t)} © 0 (2.5.1)
in the interva1 05t<w where x is the state vector, u is the input
vector, A ande_are numerical matrices.

.According to the results given in 2.4 the operational solution becomes
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{x(t) } S+Ax(O)*S+AB{u(t)} B (2.5;2)

and by (2.4.15) and the deflnltlon of convolutlon, the tlme solutlon

becomes
(x(£)}={eP x(0)+] "= gy (1) dr} (2.5.3)

where x(0) is the value of x(t) at t=0.

2.5.2 Second order equations In the analysis of physicél systems
the following differential equation is given if fhe analysis is based
on Lagrange'’s equation

{x"" (£)+A1x’ (£) +Rox (£) }={Bu (¢) } . (2.5:4)
where Ay,A, and B are numerical matrices.

The operational solution becomes

X' (0)+(s+A;) x(0)+B{u ()}
{x(t)} SZ+A:S+A0

(2.5.5)

and for this operatlonal solution, to get the correspondlng t1me solution
analytlcally as in the case of scalar function, matrices Ao and A, must
be commutative. But this requirement is satisfied scarcely, therefore,
(2.5.4) is transformed into the first order equation of the following

form by introducing a new variable y=x'

(2" (8)+Az (£) }={Cu (£) } (2.5.6)

x(¢t) 0 -1 0
{z(t)}={ } A= C=
y(¢t) AyA, B

and is solved by the method of 2.5.1.

where

As an example that can be treated analytically without decreasing its
order, let us consider a case where A, and u vaniéh in (2.5.4). Then

the equation becomes

{x""(t)+Aox (¢) }=0 ’ (2.5.7)

21



and the operational solution is given

'{x(t)}=§7%57x’(0)+§7%t?x(0) (2.5.8)
where C2=A,.
The time solutién is given
{x(t)}#{C-lsinCtx'(0)+cosCtX(0)} ] (2.5.9)

and from the definition of matrix functions

* {cosCt}={ 2 fzi;,czﬁ 27 )= 2 Ezt;,A" £2"} | (2.5.10)

-1 .. _ (-1)" 2n, 2n+l (-1)" 2n+l :
{C s:LnCt]—{nZ WC } { X ————(Zn"’l)!Aot } (2.5.11)

2.6 Discontinuous functions in operational calculus
In practical applications, a function {f(t)} considered in the interval
n<t<» satisfying the following two conditions is treated frequently.
(1) It has at most a finite number of points of discontinuity in
evéry finite interval. |
{2) The integral fﬁlf(r)ldr has a finite valueufor every t>0.
Miksinsky deflnd a set of such functlons as class K.
Let us denote K™ n a mxn dimensional space of functlons of X and consider
a matrix of functions of KM, Theoretlcally the operational calculus
has been extended to functions of class L and because ﬁhe class X is
included in the class L , it is unnecessary to define any new algebraic
operations in fuhctions of class K. |
For an example which gives a matrix of functions of ™", we shall

define non-integer power of a matric operator by.
-1, :
(s-A) *:{%TXTeAt} a0  (2.6.1)

where T'()) is the Euler’s gamma function, and for all real ‘values of

A define
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(S-A) °=] . (S-A) )\=(S—_,]x—)-:>\ A>0 (2.6.2)

then we have the following formula for all values of A and

(s=A) "2 (s-A) M= (s-A) ~A"H (2.6.3)
because ‘
A-1 -1 t
-u_g¢t At t Aty 1 A-1_u-1 At.
(s=A) "} (s-A) ={Fxye aye 1= rooToy S, (e T e )

and by substituting t-1=to

Ay A ey TH_ 1 ! T u=1 A-1 A+u-1 At
(s A) (s A) —WIU (l-0) [+ do{t e }
A+u-1 At

“Iraen©

The operator (S-A)-A represents

mxm

(1) a matrix function in the class C if A2l

mxm

(2) a matrix function in the class X discontinuous at t=0 if 0<i<1

(3) not a matrix function if AsO.

By this definition follows the relation

172 oAty L Aty

Vs+A ras2)” 487
and by the definition of the convolution, follow the following relations

(2.6.4)

if A is positive definite.
A —
-At? -1/2 -At?
= (e St Lo AT g jan /2 LA

Ys(s-A) Vut VT %/
={A'1/2eAterf(/K?)} _ (2.6.5)
AT -1/2 — :
{f dt}={A erf (VAz)} (2.6.6)
s/ /F_ .
1 V7t Lae tB-ln-At ~ oAt ¢ v-1_8-1
V+B {(V-l)!° }{F(B)° }—{(v-l)!F(B)Io(t-T) ! dt}

(s+A)

={t8-1( t)\) -At / [_B]}
] I'(B)v! Y

g>0 v natural'number (2.6.7)
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Next we shall consider a case that inthe following differential equation
' C{x’ (£)+Ax (£) }={Bu (£) }
an fgbut function {u(t)} is a function of X". Then the function {x(t)}
will be the solution if

(1) {x(t)} is continuous

(2) {x(t)} has the first derivative at all the points where {x(t)}
is continuous

(3) {x(t)} satisfies the equation at all the points where {u(%)}
is continuous. . ‘

In such a case, if initial or boundary conditions are given at the

points where {u(¢)} is continuous, then the equation can be treated

in the same way as in the case where {u(t)} is continuous.

2.7 Summary
In this chapter the algebralc operations of the matrix forms of
functions and operators in the operatlonal calculus were shown.

Some operational forms for matrix functions which are derived from
matric exponential functions were given, and the given results were
applied to the analysis of linear simultaneous ordinary differential
equations with constant coefficients.

Almost every result given here remains a rearrangement of the known

result, but it must be the foundation of the studies in successive

chapters.
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3. Sequences and series of operators

3.1 Preface
In applying the operational calculus to various problems, an analytical
treatment of operators becomes necessary, for example in a case where
we apply it to the analysis of Bessel functions, periodic functions
or linear difference equations.

Here we shall extend Miksinsky’s definition of the operational convergence
of an operator in the topoldgical space to a matrix form.

Hence it is the purpose of this chapter to show £he analytical treatment
of a matrix of functions and a matric operator specially related to
the properties about their operational convergence.

First we shall show the fundaméntal properties of the sequences and
series of matric operators, and then, as an examble of their applications,
present a methbd to analyse linear electric networks with periodic
external forces by using the property of operational convergence of
a certain infinite series of operators.

The fundamental properties of operators in the topological space will
be show in Appendix A and formulation of a state equation of electric
network by the topological method will be shown in Appendix B.

3.2 Sequences of matric operators
Let szm is a Ixm dimensional space of operators, then a sequence

lxm

of matric operator An of @ is termed to be convergent if every

element An of An converges to Aij operationally.

sTd

By the definition of operational convergence:, every element An id has
]

a unique limit Aij of the following form
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A ..
=g, .lim—2td =g . (3.2.1)

" where qijea and An ./qijec and because by this fact

sTd’
An has a unique limit A,
' *
By the following theorem
<< Suppose lima =a and %igbn=b, then %ig(antbn)=atb and %iganbn=ab.
Furthermore suppose b#0 and bn#o for n=1,2,...., and the sequence of

the quatients an/bn has a limit, then %igan/bn=a/b.>>

if _
%igAn=A and %ian=B

then
1im (A, +B,)=AB (3.2.2)
%i@Aan=AB (3.2.3)

and when every element of Bn'B and An/Bn satisfies the condition of
the theorem for every element, then
%igAn/Bn=A/B : (3.2.4)

where A /B means left multiplication of B;l to A .

3.3 Series of matric operators
3.3.1 Series of matric operators For an infinite seres of matric

szm in the form 7} An’ if the sequences of its partial

operator A of
n
n=0

sums
S =Ag+A1+....+A
n n

converges to A, it is said to have the sum A and is written

¥ R =Ro+A1+..oeoeno.i =A, S (3.3.1)
n=0 ' :

For an example, we shall consider the following infinite series

14n B+n2 B2+ . L. .. (3.3.2)

*
See I-1 Part 2 Chapter 1
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where B is a square numerical matrix and multiplications in B%,B%,...
mean ordinary matric multiplications and hA is a translation operéior
defined by
0: 0<t<A
h>\=3{ }
1: 0<A<t
and causes for a matrix of functions {F(t)}
A 0: 0st<A
W ()] b
| F(t=-1): 0<A<t
By multiplying the operatof l-hAB, we have
(1-178) (141 B+n22B24. .. ) =1

and

Ag.r2hns )
1+4 B+h B +'.'._m. ‘ (3-3.3)

This series is important in the analysis of the periodic functions
as will be shown later.
3.3.2 Powér series of matric operators In'applying the operational
calculus, the power series of the following form is important
O(F)=Ag+A,F+A,F3+...... . (3.3.4)
where Ag,A;,Az,.... are numerical matrices and F is a matrix of functions
of ¢™™ and multiplications in F2?,F3,... mean the convolutions.
For such a power series, the following theorem holds.
<< Suppose the radius of convergence to the series
O (A)=Ag+A 1 A+A A2+, .. ... A complex (3.3.5)
is positive, then the series (3.3.4) is operationally convergent., >>
Proof: In every domain |[A]|sA,, 0stst,, let us consider the following
series
Y(FA)=A FA+A,F2A2+, ..., (3.3.6)

Denote max|F,..(t)|=M, then
i,d

[F(t)|<uMH
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{Fz(tdlsmzm——nsmzm oH
. ) o tz . tz :
|F3(t) ‘| sM?m?orHsMim? 4
‘and generally

-1 -1
n n n-1- t n n-1 t%
|F (t) | sM"m TZ—TTTHSM TZ"TTT"

where rhe matric absolute meens the matrix whose elements are the absolutes
of the original matrix; the matric inequality means the inequalities

for the corresponding pairs of elements, m is the order of F and H is the
matrir whose elements are all unity.

Denote the radius of convergence of (3.3.4) by p, then

n n n n-1_t" = Agyn M -1t} pyn
[A F" (£)) l<|AM = 1,,,,Hl | B5%) """ e 1,,()AHI
2
5K|An|(2).H
where the following ineguality is used
. _ 1
2A o\ M, 7 n 1 to
( ') (n- l)'SK

(-]
whlch is valld because of the fact that the series Z xn/n! is convergent,

n=0
and consequently the serles

K|A,|5+K|A2|(5) Fivoeooanns
is convergen£ by (3.3.5). Therefore the series (3.3.6) is uniformly
convergent in the considered domain. Add A, to it and substitute AF=F,
then-'the.rheorem is proved. ‘ ‘ Q.E.D

By the binomial theorem for an arbitrary real exponent B,
=1 Y pa
-and'themabove theorem, we can define

(14F) B2 3 (ByeY (3.3.7)
v=0 L

where F ‘means the convolutlon and the follw1ng relations are given by
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this definition.

(1+F) B1(14F) B2 (14 BatB2 (3.3.8)
_B_ . ] .
(]+F) _(]+F)B (3-3.9)

By (3.3.7) we have

{Jy(At)} {3.3.10)
S<+A

because

1 —£(1+£2A2)—1/2 { 1/2] £2V+1A2\) { X (-1) (\E?;)I)Az\) 2\,}
ST+ v=0' v veo 22 ?

={Jo (At)}
and by replacing A=iA we have

———l——={Jo(iAt)}. (3.3.11)

s—
*
By the following series

(n+2v-=-1)! n+v

(VI+X —1) =n Z (-1 A [A]<1
v=0 2n+2vv'(n+v)!
we have
(VTFF=1)"= n] (-1)V—2E20=l)! pnev, 5 5 45,
v=0 2 vl (n+v)!

By this formula we have

(VSTHRZ=5)"=s™ (/TFgZAZ-1) "=y | (-1)V—(BE20=1) 1  n+2v,2(n+v)

v=0 -2"+2vv!(n+v)!‘ L
© A2(n+v)tn+2v-l nAn
={n ] (1" ={"—, (At) }
v=0 2n+2vv!(n+v)! ton
n=1,2,... . (3.3.13)

and if A is non-singular we have

(FTHRZ=5)"_ ¢ § wp2 (V) me2y
—_— (-1)
VS ZFRZ v=0 22700 (nv) 1

b={A"3 (At)} n=1,2,...(3.3.14)

*
See I-1 Part 2 Chapé% IV

29



3.4 Analysis of electric networks with periodic external forces
.‘3;4.1 Separation of periodic solutions 1 Here we shall consider an
electric network such as periodically interrupted network of the second
genus3) and analyse it by. the operational calculus. *
The properties of a linear lamped time-invariant network with energy
storage elements are described by the following state and output equations
“{x’ () }={Ax(t)+Bu(2)} (3.4.1)
{y () }={Cx (£)+Du (¢) } (3.4.2)
where x means a set of necessary and sufficiént variables to determine the
state of the network and célled the state vector, y means the output vector,
u means the input vector and matrices A,B,C, and D are constant numerical
matrices whose elemenﬁs are determined by the value of the elements
contained in the given network aﬁd by their connections.
It is not so intuitive to formulate the state equation for the given
network compalred to the classical method such as the node equation or
the loop equation, but it is convenient to use the state equation in the
theoretical considerations.
To formulate the state equétion, a systematic method based on the

topology of the network has recently been made.4)’5)’6)’7)

A procedure

to formulate the state equation by this method is summarised briefly

in Appendix B.

For the éiven state equation we shall conéider a case where input

is consisted in periodic functions of period 2T such that

{u (&) }={u (t+27) ) |

and tr§ to separate the périodic and transient parts from the state vector

'by the'operatiqnal method®’ . »

The input vector can be written in the following form
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{u(t)}= lup ()3 and {uo(t)}={ (3.4.3)

u(t): 0$t<2T}
1- h2T

0 : 27<t<w
and {u(t)} is generally a discontinuous function considered in 2.6.
By the above notation, the operational solution of the state vector

can be written

1 1 {uo(t)} (3.4.4)
{x(t) }—S_AX “”"‘ﬁBW .

Here we shall separate the solution to the following form

{x(2) ={xo () +x, (£) +x (£) } (3.4.5)

N

t
related to the input function and Xg is the periodic term with the

where xo is the term caused by the initial value x(0), x, is the term

same period as the input function, then we have

{Xo(t)}=§%KX(0)={eAtx(0)}={e(t)x(0)}
} (3.4.6)
0St<w»
where we use the notation eAt=e(t), arnid have ‘
{xg (8)+x, (£)) iliiill+{ L (8))=ly iﬂiig%l (3.4.7)
1 -

where Xe¢ is the fundamental periodic part in the interval 0<&<2T.

From (3.4.7) we have
{Xs (£) Y=—1rB{u, (¢) 3= (1-k2T) {x, (£)} (3.4.8)
s=Rb Mo t 4
and because Xs=0 in 2T7<t<®, we have

rBlue (8)}=1-22T) (x, (£))
}‘ (3.4.9)
2T< t<o '
By this relation the function {xt(t)} satisfies the following *differential
equation in the interval 27<¢<w
{x" (£)}={Ax(£)}

then we have

{x, (5)}=tePPci=te (t)C) C (3.4.10)
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where C is an arbitrary numerical matrix.

.Substitute (3.4.10) into the right side of (3.4.9), then

(1-h2T){xt(tf}={e(t)C}-{e(t-2T)C}={-e§l(1-eo)e(t)C}' (3.4.11)

where eo=e(2T)=e2A¢.

For the left side of (3.4.9), we have

27
E}KB{uo(t)}={I:e(t~T)Buo(r)dr}={e(t-2T)]oe(2T-T)Buo(t)dr}
={este(t)hy} (3.4.12)

where ' .

2T
ho=foe(2T-T)BUo (t)dv.

The matrix C is decided by (3.4.11) and (3.4.12) and finally we have
{x, (£)}={-(1-e0) ‘e (£) o)
}- (3.4.13)
0<t<w

Forvthe fundamental periodic part, we have
{Xe (#) b=gigBuo () 1= (x . (8) }={ [ Pe (5=1) Bug (1) dT}+{(1-e) “Pe (22 ho)

={h(t)+(1-eo) "te(t)hy} 0<t<2T (3.4.14)

where
h(8)=/%e (¢-1)Buo (1)

and for the periodic solution, we have
{x, (£) }={Xs (t-2nT) }
}' (3.4.15)
2nT<t<2(n+l)T n=0,1,2,...

By using theses results we can separate the transient and periodic parts
from -the state vector. _

3.4.2 Separation of periodic solutions Il - For the periodic functions
opreriod 2T, we shall often encounter a case where

{u(t) }={-u(t+7)}.

This function can be treated by the above method, but it can be treated
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more conveniently than the above method in the following way.
The function {u(t)} can be written in the following form.

u(t): 0Le<T

{u(t)}=iﬂil—(--;-i-)—l {uo(t)}={ }(3.4.16)
1+h 0 : 7<¢
Denote the solution of the state equation by
{x(t)}={xo(t)+xt(t)+xs(t)}
{Xs ()} (3.4.17)
{x_(t)}=—"02
8 1+n7

then follow the results by the same procedure stated in the previous

case.
{xo(2)}={e(£)x(0) }
} (3.4.18)
0<t<>
{x, (£)}={(1+eo) "te(t)hy}
eo=eAT ho=f:e(t-T)Buo(T)dr . (3.4.19)
. 0St<»
{Xs (t) }={h(£)-(1+eo) "Ye (£)h,}
h(t)=f§e(t-r)Buo(r)dr . (3.4.20)
05t<T
{x, (£) }={(-1)"Xs (t-nT) }
: } (3.4.21)

nT<t< (n+l) T
As is proven easily, every solution given here coincides perfectry with
that given by the previous method in the considered interval.
3.4.3 Numérica] examples Here we shall consider responce of an
amplifire shown in Fig 3-4-1.
The equivalent circuit of this amplifi%g is shown in Fig 3-4-2 and

a state equation of’ this circuit is given as follows.
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Fig 3-4-1 Circuit diagram of an amplifire
va V4
I L. 11
1 17
c2 c4

GM1
1 Tz M2
V3o % % & %
Iin T) - . % T 6 G4 ps 4
™ (3

Re

: AU} e . ..er
Fig 3-4-2 Eqsvalent circuit of the amplifire

- (G14G,+Gm+1/R,) /Cy (G,+1/R;)/Cy 1/C2R2

vV vV,
_d Vali- V,
dat =A
V3 V3
Vli Vl.
where
(Gl+Gm1+l/R2 )/C2
A=
1/C3R,
0

-1/C3R;

+B{Iin}

-(G,+1/Rz)/C2 ‘1/¢2R2

(3.4.22)

"(G 3+GQ+GMZ+1/R2+1/R3+1/RQ)/C3

0 (G“+GM2+1/RQ)/C|¢
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0 0

., 0 1/C,
B= .
(Gu+1/Ry) /C5 1/C;
- (G4, +1/Ry) /C, 0

Suppose that Iin is given by

I: 0S¢<T

(rint={ } (3.4.23)

~I: T<t<2T

‘then the first method gives

{xo(t)}={eAtx(0)} 0St<w (3.4.24)

x, () }={-A"  (4hT) L (12AT) ABpr gcpc (3.4.25)

A (At o1y BTt (14eAT) "L (12 ATy Aty
0St<T .
o (21 )= A -2 AT) At B AT (14677 (3:4.20)

AT
e

(1-PTy Atpr o peg<ar

and the second method gives the same solution Xo and x, as these by the

t
first method and

s (8) 1= (A" (PPo1)Br+A™2 (146AT) "1 (126AT) JAtp )
0st<T, (3.4.27)

For (3.4.26) we can prove easily that

{Xs (£) }=={Xs (£4T)}  0<t<T (3.4.28)
therefore, these two methods give the séme solutions.
Numerical solution of

Vout/Iin=(Vi=Vy)/Iin
is shown in Fig 3-4-3
where ‘

C1=C2=C3=C4=10"*uF

R2=1k{ R3=50k Ry =20k§

G1=G3=2.8mmho G»=G4=0.1lmnho

Gmy=Gm,=25mnho.
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in Su

Veut /ﬁIfw

500

periodic solution
I=30usec

periodic solution T=l6usec

1.0 t/T

transient solution
T=]5usec

transient solution

T'=30usec

Fig 3-4-3 Numerical solution of Vout/Iin

3.5 Summary
In this cﬁapter, we showed the analytical properties of matric operators

with respect to the operatibnal convergence and gave the fundamental
propertiés of the sequences and thevseries:of matric operators.

Some operational forms for matrix functions derived from the power

series sgéh as some sorts of Bessel functions were given.

As an example of their applications, we gave the method of separating

the periodic and the transient parts from the state vector of the

eleqt;ic network with periodic external forces by the operational

method and gave some numerical examples about it.
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4. Differgntia] and integral properties of operators

4.1 Preface
In applying the operational calculus to the analysis of linear partial
differential equations with constant coefficients, differentiation and
integration of operators in a certain domain are necessary. For these
problems, Miksinsky introduced an operational function and defined its
derivative and integral. Here we shall extend his results to the matrix
form. .

Hence it is the purpose of this chapter to show the analytical properties
of matrix of functions and matric.operators with respect to the properties
of differentiation and integration.

First we shall show the defini£ion of a matric operational function, its
derivative and integral and the fﬁndamental propérties of the differential
equation of the matric operational function.

And then, as an example of their applications, we shall show the method
to analyse the teiegraphic equations by the operational calculus.

The fundamental properties of the operational derivatives and integrals
in the topological space will be shown in Appendix C.

4.2 Derivatives and integrals of matric operational fungtions
For a given matrix of functions of two variables {F(X,£)} defined for
t20 and for  some values of A, let us write it as
F(ay={F(x,t)} C(4.2.1)
and call F()) a matric operational function.
It is said continupus in a ce;tain interval - A€I if each of its elements

can be written as
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F27 N =955(F,, 15 (A, )} (4.2.2)
ij is a function of two
variables continuous in the domain D(A€I,05t<»), In this case it is said

. where g.. is a certain non-zero operator and [
q‘LJ 3

to be differentiable in the interval I if every function f, id has the
- 2
partial derivative {s%fx,ij(lnt)}-‘

Then the derivative of F(A) is denoted by
z%F(A):F’(A)
where each of its elements is given by

9
Qia{ﬂfl,ij()\lt)}
in the domain D.
Furthermore, F(A) is said to have the n-th derivative F(n)(A) if each of

its elements can be. written as

(n) of

fij(x)=qn,ij n’ij(x,t)} . (4.2.3)

(n)

where ¢ .. is a certain non-zero operator and f_ ..
n,1iJ n,1

F has the n-th partial

derivative {é—gfn,ij(k.t)} in D.
For the deritatives of matric operational functions the following
properties hold. 7
(1) F(A)=C  then F’(A)=0
(2) [FA)2GA)]'=F’" (1)xG" (A)
(3) [(FMHGA)]"'=F" (A)G(A)+F (A)G" (X)
(4) [CF(A)]'=CF’ X)
For the'integration, F(A) is said to be intégrable in the interval
asAsB if each 6f its elements is integrable in this intefval, and the
following properties hold. The definition of integration of the operational

function is 'shbwn in Appendix C.
a
(5) / F()dr=0
o
B - a
(6):f Fydr=-[ Fn)dx
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B Y B
(7) [ F(X)dr=[ F(X)dr+] F(A)dA

a a Y
B 8
(8) [ CF(M)dr=C[ F(A)dx
o o
B 8 B
(9) [ [F(A\Y£G(X)1dA=[ F(A)dr+[ G(X)dA
a a [0
B B
(10) [ F'(X\)G(A)dA=F (B)G(B)~F(a)G(a)~f .F(A)G’ (A)dr
o [o ]

8 ¢ (B)
(11) [ FIo (M) 1o’ (N dr=S F(XA)dA
o o (o)

4.3 Differential equations of operational functions
Here we shall show the differential equations of the matric operational
functions which will appear in analysing the partial differential equations
by the operational calculus.
First we shall show the following fact called the Cauchy'’s problem which
is concerned with the study of linear differential equations in a Banach
9)
space” ' ..
<< Denote by A a linear constant operator which is defined in the

domain D(AR) to be dense at a Banach space E, and consider the following

differential equation.
dx_
EZ_AX (4.3.1)

The function x(t) is said the solution of this equation in the interval
osfsT if it saiisfies the following conditions.

(1) x(t)€D(A) for all t in 0St<T.

(2) There exists X' (t) for all t in 0<tsT.

(3) x(t) satisfies the equation for all t in 0st<T.
If an initial value X(0)€D(A) is determined, (4.3.1) has the unique
solution in 0<t<= which depends continuously on the tnitial value. >>

For a differential eQuation of any matric operational functions, the

39



following theorem holds.
<< For given matric operators W,K whose elements are defined in a
Baﬁdéh space and a real number Mg, there exists the unique matric operational
function x(A) satisfying the equation for any real number A
X (X)) =Hx (X) h : (4.3.2)
and the condition
X (xo)=K (4.3.3) .
if each bf its elements lies on the same space as W-and K. >>
Proof: By the assumption, W is a constant operator in the Banach spacé,
therefore, X(A) is determined uniquely as the solutions of Cauchy’'s
problem, Q.E.D
For an arbitrary matric operator W the generalized matric exponential

function

AW

X (A)=e (4.3.4)

is defined by the solution of the following differential'equation
X’ (A)=Wx (A) ‘
' } (4.3.5)
x(0)=1
and is determined uniquelyiby the above theorem if it exists.
As an example of such a matric exponential function, let us consider
thé folloWing function defined by
nMoq laiag (r29, 1292, L. 10 (4.3.6)
where A is a constantvnumerical matrix of the‘following form

-1..
.A=Q diaglai,@z2,.e0...,a510Q
Aa 1 hAaz

and h +++. are translation operators shown in 3.3.1.

Let us assume a;>0, then by the definition -

0: 05t<lag
hxai=s{ L}
) ‘l: )\ai<t

and by using the relation s=s2%l=g31?2
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*
it becomes

hxai=32{h1(Aai,t)}=sa{hz(kai,t)}

where

0: OSt<Aai
(hy Ghay s 2))={ }
(t-Aai): Aai<t

0: 05t<>\ai
{hz(kai,t)}={l , }.
F(t=raz)® = Aa,<t
By extending above results to the matrix form hAA can be written
nas2(n, (0B, ) 1=s 2 {n, (MR, 5) ) (4.3.7)

where _
{ny (A, £) }=Q"Ydiag [ {1 (Aar, &) 1, {hy (Aaz , £) Yo evnn s (R (Aay, £) 110
{hy A, ) }=0"Ya1ag [ {hs (Aar, )}, {hz (Aaz, €)Y, e e ey (h2 (Aapat) 11Q
then by the definiéion of the differentiation hAA satisfies the following

differential equation

(h*A)'=sz{§§—h2(AA,t)}=s3{-Ah1(AA,t)}=—sAh*A
} (4.3.8)
AA
(A7) 5 207!
and becomes as follows.
prAog-AAs (4.3.9)

As another example let us consider the matric operational function e_AA/E
where 220 and A is positive definite.

Suppose the function

AZAZ)}

Fo={Fn,t)}={ AA exp ( 1z
2

YTt (4.3.10)

0<A<®

then the following relation holds.
1/2 1 - AA t: - - 2p2
2 FOO)={—11F ()= - 1/2_-3/2 _ACA
{/F? oo {2 fo(t T) T exp 4T Jdt}.

Substitute A2/4T=Af/4t+02, then it becomes

*
.See I-1 Part 3 Chapter II
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£/ 2F () = {Zexp (-2A7 (4.3.11)
™
and
‘ 3/2 =yl A2A2
L2 fF (N ={ [ ——exp(- Jdt}. (4.3.12)
0 /AT i

Differentiate this function, then it becomes

9 (t 1 t_AA2 A2A2
— exp dt}=-{ exp dt
_ Gxf e (- D) e () )
and
F'(A\)=-A/3F(A). (4.3.13)

From (4.3.12) it can be seen that

F(0)=s3/2[ P L qdy}=53/2pp1/ 2= (4.3.14)
°yuT
therefore, we have
-AA/__ AA " A2A2 y
exp . (4.3.15)
{z/‘f7 (%7 )} .
From (4.3.11) we have
1 _=AAY/s_ A,Az
—e = exp (4.3.16)
= {/?f ( )b
and from (4.3.15) we have
'AA“—— exp (-A:AZy 4 | 4.3.17)
{foz/__? P (-7 )dt} (

Substitute o0=1/2/7, then (4.3.17) becomes
%e-AA/§={%ﬁj1?2/$AAexp(-A2A202)d0}={cerf(g%%)}. (4.3.18)

For the derivative of a power series, the following theorem holds.

<< If a numerical power series »

O (A=A +A A+A, A2 4. e un (4.3.19)

has a positive radius of convergence, then the function
O(AF)=A,+A AF+A,A2F%+...... o (4.3.20)

has a derivafive in the. form of a power series

Y(AF)=A,F+2A,AF2+..... (4.3.21)

_which is convergent for any complex number A, where F is a matriz of
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R mxm
funetions of C . >

Proof: By the theorem in 3.3.2, (4.3.20) is operationally convergent.
The series (4;3.19) is differentiable with respect to A term by term and

the derivative series has the same radius of convergence as (4.3 19),

therefore, the series (4.3.21) is operationally convergent. By the relation

ATF+2R2AF 4. L= (Ag+AL AF+A,AZF 24, L. )

we have

3’ (AF)=Y (AF) (4.3.22)

Q.E.D '
In particular, if
2

o (AF)= 1+——+—5{—+ ....... (4.3.23)

then
AZF3 _
¢ (AF)= F+“__+-§T_+ ..... =Fd (AF). ' (4.3.24)

Since %(0)=1, by the definition of the exponential function we have

' 2,2
eAF=]+%$+A§$—+..... (4.3.25)

Let F=-A/s and A positive definite, then F is a matrix function of ¢™*™M

therefore, for Az0

© NoNnan 'n n+l.n
eTM/s_ (1) ﬁlA s nA"e"" A

n=0 n

It e~1 8

(-1)

]
0 n.

=s { Z (-1) W} =s{J, (2/AAE)}.

n=
Hence we have

1275 (30 (2/7RE)) (4.3.26)
and
E;e-AA/Sf{ffJo(2/AA%)dT}={/(XAT:1tJ1(2/XF?)}~ (4.3.27)

In the same way, we have
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_le-AA/s={ 1 cos2/3AE) (4.3.28)

/s Vo |
LM 1 L cosh2/RREY . (4.3.29)
/s /Tt '
Let F=s-/sZ+A2, then by the relation
: © © 2(v=1) ,2V
1/2 1/2},2v=-1 2v 1/2])¢ A
F=s~s (1+£2A%) 7" “=- ] [ ]2 C={-1 [ ]—————————-
verl v il v )T
is the matrix function of mem, therefore for A20
exph (s=/3TFAT) = [ p2(- T [M2]e2V A
u=0""° v=1
) 2+2v
A
=1-{ Z (-1)" 1,,2\,“ +2re) 7y
v= vi(v+l) !
=1-{—~AA———J1(A¢t2+2kt)}. (4.3.30)
Vt2+2At ‘

In the same way, we have

exp) (s=Vs2+A2) _ ={ z (- l) 53 +2At) }= {30 (AVEZ4202)}.  (4.3.31)
/sZ+Az v=0 2°7(v)?

Let A=A, then

exph (s-V5T-AT) =1-{-2A_5, (savETeann) } (4.3.32)
VEZ42Xt : )
epr(S_V 52 Az) {JO ('LAW) }p (4.3-33)
Vs2-A2
Multiplying by e S o (4.3.30) - (4.3.33), we have
‘ s 0: 0st<A
exp(_k,/52+A2)=e - (4-3.34)
__AA__JI(A/tZ_AZ): 0<A<t
Ytz-Az2 )
exp(—A/sz+A2)_{ 0: 0=t } (4.3.35)
/STERT 3o (AWET=RT): 0sA<t
" s 0: 0<t<A
exp(—}\/sz_-AT)=e - (4-3-36)
2 5 (iAVEZTXZ): osA<t
Vtz-Az
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exp(-x/s31Az)_{ 0: Osz<h (4.3.37)

/sz-Az . Jo (ZAVE2=22): 0;A<t}

For a linear differential equation in a Banach space, the following fact

is showng).

<< Denote by B a linear constant operator which is defined in the
domain D(B) to be dense at a Banach space E, and consider the following
differential equation.

d?x
dt?

=B2x (4.3.38)

The func#ion X(t) is said the solution of this equation in the interval

0stsT if it satisfies the following conditions:
(1) x(t)ED(B?) for all t in 0<tsT.
(2) There exist x'(t) and Xx''(t) for all t in 0<tsT.
(3) X(t) satisfies the equation for all t inloﬁtST.
(4) x'(t)e€D(B) and Bx'(t) is continuous in 0<t<T.

If initial values x(O)Gb(Bz) and x'(0)€D(B) are determined, (4.3.38)
has the unique solution in 0st<eo which depends continuously on the initial
values., >>

For a differential equation of any matric operational function, the
following theorem_holds by the above fact.

<< For given operafors W, Ko, Ky whose elements are defined in %he Banach
space and a real number Ao, there exists the unique operational function

X(X) satisfying the equation for any real number X\

X7 (A)=Wix (1) (4.3.39)
and the conditions
X(Ao)=Ko  x’(A¢)=K, (4.3.40)

if each of its eleménts lies on the same spaée as W2, >>
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4.4 Analysis of telegraphic equations
- 4.4.1 Telegraphic equations The properties.of distributed constants
systems such as airial transmission lines, electrical or communication
cables and pulse transmission lines are described by the set of the partial
differential equations of'the following form called the telegraphic

equation

(vt LB bR (4, 8))
(4.4.1)

where ) means the distance, {v(),z)} and {i(A,t)} mean the voltage and
current vectors at the point (A,¢) and L,R,G and C mean the ind%ctance,
resistance,cond:ctance and capacitance matrices per unit length.
When the initial values are given as

“v(x,0)=0 i(x,0)=0 (4.4.2)
the following set of simultaneous ordinary differential equations is given

by applying the operational calculus.

v/ (A)==(Ls+R)i(})
} (4.4.3)
i’ (A)==(Cs+G)v(r)
Speparate the unknown vectors, then '
V' (A)=[LCs2+(RC+LG) S+RGIV(A)
}- (4.4.4)

i’ (A)=[CLs?+(CR+GL) s+GR]i (1)
4.4.2 Wave type equations If R and G can be neglected, the voltage .
equation in (4.4.4) becomes the following wave equation.
v/’ (\)=A%s?v(})  A%=LC | (4.4.5)
Suppose that the boundary values are given By
{(v(o,t)}={vi ()}  {v(re,t)}={va(t)} (4.4.6)
or as ihe operational form

v(0)=vy  v(do)=vae ' , (4.4.7)



From the physical meaning, the coefficient matrix A is positive definite
can be fawforued jnto the diagonal watnix asimilar Lransforaatiom

and symmetrig, therefore, b& the second theorem in 4.3 we have the unique

solution v (A) expressed by

V) =(1=g"2RoRS) =1 mAAs_ - (2ho-M)As)

+(e'(A°'A)As—e'(x°+A)AS)V2] 0<A<)ho. (4.4.8)

-\As

As was shown in 4.3 e is the matrix of translation operators, therefore

by the property of the series of translation operators

(1-=22oAS)=1_ T -2kAoAs (4.4.9)

k=0
v(A) becomes

vi)=J [(e-(zkko+l)As_e-(zk+1A0-A)As

k=0 -
+(e-(2k+1A0-A)As_e-(2k+1A0+A)As

Yva

Yval  0<AgAg. (4.4.10)
Suppose a1+Q24--..,ay eigen-values of A, then
ePS=q laiage?1,0%28, ..., 0915 (4.4.11)
where Q is a non-singular numerical matrix and gﬁé time solution of {v(A,tﬂ
is determined analytically.

Specially if v,=0, it becomes

{v(r,t)}=Q

-1 of [{ 0: 0<t<2kio+ra; . }
feceos

k=0, (£-TRXsFhay) : THhgTha; <t

0: 0<t<2kAo+Aay, ¢
{un(t-Zkko+Aan): 2kko+xan<t}]
0<A<A, tx0 (4.4.12)
where [u;,uz,...,un]t=0vl.
For the lines with infinite length, it becomes

{ } _1[ 0: 0<t<iay 0: 0st<ia, 1]°
v(i,t)}=Q { },.....,{ }

uy (t=-Aa,): Aa,<t up (t-day) : hay<t
A20  t20. : (4.4.13)

" The current vector can also be solved in the same way as the voltage vector

47



4.4.3 Heat conduction type equations _ If L and G can be neglected,
the voltége equation becomes the following heat equation
v''(A)=A%sv()x) AZ=RC. (4.4.14)
Since the coefficient matrix A is positive definite, if the boundary
values are given as
v(0)=v, V(do)=v, (4.4.15)

the following unique solution is determined.
-2X,AVs

vA)=(1-e )—1[(e—AA/E_e-z(AD-A)A/E)V1
se” Qo MAYS_ -t MASS) 1 o, (4.4.16)
As.was shown in 4.3 the operator e'>‘A'/E is given as
- 2p2
e MYS_tr(a,4) 1= {22 —exp 289} osace  (4.4.17)
2vVmt3

mxm

and F is the matrix function of ¢ for any fixed value of A, therefore,

by the theorem in 3.3.2, the following infinite series holds.
. .
(]_e-zonJE)-1= ) ézkonJE
k=0
"Substitute this infinite series into (4.4.16) and use (4.4.17), then

(4.4.18)

(vir,e) =3 [IPIE (2KA 042, 8=1) =F (2BFTA 0=, 3-1) IV, (1) d
k=0

+jf[F(§E¥TA°-A,t—r)—F(EE?Ixo+x,t-T)]v2(T)dr}

(1 FOE W t20, (4.4.19)
For lines with infinite length, it becomeé
{v(x,t)}={IfF(A,t—r)v1(r)dr}‘A:o £20  (4.4.20)

and specially {v;(t}}={Ve} (V, constant) it becomes

{vix,t)}={cert (2A)v,} A20 20.  (4.4.21)
2/E

4.4.4 General case If all the coefficient matrices cannot be neglected,
the following unique»pperational solution yiels for the vaoltage vector

.if the boundary values are given by
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V(0)=vi  v(Ao)=v, , (4.3.22)
v()\)=(1_e-2>\oA(s))-1[(e->\A(s)_e—(2A0-A)A(s))v1

+(e-(Ao-A)A(S)_e-(Xo+A)A(S))Vz]

A% (s)=LCs2+(RC+LG) s+RG 0<AgA oo (4.3.23) -

Since the matric polynomial A% (s) has more than one coefficient matrix,
the time function arising from the corresponding scalar function can be
given only when all the coéfficient matrices are commutative.

For a fairly simple case, we shall consider the lines with infinite length

where G can be neglected, then operational solution becomes

-\/[TS7#RCs,,
v(n)=e MVLELSTHREs (4.4.24)

and if matrices LC and RC are commutative, we have the following result
from the corresponding scalar equation.

{v(A,t)}={e-AA1Aze—AAxsvl(t)_e-XAlsf: AA1A2  =MA,T
T21=-)2 %

1J1 (ZALv Tzl—xzﬁf)vl(t-r)d‘r}
Af=LC  A,=1/2¢"L7IRc amo0 (4.4.25)
This solution contains the matrix of tranélation operators e-XAls

but we can get the analytical form in the same way as stated in 4.4.2.

4.5 Time functibns for operational solutions
For a phenomenon whose prqperties are described by a set of linear

differential equations, we can get the operational solution in a matrix or
vector form satisfying the givén conditiops easily, and we have shown the
operational method to get the time function of matrix form arising from
the corresponding scalar function for given matric operational solution.
Here we shall consider the problem whether we can get the time function
of the matrix form érising_ffom the scalar func;ion when any operational

solution corresponding to the scalar form is given.
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When the matric operational solution has one coefficient matrix and

oach of its eigenvalues satisfies the condition required for the coefficient
of.the scalar solution, we can détermine the time function ariging from

the scalar function.

But in such a case we cannot accept that the problem can be solved because
the time function is merely formal and its analytical form is influenced
by eigen values of coefficient matrix, so we shall prescribe that the
problem is solved only when either of the following conditions is satisfied.

(1) EQery‘element of the time function is determined analytically.
(2) Every:element‘of the time function i$ determined numerically.

For the first case we can.get the analytical solution when ail the eigen
values of the coefficient matrix and a numerical matrix of transforming
it to the canonical form are known.

For the second case it is sufficient that we can geﬁ the numerical solution
in any way.

In applying the operational calculus, we shall often treat exponential
or transcendential functions in the time domain, and in such cases
if ali the eigen values lie in the convergence circle of the infinite
series of the correspondingAscalar function, we can get the numerical
solution approximately by a finite sum of matrix series arising from the
scalar series.

In the tﬁedretical treatments, we must use the first method, but it is
fairly cuﬁbersome in case of many variable system. But in engineering
applicationsiit is preferred to get the numerical solution rather than
the gnalytical solution and by the progress of numerical technique to
the‘cdﬁputations, the second method has been used generally.

In sgch a case, in order that the solution must be stable numerically, it

is caused frequently that for eigen values of the coefficient matrix, a
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more rigorocus restriction is necessary in numerically than theoreticlly.

When a matric operational solution has more than one coefficient matrix
we can get a time soiution arising from the scalar function only when
everyone of them is commutative with anofher and all the eigen values of
them satisfy the condition required for the coefficients of the scalar
function, and if not so it is difficult to get the time function by either
of above methods.

A numerical inversion method of the Laplace transform that will be shown
in Chapter 6 does not need numerical restrictions for coefficient matrices
of the operational solution and gives a numerical solution directly from
the operational solution, thererfore, it must be used suitably to the

problems stated here.

4.6 Summary

In this chaéter we gave the definition of matric operational functions,
their derivatives .and integrals, and then studied the behaviors of
differential equations of matric operational functions in a Banach space.

Some operational forms of matrix functions which are derived from the
differential equations of the operational functions were given.

For an example of their applications, we analysed distributed constants
systems, specially telegraphic equations. The given results have,already

been known, but they are derived by the operational method here.
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.5. Multi-dimensional operational calculus
-5.1-bréface
The main advantage in analysing the differential equations by the
operational calculus lies in the fact that it decreases one variable with
respect to differentiation such that a partial differential equation of
two variables is transformed into an ordinary diffe;ential equation of
one variable and analysed by the method stated hitherto.

Thereﬁore, if the operational calculus is extended to the dimension of
all the variables, the partial differential équation can be solved only
by the algebfaic operations.

Hence it is the purpose of thié chapter to show the principle of the
multi-dimensional operational calculus and its applications to the initial
value problems of multi-dimensional partial differential equations,
specially ﬁhe telegraphfc equation as an example of its applications.

nge the disqussions are limited for simplicity to the scalar equations.

So far, all the problgms necessary in analysing the partial differential
equations by thé operationél calculus have not been given, therefore, we
shall show the fundamental ﬁroblems of higher order partiai differential
equations of two variables'neéessary to the:discussiohs of this chapter

in Appendix D.

5.2 Multi—dihensiona] operational caicu]us
5.2.1 Prihcip]e of multi-dimensional operational calculus As was shown
in the discussions hitherto, the reason that‘the operational calculus is
usedlqé the powerful tool in analysing the differential equations is that
it decfeases one variable with respect to differentiation.
Therefore, the initial value problems of partial differential equations
Qith more than one variable can be solved algebraically by extending the

52



operational calculus to the dimension of all the variables.

Here we shall show the principle of the multi-dimensional operational
calculus introduced{by GuttermanlO).

Let us consider two continuous functioné {u(ml,xz,....,xn)} and

{v(z1,224....,2,)} in the domain D(z$20; ¢=1,2,....,n) and define the

convolution {w(xy,z2,....,2,)} of them by
w(xl,xz,....,xn)=ff1ff2....ffnu(xl-tl,xz-tz,....,xn-tn)

V(tirtaseeeerty)dtidts..dty (5.2.1)
and denote it by .

{w(xl,xz,..--,xn)}={u(x1,x2,....,xn)}{v(xl,xz,....,xn)} (5.2.2)
then a set of such functions has no 'divisors éf zero with resbect to the
convolution as in the case of the set of functions of one variables.

By this definition, the following operators are introduced.

‘Integral operator I is defined by 1={1} and causes

Z{u(:cl,:_z:z,....,xn)}={ff’ff2....f":"u(tl,tz,....,tn)dtldtz....dtn}.
' (5.2.3)
Differentiation operator s is defined by the inverse of 7 and given
g=1
=7.

Numerical operator is defined by

[c]=i%l=c.
Now let us introduce the following operator-
Zi=£%il £=1,2,...,n (5.2.4)
which causes
Lilutzyvimeseee sz {[T0uzi 20,0ty e e ) deg) (5.2.5)

and then

1=0122....1,, (5.2.6)
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Let us denote the inverse operator of l; by
1 . .
si:Tz 1=1,20e00 4 (5.2:7)

then we have
S=3132-...8n. (5.2.8)

" By the relation
xZ
{u(xl,xz,....,xn)}={fouxi(x1,xz,...,ti,...,xn)dti}

+{ulx1,%2s+2240s000rzy)}
follows the formula

{uxi(xlleI----,xn)}=Si{u(x1,x2,..-.,xn)}

sz {u(x1,227000s0,000,2n)} (5.2.9)
and more generally

v
3 ”? : d Pn}_szf'....».Sﬁ"(u(xl,....,xn)} ]
L] eseedn

r) rn
) k X r r
-( Y ... Y sil....en™a }-{a 1)
k=0 ky=0 ki...ky, 0...0

rit... . tr,=r . ' (5.2.10)

-

{ar }={ 9 u } % X
kKi...ky axf"k‘...axﬁn'k" (xldo‘,...,xndon)

k1+....+kn=k . /

where 6% is Kronecker's delta.
5.2.2 Application to multi-dimensional differential equations Here
we shall consider the following partial differential equation of 7
variables
{F(u,uxl,...,uxn,uxlxz,...)}={¢(x,,...,xn)} (5.2.11)
whéré F is a linear function with respect to every variable.
For the function satisfying the given initial values in the domain

D(x;20;%=1,2,...,n), the following operational solution is given by
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applying (5.2.10)

u FI10,8:{u(0,zr,c0crxpn)tseveronlulersee.,0)},s1{ugs(0,2,,...,25)}

+so{ug, (21,0,.00,25) 348,18, {u(0,0,...,2,)}, .. ) +{d{x1,%0,c..,2n)}

F(l,814«0++81181824+044)

(5.2.12)

However there exist severer restrictions among the initial values, externd_
function ¢ and function F than stated in Appendix D in order that u is the
unique solution satisfying the given conditions in the domain D and if these
restrictions are not satisfied, u has no solution'?’.

It is very difficult to give them in the general forms and we must
investigate them in every given case.

In case of two variables, these conditions must be given so as to remove
non-logarithmic factors and inadequate factors to be the function in the
domain D and if they exist in the dominator of (5.2.12), they must be
canceled by thé numerator and be removed entirely from the operational
solution. In such-a case, initial conditions are not independent and

number of them is necessary to remove the unexpected factors.

5.3 Application to telegraphic equations

5.3.1 Operational solutions of telegraphic equations Here we shall

consider the following equations in the domain D (A20,¢20).

AvA, )}, 3{i (A, E) }.pys
3N L 3% 'R{](Alt)}

. (5.3.1)
a{i(A,t)}_ca{v(A,t)}
ED) ot

+G{v(A,t)}
THe voltage equation becomes
-—-,{v(x £)}= Lcagz{v(k £) }+ (RC+LG) 52{v (A, £) }+RG{V (A, £)}  (5.3.2)

and let us consider the equation with the conditions
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{v(0,8) }={v,(£)} {vy (0,8) }={v2 (2)}
}- (5.3.3)
v, 0 3=(vs ()} (v, (4,0 =lva (M)}
benote suffix with respect to A,¢t by 1,2, then the operationél equation
bectmes
siv-si{va(t) }=si{vi(t) }=LClsdv-s2{v,(A) }-s23{v3(A) }]+(RC+LG)
[S2v-s2{vs () }]+RGv (5.3.4)

and the voltage solution becomes

v_s%{v, (£) }+s 1 {v, (£) I+ LCs3+ (RC+LG)S,){vs(A) }-LCs,{v, (A)}
s3-[LCs3+ (LG+RC)s,+RG]

+ (5.3.5)

The denominator is solved into the factors as follows

[s1+vLCs3+(LG+RC) s, +RG] [s1-vLCs32+ (LG+RC) s, +RG]
and the second factor is inadequate in order that v becomes the function
in D, therefore, it must be removed from (5.3.5) by Substituting the
conditions
{vi(t) }=V, (s2) {vz (2) }=V, (s,)
filez }. (5.3.6)
{V3(A)}=£V3(sl) {Vu(A)} £V, (s1)

These condltlons must be given so as to remove the inadequate factor

s1=vLCs3+ (LG+RC) s, +RG
but, it is pretty difficult,to give them in general forms because in every
pair of the coefficient matrices, they are.not always commutative, so we
shall consider some special cases.

To remove the unexpected factors, more than one non-zero initial condition

ggz’neceSSary and one of them is determined by others.

5.3.2 Wave type equations When R and G can be neglected, (5.3.5)
becomes '
v= S§{vl(t)}+51{Vz(f)I-stﬁ{vs(-)\)}-st:z{v:.(>\)}
$1-0%s 1.(5.3.7)
Q2=LC ccm be 'tmnf{—bmed into “L&c'lagaml watrix

s . - o . S'\M\‘lxr' f"ans T‘M‘bm
The matrix Q is positive definite and §;mmetrtc hen 1t can be written as
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Q=P-ldiag[a1,az, ...... 1P (5.3.8)

therefore, we have

1 1
+a182) (s1-0182) ' (s1+0282) (s1-0252)

=p~ 14 :
v=P dlagj(Sl

7 60000

1 : . (5.3.9)
"' (s1%ap52) (s1a,8,7) V(S1482)

Vi(s1,82)=LP[s}V1 (82)+51V2 (52)=Q%s3V;5 (51)-Q252Va (59) )
The restriction among the initial values is given by
Vilagsz,82)=0 or Vi(si1,81/a;)=0 i=1,2,..,n (5.3.10)
where V; is the i-th element of V shown as
Vi(si,82)= [Vi(s1,82) V2 (81,82) senee,Vplsn,82)10.
Let us write it '
Vie1,82)= £s3A(s2)+5,B(s)+s3C(s1)+5,D(s2)]
} (5.3.11)
A=PVy  B=PV, C=-PQ?Vz  D=-PQ%Vs
then we have
gzszA(sz)+aB(sz)+szc(asz)+D(asz)=0
or “{5.3.12)
 814(81/a)+B(51/0)+51C (81) /a?+D (1) /a=0
for every i-th element where suffix 7 is omitted and the initial conditions
must be given so as to satisfy either of the above restrictions.
Case 1. A, B and C are given.
From the second relation of (5.3.12), D is determined by
D(s1)=-als14(s1/0)+B(s1/a)+s,C (s1) /a?]
and v becomes

A
v (s1+0s2) (s1-083)

[s¥4(s2)+81B(s2)+83C (s1)~as,8,4 (g, /a)

~as2B(s1/0)~8182C (s1) /a]. (5.3.13)

Expand it to partial fraction, then

834 (s2)=0s,8,4(s,/a) _1 814(s2) 1 assA(s1/0),1 81A(s,)~as 1A (s,/a)

T

(s1tas;) (s1~0s,) 2 sh1+as, 2 s,tas, 2 s1-082 ‘

-
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For a function {4(x)} which is equal to 0 in x<0, let x=t-ai, then for t>al
{A(t aA)}—-a {A(t ai)}

or operationally
sl{A(t—ak)}+sl{4(t)}=-aéz{A(t-aA)}
therefore,

s1{A()}_ _
s, StA(t-a)} t>al. (5.3.14)

Let z=oal-t, then for t<aA
| —Q{A(ax-i)}=-a—3{A(aA-t)}
3A 9t
or operationally

g,{4 (ox-¢t) }==as, {4 (cA-¢t) }+as, {4 (a))} }

therefore,

aséfﬁégx)} {4 (ar=t)} t<ad. (5.3.15)

Let x=al+t, then

g1{4 (ar+t) }+e1 {4 (t) }=as {4 (ar+t) 1Has {4 (ad) }
therefore,

s1{4(t) }-as,{4(ar)}
81-Qa8 2

={4 (aA+t) }. (5.3.16)

By these results, we have

s1A(sy)+as,4(s,/a) _1

[A
5 R T {A(|t ar|)}
L s1A(s2)-as,4(s,/0)_1
5 ;l_asz 1 514 (t+ad) }.

s1B(sy)-as,B(s,/a)_1 L,[s1B(sp)+as,B(e3/a)], Z 11[s1B(e2)—0s,B(s,/0)]

(s1tas,) (s1~as2) 2 s1tas, §1-a82

- ’ 1 t+ah oA-
{/t aAB(n)dn+IZX.tB(n)dn+fi+axB(n)dn}=§a{fttgx3(“)d“+10 "B(n)dn}

where B(b)=0 and

§3C(s1)=-8,8.C(8,) /o _ 82C(s) \
G a G ey e et C -t/ Aast,
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Finally we have the following result.

1
202

A-t
0

t+aA

£-grB(n)dn

{(v(Xx,t) }=

{024 (| t-aX])+a24 (t+a)) +af

+af** "B (n)dn-2¢ (A-t/a) }. (5.3.17)
Case 2. A,C and D are given.

From the first relation of (5.3.12), B is determined by
B(sz)=-%[a232A(sz)+szc(asz)+D(asz)]

and v becomes

_ l
v (s1tas,) (s,

—as;y (814 (s2) +55C (s 1) +8,D (s1) ~as 15,4 (s;)

-s182C(asy)/a-s1D(as,) /0l , (5.3.18)
In the same way as Case 1, we have

[/

514 (s2)
(s1tas;) (s1-as,)

TR ={A(t-aX)}

[834 (s,)~as,8,4(s,)]=1

1
(s1+0s,) (s1-as

2)[S§C(31)'31326(a32)/a]

==l _82C(s1)=s1C(ass)/a_ 1 s,C(s,)~s;C(as,)/a
202 . 8a2+3:/0 202 sa=-81/a

ez (e ([ ¢/am=2])+C (£/040) }

and

4 Z
(51+053) (5:-a5,) 520 (s1)-81D(as,) /a)

1 1,[8,D(s))~s,D(as,)/al_ 1 1,[s,D(s;)~5,D(as,)/al
202 sat+s1/a 202 sa2=-81/0 '

__ 1 t/o+A A-t/o
==3a U t7qa2 (M dn+["""%p(nydn}.  p(0)=o0.
Finally we have the following result.

{v(A,t)}=—5%7{C(lt/a—kl)+C(t/a+A)+afi§§t;0(n)dn+af:-t/a0(n)dn

-2024 (t~a)) } (5.3.19)
In the remaining cases we can get the solutions in the same way by using

either relation of (5.3.12).
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Specially when the initial values are given only on the A-axis as
~{v(o,t)}={v1(t)} {vy (0, ) }={v2(2)}
then (5.3.7) becomes

S?V1(Sz)‘SxV2(Sz).

5.3.
Sl (5.3.20)

V=t

To remové the inadequate'factor s:1-Qs,, the following relation must be
held

Q%Vi(sz)=-s1V2(s2)=0
and (5.3.20) becomes

_S2Vi(s2)

V="5,+0s,

(5.3.21)
and

VA, s2)=e 52y, (s,)
and finally it becomes the same result as (4.4.13).

5.3.3 Heat conduction type equations When L and G can be neglected

(5.3.5) becomes

Csi{va(e) Ms {va () 1+0Q%s,{vs () }

Vv
51-0%s: k;u (5.3.22)
Q2=RC ’ can be trowmsforued intothe c{\agvm’ watrix
by o i lar transforuation
The matrix Q is positive definite and symmetxie, then it can. be written

as (5.3.8), therefore we have
1 1 \
(s1-01,/32) ' (81+024/52) (81— /52) ' "7 °

_o-1..
v=P dlag[(81+a1/§Z)

1 }
e ETFa ) (B 1man ) | (S1r2)
V(si1,82)=L[s{A(s2)+s1B(s2)+52C(51)]

. (5.3.23)

A=PV, B=PV, C=PQ2%V, J
The restriction among the initial values is given as follows to remove
the factor s1-Qvs: for every element of V.

a2s,4 (52)+0V5 5B (82)+52C (aVag)=0 (5.3.24)
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Case 1. A and ¢ are given.
From the relation (5.3.24) B is determined by

Blsz)=-[avV8,A(s,) V5,0 (aVa5)/al

and v becomes

v‘(sl+a/§?)§81_a/§?)[(S§-a81/§?)A(sz)+SzC(8i)
-s1Vs,.0(a/5,) /0], (5.3.25)

Expanding it to the partial fractions, we have

—1814(31)
/;;)A(sl)]_157137§?

) .
(s:1%ay57) (e1-a/a;3) L (81708

and

l /S—;C(Sl)

l =-2 _Y¥S8a2L151)
Gi7a/s7) (s1-avay) 020 e1)=o1/5aC (a/az) /al=-3 i sy

Ll YsaClavs,) 1 _V/s,C(81) 1 V3,C(avs,)
2 as1+a/s7) 2 als1-0/82) 2 a(si1-0y/az)

Vs,

Let us consider the operational function F(A)={e_Aa 24(t)}, then

'3—)3\'1"'=‘(1V32F

or operationally
s1F=-31{A(¢)}==aVs,F

therefore, we have

s {A(e)} ___ ¢t
rrayer P/ ¢ Qa,t-1)a (1) dr} (5.3.26)

where

Ao 222
$(Aa,t)= cxp( )..
2vYme3 at

Let F the following function

1 A2g2
FP={—exp(- {c(\y}
{/FE p(-~7}

%*
then from the law of differentiation for the convolution

gg{ffz(x-r)f<r)dr}={ffZ'(x-r)f(r)dr}+{z(0)f(x>} (5.3.27)

*
See I-5 Chapter III
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we have

) da A2a? 1
—Z{F (o, t)]= exp {c(A) H{—C(M)}
X { 2/TET el {/ﬁ_t
or operationally
s1F=—aVs F+/s,{C(X)}
where ¢ (0)=0, thérefogg, we have
/E;{C(A)}_F_{I X(A Ea't)c(g)dg} (5-3.28)

gitovse

where

Azaz)

1
X (Ao, t) exp (
/Tt
Let us consider the function
F={["x (X¥Ea, t) € (£) dE}

then we have

Yl yx FEe, ty e (§) dg }=a{ [0 (FEa, ) C () dE)

or operationally
s1F+s1{[° x(Ea,t)C(E)dE}=a/ayF.

From the relation

Z/EZC(a/EZ)=sx{ffe-GJEZEC(E)dE} (5.3.29)
we have :
,C © —
f;;:é%é;ZL—{fox(x+aa.t)c(g)ds}. (5.3.30)

In the same way we have

/Eg[gffébgg‘“/__)3 ={[Ax B Xa,t)C(E)dE} (5.3.3D)

and the solution becomes as follows.

(v (A, 8) b5l /7 Ix (FCa, £) +x (e, £) 1€ (E) dE

+2af:¢(ka,t-T)A(T)dT} (5.3.32)
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case 2. B and C are given.
From the relation (5.3.24) A is determined by
A(s2)=-C(aVs;) /a?~B(s,)/a/s,

and v becomes

l
v_(31+a/§?)(sl-a/§?)[SZC(SZ)_S%C(Q/;;)/GZ+(S1_S‘/Q/E;)

B(s2)]1. (5.3.33)

In the same way as Case 1, we have
(0 (0 8) mggrl [T Ix (WFEa, ¢) +x (R=Ea, ) 1€ (£) d6
‘ ' 4
+2afox(Aa,t—T)B(T)dT}- (5.3.32)
Specially when the initial values are given only on the.x-axis as

{vio, &) I={vi()} {vya(0,2) }={v.(2)}
(5.3.22) becomes

_,83Vi(s2)=51Vs(s,)
veg e . (5.3.35)

To remove the inadequate factor s;-Qv¥s,, the following relation must be
held.
QvVs2Vi(s2)-V,(8,)=0

and (5.3.35) becomes

y=S2¥1(s2) (5.3.36)
. s1+Qvs,
and

v(A,sz)=e_AQ/;;V1(Sz)

and finally becomes the same result as (4.4.20).

S
5.4 gummary
In this chapter the method of multi-dimensional operational calculus
and its application to the analysis df the multi-dimensional partial

differential equations were given.
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The procedure to remove the unexpected factors from the given operational

solutions by the multi-dimensional operational calculus is shown for fairly

;imple cases, for examples the telegraphic equations.
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6. Numerical inversion of Laplace transform

6.1 Preface
As is known from the results given hitherto, the reason why the
operational calculus is used as a powerful tool in analysing the physical
system is the fact that it decreases the degree of transcendency of. the
system equations and makes it easy to analyse them.

The method of the operational calculus has its origin to the'intuitive
symbolic method constructed by Heaviside.

In the engineering applications the method of the Laplace transform has
been used widely, but there were some doubts whether the Laplace transform
is mathematically strict or not until the theory of distribution was made
by Schwartz.

The operational calculus by Miksinsky contains the results given by the

theory of dist%pution and is a more general method than the Laplace
transform.

In applying the operational calculus, it is pretty easy to get ﬁhe
operational solution for a physical system, but it is always not so easy
to get the corresponding time solution by inverting the operational
solution. But in such a case, it is sufficient for the engineering
applications that the numerical values of the time solution can be given
from the operational solution by any way instead of getting it analytically

For such a problem as to get a numerical solution the Laplace transform
is more suitable than the operational calculus of Miksinsky because the‘
numerical correspondence between the time t and the op%rator s is given.

Hence it is the purpose of this chapter to show a method of numerical
inversion of the Laplace transform as the tool for such a problem.

First we shall show the relation between the operational calculus and
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the Laplace transform and show the fact that the relation is mathematically
isomorphism under certain conditions and show that the operator s corresponds
to a certain.set of complex numbers.

For such a set of complex numbers, the Laplace transform is converted
into the Féurier transform, therefore, we shall show some fundamental
matters which are necessary in the Fourier analysis and then we shall show
the principal method of inverting the Laplace transform numerically by the
Fourier series technique and give some numerical examples.

The week péint of this method is that it needs long executive time and
large size memory in digital computation, but it can be avoided by
introducing the Fast Fourier Tranéform method.

Finally we shall compahre this method with’oéher numerical inversion methods
of the Laplace transform and show that this method is the most practical
method with respect to accuracy and generality and keeps the sprit of the
operational calculus.

The principle of the method and the algorithm in calculation of the Fast

Fourier Transform will be shown in Appendix E.

6.2 Relation between operational calculus and Laplace transform
Let us consider a locally integrable complex valued function {x (%)}
of real variable t which is equal to 0 in t;O. For this function, we shall
intréducé the analytical function of complex variable s defined by the

folldwing‘integral transformation
X(8)=f°:x(t)e—8tdt (6.2.1)

which is called the Laplace transform of {x(t)}.
The theory of the Laplace transform is completed by the theory of
distributionAmade by Schwartz and so far as the integral (6.2.1) is

convergent, the complex number s in (6.2.1) corresponds to the differential
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operator of Miksinsky and almost every result given by the operational
calculus can be adapted to the Laplace transform.

This fact is called mathematically isomorphism and in formal calculations
the function of the variable s can be treated in the same way whether it
denotes an analytical function or an operator.

But in applying the Laplace transform, it is not ascertained whether the
obtained solution is unique or not without the assumption that every
function treated during the calculation must be transformable by (6.2.1).
In such a case that the existence and the uniqueness of the solution cannot
be proved, it may be regarded as the solution if the result given formally
by the Laplace transform is practically appropriate in engineering
applications.

Now we shall give a more detailed discussion to the relation between the
operational calculus and the Laplace transform.

As is shown in Appendix A, in the operational calculus we have treated
the operators which are operationally convergent to a set ¢ of continuous
functioné of real-variable t in the interval 0<t<=, which is given by the
mapping b consisting of multiplication of a positive continuous function
b(t) to eﬁery element of the set B of bounded continuous functions.

In the Laplace transform we treat the functions which are operationally
convergent to the set ¢’ of continuous functions that is given by the

at |

mappinf b’ consisting of multiplication of a function b’ (t)=e (@ positive)

to every element of the set B’ satisfying the condition

|z (¢) | <Me™3F. (6.2.2)
Then for a function {z(t)} deduced from ¢’, the integral (6.2.1) is
convergent in the domain

Re(s)<a

and the following relations hold.
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B'CB C'CC b'Ch (6.2.3)
Therefore the Laplace transform is included thoroughly in the operational
~alculus of Miksinsky and for the transformable functions, all the results

given by the operational calculus are also held.

6.3 Properties in Fourier analysis
6.3.1 Fourier transform For a function {z(t)} of real variable t
which is equal to 0 in t<0, the Laplace transform and its inversion formula

are defined as follows

-st

x(e)=["z(t)e " dt : ' (6.3.1)
{2 () b= T % (s) €% ds (6.3.2)
Yool ae i -3.

where a is an arbitrary positive number chosen so that it is greater than
the real part of the singularity of X(s).
Here we shall omit the function braces { } in the discussion hereafter.

Put s=a+iw, then

X(a+im)=fjx(t)e_ate_idtdt (6.3.3)

at .
2 (£)=5—[" X (a+iw) e*“Pdu. (6.3.4)

t and its inversion,

These equations are the Forier transform of z(t)e 2
therefore, we shall show some basic properties of the Fourier transform
which are necessary in our discussions.

First we shall show the following theorems*.

<< Let L'(-»,») is a set of integrable functions in the interval =—®<t<®

in the sens of Lebesgue and consider a function z(t) of L' which has

bounded variation in any finite interval. Define

X (W)= z(t)e ¥ Pas (6.3.5)

*
See I-8 Chapter I

68



then

x(t+0)+x(t-0)
2

-1 m——j 1K (w)e twty (6.3.6)

A—»oo

and if X(w) is summable and z(t) is continuous

x(t)-——f X (0) e du. v (6.3.7) >>

<< Consider a summable function z(t) which has two continuous summable

derivatives x’'(t) and z''(t), then
® |z () |2dt=s=f"_ | X (w) | 2du. (6.3.8) >>
- 00 21 -]

This property is correct only on the assumption z(t)€L?(-«,) where L2 (-x,)
is the set of functlons whose square 1is integrable in the sense of Lebesgue
in -«o<t<wo, In the cage of x(t)€L!(-»,»), the Fourier transform X{(w) is not
always summable, but if we interpret the limit in (6.3.6) in the sense of
distribution, there exist Fourier transform and its inversion.

In our case the function to be considered is confined to the class of

limx(t)e_at=0

t>o

therefore, the Fourier transform X(a+iw) in (6.3.3) is summable.

6.3.2'Fourier series As will be shown below, the Laplace transform
and its inversion are approximated by the Fourier series of the infinite
series of functions with period 2T, therefore we shall show some basic
properties of the Fourier series which are necessary in our discussions.
First we shall show the following theorems*.

<< Consider a periodic funetion = (t) of period 2T which is suﬁmable
in 0St$2T and has aqbounded variation in the neighborhood of t=t, then
for the partial sum of Fourier series

n .
Sy (£) = Z Xketk(ﬂ/T)t

=-n

(6.3.9)

where

2

N E
See I-8 Chapter I
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Xk=§%f§Tx(t)e-zk(“/T)tdt (6.3.10)
the following relation yields.
Lims,, (¢) ELEXQ)FE (£20) (6.3.11) >>
tro 2
Denote
z(t)= § xgetK(W/INE (6.3.12)

k==~
then by the above theorem it becomes as follows.

. x(t) t: continuous point of x(t)
x(t)={
lx(t+0);x(t-0) t: discontinuous point of x(t)

<< For (6.3.12) the relation
lle llz 2=l x 122 ’ (6.3.13)

holds where
lellz2=1/2T 1= (21 | 2a21 /2

1/2. 55

©
Ixliz?=t & 1xxl*]
k==

By the above theorem, the Fourier series expansion of x(t) defines an
isometric operator from the L2-space to l2-space and all the properties
of the topological space related to the algebraic operations and the norm.

6.3.3 Finite Fourier approximation Here we shall consider the case
where a function to be integrated is arbitrary and we cannot get its
Fourier coefficients analytically.

In such a case the Fourier coefficients must be given numerically. Then
let us consider a function x(t) which is sectionally continuous except
finite points in the interval 0<t<27, then Lebesgue integral becomes
equivalent to Riemann integral and can be approximated by the infinite
series; ‘

In this case the function given by the Fourier series expansion is not

z(t) but %lx(t‘0)+x(t+0)] at discontinuous points.
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The relation (6.3.10) is given by an integral, therefore, numerical value
of x(t) at an arbitrary fixed point t does not give any influence, but in
approximating the integral by the infinite series of 2y samples, the
following relation must be used to make correspondence numerically to

the inverse transform

28-1 _ .
Xk=1im5% x(nT/N+0);x(nT/N O)K-znkn/N. (6.3.14)
N> n=0
When z(t) is equal to 0 in ¢<0 and continuous in 05#<2T, it becomes

2N-1

Xp=limstl }  x(nz/m)e”t7RT/H_ 10 (05 (6.3.15)
N+w2N n=0 2
and approximating it by finite sum of the infinite series, we have
2N-1 T
Xk=5%l ) x(nT/N)e'Lnk"/N—%x(O)], (6.3.16)
n=0 :

If x(t) is a real function, from the periodicity of complex exponential

-inkn/N

function e , we have

X2N-k=X; (6.3.17)
where XZ is the conjugate of xg, and we can get only N coefficients
Xk (k=1,2,....,N-1).
This effect is called aliase* and for band limited signals this phenomenon

is famous in the sampling theory.

6.4 Numerical inversion of Laplace transform

12),13)

6.4.1 Principle of numerical inversion When a matrix of functions

)

x(t) is given, the Laplace transform and its inversion are given as follows
. o -at -1wt
X(a+1w)=f°x(t)e e dt (6.4.1)
iwtd

eat © i
x(t)=§;— _ot(atiw)e w (6.4.2)

When the Laplace transform X(s) is known, its time solution at any point

t can be given numerically by evaluating the integral (6.4.2).

*
See I-~9 Chapter 4
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Approximately it becomes
at @

x(t)=§ﬁ; ) X (a+ikbw) e PKOVEAW (6.4.3)
k=-oo
and by substituting Aw=7/T, it becomes
at « .
x(8)=6— T X(a+ikn/T)etK(T/TE, (6.4.4)
2T oo .

Here we shall introduce the following sequence of periodic functions

Qf period 2T.

Xy, (£)=h (£+2n7) h(t)=x(t)e 4°
} (6.4.5)
0st<27T n=0,1,2,....
Xn (£)=Xp (£-2mT)  2mT<t<2 (m+1)T
_ } (6.4.6)

m=0,1,2,....
Every function Xp(t) is a periodic function, therefore, it can be expanded

to the Fourier series of the following form

Lo

xn(t)= 1 Cp, e

k=-o

ik(ﬂ/T)t _ (6.4.7)

and Fourier coefficient Cn,k 'is given as

-ik(m/T) ¢t

2
Cn,k=5%I°Txn(t)e dt. (6.4.8)

Next we shall introduce the following infinite series.

xp (£)=e®% T xn () ' (6.4.9)
. n=0 .
Substitute (6.4.5),(6.4.7) and (6.4.8) intof(6.4.9), then it becomes

at * . .

e © -at -ik(n/T)t k(n/Ty¢t
xp(t)=5?—k=_m(fox(t)e av, -t / dt)el /T3
2nd by (6.4.1) it becomes .

eat ©
xp(t)=—?r-z X(afikn/T)e

k==

Tk(T/T)t . (6.4.10)

and by (6.4.4) the following relation yields.‘
() =xp (T) .

. . : S
The relation between x(t) and xp (%) is given precisely a"%ollows.
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xp(6)=e%% § xn(t)= x(t)+ § e 2%y (t42n7)

n=0 n=1 } (6.4.11)
0<t<2T

By considering the relation

ik(n/T) ¢t -tk(m/T) ¢t

X(a+ikn/TYe +X (a-tkn/T)e

=2Re[X(a+ikw/T)eik(“/T)t

]
and truncating the infinite series by X terms, the following numerical
inversion formula yields.
at K .
x(t)=Zp=Re | X(asikn/myet* (/T 1y (q))
k=1 (6.4.12)
0<t<27T

This relation has a sim&lar form as (6.3.16), but because X(a+ikn/T) is a
complex, the aliase effect is not so severe and a numerical value of x(t)
at any point ¢t in 0<t<2T can be given approximately if the operational

solution X(s) is known.

Specially at t=T it becomes

eaT K k1
X(T)==5—[Re ] X(a+ikm/T) (-1)"+5X(a)]  (6.4.13)
k=1 ‘

and by this formula the numerical value of x(T) is given approximately
at any point T. .

6.4.2 Error in numerical inversion formula When a numerical value of
X(t) is computed by the formula (6.4.13), the numerical error is consisted
in the.following two kinds. One is caused in approximating the infinite
integral (6.4;2) by the infinite series (6.4.4) and is given theoretically
as follows by the relation (6.4.11).

o
I e 24Ty (Znrir) (6.4.14)
n=1
The other is caused in truncating the sum of the infinite series (6.6.4)

by X terms in (6.4.13) énd is given as follows.

eaT o k
—Re ] X(a+ikm/T)(-1) (6.4.15)
k=K+1
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In (6.4.13) the values of the parameters a and X will be determined as
follows.

it is preferable that the value of a is large to reduce the error given
by.(6.6.14), but it is important that a be made no greater than is
necessary, since as indicated in {6.4.15) the truncation error is magnified
by the factor eaT and the value of KX must be taken too large to reduce
the truncation error and too long executive time is necessary in computation.

Therefore, it ié necessary to choose the optimum value of a considering
the above contradictory requirements for required accuracy.

In such a case it is proper to take the valﬁe of aT constant for any T
because the value which affects the numerical error is the value aT in the
factor eaT.

In practical applications, it is sufficient that the value of aT is
selected equal to 4V5, because the error introduced by (6.4.14) is as

8 4

small as e Sne 10(3.4x10" n4.5x10"°) and can be recognized sufficiently

small.

The series of (6.4.13) is an alternating series and converges slewly,

and besides it is magnified by the factor eaT, fairly large value of X

is necessary to reduce the‘truncation error.

Here we shall consider the truncation error in some cases.

If X(s) is an operational solution derived from a lamped constant system,
each of its elements becomes

Nij(s)
(X(s)lii=s——7=v
tI7M; 5 (8)
Nij(s) polynomial of s with degree n (6.4.16)
Mij (s) polynomial of s with degree m
. m2n+1l

and if. X is large
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Re [X (a+ikn/T) ] %7r (6.4.17)

and the error caused by (6.4.15) is given approximately by

1 1,1 K+1
€K((1{+1)2 (K+2) 27 (K+3) 2 ERRRREIA g ¢k (6.4.18)
where
aT
EF‘ max |Re [X (a+1kT/T) ;5] |=eg (6.4.19)

» . . .
therefore, if the formula (6.4.13) is used, the truncation error is nealy
equat to the absolute value of the last term.

If X(s) is an operational solutionderived from a distributed constant

system such as a transmission line, each of its elements becomes

[X(S)]ij:g’Qij(S)%%%%g% ©(6.4.20)

and it decreases more rapidly as K increases than in the case of a lamped
constant system because of the factor e-Qij(S) and the truncation error
becomes smaller at the same value of X in the prgvious case.

6.4.3 Algorithm of numerical inversion formula In Fig 6-4-1, the.
flow chart in digital computation of the inversion formula (6.4.13) is

shown where the upper limit of the value of K is determined by the following

inequality

al
e .
e maxIReX(a+zkn/T)ij|<e

then by (6.4.18) the truncafion error is smaller than a small value ¢

given arbitrary.

Here we shall show some numerical examples by this method.

Numerical example 1 X(s)=7§%KTX(0)
103 1
A= 1 21 x(0)=(1
-3 01 1

The numerical values of x(T) and values of XK are shown in Table 6-4-1
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(START) o ‘ ( stop )

READ =T :TMAX)
DT,TMAX,AT,EPS —
M, KMAX [
WRITE
‘ | ' x???)
T=DT T=T+DT = »
I=1,M
A=AT/T XI(1)=D»*XI(I)
D=EXP(AT) /T - I=1,M
DELTA = EPS/D :
2
< . |
{ K:KMAX
K=1
| | >
' | XI(I)-X(I) |
S=A | K=K +| .DELTA <
; I =1 1M
SUBROUTINE '
XS (1) . XI()=x(I)
To1.M +REALIXS())(-1)K
. I:],hﬁ
XI(I)=0.5%XS(1) SUBROUTINE
PR XS(I)
1 =1 ’M
X (L)=XI1(1)
I=1,M S=A+iKT/T

Fig 6-4-1 Flow chart of the numerical inversion method by (6.4.13)
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[N

in COmpa€§$on with the exact values, and the relation between -the truncatien
error € and the upper limit X of the series is shown in Fig 6-4-2 where the

value of g is selected as aqT=5.

1 Approximate value Exact value

T | = (7) z, (T) x3(T) K xy (T) x2 (T) z3(T)

0.1] 0.5995] 0.6516] 1.1341128| 0.597027| 0.649153 1.131822
.2 .2110 .3894} 1.1361(133 .213438 .391864| 1.138018
3|~ .1223 .2158( 1.1039(137|- .119803 .2182921 1.040803
.41- .3844 .1133 .8661 (141 (- .381869 .115757 .867670
.5]- .5597 .0723 .6493|146 |- .562107 .069868 .647916
.6|~- .6567 .0682 .4110|150}- .659150 .065696 .409768
«7]1- .6769 .0913 1791154 |- .679356 .088862 .177958
.8|- .6324 .1289(- .0268]158|~ .634838| .126439|- .027827
.9|- .5438 .1651 |~ .1947|161}|- .541328 .167617}- .193809

1.0|- .4186 .2016(~ .3131({165|- .416113 .204093 |- .312283
L11- .2787 .2278|- .3820|169|- .276195 .230210|- .381212
.2|- .1343 .2453{- .4027(172|- .136814 .2428521- .403383
.31- .0079 .2436|- .3847(176|- .010402 '+ 241159 (- .385278
.4 .0916 .2236|- .3363(179 .094031 .226108 |- .335825
.5 .1736 ..2025 - .2647|182 .171082 .200021 |- .265151
.6 .2213 .1685|- ,1831(186 .218788 .166055 |- .183457
.7 .2357 .1253- .1004|189 .238181 .127717 |- .100081
.8 .2351 .0909 |- .0225 195 .232651 .088448|- .022823
.9 .2047 .0488 .0422(195 .207212 .051295 .042482

2.0 .1702 .0212 .0923|198 .167760 .018679 .092130
.1 .1179 (- .0102 ~1244(201 .120380|- .007728 .124498
.2 .0732|- .0246 /.1400 204 .070769 |- .027037 .139809
.3 .0213|- .0416 -1397}207 .023790}- .039091 139777
.4)- .0143}-~ .0419 .1272(210}|~ .016812|- .044362 .127118
.5|- .0510(- .0463 .10557213|- .048542|- .043803 .105449
.6|- .0677}~- .0362 .0781|216|~- .070158|- .038681 .078173
.7|- .0791|- .0279 .04881218|- .081549|~ .030416 .048814
.8|- .0860|- .0229 .0250|221 (- .083546)|~ .020428 .020390
«9|- .0752}~ .p075 - .0048|224|~ .077672|- .010016|- .004714

Table 6-4-1 Numerical solutions of Example 1
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. 3 .
The solution of this example 1is %

lOOO[ ): Example 1 €= 0.05 (234sec)
" g 2: " €= 001 (301sec)
given formally by i s - €= 0.001(301 s8¢)

% (Ty=e"ATx (0) .

and the value of AT is given

by the partial sum of the i_”__,,,,,,,,———
| .
following infinite series'®). ‘__________———f———f—"———_—

-AT A272  AT? !
e =1-AT4 - L 1 il L U
; AT+ ELRRAREE o5 o s zo 25 30T
(6.4.21)
In such a case this series Fig 6-4-2 Relation between K and ¢

converges by few terms, but the following restriction between the maximum
value of eigen values of matrix A and T is necessary to be stable
numericallyls).

| Amax|T<C C=2 constant (6.4.22)
In example 1, the eigen values of -A are

-2 -1:3%
and |Agax|=v10, then the numerical value of x(T) can be given stablly
until T=2/3 by (6.4.21).
However ourbmethod need not the restriction (6.4.22) and the value of T

can be chosen independently on the eigen values of A althbugh hundreds

of terms of the series are necessary in (6.4.13).

Numerical example 2 X(s)=%exp(—As)xo
4 0 2/3 1
A=|0 4 4/3 Xo=|1
22 4 1

The numerical values of x(T) are shown compairing with the exact values
in Table 6-4-2 where the value of X is fixed to 150 and aT=5.

The value of x(T) is given by

x(7)=

X (T-0)+x (T+0)
2
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at the discontinuous points of T marked by the symbol * angd thls fact is
caused by the 1ntr1n31c restriction of the Fourier analysis.

But in the operational calculus no information is given for the value of
the particular point, and this is the merit that the discontinuous function
can be treated as well as the continuous functions.

Furthermore, the value of x(T) at'the discontinuous point can be correcteé
theoretically, therefore, this method can be used without interference

in practical applications.

T Appl%ximate value Exact value
23 (T) | x2(T) . | x3(T) Ty |z x4
1.0 [0.0000 0.0000 |-0.0000 0] 0 0
2.0*| .0830 .1660 |- .2489 |1/6|1/3}|-1/2
3.0 .1652 .3300 |- .4951 |1/6(1/3|~-1/2

4.0*| .3344 .1721 |- .5066 |1/2| 0 [-1/2
5.0 | .4951 |- .0010 |- .4903 |1/2| o |-1/2
6.0%| .7422 .4942 .2539¢| 1 | 1 1
7.0 [1.0030 | 1.0201 9899 | 1| 1| 1
8.0 | .9987 .9844 | 1.0281 | 1 | 1 1
9.0 | .9966 .9712 | 1.0029 | 1 | 1 1
10.0 | .9861 .9879 9935 | 1 | 1 1

Table 6-4-2 Numerical solutions of example 2

By this method, the numerical values can be determined if the operational
solution is known, therefore, in higher order equations the order of them
need not be decreased to the first order by introducing the new variables
as were done in 2.5.2.

6.5 Applications of Fast Fourier Transformle)fl7)’18)
6.5.1 Applications to inversion formula In the numerical inversion
formula of the Laplace transform given above, hundreds of complex frequency
spectra must bé computed at every point T and most of the exgecutive time

in computation is occupied by this operation, therefore, this method is
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not practical‘becﬁuse it consumes too long time in computation except when
*he numerical values are necessary-at a few points.

In such é case, the exdecutive time in computation can be reduced extremely
by taking as many points as frequency spectra in the interval 0<#<2T and
calculaﬁing them by Fast Fourier Transform.

Then we shall show the method below.

Rewrite (6.4.12) by replacing the upper limit X of the serieslby K-1, then
at K-1

x(£)=2—[Re ] X(a+ikn/T) e F VTV Pdx(a)]
k=0 }. (6.5.1)
~ 0<¢t<2T
Substitute
tn=n (2T /K) 7=0,1020 0. K-1
then it becomes
atn K-1 .
X (tn)=Z[Re ] X(a+ikn/T)ez2nnk/K-%X(a)]
k=0 . (6.5.2)
n=0,1,2,.....,K-1
Let
K-1 .
xn= ) X(a+ikn/T)et2Tk/K (6.5.3)
k=0

then, Fast Fourier Transform can be adapted to X, and the numerical valﬁes
of x(ty,) are given by (6.5.2i. |

By doing so, we can get K numerical values af Xx{(t) in the interval 0st<2T
in nearly equal time to be necessary in computing a few value x(I) by

the previous method. Therefore, this method is more practical than the
previous method and (6.5.2) is used as a practical formula of numerical
inversion method of the Laplace transform.

In Fig 6-5-1, the flow chart in digital computation by (6.5.2) applying
Fast Fourier transform to (6.5.3) is shown.

The theory and an algorithm in computing the Fast FourierlTransform will

be summarised in Appendix E.
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( START ) (sTop )

READ - < .j
h J_J+|‘

K,N,M : 4 -M A

A,T
WRITE
X(J,1)
I = ] I= 1 ,K
S=A+ N4 | X(J,1)
= EXP(A*(I-1 )f‘Z*T/K YT
y R _ g
SUBROUTINE. (REAL(Z I(l\iﬂ,l)) 0.5-XS(,1))
XS(J,1) . =1,K
J=1,M
 SUBROUTINE
LS ' F.F.
I=1+1 ~—Q , K) F.T
- Z(1,1)=XS(J,I)

I=1,K

Fig 6-5-1 Flow chart of the numerical inversion method by (6.2.5)
6.5.2 Error in numerical inversion formula _ Here we shall consider the
numerical error caused in this method.
What differs of this method from the previous method is that the real
and imaginary parts of every spectrum X (a+ikn/T) give complicated inﬁluence

to the numerical solution and it is fairly difficult to éet the evaluation
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of the error theéretically, therefore, we shall show some results given
numerically.

in Fig 6;5—2 the behavior of numerical error to various functions are
shown at certain values of the parameters a,T and X. The behayior depends

on the nature of the function in the time domain and the absolute value
t

sé@ially

of the error increases rapidly as t increases by the factor e?

in T<¢<2T.
a=025 T=20 K=5]2
1 X(s) = .i.,.‘, !
st SR
2 X = -l

L 3 Xis) » 2

+1
4 Xis) e g e

Next we shall consider the relation !0

()
T TTTIm o

between the numerical error and the

(%3
- N
lo:,+

value of the parameter x at fixed

values of g and T. i
19°

As is shown in Fig 6-5-3, the
absolute value of the error is not
reduced too much in the interval
[<t<2T as the value of X |
increaseé, therefdre, it gives a
little advantage in numerical
analysis to increase the value of X
because by the fact that neéds too 'd‘_

long an executive time in computation

in spite of the accuracy is not so

improved.

=S

In applications, it may be practical

to get the numerical solutions with Fig 6-5-2 Absolute value of the error
desired accuracy in .the following to various functions
way.

(1) Give a value of T as the upper limit of the time interval where the
numerical solution is necessary.

s
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(2) For above T give a so that
a=025 T=20
al=4~5,

T T T

-5 _
s2+1

X(s)s
{3) For an arbitrary small value

€ give the value of X as the minimum
value of powers of 2 satisfying the
following inequality.

al
.Eﬁ—malee[X(a+iKn/T)]ij|<e

Practically above inequality is always

satisfied by K=512 if ¢ is chosen |

about 10-3 as are shown in Fig 6-5-2.
(4) For given parameters, get the

numerical values of x(t) only in the

interval 0<5#<T,

Here we shall show a numerical

. . 10 o 5 10 5 36
example by this method using the
value of'parametefs determined by Fig 6-5-3 Absolute value of the error
the above manner. to the value of X
. 1
Numerical example ,X(s)—TEIKTX(O)
103 1
A= 1 2 1 x(0)=11
-3 01 -1

This example is the same as Example 1 in 6.4.3 and when aT=5,T7=3 and X=256
the executive time in computation is reduced from 234 seconds to 14 seconds
although the time step has gone from 0.1 to 6/256 where the numerical

computation is carried out by FACOM 230-60.
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6.6 Numerical evaluation of Laplace transform
.Here we shall consider a linear equafion
L(d/dt)x(§)=8u($3 (6.6.1)
where L is a matrix of the differential operator.
The Laplace transform of this equation becomes
_ L(s)X(s)=Lo(sl+BU(s) (6.6.2)
where Lo ‘is the term caused by the initial value of the variable x(t)
and the‘following operational solution yields. .
X(s)=L"Y(s) [Lo (s)+BU (s) ] | (6.6.3)

The numerical solution can be given by applying the inversion method to
the operational.solutioa X(s). o

ﬁere we shall consider a case where the input function u(t) is arbitrary
and itsldperafional form cannot be given analytically.

In such a_case'it is necessary to know not the operational function but
its complex frequency spectra at the partiqular points of s, therefore, it
is sufficient to get them numerically.'

Then we shall show the method to get the ffequency spectra from the
sampled values of u(t) in tﬁe time domain.

For simplicity, let us assume that the input function is a scalar function

and “denote it by u(t) in the time domain and U(s) operational domain.

From the definition

.U(a+im)=]?u(t)e'ate-twtdt=I§Tup(t)e-ate-zwtdt

up (¢)=u (t)+ | e 21T (tionm) (6.6.4)
n=1
0<t<2T .
and bY‘apprOXimating it by the finite series, it becomes

: X-1 ] .
Ulario)=2h( § u, (nEhye2anT/Nmte 2nI/M) 1, (g) (6.6.5)
- n=1 .

and
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N-1 .
varik/n=221 up (2nz/0) e 2T/ W= 2K/ L (0) 1 (6.6.6)
n=0

Neglect the term

o0
) e-zanTu(t+2nT)

n=0
in up(t), then

o N-1
U(a+ikn/T)=—ﬁ[ Y u(2nT/N)e
n=0

-2anT/Ne-i2“"k/”-%u(o)] (6.6.7)

ana the numerical value of U(a+ik7/T) can be given in a short time by
applying the Fast Fourier Transform to the term:of I.
In this case, ¥ must be determined as N22K to avoid the aliase effect if
K frequency spectra are neceséary.
The absolute values of the spectra become very'sm%ll as X increases,
therefore, it must be given as precisely as possible.
The numerical error caused by (6.6.7) is consisted of the following two
kinds -

€1 .caused in approximating up (t) by u(é)

€3 caused in approximating the integral by the finite series
and each of them must be made as small as possible because by the inversion

formula, they are magnified and given at t=ty by
2anT/K

e’ (tn)= T

(e1t+€2 ). (6.6.8)
The upper limit of €; is bounded by the foilowing inequality

-at -1 © - M -2
lea] =1/ u(t)e™%e ‘“tdtlsf2T|u(t)|e atdtsEe al

: (6.6.9)
M= sup |u(¢)]
te(2T,»)

and in the time domain

M -2aT (K- K
le§ (tn) |3 o™ 2aT (K- /K

(6.6.10)
Specially at tp=T, it becomes

aT

ler(Tyl=Me™ % Jar
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‘and it must be made as small as 10°
0s025 T=20

TTTTIT o
-

TT T

desirable.

-

cost —» operotional solution
N=1024 -

— time solution 5
. K=512
the value a large but it demands a

T

The purpose is attained by making

io*

large value of X and gives a heavy

influence in the time domain to do

LA BLRARE

so, therefore, attention must be

péid to determine the value of a as "
in the case of the numerical

inversioh.

To reduce €, we must use ﬁp(t)

]

instead of u(t), but it is pretty 10

difficult in the general case f
because the value of u(t) cannot be i

known at large value of t from the

sampled values of u(t) in the

interval 0st<2T. Fig 6-6-1 Absolute value of the

To reducevez'the number of the numerical error of the example

sampled points N must be increased and the value of u(t) at the
discontinuous point must be corrected as follows if exists.
C u(t)=u(t-0)+8/2=u (£t+0)-8/2 ' _
| | } (6.6.11)
6=z (t+0) -z (t-0)

. Numerical example In Fig 6-6-1 a numerical example of the error:

given by the following procedures is shown.

First for u(t)=cost get.512 spectra by (6.6.7) where evefy parameter is

selected as a=0.25,T7=20 énd N=1024, and then get the numerical values by

the inversion formula using these given spectra.
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6.7 Compag&ﬁon of various inversion formulas

In a case where the time solution cannot be known analytically for a give
operational solution, various numerical inversion methods of the Laplace
transform have been conceived hitherto. |
Here we shall show some of them which are fairly wide in use. These methods
give numerical quédrature formulas by approximating the inverse or direct
transformations properly.
In the former methods, the numerical quadrature formulas are given by

evaluating the inverse transform

1 ratie t
z(t)=5=f2 X (s) e ds , (6.7.1)

making use of the proper approximation for a given X(s) and a typical example
is the Salzer’s methodlg).
His method gives the following numerical quadrature formula

m i
z(e)= ] A0 (£)x (k) (6.7.2)
k=1

by approximating X(s) by a polynomial with the order m in the variable 1/s
which causes the polynomial with order m~1 in the variable ¢.

The coefficients. of this series are determined by Lagrange’s interpolation
formula at the points s=1vm and by inverting them, each of the weighting

coefficients is determined by
km+1 m tm-j

} ais
ml j=1 Jd{m-g)1

(m) -
Ay (¢)

where aj; is the coefficient of the explicit expression of the (m+l)-points

Lagrange’s polynomial L£m+l)(s) and given as follows.

m .
L£M+l)(s)= ) ajsJ
Jj=1

In the latter methods, the numerical quadrature formulas are given by

evaluating the direct transform
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-st

x(s)=j:x(t)e dt (6.7.3)

for some -values of s at the interpolated points making use of the numerical
: : is
integration formula. A typical example of them axe given by Bellmanzo).

His method gives the following munerical gquadrature formula

mo. )
z(tg)= § AZX (k)
k=1" } (6.7.4)
271,2,0000,m
which has been derived as follows.

Substitute y=e-t,v(6.7.3) becomes
X(s)=[1z(-logy) y* " dy

and by the numerical integration formula

x()= § Wy e (-logy,)
k=1 . } (6.7.5)
11,2, 0000,m |
where y; is the zero point of thé shifted ngendre polynomial of order <.

By inverting (6.7.5) he gave the quadrature formula (6.7.4).

The principles'of these methods are complicated, but the coefficients
matrices of the quadrature formulas are given by the numerical tables,
therefore, these methods cén be used conveniently in certain cases. However
these methods have ‘the following defects.

(1) Every element of the coefficient matrix demands many digits and
each of its elements differs extremly in the order;

(2) Coefficient matrix becomes often ill-conditioned and accuracy of
the éiven results.is not so good in spite of demanding many digits.

(3) These méthods are based on the interpolation formula, the class of
the éuhctidﬁs to bé treated is limited and cannot give fhe sufficient
results for‘certain functions such as oscillatory functions or functions

containing‘time laggings.
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Other methods are based on the numerical quadraturé of the infinite
expansion of certain polynomials and various quadrature formulas have
been conceived.

Papoulis gave the quadrature formulas by the trigonometric, LSéeﬁdre and

Laguerre sets?!’

. But these methods are very complicated although accuracy
of the given results is not so good.
The values of the coefficient matrices of the various numerical inversion

formulas are summarised in the tableszz)

, and in some cases it is convenient
to reffer either of them when above defécts.can be avoided and the numerical
values at some points-are neéessary.

The method stated in this chapter is based on the numerical integration
based on the Fourier analysis and is the most simple and useful method
without the above defects and has the following -advantages.

(1) It gives sufficient numerical solutions in a short executive time
and needs a little programing effort in digital cémputations{
(2) The class of fupcﬁions to be treated is not limited.

(3) Scalar operations can be applied easily to corresponding matrix or

vector operations.

6.8 Summary
In this chapter the method to get the numerical solution of the time
fuﬁction from the corresponding operational solution was given.

In this method, the Laplace transform is converted into the Fourier
transform and the expected aim could be attained by applying the Fourier
series technique.

For this purpose, the relation between the operational calculus stated
in Chépters 2 - 4 and the Laplace transform, the principle and the algorithr

of the numerical inversion method of the Laplace transform and some
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numerical examples were given.

This method makes the most of the spirit of the. operational calculus in
compafsion with other inversion formulas and must be a powerful tool in the
numerical analysis in the case where the time function cannot be known
analyticélly or is inen very complicatedly or formally when the operational

solution is given.
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7. Analysis of traveling waves on transmission systems

7.1 Preface
In Chapter 4 the method to analyse the telegraphic equations by the
operational calculus hgs been shown. But for the analysis of traveiing waves
such as surges on the transmission lines, the coefficient matrices cannot
be regarded to constant with respect to the differential operator s as in
the case of the telegraphic equations.

This phenomenon is due to the skin effect of the transmission systems and
the absorption effect of the dielectric substance, and differential
equations of operational functions to the voltagé and current variables
become very complicated.

Hence it is the purpose of this chapter to show the operational differential
equations fdr typical transmission systems such as airial lines, underground
lines and co-axial cables.

Detailed procedures in deducing the equations will be shown in Appendix F

and numerical treatment of them will be shown in the succé%ive chapter,

7.2 Airial transmission lines

7.2.1 Coefficient matrices of airial transmission lines For the behavior
of the traveling waves on the airial transmission lines, the operational
differential equations for the voltagé and current variables are fairly
different from those for the telegraphic equations.
There the influence of the coefficient matrices R and G to the phenomena
is very small compagring with that of L and ¢, therefore, it is possible
to neglect R and G.
Here we shall consider an airial system with the uniform ground return

and consisting of lines streched parallel above the‘surface of the ground
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as shown in Fig 7-2-1.

. No.J
Every element of the
coefficient matricés L
No.Z
and € is given
approximately as ' L
r @
follows in the .region
h.
of low frequency waves _ : i
: e i »|
by regarding the ground hi

as the perfect conductor

and using the method of

the electrical images

T T T T T 7T 7 777775

on the assumption

hivhjedig>>ri.rj. Fig 7-2-1 Airial transmission system
. ._UcllJ_o 2hi
Lii=gg 2n1°gri
(7.2.1)

(hit+hi) *+dij
(hi=hj)*+dij

_r..=H
Lij=Lji "0109

and
R ! 2hg
Pti_Zneologri
. 2 (7.2.2)
1 (hi+hz) “+did

| Pij:Pji_neolog(hi-hj)2+d{j

where the matrix P=[Pij] is the electrostatic-induction matrix and the
capacifance matrix yiels

c=p7t. ‘ (7.2.3)

Every letter means the following quantity.

ri,rj: radius of conductor 1.3

hi,hj: height of conductor i,jb

dij = horizontal disﬁance between conductors 7 and J

Ues,Mo: Mmagnetic permeabilities of conductor and'vacu%g

€9 : permeability of vacu%g
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7.2.2 Skin effect of conductors The coefficient matrices L and C shown
above are determined on the assumption that the conductivites of the ground
and the conductors are infinite, but'for real systems, the conductivities
are finite and the influence of the electfomagnetic induction becomes
remarkable in the region of high frequency waves.

This influence appeérs heavily on the impeadance matrix but little on the
admittance matrix.

The term:uc/8ﬂ in the first relation of (7.2.1) shows the influence of the
magnetic field inside the conductor on the assumption that thé current
density is constant, but for 'a- high frequency current this assumption is
inadequate and the current flows almost near the surface of the conductor.

This phenomenon is called the skin effect of the conductor and the
equivalent impegdance matrix Z.(s) for a conductor with circular section

given as follows by solving the Maxwell's equation523).

us I,y (Vousrs)
2w/cusry I,(/ousry)

Zeii(s)
(7.2.4)

Zeij(8)=Zcj4(8)=0
Every new letter means the follwing quantity.

0 : conductivity of conductor

s : differential operator

Io: first kind modified Bessel function of order 0

I,: first kind modified Bessel function of order 1
This result means that the impegdance of the conductor varies from ns/8m
to Zqs(8).

7.2.3 Skin effect of uniform ground In considering the phenomena in the

region of high frequéncy waves- the equivalent impe#dance of the ground
return is affected remarkably by the electromagnetic induction the same

as in the case of the conductor.

93



This phenomenon is called the skin effect of the ground and the equivalent

impepdance of it can be given by solving the Maxwell’s equations.

) FbrAa~system shown in Fig 7-2-1, every element of the equivalent  impegdance

matrix Zg(s) is given as follows on the assumption that the current flows

pararell to the conductors in the ground.

2937 ()2 (/ETFo-p) ™2 i04e

2915 (8)=2g54
hg=/Teagh;  hi=/iuogh;  dij={iiogdis

The new letter means the following quantity.

Og: conductivity of the ground

(s)=%lf:(JET:E—E)cosdéiie-(hé+h5)gd5 2t (7.2.5)

The operational differential equations for this system considering the

skin effects of the conductors and the ground return are given as follows

-V’ (A)=[Los+Za(8)+Z,(s) 11 (R) :
} (7.2.6)

=i’ (A)=Csv ())

where every element of the matrices Lo,C,Zc(s) and 1g(s) is given by (7.2.1)

( eliminate the term Mo/8T ), (7.2.3),(7.2.4) and (7.2.5).

7.2.4 Skin effect of two-layer ground Here we shall consider a ground

consisting of pararell two layers asfshown in Fig 7-2-2.

By solving the Maxwell’s equations on the same assumption as the uniform

ground, we have the equivalent impegdance matrix Zg(s) whose elements are

given as follows.

2g14(8)=E2E[F (g) ™ il ag

2415 (8)=2g4; (a)=E22 " (g) cosd] see” PG Bar

F(E) V/EZ+3+v’€‘-H"s+(v/’e:z+s—f£T-|-1r"s)e"zd’g ts

(VETHo+/E74175) (VETTa+E) + (VEZFa-VEZHr75) (E-VETFa) e 2476 +8
hi=/Sihehi  hi=/SiWehj  d}.=/Gilodi; '
d'=VOIUQd r'=02/0,

94

L (7.2.7)




No.J

No.1

Fig-7-2-2 Airial transmission system with two-layer ground
Every new letter means the following quantity}
'61: conductivity of the upper layer
0,: conductivity of the lower layer
d : depth of the Boundary plane
The set of the operational differential equations is given in the same

form as (7.2.6).

7.3 Underground transmission lines
7.3.1 Coefficient matrices of underground transmission lines Here we
shall consider an insulated underground system witﬁ the uniform ground
return and consisting of insulated lines buried parallel under the surface
of the ground as shown in Fig 7-3-1.

Every element of the coefficient matrices L and C in the region of low
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Fig 7-3-1 Underground transmission system

frequency waves is given as follows on the assumption hi,hj,d;j>>ri,rj,R{.Rj.

. 2M0q g2kl
Lig 2“109 ri

. (7.3.1)
Lij=Ljj ﬁ°1°9f21t2,};41§fgj )
Pii=§%371092%% 2"621097%52%?%§$%%§

(7.3.2)
Pij=Fji= nill g%%fi%?%Tég%i
.c=p~1 ' (7.3.3)

Every letter means the following quantity.
'ri,rj: radius of conductor T.d
h;,hj: depth of the conductor i,d
djj * horizontal distance between conductors 7 and J
outer radius of insulator enélosing conductor i,J

. . e Um
Mo : magnetic permeability of vacume

Ri,R;

€1 : permeability of ground

€2 : permeability of insulator
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7.3.2 Skin effect of ground The equivalent impeadance matrix Z,(s) for
the skin effect of conductors in the region of high frequency waves is giver
by the same equation;as (7.2.4). |

For the equivalent impegdance matrix Zg(é), we have the following results”
by solving the Maxwell’s equations.

2hy /uT+RT

Uos r@e” du

T TR

Zgiils)=

- (hi+hj)/u?+k? (7.3.4)
cosd; judu

®e
O TR +u

ki=(og+e18) Ugs

Zgij(s)=zgji(8)_u;sf

The set of the operational differential equations is given in the same

form as (7.2.6).

7.4 Co-axial cables
7.4.1 Line constants of co-axial cables Here we shall consider a single
conductor co-axial cable with circular section.

The line constants of this cable is given as follows.

==H10q®

—2"logr (7.4.1)
___ 2me

C=Toq(a/7y (7.4.2)

Every letter means the following quantity.
r: radius of inner conductor
R: inner radius of outer cdnductor
€: permeability of insulator
U: magnetic permeability of insulator
7.4.2 Skin effectlof co-axial cables The equivalent impeAdance for the
skin efféct of conductors of a co-axial cable is given as follows by solving

the Maxwell'’s equations.
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Zo(8)=Zc,(s8)+Zc2 (8)

Ui8 Io(v/o,u3sr)

‘Zer{s)
2n/o,ursr I, (Yo,u,8r) )

Zeg (8) =522 Ko (VO2028D) 1o (YOouz8R) =T (Yo 18D Ko (/o7178R) ’ (7.4.3)
2m . Ko (Ya2u28D)C1-1,(vo2u28D)C2

Cx?/aéuzsplx(/62U2SD)-/02Uz6311(V02UzSR)

Cao==v/0,1,8DK, (YO2128D)+/02128RK) (VO ,1,28R) /
where Zci(s) and Zeca(s) mean the equivalent impegdance of inner and outer
conductors. ‘

Every new letter means the following quantity.
U1,U2: magnetic peameability of inner and outer conductors
oJ,ozzlconductivity of inner and outer conductors
D : outer radius of outer éonductor
I,,I:: first kind modified Bessel function-of order 0,1
Ko,K1: second kind modified Bessel functién of order 0,1
7.4.3 Absorption effect of insu]ator524)'25)'26)'27) The peameability
of an insulator such as the synthetic polymer cannot be regarded as constant
in the region of high frequency waves. It decreases as the frequency
increases and this phenomenon is called the absorption effecﬁ.
For sinuysoidal waves of angular velosity w, the complex permeability ¢

of such a substance is given experimentally by Cole and Cole as follows.

. o : ~
€=€°°+_€_€_1_-a_ . (7.4.4)
1+ (ZwT)

Evéry letter means the following quantity.
¢ : limit permeability in high frequency region
€®: limit permeability in low frequency region
T: generalized relaxation time

o: constant value between 0 and 1-
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In the operational form it becomes

o o— *®
e(s)=e +——S—
l+(s1)

(7.4.5)
and the equivalent admittance of the capacitor with such.a substance as an
insulator is given on the assumption that impulsive responce of E(s) is
fairly slower than time responce of considered phenomenon
| Y(s8)=Coe (s)s A (7.4.6)
whefe Co, means the capacity in the vacu%g which is determined only by the
geometry of conductors.
The set of operational differential eqﬁations for traveling waves for this
system is given as follows.
v’ (A)=[Ls+Zec(s)])Z ())
} (7.4.7)
-2 (A)=Y(s)v())
For multi-conductor cables, we have the set of matric differential equations
arising from (7.4.7) but it is pretty difficult to get every element of the
coefficient matrices and the equivalent impeAdance and admittance matrices

because it is affected heavily by the configuihtion of conductors and

insulators, therefore, we do not give more detailed discussion about that.

7.5 Summary
In this chapter the set of operational differential equations which
describe the properties of traveling waves on the transmission syétems such
as éirial lines, underground lines and co-axial cables considering the
influences of the skin effect and the absorption effect were given.
The proof of the existence of the operational Bessél functions and the
integrals of the operational functions which appear in this chapter is

shown in Appendix F,.
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8. Numerical analysis of traveling waves on transmission systems

8.1 Preface
As was shown in the previous chaﬁter, the analysis of the traveling.waves
is one of the fields wheré the operational calculus can be applied effectively

In this case the phenomena to be treated continue for a short duration' and
the:equat;oh describing their properties suffer the influences of the skin
effect and the absorption of dielectric substance, therefore, the operational
solutions become very complicated functions with respect to the operator s
and it is impossible to get. their time solutions analytically.

In this case such a method have been used hitherto that by bold abbrevation
or approximation time solutions are derived analytically for examples error
functions, but there if we do not clear up the limit -of its adaptability
or estimate the theoretical error, we may get the result extremely different
froﬁ the actual phenomenon.

In physical or engineering applications like above problems, it occurs
fiequently that we may be satisfied to get-a numefical solution with desired
accuracy when we cannot get ‘the analytical solution, and for above problems
we can get numerical solutions in the time domain by applying the numerical
inversion method of the Laplace transform sﬁated in Chapter 6 to the
operational solutions of differential equations given in the previous chépter.

In the numerical inversion method, scalar operations can be extended easily
to corresponding vector or matrix operations, therefore, wé can analyse
multi—conductor systems which have been difficult or almost impossible to be
analysed hitherto, therefore, we can solve evefy untouched problem except that
causéd by the effects based on non-lineality.

Heﬁge it is the burpdse of this chapter to study the attenuation and

distortion of traveling waves-on single.or multi conductor transmission
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systems numerically for various boundary conditions considering the influencés
of the skin and absorption effects, give some humérical examples and present
some numerical techniques used there such as an application of multi-
dimensional interpolation formula, an effective numerical integration method
and calculation of matrix functions with complex elements. |

In this case, an increace in the degree of complexity of mathematical model
increases heavily the degree of difficulty in analytical treatments but does
not so too much in numerical treatments by our method, therefore, as the
fundamental policy in this chapter, we shall calculate important factors

as precisely as possible, for example, get the equivalent impe#dance for the
skin effect of the ground return by numerical integration.

On the other hand we shall'neglect such a factor positively that gives little
influence on the final result.

Here every letter used without explanation is defined in Chapters 6 and 7.

8.2 Single conductor airial lines
8.2.1 Influence of skin effect The wave propagating property of a single
conductor airial line streched parallel above the surface of the ground
is given by the following set of the differential equations.

-4V werze (o) +2g (o) 11

(8.2.1)

drl_
-TCSV

By eliminating the current I from this equation the voltage equation yields
d%v_ .2
e aid
X « } (8.2.2)
Q%= [Ls+zc(s)+2g(s)]Cs
Let us consider only a line with infinite length and assume that the initial

condition is given by

V(0)=V, (s) . (8.2.3)
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then boltagevsolution becomes
v(n=e"r (o). (8.2.4)
By expanding the equivalent impegdance of Z4(s) in few terms by the partial
N &

integration, it becomes

. 2 ’
RN CAT S S L [7g (£2+3) P/2,-2h"E 4y (8.2.5)

‘Zg(S)_
2h' 4n'? 8h'3/s 8h’3

By asyﬁptotic expansion Qe have

Io(VccucSP)=1
" .I1(VYoguesr)

and by compareing Zc(s) with the first term of Zg4(s) on the assumption

of Ue=Ug we have

Ze(s) . Yogh
2g(s)  Joer™

For an ordinary airial line, this value is sufficiently small, therefore,
iﬁ,maykbe>safe to negleét the term Ze(s).

The éoliaéé.solution of (8.2.4) is very complicated and it is impossible
to get the time solutlon analytlcally. To get 1t in the analyt1cal form
various approx1matlons have been used which are the error functlons or

28),
thelr modifications. ).29),30),

3D Then we shall show an approximate
method by using the error functlon.

Elimination of the terms higher than the second yields

@=JLcs? +uoca>/ 2 y2nn’

and by the relation LC=1/c§ ( co light verocity ) it becomes approximately .
-1/2 1/2 -1/2

Cs s HocoCs g UpcoCVs
E&El_v____ =S (14H0C%0 =_S,HB0Co 2.
S (1+Re50 ) =R —) =R (8.2.6)
and
V=e-l(s/co+a/§)vo(s)
(8.2.7)
=Kol
4nh’
Here the term e—As/c°

corresponds to the translation operator and does
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not give any influence to attenuation and distortion of traveling waves,
therefore, by neglecting it the voltage solution is reduced to the heat
conduction type operator and can be solved analytically.

Specially when V,(s)=1/s we have

oA

v(t)=cerf (
2.\/ t‘k; Co

JHE(t=X/cy). (8.2.8)

The reason why such a bold approximation has been used is that there have
not been any other effective methods and that the shape of a time solution
is fairly like that qfan observed phenomenon setting aside its absolute

value.

In order that above solution is a good approximation, it is necessary
that values of more than second terms are suffiéiehtly small in compadéion
with the value of the first term in (8.2.5) and that the following

restriction must be hgid in (8.2.6).

.ﬂ.g_qc_'_<<]_
4Th' Vs

In a line with fairly large value of h’, the above conditions are satisfied
when the Qalue of A is small and value of s is large, but degree of
approximation becomes worse in accordance with increace of the value 6f X
and decreace of s. This fact shows theoretically that above approximation

is good only in a region wﬁere distance from the excited point is small
and time is sufficiently small. .
‘But by the numerical inversion method of the Laplace transform we can get
time solution numerically, therefore, in above case it is possible to get
better results by increasing the terms in (8.2.5).

Here we shall show some numerical examples to help the explanations done
above. In Fig 8-2-1 we shall show time responses for the step voltage

excitation in the following case

h=20m r=lcm cg=10mho/km T=8usec aT=5 K=1024
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where factors caused by the

t;anslation operators are.
vemoved in.every case.. ‘
Here brihéry; secondary and
third abproximations mean the
cases where we take to the

first, second and third terms

ES]

in (8.2.5). In case of A=lkm E

the difference between the error Y
function approximation and the :

third approximation is small and ; 5. giig;¥§u:;;iggimation
the third approximation is g 2: igiggdary L

good, but in case of A=20km =

the differences between the

approximafions are fairly

large and it is doubtful to ) ) | ) ]
regard whether the third 0 1 2 3 4 > 6 7
approximation is good.or not and Time in usec

to get better result terms

more than the fourth must be Fig 8-2-1 Approximate solutions for the
taken in (8.2.5) by evaluating line witﬁ fairly large value of &

the integral.

However,'for a line with small value of h' it is impbssible to'get a good
solution in such a way because in the series of (8.2.5)4n—th term is
propqrtional to l/h'n and increases in its absolute value by altering its
sigb,ltherefore; the value of Zg(s) cannot.be.given by any finite terms
as will be shown by the numerical example in Fig 8—2—2 where every value
of the parameter is given as follows. |

r=lcm og=10mho/km “A=5km T=8usec aT=5 K=1024
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This example shows that

h=40m

as the value of h ddcreases
numerical solution becon%
far off from the actual
phenomenon by this method.

Therefore, to get the good

results in all cases it is

necessary to get values of

/
0.5 H third approximation
Zg(s) by numerical .

. A=5km
integration. In such cases

it must be evaluated K

Voltage in per unit

times for different value ',
of s and it is necessary to 5m
use an effective numerical
inteération formula to AN

reduce total executive time

in digital computation. 0 1 2 v3 4 3 6 7
Time in usec

Then we shall transform

the integral variable by Fig 8-2-2 Approximate solutions for lines

-€

x=e to get the relation with various values of %

1 [
2g(a)=b2f [V{Togz) Z+s+logx] x 2" " 14z (8.2.9)

and apply Gauss’s numerical integration formulaZO).

Next we must determine how many interpolation points are necessary to
acquire a desired accuracy.

Here we have evaluated numerical values of Zg(s) for some examples by five
and ten points integration formula and compafred these results.

As are listed in Table 8-2-1 it may be safe to regard that sufficient

results can be given by five points integration formula ‘and we shall use
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it for every numerical integration appearing below.

106

" five points - ten points
* real imaging real imagingi
1| 123.4064 0 123.3323 0
321 558.4059| 720.5349 558.1674 719.4575
64| 867.0608]1071.859 866.2938|1069.752
96/1111.659 |1336.582 | 1110.240 1333.870
128]11320.506 |1557.627 1318.537 | 1554.531
160 1505.739 |1751.236 | 1503.316 1747.857
192|1673.892 1925.589 1671.085 11921.975
224|1828.952 |2085.474 | 1825.811 2081.655
256 1937.565 |[2233.979 |1970.129 2229.975
28812109.592 |2373.232 | 2105.888 2369.054
320(2238.400 {2504.768 | 2234.451 2500.427
35212361.027 |2629.743 | 2356.850 2625.247
38412478.285 |2749.050 | 2473.896 2744.405
41612590.822 ]2863.394 | 2586.233 2858.606
448|2699.167 |2973.349 | 2694.389 2968.422
480|2806.967 |[3082.637 2789.157 }3064.549
512|2904.951 }3181.887 |2899.820 3176.697
h=5m
five poinfs ten.éoints
K . : R
real imagingz real imagina%
1| 48.4708| 0 48.4675 0
32‘ 183.1150 190.9020f 183.0965] 190.8790
641 265.0154| 276.4115| 264.9870 276.3780
96| 328.1869] 341.1601| 328.1509 341.1185
128 381.5457 | 395.4537| 381.5032 395.4055
160| 428.6034} 443.1475| 428.5551 443.0934
192| 471.1734 ‘486.1862 471.1200| 486.1269
224 | 510.3374| 525.7139| 510.2791| 525.6497
256 546.8015 | 562.4710| 546.7389| 562.4023
288} 581.0575 596.9694 580.9906 596.8965
320 .613.4635- 629.5805 613.3927 | 629.5035
352} 644.2904 1 660.5837 644.2158 | 660.5029




384 | 673.7487 | 690.1957 | 673.6706 | 690.1114
416 | 702.0060 | 718.5886 | 701.9244 | 718.5007
448 | 729.1982 | 745.9015| 729.1130} 745.8103
480 | 755.4375 | 772.2491 | 755.3492 | 772.1564
(312 780.8171 | 797.7269 | 780.7258 | 797.6294

h=20m
Table 8-2-1 Some values of‘Zg(s) by numerical integration
in the case og=10mho/km,aT=5,T=10usec ana K=512

In Fig 8-2-3 we shall show some numerical examples of time responses of
line voltage for the step voltage excitation in the following case

T=10usec al=5 K=1024
in compaégion with the error function approximations where factors caused
by the translation operators are removed.

As is shown from these results it is obvious that the influence of the
skin effect.becomeégreater as distance A from the excited point increases
or aé equivalent height %’ decreases and in practical applications the
error function approximations cannot be used in those cages.

On the c;ntrary, sufficient results can be given in practical applications
by the method stated above.

Here the discussions have been restricted to ordinary airial lines with'
infinite length and any other influences have been neglected than the
skin effect of the ground such as the displacement current in the.ground,
the ohmic losses of the conductor and the ground, the skin effect of the
conductor and the leakage current in the free space, but Sny of them can
be considered if necessary without increasing the degree of difficulty in
numerical treatment. |

Furthermore numerical values of time responses of line voltage can be

given for any other excitations than the step voltage.
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8.2.2 Application of multi-dimensional interpolation formula ° In physical
or engineering applications, we shall often encounter a case where the
numerical value at arbitrary point muét be given from the values of selected
points by the interpolation method or effeétive analysis can be performed
to do so.

Here we shall investiéate this problem in relation to the numerical analysis
of traveling waves on the transmission lines with infinite length.

In real lines they are distinguished each other by several parameters,’
therefore, if numerical values are given at some selected points with respect
to them to cover the actual line, a numerical solution for an arbitrary line
can be given by the interpolation formula effectively comparing with the
method to get it directly.

In such cases the selected points form multi-dimensional lattice points
and multi-dimensional interpolation formula must be used there.

Here we shall cdnsider the following function with n variables Fley,2,00,2p)

Suppose that lattice points are selected for every variable as follws.

X 1=1,2,...,n j=0,1,2,...,mi

For simplicity we shall assume that m. is equal to m with respect to every
variable x,.

Let us consider the following m~th order interpolation polyﬁbmial with n

variables

m .

G(L11Topeenns,zy)= )) a %...xz (8.2.10)
T Ly ds e s k=0

then every coefficient aij x can be determined uniquely by the values of

the function at selected points
f(xli'xzj"""xnk) Tyodeeosk=0,1,...,m
and finally the interpolation formula becomes as follows.
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m
g(x1,T24eee:T )= z 1“(.‘1':1 s Lo speeerd 1)
b T i, de e k=0 i’ nk
i (xy=z )(xz—xz )...(x -x )
ny (8.2.11)
a,B,..,Y=0 (xl,b"xl )(-’Bz -sz)'”(x k—an)
aFi, BAd, - YK J

This polynomial is the multi-dimensional Lagrange’s'interpolation formula
and the value of the funceion at an arbitrary point is obtained from the
vaiues at the selected points by this formula.

Time responses of the voltage in airial transmission lines for the step
voltage excitation can be represented by the parameters as

vi(t)=v(h/r,h',A;t)
and we get numerical solutions of them at the following 125 lattice points
h/r=2500,200,1500,1000.500
h'=2.5,2.0,1.5,1.0,0.5 vusec
A =ld,8,6,4,2 km
ander the following conditions.
T=20usec aT=5 K=1024

From these values at selected points we can get interpolated values at the

following three points
h/r¥2200 h'=2.2- A=3

1650 1.65 5

750 0.75 9
by the fé?th order interpolation polynomial with respect to eﬁery parameter
as are shown in Fig 8-2-4 compadring with calculated values and it can be
recognized that the interpolated values are in good accord with the calculated
values. ’

From these results we can notice the utlllty of the 1nteroolatlon formula
to these problems. Expecutlve t1me in computation can be reduced by 1ncrea51ng
the spaces among the lattlce points or by decreasing the order of the

interpolatlon polynomial according to the.de51red accuracy.
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Voltage in per unit

1
———— calculated value
(@) interpolated value

n/r K A
2200 2.2 3
1650 1.65 &
750 0.76 9

| s 1 . 1 1 |

0 A 5 1

Time in psec

Fig 8-2-4 Numerical solution by interpolation formula °
The interpolation formula can be applied to systems with more parameters,
but then attention must be paied to the fact that (m+1)" lattice points
are necessary which increase rapidly as n increases and extremely long
exgecutive time is necessary in computation if the values of the function
at all the lattice points are used.
In such cases the interpolation formula of (8.2.11) cannot be used without

modification, but generally weights of the lattice points decrease rapidly
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as distance from the point to be interpolated increases, therefore, such a
method must be used that by the probability technique lattice points with

1;¥ge weighfs are inspected preferably and inspection is stopped when the

interpolated value converges to a value within acceptable accuracy32).

8.2.3 Influence of two-layer ground In above discussions wave
propagation properties of airial lines with uniform ground return were
investigated numerically, but we shall often encounter a case where the
structure of thé ground cannot be regarded as uniform.

Here we shall study wave proﬁ%gation properties influenced by the structure
of the grqund for example two-layer ground.

The equivalent impeadancevof the parallel two-layer ground is given by
(7.2.7) and its numerical value for a certain value of s can be given by
the numerical integration, therefore, the time response of the line voltage
can be given by the same method étated above. .
In_FiQ 8-2-5 we shall show numerical solutions of the time responses of
the line voltage at the points distant Skm and 50km from the excited point
under the following conditions.
h/r=1500 h'=1.5 d’'=1.0 T=10usec aT=5 K=1024

In these cases influence by the structure of the ground appears remarkably.
The same calculations were done in case of d’=10 under the same conditions
as above, but in this case influence of the structure of the ground could
not be detected. |

As are shown in these examples influence of the two-layer ground to the
wave prop%g&tion properties becomes remarkable as d’ decrea;es, logarithmic
diff?rence between r’ and 1 increases and the distance A frqm the excited

point increases.
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Voltage in per unit

A=50km

0 5 4 10
' Time in usec
Fig 8-2-5 Influence of two-layer ground

8.2.4 Propagation velocity of traveling waves Propagation velocity of
the traveling waves on a loss less line is equal to the light velocity, but
if the influence of the skin effect is considered, time responses of the
line voltage becom®delayed from these of loss less line and it may be
regarded that equivalent propgégation velocity becomes smaller than the
light velocity.

. Degree of time delay depends on the values of line parameters, but it is
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impossible to gét the analytical formula to describe it, therefore, we shall
get it numerically for some examples._

In Fig 8-2-6 we shall show some numerical results which represent time delay
of traveling waves from the loss less cases in which they propagate with

the light velocity.

20 — 20
5 /r=500 / I h/r=1000
L 1500 . L —— 2000 1
L ——— £500 1/// A ,
‘ H=0.
I | // I 0.5 //
1. #=0.5 // | 7 /
15K 2. 1.0 //./ L A /
I - . 2.0
z° ; . // i 2.5 /
n . . / ; | /
5. 2.5 // /
i //'/ 2/ o I // 2
) /)/ / v B /
10 - /: /73 ok /
// /// . 10 / /
- /y )t / /
- /, . // :’: - / / 3
i // VAW N / /
7' //,/ /7 ) / / /l
: y ) A i / / /
g 7 /0 Y/ /Y
g S 0SS T / /s
- / 7 7 /LS
7 /7 s | A/ s
" ; / 49/ o7 S "/ / / e S~
;7 L = - A/
! ) S v 3
/ / X " o / / . -
/// /-///ﬁ( / // L =
 J =
= 1 L 1 1 1 1 1 =
0 50 100 - — 5(; — 1010
Distance in km : Distance in km

Fig 8-2-6 Time delay from light velocity propaéation
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Here the values of the parameters are selected as
T=20usec aT=5 " K=1024
and the time thch is necessary to become the value of the voltage as large
as 1% of the impressed voltage is regarded as the delayed time.
In the region of high frequency current flows almost on the surface of the

33) and the equivalent propgkgation velocity is not influenced

ground
practically by the structure of the ground as is shown by the numerical
examples of Fig 8-2-5, therefore, the structure of the ground is assumed

to be uniform here.

8.3 Single conductor co-axial cables ‘
8.3.1 Influence of skin effect The wave propagating property of the
single conductor co-axial cable is given by the following set of differential

equations as was shown in the previous chapter.

dv :
- [Ls+Za(8))TI
dx- ° } (8.3.1)

dr
—dx-CsV

The operational solution for the line voltage with infinite length is given

as follows.

(8.3.2)

V=e-AQV°(s) }
Q=vVLs+Zo(s8)1Cs
Inan ordinary co-axial cable, the conductivity of every conductor is fairly

large and the equivalent impegdance of the outer conductor can be approximated

by

’

Zp2 (8) U238 Ko (YO2u28R) (8.3.3)

2mY02u28R Ky (vo,u,8R)

and its numerical values for various values of s can be given by taking the
partial sum of the asymtotic series in few terms as well as Zq(8).

By using these values numerical values of the voltage response in the time

115



Voltaye in per unit

domain can be given by the numerical inversion formula.

_ In Fig 8-3-1 we shall show some numerical examples of time responses of

the line voltage for the step excitation under the following conditions
r=lcm  R=2cm o,=5.92x1010mho/km £=4.85 H1=U2=Uy
T=10usec al=5 K=1024

-xs/VLC

where factors caused by the translation operator e

these results. ‘ s

.are removed in °

0 5
Time in usec
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Voltage in per unit

5 1

Time in psec

Fig 8-3-1 Numerical solutions of voltage for co-axial cables
8.3.2 Infldénce of absorption effect In the region of high frequency
waves it is necessary to take account of the influence of the absorption
phenomena of the insulators. In such a case, a set of the differential
equations describing the wave propagation property is shown in the previous

chapter and there the propagation term becomes

Q=V[Ls+Zo(8)1CoE (8) s ' (8.3.4)

and numerical solutions in the time domain for the voltage can be given
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without increasing the degree of difficulty in the numerical treatment.

In Fig 8-3-2 we sﬁall show numerical solutions of the line voltage for the
step voltage excitation given by considering the skin effect and the
absorption effect comparing with the results given by considering only the
skin effect under the following conditions

r=lem R=2cm 0,=0,=5.92x10'%mho/km

e =2.7 £%=4.85 t=1lysec  a=5/8

T=30psec - aT=5 X=1024
where the factor caused by the translation operator e—As/cy caused by the
light velocity is removed in every operational solution.

As 1is known in this example, the atténuationvapd diétortion of the traveling
waves become remarkable due to the influence of the absorption effect and
because the value of the capacitive coefficient is dominated by e~ in the
region of high frequency waves which is génerélly smaller than ¢?, the
propégation velocity becoﬁ% faster comparing with‘the case without

considering the absorption effect.

8.4 Lines with finite length
So far the discussions have been limited to the wave propagation
properties on lines with infinite length, but for such systems that have
shunt loads or composed of.different lines, the reflection and transmission
of tﬁe traveling waves must be coﬁsidered at the connecting point;.

In a complicated system, the voltages at the connecting points become
sometimes greater than the imposed voltage by the successive reflections,
therefore, it is iﬁportant to know them for example in considering the
insulation design for a power system.

Here we shall considér a system consisted in lines with finite length, then
for i-th line the wave propgkgation property is given by the following

set of the differential equations
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~Ezi () 14

(8.4.1)

ey (o) vy

where every influence caused by the skin effect, absorption effect, _line
resistance or leakage is contained in Z{(s) or Y;(s) if necessary.
General solution of the above equations is given by
Vi=e'AQ‘Ci+eAQiDi

: ) ) (8.4.2)
11=P; (e~ 9%0;-eM91py)

Qi=VZi(e)¥7(s)  Pi=/¥i(s)/Zi(s) .
where arbitrary constahts ¢i{ and D{ are determined by terminal conditions
at_the connecting points and the operational solutions of the voltage at :
any p01nts of the system are determlned.

By the numerlcal inversion formula we can get the numerical solution in the
time domaln if the operational solution is determined, therefore, we can get
the numerlcal values of voltage and current responses by using the above
operat10nal solutions.

In order to get the operational solutions from given terminal conditions,
it‘is necessary to solve the set of linear equations with literal coefficients

Let us consider a system with n different llnes, then the order of the
51mu1taneous equations becomes 2n and it is pretty dlfflcult to solve it
analytlcally as-n increases, but in such a case every coefficient is
determined by a function with respect to the operator s and in the numerical
inversion we need spectfa of the oberational solution for certain values of
s , therefore, it is preferable to solve the equations numerically.

In sueh.efcase the structure of the coefficient matrix of a set of linear
equations.depends heavily on the topology of the system. For example, let
us assume the number ef connection to n; at the i-th connecting point as

shown in Fig 8-4-1, then the number of non-zero coefficients concerned in
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this point is 4n;-4 for the

voltage relation and 2n; for

the current relation -and —_ .
No. 1 Node i o. n;
totally 6ni-4 and number of
all the non-zero coefficients
No. 2 No. n.-1 j—au
given by summing up them through
all the connecting points is l l

smaller than the number of all
the elements of the coefficient Fig 8-4-1 Connecting point %
matrix 4n? and they are distributed in the neighborhood of the diagonal

34)

elements, therefore, the sparce matrix technique can be used effectively

in solving the linear equations.

Specially for a cascaded system the ratio of non-zéro'elements in the
coefficient matrix is at most 2/n.

For an example, we shall analyse the voltages at connecting poins of the

system shown in Fig 8-4-2

No. 2 b No. 3

fe— I —Sje— I —He— I —3

T 7777777

Fig 8-4-2 Model system
where No.l line is an airial line whose parameters are

h/r=2000 h'=3 1=500m
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No.2 line is a co-axial cable whose parameters are

r=lcm R=2cm 0,=02=5.92X1010mho/km‘ e’=2.7 £%=4.85 T=1llusec

a=5/8 1=500m V
and No.3 line is an airial line whose parameters are

‘h/r=1000 h'=1 1=500m

and 2 is the surge impegdance of No.3 line given by considering it loss less.
The voltage responses at the junction points for step voltage excitation
are shown in Fig 8-4-3 under the numerical conditions

7=30usec =~ aT=5 K=1024.

1.5+
R 1. junctio“point 1
2. 2
1.0 3. 3
0.5
L 1 [
0 5 10 15 20 25 3

Time in usec

Fig 8-4-3 Numerical solution of the model system
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8.5 Multi-conductor transmission lines
8.5.1 General solutions of differential eduations The properties of
the traveling waves.on multi-conductor transmission lines are given by the
set of the simultaneous differéntial equations shown in the previous chapter
and the general soluéions of the operational forms are given as ‘
v=e", 4270,
=Z-1Q(e-AQC1-eAQCz) (8.5.1)
Q%=2Y
where Z and Y are the equivalent impepdance and admittance matrices of*the
system. C; and C, are arbitrary constant vectors ans they are determined
from the terminal conditions and by doing so the operational solutions at
any point A are determined. By using the set of spectra of them with
respect to the operator s numerical responses of the line voltage or current
vector in the time domain are given by the numerical inversion formula.
In this case main effort in digital computation is directed to get numerical
values of the exponential function of the complex matrix e'AQ.
By the definition we have

e Mgl AQ+)‘2°2 s (8.5.2)

and because we can know the matrix Q? but not Q from the line constants,

we can save labor in computation by the following series.

Y (1+———1+A4? ced) AQ(1+A202+——9—+....) (8.5.3)

The numerical values of e'xQ for certain values of 8 is given approximately
by a finite sum of the above series if the numerical values of the matrix Q
is known from those of Q2 in any way and each of eigen values of the matrix
AQ lies within the convergence circle of the corresponding scalar series

which does not affect the numerical stability.
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.8.5.2 Squarebroot of matrix A formula to get the square root of any
positive number a is given by solving the following equation by using the
Néwton's.method

y%-a=0 . (8.5.4)

. as the following iterative formula.

=1
y (y +a/y )
n+l2 } (8.5.5)

y1 any positive number
Here we shall consider such a case that a is any complex number.
Let us note a=1‘?e"’e and choose the initial value as y1=rete°, then (8.5.5)

becomes

T4 2(x +1/x ) (8.5.6)
where

_ -18/2 o -18/2
2 1Y 1@ /VR x =y ,e /V/R.

- i _p 19 .
Furthermore let us note xn+1—Rn+le n+l and mn—Rne n, then the following

relations yield.

R? Lz ntl/Rp+2c0s2¢y)
n+174 (8.5.7)

Ra-1
tan¢n+1 —T;Itan¢n

From the second relation by using the inequality | (R3-1)/ (R2+1) |<1 we have

1imtan¢n=0

n->o
and
0: l6o-8/2]<n/2
lim¢n={ (8.5.8)
n+eo T |6,-0/2}>7/2

and from the first relation by using this result, we have

n-)oo

therefore, if the initial value y1 is chosen suitably we have
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{/Z: |8o-08/2]|<m/2
—/E; |8,-8/2]>m/2

(8.5.9)

where y=/a if 0sargy<m and y=-vYa if msargy<2m and the square root of any

complex number can be obtained by this formula.

Next we shall conside; a problem to get the square root of any complex

matrix A satisfying the following relation.

YZ=A

(8.5.10)

Let us consider the following special case where the matrix A is reduced

to Jordan canonical form

g/XT 1/2/%, -1/8A1/TT;

(8.5.11)

+ VA1 172/,
ST <SSO
Ay 1/2/%
y=p~1! * VovaE
.............. o

/A

\

Here we shall extend (8.5.5) to the following matric relation

Voa1=5 (Y, 41 A)

(8.5.13)
Y 1=(!]
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where a is chosen as
1 T
|arga EargA1|<2

for every A; (i=1,4,6,...,m), then by the same transformation as in (8.5.11)

we have
: N N
K17 Kt XnA) (8.5.14)
Xi1=al
where
_o-1 -1
Xn+l—p Yn+lp X,=P Y,P.
Let us note
Ay 1 Ay 1 Ae
J(1)= YR J(2)= Au J(3)= ..
A Am
then J can be represented as
J=J(1)ld(2);d(3) ' (8.5.15)

and it may be sufficient to consider the relation of (8.5.14) for J (1),
J(2) and J(3) separately.

For J(1) let us note
' 11 12 13 11 _12 13

Xn+l Xn+l Xn+l Xn Xn Xn
Xn+1= 331 xAi1| xn= x#? x#®
Xralgl : X?la

then ffom the iterative formula.of (8.5.14) Qe have
x%il=%(x%i+xl/x%i) i=1,2,3 |
xhil=%(x%2+1/x%’-Alxézjxhlxﬁz)
x%il=%(x%3+1/x§2-x1x§3/x§2x§3)

13 13 1 11 2 1 2 11 _22_33
xndi=2lxn’=xn’ /2 X324y (X xn’=xn X0’y /xn Xn Xn )

and finally have the following relation.
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/A 1/2/%, -1/8x /%,

limX,=X(1)= /A 1/2/x7
n-+o . /X—l-

In the same way we have

Xs 172/, e
X(2)= X(3)= .
_ e -
and
1imX,=X (1) +X (2) +X(3) . | © (8.5.16)

n-roo

In the arithmetic.opefations of the;matrix algebra the sim&lar transformatior
is held invariant and we can get the square root vA ( all signs are + in
(8.5.12)) for the given matrix A by the relation of (8.5.13).
Above discussions aré valid for an§ non-singular complex matrices and if
we can know the region on the complex plane where each of the eigen values
of the given matrix exists, we can gét the square root of the matrix by
the iterative formula, and by applying this formula to the previous
discussions we can get numerical solutions of the line voltage or current

vector in the time domain on the multi-conductor line.

8.6 Some examples

8.6.1 Induction voltage in parallel conductors Here we shall consider
a line of two conductors with infinite length shown in Fig 8-6-1 and
investigate the voltage response numerically when either of two conductors is
excited by a step voltage.
This problem_is important to investigate the inductive interference between
the power tréﬂsmission line and the communication line.
The operational solution of the ?oltage vector of fhe system at the point

distant A from the excited point is given as
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Fig 8-6-1 Model system for numerical example

1,2,... excited line

1’,2’,... unexcited line

1,1' A=2km
2,2 4
3,3’ 6
4,48’ 8
. : 5,5’ 10 -
i d=10m

Time in usec




Voltage in per unit

1,2,... excited line

1’,2',... unexcited line
1,1’ A=2km
2,2’ 4
3,3’ 6
a,a’ 8
i 5,5 10
[~ d=5m

Time in usec

6 7 8 9 10

11

Fig 8-6-2

Numerical solutions for model system

v=e_lq[l/3J

(8.6.1)
0

where every element of the matrix Q is shown in 7.2.

By applying the numerical inversion formula to this operational solution

the time solution can be given numerically.

In Fig 8-6-2 we shall show some numerical examples under the following

conditions.

hi=h,=15m ri=ry=lcm 0g=10mho/km T=12usec aT=5 k=512

Here the translation operator is removed in every example.
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~

8.6.2 Systém with different lines Here we shall consider the following

system shown in Fig 8-6-3.

Vo;—' ‘Q1‘.Zx > Q2,.2,
e— 1 —>
2

TTTTT7T7777

.Fig 8-6-3 System with different lines
General solutions of the voltage and current vecﬁors‘are given operationally
by °
Vi=e Mg, 42,
1=27%0, (" Mig, - ey (8.6.2)
0<A<l

. Vp=e~ Mg,

12=Z;1026-A02C3 (8.6.3)

AP
" and the boundary conditions are given by
V1=Vg A=0
}. (8.6.4)
V1=V2 Il=12 A=Z

From these results we have

Ci=1(2720:-23202) e 20w (2720, #2520 & U1 7 H (2700425 M0 F Wy
Co=zi 230 P ezt 2i 00 F T - 2 ey e P Y ) (8l6.5)
C,=2¢02 (2720, 42520, 12700, Qi |
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and for these determined results we can get time solutions numerically by
applying the numerical inversion formula.
For a numerical example we shall show the influence of transp¢si;ion of the
conductors to the traveling waves on a three-phase transmiséion lige.
The configuration of the conductors is shown in Fig 8~6-4 where.

h1=25.4m  h,=20.4m h3=14.2m d;,=2.5m dis;=lm  d;;=1.5m

ri=r,=r;=lcm og=10mho/km.

,ﬂma

; hy
2km —>) _ ‘ ha . ®T

A

T T

Fig 8-6-4 Model system for numerical example

Numerical solution>of the voltage at A=lkm apart from the excited point
when No.l conductor is excited by the exponential wave with the time constant
of 20 usec under the following numerical conditions

I'=20usec al=5 K=256
is shown in Fig 8-6-~5 compal\ring with the result in untransposed line.

In this case every value of the equivalent impegdances for the skin effect

of the ground is given not by the numerical integration but by the third

approximation stated in 8.2.1.
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I

1.0~
e
L v, un-transposed
v, transposed
0.5 =
B v; transposed
i L\ | o
0 )
5 10 15 . 20 25
= _ Time in usec
-0.2 =

Fig 8-6-5 Numerical solution for model system
8.6.3_System with shunt load Here we shall consider a system with
shunt load shown in Fig 8-6-6.
General solutions for voltage and current vectors are given the same as
(8.6.2) and (8.6.3) and the boundary conditions are given by
V.=V, A=0
}. (8.6.6)
V=V, Il=12+YgV1 A=l

By these relations we have
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0 0:,2, Q,,Z,

> 2

T

Fig 8-6-6 System with shunt load
Ci=0(27101-23202-Yg) e TP V12720, 475 20,47y 201y )
(271, +23%0,4vg) & Qiy,
Co=[(2710:-2510,-Yg) e * Q14 (270,425 10, +Yg) 2 01y 72
(ZIlQ1-Zlez-Yg)e-ZQ‘V0
Cy=e? Q2201 (2730,-2720,-Yg) e ¢ V1 4(27 20, 425 0, 08D
3 1
W)t V1712720, +27 %0, +¥g) e D1y 46t Q2 L O
[(Z27%0:-2510,-Yg) e Qw2720 +25 20, +Yg) 201y 2
(2710:-2310,-vg) et 1y, J

Specially for the system shown in Fig 8-6-7 we have

e— 1 —s— 1 — e— 1 —de— ; —>

1 2 n-1 n
Vo — 0.2 Q0,2 - Q,Z Q,2

Y Y Y 's
F—> 1 g g g g

T 7777

Fig 8-6-7 System with shunt loads at the points of same intervals
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v=e"cny,
C=1 (2140 1 2¥g) e* Q-0 2 2vge PO 21 407 2y ) H!
o220 (21407 219y P00 2y et Yy TR 2y e O (8:6-8)
Aznl
for the early phenomenon éf the traveling wave.
Fdr a numerical example we shall show the following system with an airial
ground wire shown in Fig 8-6-8.
The numerical solution of the voltage vector at A=lkm apart from the excited
point when No.2 and No.3 conductors are excited by the exponential wave with
the time constant of 20 psec under the following conditions
T=20usec al=5 K=256
is shown in Fig 8-6-9 where every value of the equivalent impegdances is

given by the third approximation stated in 8.2.1.

k< 1km >

fe——300m —sfe— 300m —pe—— 300m —>|

T 777777
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Fig 8-6-8 (b) Configuration of conductors and equivalent circuit
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i 5 10 15 20 25
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v

. =0.5 Fig 8-6-9 Numerical solution of model system
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In thesé examplesvthe operational solutions are fairly complicated although
the model systems are not so complicated because of the non-commutativity
.of matrices in multiplications, therefore, in general case it is preferable

to get the operational solution numerically in the same way as in 8.4.

8.7 Summary

In this chapter the numerical methods and séme examples for some problems
of the traveling waves on the transmission systems which can be analysed
by the Laplace transform mainly related to the influences of the skin effect
which had been treated only approximately were given. Every result given here
is the numerical solution of the model system and has not been compajred
with the experimental or observed result.
Whether'given results are good approximation or not depends only the
accuracy of the mathematical models for the actual phenomena and for a
given system the method stated here canAbe applied effectively by changing

the values of some parameters.
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9. Conclusion

In the study of this thesis, the results given in evéry chapter have been
summarized in the last section of it. They are arranged collectively as
follows. ‘

(1) The operational calculus has been extended to the matrix form in
order to analyse the problems of the system with many variables systematicalyy
in physical or engineering applications. o

(2) A theoretical treatment of matric operational calculus has been
developed by the theories of the functional analysis.

(3) The relat%ons between the matric operational solutions and their
time functiongfagng;espect to their treatments in the formal, analytical
and numerical points of view. |

(4) The relations between the operational calculus and the Laplace
transform haye been cleared up and a practical method of numerical inversion
method of the Laplace transform by the Fourier series technique has been
given.’

(5) Sufficient numerical results for the properties of traveling waves
on the transmission systems which~had not been solved satisfactory have
been obtained by 4pplying those results. ,
The applications of the method given here are not limited to the above

problems and it can be used as the powerful tool to any other fields in

physical or engineering applications.
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Appendix A Topological properties of operators*

Let B denote a set of continuous and bounded functions in a given
interval te€I, then B is a vector space and for every function f€B,
let us define the norm of f by

1fl=sup|f(t) | (A.1)
tel .

then B is a Banach space.

» Definition: A sequence fn of functions of B is said to converge
to f uniformly in I, if for any positive number ¢, there is an index
N such that

I1£,~fl<e (a.2)
for every n2N\. . |
Now let C be a set of continuous functions in the interval I.
Definition: A sequence fn of functions of C is said to converge
alﬁost uniformly to f in I, if it converges uniformly to f in every
bounded and closed interval contained in I.
An equivalent definition of almost uniform convergence is as follows.
Definition: A sequence fn of functiqns of ¢ is said to converge
almost uniformly to f in I, if there is a‘positive function b€B such
that the functions b(t)fn(t) belong to B and converge unifo;mly to
the function b(t)f(t).
Now let M be a family of one to one ﬁappings b of B into a set C

which embraces B. The element assigned by the mapping » to the element

4

f will be denoted by bf. The set of all the elements bf(f€B) will

be denoted by bB and we assume that ¢ is the union of all the sets

* See I-1 Part 6 Chapter IV
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bB (b:M).

Let @ be a set of operators.

Definition: A‘sequence a, of'operators of @ is said to conQerge
to g operationally, if there exsists such an operator q that an/q is a
sequence of functions of ¢ tending leost uniformly to a/q.

Let us consider the mappings which consist in multiplying by an
operator c¢#0 and denote the mapping by the same letter e¢. Let 0 be a
family of mappings of ¢ into Q‘and we assume that @ is the union of
all the sets cC. If the convergence in C is almost uniform, then the
convergence in ¢, obtained by means of the family 0 is the operational
convergence.

Let P be a family of all the mappings eb which éonsist successive
performances of two mappings beM and c<0, then if the convergence in
B is uniform, the convergence in ¢ is operational.

P has the following propertieé.

(1) For any a;€P and a;€P there is a 43 such that ai1fa; and
a2%a3. The notation aisa; means that a;lfnza;lf implies a}lfn:azlf
where a;lfnia;lf‘means that the elements aIlfn and aIlf exist and
aIlfn converges to the limit a;lf. -

- (2) P contains the identical mapping of @ on q.
Here let us define the norm of afeQ(a€P and f€B) by
+ larl=lrl (A.3)
then @ is a Banach space.

Let B be the set of continuous and bounded functions in the interval

0st<» and let P be the family of mappings defined above, we have
BCCCq. (A.4)

The mappings b,¢ and a=cbhb are injections and we can show that ¢ and

@ are not Banach spaces, but by the Miksinsky’s definition of operational

convergence, we can introduce the norm of functions of B in the space Q.
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Appendix B Formulation of state equations by topological

methods)

" B.1 Passive RLC networks Let us consider a passive RLC network
with the following restrictions.

fi) It precludes a loop of voltage souces.

(ii; It precludes a cut set of current souces.

(iii) It does not contain perfectly coupled inductors.

Let N be the graph corresponding to a given network and let us
choose a normal tree T and its co-tree T° which are
TUTC=N N7 =0
where
T#TV;TC;TP;TG
‘ TC=T§;T§;T:;T;
and are determined as follows.

(1) All voltage souces are designated as branches in T, and all
currént souces as links in_T;.

(2)'A11'capacitive elements C, less the minimum required to prevent
the formulation of a loop are designated és branches in Ta» those
excluded S as links in T:.

(3) All inductive elements L, less the minimum required to prevent
the formulation of a cut set are designated as links in Tg, those
excluded I' as branches in Tr.

.(g) Resisfive elements G which do not form a loop are designated
as branches in T, and the remainders R as links in T;.
Let Vv'iv"" be voltage and current vectors for every set,then

topological relations are
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between voltage and current vectors in every set are
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Fig B-1 Flow graph of RLC network
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Eliminating vG,iG;vR and i_ in (B.1.6) by (B.l1l.1),(B.1.2) and (B.l.5)

R
we have

t
d Cv +chcsts v

t
.L1 S Ly R

where

A CRR-lFéR
Act FCRR_lFéRGal-FCL
AL —FEL-FELG—IFGRR;fFéR
A AFéLG'lFGL
Acy CRR_1F$R

ACI FCRR-lFéRG;lFGI-FCI
Arv sL_FgLG-lFGRR;l-FVR
A= éLG-lFGI

and

R=R +FGRGG FGR

_ 1.t
G—GG+FGRRR FGR'

Let q and ¢ be new vectors defined by

A=Cv+FosCoFysVy

¢=Li +(FrL rrbp)Frois

the following state equation yields.
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N -1 Sl gy
dt -1 -1
¢ LALCC ALLL ¢
" t
+ Acv'Acc chcsts ACI_ACLL (FFL rrtr) Fro
-1
ApyALct chchvs AprAuLt (FPL rrobtre)Fro
(v
TV ~ (B.1.9)
\.iI

If a éiven network has following two restrictions
(iv) it precludes a loop of voltage souce; and capacitors
~(v) it precludes a cut set of current souces and inductors
then
FFI=0 Fvs=0
and state equation becomes

Fn=1 -1 -1 -1 :
dlVe _ ¢ Acc ¢ ACL Ve + ¢ Acv ¢ Acx Vv (B.1.10)
dels | L-1a L-1a . =T L-1a N <
Ty LC vt W) Lv v/ U

I

B.2 Active RLC networks The general method to formulate

the state equation topologically for a given network composed by RLC
elements, ideal transformers,gyrators,active elements and independent
souces is not perfectly given. Therefore -we shall consider a simple
exampie.

Here let us consider a network composed by RLC elements, dependent
and independent souces with the following restrictions.

(l)'It precludes a loop of dependent and independent voltage
_souces and branches of voltages which control dependent souces.
» (2) It precludes a cut set of dependent and independent current

souces and links of currents which control dependent souces.

(3) Dependent souces are controled by currents of links in TE
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where value of resistors are equal to 0 and by voltages of branches
. - "0

in TG where value of conductors are qul to 0.

Then dependent voitage souces are designated as branches in T; and

dependent current souces as links in TG.

R
In this case topological relations are same as (B.1.1) and (B.1.2)

where Fvs=O’FFI=0 and relations between voltage and current vectors

(&
in capacitive and inductive sets are,same as (B.l.3)and (B.l.4), but

A

in resistive set

i H H v . ‘
[ GH c6 GR][ c]_ 5.2.1)
Vel WHge Hegl Uig

Eliminating,is,ir,vS and Vi the same equation as (B.l.6) holds

where Fvs=0'FFI=0' To eliminate Vorigrvy and ips it is necessary that

the matrix

GG GR ' GR

H H . _+F ]

H H

_Ft
RG  GR RR

is non-singular. Here let us assume that above condition is satisfied

[H“ H‘Z] [ Hee Hor*Fer
Ha1 Hao HR H

t
G FGR RR

and denote
-1
(B.2.2)

the
then, same equation as (B.1.7) holds where Fvs=0'FFI=0 and

. t
ACC_ FCRHZZFCR

Aoy=FogH21Fg ~F

cL cI
t ..t t
=F° +
Arc=Fer Feli2Feg o
-t
App= FerHiifgy

. t
Aev™ FCRH“FVI

Aoy=Fogh21F ~F

C1 C1
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ot et t
ALv'FVL+FGLH‘2Fv1
__gt
ALI_ FGLH“FGI

and state equation is/\same as (B.1.10).
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Appendix C Derivatives and integrals of operational

N *
functions

C.1 Derivatives of operational functions For a giyen function of
té@ variables f(A,i) defined for ¢20 and for some value of A, we shall
write

F={f(x,¢)} (C.1.1)
and call f(X) as operational function.

An operational function f(A) will be termed continuous in a finite
interval I if it can be represented in that interval as a product
of a certain operator ¢ and a operational function fl(k)={f,(k,t)}
such that the function of typ variables fl(A,p) is continuous in the
domain D(A€I,0<t<w) .

F=q{f1 (A, t)}. . (C.1.2)

Above_definition can be externded to infinite interval I if f()\) is
continuous in every finite interval contained in I. For such an
operational function f(A\), we can define its norm as shown in
Appendix A and define its derivative as the limit |

f'(x)%limf‘“—“gﬂ (C.1.3)

a+0

where the convergence is operational. Namely if f()) is represented
by (C.1.2) and the function {f;(A,¢)} has derivative with respect to
A, then we have

f’(A)=q{§-xfx(A,t)}- (C.1.4)

Derivatives of operational functions have the following properties

(1) F(A)=k then £ (A)=o0

* See I-1 Part 6 Chapter IV
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(2) (£ g1 =F" (M) £g’ (A)
L(3) IF Mg =F (Mg N+ (g’ () -
(4) [ef (M) 17=cf" (A)

A LA kl- Mg’ (A
(5) [L4)] =L Ne Qlop g ()

(6) F(M=Ff[¢(x)] then F'(M)=f"[$(X)]1" (),

We één define higher order derivative of operational function f(})
in the same way . Namely if f(A) can be represented as a product of a
certain operator.q by :
fn=q, {f, (A, t)} : : (C.1.5)
and the operational function {f (A, t)} has n-th derivative with respect

to A, then we have

a”'
st (A)=qn{a7fn(x,t)}. (C.1.6)

C.2 Integrals of operational functions Suppose that an operational
function f(\) assumes a step function of a Banach space in a given
interval [a,B8] and let m. denote a Lebesgue mesure of the'set in

which f()) assumes the value fi’ then
J f(x)dx- 2 j‘ m, ' (c.2.1)

Now let f (A) be a sequence of step functlons in [o.B] which converges
almost everywhere to a function f(1) such that

| If, ) <o)
-where ¢ (1) is a real positive function integrable in [a,B] in the

sence of Lebesgue, then the function f(X) is called integrable and

wriﬁtgn as follows. .
Isf(x)dk 11mI f (A)dk _ . . (C.2.2)
7n->o .

Integrals of operatlonal functlons have the following pr0pert1es.
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(1)
(2)

(3)

(4)
J

(5)

(6)

(7)

B
I f[¢(k)]¢'(k)dl=I
la

Iaf(k)dk=0

o

3] o .
J f(x)dx=-I Fyda
g

a

rB Y '
f(k)dA=I f(x)dx+J

‘a a

(B

B
cf(A)dA=cJ fda
a a

(B

‘Q

B :
J f'(A)g(A)dk=f(8)g(8)-f(a)g(a)-J
a

B
Fyda

Y

(B

¢ (o

B8 B
[f(l)tg(l)]dk=J f(k)dktj g (\)yda
a Qo

)

FN)dA
)
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Appendix D Higher order partial differential equations*

Let us consider the following partial differential equation in a given

domain D(AET, 0S8 t<») .,

au+\)

I Ia

—— =X, t)} {¢>(A t) } (D.1)
p=0v= o““ aalo ¢

For a given initial condition ¢ we must take account of the following

problems:

(1)
(2)
(3)
or not.

(4)

Whether a solution {z(X,t)} exists or not.
If a solution exists, wheﬁ?r it is unique or not.

Whether continuity of {z(A,t)} with respect to {¢(},¢t)} and ¢ holds

Whether the solution {x{},t)} exists globally or not.

To get the unique solution satisfying the above guestions we must impose

fairly severe restrictions upon the relations among the given equation,

external function ¢, initial condition ¢ and domain D.

Now let us show some known results summarily given from the standpoint of

the operational calculus.

The equation of (D.l) can be reduced to the following operational form.

{m) a x(m—l)+....+aox=f(l)

m=1
= n n-1 P '
au—auns +au,n-ls +....+uuo H=0,1,...,m (D.2)
’ n-1 m k H+v
roy=e ] KT Ja 2,0
k=0 p=ov=0 ' A at¥

To get the operational solution of the above equation it is necessary to

know the function F(X) and to do so it is sufficient to know the forms of

the following functions in a given interval.

See I-1 Part 4 Chapters I - III and I-4 Chapter IV
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e T e : -

k

m
Lo L Oy, nekdy®aHeY (R0 0) =g ()
U=0v=

(D.3)
k=0,1,...,n-1
In some cases above conditions may be replaced by the following Cauchy’s
conditions. |

xtk(k,0)=hk()\) .
: } (D.4)

k=0,1,...,n-1
For a certain partial differential equation if the conditions (D.3) and
(D.4) are not equivalent, the equation is said to be restrictive.
In such a case the conditions on the i-axis must be given in the form
(D.3).
For the criterion to decide whether the given equation is restrictive or

*
not the following theorem is given.

<< The equation is restrictive if no parti&l derivative whose order with
respect to t is thé highest in the given equation is a mized derivative. >>
In those wéys we can solve the operational solutioﬁ z(A) from the operationa.
differential equation in the same way as in the ordinary aifferential

equation.

Then among the roots of the characteristic equation of the homogeneous
equation
m=1

m =
a,w +am_1uf +...+a,=0 (9 .5)

significant roots are only the logarithmic rdots and if there exist p
logarithmic roots, we can determin€the operational solution x(A) by giving
p conditions on the A-axis.

For the criterion to decide whether the roots of the characteristic equation

) * %
are logarithmic or not the following theorem is given.

Seé I-1 Part 4 Chapter III



<< If the operational equation (D.2) has been deduced from the partial
differential equation with congtant coefficients (D.l), then the
characteristic equatibn has m roots and all these roots can be represented

in the form of an infinite convergent series with numerical coefficients

w=3ksk/q+...+8isl/qf86+ Z Ykzﬁ/q (D.6)

. .. K=0

where k is a certain non-negative integer and q is a natural number not
greater than m and if k/q>1 and B3#0 or if k/q=1 and By is not real then

the operator w is not logarithmic. In the opposit case w is always

logarithmic. >>
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Appendix E

Algorithm of Fast Fourier Transform

18)

When a function y(t) is given, the Fourier transform and its inversﬁbn

formulas are defined as follows.

Y()=["y (t)e W ae

y () === ¥ (w)et®Pdu

2nz

(E.1)

(E.2)

Now we shall consider the sampled function y*(t) defined as

The Fourier transform Y*(w) is given by

K-1
y*(t)= ] y(t)6(t=-kT).
k=0

K-1
Y*(w)— Z y(kT)e
k=0

-1wkT

(E.3)

(E.4)

and if frequencies are chosen as integer multiples n of 2n/KT it becomes

Znn ~-t21nk/ K

Z y(kT)

(E.5)

and by this equation we can get the frequency spectra of y(t) from its

sampled values.

If X Fourier coefficients (n=0,1,..

representation of (E.5) becomes

where

Y*=Wy
(Y*(0) (y (0)
Y* (2m/KT) y(T)
: =
| Y* (K-127/KT) | |y (X-1T)
w=e-i2n/K.
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.+ K-1) are computed, the matrix

(E.6)

) R | )
w2 ..., ITLSE

- X - 2

2(X-1) o (K 1)‘



Because this equation is the product of matrices, the number of

multiplications increases rapidly as X increases.

ﬁowever, when X is chosen suitably and the Fast Fourier Transform based on

the periodicity of powers of v is used, the matrix W may be solved into the

products of sparse matrices which significantly reduce the number of

multiplications required.

Here we shall présent the method. If r is any factor of X , that is K=rk’,

then for.i,J element of the matrix W we have

_ 1= (J-1)
Wij—u .

. wh B
Denote by Wj j-th col%um vector of W, that is
Wi=(W1j Wag e Wk®

then frbm the relations

_, (T+r=-1) (j-1)_ r(j-1) 3
Wi+r,j W w Wij
—,2r(j-1)
Wivop, iV Wii
® 0 @ 8 6 & 5 0 S & S S8 D eSO e : ’
, _{K'-1)r(j-1)
Wit kinye, 570 Wig
7:=1121--.-.'P )
' . e s .. r_ -i2n/K' .
and from the periodicity of w =e that is
wr(g-l)=wr(a-1)MODK
we have
P e Pi tececsccnnses I, " (J~1)MODK'=
ryr; r; ' ) (§-1)MODK'=0
ptod e ot T ey (e1yMopr =1
Pt T J J
| : ' »:0-o;-..oo-.‘..c...o-....
(r, & -02p G KT-DTPL Ly (Go1)MODK =K =1
o J » J v
Qhere
rj=(1 wd Y p2tmn w(r-l)(a-l))
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and W can be represented as the product of two matrices as follows

(Fr Opeeni0p Y[Up Uy eeevnnenn...ly,

r
Op L T Op Ur erp .....-..o..w(K'-li)rUr
® & 8 5 50 0 000 0 00 '.t..O;..I.....t.li...;b..i.'

W={0p  Opeeoserg’ |[{Up o D Typ, & -1 02y, (E.8)

Fxrs1 Or.....Or

10y Opecesery |
where 0p is the row vector of order r whose elements are all zero and U, is
.the unit matrix of the order r.

The second matrix of the right side of (E.8) is of the same form as W and
if X’ has any factor it can be solved into the products of more simple
matrices in the same way as stated above.

Specially if K=2N, W is solveé into the products of N sparse matrices and
for each of them the number of non-zero elements is 2K ( every row has },
anylpower of w and k-2 0s ), therefore by uéing this method the number of
multiplications is reduced from Xk to NXK and additions from X (X-1) to NX
compaifiﬁg with the direct method of (E.6) and the execution time in
computation éan bé-reduced extremely.

The processes of factoringrthe matrices are regular MOD operations and we
can perform them by digital computers, therefore, this method is very

attractive for numerical calculations.

In Fig E-1 flow chart of the above érocessesAis given where W is solved

into
W=W1Wo. .. Wy
and
Li=y
1,=WyZ,
Zn=W,2y-1

Iy+1=W, Zy=Y*.
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( START )
READ
K'N
READ
Z(1,1)
I=1,K .

( STOP )

~ WRITE
Z(N+, 1)
[ I=1,K

v

<
J=J+1 ——QN

v

W1=CEXP(i2/K)
W(G)=W1x«(G-1)

G=1K

P=Px2

D=K/P

L1=1

©

LJ=U+1*——<::: )

w

o

ERE
<
Z (JH,1)=Z (J+1,1)
+Z (J,V)*W (G)

V=N1+D
G=MOD((L1-1)~D,K)+1

Z (J+1,1)=2(J,N1)

I=L+(L1-1)~D

1N1=MOD(L+(L1-1)~D
2, K )

Fig E-1
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Appendix F Equivalent impeadance of skin effect (I 1)

F.1 Skin effect of conductor For the high frequency current, the
current density in the conductor is not.constant and the current flows
almost in the neighborhood of the surface; |
To make clear this phenomenon mathematically, we must solve the Maxwell’s
equations. » .

Let us assume that the cross section of the conductor is circgular and take
the cylindrical coordinate system shown in Fig F-1-1, then from the physical
point of view the electric fiéld has only A-component E) and determined by
the following equation.

dE) . (F.1.1)

dt

Because of the axial symmetry, E) is a

V2E)\=0ou

function of variable r only and suppose
that E) is equal to 0 at t=0, then the
above equation becomes

d?E) .1 dEj

an rar ouskE)=0, (F.1.2)

From the physical meaning E) is regular

at t=0. . Fig F-1-1 Coordinate system for
Let us consider the following infinite circular conductor.
series
L . 2n 2 "
7 (-1)"($;'/3_) TE e LR S (F.1.3)
n=0 ) 2 2°4

| *
then from the theorem of Ryll-Nardzewski
<< An infinite series

QotoAs+as 2824, ..., ) (F.1.4)

*
See I-1 Part 5 Chapter V
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converges for every complex number X if

limsupnénlan|<w - (F.1.5)
: n-»wo

for some 6>1. >>

and_the relation

Sn - 8n 2n dn 2n

. n e . e
=]im =1lim =0
(n1)? nrw2 2o 2NtL n*w(Zn)2n+lﬂ

n
2n

lim
n+>w

for 1<8<2 the infinite series’of (F.1.3) is convergent. Furthermore, we can
differentiate it term by term.

Let us denote it by I, (Ave), then we can trgat it formallyAgame as the
ordinary first kind modified Bessel function of order 0 and we can write
the solution of the electric field as

Ex=AI, (Yousr). (F.1.6)
The current density is J)=oE) and the integral on the cross section is

equal to the total current I such that
I=IZJA2nrdr=2nAJEng‘(Jousr) (F.1.7)

and we have the following relation at r=r

-g%=EA=Zc(3)I | (F.1.8)
‘where
Zo(s) =gk [HE Lo (rouor) (F.1.9)

¢ rII(Mcusr)

F.2 Skin effect of ground for airial line Here we shall consider the
following coordinate system shown in Fig F-2-1.
Assume that the initial values of the electric and;ﬁagnetic field are equal
to 0 ‘and that the current in the ground flows.parallel to the A-axis, then
the electric field has x and y components and we have the following set of

the differential equétions from the Maxwell'’s equations;
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,Q

32Ex 32E) D2E3
5z2t a5z TNk EA

k2=ps (o+es)
4 (F.2.1)

go=-l 3E) - . . r
Hs 9y _ ]
1 9F) :

S RTICE J | hoa

For every component in the ground

we shall mark suffix 1 and in the *

free space 0.
From the physical point of view

we may note.

Eiy=E1x(z,y)e Y17 (F.2.2)

then we can assume Y2<<k} and

we have Fig F-2-1 Coordinate system for airial
2 2 ' .
et aasz-‘szxx- (F.2.3) line

Now let us assume the solution as

Eny{x,y)=X,(z) Y, (y) (F.2.4)

then we have

2

43§%+u2x,=o (F.2.5)
2 .

égf%-(k§+u2)Y =0, (F.2.6)

From the physical meaning we have

Eip(z,y)=E1)(~x,y)

limZyy (x,y)=0 (F.2.7)

y>-o ‘
therefore, the boundgry conditions are given by

Xy (z)=X, (-x) : (F.2.8)

limY: (y)=0 : . (F.2.9)

y-»-eo
and we have
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X,=cosux ~(F.2.10)

¥i=e’ K1Y, (F.2.11)
. Consequently we have
© / 2 -
E1A=‘IOF(u)cosuxe w?+kty 4y ys<0 - (F.2.12)

H1¢=E%EITJET?E{F(u)cosuxe CRRSEED y<0 (F.2.13)
H1y=ﬁ%§f:uF(u)sinuxe u +k13du ys0. (F.2.14)

The magnetic field in the free space caused by the current in the ground
is given by the following eduations.

32H6x|32H6x_
dx 2 3y ? 0

321, 32H%, - '
£ 20y ,2 HolYog (F.2.15)
a;z dy?

dHox dH Gy

dx dy 0

From the physical meaning we have
Hﬁx(x:y)=H6x('x,y) 3
Hoy (x,y)=-Hoy (-z,y)

limHgg (x,y)=0 ( (F.2.16)

y—boo

'limﬁsy(x,y)=0

Yy

and consequently we have the following solutions.

: H5x=f:G(u)cosuxefuydu y>0 . (F.2.17)

Bby=-"6(u)sinuze™¥au  y>0 . (F.2.18)

The-magnetic field in the free space caused by the current in the conductor
is given by

‘Hl‘l__I. 2

_ I -zU o
E=3T ZTI3 2“focosuxe du (F.2.19).
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re I x © . -2u
Hoy 7 W IOSJ.nuxe du. (F.2.20)

By the.continulty of the magnetic field we have

[Hox+HBé]y 0~ [Hxx]y 0

(F.2.21)
[Hoy+Hoy]y 0~ [Hly]y=o
and we have
Flu)=mes — L __oh¥ (F.2.22)
ut/uI+k?
6 (u) =gt WotKAZU =hu (F.2.23)
VuZ+ki+u
Consequently we have
Hig= % L m——ﬁ—i&—-cosuxe hut/u+kiy (F.2.24)
u+¢u!+k%
Hy =kt sinuze U #Y, (F.2.25)
Su+/uZ+k?
EIA——uls—f ———l————cosuxe ~hu+vu ydu (F.2.26)
Qu+/u? 3
i
Hux~ {f cosuzxe - |- yludu+f cosuze” (YW uUIikEzu,, } (F.2.27)
VuZ+ki+u
© - - o - ‘/2
Hoy=%7{f sinuze |7 yludu-f sinuze” (YHRIULUIIRE-u, thi-u =Ll du}. (F.2.28)
0 0 /_TIE?

From the relation
F
éaii=-u08Hom

we have

Eok(x:y)=EoA(x,0)-Uo8fﬁﬁox(x,y)dy=E1A(x,O)—uosszox(x,y)dy (F.2.29)

and consequently we have

ety o Ty 22 (h4y)? gLf®_cosuz - (h+y)u -
Eg) (z,y)= Uos4“logET;TFg§TT— =/ ;:——;:;¥e du (F.2.%0)

where we assume H;=Ug.

By the relation
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S=E )=~ [LsI*Zg4(s) I] (F.2.31)

dA
we have
_ x2+(h+ )2
1=421logT 5 Z)z (F.2.32)
7g(s)=tal " cOSUE = (hHy)u g, (F.2.33)
T oyt /uTFRT

where [ is determined only by the configuratiop of the conductor and Zg(s)
is caused.by.the skin effect of the ground.
in the ground we can assume
k2=(0,+€;:8) U820 18> - (F.2.34)

and we have
Zg(s)=%1fj(/£2+s—£)cos/cTuox£e-'°1u°(h+y)€d€..T (F.2.35)

Here appear many integrals of the operational functions and they are

generalized to the following form.

f [a(s)u2+e(s)u][y(s)c05ux+5(s)51nux]e K(s)uyd
For every operational function a(s),B(s),y(s),8(s) and K(s) we can give the
norm of the continuous and bounded function and denote it by the same letter,

then for the integral of the numerical function we have
Ifc:(qu2+8u)(Ycosuz+6sinux)e_'<uydu|<°°

and it is shown that every integral exists.

F.3 Skin effect of two-layer ground for aifia] line Here we shall
consider the following coordinate system shown if Fig F-3-1 and mark suffix
0 for every compohent in the free space, 1 in the upper layer and 2 in the

lower layer, then in the same way as the uniform ground we have

u? %ydu

E2A=—I:F(u)cosuie yst (F.3.1)

© /IEZ
Hzx=ﬁ%3fo¢uz+§§F(u)cosuxe-u + 1Y gy ys-d (F.3.2)
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Yu2+kiy

2y ™ 8] uF (u) sinuxe

du ys-d (F 3.3)
TR 146, (u)

=P o

Elx—-f [Gy(u)e

-y

Jcosuxdu

-d<y<0 (F.3.4)

f YuZ+k716, (u) -

Brz= Hi8 h %

ST 5 () o= THTTRY

]
cosuxdu  -d<ys0 (F.3.5) L

j u[Gl(u)e usHtkiy

Hly U8
ey ys

-Ga(u)e™"H +k 1Y) sinuzdu

& A—>

-d<y<0 (F.3.6)

Hox=f:[H(u)e'uy+%;e-zu]

cosuxdu yzO. (F.3.7)

H°y=f:[-H(u)e'hu+%Fe'zu] Fig F-3-1 Coordinate system of two-layer

sinuzdu y20. (F.3.8) ground for airial line

By the continuity of the magnetic field at the boundary surfaces we have

H(u)=§Fe-hu

L (i kT) (u+kE) ~uv/uZ+k] 1 coshv/uZ+k3d+ [ (u?+k}) ~uvuT+k3]1sinh/uZ+kid
[/Xu2+k§)(u2+k§T+u/u2+k{]coéhVu2+E§d+[(u2+k§)+u/u5+Eg]s;nh/u!+E§d

uz+kyd
gl T

Gz(u)—ulaI ~hu (VuZ+ki-vuZ+k3)e”" vkid

e

' ¢u§+k¥d
F(u)=u;3I ~huvu‘+kie

(F3.3.9

(F.3.11)

. (F.3.12)
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ASsume that pi=Ug, then we have

L I :cz+(h+y)2 Hosl ™ ~(h+y)u
Eoa=-wosgrlogmrgTy T w IOM(u)cosuxe du y20 (F.3.13)
and .
Zg(8)=E#£J:M(u)cosuxe-(h+y)udu . (F.3.14)
where

YuZ¥kicosh/uZ+kId+/u”+kIsinh/u?kid =~ (p 3, 15)

e

M(u)

In the ground we can assume
2
ki=uo,0,s
~ 2
k3=u,0,s

then we have

2g(8)=H22[ "y (£) " Mo (hy) £ (F.3.16)
-2/011,dvET+8

VEZte+/EZir 6+ (VET+g-/EZ+pr'g)e

M(E)= —2/a1 Y/
(/£2+s+/£2+r's)(/£7+s+g)+(/E2+s-/£2+r’s)(E-/E2+s)e 2/0110dVE2+s

(F.3.17)
where r’'=0,/0;.
It is shown easily as in the uniform ground that every ihtegral appeares
“here also exists. | ‘
F.4 Skin effect of ground for underground line Here we shall consider
the coordinate system shown in Fig F-4~1 and mark thevsuffix 0 for every

component in.the free space and 1 in the ground, then we have
E0A=-I:G(u)cosuxe-uydu y20 (F.4.1)

YuZ+kly

r b -
E1A=-IOF(u)cosuxe du

. © (F.4.2)
ki=(o1+e18) M8 y20

The electric field in the ground caused by the current in the conductor is

given by the following differential equation
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d*el{4 .1 dE}

5\21=.
Tort 55A-kiEi4=0 (F.4.3)

and from the physical meaning it . // // // //

must satisfy the following

condition
1imE{ % (p)=0. X (F.4.4)
p-eo
p
The solution of (F.4.3) satisfying
the condition (F.4.4) is given by : ﬁ
r5=—AKo (k10) (F.4.5) . A
where K, means the second kind
modified Bessel function of the L \
order 0 and the magnetic field Y
caused by Z]}§ has only ¢—com§onent Coordinate system for
and is given by : ' - underground line
H;$=ﬁ%EAk1K1(klp) " (F.4.6)

and satisfies the following condition at the surface of the conductor

ﬁ%sAklxl(klr)=5%;. (F.4.7)
Consequently we have
'y uis_ Ko(kip)
B ="3mrky Ko (kir) (F'4‘8)
and by the relation
~|ly-n|VuZ+kZ-1zxu
Ko (k1P)=Ko [k1Vx2 +(y-h)2]=%ffme l —du
Yu2+kt
we_ly-hl u2+k§
=/ cosuxdu (F.4.9)

we have

uiel we«ly-hl/u2+k§

2Trki1K; (K1r
1K1 (kar) 7o VaT+kT
Every solution of the magnetic fields is given by

E{{=

cosuxdu. (F.4.10)
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=——l«f:uG(u)cosuxeuydu y>0 (F.4.11)
0

[ u 8

Hoy=p, sj uG (u) sinuzeYdu | ¥>0 (F.4.12)
Hygz= > s! JRTTRIF (w)cosuze "% YKVWay  yr0  (F.4.13)

;y u;sf uF(u’sinuxe_'u2+E’ydu y20 (F.4.14)
Hiz 2nk1r£1(k1r)fw ~ly-n|/u *+k3cosuzdu y20  (F.4.15)
H"‘ L g~ 1R HTY %sinuxdu ¥20. (F.4.16)

1Y 2nk1rK1(k1r) /;?I??
Assume that uj;=uy, then by the relations

[Hox] [H'x+Hxx]y 0
we have
uosl 2 : 1 -w/uz¥k3 -
Flu) =30k, (D) - e (F.4.17)
Yu +k1+u Vu2+k§
UosI _~h/uT+k? ,
G (u) 2tkyrK) (kir) /—?——? ) ! (F.4.18)
u2+k +u
and '
Eix=E1\+E1]
2nz:i£1(k,p)lKo[kl'x2+(y-h)21-Ko[kx¢x5+(y-h)2]*
-(y+h)¢u2+k2 .
+2I uosuxdu} ’ (F.4.19)
® Yu2+k3+u
By the relations '
- 1lim kirki (kir)=1 (F.4.20)
kir>0 .
Vel+ (y+h) 2
Lim{Ko [k1VETF (TR Z]-Ko [k /ZTH (g=R) 7] }=logZt i) 2 (p g o)
kli"o 2+(y—h)

we have approximately the following equ1va1ent impeadance.

- (y+h) YuZ+k?
f»osuxdu (F.4.22)

_uos z2+(y+h)? u 8 (e
Z (s lo +
) =T (y=h)? O JuT¥kI+u
The first term is determined by the configuration of the conductor and
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is equal to Ls and we have

- (y+h) UTTRT
—cosuxdu. (F.4.23)

Ho8 r>e
Zg(s)="2=[
I ™ e YuZ+kZ+u

It is easy to show that every integral and infinite series of the operational
functions exists.
F.5 Skin effect of co-axial cable ' Here we shall consider the following

coordinate system shown in Fig F-5-1 and mark

suffix 1 for the components in the inner r=D
conductor and 2 in the outer conductor, then
the equation is given the same as (F.1.2)'and
for the inner conductor we have . ‘

Zo1(s)=—r>1E Lo(Yo,u8r) (F.5.1)

znvoiu8r I,(V/o U 82)

For the outer conductor we have

E2)=ALo(V/0z,87) +BK, (Yoo0,87)  (F.1.2) .

- A

and the boundary conditions are given by

[EzA]r=D=0 ’ (F.5.3)

IZUZE2A2nrdr=I (F.5.4) Fig F-5-1 Coordinate sysfem
then at r=R we have for co-axial cable

E2)=Ze2(8) I (F.5.5)

where X

Zo, (8) Uzs'Ko(V02UzSD)Io(V02U2SR)—Io(V02U2SD)Ko(V02U23R)

2 2T

Ko (Yo021u28D)C1-I¢(/0,u28D)C>»

C1=/02U2SDI1(/02UzSD)-/02U2SRIl(/UzUzsR)

. (F.5.6)

C2=‘/02U2SDK1 (/02“280) +/02U23RK1 (/GzUzSR)
The total equivalent impepdance of the co-axial cable is given by

Ze(8)=Z0, (8) +20, (5) . (F.5.7)
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