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ABSTRACT

It was intended in the present work to study the ionic mass
transfer and the natural convective flow in the vicinity of the
surface of a vertical plane copper cathode during the electrolysis
of the unstirred agueous CuSOh and CuSOh—HESOh solutions.

In the first place, the theoretical equations of the ionie
mass transfer in the cathodic diffusion layer and the current dis-
tribution on the surface of a vertical plane cathode were derived,
and the expressions with regard t6 the maximal velocity of natural
convective flow, the concentration difference of lonic species be-
tween bulk-electrolyte and cathode surface, the thickness of dif-
fusion layer and the resultant distribution of local cathodic cur-
rent densities were obtained under various electrolytic conditions,

The velocity profile of upward natural convection along the
surface of a vertical plane cathode installed in the unstirred
aqueous 0.1M CuSOh, 0.6M CuSOl+ and 0.6M CuSOh-l.BM HQSOh solutions

was measured. The measurement was made at the cathodic cur-
rent densities below one half of the cathodie limiting current
density where the local current densities are uniform. The

maximal velocity of natural convection, u and the distence be-

tween cathode surface and the position of the maximal velocity,
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T, increased with the height from the lower edge of cathode.
When the cathodic current density was raised, u increased and T
decreased at any height on the cathode.

In 0.1M CuSO) solution, u is lower thaP in 0.6M CuS0, solu-
tion, and it can not be explained from the change of property con-
stants of both solutions. The parameter TN which is the ratio

of thickness of diffusion layer, 8., to T is larger in 0.1M CuSOh

1°
solution, and it is indicated that 61 is larger in this solution
because T is virtually unvaried in both solutions. This larger
Gl-value in 0.1M CuSOh solution may be attributed to the higher
diffusivity of CuSOh in the solution.

Furthermore, both w end T were lower in 0.6M CuSOh—l.SM stoh
solution as compared with the aqueous 0.6M CuSOh solution. The
density distribution near the cathode surface in the sbove two so-
lutions was calculated. From the comparison of the distribution
of density in both solutions, it was suggested that the upward
natural convection is depressed in the acidified Cusoh solution by
the downward gravitational force due to the accumulated H+ ion in
the outer portion of the diffusion layer.

The concentration profile of CuSOh in the cathodic diffusion
layer which is accompanied by the upward natural convection along
the cathode surface was measured by holographic interfercmetry in
agqueous 0,.05M and 0.1M CuSOh solutions, respectively. The meas-~

urement was carried out at various heights from the lower edge of

cathode. The cathodic current density was also varied.
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Experimental results obtained at the current densities far lower -
than the limiting value were in good agreement with the theoretical
value which was derived under the assumption that the distribution
of the current density is uniform,

Furthermore the profile of the refractive index in the cathod-
ie diffusion layer of an agueous solution containing 0.05M CuSOh
and 1.85M H soh was measured at various heights from the lower edge
of cathode and at various cathodic current densities up to the
limiting value. The theoretical expression for the difference
of the refractive index between cathode surface and bulk-electro-
lyte was derived. Experimental results were in good agreement
with the theoretical wvalue in the whole region of the cathodic
current density up to the limiting wvalue.

Measurement was also made with the aqueous solutions contain-
ing 1.85M H,S0) end 0.01, 0.02, 0.03, 0.0k end 0.05M CuSO), re-
spectively, at their cathodic limiting current densities, and
H SOh concentration at the cathode surface was estimated from the
interferogram. The estimated H SOh concentration was compared
with the theoretical value, and it was found that they are fairly
well coincident with each other.

Finally, the distribution of local cathodic current densities
on a vertical plane cathode was measured with the miniature probes
imbedded in the cathode plate. In the electrolysis of agueous
solutions of 0.1M CuSOh-l .OM H SOh and 0.1M CuSOh-l.BBM HQSOh, the

local cathodic current densities were uniform in the vertical di-
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rection at lower average cathodic current densities.

The local current densities decrease aleng the height from the
lower edge of cathode when the average cathodic current density is
raised, and it is proportional to the -1/kth power of the height
at the cathodic limiting current density- . It is in good ac=-
cordance with the previous works. The theoretical distribution
of cathodie current densities in the agueous solution of 0.IM
CuSOh-l.BSM H280h was calculated, and 1t was demonstrated that
both theoretical and experimental results are in excellent agree-
ment with each other.

From the measurement with the aqueous solutions of 0.1M CuSOh—
0.1M HESOh’ 0.1M CuSOh-0.0lM HBSOh and 0.1M CuSOh, it was revealed
that the distribution is uniform in the vertical direction in the
region of the average cathodic current density lower than one half
of the limiting value. This is due to the lower electric con-
ductivity of the soclutions of low acid concentrations. At the
cathodic limiting current density, the dependance of the loecal
current densities on the vertical distance from the lower edge of
cathode was fairly lower than the theoretical prediction. It
is presumably because of the turbulent natural convective flow in
the upper portion of the cathode which is caused by the hydrody-

namic resistance at the surface of the rough electrodeposit.
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CHAPTER 1 INTRODUCTION

The electrolytic refining and winning have widely been em-
ployed in the hydrometallurgical process for the extraction of
common metals such as copper and zinc. High purity copper is
obtained from the electrolytic refining process of crude copper
manufactured from the pyrometallurgical process of matte smelting
and converting. More than half of the total production of me-
tallic zinc in Japan is attributed to the electrolytic winning of
zine from aqueous solution containing zinc sulfate and sulfuric
acid.

These processes of electrolytic refining and winning possess
an advantage over the pyrometallurgical process that the metals
of high purity can easily be obtained at low temperature by ap-
pPlying the electric energy. However, an important engineering
problem;} in the electrolytic process is the limited productivity
of metals per unit area of the electrolytic bath. This is be-
cause the electrolytic reaction occurs only on the surface of
electrode.

Recently, this problem of lower productivity in the electro-

lytic process was recognized, and many attempts have been made to



overcome the problem: the electrolytic refining and winning at
higher current densities were studied, and they have been brought
into practice in various electrolytic plants?)

It is known that the current distribution on the surface of
electrode usually becomes uneven when higher current densities
are applied. It may cause an undesirable side reaction at the
locations of higher current densities: growth of needle-shaped
metal on the cathode surface may cause a short-curcuit between
both electrodes at the extremely higher current densities.

It is desired that the electrolytic refining and winning are
conducted at a current density of uniform distribution to the
possible extent in order to avoid the undesirable side reactions.
The same requirement is also imposed on the electrolytic plating.
From this reason, many theoretical and experimental works have
been made on the current distribution on the electrode surface
since more than thirty years ago.

Kasper3) was the first worker who theoretically studied this
problem of current distribution, and his works published in 1940
on the current distribution in the electrolytic bath is regarded
as an origin of the electrochemical engineering. He applied
the potential theory to obtain the current distribution and cal-
culated the current distribution in the electrolytic bath of war-
ious forms by solving the Laplace equation

Vo9 = 0 (1.1)

under the appropriate boundary conditions.



In the investigations of the current distribution based on
the potential theory, it is convenient to take account of the fol-
lowing four items.

(1) When a potential is applied between the two electrodes
placed in an equeous solution of uniform composition, the
current distribution is primarily determined by the geomet-
rical form of the electrolytic bath and electrode and by
their relative arrangement.

(2) The chemical polarization is developed on the surface of
both electrodes during the electrolysis.

(3) The potential drop due to the ohmic law is established in
the electrolyte.

(4) The composition of the electrolyte is not necessarily uni-
form within the electrolytic bath.

The calculation made by Kasper for the first time was the
current distribution in which only the above-mentioned item 1 was
taken into consideration, and it is generally called as the pri-
mary current distribution. Thereafter, the primary current
distribution for the electrolytic bath and electrode of various
geometrical forms and relative arrangements were calculated by

k,5,6)

many workers by solving the Laplace equation by means of
the Fourier analysis or the conformal mapping under the appropri-
ate boundary conditions. In addition, these results of theo-

retical calculation have also been compared with the experimental

results in which the alternating current was applied.



A direct current is applied in the electrolytic refining, win-
ning end plating, and consequently the chemical polarization is
developed on the surface of the electrodes. It was empirically
shownT) that when the direct current is applied, the current dis-
tribution on the surface of electrodes becomes different from the
above-mentioned primary current distribution: it is more uniform
when the magnitude of chemical polarization is comparable with
the ohmic potential drop within the bulk-electrolyte or it predom-
inates the potential drop between both electrodes. The current
distribution in which the chemical polarization is also taken into
consideration is called as the secondary current distribution.

The theoretical secondary current distribution on the surface
of electrodes is obtained by solving the Laplace equation under
the boundary condition that the potential of the electrolyte at
the electrode surface is equal to the potential of the electrode
plus the chemical polarization potential which is a function of
the current density on the electrode.

Ishizaka et al?’g) carried out the theoretical calculetion
of the secondary current distribution in two cases that the chem-
ical polarization is of the Tafel-type and that it is linear with
regard to the applied current density, respectively. Further-
more, they also measured the distribution of the local current
densities on the electrode surface in order to identify the re-
sults of their theoretical calculations based on the potential the-

10)

ory. Wagner alsc conducted a theoretical calculation in



order to clarify the effect of chemical polarization on the local
concentration of the current at the edge of the electrode.

Furthermore, it is known that the composition of electrolyte
is rarely wniform within the electrolytic bath during the elec-
trolysis: it is observed that a thin liquid layer of different
composition from the bulk-electrolyte is formed on the surface of
electrodes. This thin liquid layer is called as the diffusion
layer. When this diffusion layer is taken into consideration,
the current distribution on the surface of electrode cannot be
obtained by merely taking account of the above items 1 and 2,

This current distribution is affected not only by the above-men-
tioned geometrical factors and chemical polarization but also by
the ionic mass transfer between the electrode surface and the
bulk-electrolyte,

The electrolytic refining, winning and plating are often con-
ducted on a vertical plane cathode placed in the unstirred or gen-
tly stirred electrolyte. Under this electrolytic condition,
the ionie concentration in the electrolyte is lowered near the
cathode surface due to the electrodeposition. This concentra=-
tion difference between the bulk-electrolyte and the cathodic dif-
fusion layer yields a lowered density of the electrolyte in the
diffusion iayer, and it results in an upward natural convective
flow along the cathode surface. On the contrary, the downward
natural convective flow is developed along the anode surface.

Then the natural convection caused by the concentration dif-



ference should be taken into consideration in the studies of
ionic mass transfer in the diffusion layer near the surface of a
vertical plane electrode. In addition, it should be noted
that the process of the mass transfer in the diffusion layer is
composed of the diffusion due to concentration difference and the
electric migration due to potential gradient between both elec-
trodes.

When the electrolysis is conducted on the surface of a ver-
tical plane cathode in an unstirred electrolyte, the upward natu-
ral convection on the cathode surface plays an important role in
the steady progress of electrodeposition%l’le) Due to the
electrodeposition of a metallic ion on the cathode surface, the
concentration of the ion is lowered near the cathode surface.
Then the ion is supplied from the-bulk-electrolyte to the cathode
surface, and the electrolysis is continued. If the electrolyte
is completely stagnant, the ionic mass transfer from the bulk-
electrolyte to the cathode surface consists only of the ionic
diffusion and the electric migration. Under this electrolytic
condition, the concentration of the reacting ion at the cathode
surface becomes very low after only a few minutes from the start
of the electrolysis. Then the undesirable side reaction such
as the evolution of hydrogen gas may occur on the surface of
cathode.

However, it is known that a relatively higher current density

can be applied at the steady state without the evolution of hydro-



gen gas when the electrolysis takes place on a vertical plane cath-
ode. This is explained as follows%l’lz) the upward natural
convective flow along the cathode surface drags the bulk-electrolyte
to the vieinity of the cathode surface, and the growth of the
cathodic diffusion layer is depressed below a certain thickness,
which results in a shorter length of diffusion path.

It is seen from the asbove considerations on the electrolysis
with a vertical plane cathode that the natural convection along
the cathode surface plays an important role not only in the ionie
mass transfer near the cathode, but also in the attainment of a
relatively higher cathodic current density at the steady state.

Since the vertical plane cathodes are often used in the indus-
trial electrolysis, it is also important from the industriael view-
point to clarify the mechanism of ionic mass transfer in the
cathodliec diffusion layer which is accompanied by the natural con-
vection in vertical direction. The ioniec mass transfer in the
cathodiec diffusion layer is also interesting from the theoretical
point of view because it is composed not only of the diffusion
caused by the concentration gradient but also of the electric mi-
gration due to the potential gradient.

13,14,15)

Since it was recognized that the natural convection
along the surface of a vertical plane electrode plays an important
role in the electrolysis of an unstirred electrolyte, numerous

theoretical and experimental studies have been made on the veloc-

ity profile of the natural convective flow in the hydrodynamic



(velocity) boundary layer%6'17)

the diffusion layer:o»19:20)

on the concentration profile in
and on the resultant distribution of

local current densities on the electrode surface?l.22.23.2h)

In 19k9, Wagnerlh)

first revealed a theory of the distribu-~
tion of liﬁiting current density in vertical direction on the sur-
face of a vertical plane copper cathede, which is solely deter-
mined by the rate of mass transfer of Cu.e+ ion in the cathodic
diffusion layer. He also measured the average limiting current
density on the vertical plane copper cathode of different heights
and demonstrated that the experimental results were in excellent
agreement with the theory. Thereafter, other workerszl’zh)
also measured the average cathodic limiting current density on the
surface of cathode of various forms and sizes in the electrolysis
of the solutions of different composition at various temperatures.
The general correlation of the data was represented by the non-
dimensional equation in term of the Sherwood, Schmidt and Grashof
numbers. These experimental results are in agreement with the
theoretical values predicted from the theory of ionic mass itrans-
fer in the boundary layer which is accompanied by the free con-
vective flow.

Industrial electrolytic refining, winning and plating are
conducted below the cathodic limiting current density. Asada

et al?3)

proposed a theoretical procedure of calculating the dis-
tribution of the loecal current densities in vertical direction on

& vertical plane cathode which is installed in an unstirred elec-



trolyte. In order to verify the theoretical distribution of
the cathodie current densities, Asada weighed the electrodeposited
copper after cutting it into slices in horizontal direction.

This measurement was made only under a limited experimental con-
ditions, and they are supposed to be insufficient to confirm the
validity of the theoretical calculation.

A few experimental studies have been made, on the other hand,
to measure the concentration profile of CuSOh in the diffusion
layer near the cathode surface. However, the thickness of this
diffusion layer is only about 0.1l cm or less, and the measurement
was difficult. Precision of the measurement by applying the

18,19)

freezing method conducted by Brenner is supposed to be in-

sufficient. An optical measurement using a technique of the
Jamin interferometry was proposed by Ibl?o) In this measure-
ment, however, the required optical precision imposed on the di-
mension of the electrolytic cell is so strict that only the elec-
trolytic cell of smaller size can be used because of the diffi-
culties in the preparation: Ibl measured the concentration profile
of CuSOh at a height of only 0.9 cm from the lower edge of the
cathode,

Moreover, only very few experimentel worksls’ls) have been
carried out on the velocity profile of the natural convection,
though this measurement is indispensable for the theoretical cal-

culations of the ionic mass transfer in the cathodic diffusion

layer and the resultant current distribution. It is known
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that the kinematic viscosity of agueous solutions is of a nagni-
tude 10_2 cm?/s, and the diffusivity of solute is 10-5 to 10-6
cm?/s, and the thickness of the hydrodynamic boundary layer is
fairly larger than the diffusion layer.

The industrial electrolytic refining of copper is conducted
in an electrolyte containing CuSOh and stoh; sulfuric acid is
added to raise the electric conductivity of the electrolyte.
During the electrolysis, H+ ion which is dissociated from the sul=-
furic acid migrates toward the cathode surface and is accumulated
in the cathodiec diffusion layer?l’QS) The accumulation of
sulfuric acid may affect the natural convective flow and the ion-
ic mass transfer in the cathodic boundary layer%T’EG) With
regard to this problem, only a few theoretical studies have re-
cently been made by Newman et al%T)

From what were mentioned above, it may be said with regard
to the electrolysis of the unstirred electrolytes containing
CuSOh and CuSOh plus HESOh with the vertical plane cathode that
only a few theoretical and experimental works have been carried
out on the ionic mass transfer in the cathodic diffusion layer
and on the resultant distribution of the local current densities
in the region of the current density lower than the limiting value,
although much more works have been made at the cathodic limiting
current density.

It is intended in the present work to study the ionic mass

transfer and the natural convection in the boundary layer near
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the surface of a vertical plane copper cathode during the electrol-
ysis of unstirred aqueous CuSOh and CuSOh--stoh solutions.

One experimental feature of the present work is that the optical
methods are employed to measure the concentration profile and the
velocity profile of natural convection in the cathodic boundary
layer; by applying these optical techniques, it becomes feasible

to conduct the measurements without disturbing the boundary layer.

27,28,29) is employed

Among them, the holographic interferometry
to measure the concentration profile of CuSOh in the cathodic dif-
fusion layer- One major experimental advantage of this tech-
nique is the employment of common-path interference which is dif-
ferent from the conventional two-beam interference employed in

20) 30) interferometries. Because

the Jamin and the Mach-Zehnder
of this advantage, it becomes possible to measure the concentra-
tion profile along the surface of a taller plane cathode installed
in a large electrolytic cell of lower optical precision.

The theoretical egquations of the ionic mass transfer in the
cathodic diffusion layer and the current distribution on the sur-
face of a vertical plane cathode are derived in Chapter 2.

The following plausible assumptions have often been made in the

14,25,31,32) with regard to the velocity profile of

previous works
natural convection and the concentration profile in the cathodic
boundary layer, respectively, in order to derive the theoretical

expressions of ionic mass transfer which is accompanied by the

natural convection. They are as follows.
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velocity profile:

u = [z%I —g-‘-)] 0 v£ 8, (1.2)
or

u-°5|[1_—] 0¢y< 8 (1.3)
concentration profile:

o, =0, (1- —ET)R' (1.4)

According to Ibl et al%§) however, more sophisticated assumptions
are made in the present work concerning the wvelocity and concen-
tration profiles, and the theoretical expressions are derived on
.the ionic mass transfer and the distribution of local current
densities on a vertical plane cathode placed in the unstirred so-
lutions containing CuSOh and CuSOh-HESOh

Next, in Chapter 3, the natural convection along the surface
of a vertical plane cathode is measured. From the measurement
of the velocity profile, the maximal velocity of the natural con-
vection and the horizontal distance between the cathode surface
and the position of the maximal velocity are obtained, and their
dependances on the cathodic current density and on the height
from the lower edge of cathode are discussed by comparing them
with the theoretical values, respectively.

The concentration profiles of CuSOh and H SO}4 in the cathod-
ic diffusion lasyer are studied in Chapter 4 by applying a tech-

nique of holographic interferometry. The correcting procedure
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of the optical distortion of the beam due to the concentration
gradient in the diffusion layer is also described. The concen-
tration differences of CuSOh and HESOh between the cathode surface
and the bulk-electrolyte and the thickness of the cathodie diffu-
sion layer are cbtained, and their dependances on the cathodice
current density and on the height from the lower edge of cathode
are discussed by comparing them with the results of theoretical
calculation, respectively.

Finally, in Chapter 5 the distribution of the local cathodic
current densities is studied. It is measured by using several
miniature electrodes imbedded in vertical direction in the host
cathode. The experimental results are discussed by comparing
the experimental results with the theoretical values. The ef-
fect of H SO1+ on the distribution of the local cathodic current

2
densities is also discussed.
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CHAPTER 2 THEORETICAL EXPRESSIONS OF CATHODIC CURRENT
DISTRIBUTION AND IONIC MASS TRANSFER IN

CATHODIC DIFFUSION LAYER

2.1 Introduction

It is known regarding & system in which an electrochemical
reaction is involved that the processes of mass transfer in the
electrolyte take place in addition to the electrode reaction, and
they are closely related with each other, Then the theoretical
expressions of lonic mass transfer in the cathodic diffusion layer
end the current distribution on the cathode surface are to be de-
rived by taking the ohmic potential drop in the solution, the
changes of ionic concentrations and natural convective flow near
the cathode surface and the cathode reaction into consideration:
it is assumed that the solution is unstirred and the convective
flow is laminar.

The majority of the previous works concerns the following
two simplified electrolytic systems. One is the systems in
which the ohmic potential drop in the solution can be neglected.

In these systems, the resistance to the ionic mass transfer in
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the bulk-electrolyte is neglected, and the ionic mass transfer in
the cathodic diffusion layer and the distribution of cathodic cur-
rent densities are solely determined by the resistance to the mass
transfer in the cathodic boundary lesyer, and the same principles
as those applied to the problems of heat traﬂsfer and mass trans-
fer in the non-electrolytic solutions have been employed. As
one of these systems, the electrolysis of copper conducted at the
cathodic limiting current in a solution containing excessive a=-
mount of supporting electrolyte like HESOJ+ is mentioned%’2’3)

At the cathodie limiting current density, the concentration of
Cu.E+ ion is regarded as being zero at the cathode surface, and

the situation is further simplified.

At the current densities far lower than the limiting value,
on the other hand, the current distribution on the cathode sur-
face is determined by -the ohmic potential drop in the solution
and the chemical polarization, and the resistance to the ionic
mass transfer in the cathodic boundary layer is neglected.

Thus the situation is again simplified. This is another system
which many previous workers also investigated. The potential
theory developed in the electrostatics and the theory of steady
heat conduction have directly been applied%’S’G) The electrode
kinetics are used as the boundary condition for obtaining the
integrated rate equation, and this is different from those encoun-
tered in the other applications of the potential theory.

At the intermediate cathodic current densities between the
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limiting value and the current densities far lower than this value,
on the other hand, the situation becomes more complicated. The
diffusional and convective mass transfer of ions is essential, and
furthermore, neither the cathode reaction nor the ohmic potential
drop in the bulk-electrolyte can be neglected. Thus all these

7,8)

registances are to be considered ’ for deriving the theoretical

expressions.
The rate of electrodeposition of an ion on a vertical plane
cathode is more or less affected by the rate of convective ionic

1]

mass transfer near the cathode surface. Wagner™’ investigated
the convective ioniec mass transfer under the condition of cathod-
ic limiting current density by applying the theory of boundary
layer which was developed in the fluid mechanics. Asada

et alg) pursued the above-mentioned problem of intermdediate na-
ture in which the electrolysis is conducted at the cethodic cur-~
rent densities moderately lower than the limiting value.

They took the ionic mass transfer, the cathode reaction and the
ohmic potential drop in the bulk-electrolyte into consideration
and combined them by applying the continuity of transfer of elec-
tric charge. They calculated the distribution of current den-
sities on the surface of a vertical plane cathode during the
electrolysis of an unstirred electrolyte. Electrodes were in-
stalled at each end of a rectangular electrolytic cell.

The calculation of convective ionic mass transfer in the

cathodic boundary layer toward a vertical plane cathode is usually
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carried out with the same procedure as the computation of the rate
of heat transfer, since the basic differential equations for both
cases are of the similar form?) In order to integrate the
Navigr-Stokes equation and the mass balance equations of ions and
electrolyte within the cathodic boundary le;.yer, the arbitrary

1,8,10,11,12) have been made with regard to

plausible assumptions
the velocity profile of natural convective flow and the concentra-
tion profile near the cathode surface. Integration was carried
out according to the method proposed by von Karman and

Pohll‘ua.usen].'3 »14)

The velocity distribution of natural convection of electro-
lyte near the vertical plane cathode is schematically illustrated
in Fig. 2.1. The wvelocity is zero at the cathode surface, in-
creases until a maximal wvelocity is reached and then decreases
agein to zero in the bulk-electrolyte. The comparatively small
region near the cathode surface in which the upward natural con-
vective flow primarily occurs is called as the hydrodynamic (or
velocity) boundary layer. Similarly, the cathodic diffusion
layer is defined as the region in which the ionic concentration is
significantly different from the bulk-electrolyte. It is also
demonstrated in Fig. 2.1.

The ratio of the path of propagation of a non-uniformity of
momentum to the path of propagation of a non-uniformity of con-
centration is of the order of (\)/D)}m or, about 30 for tune spe-

cial case of aqueous solutions. In other words, the thickness
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Fig. 2.1 Schematic diagram of velocity and concentration

profiles near the cathode surface
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of the hydrodynamic boundary layer i1s expected to be much greater
than the thickness of diffusion layer%’ls) From the similar
consideration, the thickness of diffusion layer for & certain ion
mey be different from those for other ioms.

In order to simplify the calculatiné procedure, the simpli-
fied funetions have been assumed for the velocity and concentra-
tion profiles, respectively, and a plausible assumption that all
the thickness of diffusion layer for each ion and of hydrodynamic
boundary layer are same was employed by many previous workers?’g)

When these over-simplified functions were employed, however,
the velocity and concentration profiles in the cathodic boundary
layer can not exactly be described, even though it might be possi-
ble to explain the dependances of the local cathodic current den-
sity and the thickness of diffusion layer on the height from the
lower edge of cathode. Furthermore, the actual thickness of
the cathodic diffusion layer is much smaller than that of the hy-
drodynamiec boundary layer due to the values of the diffusivity of
ions and the kinematic viscosity of the agueous solution which
were mentioned above. Thus, it is desirable to provide a more
sophisticated functions for the velocity and concentration pro-
files in the cathodic boundary layer for the calculation of the
ionic mass transfer and the current distribution. Ir. the pre-
sent work, the generalized functions are used to express the ve-
locity and concentration profiles in the cathodic boundary layer

according to Ibl et al%S) The parameters involved in these
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functions were determined from the measured velocity and concen-

tration profiles.
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2.2 Basic Equations

A schematic diagram of the ionic mass transfer and the natu-
ral convective flow of electrolyte in a ?ectangular cell contain-
ing unstirred electrolyte is illustrated in Fig. 2.2. The ver=
tical plane electrodes of a height H are installed at each end of
the cell which is filled with the electrolyte up to the same height
as the electrodes. The flux of an ionic species in the elec=-
trolyte is caused by the migration in an electric field, the ioniec
diffusion due to the concentration gradient and the natural con-
vection in the cathodic and anodic boundary layers. It should
be noted that the ionic flux in the bulk-electrolyte is due only
to the electric migration.

The potential distribution in the rectangular electrolytic
cell is schematically demonstrated in Fig. 2.3. The broken
line AB'C'D' represents the potential distribution before the
start of electrolysis: the lines AB' and C'D' represents the equi-
librium electrode potential, respectively. The distribution
of potential during the steady electrolysis under an applied ter-
minal voltage V is shown by the line ABCD. The cathodic and

enodic over-potentials are expressed as

-(AB' - AB) --(Ec - Ee) = cpc(x,o) (@:1)

and

(bc -p'c') = (E_ - Ee) =V - ¢a(x,b) (2.2)

a

respectively. In these equations, ¢c(x,0) and ¢a(x,b) are the
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potentials of electrolyte at the cathode and anode surfaces, re-
spectively. The notations x and y are the distance in vertical
and horizontal directions as shown in Fig. 2.2, respectively.

The origin is located at the lower edge of cathode surface.
Furthermore, the notation V' in the diagram represents the ohmic
potential drop in the electrolyte in which the concentration over-
potentials at the surface of both electrodes are involved.

In order to obtain the resultant equations of ionic mass
transfer and current distribution on the cathode surface, the equa-
tions regarding the natural convective flow, the ionic mass trans=
fer and the charge transfer are to be solved simultaneously to-
gether with the rate equation of electrode reaction. Assuming
that the width of electrodes is infinite and the electrolysis is
conducted at the steady state, these basic equations are described
as follows.

With regard to the motion of electrolyte within the hydrody-
namic boundary layer, the velocity of natural convective flow is

determined from the Navier-Stokes equation and the continuity
12)

equation. They are
24, AUy Y )
p(u T "ag) = -glp - *p) + *“(ayz (2.3)
and
QU a2
2% + 24 - 0 (2.4)
respectively. .

With regard to the ionic mass transfer, the mass balance of
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an ionic species i at the steady state within an infinitesimal

volume element yields the following differential conservation e-

quation.
% af, a$Y_ . o 2% _
-k, 3?1 = uiagé:i 33) u % v 2% 0 (2.5)

To & very good approximation, the electrolyte is presumed to be
electrically neutral and

jE-zici =0 (2.6)

except for the diffuse part of the double layer formed adjacent
to the interface between the electrode and the electrolyteT)

The current density in the electrolyte is determined by the
motion of charged ionic species. A charge balance for all ion=-
ic species within an infinitesimal volume element leads to the

following equation.

.
FZz.k.Vac. + KV ¢ =0 (2.7)
i 11 1

Since the thickness of diffusion layer near the electrode surface
is far smaller then the distence between both electrodes, it can
be said from Eq. (2.7) that the potential distribution in the

electrolyte is given by the following Laplace equation:

2 2
—g%-p-%—;ﬁ:o (2-8)

Euwgation (2.8) is valid when the gradient of the diffusion poten-
tial is neglected as compared with the ohmic potential drop, and

the electric conductivity, k, is constant within the electro-
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MeT’BJ

For the rectangular cell in which the vertical plane elec-
trodes are installed at both end, the boundary condition of Eq.
(2.8) on the surface of each electrode is expressed as

y=0 and y=0D, i = «(3¢/3y) (2.9)
vhere b is the distance between both electrodes. Another bound-
ary condition at the bottom and at the surface of the electrolyte
is as follows.

x=0 and x=H, 9¢/9x =0 (2.10)
Equation (2.8) is solved under the boundary conditions of Eq. (2.9)
end (2.10) by epplying a technique of Fourier analysis. The
origin of the potential ¢ is chosen to satisfy the following rela-
tionship. |

¢ (x,0) = =(E -E)
o g % (2.11)

6,(x,0) =V - (E_ - E)
where V is the applied terminal voltage. Equation (2.11) is
self-consistent when the potential drop within the electrode ma-
terial is neglected and the equilibrium emf of the cell is nullg)
Then the solution of the Laplace equation (2.8) is obtained

as follows:

2 | H
blxyy) = ¢ +—S80y _ (“‘)‘“‘_
C,8av LS K ] s Sin'ﬂ(s;tb)

H H
% [ws‘ﬁs—m}:‘kﬁ:@fic (¢)cos %mr— cos'ﬁ% ?Jla(i') m%foﬁ‘t}
5 0

(2.12)
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Assumi
] ng that the distance between electrodes is infinit
e, wWe

have

. H
bx,y) = 6 + Acav Z ‘
e Tk 9T Tmsé( s j’c(")‘”%mr
0

(2.13)
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2.3 Electrolysis of an Aqueous Cusoh Solution

Theoretical derivation of the resultant equations of ionic
mass transfer and current distribution on the cathode surface dur-
ing the steady electrolysis of an aqueous CuSOh solution is im-
portant as the basis for the theoretical investigations, though
the electrolysis of agueous CuSOh solution is rarely employed in
the industries.

Integration of Eq. (2.3) concerning the upward natural con-

vective flow along the cathode surface under the boundary condi-

tions of
y=0,u=0and veo
(2.1%)
y=4, u=0 and (3u/dy) = 0
together with Eq. (2.L4) yields
o [ ?’ il
i T i du
e Iu dy = —gj ¥p dy - *\J(-;‘E-)FO (2.15)
0 0

The following approximation with which the density of electrolyte
1)

is related to the composition may be valid.

.
P*PP = ?ui(ci - *ci) (2.16)
3
vhere
_ 3P

The parameter ai is called as the densification coefficient for

the species i in the electrolyte. In the agueous CuS{Jh solu-
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2+
tion, the density is dependent solely on the concentration of Cu
ion due to the electroneutrality in the solution. Then the in=-

tegrated Navier-Stokes equation is rewritten as:

o ! v du
-a? ugdy = -algI(Cl - *cl)dy - %y '&"3—-)},:0 (2.18)
D 0

Next, the integration of Eq. (2.5) regarding the mass balance

of Cu2+ ion under the boundary conditions of

y=0, e, = °cl } _—
y = 51, c, = *cl
yields
d d Ly
'd—_z*Iucldy = -[Jl]a (2.20)
]

+
where Jl is the mass flux of Cu2 ion along the y-direction.

It is demonstrated as

iy = -kl(—%?-) - clul(-g;;-)i' ve, (2.21)

Since the thickness of the diffusion layer is far thinner than the
distance between both electrodes, the term of potential gradient,
(80/3y), in Eq. (2.21) can be expressed by the term of ionic con-
8)

centration™’ under the assumption that the electric force line is
parsllel to the y-axis in the cathodic diffusion layer, which im-
Plies that the current density, i, is constant along this axis.

Then the right-hand side of Eq. (2.20) is written as

S _
-[Jl]o = J 3

1,y=0 ~ 1,y=8,
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4
“3E e ul(d )y—ﬁ (wvey)yg. (2.22)

because the mass flux of Cu gt ion on the cathode surface (y=0) is
expressed as the local cathodie current density and the concentra-
tion gradient of Cu2+ ion is zero at y=61. Furthermore, the
current density at y=51 is related to the mass flux of all ionie

species as follows.

i F(zziJi)yﬂS

i

) + (vFIz *c ) 5 (2.23)

B( il 1y=l

-F(Ez *c, 3 Yy )(

Since the second term on the right-hand side of Eq. (2.23) is
eliminated due to the electroneutrality of the solution, we have

the following egquation with regard to the potential gradient at

y=151.

(a@) { 7,
oA ya8) Zr'F %?j‘t}ui (2.24)

On the other hand, the integration of Eq. (2.4) yields the follow-

ing equation
S

(v*cl)y=t5 = --'if*c udy (2.25)
1.
(v}

dz) 1

By substituting Eq. (2.24) and (2.25) in Eq. (2.22), we have

S
*cludy (2.26)

I YL

Al & i A 3w, " a(S
1% "?JF ?f.F %3‘:*:“‘: ax A
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Furthermore, the transference number of ionic species i is de=-

16)

fined as

ZyCi MUy
fy (el
o Zneu
A

Equation (2.27) is substituted in Eq. (2.26), and the substitution

(2.27)

of the resultant equation in Eg. (2.20) yields

S \
d _10-%2)
Q;Iou(cl - *cl)dy = T_"‘:’—- (2.28)

In order to further integrate Eq. (2.18) and (2.28) which
are the integrated Navier-Stokes equation and the mass balance
equation of Cu2+ ion, respectively, it is assumed according to
IbllS) that the concentration profile of CuSOh in the diffusion
layer and the velocity profile of upward natural convective flow

in the hydrodynamic boundary layer are expressed by the following

equations:
6, =001 -—%— “ (2.29)
and
u=?\57['}—g—-(-.—g—)l] for Ogy_'_(_:‘t
(2.30)
u= um[l = 'JE'_:;E ] for T y < (e+l)T
respectively. In these equations, 61 = ‘“‘cl - C)» @l = *cl - °cl,

61 =nt and & = (e+l)T.
Substitution of Eq. (2.29) and (2.30) in Eq. (2.18) and (2.28)

Yields upon integration
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0 =(E%)6191 -(";‘:ff‘) ‘;\:" (2.31)
and '

: (,;"'f‘l’f,’)“ (4 0,6) =L (;";’" (2.3)
respectively. The term on the left-hand side of Egq. (2.18) is

much smaller than each term on the right-hand side of the same
equa.tlon,’ 15) and it was omitted in Eq. (2.31). The notation

¢(a,b,c,d) in Eq. (2.32) is

a+2 a+2
¢(a,b,c,d) = cCb-1) [( bb )_ c=l 4L l]

b*(a+1y(a+2) =1 de  c(p-1)
| - bC+lBl/b(c+l, a+l) (2.33)
and P
B (a,r) = jtq“l(l - )" Lat (2.34)
(/]

By eliminating u from Eq. (2.31) and (2.32), we have

J'( 1-*#)
5 F

§(“’h’h9\vﬁ) oG ol
(w+1)n2n % ax

63 e B (2.35)

+ -
The mess transfer equations of Cu2 ion and soﬁ ion at the

T

cathode surface, on the other hand, are written as

=k (2.36)

d
‘1;) =0 °“1(olg ¥=0

\
4
QF
and

0 = dg)ro- () (2.37)
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respectively. The first and second terms on the right-hand

side of Eq. (2.36) and (2.37) represent the rate of mass transfer
due to diffusion and migration, respectively. After eliminat-
ing the term (d¢/dy)y=0 in BEq. (2.36) and (2.37) which represents

the potential gradient at the cathode surface, we have

'
;:;i= DJE:;)y=D (2.38)
where
*te =1 - = 7IT£§EGT_ (2.39)
and
- %—'f‘f&‘i (2.40)

The concentration of CuSOh, ¢, is equal to the concentration of

Cu.2+ ien, ¢, - Then substitution of Eq. (2.29) in Eq. (2.38)
yields
W n@; (' *22, (
= 2.41)
Ly 3F

It is noted that Eq. (2.35) and (2.41) are the basic egquations
of mass transfer in the cathodic diffusion layer which is accom-
panied by the upward natural convection.

The solution of the simultaneous Eq. (2.35) and (2.41) under
the assumption that @l = *cl, for example, represents the distri-
bution of the local current densities in vertical direction and
the thickness of the diffusion layer at the cathodic limiting cur-

rent density. The solution under the assumption that the cur-
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rent density, i, is uniform in vertical direction on the cathode
surface, on the other hand, is related to the electrolysis at the
current densities far lower than the limiting value. Further-
more, by combining Eq. (2.35) and (2.41) with the solution of the
Laplace equation in the form of V2¢ = 0 under the appropriate
boundary conditions which represent the potential distribution
within the electrolytic cell and with the rate equation of the
electrode reaction, it becomes possible to obtain the general so-
lution which holds in the region of intermediate cathodic current

densities.
2.3.1 Electrolysis at the limiting current density

In the electrolysis at the cathodic limiting current density,

+
the concentration of Cug ion, °cl, is nearly equal to zero at the

2)

cathode surfa.ce]," and the calculation is simplified. By

eliminating i from Eq. (2.35) and (2.L41), and employing the rela-

tionship of E)l = ¥%c_, we have

1l

@(Msr’p As e) d;? %o ;‘- 63 - WDy
(w+)n2a ¥ ldz 'l 3,

(2.42)

The integration of Eq. (2.42) under the boundary conditions of

x =0, 6. = 0 g
* (2.43)

il t':;l

n
n

x=x, 6

yields
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_ uD)*y \1/k 1/k
= e 330{',(:,) x (2.44)

and

, oD w,( 3ge )1/!+*c 5/b_-1/4 (2.45)

a~ ¥tz NE\4D¥ 1

vhere

. =[’ (wH)w, A ]l/h (2.16)
1 [ Ewn,e)n*

The average cathodic limiting current density over the cathode

height, H, is obtained from Eg. (2.45) as

. 47, FD, wy ( 23% ) 1/k,  5/4 -1/4
L H 2.4

ld,av 3#;(2 qEI 4D, *p 1 ( 7)

Furthermore, the Grashof number 3) of
3
- ?“I *CJH

Gr = __T‘;Z_—_ (2-]48)
and the average Sherwood numberBJ in the form of

S‘h = __—ﬁﬂv'H (2-]49)

av D,
where the average mass transfer coefficient, kav’ over the whole

surface of the cathode is defined as

LaarT;
———L—.-_QV. 2 =k ¥c (2-50)
F av 1

are employed together with the Schmidt number of

(2.51)
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s = 1.2h oo (seeor)t/ (2.52)

g,
2.3.2 Electrolysis at the current densities of uniform

distribution on the cathode surface

When the cathodic current density is far lower than the lim-
iting value, it is presumed that the local current densities are
regarded as being equal from bottom to top of the cathode surface:

it was observedla’lg )

that the current density is virtually uni-
form when it is lower than about one-half of the limiting value.
Under this condition of i = const, the following expressions of

the concentration difference in the cathodic diffusion layer and

its thickness are obtained from Eq. (2.35) and (2.L41) as

_a o JER_*D (z,'F”i)D,Z)lfs_h/s 1/5
AT e s/ EE5)
and
?fF*VDZ)I/S.—l/S 1/5
6. = ng. (2D .
1 nEE( 0475, + X (2.54)
where
)
- w2 (W) A %
2 = (2.55)
200, 1n,2,8) 13
respectively. Furthermore, the modified Grashof nunbert>! in
the form of

4 ]
Gol, ¥ty 4 2*

.56
2IF*UZD' (2 5 )

Gr¥* =
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and the Sherwood nwn‘bere) of

x D

where the mass transfer coefficient, kx’ is defined as

2 ’IZ. =k Ac (2.58)
LF X

are employed together with the Schmidt number of Eq. (2.51), and

Eq. (2.53) and (2.54) are rewritten as

Shy = '?a;z (Seecr#)/? (2.59)
and

_%= nEa(Sc'Gr*)-l/S (2.60)
respectively.

With regard to the maximal veiocity of the natural convective
flow, on the other hand, Eq. (2.53) and (2.54) are substituted in

Eq. (2.31), and we have

, 2 ,
|
where
By = [ 3 L ]VE (2.62)
(w72, €)W (wit)*

Furthermore, the distance between the position of the maximal ve-

locity, u » and the cathode surface is cbtained from Eq. (2.54)

as

- Zir*v D .=1/5_1/5 '
T E2 (————-30"*22 ) i X (2.63)
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Equations (2.61) and (2.63) are rewritten as the following non-
dimensional equations by using the modified Grashof number and

Schmidt number defined above.

.u_’"’i_ A (Se+Gr*) 2/5 (2.64)
1
and
T _ . -1/5
— EQ(Sc Gr*) (2.65)
respectively.

2.3.3 Electrolysis in the intermediate region between
the cathodic limiting current density and the

uniform current densities

Presuming that the cathodic current density at a height x,
ic(x), is known, the thickness of cathodic diffusion layer at the

height x, 61(::), is obtained from Eq. (2.35) and (2.41) as

% z Vi
B aFwD*) [, 2.
El(x) = N°E,* (——éd,*;‘z’ ) {1c(x) Llc(t)dt} (2.66)

The rate equation of the cathode reaction is represented as

i (x) = {(*c,)e F( d?;g(fc-['e)) P((l -o )7 F (Ec-Ee) }(2 67)

By eliminating ®c from Eq. (2.67) and (2.41), and substituting Eq.

(2.11) in the resultant equation, we have
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e[&xp(w) ex,a( ("0’)?‘-':]:4’(::,::))}

RT RT
i(x)= ; (2.68)
¢ te *o T (o)
| 8“('1)2:;}:(
WEHFD*C RT

When it is assumed that the distance between both electrodes is
sufficiently large, ¢(x,0) is obtained from Eq. (2.13) as follows.

60 H
¢(x,0) = ¢(x,0) - Tl.‘.%< SZ_.'( )cos f; (t)cos S;;'Tdf (2.69)

Thus, the thickness of cathodic diffusion layer, Gl(x), and the
distribution of current density on the cathode surface, ic(x), are
obtained by solving the simultaneous Eq. (2.66), (2.68) and (2.69):
calculation was conducted by employing a technique of successive

8)

approximation. An example of the steps of the successive ap-

proximation is as follows:

Step 1: A certain value of rj)(:\t,O)éW is given together with the
temperature and the composition of the electrolyte as the
electrolytic conditions, instead of the terminal voltage
V.

Step 2: Assuming an appropriate value of ic(x), ¢(x,0) and Gl(x)
are calculated from Eq. (2.69) and (2.66), respectuively.

Step 3: New set of numerical values of current distribution, ic(x),
is calculated with Eq. (2.68) by employing the numerical
values of ¢(x,0) and Gl(x) calculated in the step 2.

Step L: These new values of ic(x) are employed, and the calcula-

tions of the above steps 2 and 3 are repeated.
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This successive calculation is continued until the consistent cur-
rent distribution, ic(x), is obtained within a predetermined crit-
ical range. Substituting these values of ic(x) in Eq. (2.66),

the thickness of cathodic diffusion layer, Gl(x), is obtained.
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2.4 Electrolysis of an Agqueous Cw.xSOl\L--H‘,,:,S(Jh Solution

The industrial electrolytic refining and plating of copper
are often conducted in an unstirred or gently stirred electrolyte
containing CuSOh and HESOh’ and it is impo.rta.nt to derive the re-
sultant theoretical expressions of the ionic mass transfer in the
cathodie diffusion layer and the current distribution on the cath-
ode surface. The ionic mass transfer in this mixed electrolyte
is also of theoretical interest because of the presence of an in-
different electrolyte of HESOh which does not take part in the
cathode reaction. |

It is assumed in the following theoretical derivation that
the dissociation of CuSO,'i and the first stage dissociation of
HQSOL into H+ and HSOE are complete in the electrolyte and the
second stage dissociation of HSOE into H+ and soi' is incomplete:
the latter dissociation is determined by the second stage disso-
ciation constant KE' It is also assumed that the electrolyte
contains an excessive amount of HESOM' Then the density of the
electrolyte is expressed by using the concentrations of Cu2+ and
H+ ions because of the electrical neutrality in the solution and
the dissociation equilibrium of HSOi.

The integrated Navier-Stokes equation is derived as

Jﬁ-[fedy =0 gj&ec ~*c_)dy + o gj(gc —%c,_)dy - *v(du') (2.70)
dzo 1 i 1771 2 2 2 oly
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from Eq. (2.15). The subseripts 1 and 2 in this equation de-

+
note Cu2+ ion and H ion, respectively.

2+ +
Furthermore, the mass balance equations of Cu  ion and H

ion are written as

@ '
_ I{J'*Il)
futer = reper =
[}
dC
_klEE;)F=0 {(2.71)
and
a
d [ i y
—=~|ule, - *c,)dy = - (2.72)
ox ) . 2 F
respectively. In order to integrate Eg. (2.70) to (2.72), Eq.

(2.29) and (2.30) are again employed to demonstrate the velocity

profile of natural convection and the concentration profile of
+ +

Cu2 ion, respectively. The concentration of H ion is ex-

pressed by the following equation.

=0,(1 __3,_.)“-’2 0Ly£L$ (2.73)
2 ont = N g

In this equation, 82 = *c2 - Cyo 02 = ""c2 - °c2 and 0 = 52/51.
Substitution of Eq. (2.29), (2.30) and (2.73) in Eq. (2.70)

yields

AR e Lo ey )

Similarly, substitution of Eq. (2.29) and (2.30) in Eq. (2.72)

yields
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§(whqu1€) ‘7( ( 0.6 ) i(!'*t)

. (2.75)
P(A-1) ox mil ZF
We also have from Eq. (2.30), (2.73) and (2.72)
P (wz,0Na2,£) ol nrare A*z‘g (2.76)

u -
on(a-1) dx m2? ZF
When the concentration of H SOh is sufficiently high, the follow=-

ing approximation holds (see Appendix A).

Ao . (do
(dg )y'—'o = -y o{g)FO (2.77)
vhere
(I—PQ.)OCZ, (2.78)

2(1+a)%, +(1+2a)°C,
and the notation a in this equation demonstrates the degree of
dissociation of HSD;.

From Eq. (2.29) and (2.73), we have

Wy
= -yo wzel (3-79)

Substitution of Eq. (2.79) in Eq. (2.75) and (2.76) yields

2 ¥t

o@(wz,un,lge) = -;xg;?ﬁ:;EEE;.

¢(wlsnsAsE) (2-80)

The parameters wl, wz, N, A, € and ¢ are involved in this equation
and the parameter ¢ is determined when the former five parameters
are given.

By eliminating u end @2 from Eq. (2.7k), (2.75) and (2.79),

we have
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i;i(whqsaaa) 33 o 3 .2 i(l-*z‘;)
87 07) = —mm 2.81
727\_ * 0(2’( L l) i"F ( )
where
I S P S S 8
: wlL’:(w,-r:) J wz(wzﬂ)] b 8e)

Furthermore, substitution of Eq. (2.29) in the right-hand side of

Eq. (2.71) yields

-“-’f" 6, =4 g':‘") (2.83)

Equations (2.81) and (2.83) are the basic equation of ionic
mass transfer in the cathodic diffusion layer which is accompanied
by the upward natural convection in the electrolyte containing
CuSOh and HQSOM.

2.4.1 Electrolysis at the limiting current density

When the electrolysis takes place st the cathodic limiting
+
current density, the concentration of Cu2 ion at the cathode sur-
face is regarded as being zeroj."g) Then the following equation

is derived from Eq. (2.81) and (2.83).

FWiTA, €) 3% % o o3 _ _wih
;;2’?\ ¥,/ xtotz 6) = _Jg‘,——. 284

Integration of Eq. (2.84) under the boundary conditions of Eq.

(2.43) yields



L8

I
48 % )/ﬁ 1/h4 8
al (33;*0; X (2.85)

By substituting Eq. (2.85) in Eq. (2.83), we also have

i

__&Fk . w (M:*u )/‘* w3/ b L/Y (2.86)
a  (-%g) qEJ 353%¢ 1

where

E =[ i A -}}Q (2.87)
3 §(WI’7,’A)E) 72

Furthermore, the cathodic average limiting current density over

the whole cathode height is

i

4 _ =& F 393 ) } 5/ 1/
aav ™3 (-*t) 15 Cn@,*ﬂ 1 e

2.4.2 Electrolysis at the current densities of wniform

distribution on the cathode surface

When the electrolysis is conducted at the current densities

far lower than the limiting value, the local current densities are

regarded as being equal along the height of the cathodela 19)

Under this condition, the following expressions concerning the con-

. centration difference, ©., and the thickness of the diffusion lay-

1
er, 61, are obtained from Eq. (2.81) and (2.83) as
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l

&
_ _NEy (1-*6) ,(z.F*uﬁ:" ),ihlﬁxlffi (2.89)

Ae. =0

1 1 W Z,T-"E, ?;0_:&{,)

and
jé :

5, = nE (Z'sz:'z ) 7L/5,1/5 (2.90)

1 L }30-*1,)
respectively, where

%
2
B, =[ see ] (2.91)
é(ﬁ-‘u'): A, E-)qB

On the other hand, the substitution of Eq. (2.89) and (2.90)

in Eq. (2.T4) yields the expression of the maximal velocity of the

upwvard natural convective flow along the cathode surface. It
is
%
3?“""”')) 1/5.2/5_3/5
= - = ___° i 2.
w (A l)Ah ( ?iF*V kl i~ x (2.92)

where

1 %
Alf[ 3 2]
(Wi Ny A €)X

The distance between the position of the maximal velocity and

(2.93)

the cathode surface is derived from Eg. (2.90) as

y
7 Fuk® )5 -1/5.1/5
- B ] S P oL
T Eh(}}(:—*st,) i X (2 9‘)
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2.4.3 Electrolysis in the intermediate region between
the cathodic limiting current density and the

uniform current densities

With the similar procedure mentioned in 2.3.3, the expression
of the thickness of the cathodiec diffusion layer, the rate equation

of the cathode reaction and the equation of the cathodic potential,

¢(x,0), are derived. They are
e
_ 2 Frok”~ 5 -2, 1/5
51(3) = h_(afg?j:;égi) - {lc(x) Olc(t)dt} (2.95)

ie{eFP ui’fféfé_r&!o)) - exp( (|—d)z;7:¢’(z,o))§

i (x) = 2.96)
c
te (-*1;) o2 F & (z52)
+ S, () ex
' Qﬁ?lT-ﬁ‘*q ’09 P( R1- )
d
) 2 ¥/ g
= - i ) 2o (4 oLl
¢(x,0) = ¢__(x,0) o o 52;.](5 )ws H xfg@:)ws o 2ot (2.69)
0
respectively. The technique of successive approximation men-

tioned in 2.3.3 is also applied for calculating the thickness of
cathodic diffusion layer, Gl(x), and the distribution of current

densities on the cathode surface, ic(x).
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CHAPTER 3 VELOCITY DISTRIBUTION OF NATURAL CONVECTIVE

FLOW IN CATHODIC BOUNDARY IAYER

3.1 Introduction

It is indispensable to study the velocity profile of natural
convective flow along the surface of a vertical plane cathode
placed in the wmstirred electrolyte for clarifying the distribution
of the current densities, because the industrial electrolytic re-
fining and plating of copper are often conducted in the unstirred
or gently stirred electrolyte containing CuSOh and HéSOh.

In the procedure of applying the von Karman-Pohlhausen method
for obtaining the natural convective flow and the ionic mass
transfer near the cathode surface, the concentration profile of an

ion in the cathodiec diffusion layer has often been approximated
ags2s3sb)

2

8, = Gi(l -1) (3.1)

5

Regarding the velocity distribution of the natural convective
flow in the cathodic hydrodynamic boundary layer, on the other
hand, the following approximations have been made by the previous

workers%’2’3’h) They are



54

u= Uo{z—g- - (-g—)a] for 0L y£ § (3.2)

and
2
)

=ud@ -2 < v & .
u an(l for 0SS yS8 § (3.3)

&

As seen in Eq. (3.2), for example, it was postulated that the
velocity increases to the maximum at the outer edge of the diffu-
sion layer (y = §) and it decreases to zero at y = 26. Thus it
is indicated in Eq. (3.2) that the thickness of the hydrodynamic
boundary layer is twice larger than the diffusion layer. Ac-
cording to Eq. (3.3), on the other hand, the velocity reaches to
the maximum &t y = 8/3 and decreases to zero at y = 6: it is pos=-
tulated that the thickness of diffusion layer and hydrodynamic
boundary layer are equal.

When either Eg. (3.2) or Eq. (3.3) is employed in the theo-
retical calculation according to the von Karmdn-Pohlhausen method,
the same results are obtained with regard to the dependances of
the maximal velocity of natural convection, the ionic concentration
difference between bulk-electrolyte and cathode surface, and the
limiting current densities upon the height from the lower edge of
cathode. The same dependances are also obtained with regard
to the maximal velocity of natural convection and the ionic con-
centration difference upon the cathodic current density. How=-
ever, the maximal velocity calculated by Eg. (3.2) is more than
twice larger than the calculated value due to Eq. (3.3) whea a

wiform concentration is assumed in vertical direction on the
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cathode surface. The cathodic current densities are also af-
fected by the assumed velocity profiles. Substantially differ-
ent values of the maximal velocities are obtained in the case of
wiform local current densities along the cathode surface, which
depend on whether Eq. (3.2) or Eq. (3.3) is assumed.

On the other hand, it was revealed from the theoretical con-
siderations by Wagnerl) that it is very likely that the thickness
of hydrodynamic boundary layer is much larger than the diffusion
layer. This was later confirmed by the experimental studies
of Ibl et 8.15) They also found that the calculated maximal
velocity and the limiting current density both due to Eq. (3.3)
are in much better coincidence with the experimental data than Eg.
(3.2)6) is assumed: it seems strange that an unsubstitutional as-
sumption of Eg. (3.3) leads to a better agreement with the exper-
imental results.

In order to obtain a better insight about the influence of
the assumptions on the velocity and concentration profiles upon
the theoretical calculation, Ibl et a.lé) further calculated the
maximal velocity of the natural convective flow by using the gen-
eralized functions of velocity and concentration profiles in the
forms of Eq. (2.29) and Eq. (2.30), respectively. They also
measured the velocity profile of natural convective flow during
the electrolysis of aqueous 0.6M CuSOk solution by applying the
dark field method, and compared the experimental results with

theoretical calculation.
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Based on the above-mentioned considerations, the velocity pro-
file of natural convective flow along the cathode surface is stud-
jed in the present work during the electrolysis of the aqueous
0.6M and 0.1M CuSOh solutions. Experimental results are com-
pared with the theoretical calculation and with the experimetnal
results obtained by Ibl et al‘é) The effects of CuSO]4 concen—
tration on the velocity profile are also considered. Further-
more, the velocity profile of natural convective flow is measured
with a solution containing 0.6M CuSO‘\4 and 1.5M HESOM’ and the

effects of stoh on the velocity profile are examined.
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3.2 Experimental

3.2.1 Experimental Arrangement and Procedure

The velocity profile of upward natural convective flow along

the cathode surface was measured by filming the motion of colopho-

nium particles dragged along by the convective flow with a cine-

camera. The experimental arrangement is schematically illus-
trated in Fig. 3.1. A helium-neon gas laser emitter of 10 mW
output was used as the light source. The emitted beam was en-

larged to a parallel beam of about 1.2 cm in diameter by an ex-
pander E and lens Ll (f = 200 mm), and was transmitted into the
electrolytic cell near the cathode surface. The silhouette of
suspended colophonium particles was filmed with a Bolex H 16 re-

flex cinecamera., By using a lens L. (f = 200 mm), the silhouette

2
near the cathode surface was magnified about 10 times on the film.
The electrolytic cell is demonstrated in Fig. 3.2. The
inner dimension of the cell was 0.7 em thick, 5.8 cm wide, and
20 cm high. Both anode and cathode are copper bar 0.5 cm
square and 26 cm long. Except for the portion on the facing
surface of both electrodes between the height of 3 and 17 em from
the lower edge of cathode, the remaining part was insulated by
coating PVC resin.

In order to obtain the exact velocity profile from the motion

of colophonium particles, it was essential to install the cathode
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LE : Laser Emitter
E: Expander
Li,L2: Lenses

Fig. 3.1

EC: Electrolytic Cell
CC: Cinecamera
VS: Virtual Screen

Experimental arrangement
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surface parallel to the incident beam. In order to realize
this, a revolvable cathode holder was employed, and after the cell
well on the light-entrance side was adjusted to be at right angles
to the incident beam, the cathode was gently revolved and main-
tained at a position where the enlarged silhouette of the cathode
surface on the screen VS recedes farthest. The focus of the
cinecamera was fixed at the middle point of the cell thickness
because the optical distortion is minimal which is caused by the
gradient of refractive index established in the cathodic diffusion
layer during the electrolysisT) It is also thought that the
effect of cell wall on the natural convective flow is minimal at
this point.

All measurements were carried out at 23° * 1°C. Colopho-
nium particles of about 10 Um size were poured into the electro-
lyte. With completely stagnant conditions, the electrolysis
was started, and the steady state regarding the natural convection
was attained within 20 minutes. After this period was passed,
the motion of colophonium particles was filmed. By comparing
the position of the same particle on the films exposed in an in-
terval of a few seconds, the transferred distance of the particle
in vertical direction was measured and the velocity of natural
convective flow was obtained. Measurements were conducted be-
low the cathodic current density of 4 mA/cmz, which is far lower
than the limiting value, and the local cathodic current densities

were regarded as being uniform throughout the cathode surfacez.a’g)
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Analytical reagent grade CuSOh'5H20, HESOh end deionized wa-
ter were used, and the aqueous CuSOh and CuSOh—HESOlF solutions
were prepared. Colophonium particles of about 10 um size were
prepared by sedimentation and centrifugation. A micro-photo-

graph of colophonium particles is shown in Fig. 3.3.
3.2.2 Experimental Results
A. Aqueous CuSOh solution

The measured velocity profiles of natural convection in ague-
ous 0.6M CuS0) and o.IM CuSO) solutions are demonstrated in Fig.
3.4 and 3.5 and in Fig. 3.6 to 3.8, respectively.

The velocity profiles in the former solution at the heights
of l:5, 2.5, T and 11 em from the lower edge of cathode are sum-
marized in Fig. 3.k. The average cathodic current density was
meintained at 1 mA/cmE. As seen in this figure, U‘m and T in-
crease with the height, and the hydrodynamic boundary layer grows
downstrean, The velocity profiles in the same solution at the
aeverage cathodic current densities of 0.05, 0.1, 0.5, 1 and 3
mA/cm2 at a height of 7 cm are demonstrated in Fig. 3.5. It
is clear from this figure that w increases and T decreases when
the cathodic current density is increased. Furthermore, from
the comparison of Fig. 3.4 and 3.5 with the corresponding experi-

6)

mental results of Ibl et al.’ it was revealed that both velocity



Fig. 3.3

Micro-photograph of colophonium particles
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Fig. 3.1 Velocity profiles at a current density of

2
1 mA/em in 0.6M CuSOh solution
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Fig. 3.8 Velocity profiles at a height of 11 cm in

0.1M CuSOh solution
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profiles are in excellent coincidence with each other within the
horizontal distance between 0 and T, though the experimental re-
sults obtained in the present work are somewhat lower than Ibl et
al. in the outer region beyond T.

The measurement of velocity profile in khe agueous 0.1M CuSOh
solution was conducted at the average cathodic current densities
of 0.5, 1, 3 and &4 xmﬁ./c:m2 at the heights of 2.5, T and 11 cm from
the lower edge of cathode surface, respectively, and they are dem-
onstrated in Fig. 3.6 to 3.8. It is again seen in these figures
that both um and T increase with the height from the lower edge
of cathode and that gmincreases and T decreases when the average
cathodic current density increases. The former variation of nat-
ural convection indicates that the hydrodynamic boundary layer
grows downstream. The latter variation is, on the other hand,
due to the increased difference in the density of solution between
bulk-electrolyte and diffusion leyer at higher current densities.
It was also observed that the convective flow becomes slightly
turbulent at the height above 11 cm from the lower edge of cathode
vhen the average cathodic current density higher than k4 mA/cm? is
applied.

By comparing u and T in aqueous 0.1M CuSOlL solution with
those in aqueous 0.6M CuSOh solution, it was found that w. is ev-
idently lower in 0.1M CuSOh solution, although no significant dif-
ference was found in T-values.

The reproducibility of the velocity profile measurement was
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good in the inner portion of the hydrodynamic boundary lsyer be-
tween y = 0 and T. However, it became fairly poor in the outer
portion of y > T. The natural convection in this outer portion

is much more affected by the possible motion of the bulk-electro-

lyte.

B. Aqueous CuSOh-HE,SOh solution

The measured velocity profiles of the natural convection in
0.6M CuSOh-l.SM H250h solution are demonstrated in Fig. 3.9 to
3.12. The measurement was carried out at the heights of 1.5,
2.5, 7T and 11 cm from the lower edge of cathode at the average
cathodie current densities of 0.05, 0.1, 0.5, 1 and 3 mA/cm?,
respectively. It is seen in these figures that similar tend-
encies regarding the current density and height were cbserved as
in the agueous CuSO]+ sclutions. Furthermore, a more precise
comparison revealed that W and T are lower in the acidified so-
lution than in the agqueous CuSOh solution under the same electro-

lytic conditions.
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3.3 Discussion

In the first place, the measured natural convection in the

squeous 0.6M CuSO) solution was compared with the experimental

6)

results of Ibl et al. In order to achieve this comparison,

the dimension of the electrolytic cell used in the present work

6)

was chosen to be the same as Ibl et al.

stants of the electrolyteslo—l6) used in the following calcula-

The property con=-

tions are summarized in Table 3.1. Diffusivity of CuSOh was
measured by a modified Lamm scale method using moiré pattern
(see Appendix B).

The dimensionless umx/D1 and T/x in the agueous 0.6M CuSOh
solution were calculated from the measured u and T shown in Fig.
3.4 and 3.5, and log(umx/Dl) and log(T/x) were plotted against
log(Sc*Gr*) in Fig. 3.13 and 3.14, respectively- Assuming
that the slopes of the regression lines are 2/5 and -1/5 from Eq.
(2.64) and (2,65), respectively, the intercepts at log(Sc+Gr*) =
0 were calculated by the least squares method. The parameters
A_ and E, in Eq. (2.6L4) and (2.65) were found to be A, = 1.09 and

2 2

E2 = 1.45 with the aqueous 0.6M CuSOh solution, respectively,

which are in good agreement with A2 = 1.04 and E2 = 1.63 obtained
by Ibl et al§2 respectively-
Furthermore, Ibl et alé) determined the parameters appearing

in Eq. (2.29) and (2.30) as w, = 2.3, A = 1.7, n= 2.1 and € = 10.

1

In order to ascertain the A-value, u/um was plotted against y/T
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Table 3.1 Property constants used in the calculation

0.6M CuSOh solution 0.1M Cu.SOh solution
2y 1 1
D, (cmz/sec) k.5 = 10'6* 6.0 x 10'6*
¥y (cn2/sec)®10) 1.33 x 1072 1.022 x 107
al6’ll) 140 151.5
*tlll’lz) 0.29 0.357

* gee Appendix B
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in Fig. 3.15. According to Eq. (2.30), the plot of u/um against
y/T within the distence T from the cathode surface composes an
identical curve. Though the plot in Fig. 3.15 is somewhat scet-

tered, it cen be said that all of the experimental data virtually

cluster around & single curve. The best fitted A-value was ob-
tained as 1.3. The nmumerical value of 1.7 obtained by Ibl et
alg) is also within the variation of the experimental data.

In the next place, the natural convection in the agueous 0.1M
Cusou solution is examined. From the experimental values of U
and T obtained from Fig. 3.6 to 3.8 and the property constants of
the electrolyte demonstrated in Table 3.1, log(um;/Dl) and log(T/x)
wvere calculated, and they were plotted against log(Sce*Gr*) in Fig.
3.13 and 3.1L4, respectively, together with the experimental re-
sults with the agueous 0.6M CuSOh solution, As seen in these
figures, the experimental data obtained with the aqueous 0.1M
CuSOh golution also satisfy the prediction from the theory: (umx/
Dl) and (T/x) are proportional to the 2/5th and -1/5th power of
(Sc+Gr*), respectively. Presuming that the slope of the regres-
sion line is 2/5 and -1/5, respectively, the intercepts A2 and E2
of Eq. (2.64) and (2.65) at log(Sec*Gr*) = 0 were calculated by the
least squares method. They are

A_=0.81 end E, =1.46

2 2
When they are compared with the numerical values of A2 = 1.09 eand

n

E 1.45 obtained with the aqueous 0.6M CuSOh solution and with

2
6) . :
A, = 1.04 and E, = 1.63 obtained by Ibl et a.l.,) it may be said



that Ea—values are fairly well coincident with each other within
the experimental error. On the other hand, Ae—value obtained
in the agqueous 0.1M CuSOh solution is evidently lower than the
other two values obtained with aqueous 0.6M CuSOh solution.
Since the experimental error in the measureﬁent of w is fairly
minor as compared with T, it may not be appropriste to presume
that this difference in Aa-values is due to the experimental error.
The following considerations were made.

When the property constants of agqueous 0.1M CuSOh solution
are compared with 0.6M CuSO1+ solution shown in Table 3.1, Dl’ al

and *tl are higher and v is lower in 0.1M CuSOh solution.
Presuming that the parameters in Eq. (2.29) and (2.30) are wnvaried
in both solutions, it was disclosed from the calculation that um

in 0.1M CuSOh solution is about 10 percent higher than that in

0.6M CuSOh solution, which is contrary to the experimental result
of Fig. 3.13.

Then it is supposed that the parameters in Eq. (2.29) and
(2.30) are affected by the change of CuSOh concentration, and it
was tried to determine the parameters so as to fit the obtained
values of A, (= 0.81) and E2 (= 1.46), respectively. Among
the parameters, € which influences the slope of velocity profile
in the outer portion of hydrodynamic boundary layer has no sig-

6)

nificant effect on the estimation of um and T,  and it was assumed

to be 10. Furthermore, the parameter ml which determines the

concentration profile of CuSOh was assumed to be 2.3 from the ex-
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perimental results which will be mentioned in Chapter L. Then
the other parameters A and N were varied at an interval of 0.1 in
the region of 1.0 to 2.9 and 1.2 to k4.1, respectively, and A - and

E2-va1ues were calculated using each combination of these two pa-

rameters. Thus the combinations of parameters which yield the
values of A, and E, coincident with 0.81 and 1.L6, respectively,
were pursued. The results are summarized in Table 3.2. As

seen in this table, several combinations of A and N were obtained
with which the above requirements were satisfied. In these
combinations, A-value is 1.4 to 1.5 and n-value is 2.5 to 2.7.

Then the appropriateness of these numerical values were exam-
ined. With regard to A-value, the experimental values of (u/um)
in the inner portion of the hydrodynamic boundary layer (0§ y £ T)
were calculated from Fig. 3.6 to 3.8, and they were plotted a-
gainst (y/T) in Fig. 3.16. According to Eq. (2.30), this plot
composes an identical curve. Though the experimental plot in
Fig. 3.16 is somewhat scattered, it may be said that all of the
experimental data virtually cluster around a single curve, and the
above-mentioned A-values are in the middle of experimental data.
With 0.6M CusS0), solution, the A-value was obtained at 1.3 in
the present work, and Ibl et al.6) obtained 1.T. They are also
within the variation of the present experimental data.

The numerical values of 1 shown in Table 3.2, on the other
hand, are sbout 1.2 to 1.3 times larger than n-value of 2.1 ob-

tained by Ibl et a1.6) with 0.6M CuSOh solution. Since T-value
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Table 3.2 Estimated parameters which are fitted to

the experimental data

I

wl A n £ A2 E2
2.3 1.4 2.5 10.0 0.791 1.k98
2.3 1.5 2.5 10.0 0.8L48 1.456
2.3 1.5 2.6 10.0 0.828 1.ko8
2.3 1.5 2.7 10.0 0.810 1.363

Experimental data obtained
from Fig. 3.13 and 3.1k, 0.81 1.46
respectively
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obtained with 0.1M CuSOh solution is coincident within the experi-

6 both

mental error with those of the present work and Ibl et al.
obtained with 0.6M CuSO) solution, it is indicated that the thick-
ness of cathodie diffusion layer in aqueous‘O.lM CuSOh solution is
1.2 to 1.3 times larger than that in 0.6M CuS0) solution.

In order to verify this presumption, the following calculation

was made. From Eq. (2.41), we have
61 =( (UJ‘ErF ) Dl@f (3_)4_)
4 (1-%2,)

Presuming that the parameter W, is unvaried in aqueous 0.1M and

1
0.6M Cuso, solutions, the term, (wlle/i) on the right-hand side of
this equation is constant at a given cathodic current density.
From the experimental results of holographic interfercmetry
which will be described in Chapter 4, the concentration difference
of CuSOh between bulk-electrolyte and cathode surface, 61, in the
agqueous 0.1M CuSOLL solution is less than 0.05M under the present
experimental conditions. This value of @l may also be valid in
aqueous 0.6M Cus0, solution. The diffusivity of CusolL gt the
average concentration of 0.075M and 0.575M in the diffusion layer
of these aqueous solutions is 6.h42 x 10_6 cm?/sec and 4.45 x II.O_6
cm2/sec, respectively (see Appendix B). As seen in Table 3.1,
the variation éf transference number of Cu2+ ion due to the dif-
ference in CuSOh concentration in the diffusion layer may be o-

1,12)

nﬁtted% Then the ratio of thickness of the diffusion

layer in aqueous 0.1M and 0.6M CuSOh solutions is calculated as
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follows.

al(o.lm) 6.42 x 10"6 x 0.05 x (1 - 0.29)
6

61(0.6M) L.45 x 107 x 0.05 x (1 - 0.36)

1«6

Though this wvalue is slightly higher than the above-mentioned
value of 1.2 to 1.3, it may be said that the lower um-values in
aqueous 0.1M CuSO) solution than in 0.6M CuS0) solution are attrib-
uted to the higher n-value in the former solution which is mainly
due to the higher diffusivity of CuSOh in this solution.

Then the considerations were directed to the natural convec-
tion in the scolution containing CuSOh and HQSOh. By comparing
Eg. (2.92) with Eq. (2.61) and Eq. (2.94) with Eq. (2.63), re-

spectively, it is seen that the term &. in Eq. (2.61) and (2.63)

1
of the aqueous CuSOh solution was essentially replaced with the
term £ in Eq. (2.92) and (2.94) of the aqueous solution containing
Cus0, and HESOh. The term £ which is represented by Eq. (2.82)
indicates that the concentration gradient of H+ ion in the cathod-
ic diffusion layer has an inverse effect on the natural convection
as compared with Cu2+ ion. Thus Eq. (2.29) and (2.9L4) involve
an additional parameter o, and it is not possible to rewrite them
into the dimensionless expressions. Instead, it is desirable
to transform these equations into the forms of

, 33(:—*1))% /5, 1\2/5
ux=A ( ZI-F‘V' ki 2(5x") (3.5)
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where . ;?;

A' = (A - 1)[ 7@ } (3.6)
%3(‘*’:1 A, E’) A+

* 2 }?
N ( 5 F *h ) Y

and

/x = (3.7)
¢3 (1-*t))
where
E' = ELL (3.8)
respectively.

The numerical values um and T were obtained from Fig. 3.9 to
3.12, and log(umx) and log(T/x) were plotted against log(ixh) in
Fig. 3.1T7 and 3.18, respectively. The slopes of regression
lines were assumed to be 2/5 and -1/5 from Eg. (3.5) and (3.7),
and the intercepts were calculated and demonstrated in Fig. 3.17
and 3.18, respectively. It is clear from these diagrams that
w and T becomes lower in the acidified solution.

The parameters s w2, Ns A and € were determined so as to

i
fit to the obtained intercepts of

2l5, 1f5
1 - % *
A'[gE(1 - #t,) /2 F*]" k]
and
E'[le*vki/gE(l - *‘c)]l/5
respectively. The property constants of electrolyte used in
the calculation are summarized in Table 3.3. With regard to

the diffusivity of Cu,2+ ion, the diffusivity of CuSOLL in 0.6M

CuSOh-l.BSM H280 solution was employed in the calculation (see

L
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Table 3.3 Property constants of 0.6M CuSOh—l.ﬁM HESOh
solution used in the ealculation

k, (cn®/sec) L.75 x 10-6*

v (cm2/sec)l3) 1.40 x 1072

Oy (cmB/mol)lh) 120.6

o, (cn’/mo1)™) 1. 6ex

., (=155 0.0kk

#, (-)2528) 0.73

a (=) 0.29

¥ gee Appendix B
¥* see Appendix D

8939
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Appendix B). Among these parameters, € has no significant ef-
fect on the estimation of w and TG), and it was presumed to be 10.
It was also assumed that ml is equal to m2 as the first approxi-
matiog. Degree of the second stage dissociation of stoh in
this solution, a, was presumed to be 0.29 {éee Appendix C).
Regarding the parameters wl, A and n, they were varied at an in-
terval of 0.05 in the regions of 2.0-3.0, 1.2-3.0 and 1.4=3.0,
respectively, and the above-mentioned intercepts of Egq. (3.5) and
(3.7) were calculated using each combination of these four param-
gters. The combinations of parameters which yield the calcu-
lated intercepts coincident with the experimental ones were pur-
sued. The results are summarized in Table 3.k,

As seen in this table, several combinations of parameters
were obtained with which the above requirement was satisfied.
It is seen that the fitted o-value is 1.5L4 in these calculations.
The diffusivity of H+ ion is higher than Cu?+ ion and the diffu-
sion layer of H+ jon is thicker. Then O is higher than unity.
On the other hand, the term £ in Eq. (3.5) and (3.7) is positive,
and 0 is less than 2.22. The above O-value is within these

17)

two limitations. Ibl et al. obtained g-value of 1.5 from the

theoretical calculation under the experimental conditions of

+
Brennerle) assuming that HQSOh is completely dissociated into 2H
D
+ SOh.
The A-value shown in Table 3.4 is 2.90 and 2.95. In order

to examine the appropriateness of this numericel value, u/um
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Table 3.4 Estimated parameters which are fitted to
the experimental data
No. W A f = & um/12/5x3/5 /175,275
1 2.10 2.95 2.50 10 1.5h4 0.344 0.00479
2 2,15 2.95 2.50 10 1.5k 0.348 0.00487
3 2.20 2.95 2.55 10 1.5k 0.348 0.00487
Y 2.20 2.95 2.60 10 1.54 0.3L43 0.00k479
5 2.25 2.95 2.60 10 1.5k4 0.3L47 0.00L486
6 2.25 2,95 2.65 10 1.5L 0.342 0.00479
7 2,30 2.90 2.65 10 1.5k 0.3L45 0.00487
8 2.30 2.95 2.65 10 1.54 0.347 0.00847
9 2.30 2.95 2.70 10 1.54 0.343 0.00479
10 2.35 2.95 2.70 10 1,5k 0.347 0.00486
11 2.35 2.95 2.75 10 1.54% 0.3k41 0.00479
12 2.0 2.95 2.75 10 1.54 0.345 0.00k486
13 2.45 2.95 2.80 10 1.5h4 0.345 0.00486
Experimental data obtained from
0.355 0.00k479

Fig. 3.17 and 3.18, respectively
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within the distance T shown in Fig. 3.9 through 3.12 were plotted
against y/t in Fig. 3.19. The majority of the experimental
data is located between the curves of A = 1.3 and 3.0, and the ob-
tained A-values may be appropriate though they are rather close to
the upper limit of the experimental values.-

It was already mentioned that both um and T are reduced when
HESOh is added to the solution, and the reasons of the reduced T-
value were pursued. Among the property constants shown in Table
3.3, the difference in kinematic viscosity between the aqueous 0.6M
CuSOh and 0.6M CuSOh—l.BSM H280h solutions is minor, and the low=-
ered u and T in the acidified solution canncot be ascribed solely
to the rise of the kinematic viscosity. Selman and Newmanla’lg)
calculated the velocity profile of the natural convective flow in
the cathodic boundary layer at the limiting current densities in
. the solutions containing CuSOh and excessive amount of HESOh’ and
they indicated that the velocity profile was affected by the ac-
cumulated H+ ion in the cathodic diffusion layer which migrates
from the bulk-electrolyte.

The concentration profile of H+ ion in the diffusion layer
is inverse to the profile of Cu2+ ion, and the soclution density
in the cathodic boundary layer is determined by the concentrations
of H+ and Cu2+ ions. The terms of buoyancy force in the inte-
grated Navier-Stokes equation are affected by the density of the

solution. Based on this thought, the density distribution

near the cathode surface was calculated at a height of T em from
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the lower edge of cathode and at a current density of 1 mA/cme.
With regard to the aqueous solution containing only CuSOh,

6)

the parameters determined by Ibl ’ were employed: they were sub-
stituted in Eq. (2.63) and we obtained T = 0.0343 cm. The den-
sity distribution is expressed as

w

AP _ _ ¥ %
Fp = 4% T 00, -5 )
+ 2.3
= 0.00 j L .
337( 0'072') (3.9)
because .
%

1T 40-"4) = 0.0000241 mol/cm3 (3.10)

17 “%?:F:CH
The calculated density profile is demonstrated with dots in Fig.
3.20.
With regard to the solution containing both CuSOh and HESOh’
the parameters shown on the eighth line of Table 3.4 were substi-
tuted in Eq. (2.94), and T = 0.0282 cm was obtained. The ex-

Pression of density distribution is

AP
¥p - a,8) + 0,8,
_ gy % y Y
= Ct.l@l(l —.ﬁ) #+ uQOE(l —(;;—'?"-E) (3-11)

: 2+ +
Since the thickness of diffusion layers of Cu and H ions are

given by nT and onT, respectively, we have from Eq. (2.83)

@l = 0.00003k4k mol/cm3 (3.72)
Then
AP e ¢ Y
_*F = Gl@l(l —-‘TE) —'YUCl-Eel(l —'o':”?—_E')

T —
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F 2.3 4 2.3
= 0.00414(1 = ——=)""" -~ 0.0019(1 - :
( a.o%) 2 0./ )
(0 y£ 0.076 cm) (3.13)
and
AP F M
= -y00,.0 (1 ———
P Yoo,0, ( cr?tJ
- ~0.00119(1 ——F )23 (3.14)
0.117
(0.076 em £ y£ 0.117 em)
respectively. It is also demonstrated with circles in Fig. 3.20.

By comparing these two curves shown in Fig. 3.20, it is clear
that Ap/*¥p in the aqueous 0.6M CuSOh solution is positive and the
buoyancy force acts in the upward direction in the whole region of
the diffusion layer. On the other hand, the sign of Ap/#*p
changes from positive to negative within the diffusion layer in
the aqueous 0.6M CuSOh-l.BSM HZSOh solution: the direction of
the force is downward in the region of ca. 0.05 cm £ y & ca.
0.12 cm. Thus the upward natural convection is depressed by
the gravitational force caused by the accumulated H+ ion, and T

is thought to be reduced in the acidified solution.
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3.4  Summary

Along the surface of a vertical plane cathode installed in
an unstirred electrolyte, natural convection occurs in the upward
direction. It is caused by the concentration gradient of cat-
ions in the diffusion layer. The rate of mass transfer of
cations across the diffusion layer and the distribution of the
local cathodic current densities are affected by this natural con-
vective flow.

The velocity profile of the natural convective flow was meas-
ured in the aqueous solutions containing CuSOh and HESOh: small
colophpnium particles were suspended in the solution and the mo-
tion of the particles dragged along by the convective flow near
the cathode surface was filmed with a cinecamera. The measure-
ment was carried out at 23° * 1°C with the aqueous solutions of
0.6M CuSOh, 0.1M CuSOh and 0.6M CuSOh-l.SM HQSOh, respectively,
at various heights from the lower edge of cathode at the cathodic
current densities below L mA/cm? where the vertical distribution
of the local current densities is presumed to be uniform.

It was revealed from the experimental results with the aque-
ous CuSOh solutions that the non-dimensional theoretical correla-
tions between um;/Dl and (Sc*Gr*) and between T/x and (Sc*Gr¥) are
satisfied under the experimental conditions of wmiform distribu-
tion of cathodie current densities in the vertical direction,

respectively. The maximal veloeity, w s and the distance be-
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tween the cathode surface and the position of w s T, in the aque-
ous 0.6M CuSOLL solution were in good agreement with the experimen-
tal results obtained by Ibl et alé)

Furthermore, the experimental results with the agueous 0.1M

CuSO1+ solution were compared with those obtained with aqueous 0.6M

c:u.‘SO}+ solution, and the effects of CuSOh concentration on the ve-

locity profile were pursued. In-the 0.1M CLJ.SG]+ solution, u.m
is lower. This is clear from Fig. 3.13 in which log(umx/Dl)
was plotted against log(SceGr¥). The lower u_in 0.1M CuSO,

solution was not able to be explained from the difference of prop-
erty constants of the two solutions. The parameters €, w, and

A are unvaried in these two solutions, an the parameter n(= 61/T)
is larger in 0.1M CuSOh solution. Since T is virtually unvaried
in both solutions, the higher value of n in 0.1M CuSOh solution

may indicate that the thickness of diffusion layer is larger in
this solution. From the calculation, it was revealed that the
larger 8-value in 0.1M CuSOh solution is mainly attributed to the
higher diffusivity of CuSOLL in this solution.

Next, the experimental results with the aqueous 0.6M CuSOh-
1.85M HQSOh solution was found to satisfy the theoretical expres-
sions of um and T in the solutions containing CuSOh and HQSOh which
were derived in Chapter 2. The parameters involved in these
equations were determined according to the procedure proposed by
Ibl. In this calculation the incomplete dissociation of HQSOh

was taken into consideration, and the ratio of the thickness of
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diffusion layers of il ion and Cu2+ ion was obtained at 1.5k,
which is an important parameter in the considerations of the ion-
ic mass transfer in the cathodic diffusion layer of the aqueous
CuSOh-HESOJ+ solution. From the comparison of velocity profiles
in aqueous 0.6M CusS0, and 0.6M CuS0) -1.5M H,S0) solutions, it was
revealed that both um and T are reduced in the latter solution
containing CuSOh and HESOh. In order to clarify the reduced
T-value in the solution containing CuSOh and HESOM’ a calculation
was carried out. It was presumed in this calculation that the
change of kinematic wviscosity of solutions has no virtual effect
on the change of T-value. In both solutions containing CuSOh
and CuSOh-stoh, the density distributions in the ecathodic diffu-
sion layer were calculated, respectively, and it was disclosed
that Ap/¥*p is positive in the whole region of the diffusion layer
in the former aqueous solution. On the contrary, Ap/*p
changes from positive to negative in the diffusion layer of the
latter solution because of the inverse concentration profile of
H+ ion. Thus the upward natural convection is thought to be
depressed by the negative Ap/*¥p in the outer portion of the

cathodic diffusion layer.
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CHAPTER 4 CONCENTRATION DISTRIBUTION OF CuSOh AND HESoh

IN CATHODIC DIFFUSION LAYER

4.1 Introduction

It was mentioned in Chapter 1 that the concentration of ionie
species near the cathode surface becomes different from the bulk-
electrolyte along with the progress of electrolysis, and the
cathodic diffusion layer is formed. When the electrolysis
takes place on a vertical plane cathode installed in an unstirred
agueous solution, upward natural convective flow occurs along the
cathode surface due to the concentration difference of ionic spe-
cies between the cathodic diffusion layer and the bulk-electrolyte.
The resultant convective ionic mass transfer in this diffusion
layer affects the rate of electrodeposition: for example, the dis-
tribution of the local current densities in vertical direction on
the cathode surface i1s determined solely by the ionic mass trans-
fer in the cathodic diffusion layer when the applied current is
at the limiting value. The cathodic concentration polarization
is often caused by the decrease of concentration of the reacting

ionic species near the cathode surface.
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'In the industrial electrolytic refining and plating, an exces-
sive amount of supporting electrolyte such as HESOM is usually
added to raise the conductivity, and H280Ll is dissociated into H+,
HSOi and Soi_ ions among which H+ ion migrates toward the cathode
surface due to the apnlied potential gradient between both elec-
trodes. The concentration profile of H+ ion is established in
the cathodie diffusion layer, and it also affects the natural con-
vective flow along the cathode surface, Consequently, the ion-
ic mass transfer of the reacting species in the cathodic diffusion
layer is affected by the accumulation of HESOh in this layer.

It is important to measure the concentration profiles of the re-
acting species and H+ ion in the cathodic diffusion layer.

Many experimental works have been carried out on the cathod-
ic diffusion layer by measuring the current-potential curve.

1)

The thickness of the Nernst diffusion layer can easily be cal-
culated from the cathodic limiting current density obtained from
the current-potential curve. However, this thickness is mere-
ly the average thickness of the cathodic diffusion layer in which
the local gradient of concentration is assumed to be equal in
vertical direction along the height of the cathode surface: it is
not possible to obtain the actual thickness of the cathodic dif-
fusion layer from the measurement of the current-potential curve.
It is also clear that this measurement does not offer any infor-

mation about the cathodic diffusion layer at the current densities

below the limiting value.
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A few experimental studies have been made, on the other hand,
to directly measure the concentration profile of CuSOh in the dif-
fusion layer near the cathode surface. However, the thickness
of this diffusion layer is about 0.1 c¢m or less, and the measure=-
ment was very difficult. Read and Graham?) for example, tried
to determine the composition of the cathodic diffusion layer by
sucking the solution from this layer with a small glass capillary.

L)

BrennerB’ also measured the concentration profile in the cathod-
lc diffusion leycer by rapldly freezing the solution, shaving 1t
into thin slices parallel to the cathode surface and analyzing
then. However the cathodic diffusion layer was disturbed in
both measurements of the concentration profile, and the measuring
precision was insuffiecient.

An optical method using a technique of Jamin interferometry
was proposed by Ibl et al?’6) Thereafter, Tvarusko et al.’a)
conducted the measurements of the concentration profile and the
diffusion layer thickness at an unsteady state by applying Mach-
Zehnder interferometry with a laser emitter as the light source.
The optical methods of Jamin and Mach-Zehnder interferometries
have an advantage that the measurement of the concentration pro-
file in the cathodic diffusion layer is carried out without dis-
turbing the thin liquid layer. When these techniques are em-
ployed, however, the optical precision imposed on the electrolytic

ccll is so sbrict that only the cells of smaller sizes can be used

because of the difficulty in the preparation. Thus Ibl et al.
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measured the concentration profile of Cusoh at a height of only
0.9 cm from the lower edge of the cathode installed in a small
electrolytic cell. Tvarusko et al. also employed the vertical
plane cathode of only 1.7 em height for the measurements of the
thickness of cathodic diffusion layer and the concentration dif-
ference between bulk-electrolyte and cathode surface.

Holographic interferometryg ,10,11)

is employed in the present
work to measure the concentration profile of CuSOh in the cathodic
diffusion layer during the electrolysis of agueous CuSOh solutions.
The same technique is also employed to measure the profile of re-
fractive index of the solution in the cathodic diffusion layer in
the electrolysis of CU‘SOL;_HQSOL aqueous solutions. One major
experimental advantage of this technique is the employment of com-
mon path interference which is different from the conventional
two-beam interference used in the above-mentioned Jamin and Mach-
Zehnder interferometries. Because of this advantage, it be-
comes possible to measure the concentration profile along the sur-
face of a taller plane cathode instelled in & large electrolytic
cell of lower optical precision.

The concentration gradient of CuSOLt in the cathodle diffusion
layer ylelds the gradient of refractive index of Lhe solutlon, and
the incident beam which passes through the cathodic diffusion lay-
er is deflected due to the gradient of the refractive index.

Then the obtained interferogram is distorted due to the deflection

of the incident beam. In order to obtaln the accurate concen-
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tration proflle from the interferogram, Lhiu opllcal diclortion
has to be corrected when the gradient of refractive index is rela-
tively large.

The optlcal diptortion due to the deflectlon of the incildent
beom wao pomeblmes nol taken into consideration in the previous

5,6,7,8)

worln’ N correcting precedure in propoucd ln Lhe prenent
work assuming that the change of refractive index in the cathodic
diffusion leyer between the incident and exit points of the beam

on the inner wall of the electrolytic cell is approximated to be

linear.
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4.2 Concentration Profile of CuSOh in Cathodiec Diffusion

Layer in the Electrolysis of Aqueous C\.J.SOJ+ Solution

4.,2.1 Experimental Arrangement and Procedure

Holography is a novel photographic technique which was in-

12}

vented by Gabor in 1947, This technigue was further improved

3)

and developed by Leith et 9.1:1' by using a laser emitter as the
coherent light source after the invention of the laser emitter by
Maiman in 1960.

In the conventional photographic technique, the two-dimension-
al image of an oblect is focused on a film plane by using a lens
system. On the contrary, in the holographic technigue the wave
front of light from the object is recorded on a photographic plate.
The lenses for focusing the image is not always necessary. The
image of the obJect is easily reconstructed from the developed
photographic plate. As seen in Fig. L.1l, the coherent beam
from & laser emitter is separated into two beams. One beam is
emitted on the object O which i1s to be recorded, and the reflected
beam from the object is transmitted to the photographic plate Ph.
The reflected beam from the object is called as the obJect beam.
Another beam which is called as the reference beam is reflected
on & mirror M and directly transmitted to the same photographic

blate. The developed photographic plate is called as a holo-

gram. It contains all optical informations about the object
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V.I.

Iig. L.1  Schematic illustration for making a hologram

and reconstructing an image from the hologram
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in the form of fine and complicated interference fringes which are
produced by the interference between the two coherent object and
reference beams on the photographic plate.

The informations recorded in the hologram can easily be taken
out by emitting a coherent beam from the light source of laser
emitter. The wave front of light from the object is recon-
structed: it is the same as the wave front of light diverging from
the object when the hologram was made. This reconstructed
image of‘ﬁhe object is not distinguishable from the original ob-
ject, and it is three-dimensional and possesses the same contrast
and parallax as the original object. The reconstructed image
from the hologram is visible and can also be recorded by camera.

14,15,16) is based on the fact that

Holographic interferometry
the phase information of light from the object can be recorded in
end reconstructed from the hologram. It is known that there
are three main procedures of producing a holographic interfero-
gr&m%T) They are called as double exposure, time-average and
real-time holographic interferometries. Among these procedures,
the real-time holographic interferometry is thought to be the most
versatile and suitable for the chemical applications, and the con-
centratlon proflles of CuSOh in the cuthodie diffuslon layer wvere
measured in the present work by using this technique.

The experimental arrangement in the present work 1s schemat-

ically illustrated in Fig. L4.2. A helium-neon gas laser emit-

ter L of 10 mW output was used as the light source. The laser
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beam was split into two beams by a half-mirror B. A reference
beam was reflected on the mirrors Ml and Mh and expanded by a lens
E2 (objective lens of a microscope, magnification x 10), and the
beam intensity was adjusted by an attenuation polarizer A.

Then it was transmitted to a photographic plate H. Another ob-
ject beam was collimated to a diameter of 1.2 cm by a objective

lens of a microscope E (magnification x 5) and a lens L. (f = 200

2
mm). After passing through the vicinity of the cathode surface
in the electrolytic cell C, it was Joined with the reference beam
on the same photographic plate: the image of the vicinity of the
cathode surface was magnified about fifteen diameters and the back
edge of the cathode surface facing the camera was focused on the

screen SC by a lens L, (f = 200 mm). After the photographic

2
plate was developed, the hologram was reset at the same position on
the frame of the plate holder. With the reference beam incident
on this hologram, the wave front of the beam which passed through
the electrolytic cell is reconstructed. By superimposing the
reconstructed wave front with the wave front of the beam which
passed through the electrolytic cell, parallel interference fringes
are easily obtained on the screen. Then the reconstructed and
real images of the cathode surface were exactly superimposed by
finely adjusting a rack and pinion mechanism mounted on the plate
holder within an error of 10 um. When the electrolysis was

started, these interference fringes were shifted due to the con-

centration gradient in the cathodic diffusion layer, and they were
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filmed with a camera. The real silhouette of the cathode sur-
face obtained on the screen appears to be advanced to the solution
side of the solution-cathode interface after the start of the elec-
trolysis. This 1s due to the gradient of refroctive index
formed in the cathodic diffusion layer. However, the position
of the cathode surface in the reconstructed image from the holo-
gram does not change during the electrolysis, and this position

was taken as the origin of horizontal distance from the cathode
surface. '

In order to eliminate any vibration during the measurement,
all optical instruments except the camera shown in Fig. 4.2 were
installed on a heavy steel table ridden on a truck with four tires.
Furthermore, each tire was fixed on the bricks placed in a sand
box. By cmploying this system for abgorbing the vibration,
almost all of the vibrations were elimiated.

The electrolytic cell is illustrated in Fig. L.3. The
inner dimension of the cell was 0.7 cm thick, 13 cm wide, and 10
cm high. The copper electrodes were 0.47 cm square and 16 cm
long, and the effective area of the electrodes was 0.47 x 9.0 cm2.
The distance between both electrodes was maintained at 10 cm.

As already mentioned, the thickness of the cathodic diffusion
layer is less than sbout 0.l cm, and it was essential to install
the cathode surface exactly parallel to the incident beam. In
order to realize this, a revolvable cathode holder shown in Fig.

4.3 was employed. After the cell wall on the light-entrance
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side was adjusted to be at right angles to the incident beam, the
cathode was gently revolved and maintained at a position where the
enlarged silhouette of the cathode surface on the screen recedes
farthest.

Analytical reagent grade CuSOh-ﬁHQO and deionized water were
used, and the aqueous CuSOh solution was prepared. A photo-
graphic plate of spectroscopic quality is required for filming the
holographic interferogram. The photographic plate SCIENTIA
10E75 (Agfa-Gevart) was employed in the present work. It has a
resolving power of 1000 lines/mm, and the ASA rating is less than
5 (50 erg/cma). The exposed photographic plate was developed

and fixed with ATOMAL and G-334 (Agfa-Gevart), respectively.
4.2.2 Interpretation of Interferogram

The relationship between the change of the refractive index

of the solution and the fringe shift on the interferogram is gen-

5)

erally given as

(Fn-n)d
2.:

=N (h.l)

When the incident beam is transmitted into a solution having a
varying refractive index, however, the true profile of the refrac-
i ; . 12,13) A

tive index is not cbtained from Eq. (L4.1)- This is be-

cause the incident beem is deflected in the cathodic diffusion

c 8
layer toward the direction of higher refractive index ) as shown



115

in Fig. 4.h. Thus the profile of the refractive index calcu-
lated from Bq. (L.1), nf(y_), does not represent the true profile.
In order to obtain the true profile of the refractive index in the
cathodic diffusion layer, this optical distortion should be cor-
rected. The following correcting procedure is proposed.

The correction involves the estimation of the deflection of
the incident beam, Ay, in the diffusion layer and the estimation
of the position of a point where the true refractive index of the
solution is equal to the apparent refractive index at the exit
point of the beam, nf(yo). Only one approximation in this cor-
rection is that the change of refractive index between the incident
and exit points of the beam is regarded as being linear as shown
in Fige k..

Under this approximation, the expressions of the optical path

length and the deflection of inecident beam which passes through

the solution near the cathode surface are given by Miiller:l'e)
They are
' R 4
] n&d Na K {( 2 d)
p = - an r (}*-2)
2 bR My
ni n ( kol )
= - = - - o L.
by =y, -v; % Z sh 7 (4.3)
respectively. Approximation of these equations yields
/I 2 2.3
= R L.y
P =nd+s 7 k“a (L.4)
ol%
by = L (4.5)
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The epparent refractive index at the exit point of the beam, nf(yo)‘
calculated by Eq. (4.1) is equal to the ratio of optical path
length and width of the cathode, p/d, and the following equation

is obtained.

2 pp
-r-t—i-kd (4.6)

@]~

p
nelyg) == =m0 ¥

It is expected from Eq. (4.5) that the deflection of the incident
beam in the diffusion layer is about 50 Um or less, and it is far
less than the thickness of the cathodic diffusion layer which is
about 500 uym in the present work. It may be reasonable to ap-
proximate that the change of refractive index is linear within

the whole region of beam deflection, Ay. Then the refractive
index of the solution in the vicinity of the incident point of the

Eeam can be expressed as follows.
— + -
b= f, k(y yi) (4.7)

By equating Eq. (4.6) and (L4.7), we obtain the position of a point

where the true refractive index, n, is equal to nf(yo)- It is
| 2 .22
+ - = e L,

n, k(y yi) n, +3! Ry x“a (4.8)

or
% 2
¥y-v =——:~ d (h.9)
1 3

By comparing (y - yi) with Ay of Eq. (L.5), we have

6= 2 (4.10)
ay 3
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It can be said that nf(yo) becomes equal to n at a point of
{yi + (2/3)Ay} or {yo - (1/3)Ay} under the assumption of linear
change of refractive index between Yy and ¥y

Under the anonumptlon of lincnr ehinge of refroclive index,

1h)

Mizuohina ct ul’.F propoged Lhe followlng caleulating procedure
for the heam deflaction wibhin the diffunlon Loyer rom Lhe appia-
ent profile of the refractive index. When the dlireellon of the

incident beem is at right angles to the inner wall of the electro=-

lytic cell, the beam trajectory within the diffusion layer is ex-

pressed by the following differential equation%S)
2
a({f)?’ ['n(g)]
—] + 1= (b.,11)
d 2 ny,)
where n(yi) is the refractive index at the inecident point of the
beam. Integration of Eq. (L4.11) under the boundary conditions
of
¥y=v, z=20
: (k.12)
Y=y, z =4
yields
b
fdz "—'J '1 - = O(g (4.13)
A mjm%ﬂ—[mmﬂ

The left-hand side of this equation represents the width of the
cathode, and the right-hand side can be integrated under the as-
sumption of linear change of the refractive index. Thus the

following equation is obtained.
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z Z
nig) g [ neg) E’L‘f;’;' - ) } (4.14)
rgs .

The refractive indeces n(yi) and n(yo) are sufficiently close with

each other, and the substitution of an approximate relationship of
+ =
nly, ) + nly,) = 2n,(y ) (4.15)

in Eq. (4.14) yields

(a(ncy)) _ 'J‘LCga)"I‘l(ﬂ;.)+4/-2Vl{-(353[flcﬁa)"1<#iﬂ (4.16)
- = .

g 5: L' d

Furthermore, the deflection of the incident beam in the diffusion

layer is expressed as

n4,) - 4
(dm:g))
“f <4

From the definition of the optical path length of incident

(4.17)

beam in the diffusion layer, we have

4 .
= [nin J3 () o 18

%
Substitutions of Eq. (4.11) in Eq. (4.18) and the resultant equa-

tion in Eq. (4.6) yield

%
nf(yo)= [f E"C?’Jl 4 (4.19)
L), ToegT- G
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Differentiation of this equation with Y, further yields

L -’_ﬁn(y )% - [nly.)]° (4.20)
dgp d (@] n 8

From Eg. (h.15), we have
N
odng )
[0( dy J
2“2(.(:#:)

(k.21)

n(yo) - n(yi) =

Then the deflection of the incident beam in the cathodiec dif-
fusion layer is calculated by using Eq. (4.16), (4.17) and (4.21)
where the gradient of the apparent refractive index, [dnf(yo)/dyo]:
is obtained from the interferogram. In the calculation of
[dnf(yo)/dyo], the measured nf(yo) was expressed by the second
order equation of yo by applying the least squares method.

Then the correction of the profile of refractive index is com-
pleted by transferring nf(yo) to a position of (yo - 1/3Ay) in
the direction toward the cathode surface.

It is known that the pattern of interferogram is significant-
ly affected by the position of the plane of focus on the cathode

12)

surface. According to Muller, ’ the optical distortion on the
interferogram is minimal when the middle point of the cathode
width is chosen as the plane of focus, although it is rather dif-
ficult to exactly determine the plane of focus at this point.

Muller et a1%6) also attempted the theoretical analysis of the

light deflection in an optical arrangement where the plane of
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focus is placed on the front edge of the cathode surface facing
the light source. This is a good procedure for correcting the
light deflection when a large optical distortion is present in the
solution due to the gradient of refractive index. However, the
back edge of the cathode was chosen in the present work as the
plane of focus according to the conventional method which was em=
ployed by many previous workers?"a) This is because the gradi=-
ent of refractive index in the cathodic diffusion layer is thought
to be fairly minor under the present electrolytic conditions.

The correcting procedure proposed in the present work for the
light deflection is appropriate when the gradient of refractive
index in the diffusion layer is moderate and the change of re-

fractive index between the incident and exit points of the beam is

approximated to be linear.

4,2.3 Experimental Results

The experimental conditions are summarized in Table L.1.
The measurements were carried out at 23° £ 1°C. The current-
potential curves were obtained with the solutions shown in Table
4.1, and they ere illustrated in Fig. k4.5. As the reference
electrode for measuring the cathode potential, an enameled copper
wire of 0.18 cm in diameter was used. The average cathodic
current densities where the concentration profiles were measured

are also shown in the figure. It is seen that the applied



Table 4.1

Experimental conditions

Electrolyte

0.05M and 0.1M CuSOh agueous soluticns

Distance from lower

edge of cathode (cm)

Average cathodic current

density (mA/cm2 )

1, 2, 4 and 8

0.473, 0.946, 1.k2, 1.8,

2,29, 2.76, 3.65 and L.&0

cct
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i (mAlcm?) 0473 0946 184 2.29 2.76 3.65 460

Fig. 4.5 Current-potential curve
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current densities ranged up to the limiting value in the solution
of 0.05M CuSOh and they were below one-half of the limiting value
in the solution of 0.1M CuSOh.

A few exoamples of the holographic interferogram are demon-
strated in Fig. L.6. A holographic interferogram near the
cathode surface before the start of electrolysis is shown in Tig.
L.6(a). The horizontal interference fringes in this figure
were employed as the reference for measuring the concentration
profile. Figures L.6(b) through (d) demonstrate the interfer-
ograms of 0.05M CuSOh solution at an average cathodic current den-
sity of 1.8k mA/cme. The measuring height was varied at 1, L
and 8 em from the lower edge of the cathode, respectively.

They were filmed after 10 min had elapsed from the start of elec-
trolysis: it was observed that the diffusion layer is at the steady
state. As seen in these figures, the thickness of the diffu-
sion layer increases in the upper portion of the cathode. This
is due to the growth of the upward natural convective flow along
the cathode surface.

From these holographic interferograms, the apparent profiles
of refractive index in the cathodic diffusion layer were calculat-
ed by using Eq. (4.1), and the true profiles of refractive index
were obtained by correcting them according to the procedure men-
tioned in k4.2.2. Furthermore, from the regression of the re-
fractive index, n, upon CuSOh concentration, ¢, in the solution

the concentration profiles of CuSOh were calculated. The re-
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Cathode Surface

Electrolyte

Fig. 4.6 Hologruphic interferogramg of culhodlce
diffusion layer:
(a) before the start of electrolysis,
(b) x =1 em, (¢) x = 4 em, und
(d) x = 8 cm during the electrolysis of

0.05M CuSOh solution at i = 1.8L mA/cm2
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frective index of the agueous solutlon contalning CuSOh nt various
concentrations was measured at 23° * 1°C by using the Abbe refrac-
tometer. The regression is expressed as

n = 1.,3330 + 28.h)ec (h.22)
in o reglon below the concentratlon of 0.5M CuSOh.

A foew exumplen ol Lhe corrceled concenbrabion profile nre
demonstrated in Fig. L4.7. They were cbtained with 0.05M CuSOh
solution at a height of 4 cm. The uncorrected concentration
profiles at each current density are also shown. It is seen in
this figure that CuSOh concentration at the cathode surface is
lowered and the thickness of the diffusion layer decreases when
the average cathodie current density is raised. Furthermore it
is seen that the above-mentioned correction becomes significant

when the concentration graident is steeper.
4.2.4 Discussion

In order to calculate the theoretical concentration differ-
ence and the thickness of the diffusion layer by Eg. (2.35) and
{(2.54), respectively, both of which were derived under the assump-
tion that the verticel distribution of cathodic current densities
is uniform on the cathode surface, it is necessary to obtain the
numerical values of the parameters involved in these eguation.

The parameter W which influences the concentration profile

of CuSOh was determined as follows. Logarithm of (61/01) in
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0.05M and 0.1M CuSOh solutions was plotted against log(l - y/dl)
in Fig. 4.8 and 4.9 according to Eq. (2.29), respectively. As
seen in Fig. 4.8, the majority of the experimental date are scat-
tered in the region between the slopes of 2.0 and 3.0, and the w
value for 0.05M CuSOh solution was determined as 2.39 by the least
squarcs mebhod. From the similar proccdure it was cobimaled to

be 2.31 for 0.1M CuSOh solution. Ivl et al%s)

obtained the nu-
merical value of 2.3 from the interferometric measurement in 0.6M
CuSOh solution at a height of 0.9 em.

The other parameters A, € and N involved in Eq. (2.30) which
influence the velocity profile of natural convection were presumed
to be 1.5, 10 and 2.5, respectively, from the measurement of nat-
ural convective flow in 0.1M CuSOh solution mentioned in Chapter
3.

In order to examine the validity of Eq. (2.53) and (2.5k),
logarithmic concentration difference between bulk-electrolyte and
cathode surface, log Ac, was plotted against logarithmic average
cathodic current density, and Fig. 4.10 and L.11 were obtained
for the solutions of 0.05M and 0.1M CuSOh, respectively. As
seen in these figures, the slope of all straight lines is 4/5 which
is equal to the theoretical value derived from Egq. (2.53).

The dependance of log Ac on the logarithmic height from the
lover edge of the cathode was also examined: log Ac in the solu-

tions of 0.05M and 0.1M CuSOh was plotted against log x in Fig.

4.12 ang L.13, respectively. By comparing the experimental
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slopes with the theoretical value of 1/5 from Eq. (k.53), it is
geen that the measured slopes in Fig. 4.12 are equal to 1/5 when
the average current density is below 2.76 mA/cm? and the slope
decreases when the average current density becomes higher than
3.65 mA/cmE. This may suggest that the local cathodic current
densities is not wniform in vertical direction above 3.65 m.A/cmE.
By comparing Fig. 4.13 with Fig. 4.12, it was revealed that the
slopes in Fig. 4.13 are nearly equal to the theoretical value of
1/5 up to the current density of 4.6 mﬁ./cmg. This is due to
the reletively lower applied current densities than the limiting
value in the agueous 0.1M CuSOh solution.

The dimensionless numbers of th, Gr¥* and Sc were calculated
by using the experimental data and property constants mentioned
in Table k4.2, They are summarized in Table 4.3 and k.4, re-
spectively. Furthermore, log(th) was plotted against log(Sce
Gr*) in Fig. L.1L. The theoretical value was calculated from
Eq. (2.59) and it is also shown in the same figure. It is seen
that the experimental results obtained at the lower current den-
pities are in fairly good agreement with the theoreticul vuluc,

The Lhooreblewl rolublongh!p demonubrabed Suo kg, (00h) we
also examined, Logurithmic thickness of the diffusion luycr in
0.05M and 0,1M Cuso) solutions wus plotted agulnsl the logerlth-
mic average current density in Fig. 4.15 and 4.16, respectively.
It is seen in these figures that the slopes in the region of the

lover current densities is in fairly good agreement with the the-



Table 4.2

Paremeters used in the calculation

0.05M CuSOh solution

0.1 CuS0, solution

(-)

(em”/sec)
(em’/sec)
(em>/mo1)

(=)

6.5 x 10_6*

1.043 x 1072
151.5

0.643

6.0 x 10—6*

1.022 = 10

* gee Appendix B

QLT
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Table 4.3 The experimental data and the dimensionless numbers of
th, Gr®* and Sc with agueous U.05M Cu:JOb solution

x 1 “¢ e 8, sn 8 /xx 102 se x 10° ore x 100
(m) (mA/cn®) (M) (M) (mm) (=) = (] (-3

1 0.473 0.0429 0.0071 O0.L5k 34.15 4.54 1.57 0.003bLY

1 0.946 0.0373 0.0127 0.394 38.18 3.94 1.57 0.00688

1 l.k2 0.0328 0.0172 0.374 k2.32 3.7 1.57 0.01032

1 1.8k 0.0309 0.0191 0.346 L9,38 3.6 1.57 0.01338

1 2.29 0.0289 0.0211 0.37T 55.63 3.77 1.57 0.01665

1 2.76 0.02k3 0.0257 0.362 55.05 3.62 1.57 0.02007

1 3.65 0.0194 0.0306 0.366 61.14 3.66 1.57 0.0265k

1 L.60 0.0128 0.0372 0.3k0 63.39 3.ko 1.57 0.034ko

2 0.473 0.04k17 0.0083 0.665 58.42 3.33 15T 0.05502

2 0.9L6 0.0371 0.0129 0.512 75.18 2.56 1.57 0.1100

2 1.k2 0.0324 0.0176 0.451 82.72 2.26 1.57 0.1652

2 1.684 0.0276 0.0224 O0.474 84,21 2.37 1.57 0.21k4o

2 2.29 0.0238 0.0262 0.459 89.61 2.30 1.57 0.2664

2 2.76 0.0209 0.0291 0.L64 97.2L4 2.32 1.57 0.3210

2 3.65 0.0143 0.0357 0.469 10L.8 2.35 1.57 0.4257

2 4.60 0.0061 0.0439 0.4k6 107.k4 2.23 1.57 0.5351

" 0.473 0.0399 0.0101 ©0.Tké 96.02 1.87 1.57 0.8803

b 0.9L6 0.0346 0.0154 0.568 125.9 1.k2 1.57 1.761

N 1.k2 0.0281 0.0219 0.600 132.9 1.50 1.57 2,643

4 1.84 0.0251 0.02k9 0.57h4 151.5 1.4y L.57 3,424

L 2.76 0.0177 ©.0324 0.559 17k4.7 1.h0 1.57 5.137

4 3.65 0.0137 0.0363 0.551 206.2 1.38 1.57 6.793

b 4.60 0.0094 0©.0ko6 0.5L6 232.3 1.34 L 5T 8.561

L 0.L73 0.0416 0.008L4 115.5 1.57 0.8803

L 0.9u6 0.0356 0.01k4 134.7 1.57 1.761

L 1.42 0.0288 0.0212 137.3 1.57 2.643

b 1.84 0.0246 0.0254 1L8.5 1.57 3.h2k

L 2.29 0.0225 0.0275 170.7 1.57 L.262

h 2.76 0.0173 0.0327 173.1 1.5 5,137

3.6y 0,0123 0.0377 w4y 1.9 0.9

I h.Go 0.0050 0.0hS0 HIVTNE 1 .ot

8 0.3 0.0ko4 0.0096 0,76l 202.0 0.9%1 1.9 Ih.up

g 0,906 0.0322 0.0170 0.071 217.9 0.439 1.0 20,11

B 1.z 0.02% 0.02h3 0.616 239.6 0.110 LT hilod

8 1.0h 0.0212 0.0200 0.60f 261.9 0.Tub S0 Ul

8 2.2y 0,0162 0.0336 0.611 271.8 o.v}h Lot 68.19

8 2.76 0.0122 0.0378 0,576 299.4 0.720 1.57 82.19

8  3.65 0.0096 0.0404 0.596 370.5 0.745 1.57 108,7

8 4.60 0.00 ©0.05  0.573 377.3 0.716 1.5T  136.9




Table h.h  The experimental daln and the dimenslonlenn numbero of
th, Gr® and Sc with aqueous 0.1M Cus{)IJ oolution
No. x 1 ve be & Bh, 6./x x 1072 S x 107 ar 8
1 X 1 x 10
(=) (cm) (mhfca®) (M) (M)  (mm) () -) (=) (-)
4 1 0.Lk73 0.0926 0.00Th 0©.524 35,49 5.2k 1.7h 0.00357
2 1 0.946 0.0868 0.0132 0.k32 39.80 h.32 1.7k 0.00714
3 1 1.42 0.0838 o0.0162 0.378 LB.67 3.78 1.74 0.01072
L1 1.8k 0.0773 0.0227 0,358 L5.01 3.58 1.7h 0.01892
5 1 2.29 0.0775 0.0225 0.361 56,52 3.61 1.7h 0.01729
6 1 2.76 0.07h0 0.0260 0.341 58.95 ER 1.7 0.0208L
T 1 3.65 0.0658 0.0342 0.348 59,26 3.48 1.7h 0.02756
8 1 L.60 0.0653 0.0347 0.311 73.61 3.11 1.7h 0.03473
9 1 7.33 0.305 3.05 1.7k 0.05534
10 2 0.473 0.0922 0.0078 0.546 67.35 2.73 1.7k 0.05T14
11 2 0.946 0.0864 0.0136 0.L90 77.25 2.ls 1.7k 0.11k2
12 2 1.k2 0.0818 0.0182 0.L60 B86.65 2.40 1.7 0.1715
13 2 1.84 0.07TTs 0.0224 0.430 90.k42 2.15 1.7k 0.2223
1k 2 2.29 0.0725 0.0275 0.450 92.u8 2.25 1.74 0.2766
15 2 2.76 0.0710 0.0290 0.413 105.7 2.07 1.7 0.3334
16 2 3.65 0.0660 0.0340 0.418 119.2 2.09 1.74 0.L4Lo9
17 2 L.60 0.0559 0.04kl o0.L21 115.8 2.11 1.7k 0.5557
18 2 5.63 0.354 1.97 1.7 0.6801
19 2 7,33 0.380 1.90 1.74 0.8855
20 4 0.473 0.0899 0.0101 0.706 10L.0 1.77 1.74 0.9142
21 I 0.946 0.084L 0.015k 0.571 13L.7 1.48 1.7h 1.828
22 L 1.k2 0.0775 0.0225 0.510 1L0.2 1.28 1.74 2.745
23 4 1.8k 0.0720 0.0280 0.492 1L45.9 1.23 1.7k 3.556
24 I 2.29 0.0671 0.0329 0.505 15L.6 1.26 1.7k L. 426
25 I 2.76 0.0651 0.0349 0.476 175.7 1.19 1.7k 5.335
26 L 3.65 0.0577 0.0L23 0.460 191.7 1.15 1.74 7.055
27 L .60 0.0497 0.0503 0.511 203.1 1.28 1.7k 8.891
28 N 5.63 0.L6E8 1.17 1.7k 10.68
29 b 7.33 0.476 1.19 1.7h 14.17
30 8 0.473 0.0886 0.0114% 0.797 184.3 0.996 1.7h 14,53
31 8 0.946 0.0800 0.0200 0.625 210.1 0.781 1.74 29.25
2 8 1.k2 0.07T60 0.0240 0.633 262.8 0.791 1.7k 43.91
33 8 1.8k 0.0672 0.0328 0.636 2u9.2 0.795 1,74 56.90
3 8 2,29 0.0619 0.0381 0.625 267.0 0.781 1.74 70.82
35 8 2.76 0.0573 0.0L27 0.608 287.1 0.760 1.74 85.35
36 8  3.65 0.0526 0.047h 0.595 342.1 0.7hk 1.74 112.9
37 8 L.60 0.0485 0.0515 0.603 396.8 0.75k4 1.78  1k2.3
38 8  5.63 0.562 0.703 .76 174.1
39 | 7.33 0.531 0.664 1.76  226.7
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oretical value of -1/5, and the slopes decrease at higher current
denoltlen. I'rom o theoreticnl cnlculation of Lhe thickneapn of
cathodic diffusion layer under the boundary condition of °cl =

conolb. which in velild, for example, ab the colhodle limlling cur-

17)

rent denslty, 1t waos revealed that 61 are constont at various
current denpltien. Furthermore 1t ip gcen from o comparioon
of Fig. 4.16 with Fig. 4.15 that the theoretical slope of -1/5 is
maintained up to higher current densities in 0.1M CuSOh solution
in which the cathodie limiting current density is higher.

In order to determine the dependance of the thickness of dif-
fusion layer on the height from the lower edge of cathode surface,
the logarithmic thickness measured in both solutions of 0.05M and
0.1M CuSOh was plotted against log x, and Fig. 4.17 and 4.18 were
obtained, respectively. The theoretical slope of the straight
line is 1/5 from Eq. (k4.5k). In these figures, this linear re-
lationship is fairly well satisfied. The dispersion of 61 val-
ues is thought to be related to the lower precision in the meas-
urement of diffgsion layer thickness.

In order to compare the measured and theoretical thickness
of the diffusion layer, the experimental value of log(ﬁl/x) was
plotted against log(Sc+Gr*) in Fig. L4.19. The parameters and
property constants were substituted in Eq. (2.60), and the theo-
retical value is also shown in the same figure. As seen in
this figure, the experimental results may be explained by Eg.

(2-60), although the experimental data shown in this figure are
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somewhat lower than the corresponding theoretical value.



1h7

4.3 Concentration Profiles of CUSDL} and HQSOM in
Cathodic Diffusion Layer in the Electrolysis
of Aqueous CuSOLt-HQSOLt Solution

L.3.1 Measurement of profile of refractive index

in the cathodic diffusion layer

The industrial electrolytic refining and plating of copper
are often conducted in the unstirred or gently stirred solutions
containing CuSOh and H280h° It is important to study the con-
centration profiles of both components in the cathodiec diffusion

7,8)

layer. A few experimental studies have been made to meas-
ure the thickness of cathodie diffusion layer during the unsteady
electrolysis of CuSOh—HESOh solution by using the Mach-Zehnder
interferometry. However, the thickness of this diffusion layer
determined by the interferometrie methods may not have any defi-
nite physical meaning for the ionic mass transfer of Cu2+ ion in
the CuSOh—H‘?SOh solutions, because the thickness of the diffusion
layer of Cu2+ ion is different from H+ ion as mentioned in Chapter
1. Furthermore, very few discussions have been made on the
profile of refractive index in the cathodic diffusion layer meas-
ured by the interferometric methods in the previous papers?’s)

This is because the refractive index of the solution in the cathod-

ic diffusion layer is dependent on both concentrations of CuS0,,

and HESOh and each concentration profile can not be separately
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determined by the interferometric methods.

As the first step towards the clarification of the concentra-
tion profiles of Cu2+ and H+ ions, the measurement of the profile
of refractive index in the cathodic diffusion layer was attempted
in the present work by applying a technique of holographic inter-
feromebry. The experimentol reoultso were comparcd with the
theoretical values. |

It is known, on the other hand, that the concentration of
CuSOh is very close to zero at the cathode surface at the cathodic

18,19)

limiting current density’ Then the refractive index of
the solution at the cathode surface at the cathodic limiting cur-
rent density is dependent solely on the H 80h concentration.

The concentration of H SOh at the cathode surface was estimated
from the holographic interferograms obtained at the chthodic lim-

iting current, and the results were also compared with the theo-

retical values.
4.3.2 Experimental results

The profile of the refractive index in the cathodic diffusion
layer was measured by holographic interferometry using the same
electrode and electrolytic cell as mentioned in L.2.1. Analyt-
ical reagent grade CuSOh SH 0, H soh and deionized water were
used, and the aqueous solutions containing CuSOh and HESOh were

made up. The measurement was conducted at 23° * 1°C.
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First, the measurement was carried out below the limiting
current. The experimental conditions are given in Table L.5.
A solution of 1.85M H280h and 0.05M CuSOh was used, and the holo-
graphic interferograms were obtained at various heights from the
lower edge of the cathode at the current densities up to the limit-
ing value. From the current-potential curve shown in Fig. L4.20,
it is seen that the average cathodic limiting current density of
this solution of 1.85M HE,SO,‘L and 0.05M CuSOh is 1.96 mA/cmE.
The epplied cathodic current densities included 8 values up to the
limiting value. A few examples of holographic interferogram
are demonstrated in Fig. L4.21. A holographic interferogram
near the cathode surface before the start of electrolysis is shown
in Fig. 4.21(a). Figures 4.21(b) through (d) are the inter-
ferograms of 0.05M CuSOh—l.BSM HQSOh solution during the electrol-
ysis at an average cathodic current density of 1.66 mA/cm? at the
heights of 1, 4 and 8 cm from the lower edge of the cathode, re-
spectively. They were filmed after 10 min had elapsed from
the start of electrolysis: it was observed that the electrolysis
is at the steady state, It is seen from these figures that
the thickness of diffusion layer increases in the upper portion
of cathode due to the growth of the upward natural convective
flow.

Next, the profile of refrective index in the cathodic diffu-
slon leyer was measured at the cathodic limiting current densi-

ties with the solutions containing 1.85M HQSOh and 0.01, 0.02,
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Table 4.5 Experimental conditions

Electrolyte 0.05M cusoh-l.SSM H, 50,
Distance from the lower

edge of cathode (cm) 1.0, 2.0, k.0, 8.0
Average cathodic current 0.236, 0.473, 0.709, 0.9L6
density (mA/cmz) 1.18, 1.k2, 1.65, 1.96*%

¥ Cathodic limiting current density
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Fig. 4.20 Current potential curve with

0.05M CuSOh*l.SSM HESOh solution
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0.03, 0.04 and 0.05M CuSOh, respectively. Prior to the meas-
urement of the profile of refractive index in the cathodic diffu-
gion layer, the current-potential curve was measured with each
solution and they are shown in Fig. 4. .22, Based on these re-
sults, the electrolysis at the limiting current waes conducted un-
der the experimental condition that the cathode potential against
the reference electrode was maintained at 300 mV. The measure-
ment was conducted at a height of 4 em from the lower edge of
cathode. Holographic interferograms are illustrated in Fig.
L.23. Figures 4.23(a) through (d) are the interferograms of
the eathodic diffusion layer of the solutions of 0.02M CuSOh-
1.85M HESOh’ 0.03M CuSOh—l.BﬁM HESOH’ 0.0LM CuSOh—l.BSM HESO]4 and
0.05M CuSOh—l.BSM HESOh at their limiting current densities of
0.683, 0.910, 1.57 and 1.96 mA/cm2, respectively. They were
filmed at the steady state after 10 min had elapsed from the start
of electrolysis.

From these holographic interferograms, the profiles of re-

fractive index in the cathodic diffusion layer were calculated by

*~'Eq. (k.1) and corrected according to the procedure mentioned in

h,2.8, Several examples of the corrected profile of refractive
index are demonstrated in Fig. L.2L and 4.25, recapectively.

The profiles of the refractive index shown in Fig. L .24 were
obtained with the solution conteining 0.05M Cus0), end 1.85M H,80),
&t & height of 4 cm from the lower edge of the cathode, The

2
cathodic current density was varied between 0.236 and 1.96 mA/em™.
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Fig. 4.22 Current-potential curves for each solution
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'u‘l..luiq-h

(a) (b)

ig. 4.23 Holographic interferograms of the cathodic diffusion
layer at x = 4 cm with the solutions of
(a) 0.02M Cus0)-1.85M H,S0), (b) 0.03M CuS0, -1.85M
H,80,, (c) 0.0LM CuSO0)-1.85M H,SO, , and (a) 0.05M
CuSOh-l.BSM H S0, at their limiting current densities

2
of 0.683, 0.910, 1.57 and 1.96 mA/em”, respectively.



156

135450

135400 [’ o/ € cuso, = 0.05 M 4
JI CH2506=1'85M
x=4cm
key i (mAl/cm?)
o 0.236
/ o 0.473
S 0.946
o 1.42
) 1.96
135350 o e o o T T

y (mm)

Fig. 4.24 Corrected profiles of refractive index

in the cathidue diffusion layer



157

1 1 T I T

135500 cH,50,=1.85 M
Xx=4cm

key ccuso, (M)

135450

1.35400

135350 F oo e e 1

y (mm)

Fig. 4.25 Corrected profiles of refractive index in the
cothodic diffusion layer al the limiting

current dengily



158

The uncorrected profiles of the refractive index are also shown in
the same figure. As seen in this figure, the refractive index
at the cathode surface becomes lower when the average cathodic
currenl dennbly In valned. LL L nlno peen Lhnds Bhe previounly
mentioned correctlon for the optical distortion becomen more plg-
nlfleant when the nlope of Lhe refractive dndex 1o alecper.

The experimental data obtained with 0.05M CuSOh—l.BBM “ESOM solu-
tion were summarized in Table 4.6,

The corrected profiles of the refractive index at the limit-
ing current densities in the solutions containing 1.85M HgSOh and
0.01, 0.02, 0.03, 0.0k and 0.05M CuSO»]+ are demonstrated in Fig.
4.25, respectively. It is seen in this figure that the refrac-
tive index of the solution at the cathode surface decreases when
the concentration of CuSOJ+ in the bulk-electrolyte is lower.

The horizontal broken lines at 1.35349 in Fig. 4.2L4 and L.25 re-
present the refractive index of the agueous 1.85M HESOh solution,
respectively- As seen in Fig. 4.25, the numerical values of
refractive index at the cathode surface of the solutions at their
limiting current densities are higher than that of 1.85M HESOh
solution: it is indicated that HESOh is accumulated in the cathod-

+ :
ic diffusion layer due to the migration of H ion in the electric

field between both electrodes.



Table 4.6 The refractive index mat the cathode surface with
aqueous 0.05M Cusoh—l.ﬁﬁrd HESOL solution

No. X i “n An log x log i log An
=) (em) (mAfem®) (=) (-) (-) (-) (-)

¥ 1 0.236 1.35453 0.00013 0.0000 -0.627 -3.886
2 1 0.473 1.354k40 0.00026 0.0000 -0.,325 -3.585
3 1 0.709 1.35429 0.00037 0.0000 -0.1kg -3.h32
L4 1 0.9Lk6 1.35k27 0.00039 0.0000 -0.02k -3.hog
5 1 1.18 1.35411 0.00055 0.0000 0.072 -3.260
6 1 1,k2 1.35397 0.00069 0.0000 0.152 -3.161
7 1 1.65 1.35395 0.00071 0.0000 0.217 -3.1L6
8 1 1.96 1.35380 0.00086 0.0000 0.292 -3.063
9 1 0.236 1.35453 0.00013 0.0000 -0.627 -3.886
10 1 0.473 1,35443 0.00023 0.0000 -0.327 -3.638
11 1 0.709 1.35436 0.00030 0.0000 -0.1k49 -3.523
12 1 0.9L46 1.35427 0.00039 0.0000 -0.02Y4 -3.kog
13 1 1.18 1.35417 0.000Lkg 0.0000 0.072 -3.310
14 1 1.42 1.35405 0.00061 0.0000 0.152 -3.215
15 1 1.65 1.35394 0.00072 0.0000 0.217 -3.143
16 1 1.96 1.35379 0.00087 0.0000 0.292 -3.060
17 2 0.236 1.35448 0.00018 0.3010 -0.627 -3.7L5
18 2 0.236 1.35kk49 0.00017 0.3010 -0.621 -3.770
19 2 0.473 1.35L36 0.00030 0.3010 -0.325 -3.523
20 2 0.473 1.35436 0.00030 0.3010 -0.325 -3.523
21 2 0.709 1.35429 0.00037 0.3010 -0.149 -3.432
22 2 0.946 1.35422 0.000k4 0.3010 -0.02k =3.357
23 2 1.18 1.35411 0.00055 0.3010 0.072 -3.260
24 2 1.k2 1.35k06 0.00060 0.3010 0.152 -3.222
25 2 1.65 1.35391 0.00075 0.3010 0.217 -3.125
26 2 1.96 1.35380 0.00086 0.3010 0.292 -3.066
27 2 0.236 1.35453 0.00013 0.3010 -0.627 -3.886
28 2 0.473 1.35LL3 0.00023 0.3010 -0.325 -3.638
29 2 0.709 1.35k429 0.00037 0.3010 -0.1k9 -3.L32
30 2 0.946 1.35418 0.00048 0.3010 -0.024 -3.319
31 2 1.18 1.35410 0.00056 0.3010 0.072 -3.252
32 2 1.42 1.35L03 0.00063 0.3010 0.152 -3.201
33 2 1.65 1.35393 0.00073 0.3010 0.217 -3.137
34 2 1.96 1.35378 0.00088 0.3010 0.292 -3.056
35 L 0.236 1.35L48 0.00018 0.6021 -0.627 =3.7h5
36 y 0.473 1.35L35 0.00031 0.6001 -0.325 -3.509
37 4 0.709 1.35h23 0.00043 0.6071 -0.1hy -3.361
30 l 0.946 1.35h13 0.00053 0,601 —0.0"h -3,76
39 4 1.18 1.35h00 0.00060 0.6021 0.072 -3.100
Lo L 1.42 1.35393 0.00073 0.6021 0.152 -3.137
k1 b 1.65 1.35383 0.00083 0.6021 0.217 -3.081
2 I 1.96 1.35375 0.00091 0.6021 0.292 -3.00
L3 8 0.236 1.35448 0.00018 0.9031 -0.627 -3.745
Ly 8 0.236 1.354L6 0.00020 0.9031 -0.627 -3.699
Ls 8 0.473 1.35432 0.00034 0.9031 -0.325 -3.469
L6 B 0.709 1.35419 0.00047 0.9031 -0.149 -3.328
L7 8 0.946 1.35411 0.00055 0.9031 -0.02k -0.260
L8 8 1.18 1.35L02 0.0006L 0.9031 0.072 -3.194
kg 8 1.k2 1.35396 0.00070 0.9031 0.152 -3.155
50 8  1.65 1.35382  0.0008Y 0.9031 0.217  -3.076
51 8 1.96 1.35372 0.0009% 0.9031 0.292 -3.027

159
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4.3.3 Discussion

The profile of the refractive index in the cathodic diffusion
layer was measurcd with the solution containing 1.85M HESO14 ond
0.05M CuSOh. In order to investigate the dependances of the
difference of refractlive index belween cathode surface and bulk-
electrolyte on the average cathodic current density and on the
height from the lower edge of cathode, Eq. (2.89) which was pre-

viously derived in 2.4.2 under the condition of uniform cathodic

current density was used. It is as below.
nEy (1-*%4) [ 2FL &2 % L/5 1/5
A = e = = { ! } i (2‘89)
LT T e 7 EE L33a) i

+
In addition, the concentration difference of H ion, 02, be-

tween cathode surface and bulk-electrolyte was related to 91 in

the form of Eq. (2.79). It is
Wy
= vg —! 2
0, = -yo wz,al (2.79)
where
Sz
g= —= (L.23)
S
The notation ¢ in this equation represents the ratio of the thick=-
i 2 2+ .
ness of cathodic diffusion layers of H ion to Cu  ion. Its
18)

numerical value is slightly higher than unity.

The refractive index of the solution is related not only to

2+ + .
Cu ion concentration but also to H ion concentration. When
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the refractive index is expressed by a linear equation of

n=A*+ Bcl+ Ce (L.24)

2

where ¢, and ¢, are the concentrations of Cusoh and HQSOh, respect-

ively, the difference of refractive index between cathode surface

and bulk-electrolyte, An, is expressed from Eq. (2.79) and (L4.24)

as
An = ¥*n - n
S T1L a2
= _ _Naqw
(B oo, C)Ol (4.25)

where the notation a represents the degree of the second stage

dissociation of Hesoh. Substitution of Eq. (2.89) in Eq. (4.25)

yields

An =(B . l'a w, ) NEx (1-*2;) { ¥ FYWR” }/5 ih/5x1/5
(1+a) W, W, % FE 230-*4)

(L.26)

It is expected from this equation that An is proportional to

:i.l‘t'l5 and xlfs, respectively. The refractive index of the agque-

‘ous solutions containing CuSOh and HESOLl at various concentrations

was measured at 23° * 1°C by using the Abbé refractometer. They

are as shown in Fig. 4.26. It is seen in this figure that the
variation of refractive index in these solutlons is linear with
regard to both CuSOh and HESOh concentrations in the regions of

0 to 0.27M CuSO, and 0.8 to 2.0M H_SO0,, respectively. The re-
L 2L

gression of the refractive index upon the concentrations of CuSOh
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Fig. 4.26 Refractive index of CuSOh—HzESOh aqueous solutions
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and HQSOh was calculated by the least squares method. It is
n = 1.3348 + 23.4k7c, + 10.075c,, (4.27)

The dependances of An on the average cathodic current density
and on the height from the lower edge of cathode were examined:
the measured log An of the solution containing 1.85M H,80) and
0.05M CuSO,_+ was plotted against the logarithmic average cathodic
current density, end they are demonstrated in Fig. L.27. Ns
seen in this figure, the slope of straight lines was obtained at
L/5, which is equal to the theoretical value of Eq. (4.26) when
the cathodic current density is lower than the half-value of the
limiting current density. Above this half-value, on the other
hand, An values start to converge into a fixed velue at the limit-
ing current density.

Next, log An was plotted against log x end demonstrated in
Fig. 4.28. By comparing the experimental slopes with the theo-
retical value of 1/5, it is clear that the experimental slopes
are equal to 1/5 at the current densities lower than the half-
value of the limiting current density. They start to decrease
‘when the average current density is raised sbove this half-value:
it is virtually null at the cathodic limiting current density of
1.96 mA/cm2. These experimental results mey suggest that the
local cathodic current density is not uniform in vertical direc-

tion above the half-value of the cathodic limiting current densi-

£20,21,22)
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Furthermore, the An values were calculated from the following

equation in which it was assumed that w. is equal to w, .

1

An = (n o c) NEy (1-¥%) { 2 PPk }l/';

Ha ) W BER L 920)
:&[L (z)fu*)vft } (1.28)
0

This equation was derived from Eq. (2.83), (2.95) and (L.25).

It is valid in the wide range of cathodic current densities be-
tween very low current density and the limiting value. The
distribution of the local current densities, i(x) at the cathode
surface which is necessary to obtain An by Eq. (4.28) were first
calculated from Eq. (2.95), (2.96) and (2.69) by employing a tech-
nique of successive approximation. Then, the An values were
obtained by substituting i(x) in Eq. (4.28), and they were com-
pared with the measured values. The property constants and
transport parameters employed in the calculation are demonstrated
in Table 4L.7.  Among these numerical values, the kinematic vis-
cosity of the solution, V, was obtained by measuring the viscosity
and density of the solution because no data were available in the
literature. The diffusivity of Cu2+ ion was referrcd to Ap-
pendix B. Turthermore the values of parameters O and N are
1.54 and 2.65, respectively, in aqueous 0.6M CuSOh—l.SM HESGh s0-
lution, and they were estimated to be 1.18 and 3.45 in 0.05M CuS0,, -

1.85M H_S0 solution, respectively, because the diffusivity of

2k



Table 4.7 Propoerty constants used in the calculation

167

Xy (en?/sec) 5.92 x 107"
" (-)24:25,26) 0.0033

v (en®/sec) 1.1148 x 1072
oy (cm3/mol)22) 125

o, (cm3/mol)b2) Lo.g#*

o (-) 1.28

W (=) 2.30

n (=) 3.45

a (=) 0.31%%#

¥ gee Appendix B
*¥ gee Appendlx D
#¥% pee Appendix C
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0u?+ ion at the average concentration of 0.025M Cusou and 1.85M

H280h in the diffusion layer of the agueocus 0.05M CuSOh—l.SSM stoh

solution is 1.25 times larger than in 0.6M CuSOh—l.SM H SOh solution

2

and the term of (1 - *tl) In the former colution im 1.0l times
larger than the labter polutlon. The degrece of the sccond
stage dissoclation of HESOH is 0.31 (scec Appendix C).

The results were summarized in Table L4.8. It can be said
from this table that the measured values are fairly well coincident
with the calculated wvalues over the whole range of the cathodic
current densities, though the calculated values are slightly lower
than the measured ones. It is also seen that the ratio of the
measured values to the calculated values is nearly constant and
it is 1.17. This may suggest that Eq. (L.28) explains the de-
pendances of An on the cathodic current density and on the height
from the lower edge of cathode and also that the difference be-
tween the measured and calculated values is caused by the uncer-
tainty in the estimation of the property constants used in the
calculation such as the diffusivity of Cu2+ ion.

Following this, the difference of the refractive index be-
tween cathode surface and bulk-electrolyte at the cathodic limit-
ing current density was pursued: the solutions whose EQSOL con-
centration is maintained at 1.85M were used. The logarithmic
average limiting current density, log i i av* obtained with each
of these solutions was plotted against the logarithmic Cu.SOh con-

centration, and it is demonstrated in Fig. L4.29. According to



Te=i= .8 Refractive index difference in the cathodic diffusion layer

of aqueoué.solution‘containing 1.85M HéSOh and 0.0SM Cus0,,

1 2 L 8

' meas. calc. meas. calec. meas. calc. meas. cale.
C.236 1.31 1.11 1.63 1.28 1.79 1.43 1.84 1.68
Q.L73 2.43 2.02 2.78 2.28 3.11 2.53 3.40 2.85
C.73¢ 3.35 2.90 3.7 3.18 L.33 3.0 L. T2 3.83
g.2-€ 3.93 3.76 L.62 L.02 5.28 hohl 5.56 4,87
1,18 5.2k L.62 5.58 4.8k 6.59 5.28 6.38 5.59
1,%8 6.54 5.50 6.28 5.78 7.32 6.09 7.00 6.36
1.82 7.15 6.36 T.HT 6.60 8.27 6.83 8.39 7.02
i.9€ 8.62 7.66 8.T0 7.69 9.12 T.Th 9.37 TT1

69T
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Eq. (2.88), the average cathodic limiting current density is pro-
portional in the first aspproximation to the 5/4th power of CuSOh
concentration in the bulk-electrolyte. As seen in Fig. 4.29,
this theoretical relationship is satisfied.

For comparison, furthermore, the experimental results obtain-
ed by Wilke et al?o) were applied. That is, Wilke's results
where a vertical plane cathode of 7.6 cm height and width which
is much wider than in the present work was used and the tempera-
ture was maintained at about 23°C were plotted in Fig. 4.30 in
addition to the experimental data obtained in the present work.
It is seen in this figure that the experimental results in the
present work agree fairly well with Wilke's Nu'-Gr-Sc correlation
concerning the average cathodiec limiting current density. It
is also observed in this figﬁre that the effects of side wall of
the electrolytic cell used in the present work on the limiting
current are neglected. The property constants and transport
parameters employed in this calculation of Nu'-Gr-Se correlation
are summarized in Table L4.9. The notations H and id,av are
the cathode height and the average cathodic limiting current den-
ulty, respectively. The denslly and viscoslilby of the solution
were measured in the present worl, and the diffuslvity ol Cu?+
lon at the averoge concentatlion 1n the dlffusion luycr of cuch
solution was referred to Appendix B. The variation of oy with
the composition of the solution is not significant.

As mentioned before, CuSOh concentration at the cathode sur-
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Tzxle 4.9 Average cathodic limiting current density and property

constants used in the calculation of Nu'!-Gr-Sc correlation

fo. £, C‘cuwso, i Ta,av " " 4 By & 10" 0‘122)
o} (M) (cm) (mA/em?) (e.p.) (g/emd) (cm‘/see) (em”/mol)

1 1,85 0.01 9 0.28k 1.261 1.1133 6.15 125

2 1.85 0.02 9 0.683 1.266 1.11k49 6.04 125

3 185 0.03 9 0.910 1.273 1.1163 6.00 125

i 1.5 0.0k 9 15T 1.277 1.1177 5.96 125

5 1.E5 0.05 9 1.96 1.283 1.1191 5.92 125

¥ gee roendix B

ELT
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face is regarded as being zero at the cathodic limiting current

den51ty, 8,19) and the refractive index of the solution at the

cathode surface shown in Fig. L.25 represents the concentration of
L ﬂcngsoh heotween
cathode surface and bulk-electrolyte was calculated from Fig. 4.25,

]lgOh The concentrallon difference of H uO

and they were plotted againsct CuSDh concenkration in the bulk-
electrolyte, respectively. It is demonstrated in Fig. 4.31.
As seen in this figure, AcH Soh is lowered with the decrease of
CuSOh concentration. This tendency is predicted from Eq. (2.79).
Furthermore, it is seen that the slope of AcH Soh —curve decreases
when CuSOh concentration in the bulk-electrolyte is lowered.
This phenomenon may be explained as follows. The diffusivity
of Cu2+ ion is lower in the solution of higher CuSOh concentra-
tion523) (see Appendix B). When the CuSOh concentration in
the bulk-electrolyte becomes higher, the thickness of the diffu-
sion layer of Cu2+ ion, 51, becomes thinner}s) while the thickness
of diffusion layer of H+ ion, 52, is maintained to be virtually
unvaried. As the results, the 0 value in Eq. (4.23) increases,
and the coefficient of 'Yo(wl/“z) between €, and 0, in Eq. (2.79)
becomes higher when the CuSOlL concentration is raised.

Brenner3) measured the concentration of H SOh at the cathode
surface by applying the freezing method during the electrodeposi-
tion of copper from a solution containing CuSO]_L and HESOh'

However, his experimental results cannot directly be compared with

the present experimental results because of the different elec-
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trolytic conditions. The present experimental results were
compared with the following theoreticael values. First, the

concentration difference of HQSOh, A , was calculated from

c
HQSOh

Ea. (2.79) in which 02 was replaced by (1 + a)lc At the

Il2u0Ll

ecathodie limiting current density, @, ie equal to the concentration

pl

of CuL'.Oh In the bull=eleclrolyle and Loth paramcters W, and w, are

I <

assumed to be equal as the first approximation. The ¢ values
of 1.14, 1.15, 1.16, 1.17 and 1.18 were employed in the electroly-
sis of 0.01, 0.02, 0.03, 0.04 and 0.05M CuSOh solutions containing
1.85M HESOM’ respectively, taking account of the ratios of the

ot 2+ . . .
diffusivity of Cu ion and the term (i - *t_) in each solution

1
to those of 0.6M CuSOh—l.SM H280h solution. Furthermore, the

degree of the second stage dissociation of H SOh was assumed to

2
be 0.31 (see Appendix C).
27)

Selman and Newman, on the other hand, cbtained the numeri-
cal solution for the differential equation of mass transfer at the
limiting current density in the cathodic diffusion layer of a so-
lution containing CuSOh and an excessive amount of HQSOh.

They obtained the following expression of Ac ;
HESOh

Ac = 0.L6*c (4.29)
H,80, |

where *cl is CuSOh concentration in the bulk-electrolyte. It

was assumed in their calculation that the concentration of CuSOu

A + 2-
is lower and HESOh is completely dissociated into 2H and SOM

ions.



7T

8)

2 . 2
Wilke et al. also studied the mass tronsler of Cu?+ ifon in
the cathodle diffusion layer ut the llmiting currcent dennlly, and
they derlved the following expresslon for the concenlrutlon dlr-

ference of I'I2SOh .

A

v/
=Ac-(D‘)- j t (4,30)

4]

The numerical values of

5.92 to 6.15 x 10-6 (cma/sec) (see Appendix B)

D, =
and

D, =2.1x 1077 (cme/sec)zg)
were employed, and the values of transference numbers, *tl and *t.?’
were calculated from the mobility of each ion at the infinited di-
lution?h 25,26)

These calculated values of ACHQSOu are also demonstrated in

Fig. 4.31. It is seen that the calculated values from Eq. (2.79)

are somewhat higher and those of Eq. (4.30) are somewhat lower as
compared with the calculated values from Eq. (4.29), respectively.
 The measured values in the present work are in fairly good agree-

menl with the calculation of liq. (4.29) in which It ways asaumed

2+ 2-
Lhuk CuE}Oh und lloﬂf.)h ure complelely disvocluted into Cu” * £0),
[~
W, a2 .
and 21 + S()i ions, respectively. However, it 1ls unreulislle

+ 2-
to presume that HQSOh is completely dissociated into 2H + SOl}

ions in the solution, and it is thought that the degree of the

second stage dissociation of HESOh should be taken into considera-
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tion on the studies of ionic mass transfer in the cathodic diffu-
sion layer.

It may be also said that the difference between the measured
values and the calculated ones from Eq. (2.79) mey also be ascribed
to the uncertainty in the estimation of the property constants
guch as the diffusivity of Cu2+ ion which was replaced by the dif-

fusivity of CuSOh in the present work.
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4.4 Summary

The measurement of the concentration prollle of Cu.‘JUh in the
cathodic diffusion layer which is accompanied by the upward natu-
ral convection is indispensable for studying the rate of mass
transfer of cations through this layer. By applying the tech-
nique of holographic interferometry, it becomes feasible to meas-
ure the concentration profile because of the principle of common
path interference employed in this technique. In the deriva-
tion of the profile of refractive index from the holographic in-
terferogram, the effects of beam deflection in the cathodic dif-
fusion layer were considered and the profile of refractive index
obtained from the interferogram was corrected under the assumption
of a linear variation of refractive index within the region of
beam deflection in the cathodic diffusion layer.

The concentration profiles in the cathodic diffusion layer
of the aqueous 0.05M and 0.1M CuSOh solutions were measured at
various cathodiec current densities below the limiting value and
at various heights from the lower edge of the cathode.

It was disclosed from the experimental results that the concen-

tration of CuSO}l on the cuthode purfuce is lowered and the thick-
ness of the diffusion layer 1s decreased when the average current
density is raised. It was also revealed that the thickness of
the diffusion layer is increased in the upper portion of the ver-

tical plane cathode at a constant cathodic current density.
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In order to examine the validity of the theoretical expres-
sions of Ac and §, in the forms of Eq. (2.53) and (2.54), respect-
ively, the dependances of the measured log Ac and log 61 on the
logarithms of the current density and the height were examined,
respectively, and those relationship were confirmed to be walid
at the cathodic current densities far lower than the limiting
value. At higher current densities, on the other hand, the
experimental results start to deviate from the theoretical values.
This is supposed to be caused by the unequal local cathodic cur-
rent densities in the vertical direction. In order to further
examine the theoretical relationships which were demonstrated in
Eq. (2.59) and (2.60), respectively, the transport parameters
which influence the concentration profile and the property con-
stants of the solution were substituted in these equations, and
the theoretical values were compared with the experimental re-
sults. It was shown that both theoretical and experimental
values are in good agreement with each other in the region of the
lower current densities.

It is also important to pursue the concentration profiles of
CuSOh and H2SOLL in the cathodic diffusion layer for studying the
electrodeposition of copper from an unstirred agueous solution
containing CuSOh and H2soh which often takes place in the indus-
trial electrolytic refining and electroplating. As the first
step toward this goal, the profile of the refractive index of the

solution in the cathodic diffusion layer was measured by applying
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liolographic interferometry at various heights from the lower edge
of the cathode and at various cathodic current densities up to the
limiting value.

The theoretical expression of the difference of refractive
index between the cathode surface and the bulk-electrolyte, An,
was derived under the assumption of a uniform distribution of
local current densities on the cathode surface. In corder to
verify this theoretical relationship, the dependances of the meas-
ured log An on the logarithms of current density and height from
the lower edge of cathode were examined, respectively. At the
cathodic current densities lower than the half-value of the limit-
ing value, these relationships were satisfied. It was also
disclosed that An is virtually unchanged in the vertical direction
at the cathodic limiting current density. Furthermore, a gen-
eralized expression of An was derived in the form of Eq. (L4.28),
and after the distribution of 1::heI locel cathodie current densi-
ties was obtained from the numerical anelysis, the theoretical
values of An were calculated. Both experimental and theoreti-
cal An values were in fairly good coincidence over the whole re-
glon of the cathodic current densities up to the limiting value,
though the measured values were somewhat higher than the theoreti-
cal ones.

When the electrolysis takes place at the cathodic limiting
current density, the concentration of CuSOh at the cathode surface

is regard as being virtually zero. Under this experimental
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condition, An was measured at a height of 4 cm from the lower edge
of cathode in the aqueous solutions containing 1.85M H250h and

0.01, 0.02, 0.03, 0.0k and 0.05M Cuso), respectively. From the

gbove presumption that °cl = 0 at the limiting current density,

the concentration difference of HESOM’ H 50, Wes obtained from
L

An. The ﬂcH S0 value at the cathodic 1imLt1ng current density
ly
decreases when CuSOh concentration in the bulk-electrolyte, *cl,

is lowered. Furthermore, the slope of the curve of Ac :
}{280}4

versus ¥c decreases as CuSOh concentration in the bulk-electrolyte
is lowered. These experimental results were qualitatively ex-
plained by Eq. (2.79) and (L.23). The measured ACH Sou values
were further compared with theoretical wvalues. It was disclosed
that the measured AcH Soh values are somewhat lower than the cal-
culated values from Eq. (2.79) in which the incomplete dissocia-
tion of H SOh was presumed. The difference between the meas-
ured and calculated values may be ascribed to the uncertainty in

the estimation of property constants used in the calculation such

-+
as the diffusivity of Cu2 ion.
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CHAPTER 5  MEASUREMENT OF LOCAL CATHODIC CURRENT

DENSITIES ON VERTICAL PLANE CATIIODR

Bl Introduction

It is well known that not only the quality of electrodeposited
metals but also the productivity in the industrial electrolytic
refining and plating depend on the distribution of current densi-
ties on the cathode surface: it is very important and indispensable
problem in the electrochemical industries to obtain uniform elec-
trodeposited metals.

It is also known that the overall rate of the cathode reac-
tion is affected by the process of ionic mass transfer in the
cathodic boundary layer as mentioned in Chapter 1%’2’3) When
copper is electrodeposited on a vertical plane cathode from an un-
stirred or gently stirred aqueous solution, an upward natural con-
vective flow occurs along the cathode surface. It is caused
by the lowered Cu2+ ion concentration in the cathodic diffusion
l&Yer%’5) Since the thickness of this hydrodynamic boundary

2+ . .
layer and the diffusion layer of Cu ion increase downstream

along the vertical distance from the lower edge of cathode as men-
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tioned in the previous chapters, the rate of mass transfer of Cue+
-ion in the cathodic diffusion layer is reduced in the upper por-
tion of the cathode, and the distribution of the local current
densities is formed in vertical direction. This effect of ion=-
iec mass transfer in the cathodic diffusion layer becomes more evi-
dent when the average cathodic current density is raised.

In order to examine the effect of ionic mass transfer in the
cathodic diffusion layer on the cathodic current distribution in
vertical direction, the wvelocity profile of natural convective
flow near the vertical plene cathode and the concentration profile
of ionic species in the cathodic diffusion layer were measured in
Chapters 3 and 4 by applying the optical techniques under various
experimental conditions, respectively: the dependances of the ve-
locity profile of natural convective flow on the cathodic current
density and on the height from the lower edge of cathode were ex-
amined in Chapter 3. The effects of the concentratlions of
Cu.SOh and HESOh as a supporting electrolyte on the velocity pro-
file of natural convection were also discussed. Furthermore,
the parameters w, A and n with which the measured velocity profiles
are precisely described were determined.

The concentration profiies of ionic species in the cathodic
diffusion layer were studied in Chapter L. The effects of the
average cathodic current density and the height from the lower

edge of cathode on the concentration profiles in the cathodic dif-

fusion layer were examined, and the accumulation of H280J4 in the
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cathodic diffusion layer was discussed during the electrolysis of
aqueous solutions containing CuSOh and HESOJ4 at the cathodic limit-
ing current density.

The distribution of the local cathodic current densities in
vertical direction which is more or less affected by the ionic mass
transfer in the cathodle diffusion layer 1s studied in this chap-
ter, and the experimental results are discussed on the bases of
the velocity and concentration profiles in the cathodic boundary
layer mentioned in Chapters 3 and L, respectively.

It is known at the cathodic limiting current density that the
concentration of Cu2+ ion is virtually zero on the cathode surface.
Many theoretical and experimental works have been made in the past
on the current distribution on the cathode surface under this ex-
perimental condition%’6’7’8) However, the majority of the in-
dustrial copper electrolysis is conducted at the cathodic current
densities lower than the limiting wvalue where the contributions of
both the ionic mass transfer in the cathodic diffusion layer and

the cathode reaction can not be ignored. Asada et al?)

calcu-
lated the theoretical distribution of the local cathodic current
densities on a vertical plane cathode in the region of the average
cathodie current densities lower than the limiting value. They
also measured the local cathodie current densities by weighing the
horizontally sliced electrodeposited copper from an agueous 0.1M

CuSOh—l.EM HESOh solution. However, the precision of their

measurement is thought to be insufficient for the purpose of pre-
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cisely comparing the experimental data with the calculation.

In addition to this methode of measuring the local current densi-
ties, the measurement of the average cathodic limiting current
densities on the vertical plane cathodes of different heights was
also reported?’s)

However, no &ttempts had been made to directly measure the
local cathodic current densities before the recent proposal made
by Lloyd et al%?) in which a technique of measuring the local cur-
rent densities at the cathodic limiting current was mentioned: they
prepared a special plane cathode in which several miniature elec-
trodes are imbedded in vertical direction and measured the cathod-
ic local current densities by using these probes.

It is attempted in the present chapter to apply this experi-
mentael technigue to measure the distribution of local current den-
sities on a vertical plane copper cathode in the region below the
cathodic limiting current density. It is also intended to

compare the experimental data of the distribution of local cathod-

ic current densities with the theoretical values.
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5.2 Experimental Procedure

Four types of host bar of different dimensions were prepared
from a deoxidized copper plate. As shown in Fig. 5.1, they
were pierced with small holes of 0.33 em in diameter. From the
copper plate of the same quality, copper cylinders of 0.31 cm in
diameter and 1 cm long were machined, and they were imbedded in
the holes of the host bar after coating them with epoxy resin as
the insulator: it is schematically illustrated in Fig. 5.2.

The base planes of the miniature probe were filmed with camersa,
and the surface area was exactly measured on the photograph mag-
nified 20 times. It was also found from this photograph that
the thickness of the epoxy resin layer between host bar and mini-
ature probe is 0.01 cm.

The back and side surfaces of the host bar were insulated with
PVC resin, and the back surface and the joint of the miniature
probe with the lead wire were imbedded in the epoxy resin.

Each insulated host bar was installed one after another in a cath-
ode holder made of acryl resin as shown in Fig. 5.3 so as to ob-
tain a flat cathode surface of effective width of 5 cm. The
local cathodic current densities were measured with the miniature
probes located on the cathode surface at a space of 1 cm in ver-
tical direction. The cathode holder loaded with host bars and
a vertical plane anode, 21 cm high, 5.5 cm wide and 0.5 cm thick

were installed in another acryl resin frame. The back and
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side surfaces of the anode were also insulated with PVC resin.

Az the reference electrode for measuring the cathode potential, an
enamelled copper wire of 0.18 cm in diameter was used: one end of
this wire, about 1.5 cm long, was vertiecally bent toward the di-
rectlon of the cathode surface, and the wire was fixed on a rack
and pinion mechaniom.

In & rectangular glass electrolytic cell of about 8.5 liter
capacity maintained at 25°C in a thermostat, the acryl resin frame
provided with electrodes and the reference electrode was placed,
and the electrolysis was started. Analytical reagent grade
CuSOh'SHEO and HESOh were used, and the agueous CuSOh-HESDh solu-
tions were made up. Their compositions are summarized in Table
Bale

The electric curcuit in the experimental arrangement is sche-
matically illustrated in Fig. 5.L. By using a potentionstat,
the cathode potential was maintained at a constant value during
each experimental run. The electrolytic current was recorded
on an electronic recorder. For the measurement of local cathod-
ic current densities with the miniature probe, the probe was con-
nected to & manganin wire resistor of known resistance, and the
potential drop between both ends of the resistor was measured with
a digital potentiometer. It is demonstrated in Fig. 5.4 that
the local current density at the miniature probe P3 is being meas-
ured. By using the change-over switch, S, it was possible to

measure the local current density at 25 different positions on a



Table 5.1 Composition of electrolyte and the
average cathodic limiting current density
Rei Ccuso cHESO ld,av
(M) (M) (mA/cn®)

1 0.1 1.85 4.1

2 0.1 1.00 5.2

3 0.1 0.10 6.9

L 01 0.01 8.7

5 0.1 0.00 9.8

195
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cathode plate one after another.

After the electrodes were placed in the electrolytic cell
maintained at 25°C, they were left for about 30 min in order to
minimize the turbulent flow in the bulk-electrolyte. After the
electrolysis was started, it took 10 to 20 min to attain the steady
electrolytic current. Then the measurement of local cathodic
current densities was conducted within about 1 min by operating
the change-over switch. It was observed that each local cur-
rent density is unvaried during the period of the measurement.

Before the measu{gment of the local current densities, the
current-potential curve of the solutions mentioned in Table 5.1
was measured. An example of the current-potential curve ob-
tained with 0.1M CuSOh—l.DM HESOh soluticn is illustrated in Fig.
Sie D *As seen in this figure, the average cathodic current den-
sity gradually rises with the applied potential even after it
reaches to the lower edge of the so-called "cathode plateau",

This is probably because of the growth of rough electrodeposit on
the cathode surface from the solution which contains no organic
additives. Since it was difficult to exactly determine the
average cathodic limiting current density from this current-poten-
tial diagram, the current density at the intersecting point of the
two straight lines below and at the cathode plateau was obtained
as the substitute of the cathodic limiting current density.

They are also summarized in Table 5.1.

Prior to the measurement of the distribution of cathodie cur-
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rent densities in vertical direction on the cethode surface, the
following preliminary tests were made. One possible problem in
the measurement of local current densities by using the miniature
probes is an unevenness of the potential between the host bar and
the miniature probe which is connected to the additional manganin
wvire resistor: the cathodic potential of the miniature probe may
become slightly higher than the host bar, and this may affect the
overall rate of the cathode reaction. To examine this possible
effect, the current density on the miniature probe was measured
by using the manganin wire resistors of different resistances.
The measurement was carried out at several average cathodic cur-
rent densities at various heights from the lower edge of cathode.
A solution of 0.1M CuSOh-l.OM !{280lF was used. The experimental
results are demonstrated in Fig. 5.6. It is seen in this fig-
ure that the current density on the miniature probe was slightly
elevated when the manganin wire resistors of lower resistance were
used, and no significant variation was observed in the current
densities of the miniature probe when the manganin wire resistors
of less than 10 ohm were used. Based on this experimental re-
oult, one of the manganin wire reniolorp of 3.38, 5,03 wnd 10.0k
ohm was chosen and used in the measurement of the local cathodle
current denopltics according Lo the experimentel conditions.,

It was observed during the electrolysis of 0.6M CuS0) -1.5M

HESOL; solution with a horizontal plane cathode facing downward

that the average cathodic current densities of the host bar and
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the miniature probe were in good accordeance with each other; the
natural convective flow along the cathode surface does not occur
with this arrangement of the cathode surface. Furthermore, a
similar experiment was carried out with a vertical plane cathode
along which the upward natural convection occurs, and it was iden-
tified that both average cathodic current densities measured with
the host bar and with the miniature probe are in good agreement.
The vertical distribution of the cathodic current densities was
measured by changing the distance between both electrodes at 5, 10
and 15 em, respectively. No significant difference was observed,
and the distance between both electrodes was maintained at 15 em
in following experiments.

It was also supposed that the lines of electric force are ex-
panded when the vertical dis‘ta.nce between the upper edge of the
cathode and the surface of the aqueous solution is larger. The
vertical distribution of cathodic current densities on the surface
of a plane cathode of 8 cm height was measured in a solution of
0.1M CuSOh-l.OM HQSOh. The distance between the upper edge of
the cathode and the surface of the agueous solution was maintained
at 2 and 0.5 cm, respectively. The results are summarized in
Fig: 9.7« As seen in this figure, the effect of the expanded
lines of electric force in the upper portion of the solution is
evident and this effect can virtually be eliminated when the ver-
tical distance between the upper edge of cathode and the surface

of solution is maeintained at 0.5 cm or less.
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The horizontal distribution of the cathodic current densities
on & vertical plane cathode was also measured. When a host bar
shown in Fig. 5.1(d) is used, the horizontal distance in which the
local cathodic current densities are measured is 2.73 cm. IL
was clarified from the measurement that the local current densi-
ties within this horizontal distance are uniform. Furthermore,
the possible effect of the side wall of acryl resin frame on the
local cathodic current densities was examined: the effective width
of the cathode was reduced to 3 cm by inserting the additional
acryl plates of 1 cm thickness on both sides of the cathode plate.
When a host bar of Fig. 5.1(d) is used, the distance between the
edge of this acryl plate and the miniature probe is 0.135 cm.

From the measurement of the horizontal distribution of the cathod-
ie current densities with this experimental arrangement, it was
revealed that the local cathodic current densities are uniform in
horizontal direction when the horizontal distance between the

miniature probe and the side wall is larger than 0.135 cm.
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5.3 Experimental Results

After the above-mentioned preliminary tests were made with
the minlature probes, the vertlceol dlobribubion of cathodie current
densities on a vertical plane copper cathode of 16 cm height was
measured. The aqueous solutions mentioned in Table 5.1 were
used. Measurement was conducted in the region of the average
cathodic current densities up to the limiting value shown in the
same table. The experimental results are illustrated in Fig.
5.8 through 5.12, respectively. It is seen in these figures
that the local cathodic current densities are uniform in the region
of the current density far lower than the limiting value. When
the average cathodic current density becomes higher than a half of
the limiting value, the local cathodic current densities in the
lower portion of the cathode preferentially increase, and they be-
come unequal in the vertical direction.

It was also observed in the electrolysis of the aqueous solu-
tions whose HESOh concentration is lower than 0.1M that the local
cathodic current densities in the upper portion of the cathode
start to irregularly oscillate during the electrolysis at the av-
erage cathodic current densities near the limiting value. The
range of variation is indicated with arrow in the diagrams.

The electrodeposited copper in this upper portion of the cathode
is very rough and is faded to reddish color which is different

from the other portion of the cathode.
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5.4 Discussion

In order to further study the distribution of the loeal cathod-
Le current denplbben dn Lhe verllenl dlirection on n verblenl plane
cathode installed in the unstirred aqueous solutlon, Lhe logorlihm
of the local current density was plotted ageinst the logarithm of
the height from the lower edge of cathode, and they are illustrated
in Fig. 5.13 through 5.17. It is seen in Fig. 5.13 and 5.1l
that the variation of the plots is more conspicuous at the lower
average cathodic current densities. This is caused by the am-
plified measuring error of the lower local current densities on
the logarithmic scale.

It is also noted from Fig. 5.13 and 5.1bL which were obtained
with the aqueous sclutions containing CuSDh and stoh whose con-
centration is higher that the slope of straight lines becomes
gradually steeper with the rise of the average cathodic current
density and it approaches to -1/4 in the vicinity of the cathodic
limiting current density: it is in excellent coincidence with the
theoretical calculation2’6) mentioned in Chapter 2 concerning the
distribution of the local cathodic limiting current densities in
vertical direction.

It is seen, on the contrary, from TFig. 5.15 through 5.17
which were obtained from the measurement with the aqueous solu-

tions of lower HESOh concentrations that the distribution of the

local cathodic current densities is uniform in the region below
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and height from lower edge of cathode

(0.1M CuSOh-l.SSM Hesoh solution)
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one half of the limiting current density. The electric con-
ductivity is lower in these solutions, and it is thought that the
effect of concentration polarization in the cathodic boundary
loyer 1s relatlvely minor ns compared with the ohmic potential
drop within the bulk-clectrolyte. Then the distributlion of
local current densltles on the eathode surface which 1s affecected
both by the resistivity of the bulk-electrolyte and by the con-
centration polarization in the cathodic diffusion layer becomes
more uniform.

Furthermore, when the variation of CuSOh concentration at the
cathode surface due to the change of the cathodic current density
in the aqueous 0.05M CuSOh solution is precisely compared with the
dependance of refractive index of solution at the cathode surface
on the cathodic current density in the 0.05M CuSOh-l.BSM HESOh
solution, both mentioned in Chapter 4, it is seen that the experi-
mental results with the agueous 0.05M CuSDJ+ solution is in better
coincidence than in 0.05M CuSOh—l.85M HESOh solution with the the-
oretical calculations which were derived on the assumption of uni-
form distribution of cathodic current densities within a wider
range of the ratio of applied cathodic current density to the
limiting value. This experimental result indirectly indicates
the appropriateness of the above-mentioned experimental results
of the current distribution.

It is also seen in Fig. 5.15 through 5.17 that the slope of

straight lines becomes steeper with the rise of the average cathod-
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ie current density. However, it is fairly lower than the the-
oretical value of -1/4 even in the vieinity of the limiting value.
This tendency is particularly evident in 0.1M CuSOh—0.0lM H2SOl+
and 0.1M CuSOh soluticns. Furthermore, it was observed during
the electrolysis of the agueous solutions whose HQSOh concentra-
tion is lower than 0.1M that the plots tend to deviate from the
straight line in the upper portion of the cathode and that the
local cathodie current densities in this portion of the cathode
start to irregularly oscillate at the average cathodic current
densities near the limiting value. These phenomena are thought
to be due to the very rough reddish electrodeposit in the upper
portion of the cathode which may cause a short-circuit between
host bar and miniature probe or due to the development of the nat-
ural convection into a turbulent flow in this portion of the cath-
ode surface.

In order to further pursue the possible causes, the distri-
bution of local cathodic current densities was measured with 0.6M
CuSOh-l.SSM H,SO

2"k
16 cm height. The experimental results are illustrated in Fig.

solution by using a vertical plane cathode of

it Tt was observed during the experiment that the laminar
natural conveetive flow starts to slightly wave at the vertical
distance of more than about 10 em from the lower edge of cathode
at the average cathodic current density of 10 mA/cm2 which is
roughly equivalent to the average cathodic limiting current den-

sity in the aqueous 0.1M CuSOh solution. The obtained elec-
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trodeposit is uniform over the whole vertical distance of the
cathode surface. Furthermore, it is seen in Fig. 5.18 that the
irregular oscillation of the local cathodiec ecurrent density in the
upper portion of cathode was not observed even at the average
cathodie current density of 20 mA/cm2 which is twice larger than
the average cathodic limiting current density of the agueous 0.1M
CuSOh solution, In addition, the natural convective flow in
the upper portion of the cathode surface was carefully observed
during the electrolysis of the agueous 0.1M CuSOh solution at the
average cathodic limiting current density, and it was found that
the natural convective flow becomes fully turbulent at the height
of more than about 10 em from the lower edge of cathode.

From the sbove-mentioned observations it may be said that the
waving flow of the natural convection is developed in the upper
porticn of cathode to the fully turbulent flow due to the hydro-
dynamic resistance of the rough surface of the electrodeposit
during the electrolysis of the aqueous solutions containing Hesoh
of lower concentration when the average cathodic current density
approaches to the limiting value. It is thought that the ir-
regular oscillation of the local cathodic current denslly in the
upper portion of cathode is caused by the disturbance of the ionic
mass transfer toward the cathodic surface by the developed turbu-
lent flow of natural convection.

In the next place, the measured distribution of the local

cathodic current densities were compared with the theoretical dis-
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tribution of the local cathodic current densities. In order
to carry out the comparison, the numerical solution of the simul-
taneous Eq. (2.95), (2.96) and (2.97) was obtained by applying a
technique of successive approximation, and the numerical values
of ic(x) which satisfy these equations were determined. This
calculation of the distribution of local cathodic current densi-
ties in the vertical direction was carried out with an aqueous
0.1M CuSOh-l.BSM HQSO}4 solution by using a digital computer.
The property constants and the transfer parameters used in the
calculation are summarized in Table 5.2. The calculated dis-
tribution of cathodic current densities at each average current
density are illustrated in Fig. 5.19 together with the experimental
results demonstrated in Fig. 5.13. By comparing the theoreti-
cal and experimental distributions of the cathodic current densi-
ties, it is seen that the theoretical values are in excellent
agreement with the experimental ones.

A similar calculation was also carried out with the aqueous
0.1M CuS0, solution by using Eq. (2.66), (2.68) and (2.69).
The calculation was successful at the average cathodic current
densities below one half of the limiting value. However, the
calculation was not successful at the higher current densities
above the half-value of the cathodic limiting current density.
From the theoretical distribution of the local current densities

calculated at the lower average cathodic current densities, it was



Table 5.2 Property constants used in the calculation
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K (1/ohm cm)lg) 0.600

Kk, (en’/sec) 5.43 x 107"
v (cm?/sec) 1.163 x 1072
", (=)13:14,15) 0.0066

a ()9 0.5

ie (A/cm2)ll) 1 x 10'h

o (cm3/mol)9) 120.6

o, (cm3/mol)9) Lo.g¥#

g (=) 1.30

w (=) : 2.30

A (=) 2.95

n (=) 3.15

e (=) 10

a (=) 0. 31**H

¥ gee Appendix B
#* gsee Appendix D
¥¥%¥ gee Appendix C
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revealed that the distribution of local cathodic current densities
are virtually uniform in vertical direction, and they are in good
agreement with the experimental data. Among the probable rea-
sons of the unsuccessful theoretical calculation with the agueous
0.1M CuSOh solution at higher current densities, it can be said
that the electric conductivity of the 0.1M CuSOl+ solution is far
lower than the 0.1M CuSO -1. .85M H 550, solution.

As shown in Fig. 5.13 through 5.17, the slope of straight

lines in the diagram of log i versus log x becomes steeper with
the rise of the average cathodic current density. In order to
further investigate this experimental result, the experimental
slopes were plotted against the fractional cathodic current den-
sity which is the ratio of the average cathodic current density to
the cathodic limiting current density, iav/ld - in Fig. 5.20.
The curve shown in the same figure demonstrates the relationship
between the theoretical slope and the fractional cathodiec current
density calculated with the .0.1M CuSO)-1. .85M H 50, solution.
As seen in this figure, the experimental slopes obtained with the
solutions of 0.1M CuSOh-l.BSM CuSOh and 0.1M CuSOh—l.UM Cut‘;O'4 are
fulrly well coineldent with Lho Lhoeoretlieal value whiceh decrcauoes
with the rise of average cathodic current densliy Lo =1/h ub the
cathodie 1imlting current denslty.

The experimental slopes obtained with the agueous solutions

containing 0.1M CuSDh and H SOh whose concentration is 0.1, 0.0l

and OM, respectively, are, on the other hand, scattered in the
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neighborhood of zero in the region of the average cathodic current
density lower than one half of the limiting value. It is again
indicated that the local cathodiec current densities are uniform.
Furthermore, it is observed that the slope decreases with the rise
of the average cathodic current density above the half-value of
the limiting current density, and they are fairly higher than the
theoretical value of -1/4 in the vicinity of the limiting current
density.

From the observation mentioned before that the "burnt" de-
posit is obtained in the upper portion of cathode when the elec-
trolysis of the agueous solutions of lower HESOh concentration
takes place in the vicinity of cathodic limiting current density,
it is evident that the local Cu2+ ion concentration in the cathod-
ic diffusion layer in the upper portion of the cathode is prefer-
entially lowered to zero due to the development of the upward
natural convective flow. It was also mentioned before that the
local current densities in the upper portion of cathode measured
with the miniature probes irregularly oscillate in the vicinity of
the average cathodic limiting current density. In this portion
of the cuthode, the locul current denolly 1o higher thun the the-
oretical local cathodlc limiting current density because of the
developed turbulent flow of natural convection, These oscillat-
ing values of locel current densities in the upper portion of
cathode were omitted in the estimation of the experimental slopes

in Fig. 5.20. The local cathodic current densities in the



226

lower portion of cathode which were used in the estimation are,

on the contrary, below the theoretical local cathodic limiting
current density even in the wvicinity of the ‘average cathodic limit-
ing currcnt dennlty, and 1L 1n ouppooed Lhal the higher valuen of
the slope than -1/l were obtained at the avernge limiting current

density.
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5.5 Summary

The local cathodic current densities on the surface of a ver-
tical plane copper cathode installed in the unstirred aqueous so-
lutions containing CuSOh and H2SOh were measured by applying the
technique proposed by Lloyd et al%o) In this technique, the
local cathodic current densities were measured with the miniature
probes imbedded in the plane cathode. Each miniature probe is
connected with a menganin wire resistor of a constant resistance,
and the potential difference between both ends of the resistor was
meausred. The possible effects of the resistance of the used
resistor, the distance between both electrodes, the unevenness of
the lines of electric force in the portiocn of the solution higher
than the electrodes, the hydrodynamic resistance due to the side
wall of the acryl resin framg, etc. were examined, end the appro-
priate experimental conditions were established. The measure-
ment of the distribution of local current densities in vertical
direction on the plane cathode was carried out at 25°C with the
aqueous solutions containing 0.1M CusSO) and 1.85, 1.0, 0.1, 0.01
and OM HQSOh, regpectilvely.

Durlng the oleockrolyulu of Lhe wpueouws 0.1M x:1utt”l-4|.[)M | H:")h

und 0.1M CuSO, -1.85M 1'12{:'0,+ solutions, the local culhodle current

N
densities are uniform in vertical direction at lower average cathod-
ic current densities. The locel current densities decrease

along the vertical distance from the lower edge of cathode when
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the average cathodic current density is raised. It is propor-

tional to the -1/Uth power of the vertical distence in the viecinity

of the average cathodic limiting current density. This experi=-
menbad ronull I dn pood apgrecoment with Lhie eoonlbn ol previoos
workers. The theoretleal dlglributleon of Lhe local cabhodle

current densilbtles in vertleal direction in the aqueous 0.1M Cusoh—
1.85M Hgsoh solution was calculated by the procedure mentioned in
Chapter 2, and it was revealed that the theoretical distribution is
in excellent agreement with the measurement.

From the measurement with the aqueous 0.1M CuSOh solutions
containing HQSOh whose concentration is lower than 0.1M, it was
found that the distribution of the local cathodic current demsities
is uniform in vertical direction in the region of the average
cathodic current density lower than one half of the limiting value.
It is because the concentration polarization in the cathodic diffu-
sion layer is relatively minor as compared with the ohmic potential
drop in the bulk-electrolyte of lower electric conductivity -

In the region of the average cathodic current density higher than
one half of the limiting value, the local current densities become
dependent on the vertical distance from the lower edge of cathode.
However, this experimental dependance of the local cathodie cur-
rent densities on the vertical distance is fairly lower than the
theoretical relationship that the local cathodic current density is
proportional to the -1/4th power of the height at the average

cathodic limiting current density. Furthermore, the local
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cathodie current densities in the upper portion of the cathode are
higher and irregularly oscillate in the. vicinity of the average
limiting current density. It is probably because the natural
convective flow becomes fully turbulent in this portion of the
cathode due to the rough electrodiposit obtained from the aqueous
solutions of lower H2SOh concentration near the limiting current
density. Then the local cathodic current densities at the low-
er portion of cathode are below the limiting value. It is sup-
posed that the measured dependance of the current distribution on
the vertical distance from the lower edge of cathode become fair-

ly lower than the theory.
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CHAPTER 6  SUMMARY AND CONCLUSION

The electrolytic refining and winning have widely been employ=-
ed in the hydrometallurgical process for the extraction of common
metals. These electrolytic processes possess an advantage over
the pyrometallurgical process that the metals of high purity can
easily be obtained at low temperature by applying the electric en-
ergy . However, one of the important engineering problems in
the electrelytic process is that the productivity of metals per
unit area of the electrolytic bath is lower.

Recently, the problem of lower productivity in the electro-
lytic process was recognized, and many attempts have been made to
cope with this problem: the electrolytic refining and winning at
higher current densities were studied, and they have been brought
into practice at various electrolytic plants. It i1s known that
the current distribution on the surface of an electrode usually
becomes uneven at higher current densities. It may cause an
wndesirable side reaction at the portions of higher current den-
sities. Then it is desired that the electrolytic process is

conducted at a current density of uniform distributicn to the

possible extent.
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Many theoretical and experimental works have been made on the
current distribution on the electrode surface since more than
thirty years ago. Among these works, the major interest of the
earlier workers was directed to the primary and secondary current
distributions; the primary current distribution is determined
solely by the geometric factors of the electrolytic cell and elec-
trodes, and the secondary current distribution is related to the
geometric factors and the chemical polarization at the electrode
surface. These theoreticel current distributions are valid for
the electrolysis under the electrolytic condition that the compo-
gition of the electrolyte is uniform throughout the electrolytic
cell.

It is known, on the other hand, that a very thin liquid film
of different composition from the bulk-electrolyte is formed at
the electrode surface during the electrolysis. This thin liquid
film is called as the diffusion layer. The current distribu-
tion on the electrode is also affected by the ionic mass transfer
in this diffusion layer; The electrolytic refining, winning
and plating often take place on a vertlcal plane cathode in the

Swnptlrred or gently ublrred wqueous solutiong. Under thiu
electrolytic condition, the concentration gradlent in the cathodlce
diffusion layer yields an upward natural convective flow elong the
cathode surface, and this natural convective flow should also be
taken into consideration in the studies of the ionic mass transfer

in the cathodic diffusion layer. It goes without saying that



23k

it is very important from the industrial viewpoint to disclose the
mechanism of lonle mass transfer 1n the cathodiec diffusion layer
which is accompanied by the natural convection in vertical direc-
Lion.

The industrial electrolytilc refining of copper 1o conduclbed
in the agueous solubions containing GuSOh and HESOL; HESOh is ndded
to the solution to raise the electric conductivity. During the
electrolysis of this aqueous solution, H+ ion migrates from the
bulk-electrolyte toward the cathode surface and is accumulated in
the cathodic diffusion layer. The accumulation of HQSOh may
have an additional effect on the natural convective flow and the
ionic mass transfer in the cathodic boundary layer.

Since it was recognized that the natural convection along the
surface of a vertical plane cathode plays an important role in the
electrolysis of an unstirred electrolyte, many theoretical and
experimental studies have been made on the ionic mass transfer in
the cathodic boundary layer which is accompanied by the natural
convection. The majority of these studies concerned the cathod-
ic limiting current density, and only a few theoretical and ex-
perimental works have been made on the ionic mass transfer in the
cathodic diffusion layer and the resultant distribution of the
local current densities in the region where the average cathodic
current densities are lower than the limiting value. It should
be noted that the industrial electrolytic refining, winning and

plating are usually conducted below the cathedic limiting current
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density.

It was intended in the present work to study the ionic mass
transfer and the natural convection in the boundary layer near the
gurfoce of' w vertlcul plune cuthode during Che clectrolysis ol Lhe
wstirred agqueous C1..1SO]+ and CuSOh-HESOLL solutions at the catheodic
current densities below and at the limiting value.

The theoretical solutions of the ionic mass transfer in the
cathodic diffusion layer and the current distribution on the sur-
face of a vertical plane cathode were derived under various elec-
trolytic conditions in Chapter 2. In order to derive these
theoretical expressions, the basic equations regarding the natural
convective flow, the ionic mass transfer and the charge transfer
were established. These simultaneous equations were solved
together with the rate equation of electrode reaction. Under
the assumptions that the width of electrodes is infinite and that
the electrolysis is conducted at the steady state, these basic
differential equations were simplified. The integration of
the Navier-Stokes equation and the eguations of ionic mass trans-
fer in the cathodic boundary layer were carried out by applying
the method proposed by von Kérmén and Pohlhausen. In addition,
the generalized functions in which the parameters W, A, N and €
are involved were used to express the velocity profile of natural
convection end the concentration profile of Cu.2+ and H+ ions in
the cathodic diffusion layer, respectively. From these equa-

tions, furthermore, the expressions regarding the maximal velocity
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of natural convective flow, the concentration difference of ionic
species between bulk-electrolyte and cathode surface, the thickness
of diffusion layer and the resultant distribution of local cathod-
ic current densities were derived under the following electrolytic
conditions, respectively.
1) BRlecctrolysis ab the cathodlc limiting current density
2) Electrolysis at the cathodic current densities of uniform
distribution
3) Electrolysis in the intermediate region between the cathod-
ic limiting current density and the uniform current densi-
ties
These theoretical expressions were derived for the electrolysis of
the aqueous CuSOll solution and of the agueous CuSOh—HESOh solution,
respectively. In the derivation of the theoretical expressions
regarding the aqueous CuSOh-HQSOh solution, the incomplete dis-
sociation of HSOE jon into H' and soi‘ ions in the second stage
dissociation of HQSOh was taken into consideration.

The upward natural convective flow along the cathode surface
was studied in Chapter 3. The velocity profile of the natursal
convective flow was measured in aqueous CuSOh and Cusoh-stoh SO-
lutlons by Cilming the motlon of smell colophonium particles sus-
pended in the solution and dragged along by the natural convective
flow near the cathode surface. The measurement was carried out
at 23°C with the aqueous 0.6M CuSOh, 0.1M Cusoh and 0.6M CuS0), -

1.5M stoh solutions, respectively. It was measured at vari-
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ous heights from the lower edge of cathode and at various cathodic
current densities below L mA/cm2 where the vertical distribution
of local current densities was presumed to be uniform.

It was revealed from the experimental results with aqueous
CuSOusnlutionsthat the non-dimensional theoretical correlations
derived in Chapter 2 between (umx/Dl) and (Sc*Gr*) and between
(t/x) and (Sc*Gr*) were satisfied under the electrolytic conditions
of wniform distribution of cathodic current densities.

In order to examine the effect of CuSOh concentration on the
velocity profile, the experimental results with aqueous 0.1M CuSOll
solution were compared with those of aqueous 0.6M CuSDbr solution.
It was revealed from this comparison that u is lower in 0.1M CuSOl+
solution, which was unable to be explained from the difference of
property constants of these two solutions. The parameter
n(= 61/1) was larger in 0.1M CuSO, solution, and the other para-

meters w., A and € were unvaried in both solutions. Since T is

1°
virtually unvaried in both solutions, the higher wvalue of n in
0.1M CuSOh solution indicated that the thickness of diffusion layer,
61’ is larger in this solution. From a simple calculation it
wag shown that the larger Gl—value In 0,1M CuSOh golution 13 main-
ly attributed to the higher diffusivity of CuS0, in this solution
of lower CuSOh concentratlon,

Next, the experimental results with the agueous 0.6M CuSOh—
1.85M H2SOh solution was found to satisfy the theoretical expres-

sions of u and T in CuSOh—HESOLL solutions derived in Chapter 2.
m
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The parameters W, 5 A, n and € involved in these equation were de-
termined according to the procedure proposed by Ibl. In this
calculation the incomplete dissociation of }_IESOll was taken into
conslderation, and the ratio of the Lhilckneso of diffusion layors
of H+ ion and Cu2+ ion was obtained at 1.54 in 0.6M CuSOh—l.SM
1-1280h solutlon. I'rom the compariscn of wvelocity profiles of
natural convective flow in aqueous 0.6M CuSOh and 0.6M CuSOh—l.SM
£1280lll polutlons, it was revealed thal both um and T arc rcduced in
Lhe 1atter solutlon. In order to clarily the reduced T-valuc
in the acldified CuSOh solutlon, the density distribulion in the
cathodic diffusion layer was calculated in CuSOh and CuSOh—HESOh
solutions, respectively. It was disclosed that the buoyancy
force acts in the upward direction in the whole region of the dif-
fusion layer in the former solution. On the contrary, the buoy-
ancy force acts in the upward direction in the inner portion of
the diffusion layer and the gravitational force acts downward in
the outer portion of the diffusion layer in the latter solution
because of the inverse concentration profile of H ion. Then
the upward natural convection is depressed by the gravitetional
force in the outer portion of the cathodic diffusion layer in the
acidified CuSO]1l solution which is caused by the accumulation of
H+ ion.

The measurement of the concentration profile of CuSOh in the
cathodic diffusion layer which is accompanied by the upward natu-

rel convection is very important for the studies of the ionic mass
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transfer in this layer. This concentration profile was pursued
in Chapter L. It was feasible to measure the concentration
profile by applying the technique of holographic interferometry.

In the derivation of the profile of refractive index of solution
from the holographic interferograms, the effects of beam deflection
in the cathodic diffusion layer were considered, and the inter-
ferograms were corrected under the assumption of a linear change

of refractive index in the region of beam deflection in the cathod-
ic diffusion layer. The concentration profile of CuSOu in the
cathodie diffusion layer was obtained from this corrected profile
of refractive index of the solution.

First the concentration profiles in the cathodic diffusion
layer of the agueous 0.05M and 0.1M CuSOh solutions were measured
at various cathodle current dengltles below the limiting value and
at various heights from the lower edge of cathode. The experi-
mental temperature was maintained at 23°C. It was disclosed
from the measurement that the concentration difference of CuSOh
between bulk-electrolyte and cathode surface, Ac, is increased
and the thickness of the diffusion layer, 61, is decreased when the
average current density is raised. It was also revealed that
61 is increased in the upper portion of the cathode.

Furthermore, it was revealed from the experiment that the
theoretical dependances of Ac and 51 on the current density and on
the vertical distance from the lower edge of cathode were satis-

fied in the region of lower current densities below one half of
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the limiting value. However, the experimental values start to
deviate from the theory at higher current densities. This is
supposed to be caused by the unequal local cathodic current den-
pltles in the vertleal dlrectlon. |

It is also important to pursue the concentration profilea of
CuSDh and 11230]_l In the cathodic diffusion layer lor sludylng the
electrodeposition of copper from the unstirred agqueous solution
containing CuSOh and Hesoh, which often takes place in the indus-
trial electrolytic refining and plating. As the first step to-
ward thios gool, the proflle of the relfractive index of solution
in the cathodic diffusion layer was measured at various heights
from the lower edge of cathode and at various cathodic current
densities up to the limiting value. The theoretical expression
of the difference of refractive index between bulk-electrolyte and
cathode surface, An, was derived under the assumption of a uniform
distribution of local current densities on the cathode surface.
At the cathodic current densities lower than a half of the limit-
ing value, the experimental resulte satisfied both theoretical
relationships between An and the height from the lower edge of
cathode and between An and the average cathodic current density.
It was also disclosed that An is virtually unchanged in vertical
direction at the cathodic limiting current density.

Furthermore, a generalized expression of An which holds in

the whole region of the cathodic current densities up to the limit-

ing value was derived in the form of Egq. (L.28). After the
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theoretical distribution of the local cathodic current densities
was obtained by using a technique of numerical analysis, the the-
oretical An values were calculated. Both experimental and the-
oretical An values were in fairly good coincidence over the whole
region of the cathodie current densities, though the measured
values were somewhat higher than the theoretical ones.

When the electrolysis takes place at the cathodic limiting
current density, the concentration of CuSOh is regarded as being
virtually zero on the cathode surface. Under this experimental
condition, An at a height of 4 cm from the lower edge of cathode
was measured at 23°C with the aqueous solutions conteining 1.85M
stoh and 0.01, 0.02, 0.03, 0.0L and 0.05M CuSOh, respectively.
and the concentration difference of H280lL between cathode surface
, was obtained. The ACHQSOh value

at the cathodic limiting current density decreases when CuSOu con=-

and bulk-electrolyte, ACHQSOh

centration in the bulk-electrolyte, ¥c, is lowered. Further-
more, the slope of the curve of AcH gg, versus *¥c also decreases
277k

when CuSO, concentration in the bulk-electrolyte is lowered.

L
These experimental results were explained by Eq. (2.79) and (4.23).

The measured ﬂcH S0 values were further compared with theoretical
2k

ones. It was disclosed that the measured ﬁcH Soh values were
2
(

somewhat lower than the calculated values from Eq. 2.79) in which
the incomplete dissociation of HQSO}4 was considered, This 4if-
ference between the measured and calculated values may be ascribed

to the uncertainty in the estimation of property constants used in
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the calculation such as the diffusivity of Cu.2+ ion.

Finally, the distribution of local current densities in the
vertical direction on a plane cathode was studied in Chapter 5.
The measurcment of local cathodic current densitles was made by
using the miniature probes imbedded in the plane cathode.
Measurement was carrled out al 25°C with the agueous solutions
containing 0.1M CuS0) and 1.85, 1.0, 0.1, 0.01 and OM H,50), re-
spectively.

From the electrolysis of the aqueous solutions containing
0.1M CuSOh and HESOh whose concentration is higher than 1.0M, it
was revealed that the local cathodic current densities are uniform
at the lower average current densities. It decreases along the
vertical distance from the lower edge of cathode when the higher
average current densities are applied. It was proportional to
the -1/4th power of the vertical distance from the lower edge of
cathode in the vicinity of the cathodic limiting current density.
This experimental result at the limiting current was in good
agreements with the theoretical result mentioned in Chapter 2.

The theoretical distribution of cathodic current densities in
vertical direction was calculated in the wide region of cathodic
current densities up to the limiting value with the agueous 0.1M
CuSOh-l.BSM HESOh solution. It was revealed that the theoreti-
cal distribution is in good agreement with the experimental re-
sults.

In the electrolysis of the aqueous solutions containing 0.1M
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CuSOh and H28014 whose concentration is lower than 0.1M, the meas-
ured distribution of local cathodic current densities was uniform
in the region of the average current density lower than a half of
the limiting value. This is because the concentration polari-
zation in the cathodic diffusion layer is relatively minor as com-
paired with the ohmic potential drop in the bulk-electrolyte of
lower electric conductivity- In the region of the average
cathodic current densities higher than a half of the limiting
value, it was revealed that the local current densities become
dependent on the vertical distance from the lower edge of cathode.
However, the experimental dependance of local current densities on
the vertical distance was fairly lower in the vicinity of the
cathodic limiting current density than the theoretical relation-
ship that the local cathodic current density is proportional to
the -1/4th power of the vertical distance from the lower edge of
cathode.

It was also observed that the locel cathodic current density
in the upper portion of the cathode surface is higher than the
theoretical value and it irregularly oscillates in the vieinity
of the limiting currcent denvlly. L 1y preswinbly becouse bhe
naturul convective tlow io developed In Lhly portlon of Lhe culhode
Lo the turbulent flow due Lo the hydrodynumic reslstance ut the
surface of the rough electrodeposit obtained from the agqueous soO-
lution of lower H280l+ concentration near the average cathodic

limiting current density- It was also supposed that the local
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cathodie current densities in the lower portion of cathode are not
attained at the limiting value. It may be said that the measured

dependance of the local cathodic current density on the vertical

dlobanece from Lhe lower erdge of enbhode boecomey falrly lower Lhan
the throretical one In the vielnlty of the bimlting currenl dennlly.
A menbloned wbove, Lhe lonle moann Lronnler and the nolurnl

convective flow in the boundaery layer of a vertical plane cathode
and the resultant current distribution on the cathode surface were
fairly well disclosed in the present work under the experimental
conditions that the natural convective flow is laminer. How=
ever, it should be mentioned that the following problems should
further be clarified in the future works.

The concentration profiles of Cu2+ and H+ ions in the cathod-
ic diffusion lsyer were not measured in the present work during
the electrolysis of the solution containing CuSOh and HESOM'

The present discussion was referred only to the profile of the
refractive index of solution in the cathodic diffusion layer and
the concentration difference of H280lF between cathode surface and
bulk-electrolyte at the limiting current density. In order to
further study this problem, it may be a very important clue to
apply the colorimetric method.

Industrial electrolytic refining and winning are conducted
by employing the large vertical plane cathode of about 1 m height.
The natural convective flow in the major portion of the vertical

plane cathode higher than 10 to 20 cm from the lower edge of
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cathode is thought to become turbulent. In order to study the
electrolysis which takes place at higher current densities, it is
desirable to investigate an ionic mass transfer in the cathodice
diffusion layer which is accompanied by the turbulent natural con-
vective flow.

The prevention of passivation of anode is important to carry
out the industrial electrolysis at higher current densities.
Many attempts have been made to overcome the problem. Among
them the application of periodic reverse current of higher density
to the industrial electrolytic refining of copper is proposed.
However, the basic studies have rarely been made on the electrolysis
with the periodic reverse current. It is thought to be impor-
tant to study the ionic mass transfer and the natural convective

flow in the anodic boundary layer during the unsteady electrolysis.
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Appendix A. Relationshlp bebween Concentration Gradients

2+ +
of Cu and H TIons at the Cathode Surface

When the electrodeposition takes place on the surface of a
vertical plane cathode instailed,in an unstirred or gently stirred
agueous solution containing CuSOh and HQSOh, we are primarily in-
terested in the concentration of Cu2+ ion which is lowered on the
cathode surface. In addition, our interest also concerns both
the increased concentration of unreacted H+ ion which migrates
toward the cathode surface and is accumulated in the cathodic
diffusion layer due to the spplied potential difference between
both electrodes and the decreased concentration of HSOE and Soi'
ions which migrate away from the cathode surface. Then it is
required to disclose the interrelationship among the concentra-
tion gradients of these ions at the cathode surface.

The flux of an ion i passing through a cross-sectional area

A in the cathodic diffusion layer toward the cathode surface is

expressed as

Adng_ e,
ar

Furthermore, we denote the symbol 55 as the number of moles of an

. - Ac.u, + Ac.v (A.1)
i Giﬂ' i 1513 i
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ion i which reacts on the cathode surface per unit Faraday, F.
Negative sign of 84 indicates that this ion is formed due to the
cathode reaction. Since the velocity component of the natural

convective flow toward the cathode surfacc, v, is zero ab the

cathode surfuce, Bg. (A.l) in rewritten abt y = 0 as

at  Faldy

dni _ sil _ aiq') " ( ) (4.8)
¥= it dy’v=0 )
where the symbol I represents the electriec current,

Upon adding Eq. (A.2) regarding each ion after being multi-
plied by a term (zi/ki), respectively, the resultant term in which
the concentration gradients are involved, AZZ ) 0? disap-

RJ
pears because of the condition of electroneutrality:

Zz,.c, =0 (A.3)

Then the potential gradient at the cathode surface becomes

(d¢) 1 J(ms/k) (A1)
o Y AF Z(?;C;“I/n‘i >¥:o

Substitution of Eq. (A.L4) in Eq. (A.2) regarding an ion J yields

the expression of concentration gradient ol this ion as

(-—"ﬂ) - { - o B, (A 5)
d‘d y=0 AF ‘ﬁ g J Z ? l/ﬁ

The diffusivity of an ion i, ki and the ionic mobility, u,, are

interrelated with each other by the well-known Nernst-Einstein
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equation of

k =
i 2,

KT (A.6)
where the symbols k and T are the Boltzmann constant and the abso-
lute temperaturc, respeelilvely. Subolituting kg. (A.G) In ILq.

(A.5), we have

Furthermore we consider, for example, the electrolysis of an
agueous CuSOh solution conteining HESOh' Presuming the sub-
+  + -
scripts 1, 2, 3 and U to represent the ions Cu2 , H, HSOh and

SOi-, respectively, we have

sl=l/2,se=s3=sh=0 }
(A.8)
Zq = &, z, = 1, 23 = -1, 2), = 2
Substitution of Eq. (A.8) in Eg. (A.T) yields
(_di _ 1 { Ca4C3+Cy } (A.9)
("{C") = I { 2¢2 )I (A.10)
olyg /y=0 2AFR, L 4c)+cp+ tdey =0
(._i) -__x { e } (A.11)
dy /30 2AF %k, L +CatCz+4C4 ' Y=0
(_dc_‘*) __ I { ks } (A.12)
dy /Y0 ZAFTR) L y+C+ Co+4Cul y=0

respectively.
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Furthermore it is assumed that the disscciation of CuSOh into
Cu.2+ and soi_ ions and the first stage dissociation of HESOh into
H+ and HSOE ions are complete, and the dissociation of HSOZ ion
into H+ ion and soi' ion is incomplete. Denoting the degree of

dissociation of HSOE by a, we have the following equations.

1-a

3 77+a % M2
¢, =c, + 42,52 (A.13)

Then the substitution of Eq. (A.12) and (A.13) in Eq. (A.9) through

(A.12) yields

oGy ) _{ (1+a) ¢ d <y
(0(3 ) y=0 20+a) ¢+ ()4 za)(, } o of? )f} o (A.1k)

des)y (1~a)c s
(0(2,1) {z(ﬁq)c,-{-(:za)cz }3= ( oy 40 (4.15)
olCy (+a) G + A C
(_d'd—) =R { z(|+mc,+(,+;)cl} (013 40 (A.16)

When we consider the electrolysis of CuSOh solution contain-
ing an excessive amount of lIQSOh al the cathodic limiting current
und 11 i wopwned that the degree of the sceond sluge dlvvoclublon

of 0,80 is complete, or, a = 1, it is seen that Bq. (A.14) through

(A.16) are in coincidence with the following equations which were

derived by Wagner%)
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O(Cz - Z G[Ci

T.'z'i;[)ym T3 ody )3‘=° (A.17)
qu. Z

(d‘J y=0 (d('j" go (A.18)

Reference to Appendix A

1) C. Wagner: J. Electrochem. Boc., 95 (1947) 161,
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Nomenclature to Appendix A

A surface area of electrode (cmg)
a degree of dissociation of HSOI ion (=)
ey concentration of ionic species i (mol/cm3)
e, elementary electric charge (= 1.602 x 1077 coulomb)
F Faraday constant (= 96,500 coulombs/g-equiv. )
I total electric current (A)
k Boltzmann constant (= 1.3805 x lO-lGerg/K)
ki diffusivity of ionic species i (cm?/sec}
n, number of moles of ionic species i (mol)
si number of moles of ionic species i which
reacts on the cathode surface per one
Faraday (mol/F)
7 absolute temperature (K)
t time (sec)
u, ionic mobility of species i (cm?/sec-volt)
v velocity of natural convective flow in
horizontal direction (em/sec)
y holizontal distance from cathode surface (cm)
4y valency of ionic species i (=)

Greek Letters

) potential (volt)
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subscripts

1 Cu?+ ion
2 H+ ion
3 HSO) ion
4 50°~ ion
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Appendix B. Measurement of Diffusivity of CuSOh in

A - -
queous CuSDh and CuSO}4 HBSOLL Solutions

Lw Introduction

Among the basic transport parameters used in the mass trans-
fer calculation, the measurement and estimation of diffusivity in
liquid are supposed to be less developed than the other parameters,
In contrast to the diffusivity in a gas mixture which is independ-
ent of the partial pressure of the diffusing gas component and is
precisely estimated by the—Chapman-Enskog equation}) the diffu-
sivity in liquid is usually dependent on the concentration of dif-
fusing species because of the interaction with solvent, and the
estimation is extremely difficult: it may only be possible to
estimate the diffusivity in the extremely lower concentration
rcglun?) Tn the higher concentratlon reglon, on the other
hund, no appropriuste procedure of estimallon hugs been proposed,
and 1t may be a wise way to measure them ralher than to hope to
estimate from the theory.

In the electrolytic refining of copper, the agueous solution

containing CuSOh and HESO'+ is employed, and the cathodic current
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density is affected by the rate of mass transfer of CuSOh in the
cathodic diffusion layer.’h) Then 1t is indispensable to ob-
tain the diffusivity of CuSC)!1L for studying the distribution of
cathodie current densities.

Among various experimental procedures of measuring the dif-
fusivity, optical methods such as Schliereng) and interferometric

6)

methods are prevalent and reliable. A modified Lamm scale

)

method' ’ using moiré p&ttEIHB) was employed in the present work.
The obtained moiré pattern represents the profile of the gradient
of refractive index in the solution caused by the gradient of con-

centration of diffusing species, and the diffusivity at various

concentrations is easily obtained.
b Theoretical

When the diffusivity is dependent on the concentration of

the diffusing species, Fick's second law of diffusion is repre-

sented in the form of

L. (D ac) (B.1)
ot  2x 2
By applying the Boltzmann par&meterg) of
z' = x/vt (B.2)
under the following initial and boundary conditions
c=rc (x <0), c= e, (x>0) att=0 (B.3)
c=c. (x+-®), c=c (x » «) at t =t (B.k4)

il 2
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Ea, (B.1) is rewritten as

/ <
D = -_;_é_ g: fz"dc (B.5)
C1
or , _x/
de
D= - fz dx (B.6)
Zt(“%) -00 dx)
=2/

It is seen from Eq. (B.6) that the diffusivity of the diffusing
species is calculated from the profile of its concentration gradi-
ent which is esteblished during the course of diffusion under the
experimental conditions of Eq. (B.3) and (B.4).

A moiré pattern is composed of the points of intersection be-
tween two groups of parallel lines. When two groups of the

parallel lines a and.Ai are placed in a slanted position of a

i
small engle O as shown in Fig. B.l, moiré pattern is observed as
a linear striped pattern represented by the line BB™. When a
solution having a gradient of refractive index is placed between
both groups of lines Ai and ai_at right angles to the lines a5
the lines a; are shifted to a new position of a{, and the points
of intersection are moved: for example, point P is shifted to
polnt P~. Consequently, the curved molré pattern of llne BC is
obuerved. T"he deviublon, v, of the polnb of interscetion [rom
P to P7 is related to the local gradient of the refructlive lndex,

n, in the solution aslo)

(B.T)
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Fig. B.l Principle of moiré pattern
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where k 1s a constant. Presuming a linear relationship between
the refractive index of the solution and the conecentration of the
diffusing species, the deviation v is proportional to the loeal
concentration gradient of the species.

Substituting the numerical values of v measured from the moiré
pattern in Eq. (B.6), the diffusivity of the species at a position
x~ is obtained: the local concentration gradient of the diffusing

species at a position x~ is related with the deviation v as

- de
v=k 40— (B.8)
dx
Then the integration of Eq. (B.8) under the following boundary
conditions
X =- e =c
= } (8.9)
x = x c=c -
X
yields
; x’
¢ . —c. =—— | vadx (B.10)

Furthermore, by integrating Eq. (B.8) between the concentration c,

and ce, we have
00
c. - ¢ =—l—Jvdx (m3.11)
. =00

Eliminating k~ from Eq. (B.10) and (B.11), the following equatlon

-

regarding the concentration of the diffusing speciés at x = x 1is

obtained.
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zf
jvdx
cC » =2cC "'(C il

1™ %)

2 (B.12)

R
I'v-d;r
- 00

The denominator of the second term on the righbl hand side of Eq.

(B.12) represents the area between the linear striped moiré pat-

terns before and after the start of diffusion.
3. Experimental
3.1 Experimental Apparatus and Procedure

The experimental arrangement is schematically illustrated in
Fig. B.2. It is composed of an optical system and a thermostat
in which the diffusion cell is installed. The beam emitted
from a laser light source was enlarged to a parallel beam of about
60 mm in diameter and transmitted to the diffusion cell. A
helium-neon gas laser emitter of 1 mW output was used. Two
transparent graﬁings of 100 lines per inch spacing were placed
just in front of and in back of the windows of the thermostat at
a slanted position of about 7° to 10° with each other, and their
overlapped image forms a moire pattern on a frosted glass plate
located behind the second grating.

In order to avoid sny vibration of the diffusion cell immersed
in the thermostat, water of constant temperature was circulated

through the thermostat from a separate heater. The diffusion
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cell used in this work is shown in Fig. B.3. It is composed

of & rectangular cell of 6 cm high, 4 cm wide and 0.6 em thick
and a cylindrical glass reservoir of about 14 ml capacity: these
cell and reservolr arce linked together wlth a glann eaplllnry of
0.1 em Inner diameber. Another glass caplllary of 0,03 em Ln-
ner dismeler and 50 em long wan conneceted Lo the upper end of bhe
glass valve of the diffusion cell as an additional hydrodynamic
resistance in order to reduce the transferring rate of solution
from the glass reservoir to the diffusion cell. This is for
minimizing the mixing of the solution near the two-solution inter-
face.

Prior to the diffusivity measurement, two aqueous solutions
of different CuSOl+ concentrations were prepared and maintained in
the thermostat. The solution of lower concentration was poured
into the diffusion cell to a half height, and the reservoir was
filled with the solution of higher concentration. A small air
bubble was left in the glass capillary between diffusion cell and
reservoir in order to avoid the contact of both solutions. By
adjusting the opening of the glass valves, the latter solution was
gently transferred through the capillary from the reservoir to the
cell due to the difference of static pressure. The solution in
the cell was pushed up, and the two-solution interface was formed.
Thus the diffusion of CuSO,4 in the upward direction was started.
The moiré pattern of the solution was filmed at proper time in-

tervals.
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Fig. B.3 Diffusion cell
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Analytical reagent grade HQSOh and CuSOh'SHEO and delonized
water were used, and the measurement of diffusivity was conducted
with the solutions mentioned in Table B.1. Experimental tem-

perature 1o alpo ahown in the pame Loable,
3.2 Experimental Results

An example of the moiré pattern is illustrated in Fig. B.k
which was filmed during Run 12 shown in Table B.l. The dura-—
tion of diffusion was 24,000 sec. The curve that appears on
the moiré pattern represents the locel gradient of refractive
index in the solution. The refractive index of agqueous CuSOh
and CuSOh—HQSOh solutions of various concentrations was measured
by using the Abbé refractometer at the temperatures of 25°, L0°
and 55°C prior to the experiment of diffusion, respectively.

It is seen from Fig. B.5 that the relationship between the refrac-
tive index of the agqueous solution and the concentration of CuSOh
is linear. Similar linear relationship was obtained in the
CuS0, -H_80, solution at each temperature. Thus it i1s possible

L 27
to calculate the diffusivity of CuSO), from the moiré pattern by

applying Eq. (B.6).

An example of the concentration profile of CuSOh is calculated

from Eq. (B.12) and shown in Fig. B.6. A graphical integration
of the concentration profile as
> 4
g = j (c - clax (B.13)

-0



Table B.l

Diffusion couples

Composition of higher
concentration solution

Compositicn of lower
concentration solution

Run Temp. (°C)
CuSOh(M) stoh(M) CuSOh(M) HESOh(M)
11 1.0 0 0 0 25
12 1.0 0.6 0 0. 25
13 0.8 . 1.2 0 1.2 25
1L 0.72 1.85 0 1.85 25
15 1.2 0 0.6 0 25
21 0.8 0 0 Lo
22 0.8 0.6 0.6 Lo
31 0.8 55
22 0.8 0.6 .6 55

€92
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yields the amount of CuSOh transferred per unit areas at a position
X. The origin x = 0 is determined from the following mass bal-

ance equation

0 00
[(c - cl)dx = (c2 - ¢)dx (B.1k)
—Cd 0

which is also schematically illustrated in Fig. B.6.

The concentration profile shown in Fig. B.6 is further trans-—
formed into a curve shwon in Fig. B.T7 in which CuSOh concentration
and z = x//% are taken as the ordineate and abscissa, respectively.
It is evident from this figure that all concentration profiles

shown in the figure are represented by a single curve, and the

concentration is a function of (x/vt). Then
x -,
——=k (B.15)
Jbz
at a fixed concentration. In this equation, k™~ is a constant.

The starting time of diffusion was corrected because of the
unavoideble mixing of the two solutions near the interface at the
start of diffusion where the solution of higher concentration was
transferred from the glass reservoir to the diffusion cell.

In order to compensate the possible errer in the determina-
tion of the origin x = 0, the following procedure wus cmployed.
Presuming that the determined origin is deviuted o distance Ax
from the true origin, the diffusion lengths (xA + Ax) wnd (KB +
Ax) are obtained at two different levels of concentraticn Ch and

Cpo respectively. Substitution of these diffusion lengths in
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Eq. (B.15) yields

Zy+tax .,
.o i S

= (B.16)
ot A

and
Lptax
Jﬁ;g}r = kB (B.17)
respectively. From Eq. (B.16) and (B.17),
x, - % = (KD, - X VD )VE (B.18)
in which the deviation Ax is not involved. Then it is possible

to correct the starting time by using the linear relationship be-
2 . , ;
tween (gA - xB) end t shown in Fig. B.8: the group of straight
lines obtained at various combinations of CuSOh concentration pass
through a common intercept which is apart from the time origin by
At. By adding At to the measured diffusion time, the diffu-
sivity was calculated.
The measured diffusivities in the solutions mentioned in

Table B.l are summarized in Fig. B.9, B.10 and B.11l.
4. Discussion

In order to ascertain the‘reliability of the measurement in
the present work, it is necessary to investigate the correction
of the starting time. The obtained time corrections At are
summarized iﬂ Table B.2. In order to further examine these
timé corrections, holographic interferogramsll) were filmed in

the vicinity of the two-solution interface. It is demonstrated



270

Fig. B.8
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Table B.2 Time correction

Run At (sec)
11 -g92
12 -223
13 -829
1L —2292
15 =79
21 =702
22 -396
3l _ -609
32 ~139




in Fig. B.12 through B. 1k.

Figure B.12 was filmed just after the passage of the air bub-
ble through the diffusion cell: it is seen that the air bubble is
escaping from the center of solution surface. A trivial dis-
turbance of interference fringes is observed along the rising
path of the bubble: this is caused by the mixing of the solution
of higher concentration accompanied by the air bubble. Figure
B.13 was filmed at 32 sec after the passage of the bubble. It
is seen that the disturbance of fringes almost disappears and
that the two-solution interface is being formed: curved fringes
are observed at the bottom of the diffusion cell. Third holo-
graphic interferogrem was taken at 240 sec after the passage of
bubble and is illustrated in Fig. B.1lL. It is seen that a d4if-
fusion zone of 0.5 to 0.6 cm thickness is formed at the interface.

It is possible to estimate an approximate value of At from
the holographic interferograms under the assumption that the dif-
fusivity is unvaried. An enlarged holographic interferogram
of the diffusion zone is demonstrated in Fig. B.1l5 which was
filmed at 4,800 sec after the start of diffusion. With the
procedure shown in this figure, the distance x which corresponds
to a constant concentration difference was measured at different
diffusion times between 600 and 36,000 sec, and £ was plotted
against t. By applying the least squares method, the inter-
cept at x = 0 was calculated, and At = -138 sec was obtained.

This value of time correction is in the same order of magnitude
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Fig. B.12 Holographic interferogram

at the start of diffusion
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as those mentioned in Table B.Z2. It may be said that the ob-
tained values of time correction are reasonable.

It was already mentioned that the graphical integration of a
molré pattern was carried out in order to obtain the diffusivity.
The precision of this graphical integration was also cxamined: the
devinlion of molré pattern wan independenlly messurcd by three
individuales, and the obtained diffusivities were comapred with
each other. It was revealed that these diffusivities coincided
very well within the experimental error.

1t was also supposed thal the precision of the deviation
measurement is lowered in the region where the concentration gra-
dient is small. In order to examine this, the diffusivity was
tried to be measured with two diffusion couples of 0.6M Cus0), so-
lution-1.2M CuSOh solution (Run 15) and H20—l.OM CuSOh solution
(Run 11), and the obtained diffusivities were compared. As
seen in Fig. B.16, the difference of diffusivities at about 0.6M

Cu80, is very minor, and the possible error of measurement in the

L
region of small concentration gradient is omitted.

As seen in Fig. B.9, B.10 and B.1ll, the diffusivity of CuSOh
is more dependent on Cu.S.O]4 concentration in the lower concentra-
tion region in agueous CuSOh solution than in the higher concen-
tration region: the numerical values of diffusivity are in good
coincidence with the diffusivity obtained by Colelg) using a sin-

tered glass disphragm in the lower concentration region.

It is also seen that the diffusivity of CuSOh in the agqueous
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CuSOh—HQSOh solutions whose HéSOh concentration is 0.6 and 1.2M,
respectively, is higher than the diffusivity in the agueous CuSOLl
solution. The higher diffusivity in agueous CuSOh-HESOh solu-~
tions is thought to be attributed to the presence of large amount
of H+ ion in the solution; the local electroneutrality accompanied
by the diffusion of Cu2+ ion is easily attained, and the inter-
action between Cu®' and SOi" ions is reduced.

When Hesoh concentration is further raised, on the contrary,
the diffusivity is lowered: the diffusivity in the solution con-
taining CuSO, and 1.85M HQSOh solution is slightly lower. This

phenomenon was also observed by Cole%e)

The lowered diffu-
sivity in this solution is supposed to be caused by the increased
viscosity.

In order to obtain the activation energy., the diffusivity of
Cuso,, was measured at 25°, L40° and 55°C in the aqueous Cus0, and
CuSOh—O.GM HESO'4 solutions, respectively. Arrhenius plots are
demonstrated in Fig. B.17. The activation energies in these
two solutions are 3.6 end 4.6 #c&l/mol, respectively, which are

6,1
again in good coincidence with the reported values.’ 3)

5. Swnory

The diffusivity of CuSOh in the aqueous solutions containing

CuSOh and CuSOh---HESOh was measured by the modified Lamm scale

method using moiré pattern. In order to reduce the error of
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the measurement, a few improvements were made.

Firstly, an additional hydrodynamic resistance was attached
to the diffusion cell in order to reduce the transferring rate of
the solution to the cell, thus minimizing the mixing of solutions
near the two-solution interface. It was confirmed with the

holographic interfercmetry that the mixing of the solutions at the

start of diffusion was reduced to a large extent. The time
correction At was calculated from the plot of (xA - xB)2 vs. t in
which the possible deviation Ax was not involved. Thus the re-

producibility of the measurement was significantly improved.

Secondly, the precision in the graphical integration of the
moiré pattern was examined: it was revealed that the diffusivities
independently calculated by three individuals coincided very well
within the experimental error and that the possible error of the
measurement in the region of small concentration gradient was
very minor.

The cbtained diffusivities were in excellent agreement with
those of the previous workers. The diffusivity becomes higher
when H SOh is added to the aqueous CuSOh solution, and it de-
creases again when the H SOh concentration is higher. The cob-
tained activation energies of diffusion were 3.6 and 4.6 kcal/mol
in the aqueous CuSOh and CuSOh-O .6M H SOh solutions, respectively,

which are again in good coincidence with those of previous workers.
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Nomenclature to Appendix B
concentration of CuSOh

concentration of CuSOh in the solution of
lower concentration
concentration of CuSO, in the solution of
higher concentration
concentration of CuSOh at x = x
diffusivity of CuSO

L
diffusivity of CuSOh at ¢ =

|
(2]

diffusivity of CuSOh at ¢ = gy

proportionality constant between v and

local gradient of refractive index

proportionality constant between v and

local gradient of concentration

constants

refractive index of sclution

time

deviation from a linear striped moiré pattern
vertical distance from two-solution interface
vertical distance at ¢ = cx, from two-

solution interface

c

diffusion length at c A

diffusion length at c c

B

possible error in the determination of origin

28¢

(mol/cm3)

2

(mol/cm

3

(mol/cm
(mol/cm?)
(e’ /sec)
(cn/sec)

Ccme/sec}

(cm?)

(cm3/mol)

(cm)

(cm)
(cm)
(cm)

(em)
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-

z Boltzmann parameter (cm/sec

1/2)
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Appendlx ¢,  Dioroelnllon of II,'.“I(}“

ions was of-

= "J

Complete dissociation of II SOh into H and S0,
1,2)

ten assumed in the previous works on the ionic mass transfer
in the cathodic diffusion layer during the electrolysis of agueous
solution containing CuSOh and H )4 It is well known, on the
other hand, that H SOh is dissociated in two steps among which the
first stage dissociation of HESOJ+ into H and HSOh ions is com-
plete and the second stage dissociation of HSOE into H+ and SOi-
ions is incomplete in the agueous stou solution of higher concen-—
trations. Since the dissociation of HESOh plays an important

role in the studies on the ionic mass transfer in the cathodic

diffusion layer of aqueous CuSOl+ HESOh solution, the dissociation

of H2SOLl was further studied in the present work in the agueous
CuSOh—H SOh solutions on the basis of the works of Young et al§)

L)

and Hsueh and Newman.

- + D aas
The dissociation constant of HSOh ion into H and SOh ions

defined by the following equation is reported as

Ayt A g 2"
Rogg = S0” - .01 (c.1)
b aHSO:;
at 2570 The dissociation constant, K., .-, in this eguation

HSOh
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is a thermodynamic dissociation constant and it is related to the

apparent dissociation constant expressed with the ionie concentra-—

tion as
e, tre  2-
H SOll
B e, (c.2)
and
HSOJ+
K, o= = e e ® B (c.3)
HSOh KHSOh fH+ fSOE_
wheref}_is the activity coefficient of the ionic species i.
Then Kﬁso- is a function of the true ionic strength of the solu-
L
tion in the form of
I
I =——Jc, 22 (c.k)
X 2 i b i

where ci is the equilibrium concentration of the ionic species i

which is determined by the dissociation equilibrium of Hsoi.
Young et al§) measured the concentration of HSOE in the aque-
ous HESOh solution of varicus concentrations by applying a tech-

L
nique of Raman spectral analysis. Hsueh and Newman ) corre-

lated Kﬁso- obtained from the Raman spectral analysis with the
I .

true ionic strength in the form of the following expression.
It 1a
KHSOK 5.29/1
1n = (£.5)
KHSO£ 1+ 0.56»/1r

By applying Eg. (C.5), the degree of the second stage dissociation
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of HQSOh in the aqueous solutions employed in the present work

was calculated. The results of calculation are summarized in
Table C.1l. In this table the notation a represents the degree
of Lhe necond nlopge diospocintlon of HSU;. IL wan furblher nn-

sumed in this calculation that HESOM is complelely dlssgoclated
+ i

into H and HSOh ions in the first stege of dissociation.
It is seen from this table that Hso; ion is not completely

dissociated but the degree of the second stage dissociation is

only about 0.3.



- + 2-

Table C.1 The apparent dissociation constant of HSOh ion into H and SOM ions
end the degree of dissociation of HSOI ion in aqueous CuSOh-HesoJ+
solutions of various compositions

c ¢ K! T a
No. B, Gty g T Ref.
(¥) (M) (M) (M) (-)
1 1.5 0.6 1.80 4.76 0.29 Chapter 3
2 1.85 0.01 1.09 3.04 0.31
3 1.85 .0.02 i 9 3.08 0.31
L 1.85 0.03 1.13 .11 0.31 Chapter L
5 1.85 0.0k 1.15 3.13 0.31
6 1.85 0.05 1.17 Baol 0.3,
T 1.85 0.1 1.26 3.39 0.31 Chapter 5
8 1.%73 0.0999 0.97 2.73 0.30 Hsueh and Newmanh)
9 2.55 0 1.92 L .89 0.33 Young et 31.3)
10 1.85 0 1.08 3.00 0.33 (the experimental data
11 1.47 0 0.816 2.35 0.30 of Raman spectroscopy)

1162



1)

Reference to Appendix C

C. Wagner: J. Electrochem. Soc., 95 (1947) 161.

K. Asada, F. Hine, S. Yoshizawa and 8. Okada: J. Electrochem.
Soc., 107 (1960) 2k2.

T. F. Young, L. F. Maranville and H. M. Smith: "The Structure
of Electrolytic Solutions", ed. by W. J. Hamer, p. 35, Wiley
and Sons, New York (1959).

L. Hsueh and J. Newman: Ind. Chem. Fund., 10 (1971) 615.



Nomenclature to Appendix C

degree of dissociation of HSOE ion

+
activity of I ion

activity of HSOh ion

activity of soﬁ' ion

concentration of ionlec species i

3 + .
concentration of H icn

concentration of HSOE ion
concentration of soi‘ ion

+
activity coefficient of H ion

activity coefficient of HSOh ion
activity coefficient of SOh_ ion
true ionic strength

thermodynamic dissociation constant

apparent dissociation constant

valency of ionic species i

(mol/1)
(mol/1)
(mol/1)
(mol/1)
(mol/1)
(mol/1)
(mol/1)
(=)

(-)

(-)

(mo1/1)
(mol/1)
(mol/1)

(=)
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Appendlx D. Denplflenllon Coeflflclonl of 110 Ton in

the Integrated Navier-Stokes Equation

When the electrolysis tekes place with the vertical plane
electrodes installed in an unstirred solution containing CuSOh
and H2SOh, the integrated Navier-Stokes equation for the natural
convective flow along the cathode surface is expressed by the fol-

lowing equation. It is

ol Qz olu
—d-;-{u dy = 0.8 [(cl - *cl)dy + uegf(cg - *cz)&y - *y ng
0 0 0

(D.1)
where the subscripts 1 and 2 denote Cu2+ and H+ ions, respectively.
The first and second terms on the right-hand side of Eg. (D.1l) re-
present the buoyancy force acting on an infinitesimal volume ele-
ment of the solution in the cathodic diffusion layer. The
buoyancy force is determined solely by the density difference of
the solution between the diffusion layer and the bulk-electrolyte.

The density of an agueous solution is a function of the com-
position of this solution. With regard to an agqueous solution
containing CuSOh and HZSOh’ the density 1s determined by the con-

2+ + .
centrations of Cu ion and H ion even though the solution con-
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: 24+

tains four types of ions, Cu” , H . HSOLL and soh. It is be-
cause the concentrations of these ions are to satisfy the relation-
ships of the electroneutrality and the dissociation equilibrium of

+ -
HSOh into H anad SOh ions.

The densification coefficients with which the concentration
of a certain species is related to the density of the solution

are measured and represented by the salt concentration such as

ouso and cH SOL: they are defined as follows.

i 2
8 - din P
Cus0, ~ T3 Crco,
(D.2)
8 _ d4n P
1,50, 2 Cpysoy

Assuming that the dissociation of CuSOJ+ is complete, the densi-

+
fication coefficient of Cu? ion, o,, is demonstrated as

1

o, = BCuSOh (D.3)

It is known, on the other hand, regarding HQSOh that the first
stage dissociation is complete and the second stage dissociation
is incomplete. Presuming that the degree of the second stage

+
digsociation is denoted by a, the denslficalion cocfficient of II

0

lon, s is related to B“qs ! an

o g (D.4)



Nomenclature of Appendix D

degree of dissociation of HSOE ion
P+
coneentrotlon of Cu’  lon

concentration of H+ ion

N

+
ion in the bulk-

concentraltion of Cu
electrolyte
concentration of H+ ion in the bulk-
electrolyte

concentration of CuSDu

concentration of H280h

gravitational acceleration

thickness of hydrodynamic boundary layer
velocity of upward natural convective
flow

height from lower edge of cathode

horizontal distance from cathcde surface

Greek Letters

CuSOh

2+
densification coefficient of Cu ion

(= dinp/de, )
densification coefficient of H+ ion
(= dlnp/dcg)
densification coefficient of CuSOlL

)

(= dinp/ac
Cuso),

uso

(=)
(mo]/cmS)

(mol/cm3)

(mol/cmB)

(mol/cm3)
(mol/cm3)

(mol/cm3)

(= 980 cm/sec2

(cm)
(cm/sec)

(em)

(em)

(cms/mol)

(cm3/mol)

(cm3/mol)

29t
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H,S0
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densification coefficient of H SDh

2
(= dilnp/dc ) (cm3/mol)
HQSOh
2
kinematic viscosity of bulk-electrolyte (em”™ /sec)
density of solution at a distance y (g/cmB)
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