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On homology 3-spheres

which bound contractible 4-manifolds

NORIKO MARUYAMA

TSUDA COLLEGE

§1. Ihtroduction.

In this nbte, we consider the question which homology
3-gpheres bound contractible (or acyclic) 4-manifolds. This
question isbimportant in the problem of classifging homology 3-
spheres, Some families of homoiogy 3-spheres which do bound con-
tractible L-manifolds are given by akbult and Kirby and otheres
in [A-K], [C-H] and [M]. All known examples are the Breiskorn
homology 3-spheres,

We deal with the homology 3-spheres of plumbing type. A
closed 3-manifold is of plumbing type if it is the boundary of a
regular neighbourhood of smooth, normally immersed surface in an
oriented 4-manifold, The Breiskorn homology 3-spheres are of
course of plumbing type, but all of homology 3-spheres of plumb=
ing type is not a Breiskorn homology 3-spliere,

Throughput this.note we use the terminology of Kirby's cal-
culus on framed links. Since Kirby's calculus is widely known,
we omit the minute details. We refer to [K} for the fundamentals
of Kirby's calculus. Every time we draw a framed link in 33,
we mean the corresponding 4-manifold obtained by attaching 2-han=~

dles on the boundary of BLF along the framed link, In this note
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~ means a diffeomorphism and éé means a diffeomorphism between
the boundaries ot manifolds. *“Blowing up" means taking connected
sum with GPE or -CPZ. "Blowing down" means replacing the
neighbourhood of an embedded 2-sphere ( = the Da-bundle over 52}
with Bh when the Eular characteristic of the bundle is #*1.

In §2 we define a contractible 4-manifoid by generaiizing
so called Mazur manifold. Applying Kirby's calculus on framed
links in §3, we sketch the proof of the foliowing result:

Theorem 1., ([Mf}, [M2])

A. A Breiskorn homology 3-spheres 3,(2n+1, 2n+2, 2n+3)
bounds a contractible 4-manifold.

B. A homology 3-sphere ,(n) of plumbing type given by the
following framed link ]9 (n) (o= 1) ~bounds a contractibvle -

manifold where

-2 =2

, '2/\3 :)O

-2 /Q_/\_/\/—‘——-/
S(n) =g3| Wn): @. /-L n;
O
R/‘__/

-an=3 ne=1 .

The statement A is stronger than the result of Martin in [M]:
Z(Zn-ﬂ, 2n+2, 2n+3%) bounds an acyclic 4-manifold, But it is the

special case of the results of Casson and Harer [C-H). ¥emte sbout

- :2‘ -



124

the family of homology 3—sphere5'in the statement B of ?heorgm 1.
that S5(1) ~is the Breiskorn homology 3-sphere. 2(2, 5, 7) _.and
that 3(n) (n=z2) is not a Breiskorn homology 3-sphere [M2].
Appther method to give an example of homology 3-sphere which
bounds a‘qutractible,q-manifold is to perform .tl=-surgery.on S3
along a slice knot in Ss Cal. By Kirby's calculus we can show
Theoremvz.v([M1]) A Breiskorn homology 3-sphere

5:(2, 3, 6n%1) 1is obtained by a +l-surgery on a knot k¥ (n) (nz1)

where
K*(n) = j and K~ (n) _ f})

n full right handed twists °

8ince we can show only K*t(2) is a slice knot among K¥*(n)’s
(n21), we restate that

Corollary. X(2, 3, 13) bounds a contractible L-manifold.

$2. Construction of a contractible 4-manifold.

w*= W(n+1, n; r) is defined as a 4-manifold obtained by
adding two 2-handles to bu along the following framed link of

two components in 83:= 3B4 ~and surgering S2 corresponding to

the O=-framed unknotted circle with a dot:
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W(n+l, n; r):

where the r-framed circle 0‘ links the O-framed circle with a
dot algebraicélly once.

By the definition W is a 4-manifold with its handle decom-
position consisting one 1-handle and one 2-handle attached along
the r-framed circle o4 1lies in §'x 8= (B*x H') = »(s'x B%)
being homotopic but not isotopic to the standard embedding
stx () c s'x Sa. That is the 2~handle cancelles the 1-handle
homotopically., Therefore W can be seen as a generalized con-
tractible Mazur L-manifold with boundary.

The following theorem gives a description of the boundaries
of some of these contractible 4-manifolds of Mazur types.

Theofem 1.

A, X (2n+1, 2n+2, 2n+3) = 9W(n+l, n; 2ns+2) (nz1).

B, T(n) ~ dW(n+1, n;2n+l) (n=z1),

§3. Proof.
For want of space we prove only the statement of Theorem 1.B.

We refer to [M1] and [M2] for the explicit proofs of the results.
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Proof of Thorem 1. B, We show that }?(n) can be deformed

by Kirby's calculus into the framed link defining W(n+1, n; 2n+l).

-2

C@/ B

2 -2 =2
-2n-3
n=-1
-2 /“\ )—2
/\/\ . 4
N— ~

Blow up

XN
G Q2

framed circles n-1 times

until we get



Blow down

L D
(&S

~ ‘/ -1 n
Blow down
n

I

~r

Handle adding

corresponding to

{hT — h1

hz-——? h2+'h]

n full right handed twists :
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3

~F

Blow down the -1 , n

framed circles n41 times

2n41

one after the other

(

% W(n+1, n; 2n41).

Surger SZ

- corresponding to (:)g

This completes the proof of Theorem 1, B,

Concluding remarks

(1) From a different point of view we can show that the

Breiskorn homology 3-sphere 3.(2, 7, 19) bounds a contractible

L-manifold, applying Kirby's calculus.

n-1
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(ii) The proof of (i) and related'tapiéé will be described in

another paper.

References

[A-K] S, Akbult and R. C. Kirby, Mazur manifolds. (preprint)

[C?H] &, J. Casson and J. L., Harer, Some Breiskorn homology 3~

spheres which bound contractible u-manifolds.f(pre-

print)

(c] C. McA. Gordon, Kmots, homology spheres, and contractible

L4-manifolds, Topology, Vol. 14, No 2, 1975, 151-172,
(k] R. C. Kirby, A

calculus for framed links, Inventions

Math, 445, 19?89 55"560

(M) N. Martin, Some homology 3-spheres which bound acaclic 4~

manifolds, Springer Lecture Notes, No 722; 19?9, 85—
92. ‘

U!ﬂ N. Maruyama, Notes on homology 3~spheres which bound con-

tractible a-manifolds I. (to apper in Journal of

Tsuda College, Vol 13)

[HZJ N. Maruyama, Notes on homology 3—sphereé which bound con-

tractible 4-manifolds II. (preprint)

NORIKO MARUYAMA
Department of Mathematics
Tsuda College

Kodaira, Tokyo, 187

Japan



