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A GENERALIZATION OF FRACTIONAL CALCULUS AND

ITs AppLicATIONS TO EuLER-DARBOUX EQUATION

Megumi Saico *

1. Introduction,

The fractional calculus has been investigated by many mathe-
maticians. (see [14]) In their works the Riemann-Liouville oper-
ator (R-L) was most central, while Erdélyi and Kober defined their
operator (E-K) in connection with the Hankel transform. (see [8])
Thereaftef various generalizations have been made; (see [131])

Here we shall define a certain integral operator involving the
Gauss hypergeometric function. (cf. Definition 1) Such an inte-
gral was first treated by Love [9] as an integral equation.
However, if we regard the integral as an operator with a slight
change, it contains both R-L and E-K as its special cases owing to
reduction formulas for the Gauss function by restricting the para-
meters. The more interesting fact is that for our operator tWo

kinds of product rules may be made up by virtue of Erdélyi’s
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formulas (see [3]), which were first proved by using the method of
fractional integration by parts in the R-L sense. From the rules,
of course, the ones for R-L and E-K are deduced. Moreover, our
operator is representable by products of R-L’'s, from which it is
possible to obtain the integrability and estimations of Hardy-
Littlewood type [6]. We shall also define, in parallel, another
integral operator on the interval (x, o), which is an extension of
operators of Weyl and another Erdélyi-Kober. (cf. Definition 2)
Then the formula of integration by parts with respect to our inte-
gral operators is obtained. Section 3 is devoted to define the
fractional derivative corresponding to the above fractional inte-
grals and to investigate several formulas.

The fractional calculus has been applied to various problems in
analysis. (see [13]) .For instance, it is known that the calculus
is valuable in the theory of equations of mixed type or hyperbolic
type with degéneration. Nahu$ev [11] posed a problem for the

degenerate hyperbolic equation

(1.1) y — - = 0, (m > 0),

in y > 0 imposing boundary conditions, one of which is a linear com-
bination of fractional derivatives of the solution on both charac-
teristics. Then many results for various similar problems have
been published. (see [12], [2], [22], [23] etc.) In their works,
however, the calculus is of the sense of R-L and the orders of

the derivatives are fixed to some numbers. The rest of this report,
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Sections 4~ 8, is devoted to discuss boundary value problems for

the Euler-Darboux equation

9%u B du a  du
- - = = > + <
X0y X-y 09X X-y 0Y 0, (a>0, >0, a+B<l),

(1.2)

in the domain {0<x<y<1l} as applications of our fractional calcu-
lus. Note that the equation (1.2) implies the equation (1.1) (a=
B =m/(2m+4)) or some other degenerate hyperbolic equations being
expressed by the characteristic coordinates. The values of the
solution of (1.2) on its characteristics x=0 and y=1 are repre-
sented by our fractional integrals. Then we set Problem I for
(1.2) with such boundary conditions that the generalized fractional
integrals or derivatives of the solution on x=0 and y=1 are equal
to some given functions. Orders of the fractional integrais or
derivatives in these conditions are chosen between some positive
and negative numbers depending on o and B. This problem is
regarded as a generalization of the Goursat problem, i.e. the
characteristic initial value problem. Problem I is reduced to a
dominant singular integral equation with the Cauchy kernel, and
the expression of the solution is given by virtue of the theory
of singular integral equations [5]. In that place, the wvalidity
of the H6lder continuity of the fractional integrals and deriva-
tives of Holder continuous functions is negessary;

Problems I and I are Nahusev'’s type problems stated above.
The boundary conditions are to assume the value of the solution

on the non-characteristic boundary x =y and the value of a linear
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combination of the generalized fractional integrals or derivatives
of the solution on both characteristics. Problem I differs from
Problem II in coefficients of their second boundary conditions.
That is, while that of Problem II are constants, Problem II in-
volves some powers of x and 1l-x. Then in calculations and for
the solvability different methods are required. In Problem II,
the reduced integral equation is the dominant type similar to the
case of Problem I, and then the solution can be represented explic-
itly. But Problem II is reduced to a singular integral equation
containing the logarithmic kernel together with the Cauchy kernel.
The solvability is discussed on weighted Lp spaces by refering to
the theory by Hvedelidze [7], where we need to ask for the aid of
Lipschitz spaces in Lp in order to ensure the integrability of our
fractional integrals and derivatives, which are discussed in Sec-
tion 8. |

For detailed results and calculations of this report, see [15],

(161, [17], [181, [191, [20] and [21].

2. Definitions of Fractional Integrals and Their Properties.

Definition 1. Let a >0, B and n be real numbers. The inte-

o,B,n
IOx

interval (0, <), is defined by

gral operator , which acts on certain functions f(x) on the

~a-B
o,8,Mn _ X

X a-1 t
(x-t) F(o+B8,-nja;1- ;) f(t)dt,
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where T' is the gamma function, F means the Gauss hypergeometric

series
» (a)_ (b)
_ n 'n _n
(2.2) F(a,b;c;z) = Z —omr . lzl<1,
n=0 n
and (a%1= I'(a+n) /T (a).
Definition 2. Under the same assumptions in Definition 1, the
integral operator Jz;B’n is defined by
aBmy _ 1 (7 _ -l 0B g1 X
(2.3) I f = () L{(t x) t F(a+B,-n;a;l t)f(t)dt.

Remark 1. When o0+ 8=0 or 3=0, I and J are reduced to the

following integral operators:

X
O,=0,n _ 1 Rt _La
(2.4) Iox f = Ta) L)(x t) f(t)dt = Ry, £, _
' (Riemann- Liouville)
(2.5) 1% 0mg - x> X(x—t)c""lt”f(t)dt = g% N¢
) 0x T'(a) 0 0x !
. (ErdéLyi-Kober)
O, =0 ,N _ 1 Oo _a-1 _ 0
(2.6) 3.7 £ = 775y L (t=x)*"" £(£)dt = W, £, (Weyt)
n [ee]
0,0,n _ X _oo=1, -o-n __0,n
(2.7) JXoo f = T () L{(t xX) t f(t)dt = KXoo f.

(Endélyi-Kober)

Theorem 1. The 6ouowing gormulas are valid:

o,B,n _ _-a-B-n _o,-a-n,-a=R
(2.8) on f =x IOX £,
OL,B,T] B—n _ Ofvlan
(2.9) IOX X f = IOX £,
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+B8+ -a-1,-0-
G,B,nxuﬁnf=J(x,o¢n‘,uBf’

(2.10) Jxm <o

n-8 Ja,n,B £,

(2.11) g Bme g
Xoo Xoo

L_ denotes the usual class of p-th power integrable functions
on the interval (0, ) with the horm - IIp for 1<p< o, and L
essentially bounded functions with | l|°o . If we combine results

of Hardy and Littlewood [6], Kober [8] and Flett [4], we obtain

Lemma 1. let 1<p<g< oo, a<l-1/p and b >a-1/p. 14 gunctions
f(x) and g(x) satisfy xafELp and xbgeLp , and o>1/p=-1/q9, where
o may be equal to 1/p -1/q except the cases l=p<g< o and L <p<qg

—OO,

then x1/P ~ 1/ -ota Rgx £ and x1/P-1/a-0+b Wi g belong to Lq

and therne hold the estimations

, 1/p~-1/q-a+a _o a
(2.12) I x ROxf"q < Clx fllp ’
1/p-1/q -o+b _o b
2.13 < C
( ) Ix W, 9 llq < Clx gllp
Definition 3. Let 1<p<gs< ow. The condition A, (a,B,n;a;p,q)

means that the members satisfy (i°) a<min(0,-8+n) - 1/p+1, (2°)
(i) a>-8+1/p-1/r2>21/p-1/q for p<r<q, or (i) az=2-n+1l/p-1/r
>1/p-1/g forpéqu. (If 1=p<g< o or l<p<g= o, one of
the equal signs in (i) and (il) should be excluded.) If, instead
of (1°), we assume (1°)" b > -min(B8,n) - 1/p, then that is called |

the condition A, (a,B,n;b;p,q).
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Theorem 2. let 1<ps<qgs< o, Assume the conditions A, (o,B,n;a;

1/P‘1/q +B+a IOL,Brﬂ £ and

p,q) and Az(a,B,n;b;p,q), then x 0x

xl/p - 1/q +8+b Jio’oe'n g belong to Lq forn any gunctions f(x) and g(x)

with x°f€ Lp and ng € Lp , and there hold the estimations

1/p-1/q+B+a La,B,n a '
(2.14) Ix AL S P P
(2.15) /P /AN S0 B gy s crxal

Furthermone the gollowing decompositions are valid:

Case (i) ;

o,B,mg _ ~a-B-n_o+B n_-B . _ -B_-o-n_a+tB _n-B8
(2.16) IOX f = x ROx X Roxf Roxxv ROX bie £,

(2.17) g% B g o 7B TR o B o L B atE e

Xoo Xoo Xoo Xoo g
Case (iil);
o,8,n . _ _—a=B-n _a+n _B -n _n-8 . _ --n _-a-B _a+n
(2.18) IOx f = x ROX X ROXX f = ROxx ROxk £,
0,8, _ 0N _—a-B =N '= n-g ..-n B . a+n _-—a-p-n
(2.19) JXoo g = ono X onog X mex ono X g.

Theorem 3., Llet lsps<o, l<qgs< o and 1/p+1/q>1. Suppose
that constants a, b, o, B and n satisgy the conditions: a <min (0, -B+n)
—l/p+l; a-‘l-b=l—l/p-l/q‘r+{3‘ and (i) a2-p+1/p-1/r=21/p+1/9q
-1 fon p<r=<q/(g-1), or (i) a=2-n+1l/p-1/rz1/p+1/9-1 for p
<r<q/(g-1). (15 1=p<q<§° oh 1¥q<p<W, one of the equal signs
in (1) and (il) should be omitted.) 1§ xafELp and xbgeLq , thén

there holds the equality
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(2.20) j g (x) 13'8'% ax = J £(x) 3% PN g ax.
o X 0 Reo

(The generalized gractional integration by parts)

Theorem 4, Let a>vy>0. Under the same assumptions in Theorem 2,

therne hotd the §ollowing decompositions:

(2.21) 1%:BMg = gYe0em 18-y B8,y ¢

= 797Y/B=8,n¥yFS Y, 8, MBS
0x 0x

(2.22) 3% BMg = g@7Y/B=S,vHm 5y, 80m

Xoo ‘ g

= Jl;SIn—BﬂS Ja—Y,B-G,n+Y+6g ;

Xoo

Further properties of I and J are found in [15].

3. Generalized Fractional Integral and Derivative.

Definition 4. Let >0, B, n and a be real numbers. We

define the integral

-a-B  rx
= (x-a) © 7 f (x—t)a_lF(oHB,'ﬂ;Otiz{:_:) £(t) at

o,B,n
(3.1) Iax f T(a) N "

for a real valued and continuous function f(x) defined on (a, «)
having order O((x—afc) near x=a with k >max(0,p-n) - 1. When
0<0, by letting n be a positive integer such as 0O <a+n<1l, we

define

(3.2) IOL:B,nf - dn IOH'an—nln—n

ax n ~ax
dax

£,
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if the right hand has a definite meaning.

The expressions (3.1) and (3.2) are understood as generaliza-
tions of the fractional calculus of Riemann-Liouville, and (3.1)
also contains the Erdélyi-Kober fractional integral, which are
noted in Remark 1.

Another fractional integral (and derivative) are as follows:

Definition 5. Let >0, B, n and b be real numbers. We define

_py0-B b _ -
B o (box) f (t-x)* lF(a+e,-n;a;%:§)f(t)dt,

(3.3) «<b T

X
where f(x) is a real valued and continuous function defined on
(- o ,b) having order O((b—xfi) near x=b with k >max(0,R-n) - 1.

When 0 <o +n<1 for positive integer n, we define

n
a8/ _ 1y d a+n,f-n,n-n
(3.4) I b f = (-1) 7 Jsb £,
: ax
if the right hand side has a definite meaning. If B=-a, we write
G,=0,n _ 1 a
(3.5) I b £ =1, f.

By changing the parameters in (2.21) we have the following

product rules:

o,B,n ;Y,8,0+n _ aty,B+S,n
(3.6) Iax IaX = Iax ’ (a,y >0},
(3.7) 1% Ben pYr8mTBIY=O oty BHENTY0 (v 5 0) s
ax ax ax
These are still valid for negative o. It is easily seen that
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Igéo’n is the identity operator for any n, then the inverse oper-
ator of Izés’n is given by

(3.8) (1% B o poaemBeotn
which follows from (3.6) or (3.7). The same formulas as (3.6) ~

(3.8) hold true also for the operator J defined by (3.3) and (3.4).
Let Hk[a,b] be the class of functions which are HOlder contin-

uous on the interval [a,b] with the HOlder index k, where 0<k< 1.

Theorem 5.  Let o(x) €8[a,b], a%0 and n>g-1. If O<k+a
<1, then (x-a) 1278 eg®™In(0:0) (4 1 ¢ 0 <k +min(0,-B) <1
and @(a) =0, then Igés’nm er+min(0’a’-B)[a,bL

Remark 2. Completely similar results to Theorem 5 remain valid

a,B

0B py.a% B, (x-a)® by (b-x) and @(a) =0 by

by replacing I <b

¢©(b) =0.

L4, Boundary Value Problems for the Euler-Darboux Equation.
Let  be the triangle OAB, where O= (0,0), A= (0,1) and B= (1,1).
We investigate the Euler-Darboux equation (1.2) in £. It is well

known that a solution of (1.2) having conditions

u(x,x) = 1(x), lim (y—xf”+6 %E._ %% = v(x)

is given by the form

T (o+R)

(x,y) = =—2FB) 11[ +y-x)t1tP - L at
wix. Y = T T (8) xriy=x

0

- 10 -
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I'(l-a-B)

* T (I=a) T (1-) (¥~X)

1
l_a_BJ v[x+(y—x)t]t—a(l—tf—6dt
0

and the values of the solution on two characteristic segments OA

and AB are written as

fu(l) T'(a+R) Ia,O,B—l

{(y) = u(0,y) = T(B)  Toy T
T'(l-0-R) 1-8,a+B-1,8-1
* 2ra-w oy ve O0<y<l, and
(4.1)«
(2) _ _ TI'(a+B) -B,0,a-1
u (X) = u(x,l) = —P—W JXl T
T (l-a-B) -l-a,o0+B-1,a-1
* ora-e Ix v 0<x<d,

respectively, by making use of the generalized fractional integrals
(3.1) and (3.3).

Now we shall set three problems for the equation (1.2).

Problem I, Find a solution u(x,y) of (1.2) in Q satisfying

the boundary conditions

a,b,—a+B—l_u(l)

(I.1) on

= ¢o1(y), 0<y<1, and

C'd'_c+u_l‘u(2)

(T.2) JXl

®2 (x), 0<x<1,

where a, b, ¢ and d are constants such that-—u‘<a'<8, -0 < a+b < B,
-B<c<o and -B<c+d <o, and ®; EHkl[O,l] (a=B+1 <k; <1, @©;(0) =0)

and wzeEsz[O,l] (c-=o+1 <k <1, v>,(1) =0) are given functions.

Problem 1II. Find a solution u(x,y) of (1.2) in @ satisfying

the boundary conditions

- 11 -
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(IT.1) u(x,x) = 03(x), 0<x<1, and
(Im.2) Algéb’_a+8-lu(l) + BJiIu—B’C’_a+B_1u(2) = @y (x), 0<x<1,

where A and B are non-zero constants, constants a, b and c fulfil
the inequalities -a<a<B, -a<a+b< g and -a <a+c < B, and @3 €
Hk3[0,l] (max (a=B+1,a+c-B+1) <ks3 <1, ©3(0) =@3(1l) =0) and ¢4 €

Hk“[O,l] (a-B+1 < k4 < 1) are given functions.

Problem I Find a solution u(x,y) of (1.2) in Q satisfying

the boundary conditions

(Or.1) u(x,;x) = @s(x), 0<x<1, and
(ImIx.2) Axb+d+8_l Ig'b’_a+6—1h‘l)
X
+ B(1-x)Stote-1 Ji{a_s’c’_aw_l D - ©s (%), 0<x<1,

where A and B are non-zero constants, constants a, b and c fulfil
the inequalities -a<a<B8, -a<atb<p and -o <atc < B, and @s(x)

and @ (x) are given functions on the interval (0,1).

In Section 8, further restrictions on constants a, b and c, and

on functions ¢s(x) and ®e (x) in Problem II will be imposed.

5. Solution of Problem I,
If we note (4.1) and (3.6) and replace y by x, the conditions

(I.1) and (I.2) may be read as

- 12 -
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I (a+B) .ato,b,-a+B~1 I (l-a-B) ,a-B+1l,b+a+p-1,-a+B-1

(5.1) T'(B) IOx Tt 2T (1-a) IOx v
= @1 (%) and
I'(a+B) _c+8,d,-c+o-1 r(l-oa-g) .c-a+l,d+a+BR-1,-c+o~-1

(5-2) T Ia T * 2r(i-s) Ix1 v

=(«p2(x)l 0<x<1l.

a+u,b,—a+6—lfd.= I—a-a,—b,a+6—l c+8,d,—c+u—lfl
0x 0x x1

;i'e'"d'“+8'l (see (3.8)) on both sides of (5.1) and (5.2),

respectively, and subtracting the obtained relations, we have

Operating (I and (J

= J

(5.3) v(x) - %%%%%%%}%% ROFETL L1706, = 00 (),
where
_ 2T (1-a) oa+B-1 _-a-o,-b,o+B-1
(5.4) @ (x) = 77578y Rox 0x ©1
2T ()T (1-0) _o+B-1 _—c=8,-d,a+B-1
T T(R)T(l-a-8) Rox  Ix1 02 .

It is well known (cf. e.g. [23]) the relation

. 1
-0 . Q _ sin ma u,a 1 )
(5.5) Ry L 1@ = cosmao(x) + —F— JO () 5= ¢(w) du

holds valid for 0<a <1, where the integral is taken in the sense

of the Cauchy principal value. Then, after changing the unknown
by u(x)==v(x)xl_u_s, (5.3) may be written in the form
tan g (T u(u)
(5.6) p(x) - ——— J ——— du = &(x), O0<x<1,
T o UX
where

- 13 -
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sin o l1-a

-B
cos TB sin T (a+B) Do (x) .

(5.7) ®(x) =

.To solve the singular integral equation (5.6) we apply the
theory in [5]. Then we find that the solution of (5.6) is writ-

ten in the form

: 1
. _ 1 tan 18 , x ,1-B l1-u,l-B 1
(5.8) w(x) = a4 WB[Q(X)-+__—F___(T:§) L)( TR a-x &(wdul,

which is sought to be Holder continuous on the interval (0,1),
bounded at x = 0 and unbounded but having integrable singularity
at x=1. Here we have taken into consideration that ®(x) is
Holder continuous on the interval [0,1], whose fact is implied by

Theorem 5.

6. Solution of Problem II.
Substituting (4.1) into (II.2), wusing the product rule (3.6)
and operating (Ig;e+l,b+a+8—l,—a+8—1)-l= Iaz+8—l,—b—a—8+l,0

(3.8)), we find the conditions (II.l) and (II.2) can be unified in

(see

the form
(6.1) %%%%5%% vix) + Iai+e—1,-b—a—s+1,o les+1,c+a+3_1,_a+5_l§
= Qo(x), 0<x<1,
where
(6.2) 00(x) = - FrgTTir=aca) Rox O3

=14 -
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-

_ 2T (1-B) T (a+B) I—a+B-l;—b—u—B+l;O 3
T(a)T (1=-0-RB) 0x

a+oc,c,—a+8--l(p
x1 3

+ 2I' (1-R) I-—a+8—l,—b-o¢—8+l,0(pl+

BI'(1l-a-B) ~0x

The second term on the left hand side of (6.1) may be written

as
(6.3) I62+B—l,—b—a—8+l,0 J218+l,c+a+8—1,-a+5“lv
_ sin'%ﬂa—s) XF+@+B—1 L:ua—8+l(l_u)—a—c—u (u=x)"L v (u) du
- cosn(a—B)xa+b+a(l—xfa-c_uv(x),

which is derived by using various formulas for the Gauss function.

(see also [211])

a-R+1 -a~-c-

If we set u(x) =x (1-x) OL\)(x) and use the relation (6.3),

we find that (6.1) is reduced to the singular integral equation

(6.4) P(x)u(x) + L:.u_x u{u)du = Q(x), 0<x<1,
where
P(x) = mcotm(a-B) - sin%ﬂa—g) g?gi:g% -a~b-a ) _ atcta
olx) = - ThramBHl o) ().

T sinw(a-B)

The solution of the equation (6.4) is represented by

P(x)0(x) _  Z(x) Jl Q(u) 1

(6.5) (x) = — e
i P? (x)+12 VP2 (x)+12 Jo Z(u) VP2 (u)+n2 UTX

where

- 15 -



s

1 .
P -
(6.6) 2(x) = eXP{%f JOT%'X— 1095%‘3‘;‘%@}-

Here the branch of the logarithm in (6.6) should be selected such
that the value at u=1 is equal to 2m(-a+B-1)i. The solution
(6.5) is obtained by applying the theory in [5] and it is Holder
continuous on the interval {0,1), bounded at x =0 and unbounded
but having integrable singularity at x=1. To obtain the solu-
tion (6.5), the HOlder continuity of the coefficient P(x) and the
free term Q(x) have to be guaranteed, and the fact can be deduced
a+b+a

by multiplying the both sides of (6.4) by x and by using

Theorem 5.

7. Solution of Problem II,

By similar calculations to Problem I we have from (II.l) and

(IIr.2) the equation

AT (1-8)
BT (1-a)

-a+g-1,0,-b-0-B+1
0x

a-p+1,0,-a-c-a

Jxl

(7.1) vix) +1 v = Ry (%),

where

_ _ 2AT(1-B)T (0+B) pa+p-1

(7.2)  Ro(x) = = Zr(gyT(I=0=8) Jox  ©°

- 2T(1—8)T(a+8)I-a+8—l,0,—b—a46+lJa+a,—a—8+l,—a—c—u
T(a)T (1-0-B) ~0x x1 @s

2T (1-B) I—a+8—l;0,—b—a—6+l

t BT (1-0-8) Tox

D¢ .

The second term on the left hand side of (7.1) is calculated

as

- 16 -
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-a+B-1,0,-b-0-B+1

a-B+1,0,-a-c-a
v
0x

(7.3) I <1

J

1
= J a_B+lCOSﬂ(a'B+l)V(X),

Ko (x,u)v(u) du + (I§§)
0

where
(7.4) Ko(x,u)

I'(-b-a-=-p+2) a-b-0-2B+2 b+a+R-2
T (a=b-0-2B+3)T (-atB-1) X

—a-—-Cc—-a

(1-u)

X F, (-b—oc—B+2;a—B+2,—c—oc—B+l;a-—b—cx—26+3;—;—,u) , (0<u<x),

_ I'(-b-0-8+2) a-R -a-c-a
= T(-a-b=o+1)T (a-B+1) (1-u)

X F1(—b—a—8+2;—a+6,—c—a—6+l;—a—b—u+l;%§,x), (x<ux<l).

To obtain the relation (7.3), we have used several formulas for the
Gauss function and the Appell hypergeometric function F; by refer-
ring to [1], [10] and [20]. (see also [211) Note that in case of
b=c, Ko(x,u) can be represented by means of the Gauss function.
Substituting (7.3) into (7.1) and changing the unknown by u(x)

—=a-Cc-a

= (1-x) v(x), we have the equation

(7.5) {%—i{% (1-x)2 7P 4 cos m(a-g+1) xa‘BJ'l} b (%)

1
+ J K(x,u)p(u)du = R(x), 0<x<1,
0

where

(7.6)  K(x,u) = (1-x) S B+l j_y@*c*oy (x,u) and
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50

~c-o0-B+1

(7.7) R(x) = (1l-x) Ry (x) .

The kernel K(x,u) for 0<u<x is also written in the form

_ T (-b-0-R+2) a-b-a~-2B+2
K(x,0) = 750 38+3) T (-a+B=1)
« xb+u+6-l(l—xfc—a_8+l(l—uf+a+8_l(x—ufl
u u(l-x)

X Fy(a=B+l;-b+c,—c-a-B+l;a-b-a-28+3;—- — 333

Then we can obtain the relation

(7.8) lim (u-x)K(x,u) = —%— sin m(a-g+1) x> BFL,
u+x-0
In case of x<u<1l, similar discussions imply
1 a-g+1

(7.9) lim (u-x)X(x,u) = — sin T7{(a-B+1) x
u>x+0 . m

Thus if we separate the singular part from the integral term in

(7.5) by the use of (7.8) and (7.9), we have the equation

1 1
(7.10) P(x)u(x) + Qéf) f 1 (wdu + J k(x,u)u(uwdu = R(x),

g UX 0
where
(7.11) P(x) = %%%%;%% (1-xPB* L 4 cos 1 (acpil) k@B
(7.12) Q(x) = isinn(a—8+1)xa'5+l’

-Cc-a-R+1 a+c+a

(7.13) k(x,u) = (1-x) (1-u) Ko (x,0)
_ sinm(a-g+l) x27FtL
T u-x

- 18 -
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It can be shown that the kernel k(x,u) has the property
(7.14) k(x,u) = 0(log|x-ul), (u>x).

In order to state results for the solvability of. the equation
(7.10) , we give some notations. Let po > 1 be a number which is
determined in Section 8. Classes LpO(U;w) and qu(U;wl_qo)
denote the weighted Lp spaces, where gy =po¢/(poe-1), U stands for

the open interval (0,1) and the function w(x) is such as
(7.15) w(x) = XY:l (po-1) (l—X)Yz (po-1)

with 0<v,, v2<1. As will be seen in the next section, we have
R(x)GELpo(U;w). Denoting the left hand side of (7.10) by My and
setting

1

v 1
M*y = P(x)y(x) - ;i 'k Q(g{}iu) du + L)k(u,x)x(u)du,

we obtain the following theorem from the theory by Hvedelidze [7]:

Theorem 6, The homogeneous equations My =0 and M*y =0 have finite
numbers of Linearly indépendent s0lutions Ain Ii)O(U;w) and Lq ([]unl_qO) ,
0

respectively. A necessarny and sufgicient condition forn the solvability of
the equation (7.10) 4n Lpo (U;w) As to hotd the relation

1

JR(X)X'(X) dx =0 (j=ll°"rn)r

0 J
whene. {Xj (x)} (3J=1,++,n) 4is a complete system of Linearly independent

solutions of M¥y =0 in L. (Ul ™90y
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8. Integrability of Free Term of (7.10).

We shall investigate that the function R(x) defined in (7.7)
belongs to some Lp class under certain restrictions on the given
functions o5 (x) and ¢ (x), and constants a, b and ¢ in Problem HI.

We begin with the definition of the Lipschitz space in Lp .
f(x) stands for the extended function of f(x) defined on U such

that f(x) =f(-x), (-1/2<x<0); =f(x), (0<x<1l); =£f(2-x), (1<

X< 3/2). Lp(U) denotes the Lp space on the interval U.

‘Definition 6, Let p21 and 0<k<1. A subclass Ly x OF
’
Lp(U) is called a Lipschitz space in Lp if its elements satisfy

the property

L P 4 l/P k
(| 1E(x+h) - £(x) [P axy’®P = o(|n|™), (h-0).
O “
Now we shall prepare the following lemmas. The first two

lemmas have been given by Hardy and Littlewood [6], where the lower
limit of the Riemann-Liouville fractional integral of a functidn
f(x), (2.4), is taken to be -, but in our case by making the
extension of f(x) such that f(x) =0 for x <0 the results remain

valid.

Lemma 2. I§ p21, 0<o<1 and £€L, (), then §or the function

g(x) =R® £ we have the relation
0x

1
(J |3(x+h) - g(x) |Pax’P = o(|n|®, (h=>0).
0 |
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Lemma 3. let p>1, 0<k=<1 and O<kta<l. I f€L

, then
p.k 7 -

o o
ROxf’ Lxlf eLp,k+oc )

Lemma 4, Let p>1 and 0<ks<1. 1§ fE€L then xt£, (1-x)t ¢

p,k’
ELr K gonl<r<p and t-k>1/p-1/r.

To find the integrability of R(x), we put restrictions on con-

stants a, b and c, besides assumptions in Problem III.
(A.1) c=<0.

(A.2) For sufficiently large p; >1 with 1/p; < -a-c+R, there
exist g; and r such that p; >qg; >r >1, -at+c+a+2B8-2>1/p:-1/q;

and' -a~b-a >1/q;-1/r.

(A.3) For sufficiently large p, > 1, there exists g, such that

P2 >gs >1 and -a-b-a >1/py-1/q,.

The boundary functions ®s (x) and s (x) are supposed to satisfy

the following:

(A.4) s €L ,wWwhere p; 1is assumed in (A.2) and k; satisfies

pi vk
l1=0-B < k; <min(-a+c+B-1-1/pi1+1/q;, —-a-b-2a-RB+1-1/q;+1/r).

(A.5) ¢ ELp2 K,’ where p; 1is assumed in (A.3) and k., satisfies
a-B+1 <ky < -b-0-8+1-1/p,2+1/q>.
Under the assumptions (A.1l) ~ (A.5), we find that R(x) ELP (U)
0
(po =min(r,qg:) >1) by using Lemmas 2~ 4 and Theorem 2, and then we

have R(x) €L_ (U;w).
Po .

- 21 -



54

9, Product Operations in Fractional Calculus.

More than those of Problems II and III , we can set various

boundary conditions. That is, if we assume, instead of (II.2)
or (Im.2),

(9.1) Axg'b"a'qx“+3f1u(1)

X
+ BJ:IQ_B’C'—a_a(l—xw+B_lu(z) = ¢o(x), or
(9.2) AXb-u—B+1 Ig,b,—aﬂxxa+5—lu(l)
X
+ B(l_xf—a—8+lJiiu—s,c,—a—a(l_xﬁ+8-lu(2) = o(x),

a similar equation to (6.1) or (7.1) can be obtained. But, in

these cases, calculations of their products

-a+g~-1,-b,-0-B8+1 J2-B+1l,c,-a-a

(9.3) IOX <1 v

for (9.1), and

-a+f-1,-a-B+l,-b ja-B+l,0+B-1,-a-c+B-1

(9.4) IOx x1

v for (9.2)

are needed, which are difficult comparing with (6.3) and (7.3).
Because they are reduced .to compute the Kampé de Fériet hypergeo-
metric series and the behavior of the series near the boundary
points of the domain of convergence cannot be known.

To say more denerally, what integral is the product

(9.5) I—plqlr JPrSrt

0x <1 o, (0<p<1)

reduced to ? The product (9.5) can be calculated in case of

special combinations of parameters p, g, r, s and t. For example,
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the formula (5.5)‘is forkthe case gq=p, s=-p, (6.3) for r=0,
=-p and (7.3) for g=0, s=0. | But (9.3) and (9.4) are contained
in the hard case to know. For calculations of other combinations

of parameters, see [21].

Regenrences

[1] P. Appell et J. Kampé.de Fériet: Fonctions Hypergéométriques et Hyper-
sphériques, Polynomes d'Hermite, Gauthier-villars (Paris), 1926.

[2] A. V. Bicadze: On the theory of equations of mixed type whose order is
degenerate along the line on which the type changes, Continuum Mechanics
and Related Problems of Analysis, 47-52, Izdat. Nauka (Moscow), 1972. (In
Russian)

[31 A. Erdélyi: Transformation of hypergeometric integrals by means of frac-
tional integration by parts, Quart. J. Math., 10(1939), 176-189.

[4] T. M. Flett: A note on some inequalities, Proc. Glasgow Math. Assoc.,
4(1958), 7-15.

[5]1 F. b. Gakhov: Boundary Value Problems, Pergamon Press (Oxford), 1966.
(Translated from the Russian)

[6] G. H. Hardy and J. E. Littlewood: Some properties of fractional integrals,
I, Math. Z., 27(1928), 565-606.

' [7] B. V. Hvedelidze: Linear discontinuous boundary problems in the theory of
functions, singular’integral equations and some of their applications, Akad.
Nauk Gruzin. SSR, Trudy Tbiliss. Mat. Inst. Razmadze, 23(1956), 3-158.

(In Russian)

[8] H. Kober: On fractional integrals and derivativeé, Quart. J.;Math., 11(1940),
193-211.

[9] E. R. Love: Some integral equations involving hypergeometric functioﬁs,

* Proc. Edinburgh Math. Soc., 15(1967), 169-198.
[10] W. Magnus, F. Oberhettinger and R. P. Soni: Formulas and Theorems for the

Special Functions of Mathematical Physics, Springer-Verlag (Berlin), 1966.



56

[11] A. M. NahuSev: A new boundary value problem for a degenerate hyperbolic
equation, Soviet Math. Dokl., 10(1969), 935-938. (Translated from the
Russian)

[12] A. M. NahuSev: Certain boundary value problems. for hyperbolic equations
and equations of mixed type, Differencial’'nye Uravnenija, 5(1969), 44-59.
(In Russian)

[13] B. Ross (ed.): Fractional Calculus and Its Applications, Lecture Notes in
Mathematics, Vol. 457, Springer-Verlag (Berlin), 1975,

[14] B. Ross: A Chronological Bibliography of Fractional Calculus with Commen-
tary.

[15] M. Saigo: A remark on integral operators involving the Gauss hypergeomet-
ric functions, Math. Rep. Kyushu Univ., 11(1978), 135-143.

[16] M. saigo: A certain boundary value problem for the Euler-Darboux equation,
Math. Japon., 24(1979), 377-385.

[17] M. Saigo: A certain boundary value problem for the Euler-Darboux equation,
T, Math. Japon., 25(1980), 211-220.

[18] M. Saigo: A certain boundary value problem for the Euler-Darboux equation,
oI, Math. Japon., 26(1981), to appear.

[19] M. Ssaigo: On the Hélder continuity of the generalized fractional integrals
and derivatives, Math. Rep. Kyushu Univ., 12(1980), 55-62.

[20] M. Saigo: On a property of the Appell hypergeometric function F;, Math.
Rep. Kyushu Univ., 12(1980), 63-67. )

[21] M. Saigo: Product operations in fractional calculus, Summary Reports on
Applied Mathematics, The Fall Meeting of the Mathematical Society of Japan -
at Ehime Univ., Oct. 1980, 117-124. (In Japanese)

[22] M. M. Smirnov: Degenerate Hyperbolic Equations, Izdat. VyséiSaja ékolé
(Minsk) , 1977. (In Russian) '

[23] M. M. Smirnov: A boundary value problem for an equation of mixed type of
the second kind with displacement, Differencial'nyé Uravnenija, 13(1977),

931-943. (In Russian)



