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Remarks on propagation of singularities
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1. Introduction

The methods used in [5] and [6] are also applicable to the
general studies of propagation of singularities both in Gevrey
classes and in C*. In this note we shall show that it is suffi-
cient to obtain microlocal basic a priort estimates in order to
prove theorems on propagation of singularities.

Let 1<kxo. When 1l<k<w, we consider the problem in Gevrey

(k) ( or the spaces @(K)’ of ultradistributions). When

()

classes §

() _~

K=, we consider the problem in C ( or 2°). We write § =C

and Q(m)’=@’ formally. We denote by WF(K)(u) the wave front set

of u in &%), Let zo=(x0,&0)€T*Rn\0 ( g

O|=1), and let W be a

closed conic subset of T*Rn\o such that ZOGW. Moreover, let
{m?(x,i)}jzl o ... be a family of real-valued symbols sat-

isfying the following conditions: (i) w?(x,&) is positively

homogeneous of degree 0 and satisfies

1) (k. en] < c.al®* I8l a1s18])1  for xeR®, zeR™, |&|=-1
js) JJ
if l<k<ew,
Lo () x £y] < ¢ for xeR™, £eR®, |&l=1 if k==
jg) % j.o, B , , :

(i1) w?(zo) < 0. (iii) There is a conic neighborhood g, of 2%

such that for any conic nbd W of W there is jOEN satisfying
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{ZGQO; w?(z)so} cWn QO for jsz. When 1l<k<e», we need another
family {wy(x,g)}j=l’2,.‘. of real-valued symbols which satisfies
the following conditions: (iv) w?(x,&) is pos. homo. of deg. O
and satisfies

Iwgﬁgi(x,&)l < ch}a'*'B'(|a|+|sl)! for xeR™, £eR™, |&|=1.

W W W . W
(i) wj(z) > mj(z) and wj(z) > 0 for ZESWth. (vi) {ZGQO, wj(z)

<0} c QO N W. Define

3 _ .8 W

Aa,b’j(xyg) = Aa,b(xygst(Pj)

- a¢(£)w?(X.€)<€>l/K—5 . bw(&)¢¥(x,£)<€>l/K when 1<k<w,
5 _ 8 W

Aa’b’j(x,i) = Aa,b(X,ﬁ, .¢j)

= a¢(€)¢¥(x,€) log<t> + b log(l+s<k>) when K=o,

where a,b,£>0, 0<8<1 and ¥(£)es'¥) (R™), ¢(&)=1 if |£]|>1 and

¥(g)=0 if |g|<1/2.

Assumptions

(A—l)K L(x,D)E(Lij(x,D)):NxN matrix whose entries are properly

supported ¥.D.Ops in é(K).

(A-2)  ( 1<k<=) 3j €N, 3xk(x,g)ec”(T*Rn) (k=1,2) s.t.
‘xk(x,g):pos. homo. of deg. 0 for Iglzl,_xk(z)=l near

0

z- ( k=1,2) and ijjo, 3a0>0, 3bo>0 s.t. Yaza Yb2b .,

0’ 0
36O>O ( 5Osl), 3£k€R ( 1<k<3), 3IC>0 satisfying

Ix; (x.D)Vllg < CUILA(LDIVEY +1Vly g +1(1-x, (. D))VI )

if vecg and 0<6$50, where LA(X,D)=R(6_A)(X,D)L(X,D)X

8 .(x,E) and

(M x.D), AxE)=A]

Rie™)(x,D)u(x) = f(f LX) 8 A8y (y)ay) ae .’

(A-2) ( k==) 35 eN, 3x, (x,8)eC”(T*R™) (k=1,2), 3¢ €R ( 1<k<3)
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s.t. "xk(x,i):pos. homo. of deg. 0 for |&|=>1, xk(z)=l

near z° ( k=1,2) and ijjo, 3a0>0, 3Al(x,E,)eCw(T*an)

s.t. IAlgg;(x,g)l < 3ca,6<5>5'|’3|'p'lo‘llog(1+<g>) with
0

’ ’ v
0£8°<p"<£1 and Ya=za 1,0

0 ’
‘IAZEgg(x,g)l < 3c&,8<g> and vbzbo, 3.50>o ( 8y<1) .,

3 3
b0>0, Az(x,&)ES s.t.

-lal
Ic>0 satisfying

"Xl(X.D)V"Q < C{HLA(X,D)VH

+livll, _+I1(1-x,(x,D))vll, }
1 Qz ﬂl 1 2 Qs
i ® 8
if VEC0 and O<5$60, where A(X’i)_Aafb,j(X’g)+A1(X’§)+
Az(X,ﬁ)- "

Theorem 1. Assume that (A—l)K and (A—2)K are satisfied. If

0

uEQ(K)’, z0¢WF(K)(Lu) and 3¢:conic nbd of z° s.t. WF(K)(u)nQn

(W\{(xo,kéo); x>0})=g, then zo¢ WF(K)(u). Moreover, if x=o,

0 s.t.“ir u€?’ and WF(Lu)n€=g and

0

there is a conic nbd Ql of z

WF(u)NdgnW=g for some conic nbd ¢ of z~ with ¢ccg,, then zO¢

0
WF(u).’

Remark. If zOGW. then Theorem 1 is obvious. Giving
{m?(x,g)} one may determine W so that {w?} satisfies the
condition (iii). If W={ZGT*RH; ¢(z)<0} and ¢(x,£&) is analytic
( 1<k<=) and smooth ( k=«), then we can choose ¢?(z)=@(z)-l/j

and w?(z)=w(z)+1.

Corollary 1 ([6]). Assume that W={(x0,150); A>0} and that

(A—l)K and (A—2)K are satisfied. If ueﬁ(K)' and zO¢WF(K)(Lu).

0
then z ¢WF(K)(u).

Corollary 2. Assume that (A—l)K is satisfied. Let Yy (x,£)€

C(T*RH\O) be a real-valued function s.t. ¥(x,&):pos. homo. of
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deg. 0, ¢(zo)=0, and assume that 3¢€6(K)(T*Rn\0) s.t. o(x,£&):
pos. homo. of deg. O, m(zo)=0, @¢(z)>¥(z) for ZGQO\ {(XO,A&O);
A>0}, @(x,&):analytic if 1l<k<=, and (A—Z)K is satisfied, where

¢ _ :conic nbd of zo, m?(z)=w(z)-1/j and ¢?(2)=¢(z)+1. Then

0
zO¢WF(K)(u) if z0¢ WF(K)(Lu) and 3¢:conic nbd of 20 s.t. {z€¥:

$(z)<0}nWF(K)(u)=z.

Remark. This corollary is a microlocal version of
Holmgren’s uniqueness theorem. When k=«, we can obtain a little

stronger results, corresponding to Theorem 1.

Theorem 2. Let ) be a conic set in T*Rn\o, and assume that

_ s ap s 3qg. . 3 .
(A 1)'< are satisfied and “$:Q3z h—ﬁS(z)eTZQ.cont. and {gz}zEQ’
a family of closed convex cones s.t. @ch{az; o(8(z),8z)>0}u{0}

( cTZQ), {@Z} is outer semi-cont. and (A—Z)K is valid for

Z€R
v20=(x%,£%en ( 1£01=1) 1r $e-1nt(g 9. o(r(z%),8% -0, k>0,
Z
0} (2)=0, (2)-1/3, ¥}(2)=0,(2)+1, @ (2)=G (2) (1+3,(2)%) /2 ana
G (x.8)=0(8%, (x-x°,2/121-2%)) +k (1x-x" 1%+ 12/ 121-2%1%) , where

o((8x,88),(8y,8n))=8y-8E-5x-8n, r(x,£)=2?=l £,9/0%. g%={52;
o(éw,8z)=20 for Yéwe€g} and int(¥€):the interior of €. If u€

gk zOeWF(K)(u)nQ and WF ) (Lu)nQ=g, then Tae(-=,0]u{-=},

3{Z(t)}tE(a,O]
(2,01, (d/dt)z(t)eg n{lsz]=1} for a.e. te(a,o0l, z(0)=z°, and

:Lip. cont. curve in § s.t. z(t)eWF(K)(u) for te€

. . . . * -1
llmtaa+0 z(t)€ed if a>-=, where 3 :the boundary of § in T R .

Corollaries 1 and 2 are immediate consequences of Theorem
1. Theorem 2 follows from Corollary 2 of Theorem 1, applying
the same arguments as in [5], {10] and [11]. We shall prove

Theorem 1 in the case where k=« in §2. Theorem 1 for 1<k<e can
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be proved in the same manner. In §3 we shall consider several

examples, applying the results in §1.

2. Proof of Theorem 1 ( k=)

We may assume that ue&’nHS for some s’ €R. Let Ql be a

conic nbd of zO

s.t. an{Ig|21}cc{x1(x,§)=x2(x,§)=1}. Assume
that WF(f)ng=g and WF(u)ndgnW=g for 3g:conic nbd of z° with
@cc@l, where f=Lu. Choose x(x,&)ecw(T*Rn) so that x(x,£&):pos.
homo. of deg. 0 for |&|=21, x(z)=1 near zo, supp xn{l&lzl}ccgl,
WEF(f)nsupp xn{|&|=21}=2 and WF(u)nWnsupp dxn{]&|21}=g. Then 3j>
Jo-
2g. For a fixed s>s’ we can choose aza, so that

e>0 s.t. (x,E)¢WF(u) if (x,&)€supp dx, |&|=1 and @?(x.&)s

_1 ’
ag + lim inf,,, A, (x,8)(logl&l) > ¢, +m-1-3s8",
R lg{=x 1 2
, . -1
-ag’/2 + lim sup A, (x,E)(loglEl) < 2. - s,
Lo lg]=x 1 1

where 8’=—w§(z0) ( >0). By the assumptions in (A-2)_ 3b0>0 and

IA (x,&)eSO for each a. Choose bxb, so that

2
b>b(u) = -a inf mW(x,&) - 1lim inf A (x.:‘.‘,)(loglE_,I)—l
J o lel=x ™1
+ max{22+m.Q1—1,Q3}.
It follows from calculus of ¥.D.Op. that 3q(x,§)esi._g,+d ( ¥Yd>

0) s.t.

(e (x,0) (2+a(x,DNR(e™ (x,0) = 1 ( mod L™°).
Put va(x)sv(x)=(1+q(x,D))R(e_A)(x,D)x(X,D)u(x). Then xuz(eA)(x,
D)v(x) ( mod L") and

R

LA(X,D)V = (e_A)xf + R

(e ™MIL,xlu ( mod L™%).
Since ueC” near {(x,&); @?(X,&)ﬁZs, (x,g)esupp dx and |&|=1}

w . -1 P
and amj(x,&)+lim inf )4, A (x,8) (loglEl) ">2,+m-1-s" if

A®
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w?(x,&)ze, we have ”LAV”Q <C, where C is indep. of & ( 0<8<8,) .
2

max{Q2+m.Q1—1,£3}
Noting that ve€H for &>0, we have Hxl(x,D)vHQ
1

£C, where C is indep. of & (0<6$60). Therefore, v.—v

) 0
[} Ql 0
in H as 840. This implies that VOEH . Since A (x,E)=

weakly

1

a0} (x,8)10g<E>+A; (X, £) +Ay (X, £)<(L;-5) log<t> if o} (X.8)<-8 /2

and |¢]|>>1, we have ueH® at zo. This proves Theorem 1 for k=,

Roles of e” and R(e—A)

(i) To reduce the problem in Gevrey classes ( or Cw) to the
problem in the Sobolev spaces.

Rie™ )L, x1u

(ii) To deal with [L,x], i.e., to neglect the term
in R(e‘A)Lxu=R(e_A)xf+R(e_A)[L,x]u.

(iii) To change norms of u and Lu.

3. Applications of Theorems 1 and 2
3.1. Microhyperbolic operators
Let 1<x<2, and let )} be an open conic subset of T*Rn\o.
- 3
(L-1) m,, My, Ty
Y . .0
Lij(x,g).pos. homo. of deg. m,+n;, Lij(x’D) Lij(x,D)w(D)

,n "‘.nNeR, 3Lo(x,&)=(L(i)j(x,&)) and p>0 s.t.

J
is a ¥.D.Op. of order mi+nj~p and O<p<l if N>1.

(L-2) 39:Q32—9(2)€T Q:cont. s.t. p(x,&) ( =det LO(x,8)) is
microhyperbolic w.r.t. 9(z) at z€Q, i.e., VZOGQ, 39 : nbd

of zO in T'R™0, 32eNu{0}, 3¢>0 and 3t0>0 s.t.

¢ for z€d and Oststo.

(L-3) Mo=SUP, u(z)<=, where u(zo) is the multiplicity of

1554 (-1t8(z")) (2 /501 > et

p(z) at z°, i.e.,

0
p(zo+saz) = s“(Z )(p 0(Sz)+o(l)) as s-=0,
Z

- 6 -
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where p 0(62)§O in é&z.
z

(L-4) 1 < k < min{2,u0/(u0-0)}, where k<2 if Mo<P -

Theorem 3 ([5]). Assume that (A_l)x and (L-1)-(L-4) are

satisfied. Then the conclusion of Theorem 2 is valid, taking

0,.,0
g O=r(p 0,9(2 )) .
z Z

3.2. Symmetric hyperbolic systems
Let 1<k<», and let ) be an open conic subset of T*R™No0.
(D-1) Lij(x,D):properly supported ¥.D.0Op. of order 1 in 6(K)
and 3LO(X,&)=(L(1)J.(X,€)) s.t. ng(x,g):pos. homo. of deg.
1 and Lij(x,D)—ng(x,D)w(D) is a ¥.D.0p. of order 1/,
where 1/x=0 if k==,
(D-2) L is dissipative in Q, i.e.,
-i(LO(x,ﬁ)—LO(x,ﬁ)*) < 0 for (x,&)€Q.
(D-3) 33:932#*3(Z)GTZQ:cont. s.t.

Re ((SLO)(ZO)V,V) > 0 for VZOGQ and YveKer Lo(zo)\{o}.

Lemma 4. Under the assumptions (D-1)-(D-3), p(x,&)=

0 ( €). Moreover,

det Lo(x,g) is microhyp. w.r.t. 9(20) at z
for ZOGQ
Re ((BX‘(BLO/ax)(zo)+9g-(aLo/8&)(zo))V.V) > 0

if veKer LO(ZO)\{O} and 9=(9X,93)€F(p O,9(20)).
z

Theorem 5. Assume that (D-1)-(D-3) are satisfied. Then the

conclusion of Theorem 2 is valid, taking ¢ 0=F(p 0,4‘,?(2()))0.
z v/

Remark. When k=«, Ivrii [3] proved results corresponding

to Corollary 2 of Theorem 1 and Wakabayashi proved Theorem 5 in
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[10]. Similarly we can prove results on wave front sets in the

Sobolev spaces.

3.3. Effectively hyperbolic operators

From now on we consider the problems in c” ( k=w). Let Q
be an open conic subset of T R™O0.
(E-1) P(x,D):properly supported ¥.D.Op. whose symbol is P(x,E&)

m

€S, and Ip(x,&):real-valued and pos. homo. of deg. m

s.t. P(x,5)-$(£)p(x,£)es™ T,

(E-2) p(x,E):effectively hyperbolic in Q, i.e., 39:Q3z—9(z)€
TZQ:cont. s.t. p(xX,&):microhyp. w.r.t. §(z) at YzeQ and
for vzoe{zeQ; dp(z)=0} the fundamental matrix ( Hamilton

map) F (zo) has non-zero real eigenvalues, where

p
ng(X.ﬁ) pgg(x.&) ].

Fp(x,8) =
Py (X, E) —pxg(x,&),

Theorem 6 ([7]1,[8]). Assume that (E-1) and (E-2) are sat-

isfied. Then the conclusion of Theorem 2 is valid, taking

0,,0
¢ O=F(p O,3(z )) .
z z

Remark. In the theorem the curve {z(t)} near zO is

te(a,0]
one of two possible curves, which are limiting bicharacteristics

of p, if dp(z0)=0 ( see [8] and [41).

Following Melrose [7], we can assume that zO=(O;0,--*,0,1)
( €Q) and p(x.&)=§i-xid(X.&’)-B(x,&’). where €’=(€2,~'°.€n),
a(x,ﬁ’)zclg’lz ( 3c>0), B(x,£")>0 and B(0;0,-++,1)=0. To prove

Theorem 6 we choose

1/2)

_ 2 0 _
Ay (x,8) = vlog(/1+x1<£n> *X <g > near z-, A,(x,%&) = 0,
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where y>>1. Finally, we have

lx,vlly y < CLUIPVllg+IVIL  ,+ll(1-x VIl ) if veCh, o<sss.

3.4. Branching of singularities
Let us consider a special class of foectively hyperbolic
operators. Let zo=(x0,£o)eT*Rn\O ( |50|=l).
(B-1) P(X,D)=p1(x,D)$(D)p2(x,D)¢(D)+Q(x,D):properly supported,
classical ¥.D.0Op., pj(x,g):pos. homo. of deg. mj ( j=1,2)
m, +m,-1

and Q(x,E)€S 172

(B-2) p,(z°)=0 ( j=1.2) and {p,.p,}(z")=0.
Let 'y‘).={yj(1:)}_6{.1_,‘6 ( j=1,2) be bicharacteristics of pj s.t.

_,0 .
yj(O)—z , where §>0, and put Vj‘{yj(t)}0<1tsa'

Theorem 7 ([2],[1]). Let j=1 or 2. Assume that

(-1)7* 11 sub 0(P)(2%)/(p, .0y} (2°)-1/2 ¢ {0,1,2, -},
where sub O(P)(x,£)=Q1(x,£)+(i/2)Z§=1 (82/8xk85k)(p1p2)(x,€)

and Ql(x,i) is the principal symbol . of Q(x,D). Then zO¢WF(u) if

0

u€y’, zO¢WF(Pu) and 3¢:conic nbd of z s.t. WF(u)nQn(yj\{zO})=z.

Corollary. Assume that

i sub o(P)(zO)/{pl,pZ}(zO)—l/Z ¢ {0,1,%2, -},

Then ZOQWF(u) if ZO¢WF(Pu) and ? 9:nbd of z°

y;,y;} s.t. y1¢y2 and WF(u)ﬁﬁh(y1Uv2)=z.

3.1 2 + -
and ‘v .,y e{?l,vl,

We may assume that zo=(0;0,‘~-,0,1) and P(x,§)=x1&l+
( see [1], [9]). Choosing W={x"=0,
2
I

y e ' 0
q(x’",&”), where qesl’O
I w ” 2 _2 ’ O
£"=0}, and ¢j(x,&)=|€ 1€ “+1x"1°-1/j near z~, we can apply
1 : O — ” - . & @
Theorem 1 if Im q,(z")>-1/2, where £"=(%,, 1) and q, (X, &)

is the principal symbol of q(x,D). Therefore, we can prove
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Theorem 7 for j=2 if Im qo(zo)>—1/2. Following Hanges [1], we

can prove Theorem 7 ( for j=2) in the case where Im qo(zO)s—l/z.
In fact, X%P(X,D)u=(P(x,D)+iQ)x%u. So, if 2eN, Im qo(zo)+ﬁ>—1/2,
ZOQWF(Pu) and WF(u)hQn(yz\{zo})=z, then ZOQWF(xfu). Assumé that

ZO$WF(X¥U) for some k ( 1<k<0). Then we can write

k-1 _ -1 .
X, "u o= £, 0+ (Xl+10) f, + 8(x1)®g(x ),
where zO¢WF(fj) ( j=1,2). We have also
¥ 1p(x,D)u - (P(x,D)+i(k-1))f, + D f

1 172

1f2+5(x1)®g(x’)}.

+ (q+ik){(x1+i0)_
So we have ZOQWF((q+ik)((x1+iO)_1f2+6(x1)®g(x‘))). The assump-

tions in Theorem 7 imply that iqo(zo)¢{1,2,3,---}, i.e., g+ik

k-1

1 u). Theorem 7 for j=1

is elliptic at zO. Thus we have ZOQWF(X

can be reduced to the case where j=2.
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