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SECTION'1  Introfuction-

‘For the Bernoulli scheme B ( %3.., %-) there have been studied various

‘kind of properties : the transversal flow, the central limit theorem,

the construction of normal sequence etc. It is the case for the schemes

B ('pl;.,,pn )., piZZWJ . ngi=l except that the transversal flow must be

replaced by the transversal field and that the construction of normal se-

quence is slightly complicated. - The difference occurs in that the me-
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trical entropy does or does not coincide with the topological entropv.
( For such di fference a synthetic treatment will be given in section 6 by
introducing a notion of stafistical‘physics, namely, free energy or pre-
ssuree )

The situation is similar for the Markov schemes, and so for the dv-
namical systeﬁs of finite type with invariaﬁt measures of maximal entropv
( or free energy ). Let us restrict ourselves to study the dynamical
systems which can be realized in a certain nafural wav by subshifts not of
finite type, but close to finite type, and, findilig natural invariant
measures; we shall inYestigate the properties mentioned above for Bernoulli
schemes. |

The main objects which will be treated are @ —transformations (?>'l)
and E ~transformations ( g =(§1, vy @n), )%i' >1) s'ince they ﬁaye the follow-
ing properties which fit for our purpose: -
(1) Except for a countable number of @:s or Q;7S ( which are algebraic
and correspond to the case of fiﬁite type ) they ate not of finite tvpe,
but close to finite type so that the sequence space obtained by realization
can‘be well approximated by Markov subshifts.
(2) The Q - and the gftrénsformatioms arevrealized by the‘sequence
spaces of the same type. and the natural invariant measures, °  and corres-
pond to the measures on the sequence: spaCe with and without the maximal
éntropy, respectively.
(3) in general every measure preserving transformations with finite en-
tropy can be represehted as f-transformations for some increasing f on
Lo, 1, and the B - and the §=-transformations are elementary and typi-

i

cal examples among f-transformations.
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SECTION 2 Definitions and Preliminaries

In this section we state the definitions and fundamental theorems for

} -~transformations and related notions for the sake of future.
Let (‘5 be a real number such that rs-l<§;<. s for some integer s> 2,
| i

the (3 —expansion of a real number t is the expression of the form:

o . R -n-1
“«(1) } t= ael’%QaHJ

where a -
.v ia -1

The expression can be uniquely ‘determined via Putransfor'mation which has

“is an integer alncl,= for n>20, a&A = ‘S\'O,L...,s-—l&

been studied by Renyi [ ? 7 and W,Parry [ g 1? and is defined on the unit
“interval [0,1) by the relation:
(2) ‘ T?tEPt (mod 1)

AN-_— & o?l;ﬁ”_ o951 t N defined as follows:

Let If? be the map' of the unit interval [0,1) into the infinite product space
_ PO

(3) ﬂ:f @@ =k,  if kBT ™ < 0e) @7
where ’I';t =t , Tf;‘ t = T§(T€t) (ny0)) , and KF (£)(n) is a n-th

‘coordinate of sequence )I? t) .

It is proved in [ ‘-’ 1 that the expression (1) holds for an'= TEF(t)(n'),
B / )
nz0, a.,=0 in the case of t€[o,l)

in other words

an. | t=i3§('7tfl(t))

where

_ = -n-1
) (w) = 2 wmn)f

It
for we AN ’
Let Y@ _be the image TCP([O,].)) and XP its closure in the product space

with the product- topology.
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Definition 2.1. The subshift (XP , Q%) will be called ?—subshift.
In general the transformation of the type
B NS (mod 1)

where f is a map of [0,1) to [0,+00) is called f-transformation.

If f is plece-wise continuously differentiable,- F(Oj =0, and
f' is positive and bounded, then the symbolic structure is the same as
X€ for some E .

The space (), is endowed with the lexicographical order w > w’if

and only if there exists an integer n such that w (k) =w'(k) for k<n

and wn)w' (n) , The shift transformation on the space ,£Z=AN will be

denoted byg-: TwW(n) =w(n+l) .  We set
(5) ’I‘é’ll = Lip Té)t
and ' ﬁ-?(l) = max X? = W{g -
Proposition 2.2, (Representation theorem)
1). 0~ Ty = ft?,q'? | on [0,1).
2). )T? , [Ov,l]i—)Xég is an injection and is strictly kordeporeserving,

i.e, v‘t<s implies that Tt);(tk)—‘?(s) .

- 3). ﬁ;c)'(? is identity on [0,1]

l+ . . = T v n V ' .

o R T fp o P

5). ﬁ; :X?»—’-)[O,l] is a continuous suriection and is order-preserving,’
i.e. @< w implies that fF(W) < TF(UJ‘)'

6). The inverse image j’g-l(t) of t€[0,1] consists either of a one

point TC‘;(t)' or of two points TCJ; (t) and sup TC?(S).

S<t
The latter casé,occurs only when Tgt = 0 for some n20 .
7). In ﬁarticular, fP(w) is one-to-one except for a countable num-
ber of pointwe X$ . f

i

The sequence Lo? is called P—exoansion of one, and plays an elemen-
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o
tary role for the analysis of sequence space X%as we shall see later,
For example,

Proposition 2.3.

Ny, . n

(8) th = {we A [G‘ wsco? for all ny0 §

For the sake of future we introduce an important class of symbolic
dynamics. A subshift iz a pair (X,Q~) where X is a @~-invariant closed
subset of the product space AZ or AN and the letter (O~ stands for the re-
strictionol X to the subset X of the shift transformation.

Thus subshift are topological dynamics with canonical generator

{[a] l aeh } . Here for a word u over the alphabet set A, - in other
words for uﬁgilAn, [ul] denotes the corresponding Cylinder‘set !
W] ={w|we) =a,  osksn i
if u = (ao,..-., an)(ake A).
Definition 2.4, A subshift (X,0) will be called Markov subshift

{ or subshift of finite type ) of order p if there is a subset W bf‘Ap+l

( p>0 ) such that

1 x =) = {w|(w@,...,wmp)e v for any n § :
The»set W will be called the structure set of Markov subshift (X,Q-).
The structure matrix M = (Muv) is defined as follows:
: : u,veA
& = if = ) =
(8) Muv 1 if u = (ao,!..,apnl), v (al,...,ap)

for some (ao,..f,ap)e W
0 otherwise.
Using above definition, we éan see the following result.,
Theorem 2.5. Let p:*l. Then the following three conditions
are equivalent (py1) :
1). The subshift (X?,G”) is Mardov and its order is strictly equal to

P



2). There exist integers s 1 =0,0.0.,D . 0<g a;<s , ‘such that
' -p-1 —5-1
a) 1-8 Pt - j%(aj%% J
b) v 1- Ffp'l> fgbaj+k'@_j_i . (k=1,...,p)
. where we set an+p+l =ay for n2> 0.
3) The sequence a@ is periodic with period p+l,
i,e. |
a') G\p+lh)$ = u)§
and 7 -
b') N Wy < for any q = 1,...,p.
Thus fhg ﬁ -shifts are Markovian for countably and denselv manv
@ € (1,+00). The following proposition shows that the set Xﬁ is well-
approximated by Markovian X§ 'é‘ |
ProPOéition 2.6, ; -
1. If . l<{3 &o(,‘ , fhen Y$C' Y
2). For any 53>l, |
a) . ‘XPl = O(L<j Xy - b) x? = o{>\P Xo

Let Wn(XF )} is the words of length n which appears in Ei—subshift

(X P ,0-) (nz1). These word sets are also endowed with lexicogra-
phical order. Let
0 ‘ «
Wn = { (al,...,an)C Wn(X§ )l (al,...,an_l:an+l) & wn(X? )§°
(9)

Wogw) - { I

= . v W
n ‘\ usrv € wn+k“(xﬁ) \ uev e Jn+k %

where nx1l . ue wk(Xﬁ)’ k2 0, and the symbol ".'" denotes the con-
catenation, i, e,

(10) u-v = (a a ,b.,...yb )

l"'",nQ 15' m

if u= (al""’an) and v = (bl""’bm,) ( the number m mav be infinite ).
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The emﬁty word € is a symbol such that €-+u = u-g = u for anv word u. N

Fipnally we set ; Wg(u) = { u k
Propcsition 2.7. For any k2 0 and a word uewk(‘X?’)
R N \ i .
Wn(u) = k\=Jka(u)~ wﬁ[o,n—-k) 4 max WnCu)’S
In particular WAE) =W = W~ wal0,n-k)
n n kk'zjo k w?
where
0)s.:i.,Wa(5-1 i> 1)
(%( ) CU;;(“! M Gi>
(11) ’ (.UF [0,3) =
€ (empty word) ’ (5=0)

‘e »ndte that the sets f{w] = ‘[ we XP ' (W(0),...,win) = w}‘ R
wE Hn +,1('x7,2 form a iaart’ition “of t-he set X _ and that
f? (wl) = { ?? (w) ' we [w] g ;, WE Wn+l(X) form a covering of‘the
unit interval by intervals, any twa of which have at most one common peint. .
Let Rg(w) be the length of interval f\a(wj).f

Now we can obtain a convergence. theorem on the number of words,

Theorem 2.8. Let ue Wk()(?) and Mg = ¥, (n+1)wf(n)‘83 —n=l-

| Moarg fe® 8 Rp(w)

2 B § o () - EH
o ko

) lin B™%ard (W (u)) = LS80

Renyi [ ?] showed that there exists an invariant probability ﬁleasure
for F-tx%ansfcfmation on the unit interval [0,1) whicﬁ is absolutely cdn-—
tinuous with respect to Lebesgue measure and has entrony lo'g ? .

That measure induces a s}:‘lyift—invariant probability ééasure
d[l?(_w ) '-i"f?(uﬁ')d‘f}(w) on XF s Wwhere

o e -n-1
(12) ,_f?(m = nZ;Oa)(n)? |
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d PB is Stieltj es integral on the ordered space Xﬁ .

o -1 -n-1 N
(13) fo (w) = Mg 2, ﬁn I(LOSFH(,L)§) .
5 ' np0

= -n-1
(14) Mg = 2 (n+l) we(n) 77

1
i

nz0
and I(w = n) denotes the indicator function of the set KU"’ i w =1 i .
The proof of invariance of Mp is immediate in ourrsvmbvolical form.
We note that the density func‘éion %(0&) is the unique solution (up to sca-
lar multiplication) of Mf = £ wherel

ME(wo) =§%“1 . flarw)

a.w(:Xss
( See Section 4 and Section 6 )
~ Definition 2.9. The endomorphism (Xgal);zf,()\) will be called S’p-

endomorphism and its natural extension (‘)?((5 ,_)}?‘;@;) ?'—au‘-tomorphism

The Q: ~transformation ( E:r: (SSO,. ey .@s—l) s @ i/>l and
.Z : .-l<l<‘:. P .—l) is an f-transformation with
i<s~17 1 igs~1 J'1 ;

' . =1 ) -1
£(t) =(§5]~<t)+k B D A RN AN Z @i k=0,...,s-1,
i<k igk

It has also a natural invariant measure /L(? in the sense that it 1s absolute-
ly invariant with fespecf to the Lebesgue measure. (VSee Section 4)

The realized ‘subshift is (X;,,(}) for some SS)l . The difference in the
measure-theoretical study of '*thenf reflects the fact that/ the entropy h(fuﬁ)
.less than the topological éntropy lpgﬁ = h( }Lfg). From another point o‘f
view, | there are various shift invariant mesdsures )u_f on the same space

.ng ,‘ aml c;orresponding endom??Pﬁisms' (,X;g: . 0‘ . }/Cg) (or ?utc?mgrphismsN (fph,ﬁt,if ))

among which (X J’% s Oy %) is characterized as the system with maximal entropy.

SECTION: 3 = Periodic Foiﬁts and Normal Sequence

Let us show two results obtained from the symbolic structrre of jB—
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shifts. The location (d gtribution) of periodic points is important
for the study of dynamical systems. . = For example, from the denseness
it follows that there exists a regular invarant measure and the iﬁcreasing
order of periodic plints is reflecfed to the ergodic property of invariant
measures.

These properties. of periodic points are, however, known only for
the dyhamicai systéms of finite type, i. e. the systéms which can be re-
alized by Markow subshifts. The subshift (X? ,@\)\offers an example of
non-Markov subshift with these‘properties.

On the other hand normal sequences are constructed fof Bernoulli schemes
’(Champernowne) and Markov séhemes (Postnikov). The construction depends
Gﬁ‘the fact that the invariant measure is the most,unifoumiv‘distributed on
thé.gi&en sequence space. This is also-possible for cur systems.

Now we sketch fhe two facts mentioned above. Let

»Pnziw\ﬂ*nw=cu,we>‘(? } |

then

V‘o n-1 0
P =W U {uew , wgl0,k)-uew }
n D3 -k ,? n

_ o | n-1 o
Card(Pn) = Card (Wn) + k§lcard wn-k( wf[o,k))

3aézgﬁng;$ﬁe:prypér%y 2785=c0f . S8ction 27 we obtain
Theorem 3.1. The periodic points of (X? ,0~) is dense in Xﬁ .
and they increase exponentially:

. -nN _
lim gs Card (Pern(Xp,O‘)) =1
n>9%

In particular

%})rpno%. log Card (Pern(X?) ,O¥)) = logrﬁ ent(X?, ™)

Ve nofe/thét the conclusion of Theorem 3.1. holds also for Markov sub-



shift.

Generally we can show the following property 6n the periodic points.
(1) For a subshift (X, ¢v) the periocdic points are dense in X if and only
if it can be accesible from below by Markov subshifts in the sense that
X = closure (J[ Y : (V,5~) Markov]
2) If the periodic pointskare dense in X and

Y¥MBrkov 0T (Y,0~) = ent (X,09

then the periodic points increase exponentiallv;

lim & log Card [ Per (X,0-)] =€ (X.o )
N30l n
For the Bernoulli scheme E(\%Ei-,..;%

the following sequence : LetMVn be the set of all words of length n,

) » Champernowne constructed

n ; . . . .
and let vi‘g‘ v2 Lovons gvvn be its elements in lexicographical order.

pA
Then

_ vl v .v2~ V2 vn. B
W = lo....‘.o ol.... p2.....a lc“‘..c Dnon:...

o

The normality follows from the "uniform denseness" of the orbit of 173}

in the sequence space.

Analogically, setting V.= i V?:&..... iv; §-%° be»th? set of ail
words of length n in X(;, we can prove: n
Theorem 3.2. The sequecce w :'Vio...@.QV$(9V§Q..kN§O-..

: 1 2
is the F -normal sequence, i. e.

lim%Card { Liosggnk , W[,+k) = u%=ﬂ3[u]
5% ' v ’

SECTION 4 Ergodic Properties and Isomorphism Problem
In this section we study the ergodic properties, including -cemtral
limit theoremn. We shall sketch the construction of an isomorphism of

? -transformation (Xp ,U’,r?)to a wixing Markov automorphism using the
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uniqueness of invariant measure with maximal entropy. Although the re-

sult can be generalized to é= (/:’;D, vees ps_l)nautomorphism we must intro-

duce a mew notion, free energy. A direct ver;igication of Ornstein's
¥

weak Bernoulli condition is givem in 4.3. In the last 4.4., the cent-

ral limit theorem is studied for our cases,

Theorem 4.1, A éﬂh;ﬁi@l#mhiﬁfﬁ is isomorphic to a mixing Markov
automorphism, |

‘Theovem 4,2, A ‘v--autara@rphism is iscomorphic to a mixing 'Mafgsfgov
autemorphism, |

Let 8 3335000y be the p—- or ' gamanslon of one,

and

T(w) = sup {i s 1z1, (w(-1),..,w(-1)) = (ao‘,..,ai_l)‘

<4 { 0,1,...,50‘}

‘The isomerphism § fs given by
1 s w0 < oT=1) iz

ff (win) =

(1) if o g (T=0)

Then the image of ¥ is contaified in a Bf’"ar}cgv’ subshift (?7?,(?4),‘0-) ovér

a symbol set I = { ~(&11)5.. 9. =1, 0y:1,...,00] where

(1) if i=itl<oo , if i%1l, Jgo, or if 4=§=00
if 1<ige and i=j+l, if i=1 and 1<is00,
or if i=eo and j<po
M, = 1i M. .
100 = Hm, SUP M4
and

@ el g a;>(i]= =i

0 oth efwi se



Lemma 1 If M verifies (1), then the invariant measure A'M of
(m(M).ir) with maximal entropy is unique and Markovian : the stationary

measure (7t'i, ie I) and transition propability (p.j. i,jeI) is

I.=x P.. = X,
y/z‘Jjj, H u.'f

where
g (121)
X,
1 =
-k-1 s
éOMkf’ (i%0)
-k-1 .
f ngkf | (13 1)
yj -
1 (3£ 0)
and the value P is the unique positive solution of the equation
' s -k-1 , .=
1= B S ’ M = 2oMix

The entropy h{m) = log ¥ = ent QNL(M),07)

Théﬁ, the image 50(/“,5) must coincide with K since h(¥ (/L{p)) _log ﬂ
and f = ﬁ in our case (2).

In the casee of é-transférma'tion we use the notion of free energy
instead of topological entropy, i. e, we gseek a measure A for which
_the function ‘

f (A) = h(A) —jUd?\
attains the maximam for’ra‘ sultable function U on m‘(M‘). (See Section 8

t
for the general definition.)

Let U#(w) = U?é;(w (0),« (1)) be gi?eﬁ by
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logfg_i ig 0 5€0, or 420 and a_.y)[i]
mgﬁi‘ “i=1,  9€0
U,g(ij) - logpaj_l oi=g-l21
T+ 00 other*v:rise
Lemma 2. The invariant measure )/U with maximal free energy for

U is unique and Markow ;

‘ -1 -1 -1
. : TR ¥ M., .
1 igo j ﬁ—lFN 1zl 11Pa0...)8a1._l ign
Tél izl , /5;1 /3;4 iz 2
| o 341 |

In [31, there is given a genéral conditionvfo‘r;the uniqueness oh U,
galied Perron-Frobenius typé.

Lemma 3 ([ 3]) Let U be of Perroanfobenius type on IZ.
An automerphism (X, T,,/\/') is iéomorphic to’(IZ,O', )/U) if there is bi-Borel
injectién Soof X into IZ,’ such that for'some/u. -integrable functions V(x)
and F(x) | »
W pe9=feT /u;ae., |
(é_)l V(P = V(x) + Flx) - /u-g.e. anal f? g
(é) R/ = hGw) —‘_§§ ap.. -

Now Theorem 4.2. follows easily from these lemmas setting 50

fl
(=]
~

and U = U# . I:L is.pow obvious that (3?,0 Ny ;&P) is Bernoullian.
But we m‘also.shaw the following.
oy ' ! ) — — — .
Yheoren 4.3. The /B-au’tomorphism X ,o ,/uf) satisfies the Orn-

stein's weak Bernoulli condition :

Lin swp &, I/u(tc]ng"_“Pm) }/Actv]yu[x;j) B

k+ p u,veh
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For the proof, ‘let us introduce an operator S = SP .
sf(w) = ,@—lzsa(a%u) |
where the sum is taken over. agA ’ such that
arw = a*w(0)w(l)... € Xg
Lemma 4. - Srg is a nonnegative operator on the space of Borel func-

tions on XSD and satisfies the following properties

a SpP (L) P(w) afs(w) = £F¢<w>3bc¢>a;3<w>

*8
wherever (‘) & Ll(Xp, d_ﬁe) and ’y/é 1 (X,a, df{g)
In particular, S’s is a nonnegative contfaction operator on Ll()%,dﬁg)
such that

{ sadw) afaee) = XCF(w)d‘%(w)
X ' XI@ J

g
b) Se is a bounded operator on Lw(XP, d%) and
lim sup S?%’(w) = —-——-—l——-_-i—-—
nsoofi bl < 1 SP(I-— )
¢) - Let A‘> be & continuous function on Xg .

: im |} 'k_. - = " ‘where C = %,
i‘m” sﬁGP C(‘P)ffs" 0 vhere  C() f@d,@

"and the convergence is uniform on the set é = %7)1 Sn@n
1z

where ‘ _
@n :{@’"<¥ L<k 1, Ct)(w) depends only on w(k), 0g£&ksn }

Sketch of the prootf.

a) is trivia111 b) and c) folloﬁ from Theorem 2.8. on the classis~
fication of words in %ﬁ‘and‘the convergence of fgfn @ard (wn(u}). We
only note that the proof is completed by approximating Sn bv tﬁe operators

s%(m) .

veW _

7 ) .
Sn(m)ﬁP(uJ) = %A ‘—kz‘o \50 (Vfwﬁfnaj) w) .
j= k-3
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Proof of Theorem, The Ornstein's is equivalent to the following
condition.
(%) lim sup sup 24 S#& (tv1) l
kyoo n #e@ Ve A _k— #’ /U~ /44—/"-

Now we prove that the measure/jP satisfies thils condition.

It suffigés to show (%) fmﬂ/bgg. It follows from Lemma 4.a).
o La= * K+ ° N
Sﬂ‘a__k_n[ﬂq:d/,%- Slcx?(w)f'e(w)l{ﬂ(w’ o) gf/’;(w)
S 5 e e,

RIS | s

%—\An ! %i{sk“‘(‘#fp) - (HD d/,}a)' 1}5 dj/’g I
\S[sk“‘@? fF) eY: ) ffldj/}g
Applying c) of Lemma 4, we can show
akgp—o

as k-»p0  uniformly in npl
By

: f’imﬂy we show. the cen't:bal‘ limit theorem for ,B—transfomations .
' The probf depends only on the following estimate of the operator
- Lemmer 4 - PThere exists a sequence q/’(k)', k20 such that
leﬁ(.k)2+ < + 00 for some & > 0
=1 :
k+n , 1
*29 o) g || <ol Plleo
for any n32 0 and any tame function EP on Xf; of length n, where
() = S’S" df/a

From Lemma 4' we can easily show the followings :

(2) ,
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Lemma 5. For any Borel subset B of [0,1)
| Mp(®) = A T8y | s Yo A®) (x 0
where X  is Lebesgué measure.
Lémma 6. ' The canonical generator R on [O;l) satisfies the strong
mixing condition of Rosenblatt ; there exists a sequence ?(k), k21

h- l )
such that for any ~h, k2l, AC 7'( R) any measurable B,
i= O

[u?(A,\ ™ (cth)g) _uFm @)= P
and )/(?

)

Z cJo(k S for some § > 0
k=1
Then we can apply the following theorem ( Ibragimov Linnik 0153
and prove the following.

Theorem .4, Let §>0 be as in Lemma 6.

&
¥ ren?t ([o,l),ﬂ?) . and

Sle-x [f{k\'/l’l’if]“%%v <+ oo
k=1 U 0 Ty
([0,1), L&P)
then
o =E(f-E )2 + 223 [(f -E f)(faTg ~E 1, F)I1<+ o0
$ =1 'f /% g
and
. { ) - '
lim g Z. (faTi - fi<z! = P__(2)
n>0 fifﬁ j=0 }? ? o
1im 23 (£oT9 - i<z L= (z)
n>« )\ILJTT } )“? g §G“
. t2
. — -
where % z) = Sz e 26\ dt , (z) =1 (z>0)
01 \FEE'G\ -0 §§O
Using the property of Q&l TéiR . ‘(wé can show that Holder cintinuous
i=0

functions and functions of bounded toxal variation satlsfy the condition



of Theorem 4, 4.
If the &Xfiamsion . >f one is periodic, then the natural generator
R satisfies the uniform mixing condition and the central limit theorem holds

for wider class of functions,



SECTION 5 Construction of a Transversal Flow
For automorphisms (X,T,V) with intensive mixing property it

is often the case that there exists a flow {Ztk on (X,T,V)

-uc<t<-tu°
such that

ZtT = Tth _x<t< oo
Y.G.Sinail [ﬂF] proved that an automorphism is K-system if there

exists such a flow, which is called transversal flow of T.
The typical examples are the quasi-periodic motions for toral
automorphisms ,the holocycle flow for the geodesic flow on
L. compact Riemannian manifold with constant cufvature,
stationary Marko? chains with maximal entropy, (over Markowv
subshifts) etc. All these examples are automorphisms of finite
type. But for non-Markovian automorphisms can a Eransversali
flow be constructed ?

We shall show the existence of natural transversal flow
‘ for ﬂ-automorphisms which are not of finite ﬁype in general.
In order to construct a lG—transvérsal flow for ﬁ—autdmorphism
we use S-representation.

Let us define the basic automorphism B on Xg

1

Buw_= w_ if wec,

1]
and W _=(...," (-k=2),u (~k-1)¥1,0,...,0)
(See section U4 for the definition of Ck)
The transformatidn B is a generalization of the adding machine.

Then a probability measure Lé on (X; ,B) is defined, but the
: i

details are omitted here. The ceiling function g, on (X, ,B,?:)
I § ;

‘is given by

g, (w)= j}(,:klii) if s

i

k
The S-flow constructed by (X; ,B,:.) and g. glves a:transversal

flow since the “-automorphism is represented as the transformation

(';'-.-"’_,y—) ( ;‘"‘-:a,Tfi y)
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a;T?{y)(O) on the space { (03-,Y)’<u‘ eXE , 0<y< Sg(qj*)
WNote that the ceiling function %S 1s generally Aot bounded
‘away from zero,) ‘
Tﬁus we obtain the following
Theorem 5.1  For lﬁ—éutomorphisms (XF ,G‘,ﬁé )
(1) We can construct a transverséiqflow f%ﬁ»;—ua< t<-+&%k
(2) The transversal flow ¢ %f jmwo < e +tﬂ§ is ergodic and of
_entropy 0.
 (3)kIf fSn——>F>‘,then ZZgnu)—% z;ul in the natural topology ~:l
of A% for all ¢t and a.e. weX
Remark  The spectrum type of the flows {Zg 5 —te< t< + o8] »
or of the basic automorphisms B is unknown except for the case
where F’=E;;L In this: case it has discrete spectrum.
(L7 | | o
o SECTION 6 Equilﬁﬁiwimm measure and Transfer Matr;x Method
. In the preceeding sections we have studied linear mod. 1
transformations éndowed-with natural invariaht measures in the
sense of absolute'continuity with respect to Lebesgue méasure:
These transformations have been considered as pairs of subshift
and function called potential,and the natural invariant measures
are charécterizea by the maximality of free energy. This
approach $o the measure-theoreticalstudy; of dynamical systems
is not original and can be found in the theory bf statistical
mechanics,'where.the~natural invariant measures are limiting
Gibbsian distfibutions so that it is meaningiess to speak of
absdlute continuity. |

Let us introduce several terminology borrowed from statisticai

mechanics and give 4 pyief sketch of the relation to our results,

éna finally the f-expansions are discussed.
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6.1. Equilibrium measures

Let U be a continuous function on a sequence space X which
will be assumedagubshift of finite type, i.e., a Markov sub-
shift over finite symbols. 7

DEFINITION The free energy of shift invariant probability'
measure ¥ on X for potential U is

(N’)=h(j’,")— (UdU - (¥ belng shlft)

If f.(/’) =p(U)=sup £ (L)), then M 1is called equlllbrlum measure.

DEFINITION [Sinai's form] An 1nvar1ant measure M is called
(limiting)Gibbsian measure with boundafy conditi@n Y if it
is a vague limiti- point of measures N n,m 0 ,m=z0 . .

ng))n o= Sg expé —ZUoO‘ zd“/éaxp\g ZUG‘ Ed/‘)
DEFINITION An invariant measure M is called (limiting)

Gibbsilan measure with periodic boundary condition if it is

a vague limit point of the measures /J(n),‘nizo.

(n)_ . h=1
Sgd P = X exp% z, U,(r o g} expl - = Uoo.k}
pern(x) K =

It is easy to see that p(U) is convex,monotone increasing
continuous functon of U with respect to the sup-norm and is
invariant under the additon of functions of the form F-F.o .

2

. - . . 14
Let us introcuce aclass of potentials D: U&D Iiff ;%E()[Uﬂﬁieo

(U] _=supf |U(w)-U(w")| : (k)= wcﬁ) x| < n}
Then we can find , for any V€ D,a potential U& D such that
U(w) depends only on the semi-infinite sequence &(n), n=0,1,

We obtain the following theorem : Let U(w)=U( w(n), nz=0).
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There is an equilibrium » measure for U if and only if
the “Jacbbian
) Ip ()= P((0)/ Tw) |
is L(M )-1limit of the functions F e exp[—Uf—p(U)]/FnMr ,n=0,1,...
In particular if there exists a function h such that
Zh(aw)exp[-U(acw )-p(U)1/h(w)=1
then j=h exp[-U-p(U)]/h«¢ for any equilib#ium measure.
6.2 Transfer Matrix Method ‘

The exlistence of equilibrium measure follows from the compact=

'ness of the sequence space X and the lower semicontinuity of

 potential U.It is difficult to obtain the uniqueness,which

may actually be broken as is weil known ih statistical'mechanics;
(See also Appendix)Theffiollowing theorem,which can be proved
by so-called transfer maﬁrix method,seems the most general
except the Lee-Young theorem:

Theorem 6,1. t ] Let X be a Markov subshift over finite
symbols which is "uniformly transitive", i.e., for any cylinder
sets[U] and [V] of length n,[gjﬂq:n_t[V]%¢ if X [U1%¢ and

Xn [V f ,whefe the number t depends only on X and does not

on particular cylinder sets. If a potential U belongs to the

class D,then there exists a unique equilibrium measure ’NU
and the system (X, 0, My) is Bernoullian.

Furthermore the Gibbslan measure 1s unique and coincildes
with ‘W% for any'boundary condition ¥ and also for periodic
boundafy condition.

Remark (i) The Theorem generalizes the result of Sinail/! ].

Z

(1i) In case of X=A” the uniqueness and K-property is already

shown in Ruelle[!o ] and the Bernoulli property is proved by

HG.Gallavotti,Ising Model in one dimension, Comm. math,Phys.32

183-190(1973).
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The poof is given by sharpening the estimate in Ruelle's

method called transfer matrix method. ket us introduce an operator

S.. on the space of functions defined on the semi-infinite

U
+

sequence space X :

iy 2 ‘ _ \ eyt

SUf(u,) ane xt flaw )expl[-U(aw )], ce X,

U

is nothing but the operator S; introduced 1n the previous

g :
If the potential U is zero and X =XF ,then the operator S

section,

The eigenvalue problem for the "transfer mafriX" SU brings
almost full information on the structure of equilibrium
measures.For exampite,if there exists an eigenfunhction h> 0,
then,as is seenibove ,the Jacobian of equilibrium measure is
uniquely determined,and so is the‘equilibrium measure itself.
Furthermore the iteration SS converges ,under sui;able normalization
s8torongly and uniformly on a certain subset,and the Ornstein's
weak Bernoulli condition is verified. Theorem 6.1. is easily
deduced if we can show

Proposition, Under the assuﬁption of Theorem 6.1.,there

uniquely existra positve number (%U,a probability measure

o s . .
K U,and a positive continuous function h,, on X such that

U
=N ? = - :ﬂ & = .
Sghy™ Bobye oSyt Sy iy JBpdl gt
Furthermore
s o, ~Dola _ o
s-1im b'U SUf ’ fa UhU
where the convergence is uniform and exponential on the set
‘ +
roomngNo Lo = o
[V\U SUf : ‘wf"\ M, [log T ]q~“u 1

for any q=»1, <>0 and M- ..
‘In order to prove Proposition the following are essential:
Lemma 1. If f is a non-trivial nonnegative function,

then
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qtn |
: n
[log Syfl, < (Eqea[Ultllog £,

for t>n and qzp (p being the order of Markov subshift X).
Lemma 2. There exists akonstant C=C(X,U) such that for
any nontrivial nonnegative function f and for any n> p+t,
Spf(w), syflew)<c, wsw'e XT.
6.3. The measure /@ as equilibrium measure
.’Although the ,ﬁ-shift is beyond the situation of Theorem
VE.l;;ﬁe alreedy showed the¥ frbposition of the:previous
vSubséetibn»holds,where the potentiel U=0.Thus we can show
thet /;'is equilibriumzmeasure as well as Gibbsian measure
Wifh;any'boundary condition ¥ .We can also prove
| Theorem 612; The meesure 4& is the unique Gibbsian

measure with pefiodic boundary condition:

-1 Z‘
Per’nA(X,s )

g:d;? = Jin (Cara[Per (X, )] 'f(vuJ).‘
Thiszhecrem 6{2. together‘with the'resuits in § 3 shows
fhetlthe periodic peints are'dence,iﬁcreases exponentially
fana'are distributed in a uhiform manner,just»es the periodie
ﬁeiﬁte'of‘uniformiy'transitive,Markov subshift behave themselves.
Theiresuite stated in Theorem 6.1. also holds for

;éuétraneformations corresponding to the potentials of finite
range(i.e.,the functions depending only on finite number
of‘qgofdinates).

In the next,subsection we shall see that similar resultei
remaiﬁ valid for f—traﬁsformations which correspond to the
potentials of.claes D. |

6.4, ' f-transformations
Let F be-the family of increasing,eentinuous functions

f on the unit interval [0,1] with £(0)= 0 such that the
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right-derivative f' exists and is greater than a constant > 1.
Theorem 6.3. Let f¢ F. Then the f-transformation
Tpb=f(t) (mod 1) |
is realized by some B2-shift (Xai,o');there exist a continuous
function 'f}(oo) on X,a Borel map 7Tf(t) of [0,1) into X

such that

=3

= (v & e = 1 . e ) = J e
"ﬂ’fo = 0 g Selig ld[O,l]’ Tff (w) =§ ( W),

is a homomorphism of [0,1] such tha‘t«

="%6T (topological congugacy)
Now let us flnd an invariant measure of Tf which s absolutely
~continuous with respect to Lebesgue measure.Let g(t)dt be a
probabllity measure on [0,1).Since Tf is a non—s1ngu1ar
transformation, thus its inverse image under Tf“oan?xaexgraﬁed
in the form (Lg)dt:

(Lg) (t)= ‘Z% L E(8)/E7 (5)

‘ e f' t
The "Jacobian operator" L corresponds,by the realization iff,
to the transfer matrix
(Syg) ()=, 2 o exp[-U(aw)lglaw)
where |
0(w)=log £1( £(w)).
- Thus the situation is close to the situation of Theorem 6.1.,
although the [Z-shifts are not Markov in general
We note that Ue D if the right- derivafive ' is L1psch1t21an
on each connected component of T {O 1].In fact ff is the

solution of the functional eguation

Saw)=rtar F(w)), weXe



and the class D verifies the following property:
The pointwise 1limit of [ J-norm bounded sequence of
functions in D also belongs to the class D.
We obtain the followiﬂg
Theorem 6.4. Let fc F. Assume that the right-derivative
f' is Lipschitzian on each connected compbnent of f’l[o,l).
Then there exists én invariant measure /Jf for T, which is

f

absolutely continuous with respect to Lebesgue measure;the
system([O,l],Tf,/Jf) is Bernouliianf

For the proof of Theorem 6.4. the only crusial step is the
proof of the:statement in Lemma 2 From the classification, &f woRds

it follows that n-1

) ~ ST e [0,n) ) "
Spi(w)=e I we T )
n-1

1=0%n x,

where Ch*x(“)) is such that

E k N
-[U] ‘ > —*-Séo U(W‘J<W 0,k) a ))
e cn,k(w RS, o (1) © J F[ “F

+ n+k-1

(C«))S.’U l(CQ)

| < el%e, L) |
The rest of~tlie proof follows ina similar way to the proof
given for é%—transformations.
APPENDIX
A Caricature of Ergodicity under Phase Transition
The existencé of phase transition for the classical
mechanics of lattice system is weil known but we have no

further information on the phase transition in general, e.g.,
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the critical temperature,or the ergodic property under the
existence of phase transition.We shall give a simple example
of statistical mechanics of one—dimensional_latfice system
for which the critical temperature and the ergodic properﬁy
at all temperature and all activity is known,although ﬁhe
potential is not pair potential and bears an artificial
character.

v Let us consider the configurations on Z=[...,-1,0,1,...]
and assume that each consequent n particles has internal
energy cn.If cn¥0 for all n, then the poténtial is of 1long
range  and there may actually existEiphasé transitibn;one
phase is Bernoullian with respect to the translétion and the
- other is apoint mass.Using this example and the fact that the
equilibrium measure for potentials which can be expressed in
the direct producﬁ spaée X=X" X, (x=(x1,x2), x,€ Xl,x2€-X2)
is the direct product heasures M= fi&>”20f the equilibrium
measures ,Vl for Ul on Xl andP2 for'U2 on X2 sWe can obtain

an example with phase transition for which every phaée
is Bernoullian(but there is a discontinuity for the mean
entropy)

an example whidh has m phases,where m is an arbitrary
integer r» 1.

an example which has more than two critical temperature.

1. Thermodynamical Limit
Let X=0.1. B(0)=[0]=[x:x(0)=01, B(n)=[11....10]

=[x:x(k)=1 for k=0,1,...,n-1, x(n)=0],and

B((e)=[1111..... 1=[x:x(k)=1 for any k].
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Consider potentials of the form

(1) U(x)=a(n) if x belongs to B(n), 0<n<oe , l%mma(n)=a(cx)

Then
_ n-k n-k :
O (x(0),...x(n-1))= Zalk) Fx(1)x(1+1)...x(1+k-1)
and ‘
- =

exp[-& (x(0),...x(n-1))1]

§ .S TR S TR TN

= =

r'3 0,k +. ¥k _+{o*...+{ =n exp[-&(00..01..10..0...1..10..0)]
yk'z,l,...krz.l
zu,h35%‘543%h?°

R Z {’n—kl—. co-k,
. ‘ e Pk

“n~x(0),...x(n-1)=0 or 1

\ ""- .b
rx0 ,k1+ k. < n+r+1( k
k. > § kK. > f r-1 ! "
1/ 5 rr
where
k
bk= ?; ay
i=1
Since

PRI O R ‘ b -
, 20 D=z g0 I gkHL byy-l

we obtain

1 P
. S . = _-b - (k+1)f }
(2) 3im sup/n‘ylog\,ﬁ,1 f= inr { f: 5508 & <1

2 -Free energy‘and equilibrium measures
It is obvious that the shift (X,% ) is isomorphic to the
Markov subshift (Y,97) over the symbols 0,1,...,0 where
Y=[y: y(n+l)=y(n)-1 if y(n)y 1]
The corresponding potential on the space Y is
V(y) =a(m) - if y(0) =n.
Tt is not difficult to show the following
Lemma (1) If %:exp[—b(n)—(n+l)f*}=l
and 1f T e(ntl)exp [-b(n)-(nt1)f 1<

then the Markov measure defined by the following transition



function and stationary distribution is an equilibrium

measure:
p(0,3)= r(j), p(i,j)=1 if j i-1
0 if j=i-1
7 . sy =1 . = .
q(0) =( 150 (i+1)r(i)) ~, q(i)=q(0) Py r(j) t3=1),
where

r(n) =ekp[—b(n)—(n+l)ij.
(ii) If f*=-a(oe);then the point mass Ell...at the sequence
(111...) 1is an equilibrium measure.
(11i) There exist no other equilibrium measures.v
‘3. Existence éondition for Phase transition
Let us introduce the inverse temparature{g and activity/u,

and consider a potential

-

U= & (F+ae(n))X ,» (X, being the indicator of B)
n 1 B(n) B T
. 19 2 - ) Xy [ A .
i.e., a(n)=/"+c(n) and b(n)=nf+ %7  where s if&C(J).

By Lemma of proceeding section, if the Dirichret series(in =)

(I) néio eXp‘fa['Un—(n+l)c(cp Y l= 4 o

thei. the phase trahsitién never occurs. On the other hand if (I)
does not hold,then there is a fo( fﬂ)z 0) such that
1D %, exp—(’é[’ﬁn-(n+1)c(m)]= A e ffl
< 4D if F‘)lfg
Moreover there is another ﬁliaggo such that

}L 1 - ”!".:’ - ) , - . (;':J Lo
(II1) nSo (n+l)exp FPLT-(ntl)e(o=)]= 400 if [

<+ 1f 2LR
Since ﬁo and [31 are the convergence range of Dirichret series
they can be expressed in term ofkﬁin—(n+1)c(ﬁ3) but we omit the
expression here.If ; >520, we can define the value
()= -log o exp- [ ~(n+l)e(n ).

Let



a=[( }3, v ): (I) holds or (II) holds and > %00,
Bsp,or (V)] |

®

[Cg,v): (II) holds, f%> 2 ang S« fb(;@),
B ‘

or (30<§< fl and;“g‘}b(li )]

=T( ~ . [ V) & S
M _[(fé’f))' (I1) holds, , O(f ) and \ { 1]
where ‘
‘ Z ) - - — 2 > =
(IV) N30 exp [ nf> Fﬁil(n+l)P({«”P)] 1
z - - > 2, - {/E) O
n3o (ptl) expl-n® - 27 ~(n+L)P(S L )< + 0

‘ and P(v;% ’/a,,* ) > 7/U _!,’i c(vo),
Here P(F ,f’) is the value f5 in (2) for this case.
Theorem
(I) If ( F ,f’)e G, then the equilibrium measure is unique
and isomorphic to strong mixing Markov automorphism. (Hence
it is Bernouillian) ‘
(II) If ( F,,f>)6 S, then the equilibrium measure is unique
and is point mass. |
(RII) If (fg,}?)e M, then there exist two and only two equilibrium
measures ,one of which 1s a point mass and the other is iso-

morphic to mixing Markov measure. (In particular the former has

0 entropy and the latter has positive entropy)
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