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An elementary construction of the ring of dual 
K -Q-cancellation property 

By 

Shinsuke IwAo* 

Abstract 

This paper presents an elementary introduction on K-theoretic Q-functions, which were 
introduced by Ikeda and Naruse in 2013. These functions, which serve as K-theoretic analogs of 
Schur Q-functions, are known to possess combinatorial and algebraic constructions. In a 2022 
paper, the author introduced "t]-deformed power-sums" to provide a simpler, more algebraic 
construction of these functions. Since the original approach relies on fermionic operators and 
vacuum expectation values, this paper presents a more accessible, purely algebraic treatment, 
following the exposition of Schur Q-functions in Macdonald's standard textbook. We also show 
that the algebra of dual Q-cancellation property with integer coefficients is generated by dual 
K-Q-functions associated with an odd row partition. 

§ 1. Introduction 

§ 1.1. About this paper 

This paper aims to give an elementary introduction on results in the paper [3, 4] 

of the author. The K-theoretic Q-functions ( or K-Q functions) were introduced in 

2013 by Ikeda and N aruse [2]. These functions were introduced in order to represent 

Schubert classes in the K-theory of the Lagrangian Grassmannian, and can be regarded 

as K-theoretic analogues of the Schur Q-functions (see [6, § III-8]). 
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The K-Q functions are known to have many interesting properties, including a 

Pfaffian formula [1] and a combinatorial expression in terms of Young diagrams [2]. In 

parallel with the classical Schur Q-functions, they also admit an algebraic construction 

using the power-sum and the q-function [6, III,§8]. 

In a previous work [3], the author introduced a certain generalization of the power­

sum called the /3-deformed power-sum (or simply, the /3-power-sum), and constructed 

the K-Q functions in terms of these /3-power-sums. While the original paper [3] relies 

on vacuum expectation value expressions of fermionic operators, which may be difficult 

to read without sufficient background, this paper aims to present a purely algebraic 

construction in the style of Macdonald's textbook [6]. 

§ 1.2. Background 

Throughout this paper, we let /3 be a formal parameter. The K-theoretic sum EB 

is the binary operation defined by 

x EB y = x + y + f3xy. 

When /3 = 0, this reduces to the usual addition +. The additive inverse of x with 

respect to EB is given by 
-x 

x=---
l + f3x. 

Let x = ( x1, x2, ... ) be an infinite sequence of variables, and let Pi = Pi ( x) = 
xi+ xt + · · · denote the power sum. The Schur Q-functions were introduced by Schur 

in 1911 to describe projective representations of the symmetric and alternating groups. 

These functions form a Q-basis of the ring Q [p1 , p3, p5, ... ], and they exhibit various 

algebraically interesting properties, such as a Pfaffian formula and a combinatorial ex­

pression via shifted Young diagrams. The algebra Q[p1 ,p3 ,p5 , ... ] is characterized as a 

Q-subalgebra of symmetric functions by the following Q-cancellation property: 

J(t, -t, X3, X4, ... ) is independent oft. 

The K-Q-cancellation property is a K-theoretic analogue of the Q-cancellation 

property. It serves as a defining condition for the subalgebra Gr ( to be defined below) 
~ 

of the completed ring A of symmetric functions. 

Let A be the Q(/3)-algebra of symmetric functions in x1, x 2, ... , and let P be the set 

of all partitions. The algebra A is generated by Schur functions S>. (x) parametrized by 

a partition>. E P. As a Q(/3)-vector space, A is decomposed as A= EfhEP Q(/3) • S>.(x). 

For>. E P, let£(>.) denote the length of>.. Define the Q(/3)-subspace 

Un := {f(x) EA; J(x1, X2, ... , Xn, 0, 0, ... ) = 0} = E9 Q(/3) • S>.(x), 
£(>-)>n 
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and endow A with the linear topology where the family {Un}n=l,2 , ... forms a fundamental 

system of neighborhoods of 0. The completion of A with respect to this topology is 

defined as a inverse limit A= lim (A/Un) of the system 
+--n 

~ 

Any element of A is uniquely expressed as an infinite sum 

(1.1) 
(

C.>, E Q(p), ) 

#{>..IC>, -/- 0, £(>..) = n} < +oo for each n ~ 0. 

The following was introduced in [2]: 

~ 

Definition 1.1 ([2, Definition 1.1]). A symmetric function f(x) EA is said to 

satisfy the K -Q-cancellation property if 

J(t, t, X3, X4, ... ) is independent oft. 

When /3 = 0, this condition reduces to the ordinary Q-cancellation property. 

On the other hand, the dual version of this concept was introduced in [3]: 

Definition 1.2 ( [3, §8]). 

property if 

A function is said to satisfy the dual K -Q-cancellation 

J(t, -t - /3, X3, X4, ... ) is independent oft. 

This condition also reduces to the Q-cancellation property when /3 = 0. 

We define the rings Gr and gr as follows: 

Gr:= {f(x) EA If satisfies the K-Q-cancellation property}, 

gr:= {f(x) EA If satisfies the dual K-Q-cancellation property}. 

In [2], Ikeda - Naruse defined the K-Q-functions GQ>, E Gr, and showed that 

they represent Schubert classes in the K-theory of the Lagrangian Grassmannian1 . The 

spaces Gr and gr are related via a certain bilinear form, defined through the K -theoretic 

Cauchy kernel (see (3.13) below) introduced by Nakagawa - Naruse [7, Definition 5.3] 

( see also [8, Definition 6. 2]). 

Both Gr and gr can be viewed as K-theoretic analogues of the ring Q[p1 ,p3 ,p5 , ... ]. 

These algebras admit explicit Q(/3)-bases constructed using the /3-deformed power-sums 

p};), pU1l, and the /3-deformed q-functions q<,13), qJt3l, introduced in [3]. 

1 The original paper [2] deals with a more general result in equivariant K-theory. 
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This paper aims to present key structural features of Gr and gr, such as the 

determination of bases and finiteness properties, through purely elementary algebraic 

arguments. The structure of this paper is as follows. In Chapter 2, we describe the 

Q(p)-algebra Gr, including its generators and basis. Every element of Gr can be 

uniquely written as an infinite linear combination of either p-deformed power sums or 

p-deformed q-functions (Theorem 2.8). In Chapter 3, we construct an explicit Q(p)­

basis of gr (Theorem 3.4) and establish a natural bilinear pairing between Gr and gr 

induced by the Nakagawa - Naruse kernel (§3.2). In Chapter 4, we investigate the 

integral structure of gr as a Z[p]-algebra. 

§ 2. Algebra of the K-Q-cancellation property 

§ 2.1. Preliminaries 

In this section, we introduce a Q(p)-basis of Gr (as a Q(p)-vector space), as well 

as a set of generators as a Q(p)-algebra. Since elements of Gr are generally expressed 

as infinite sums of the form ( 1. 1), we consider a "basis" in the sense of infinite expan­

sions rather than a Hamel basis in the usual sense (see Proposition 2.8 for the precise 

statement). 

To deal with infinite sums, it is natural to consider an enlarged vector space that 

contains Gr as a dense subspace. We define such an extension by including formal 

power series in the power sums Pi = Pi ( x). 
Consider the Q(p)-vector space A~ consisting of formal sums of the form 

CX) 

L L C>. P>-1P>-2 • • • P>-e(>,), 
n=O l>-l=n 

(c>. E Q(p)). 

The space A~ admits a graded algebra structure where the degree of the function 

P>. 1P>.2 ... P>-ec>,> is defined as l>-1. The ring A is a subalgebra of A~. An element f (x) E A~ 
belongs to A if, for every N ~ 1, the specialization 

f(xl,···,XN,0,0, ... ) 

is a polynomial. 

We now define a subalgebra Gr~ c A~ by 

Gr~:= {f(x) EA~ If satisfies the K-Q-cancellation property}. 

From the definitions above, we have 

(2.1) Gr= Gr~ nA. 
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§ 2.2. Q(p)-basis of Gr~ 

The algebra Gr~ is a K-theoretic analogue of the algebra of Schur Q-functions 

fl,e=o := {f(x) E Al,e=o If satisfies the Q-cancellation property}. 

It is known that fl,e=o admits the expression 

(2.2) 

as shown in [6, §III-8]. Here, P1,p3,p5, ... are algebraically independent over Q. Since 

(2.2) is preserved under base change, we also have 

(2.3) 

2.2.1. p-deformed power sums p};) 

We define the p-deformed power sump};) = p};\x) EA~ by 

(2.4) 
(,8) _ X _ -n p 

( ) = ( ) ( )k Pn (x) - Pn l + ~X - ~ k 2 Pn+k(x), 

where Pn (----;-) denotes the element of A defined by 
1+ 2 x 

When p = 0, the function p};) reduces to the usual power sum Pn· 

Lemma 2.1. If m is odd, then p~) E Gr~. 

Proof. Substituting x 1 = t, x2 = I into (2.4), we obtain 

(,8) - _ ( t t X3 ) Prn (t,t,x3, ... )-Prn ,8, ,e-, ,8 , ••• • 
1 + -t 1 + -t 1 + -X3 2 2 2 

Since 
t t 

and Prn(T, -T, X3, X4, ... ) = Prn(X3, X4, ... ) for odd m, we find that p~) (t, t, x3, ... ) 

is independent oft. □ 

Let r~ be the Q(p)-algebra 

r~ := {f(x) EA~ I J(t, -t, x 3, x 4, ... ) is independent oft}. 
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By (2.3), every element of r~ can be uniquely expressed as an infinite sum of the form 

CX) 

L L C>. P>-1P>-2 • • • P>-e(>,), 

n=O l>-l=n 
Ai odd 

(c>. E Q(/3)). 

Proposition 2.2. 

phism 

The substitution Xi f---t -----¥- induces a Q(p)-algebra isomor­
i+ 2 xi 

r~--+ Gr~. 

Each Prn (m: odd) is sent top~) under this map. As a consequence, every element of 

Gr~ can be uniquely expressed as an infinite sum of elements in 

In particular, Pi/3), p<f3), p<[3), . . . are algebraically independent over Q(/3). 

2.2.2. /3-deformed q-functions /!3) 

Another important family contained in Gr~ is the p-deformed q-functions /!3) 

/!\x). These are defined via the generating function 

(2.5) 

and can be regarded as K-theoretic analogues of the Schur q-functions (see [6, §III-8]). 

Lemma 2.3. For any n > 0, we have /!3) E Gr~. 

Proof. Substituting x1 = t, x2 = t into (2.5), we obtain 

L

(X) (/3) ( - ) n _ l - tz . l - tz . ITCX) 1 - XiZ _ rr(X) 1 - XiZ qn t,t,x3, ... Z - -- _ --- _ ---. 
1 - tz l - tz l - x z l - x z 

n=O i=3 i i=3 i 

Since this expression is independent oft, we find that q}!) satisfies the K-Q-cancellation 

property. D 

We define the function q}!) by 

which is clearly also an element of Gr~. If /3 = 0, we have qi0) = q~o) = qn. 

Lemma 2.4. The substitution Xi f---t :i\ defines a Q(p)-algebra involution on 

Gr~, under which 

P(/3) B -p(/3) q(/3) B -q(/3) 
rn rn , n n , (m odd, n ~ l). 
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Proof. 
-(/3) 
qn . 

The first relation follows from (2.4), and the second from the definition of 

□ 

Lemma 2.5. Let Q(
13\z) = L':=o q~) zn be the generating function of q~). 

Then the following functional equations hold: 

(2.6) 
-(/3) Q(/3) ( - z - /3) 

Q (z) = Q(/3) (-/3) 

Proof. The first equation follows directly from (2.5). For the second, we compute: 

(2.7) 

= IT 1 - /3 • ~ . 1 - XiZ 

1 + f3x l - x-z . z z 
z 

= IT 1 + /3:E;. 1 - XiZ 

1 + f3x l - x-z . z z 
z 

= Q(/3) (-/3) . Q(/3) (z). 

From the identities in Lemma 2.5, we obtain the recurrence relation 

q (/3) + q(/3) -q(/3) + q(/3) -q(/3) + ... + -q(/3) = 0 
n n-1 1 n-2 2 n , (n > 0), 

as well as the expression 

(2.8) 

The denominator in (2.8) expands as 

from which we deduce that if) has the expansion 

(2.10) 
i=( i1 ?_i2 ?.· · · ?.irn) 

lil>k 

/3 lil-kc . q(f3)q(f3) ... q(/3) 
z z1 z2 •= ' 

□ 
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where Ci E Zand Iii := Lk ik. 

Now, substituting n f---t 2n into (2.7) and inserting (2.10), we can isolate the term 

q(/3) and obtain: 
2n 

(2.11) 

where Ci E Z. 

2.2.3. Expansion by odd partitions 

By repeatedly applying the recurrence relation ( 2.11), one can express q~~) in terms 

f (/3) (/3) (/3) .d f f h. f o q1 , q3 , q5 , .... We now prov1 e a proo o t 1s act. 

We introduce an ordering >-- on monomials in the /!3) as follows: 

With respect to this ordering, every monomial appearing on the right-hand side of (2.11) 

is strictly greater than q~~). Thus, any monomial involving any of q~/3), qi/3), qt), ... can 

always be rewritten as a linear combination of monomials greater in this order. 

Since >-- is a total order and the set of monomials in the /!3) forms a well-ordered 

set under >--, this replacement procedure can be iterated. In this way, one can eliminate 

all even-indexed q~{) from the right-hand side of (2.11), and write q~~) as an infinite 

f 1 • !Tl\ [/3l [ (/3) (/3) (/3) l sum o e ements m "'£ q1 , q3 , q5 , . . . • 

Remark. We do not have q~~) E Q[/3] [qt), qt), qt), ... ]; the word "infinite sum" 

above cannot be improved as finite sum. In fact, when x 1 = x and x 2 = x 3 = • • • = 0, 

we have 
i/3) = xn-l(x - x) = xn. 2 + f3x. 
n l + f3x 

However, q~~) cannot be written as a polynomial in qi/3), qi/3), q~/3), ... with coefficients 

in Q[/3]. 2 

2 (Proof.) It suffices to show x 2
n • ~!$~ tf. Q(,6) [x • ~!$~, x 2 ]. Consider the substitution x f---+ ,./2/ ,6, 

which defines a map Q(,B)[x • ~!$~, x 2 ] --+ Q(,6)( ,./2). Obviously, the image of this map is contained 

in Q(,6) c.:;; Q(,6)(,./2). However, the value of x 2n • ~!$~ at x = \!'2,/,6 equals 

which is not an element of Q(,6). Hence, we conclude x 2
n • ~!$~ tf. Q(,6) [x . ~!$~, x 2 ]. 
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For a partition >., define 

P
(/3) . = p(/3) p(/3) 
>. • >-1 >-2 q (/3) . = q(/3) q(/3) 

>. • >-1 >-2 

Let OP denote the set of odd partitions (partitions whose parts are all odd), and SP 

denote the set of strict partitions (partitions with all parts distinct). 

Then the above claim can be restated as follows: 

Lemma 2.6. For any partition >. E P, the function if) can be written as an 

infinite Q [p]-linear combination of q;f) for µ E OP. 

2.2.4. Expansion by strict partitions 

By modifying the argument in §2.2.3, we can also prove the following statement 

concerning strict partitions. 

Lemma 2.7. For any partition>. E P, the function if) can be written as an 

infinite Z[p]-linear combination of q;f) with µ E SP. 

Proof. We introduce a different total order >-' on monomials in the if) as follows: 

If the partition >. has repeated parts, then by substituting the rearranged recurrence 

(q(/3) ) 2 = 2q(/3) q(/3) - 2q(/3) q(/3) + · · · + (-l)n2q(/3) 
n n+l n-1 n+2 n-2 2n 

(2.11') +(-1r L plil-2nCi·qi~)qI:) ... qI~), 

lil>2n 

one can express if) as a linear combination of monomials strictly greater than itself 

with respect to>-'. Repeating this reduction leads to an expression for if) as an infinite 

Z[p]-linear combination of q;f) for strict partitions µ E SP. □ 

Using the results above, we obtain the following fundamental theorem regarding 

bases of Gr~: 

Theorem 2.8. For each of the following five sets (i) - (v), any element of Gr~ 
can be uniquely expressed as an infinite Q(p)-linear combination of elements from that 

set: 

( .){ (/3)} ( •• ){ (/3)} 1 P>. >-EOP, 11 q>. >-EOP, ( ••• ) {-(/3)} 
lll q>. >-EOP, 
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Proof. The claim for (i) is exactly Proposition 2.2. The basis transformation 

between (i) and (ii) is given by the generating function (2.5). The result for (iii) follows 

from (ii) and the involution in Lemma 2.4. The statement for (iv) is a direct consequence 

of Lemma 2. 7, and that for (v) again follows from (iv) and the involution in Lemma 2.4. 

□ 

§ 2.3. Q(p)-basis of Gr 

In the previous subsection, we constructed bases for Gr~ in the sense of infinite 

sums, but our primary interest lies in Gr. The K-Q functions play an essential role 

as building blocks for Gr. These functions, denoted GQ>.., form a family of symmetric 

functions indexed by strict partitions >. (see [2]). In this section, we focus only on the 

case where>.= (n) consists of a single row. Let GQn := GQ(n) (x). 
The K-Q function GQn is defined via the generating function [1] 

(2.12) 
n l Q(/3) (z) 

L GQnz = l + pz-1 • Q(/3) (-p)' 
nEZ 

1 -1 2 -2 where --- = 1 - pz + p z - · · · . 
1 + pz-1 

In particular, for n ~ 0, we have GQ_n = (-pr. 

From (2.12), we obtain the expansion 

(2.13) 

which allows us to regard GQn as an element of Gr~. 

Lemma 2.9. Let N be a positive integer, and define the specialization 

Then we have 

Proof. Subtracting (1 + pz-1 )-1 from both sides of (2.12), we obtain 

~ n _ _ z_. Q(/3) (z) - Q(/3) (-p) 
(2.14) f='i GQnz - z + p Q(/3)(-p) • 

Substituting (2.5) and rearranging, we find 
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Note that the numerator vanishes at z = -/3: 

Therefore, by the factor theorem, the rational function 

obtained after the substitution XN+1 = XN+2 = • • • = 0, is actually a polynomial in z 

with coefficients in Z[/3][x1, ... , XN] . Hence, the right-hand side of (2.15) is a series in 

z with coefficients in Z[/3][x1, ... ,xN]- □ 

Example 2.10. When x1 = x and x2 = X3 · · · = 0, the generating func-

tion (2.15) becomes 

CX) 

L GQn(x)zn = (2x + f3x 2) • z(l + xz + x2 z2 + • • • ). 
n=l 

In particular, GQn(x) = xn(2 + f3x) E Z[/3][x]. 

From (2.1) and Lemma 2.9, we find GQn E Gr. Moreover, the structure of Gr is 
expressed as follows: 

Proposition 2.11. Any element of Gr can be uniquely expressed as an infinite 

sum of elements in Q(/3) [GQ1, GQ3, GQs, ... ]. 

Proof. Fix an odd integer m. From Theorem 2.8 and (2.13), we know that 

(2.16) GQ = q(/3) + ~ C q(/3) rn rn ~ µ µ , 

µ'r(rn) 
µEOP 

which gives a unique infinite expansion. Using standard arguments based on upper 

triangularity with respect to the order >--, one can solve (2.16) recursively to express 

q~) as an infinite linear combination of GQ1 , GQ3 , . . . □ 

Remark. It is not true that GQ2n E Q(/3) [ GQ1, GQ3, GQs, ... ] . In particular, 

the infinite sum in Proposition 2.11 cannot be replaced by a finite one. For example, 

suppose Pi/3) = t/2 and /f) = /f) = • • • = 0. Then we obtain the expression 
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From this expression, we show that GQ2n cannot be written as a polynomial in GQ 1 , 

GQ3, ... with coefficients in Q(p). 3 

§ 3. Algebra of the dual K-Q-cancellation property 

Just like Gr, the algebra gr is a K-theoretic analogue of r. However, unlike Gr, 

the elements of gr are ordinary symmetric functions (i.e., not infinite sums). The two 

algebras Gr and gr are dual to each other with respect to the bilinear pairing introduced 

by Nakagawa - Naruse (see Equation (3.12)). This duality can be described in a clean 

and unified manner by introducing an alternative set of p-deformed power sums pJ;3l, as 

well as the corresponding q-functions qJfil. 

§ 3.1. Q(p)-basis of gr 

3.1.1. An alternative p-deformed power sum pJ;3l 

Here we introduce a new family of p-deformed power sums pJ;3l = pJ;3l(x), distinct 

from the previously defined ones. They are defined by 

(3.1) 

Each pJ;3l is a symmetric function, and hence belongs to A (compare with (2.4)). 

Equation (3.1) can be formally interpreted as 

(3.2) 

where the expression is only formal, since Pn ( ~) = ( ~ r + ( ~ r + · · · is not an element 

of A. Precisely, (3.2) states that for any N, we have 

(3.3) [/3l ( ) - ( /3 /3 ) N ( /3 ) n Pn X1, ... ,XN -PnX1+2,···,xN+2 - 2 

When p = 0, the function pJ;3l reduces to the ordinary power sum Pn· 

Lemma 3.1. If m is odd, then pU;l E gr. 

3 -1 ;3n-ltn-l t/3 . 
(Proof.) Let fn := 1 - (3t + · · · + (-l)n (n-l)! . Then, we have GQn = 1 - fne . Smee 

etf3 is transcendental over Q(/3) [Ji, h, J5, ... ], any element in Q(/3) [GQ1, GQ3, GQ5, ... ] must be 
uniquely written in the form 

( Ci are homogeneous degree i polynomials in Ji, h, J5, ... ) . 

If we wish to express GQ2n = 1 - hnetf3 as such a polynomial, we need to express hn as a 
Q(/3)-linear combination of Ji, h, f5, ... ; however, it is impossible. 
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Proof. It suffices to show that p~l(x1 , ... ,xN) satisfies the dual K-Q-cancellation 

property for all N. Substitute x 1 = t, x 2 = -t - f3 into (3.3). Then, we have 

Since this expression is independent oft, the claim follows. □ 

Proposition 3.2. We have 

Proof. The inclusion 

is obvious. We now prove the opposite inclusion. Any symmetric function with coeffi­

cients in Q(fJ) can be expressed as a polynomial in the ordinary power sums P1,P2, .... 

Using (3.1), we can express them as polynomials in p~l,P~l, ... as well. 

Let f(x) E gf be an arbitrary element. Then it can be expressed as a finite sum 

(3.4) 

where C>. = 0 for all but finitely many>.. Since f(x) satisfies the dual K-Q-cancellation 

property, (3.3) implies that the polynomial 

(3.5) 

must satisfy the ordinary Q-cancellation property. Therefore, we have 

(3.6) 

Let N be a sufficiently large integer so that all Prn(x1, ... , XN) in the expression (3.5) 

are algebraically independent over Q(fJ). Then (3.6) implies that C>. -/=- 0 =} >. E OP. 
Hence, we have f(x) E Q({J)[p~l,Prl, ... ], which completes the proof. □ 

3.1.2. An alternative {3-deformed q-function qJfil 

We define a new family of symmetric functions qJfil by the generating function 

(3.7) 
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Lemma 3.3. For any positive integer n, we have qJfil E gr. 

Proof. Substituting x1 = t, x2 = -t - f3 into (3. 7), we deduce 

[/3l _ 1 - tz 1 - ( -t - f3)z IT 1 - xiz 
Q (z) lxi=t, xF-t-/3 - 1 - tz • l - (-t - f3)z • l - x z 

i>3 i 

1 + (-t- f3h-t;Jz. IT 1- XiZ 

1 + tz + f3z i>
3 

1 - XiZ 

Since the result is independent oft, we find that qJfil satisfies the dual K-Q-cancellation 

property. D 

We define another family of functions qJ;3l by 

CX) CX) 

Q[/3\z) := LqJ;3lzn = LqJfilr = Q[/Jl(z). 
n=O n=O 

Using this, we have the expansion: 

(3.8) 

In particular, qJ;3l E gr. 

From (3.7), we obtain the identity 

(3.9) 

Expanding both sides in z and comparing the coefficients of zn, we find the recurrence 

relation: 

(3.10) q[/3] + q[/3] -q[/3] + q[/3] -q[/3] + ... + -q[/3] = 0 
n n-1 1 n-2 2 n • 

For even n, substituting n f---t 2n into (3.10) and inserting (3.8), we obtain the 

expansion: 

(3.11) 
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where Ck E Z. 

For a partition >., define 

P[/3] ·= p[/J]p[/3] ... 
>. • >-1 >-2 ' 

Using the recurrence (3.11) and arguments completely analogous to those in the proof 

of Theorem 2.8, we obtain the following result: 

Theorem 3.4. Each of the following sets (i) - (v) forms a <Q(/3)-basis of gr: 

( ••• ) {-[/3]} 
lll q>. >-EOP, 

§ 3.2. Application: Nakagawa- Naruse's bilinear form 

We define a nondegenerate bilinear form on Gr~ ®!Q(/3) gr by 

(3.12) f ® g f---t (f,g), 

where the pairing is defined on basis elements by 

with Z>. = fL>i i=i • mi!, and mi= mi(>.)= #{s I As= i}. When /3 = 0, this bilinear 

form reduces to the canonical Q-valued bilinear form on r (see [6, §III-8]): 

f ® g f---t (f,g), ( ) 
-£(>.) ,; 

P>.,Pµ = 2 Z>.U>.,µ-

Theorem 3.5. We have the identity 

In other words, the Cauchy kernel of the bilinear form (3.12) is given by 

(3.13) 

Proof. 

IT 1 - XiYj. 
1- xy· . . i J 

i,J 

We use the well-known identity: 
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We compute the right-hand side of the claimed identity as follows: 

IT 1 -x:;yj 

1- xy· . . i J 
i,J 

( 

1 Xi ( (3) 1 Xi (3 ) 

IT 
+ l+§_x· Yj + 2 - l+§_x· • 2 

2 2 2 2 

= 1 Xi ( (3) 
0 

1 Xi (3 
i,j - i+!xi Yj + 2 + i+!xi • 2 

( 

~ Prn C/§_x) {Prn(Y + ~) - Prn(~) }) 
= exp 2 ~ ----2

----------

m 
rn=l,3,5, ... 

= L 2£(>.) z-;_lp<f\x)p~l (y). 
>-EOP 

□ 

The function fL,j ~=~~~ agrees with the Cauchy kernel for the bilinear form of 

Nakagawa - Naruse [8, §6.2] (see also [5, Definition 1.2] and [4, Equation (1)]). From 

this fact, we see that the bilinear form (3.12) coincides with Nakagawa - Naruse's K­

theoretic bilinear form. Theorem 3.5 shows that the K-theoretic Cauchy kernel arises 

naturally from the use of p-deformed power sums. 

§ 4. The Z[p]-algebra structure of gr 

Up to this point, we have studied the algebras mainly over the field Q(p). However, 

when applying these algebras to geometry, it becomes important to also consider the 

integrality of their coefficients. In this final section, we introduce some basic properties 

of gr viewed as a Z[p]-algebra. 

One general method to ensure the integrality of various constants is to provide their 

combinatorial interpretations. For instance, Lewis - Marberg [5] gave combinatorial 

expressions of K-theoretic symmetric polynomials in terms of Young diagrams; their 

results proved a Nakagawa-Naruse's conjecture [8] on the combinatorial expression of 

gp and gq functions ( to be defined below). 

However, in this section we avoid combinatorial arguments and instead present a 

few results that can be proved using only elementary algebraic computations. 

§ 4.1. The gpn functions 

As noted in Section 2, our main interest lies in Gr rather than Gr~. Thus, we 

restrict the bilinear form (3.12) to Gr. When we equip Gr~ with the weak topol­

ogy induced by (3.12), the subset Gr s;;; Gr~ becomes a dense subspace. Hence, the 
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restriction 

er ®!Q(/3) 9r ---+ Q(/3) 

also defines a nondegenerate bilinear form. 

Define the gp polynomials 9Pn = 9Pn(x) by the generating function 

( 4.1) 
CX) 1 CX) 

~ gp Zn=--~ q[f3lzn. 
~ n 2+pz ~ n 
n=l n=l 

Equivalently, we have 

(4.2) gp = l (q[/3] _ fiq[/3] + /3 2 
q[/3] _ ... + (-fi)n-lq[/3]) 

n 2 n 2 n-1 4 n-2 2 1 • 

Lemma 4.1. For any positive integer N, the specialization 9Pn(x1, ... , XN) := 

9Pn(x)lxN+i=xN+2 =-··=0 is a symmetric polynomial with coefficients in Z[/3]. 

Proof. From ( 3. 7), we know that each qk3l ( x 1 , ... , x N) is a symmetric polynomial 

with coefficients in Z[/3]. Then from (4.2), it follows that 9Pn(x1, ... ,xN) E Z[/3,½]. 
The key question is whether the coefficients actually lie in Z[/3]. 4 From (3.7) and (4.1), 

we have 

CX) 

L 9Pn(X1, • • •, XN )zn 
n=l 

_ 1 (rrN 1 + Xi • ~ _ l) 
2 + pz i=l 1 - XiZ 

IT~1 (1 + pz + Xiz) - IT~1 (1 - Xiz)(l + pz) 

2 + pz 
1 

The numerator vanishes at z = -j, so by the factor theorem, the rational function 

is actually a polynomial in Xi,z with coefficients in Z[/3±1]. Since -j E Z[/3- 1], we find 

that the coefficients of 9Pn(x1, ... ,xN) are contained in Z[/3±1
] n Z[/3, ½l = Z[/3]. D 

Remark. 

sense: 

The function 9Pn plays the role of the dual to GQn in the following 

(m, n: odd), 

see [4, Equation (35)]. 

4 This might seem straightforward, but in fact it is not trivial. 
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§ 4.2. The Z[p]-algebra gfz 

We define 

gfz := Z[pl[gp1, 9P2, gp3, · · · ]. 

The goal of this subsection is to prove that gfz is actually generated by the odd-degree 

9Prn; we will show 

(4.3) gfz = Z[p] [gp1, gp3, gp5, ... ]. 

From Proposition 3.4 and ( 4.2), we already know 

which follows by the same arguments used to prove Theorem 2.8. The remaining ques­

tion is whether the expansion of gp2n in terms of gp1, gp3, ... involves only coefficients 

in Z[p]. 
We now present a proof of ( 4.3). 

Lemma 4.2. Let f (z) := L:'=i 9PnZn, and define F(z) ·- t!J(~). Then the 
identity 

(4.4) 

holds. 

F(z) = F(z) 

Proof. From (3.7) and (4.1), we have Q[/Jl(z) = 1 + (2 + pz)f(z). Substituting 

this into (3.9), we have 

(4.5) {1 + (2 + pz)f (z)} {1 + (2 + pz)f (z)} = 1. 

Using 2 + pz = i!~:, we simplify ( 4.5) to obtain 

f (z) f (z) 
(l + pz) • l + f(z) + 1 + f(z) = O. 

Multiplying both sides by -z = H~/Jz, we obtain 

zf(z) 
1 + f(z) 

which proves (4.4). 

zf(z) 
---=0 
1 + f(z) ' 

□ 

From (4.4), F(z) can be regarded as a "K-theoretic even function." We call any 

function F(z) satisfying F(z) = F(z) a K-even function. If a K-even function F(z) has 

an expansion 

F(z) = cpzP + cp+ 1zP+l + · · · (cp E Q(p)), 

then the leading exponent p must be even. This follows immediately by comparing the 

leading terms in the identity F(z) = F(z). 
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Lemma 4.3. Suppose a K -even function has an expansion 

Then, each coefficient c2k can be expressed as a polynomial in c1, c3, c5, ... , c2k-l with 

coefficients in Z[p]. 

Proof. Define F1 (z) := F(z) - c1p-1 (z + z). Using the equation z + z = 1~;z, we 

expand F1 (z) as 

Since F 1(z) is also K-even, we must have c2 = -c1p. Next, define F2(z) := F 1(z) -

(c3 - c1/32)p-2(z + z)2. Expanding F2(z), we have 

Again, since F2(z) is K-even, we obtain C4 = ci/33 - 2c3p. 

For general k > l, define the K-even functions Fk(z) by the recursive formula 

Fk+1 (z) = Fk(z )-a2k+2P-k-l (z+zl+ 1, where 0:2k+2 is a polynomial in c1, c3, ... , C2k+1 

defined by the expansion Fk(z) = 0:2k+2z2k+2 + 0:2k+3z2k+3 + · · ·. Since Fk+1(z) is K­

even, we obtain the expression 

C2k+2 = (a polynomial in c1, c3, ... , C2k+1 with coefficients in Z[p]). 

By iterating this process, we obtain for all k ~ l that c2k is a Z[p]-polynomial in 

C1,C3, ... ,C2k-l· □ 

Theorem 4.4. The identity ( 4.3) holds. That is, we have 

gfz = Z[pl[gp1, gp3, gps, ... ]. 

Proof. It suffices to prove that gp2n can be expressed as a Z[p]-polynomial in 

9P1, gp3, ... , 9P2n-l· Let f(z) = LC:::=l 9PnZn and F(z) = i1i(~) be the functions 
introduced in Lemma 4.2. Consider the formal power series cp(z) defined by 

rn(z) ·.-- F(z) -_ f(z) 2 3 
r --- = C1Z + C2Z + C3Z + · · · . 

z l + f (z) 

Applying Lemma 4.3 to the K-even function F(z) = c1z2 + c2z3 + · · ·, we find that c2k 

is a Z[p]-polynomial in c1, c3, ... , C2k-l· From the identity 

~ cp(z) 
(4.6) f(z) = f='i9PnZn = l - cp(z) = cp(z) + cp(z) 2 + cp(z) 3 + · · ·, 
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it follows that the coefficient of z2n+l in this expansion is of the form 

9P2n+1 = C2n+1 + (a polynomial in c1, c3, ... , C2n-1 with coefficients in Z[p]). 

Since c2, c4, ... , C2n are polynomials in c1, c3, ... , C2n-1, we deduce: 

C2n+1 = 9P2n+1 + (a polynomial in 9P1,9P3, ... ,9P2n-1 with coefficients in Z[p]). 

Substituting this into the expression for f (z), we find that each gp2n is a polynomial in 

9P1, gp3, ... , 9P2n-1 with coefficients in Z[p]. D 

Example 4.5 (Calculation of gp2 and gp4). 

of Lemma 4.3, we obtain the sequence 

From ( 4.6), we obtain the expression 

Repeating the procedure in the proof 

~ n ~ ( £(.\) ) n ~9PnZ = ~ C>.Z , 
n=l l>-l=n m1, m2, ••• 'ffi£(>.) 

n>l 

a! 

Therefore, we obtain the series of equations 

From these equations and (4.7), we obtain 

C1 = gp1, C2 = -gp1p, gp2 = 9Pi - 9P1P, 

C3 = gp3 - gpf + 2gpiP, C4 = -2gp3p + 2gpfp - 4gpi/32 + 9P1P3, 

gp4 = -gpf + 2gp1gp3 + 3gpfp - 2gp3p - 3gpiP2 + 9P1P3-
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