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Abstract 

In this paper, we show common fixed point theorems using haltable shrink-
ing projection method on an Hadamard space. Moreover, we generalized the 
assumptions of previous results. 

1 Introduction 

In nonlinear analysis, fixed point theory is one of the most important topics. There 
are many results about the existence of a fixed point of nonlinear mappings and their 
approximation techniques. 
The shrinking projection method is an approximation scheme for fixed points. It 
was proposed by Takahashi, Takeuchi and Kubota [7]. In 2023, Kimura [3] showed the 
following theorem: 

Theorem 1.1 (Kimura [3]). Let X be a Hadamard space and suppose that a subset 
{z EX  I d(u,z):S d(v, z)} is convex for any u, v EX. Let T: X→X be a nonexpansive 
mapping with F(T) :f-0. Generate a sequence {xn} C X as follows: x1 EX  is given, 
C1 =X, and 

Cn+l = {z EX  I d(Txn, z):S d(xn, z)} n Cn, 
Xn+l = Pc立n

for all n EN. Then {xn} is△-convergent to x0 E F(T). 

In 2024, Kimura proposed a haltable shrinking projection method. 
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Theorem 1.2 (Kimura [4]). Let X be a Hadamard space and suppose that 

{z EX  I d(u,z):S d(v, z)} 

of X is convex for any u, v E X. Let {Ti: X→X I i = 1, 2,..., m} be a family 
of nonexpansive mappings. Generate a sequence｛匹｝inX with a sequence {Cn} of 
subsets of X by the following steps: 

Step 0. x1 EX, C1 = X, and n = 1; 
Step 1. Cn+i = n;:孔zEX  I d(Ti卯，z):S d（砂，z)}nC耐
Step 2. (1) if Cn+l -/-0, then let Xn+l = Pcn+i砂，incrementn to 1, and go to Step 1; 
(2) if Cn+l = 0, then Ck = 0 and leave Xk to be undefined for all k 2'. n + 1, 
and terminate the generating process. 

Then, the following conditions are equivalent: 

(a) n：ハTi!:0; 
(b) n~=l Ck-/-0. 

Further, in this case,｛卯｝iswell defined and△-convergent to Xo E n：：1アげか
Under the assumption that the space is bounded, we can judge the nonexistence of 
common fixed points in finite time. 
In this paper, we show common fixed point theorems using haltable shrinking pro-
jection method on an Hadamard space. Unlike Theorem 1.1 and 1.2, we show that 
the sequence strongly converge. Moreover, we generalized the assumptions of previous 
results. 

2 Preliminaries 

Let X be a metric space with metric d. We call x E X a fixed point of a mapping T on 
X if Tx = x. We denote the set of all fixed points of T by F(T). 
For x, y EX, a mapping c: [O, l]→X is called a geodesic joining x and y if c satisfies 
c(O) = x, c(l) = y and d(c(s), c(t)) = Is -ti for all s, t E [O, l]. We denote its image 
by [x, y], which is called a geodesic segment with endpoints x and y. X is said to be a 
D-geodesic space if there exists a geodesic joining all x, y EX  with d(x, y) < D. In this 
paper, for a D-geodesic metric space X, a geodesic joining any two points of X whose 
distance is less than D, is always assumed to be unique. 
Let X be a D-geodesic space. For all x, y EX  with d(x, y) < D and 0: E [O, 1], there 
exists a unique point z E X such that d(x, z) = (1 -0:)d(x, y) and d(z, y) = 0:d(x, y). 
This point is called a convex combination of x and y, denoted by 0:xEB (l -0:)y. Assume 
that d(u, v) < D for all u, v E X. f is said to be convex if 

f(tx①(1-t)y)：：：：：tf(x) + (1 -t)f(y) 

for any x, y EX  and t E ]O, 1[. A subset CCX  is said to be convex if [x, y] C X for all 
x,yE C. 
We define a CAT(O) space by using the notions of geodesic triangles and comparison 
triangle on a model space. In this paper, we use the following definition which is 
equivalent to the original one. 
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Definition 2.1. (Ba邸k[1]) A uniquely geodesic space Xis called CAT(O) space if the 
inequality 

d(ax 〶 (1 一〇）Y,z)2：：：：： ad(x, z)2 + (1 -a)d(y, z)2 -a(l -a)d(x, y)2 

holds for any x, y, z EX  and a E [O, 1]. 

An Hadamard space is defined as a complete CAT(O) space. 
Let X be a metric space. A mapping T: X →X is said to be nonexpansive if 
d(Tx,Ty) :S d(x,y) for all x,y EX. A mapping T: X→X is said to be metrically 
nonspreading [5] if 

2d(Tx, Ty)2 ~ d(x, Ty)2 + d(Tx, y)2 

for all x,y E X. A mapping T: X→X is said to be quasinonexpansive if F(T) is 
nonempty and d(Tx, z):::; d(x, z) for all x E X and z E F(T). A mapping Tis said 
to be closed if x E F(T) whenever｛卯｝ C X satisfies砂→ X and d(xn, Txn)→ 0. 
If T is a nonexpansive mapping with F(T)ヂ0,then T is quasinonexpansive and 
closed. Moreover, if T is a metrically nonspreading mapping with F(T)ヂ0,then Tis 
quasinonexpansive and closed. 
Let X be an Hadamard space and C C X be a nonempty closed convex subset of X. 
It is known that for x E X, there exists a unique Yx E C such that 

d(x,yx) = inf,d(x,y). 
yEC 

Using this point, we define the metric projection Pc: X→C by Pcx = Yx・ 

3 Haltable shrinking projection method on an Hadamard space 
In this section, we modify the result by [3] to strong convergence theorem. Moreover, 
we generalized the assumptions of the results. 

Lemma 3.1. Let X be an Hadamard space and { Cn} a sequence of nonempty closed 
convex sets which is decreasing with respect to inclusion, that is, Cn+l C Cn for any 
n E N. Suppose that C = n~1 広is nonempty. Then, {.P,心x}converges to Pcx E X 
for any x EX. 

This lemma is a corollary of the result of [2]. For the sake of completeness, we give a 
proof. 

Proof. Fix x EX  arbitrarily. Since C = n~=l Cn-/= 0, for p EC and n EN, we have 

d(x,Pcnx):=; d(x,p) 

and hence { d(x, P,ら叫｝isbounded. Furthermore, since Cn+l C Cn for any n EN, we 
have 

d(x,Pcnx)さd(x,Pcn+lx)

and thus { d(x, P,心x)}is increasing. Therefore, { d(x, Pen x)} has a limit 

C = lim d(x,Pcnx). 
n→OO 
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Then, there exists a sequence｛叩｝ ofnonnegative real numbers such that 

ld(x, P.四x)2-d(x, Pcnx)21：：：：：知

for any m 2: n and an→0. From Definition 2.1, form, n EN with m 2: n, we have 

and hence 

1 _ 1 
d(x, Pcnx)2 ~ d(x, ~Pcrnx 〶 -Pcnx)2

2 2 
1 1 1 

~ ~d(x, Pcrnx戸＋ ~d(x,Pcnx)2 -id(Pc=x, Pcnx)2 

d(Pcmx,Pcょ）2:S 2(d(Pcmx, x)2 -d(Pcnx, x)り
::::; 2ld(Pcmx,x)2 -d(Pcnx,x)町

::::; 2知→ 0.

Therefore { Pen x} is a Cauchy sequence. Since X is complete, there exists a point 
x0 E X such that Pc立→Xo.
Next, we show that Xo E C. For any k E N, since { Pen X }n:;;,k C ck and ck is closed, 
we have Xo E ck and thus Xo E nc:=1 ck・
Finally, we show that x0 = Pcx. For any n E N, from the property of the metric 
projection, we have 

d(x,Pcnx)'.S d(x, Pcx)'.S d(x, xo)-

Letting n→oo, we obtain 
d(x, Pcx) = d(x心o)

and hence x0 = Pcx. 
Consequently, we have Pcnx→Pcx for any x EX. 口

Using Lemma 3.1, we get the following main result. 

Theorem 3.2. Let X be an Hadamard space and suppose that 

{z EX  I d(u,z)~ d(v, z)} 

of X is convex for any u, v E X. Let {Ti: X→X I i = 1, 2,..., m} be a family of 
closed mappings such that if there exists z E F(T) then d(Tx, z)~ d(x, z) for all x EX. 
Generate a sequence｛砂｝inX with a sequence {Cn} of subsets of X by the following 
steps: 

Step 0. u心1EX, C1 = X, and n = 1; 
Step 1. Cn+i = n：：孔Z € X | d(T心n,z) ~ d（叫，z)}nc面
Step 2. (1) if Cn+l -/-0, then let Xn+l = Pcn+i u, increment n to 1, and go to Step 1; 
(2) if Cn+l = 0, then Ck = 0 and leave Xk to be undefined for all k 2:: n + 1, 
and terminate the generating process. 

Then, the following conditions are equivalent: 

(a) n：：1 F(Ti)-/-0; 
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(b) nc:=l Ck-:/ 0. 
几廿her,in this case, { Xn} is well defined and convergent to Pn匹1F(Ti)U. 

Proof. First, we suppose C = n':=1 Ckヂ0and shown：：1四Ti)#0.恥丘mma3.1, 
Xn = Pcnu→Pcu. Since Pcu E C, we have 

0 :S d(xn, T,凸）

'.S d(xn, Pcu) + d(Pcu, T,心）
さ2d(xn,Pcu)→d(Pcu,Pcu)= 0. 

Thus d(Xn, Ti卯） →0. Since Ti is closed, we have Pcu E F(T.』forevery i = 1, 2,..., m 
and hence Pcu E nz:1 F(Ti) # 0. 
Next, we suppose that n：：1刀Ti)#。 andpro灼 n~lCk -:f。・ hお叩缶虚訊い
show that n：：l Fば』こ Ckfor every k EN. We pro詑山認皿皿血恥m血叫皿 h記
obvious for the case k = 1. Suppose nz:1 F(Ti) c Ck and we consider the case k + 1. 
Notice that, in this case, Xk is defined. Let z E n：：1 Fげ」 Th皿曲畑匹

d(TiXk, z)さd(xk,z) 

for each i = 1, 2,..., m. This fact and the assumption of induction imply z E Ck+l・
Consequently, we obtain 

oo m 

nckっnF(Ti)白 0,
k=l i=l 

and this is the desired result. 
We prove the latter part of the theorem. Since n%':1 Ckっn：：1F(Ti) and Pcu E 
n：：1ァげふ咄畑灼 Pcu= Pn~l 六T;)u. Therefore Xn → Pn~1F(T;氾 口

A nonexpansive mapping and a metrically nonspreading mapping satisfy assumptions 
of the previous theorem. As a corollary of Theorem 3.2, we obtain the following theorem. 

Theorem 3.3. Let X be an Hadamard space and suppose that 

{z EX  I d(u,z)さd(v,z)} 

of X is convex for any u, v E X. Let {Ti: X→X I i = 1, 2,..., m + l} be a family 
of mappings. Suppose that Ti is nonexpansive for i = l,..., m and is metrically non-
spreading for i = m + l,..., m + l. Generate a sequence { Xn} in X with a sequence 
{ Cn} of subsets of X by the following steps: 

Step 0. u心1EX, C1 =X, andn= l; 
Step 1. Cn+l = n：：り｛ZE X| d(T立n,Z):Sd(xn, z)} n C厨
Step 2. (1) if Cn+lヂ0,then let Xn+l = Pcn+i u, increment n to 1, and go to Step 1; 
(2) if Cn+l = 0, then Ck = 0 and leave Xk to be undefined for all k ?: n + l, 
and terminate the generating process. 

Then, the following conditions are equivalent: 

(a) n言扉） ＃ 0； 
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(b) nc:=l Ck-/-0. 
几rther,in this case, { Xn} is well defined and convergent to P n言 F(Ti)U.
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