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Abstract 

This is a survey of the Banach-Tarski paradox (§1-6) and a resume of cen-
troids of spherical or hyperbolic triangles (§7). 

1 The Banach-Tarski paradox 

Let X be a non-empty set and Ga group acting on X. Then, for subsets E, E'こX
and an integer m > 0, E and E'are said to be G-equidecomposable with m pieces 
(denoted by E唸 E')if there exist pairwise disjoint subsets E。,．．．， Em-1~ E, 
pairwise disjoint subsets Eb,..., E伝ー1こE',and h。,.．．,hm-1E G such that 

E=E。LJ...LJEm-1, E'= EbLJ・..LJE伝＿1,ho(E。)＝Eb, • • • hm-1 (Em_i) = E伝＿1,

where LJ means disjoint union. For a subset E ~ X and integers k, £ > 0, E is said to 
be G-paradoxical with k +£pieces if there exist disjoint subsets A, B ~ E such that 

E=ALJB, A～も E,B～も E.

For subsets E, E'~ X, we denote E辛 E'ifthere exist a subset EbこE'andan 
integer m > 0 such that E唸 Eb.The Banach-Tarski paradox is the following (AC 
means that the proof requires the axiom of choice. The proof of the existence of a 
free group does not requires the axiom of choice, but the proof of a paradox requires 

it, in general (Theorem 10 is an exception): 

Theorem 1 (AC, [BT24]). Let U, Vこ配 bebounded sets with non-empty interior. 

Then there exists an integer m > 0 such that U ~~0rlll!i V, where SG叫~) is the SG3(lR) •' 
group of all orientation-preserving isometries on罠匹
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Sketch of proof. It is enough to prove!D)3 LJ (!D)3+a):jsら（股）か forsome a E配

with llall > 2. To prove it, it is enough to prove that配 isSC孔股）—paradoxical with 
k + C pieces for some k, C > 0. To prove it, it is enough to prove that炉 isS03（股）―
paradoxical with k'+ C'pieces for some k', C'> 0, where SOn（罠） isthe group of all 
n x n orthogonal matrices with determinant + 1. To prove it, it is enough to prove 
that聟＼ DisS03 （屈）—paradoxical with k" + C" pieces for some k", C" > 0 and a 
countable subset Dこ撃 Thesubgroup F of SO鵡） generatedby 

f = ｝ ([ ］ ［） andg =;(］ ] 4[) 
is a free group, because of 

5ko Jo。K。=（〗}。 !2)'5£。が゜[。=(-i° ：笈g)'5約十K。が゚lof伽K。三（〗］汽゜予゜。），
and 

5£,n-l +km-1+…＋わ十kogE:m-ilm-1JOm-1km-1... gcolo f如K。三 (-l)m-1( 〗 -2〗T― 1 e竺］ば゚）

for m > O; ki, fi > O;ふ，ら E{-1, 1} (mod 5). Fis F-paradoxical with 2 + 2 pieces, 
where F acts on itself by left translation, because of 

A ~f (Wt LJ {E3, f―1, f―2,... }) LJ (WJ-1 ¥ {f―1, f―2,... })～斧

~i (Wt LJ {E3, f―1, f―2'... }) LJ f. (Wt→ ¥ ｛f―¥ f―2,... })= F 
and 

B ~" W9 LJ W9-1 ~i W9 LJ g ・ W9-1 = F, 
def 

where Wt (resp. WJ-1, W9, W9-1) is the set of reduced words whose leftmost is 

f (resp. f―1, g'~ 9―1). The set D = { x E §2 :ヨw E F ¥｛瓦｝，w(x)= x} is 
countable. Let M be a choice set of the equivalence classes (§2 ¥ D)/ ~}. Then 
聟＼ Dis F-paradoxical with 2 + 2 pieces, because A(M)～危 F(M)＝聟＼ Dand 
B(M)号炉＼D. ロ

2 Without fixed points and local commutativity 

Let H be a group acting on a non-empty set X. 

Theorem 2 (AC, [Ada54, Dek56a]). Then we have 

(（AC) 
a) A乙（b)芦 (c)De直er(d) 

(AC) 

for 
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(a) H acts on X without fixed points, i.e., all non-identical elements of H have no 
fixed point in X, 

(b) X has a H-Hausdorff decomposition, i.e., there exist pairwise disjoint sets A, B, 
C ~ X such that 

X = A LJ B LJ C and A ~k B ~k C ~kB LJ C ~k C LJ A ~k A LJ B, 

(c) X is H -paradoxical with 2 + 2 pieces, 
(d) the action of H on X is locally commutative, i.e., if two elements of H have a 
common fixed point in X then they are commutative. 

For X = §n-l and G = SOn(IR), does there exist a free subgroup F :S: G of rank 
2 acting on X without fixed points? It holds for neither n :S: 2 nor odd n because 
SOn（罠） arecommutative for nさ2and 

det(g -E砂＝ detg det(En -g―1) = 1 ・ det(En -gT) = 

= det(En -g) = (-lt det(g -En) = -det(g -E叫 (vgE SO叫~))

for odd n. So we have to be satisfied with the following theorem. 

Theorem 3 ([Dek56b] for n = 4; [Bor83] for n = 5, n = 6, and yet another proof 
of n = 6; [DS83] for another proof of n = 6). For even n 2: 4, SOn（股） hasa free 
subgroup acting on §n-l without fixed points. For odd n 2: 3, SO立） hasa free 
subgroup acting on §n-l locally commutatively. 

Sketch of proof. It is enough to prove them for 3 :S: nさ 6,because if the group 
generated by f and g and by f'and g'are the groups for even n and even (resp. odd) 
n'respectively then the group generated by f④f'and g④g'is the group for even 
(resp. odd) n + n'. For n = 3, the group of the proof of Theorem 1 is valid. For 
n = 4, the group generated by 
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c.sl 
is valid, where cos 0 is transcendental. The proof is difficult for n = 6. For each 
non-empty reduced word w of letters f, g, f―1, g―1, the map 

w:SO乱政） XS06（政） →SO心）

(ex. g―1『gf: （び，T) -1 _2 → T (J"TO") 

is dominant (i.e., the image of w is not included in any proper subvariety of SO心））
because SO乱恥） issemi-simple (i.e., it does not have a non-trivial connected com-
mutative normal subgroup). So the composition do w : SO乱政） X S06（恥） →恥 of
dominant maps wand d: SO乱股）ぅ Af-t det(A -EりE股isalso dominant. Hence 
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(do w)-1(0) ~ S06(R) x SO厄） isa proper subvariety. Baire category theorem 
implies 

non-empty 
reduced 

LJ (dow)―1(0)<;; so厄） x so厄），
w 

so we can fix（び，T)E S06偉） xS06（賊） ＼ u~点悶；Fty(dow)-1(0). Then the group gen-
erated by u and Tacts on §5 without fixed points (another proof: Q(w)[X, Y]/(X3 -

7, Y3 -2, XY  -w Y X) is a division algebra where w = e21r✓コ/3, which also proves it 
for n = 6). The proof is also difficult for n = 5. Each non-trivial compact connected 
semi-simple Lie group G has a free subgroup F such that for closed subgroup H $ G 
and non-empty reduced word w E F, 

w: G/H 3 gH f--+ wgH E G/H 

has exactly x(G/H) fixed pts. For G = S05（股）， H = S04（罠）， wecan regard 
G/H =鬱 andx(G/H) = 2 (for G = SO訊股） andH = SO孔股）， wecan regard 
G / H = §5 and x(G / H) = 0, which is yet another proof for n = 6)．ロ

3 On rational spheres 

We consider groups of matrices with ratio叫 entriesacting on rational spheres, be-
cause we expect stronger results and the existences of free groups imply paradoxes 
without the axiom of choice from the countability of rational spaces. 

Problem 1. For even n 2 4, does SO悶） havea free subgroup acting on §n-l 
without fixed points? For odd n 2 3 and positive q E Q, does SO調） havea free 
subgroup acting on §n-l locally commutatively and acting on（汲Sn-1)噂 nwithout 
fixed points? 

It is also enough to prove them for 3さnさ6.We have partial answers. 

Theorem 4 ([Sat95, Sat97, Sat98, Sat02]). There exist free groups for the cases "yes" 
of the figure below. 

言亨冒
Sketch of proof. The groups generated by the following pairs are valid: For n = 3 and 
q with.jq E Q, 

t (JJ ❖) and t (]3 16 D, 
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for n = 3 and q with.jq tJ_ (Q, 

玉(〗b21{r l~b~) and玉(120:20 2bb2 1>b2)'
for n = 4, 

t (~ I y ~6) 
for n = 5 and q with汲¢ Q, 
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where q can be square-free integer and b (with prime p) is s.t.（塁） ＝ー1,p I 1 + b2 
for the case of.jg (j_ (Q. For 

洲 ・・・ 呪＿1 

¢ = （吋―1 外二｝） ESOn（罠），
the vector 

ユニ2
~ sgn,s IT位（1十s(2r+1)）mod n_¢(1十S(2r)）mod n)  

(1十s(2r))mod n "'(1十s(2r+l))mod n 
sE6n-l r=O 

ax(¢)= 1 

2デ（芳）！
旦

~ sgns TI位（n十5(2r+1)）mod n_¢(n+s(2r)） mod n 
(n+s(2r)） mod n (n+s(2T+1)） mod n) 

5E6n-1 r=O 

E罠n

is the axis of ¢, in general, where n is odd. For example, for 

¢ = (〗〗 :DESO疇），
the vector 

ax(¢) ＝ （臼！）
is the axis of ¢, in general, and, for 
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4 Low di ow dimensional case 

The Banach-Tarski paradox does not hold for n S 2, because of the following theorem 

(see after Theorem 13, precisely). 

Theorem 5. G立） doesnot have a free subgroup of rank 2, where Gn(lR) is the 
group of all isometries on罠匹

Proof. For arbitrary f, g E伍 (JR),their squares f生g2are in SG疇） andtheir 
commutators g―2f―2gゲ andg―4f―4が『 aretranslations, so their commutator 

(g―4f―4が『）―1.(g―2f―2茄戸）―1.g―4f―4g4f4. g―2f―2炉f2

is the identity. 

But, by expanding the group, we have a new paradox. 

Theorem 6 (AC, [Neu29]). Let U, Vこ配 bebounded sets with non-empty interior. 

Then there exists an integer m > 0 such that U ~~\~rn) V, where SA叫R.)is the SA2(ffi.) 

group of all orientation and area-preserving affine transformations on股匹

口

Sketch of proof. It is essentially enough to find a free subgroup of SA2（股）． Forex-
ample, the group generated by 

(i f)，（§ n (E SL2 （股）~ SA2（罠）），
where SLn（股） isthe group of all n x n matrices with determinant + 1. 

The group SA2（恥） satisfiesthe following theorems. 

Theorem 7. SA立） hasno free subgroup acting on配 withoutfixed points. 

Proof. Assume that the group generated by f, g E SA2（股） actson配 withoutfixed 
points. Then neither f, g, nor gf has a fixed point, so tr f = tr f = tr gf = 2, hence 
matrix parts of f and g commute, so the matrix part of g―1f―1gf is identity, hence 
g―1f―1gf is a translation. In a similar fashion, g―2f―2g2『isalso a translation. So, 

口

(g―2f―2吠f2)―1.(g―lj―lgj)―1. g―2f―2g2ド・g―lj―lgj

is the identity. 口
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Theorem 8 ([Sat03]). SA疇） hasa free subgroup acting on配 locallycommuta-
tively. 

Sketch of proof. The group generated by 

(~) f--+（各山）（；）一（5)and (~)• （〗占）（~)ー（出）

is the group as desired, where 0 is transcendental. ロ

There exist paradoxes on the line町．

5 S ome topics 
There exists a paradox on the hyperbolic space. 

Theorem 9 (AC, [Myc89, MT13]). Mycielski barrel, the set of points whose distances 
from real and imaginary axes of Poincare disc IHI2 = {z E (C : lzl < 1} are less 
than arsinh(l／げ二匂 includingleft and lower boundaries, is (isometries of IHI2)-
paradoxical with k + £ pieces for some k, £ > 0, where O < o: < v/:和§二3.
The following paradox does not depend on the axiom of choice. 

Theorem 10 ([DF94]). Let X be a Polish space, F a free group generated by home-
omorphisms f : X→X and g: X→X such that F acts on a comeager subset 
X。~ X without fixed points. Then, there exist pairwise disjoint regular open subsets 
A。,．．．,A5~ X, pairwise disjoint regular open subsets A~, A~, A; ~ X , pairwise 
disjoint regular open subsets A;, A~, A; ~ X such that 

X=A。V・ ・ ・ V A5, X = A~ VA~ VA;, X = A; VAいVA;,Ai~} A: (0さiさ5),

where A V ・ ・ ・ V B is the interior of the closure of the union A U ・ ・ ・ U B. 

In the classic Banach-Tarski paradox, the pieces could be moved continuously so 
that they remained disjoint throughout the transformation. 

Theorem 11 (AC, [Wil05]). Let U, V ~配 be bounded sets with non-empty interior. 
Then, there exist an integer m > 0, pairwise disjoint subsets Ui。,．．．， Um-1~ U, 
pairwise disjoint subsets Vi。,．．.,Vm-1~ V, and continuous maps cio,..．，心m-1
[O, 1]→SG⑬ )such that 

U = u。LJ・・• LJ Um-1, V = Vo LJ ・ ・ ・ LJ Vm-1, 

ふ(0)= id尺3' ふ（l)(Uリ＝¼ for O :S i < m, 

ふ(t)(Ui)nふ(t)(Uj)= 0 for O :St :S 1 and O :Si< j < m. 
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6 Non-existence of paradoxes 

Until the previous section, we have considered a lot of paradoxical cases. On the 
contrary, in this section, we will consider a non-paradoxical case. A group G is 
said to be amenable if there exists μ : 2G→[O, 1] such that μ(gA) = μ(A) and 
μ(A LJ B) = μ(A)+ μ(B) for disjoint subsets A, BこGand g E G and μ(G) = 1. The 
amenability means the existence of a left-invariant measure, which is not necessarily a 
right-invariant measure, but we can construct a left and right-invariant measure from 
it. We have the following theorem for an amenable group. 

Theorem 12 (AC, [Ban23]). If G is an amenable group of isometries of即 (resp.
§n-l), then there exists a finitely additive and G-invariant extension of Lebesgue 
measure入toall subsets of町 {resp.§n-l). 

The theorem above implies the following. 

Theorem 13 (AC). Lebesgue measure on配 hasan isometry-invariant and finitely 
additive extension to all subsets. 

Sketch of proof. G2償） issolvable, so it is amenable. So we can apply Theorem 12. ロ

We used the axiom of choice to get Theorem 1, the Banach-Tarski paradox for 
SG鵡） and配， butwe also use the axiom of choice to get Theorem 13, which implies 
the impossibility of the Banach-Tarski paradox for SG2償） and記 In[TW16], 
'Taking these facts and theorems into account, Mycielski [Myc06, MToob] suggested 
that the theory ZF +DC+ AD+ V =L(R) is a reasonable axiomatization of set theory 
(and hence mathematics) for use in science. Severely counterintuitive results such as 
the Banach-Tarski Paradox are false in this theory because all sets are Lebesgue 

measurable; there is enough choice so that Lebesgue measure works as expected; 
the universe does not contain any "unnecessary sets": It contains only the sets that 
must exist given that all reals and all ordinals are present; and all sets have the 
Property of Baire', where DC is the axiom of dependent choice and AD is the axiom 

of determinacy. 

7 Centroids of spherical or hyperbolic triangles 

In this section, we will discuss the current research of the author. The centroid of 
Euclidean triangle satisfies many properties: 

(a) it is the concurrent point of 3 medians, 
(a') it is the minimizer of the sum of (distances to vertices)汽
(b) it is the gravity center, 
(c) it is the area-trisecting point by connecting it to 3 vertices, 
(d) it is the concurrent point of 3 pseudo-medians, 

where a median is a line passing through a vertex and bisecting the opposite edge and 
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a pseudo-median is a line passing through a vertex and bisecting the area. For a spher-
ical (resp. hyperbolic) triangle, (a) = (a") but points (a), (b) [Sat2023, Sat2024a], 
(c) [Sat2024b], and (d) [Ako2009, Cas1889, Hor2015, Sat2024b] are pairwise disjoint, 
in general, where (c) is the same as above, in (a) and (d) the word "line" is replaced 
with "geodesic" in definitions of "median" and "pseudo-median", and 

(a") the minimizer of the sum of 1 -cos(distances to vertices) (resp. cosh(distances 
to vertices) -1), 

(b) the normalized (resp. pseudo-normalized) point of the gravity center of the tri-
angle in Euclidean space配 (resp.Minkowski space配 x罠）．

Centroids (a)= (a") and (b) can be considered in higher dimensional simplex. 
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