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Abstract

In this thesis we describe a theoretical study of well-
developed density irregularities in the lonosphere. Our
interest is the formation mechanism of irregularities observed
in sporadic E layers, auroral arcs, and plasma cloud ex-
periments in the ilonosphere and observed even in reflex
arcs.

The ionosphere seems to be susceptible to a number of
plasma instabilities. Now, it 18 well~known that among
them a particular type of fluid-like plasma instabllity
takes place in the lower ionosphere under certain conditions.
One calls this instability by the name of cross-field
instability.

By a linearized version, one found that the cross-fleld
instability played an important role in producing of en-
hanced irregularities of electron concentration. Recent,
rapid progress of measuring techniques by sounding rockets
and radlo-frequency scattering experiments, however, has
disclosed quantitatively the fine structure of 1lrregularities.
Therefore, it is necessary to study the nonlinear evolution
of the cross-field instabllity, in order to know the fine
structure of the irregularities caused by the instability
and to compare the theoretical results with the observed

ones.
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From a viewpoint of plasma physics, nonlinear cross-
field instabllity presents an attractive example of wave=-
wave interactions which can lead to a large transport of the
Plasma.

The theslis consists of the following five chapters:
In chapter 1, we review qualitatively the present status of
the cross-field instability in linear and nonlinear regimes,
and point out some relations between the theory and observation.
Chapter 2 describes the time evolution of one-dimensional
nonlinear cross-fleld instability. This work may be called
an extenslion of previous works by other authors, in the sense
that the instability condition is more strengthened than the
previous ones. The cross-field instability is essentially
two-dimensional phenomenon, judging from its physical picture.
Thus, we study the time evolution of two-dimensional non-
linear cross-field instabllity as an initial-boundary value
problem, in chapter 3. New appearances never seen in the one-
dimensional model are recognized; the deformation of the
background quantities which sustain the instability, and
consequently the cyclic growth and decay of the instability.
As an application of the cross-field instability to the
auroral ionosphere, we present a new mechanism of quiet auroral
arcs in chapter 4. It 1s suggested that thevleading part
of arc formation is played by the ionosphere. The theory
basically consists of two stages: Firstly, it is shown that
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the lonosphere 18 subject to the cross-fleld instability
resulting in a wavy irregularity of lonization whose charac~
teristics are coincident with those of auroral arcs.
Secondly, a model 1s presented that such an irregularity
(arc-to-be) develops into auroral arcs under the influence
of field-aligned current triggered by an induced potential
across an arc-to=be. The model is numerically examined for
a number of parameters sets to find that the lonospheric
irregularity can certainly result in auroral arcs. The
calculated results are compared with recent experiments of
auroral arcs. Deformation of an arc 1s also discussed in
terms of the cross-field instability.

Chapter 5 summarizes this thesis.
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Chapter 1
IONOSPHERIC IRREGULARITIES
and

CROSS~FIELD INSTABILITY
1. Introduction

A weakly lonized plasma 18 susceptlible to a number of
low frequency electrostatic instabllities. Of these we
are here concerned with the cross-fleld instability, sometimes

”
one called the "g X g", "neutral drag", or gradient drlft"
instability. It has been shown that this instabillity takes

place in a weakly ionized plasma immersed in crossed electric
and magnetic fields in the presence of a density gradient
across the magnetic field. If the product of E by the density
gradient 1s positive and if E exceeds a critical value, the
energy dissipation by qayksical diffusion is overcome by the
energy input to set up the instabllity. This instablillity 1is
confirmed to ocour in the lonosphere and 1in a reflex arc (
for example, Sato, 1968; Hooper, 1970).

We here present the observed results of lonospheric
1rregu1ar1tle§ and review the cross-fleld instability as-
sociated with density irregularities in a qualitative fashion,
in order to know the present status. Attention 18 focused

mainly on nonlinear behaviors of the instabllity which are



of our concern.

II. Observations of Ionospheric Irregularities

We first present ionospheric density irregularities
observed recently by sounding rockets, .1n order to clarify
the objective of this study.

Smith(1966) observed structural features of the electron
density profile of sporadic E in midlatitudes. These were
obtained using the Langmuir probe having a resolution of
about 10 m in height and about 1 % in electron density.

Fig. 1.1 shows enlarged sections of electron density profiles
by four rockets in daytime. The profile of 1513 CST shows
very clearly an irregular region between 101.0 and 103.9 knm.
The relative amplitude in electron density is + 18 % and

the amplitude in height is about 0.4 km. Smith says that
the sharpness of the boundaries of the region, the altitude
of the center (102.5 km), and the thickness (2.9 km) strongly
suggest an association with sporadic E.

Oya(1967) measured the micro-structure of the electron
density profile by a rocket-borne gyro-plasma probe which
has a resolution of about a few hundred meters in heilght and

about + 3 % in density. Filg. 1.2 shows detailed features of
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the observed electron density in the daytime at midlatitudes.
Note the density irregularity fluctuating within + 20 £ in the
amplitude and having the altitude ranges of 100-120 km.
Thls irregularity was identified with the radio scattering
source of diffuse type sporadic E layer on the ionogram.
Prakash et al.(1970) revealed the existence of electron
densities varying between 103 and 10” /cm3 in the height
ranges of 95-120 km. The observation by the Langmulr probe
was done in the night time lonosphere near the geomagnetic
equator, 1.e., the night time equatorial E regl&n. Fig. 1.3
shows the density profile obtained by Prakash et al.. They
point out that the lrregularities with scale sizes in the
ranges of 30-300 m and 1-15 m and with their amplitudes
varying by factors lying between 4 and 25 existed during
the rocket flight. While these irregularities were found
to occur randomly and in the form of bursts, most of them
were observed in regions where the background electron density
exhibits large negative gradients(see Fig. 1.3). Further
they note that the positions of occurrence of the 30-300 m
irregularities were found to regard qualitatively the cross-
field instabillity under a background density gradient with
a specific sign as a generation mechanism of irregularities,
and that while the smaller scale size irregularitles of 1-15
m also occur in regions where the cross-fileld instability

can operate they cannot be directly explained on the basis
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of the present theorles of the cross-field 1nstab111ty*).
Ionospheric irregularities as shown above may be, 80 to
speak, produced by a freak of nature under certain lonospheric
conditions. Now, however, we have another dlagnostics of
ionospheric plasmas by an active means, i.e., artificial
plasma clouds. Davis(1971) described an attempt to study
the circumstances under which the cross-field instability
ococur by injecting alkalil plasma clouds into the lower E
region and observing them with radio frequency scattering
technique(coherent-pulse~Doppler radar). The typical example
in appearance of plasma cloud evolution at lower extreme of
the E layer 1s illustrated in Fig. 1.4 which shows a collection
of spectral displays acquired by placing a 0.3 Hz resolution
analysis filter at a succession of points in time, seperated
by 3 sec each, during the lifetime of the plasma cloud.
The first photograph, at o3h 26m 308, in the figure shows
the prerelease condition, with a small radar clutter echo
just above zero apparent Doppler-shift. We see the rapid
growth and subsequent decay of the spectrum, and coexlsting
discrete spectral components. Comparing with the nonlinear

numerical calculations(for example, Sato and Tsuda, 1967),

*) We might, however, infer that even such small irregu-
larities could be produced by the well developed cross-field
instability at nonlinear stage, as will be seen in chapter 4.



Davis finds that the cross-fleld instability can indeed
explain the observed behavior of the plasma cloud evolution.

Thus, we can suppose observationally that the cross-
fleld instabllity plays an important role in the formation
of ionospheric irregularities. We remind here that further
nonlinear analysis of the instability would give a stronger
support.

We have described above the observed results of irregu-
larities at the equatorial and midlatitude lonosphere.
Let us extend our consideration to the auroral ionosphere
where the dynamical display, i.e., aurora is seen. Aurora
is a complex, mixed-up phenomenon in spite of its simple
visibilify; and was treated as a challenging problem by many
authors. However, many problems remain to be unsolved as
yet. This may be due to the fact that the auroral ionosphere
1s closely linked with the entire magnetosphere by the lines
of force,thereby exchanging informations each other.
Therefore, it 18 very difficult to explain the auroral phe-
nomena by a unified theory. Before this will be achieved,
we must accumulate more observational and theoretical works.

As one step to this end, we confine ourselves to the
electrodynamic coupling between the auroral ilonosphere and
the magnetosphere, in magnetically qulet times which may
mean the quiet magnetosphere. Recent, important finding by

sounding rocket penetrating auroral arcs which are often
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seen in qulet times, is the fleld-aligned current sheets, i.e.,
the Birkeland currents. Cloutier et al.(1970) and Park and
Cloutier(1971) presented the observational evidence by the
rocket-borne experiment consisting of a vector magnetometer
system and energetic charged particle detectors that there
exists geomagnetically aligned sheet currents associated with
the visible auroral arcs, and that precipitated ené%etic
electrons in the range 2 to 18 kev carry a significant fraction
of the total upward field-aligned current, buE energetlic
particles in this range are apparently unimportnat in the
downward sheet current. Filg. 1.5 illustrates schematically
the spatial relationship of the model current configuration
used to fit the observed data. Cloutier et al.(1970) point
out that the upward current flows through the horizontal
westward electrojet, with the downward current displaced to
the south side of the electrojet, and that the place of
preclpitated electrons is coincident with electrojet and
upward current sheet. Thus, we have no doubt of the close
relationship between auroral arcs and field-aligned currents.
Why and how is such a current system formed ?

Among many potential candidates, we suggest the possi-
bility that the ionospheric irregularity produced by, for
example, the cross-fleld instability triggers such field-
aligned durrents as shown in Fig. 1.5. Once homogeneous

auroral arcs are formed, they seem to be unstable for a
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variety of plasma instability, resulting in irregular arcs.
Typical example of a larger scale folding (of 20 km) which is
one of several actlive features added to a quiet and homo-
geneous arc is shown in Fig. 1.6. Though it is controversial
whether thls structure has 1ts origin in the lonosphere or

the magnetosphere, we may suggest that small-scale structure
of the order of a few km is, more or less, formed by the
action of the cross-field instability in the lonosphere.

Next, we describe the experimental results in a reflex
arc. Hooper(1970) reported the characteristics of turbulence
to be identified as the mode of the cross-fleld instability
in a reflex arc plasma. He observed the transition from
coherence to turbulent oscillation when the instability
condition is strengthened. Fig. 1.7 shows an example of
the probe lon current and floating potential in turbulent
state. Note that thls complicated waveform is due to strong
nonlinear mode coupling which generates several beats between
the modes. Another observational evidence glven by Hooper is
that the cross-field instability 1s limited by a quasilinear
feedback effect which will reduce the background density
gradient. This is shown in Fig. 1.8. We can regard that
such a flattening of density profile glives an important clue
to understanding of quenching mechanism of the cross- field
instability. Tonospheric irregularities are also destined

to stay at finite level, more or less. As yet, we do not
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Fig, 1.7, Characteristics of probe ion
current (lower curve) and floating potential
(upper curve) observed in a reflex arc

(Hooper and Girvin, 1971).
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know clearly the quenching mechanism of density irregularities
in the lonosphere. However, it is easy to see that nonlinear
behavior holds the keys of time evolutlion of irregularities.
We have presented typical examples of density irregulari-
ties observed in the lonosphere and laboratory, seemingly
caused by the nonlinear cross-fileld instability. Now, we
can point out the importance of nonlinear analysis of the
cross-field instability , in order to have consistency of
the observed results with the analysis.
In the following two sections, we review qualitatively

the cross~-field instability in linear and nonlinear regimes.
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III. Linear Analysis

The cross-field instability was first predicted by Simon
(1963) and Hoh(1963) independently, in laboratory plasmas of
Penning-type discharge. Morse(1965) extended analysis to a
more generalized form, i.e., two dimensional linear analysis.

In the ionosphere, the primitive idea of the cross-field
instability was suggested first in the study of Martyn(1959),
who inferred that ionozation irregularities might grow in
the presence of a gradient of the amblent lonization density.
Maeda et al.(1963) suggested that the same type of instability
would occur at the geomagnetic equator, since the geometory
of the equatorial E layer resembles to fhat of laboratory
experinment. This stgﬁy was extended to the formation of
sporadic E layers at temperate latitudes by Tsuda et al.(1966).

Ths cross-field instablility results from the Hall or
Pedersen drift of charged particles in the presence of a plasma
density gradient. In the lower ionosphere, the Hall mobililty
is much higher than the Pedersen mobllity, and the instablility
mechanism is determined mainly by the (electron) Hall motion
(Hall mode). On the other hand, in the upper E layer
the Pedersen mobility dominates, so that the instability 1is
controlled by the {ion) Pedersen motion (Pedersen mode).
Since, however, we have no remarkable density gradient in this

layer in a normal state, the Pedersen mode does not seem so
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essentlal for irregualrity formation as the Hall mode in the
lower E layer.

Linear analysis under circumstances appropriate to the
lonosphere was analysed by many other authors; for example
Kato(1965, 1972), Whitehead (1967, 1968, 1970a, 1970b, 1971),
Kato and Hirata(1967), Reld(1968), Chimonas(1969), and
Cunnold(1969). Here it is worth noting that in»linear
analysis cited above a specific type of perturbation is
assumed. Using a perturbatlion for different from that of
Tsuda et al.(1966), Whitehead argued incorrectly that the
cross-fleld instability could exist at the equator, but would
not occur outside the egquatorial region. The objection to
this argument was given by Kato(1972) and Sato and Tsuda(1972)
who showed that this difference of theories is not essential
and we can expect the cross-field instability to exist also
in mldlatitudes as well as the equatorial regions.

Recently, it 1s saild that thls mechanism would be relevant
to plasma cloud evolution in the lonosphere(for example,
Wescott et al.(1969), Linson and Workman(1970), Rao and
Russell(1971), and Davis(1971)). Further, Hooper and Walker
(1971) and Ogawa and Sato(1971) almost simultaneously sug-
gested that this instability would play some important role

in formation and deformation of auroral arcs.

17



IV. Nonlinear Analysis

Linear analysis falls to tell the ultimate fate of an
initial perturbation, although many aspects of laboratory
plasma, ionospheric irregularitles and plasma cloud experiment
are brought to light by liﬁear analysls. Unstable plasma in
nature is destined to result in a turbulent state, in which
energy supply to a plasma may be in harmony with energy dissi-
pation from 1t. In such a state we may encounter new ap-
pearance which can never be recognized at the linear stage.

From a té%retical point of view, fluctuating state of
a system may be divided into two categorles; one 1is ! weak
turbulence' and the other is 'strong turbulence'. Ih the
cross-field instability, a turbulent state appears when the
éxternaI‘electric fileld Eext exceeds a critical value Ec.

The concept 'weak turbulence' 1s useful under the condition of
A =(Eext - Ec)/Ec L 1. When A = 1, however, system remains
no more at a level of weak turbulence but develops into

strong turbulence' where mode coupling becomes dominant.

At this stage, mathematical approach becomes quite difficult.
A high speed electronic computer in current use will givé us

a powerful means to unravel such a complicated process.

Nonlinear theory of the cross-field instabllity was de-
veloped by Kim and Simon(1969) and Hooper(1970) in the quasi-
linear regime, and Sato(1971) in both the quasilinear and

18



mode coupling regimes. Kim and Simon obtained the mode ampli-
tude, frequency shift, electric field change, flattening of
background density distribution, and anomalous plasma trang-
port in terms of a small parameter A implying mode coupling
corrections to be small. Hooper analysed an anomalous
transport in the quasilinear regime and compared with experi-
mental results obtailned in a reflex arc. His experimental
result is compatible with the quasilinear calculation of Kim
and Simon as far as the density flattening is concerned.

It was pointed out by Sato and Tsuda(1967) that since
the dispersion relation of the cross-field instabllity is a
decay type, three-wave interactions between different wave-
number components belonging to the same branch in the 418-
persion curve might be an lmportant process in determiﬂg the
turbulent state. It is further noted that the frequency
of the instability is far below the ion-cyclotron frequency
and the plasma frequency, so that nelther cyclotron damping
nor Landau dampling are involved; this indicates that the
resonant interaction of the waves with particles is not im-
portant, and hence, as a cause of nonlinear damping, only
the wave-wave interaction is essential.

Viewed in this light, Sato(1971) has made an attractive
study in which discussions are not confined to such limited
cases as Kim and Simon(1969) and Hooper(1970) but a more

general case is treated. In his theory, mode coupling plays
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an important role in the nonlinear evolution of the cross-
field instability when A 21. It is found that mode coupling:
can lead to an explosive instabillty, namely, an amplitude

of unstable wave diverges within a finite time: When Eext is
below a critical value Ecl’ the system behaves so gently that
unstable waves always retain a finite level because both the
quasilinear and mode coupling processes stabllize them.
Beyond Ecl the system results in a strong turbulence. By
this Sato's work, both the quasilinear and mode coupling
effects on nonlinear state have become clear to some extent.

Williams and Weinstock(1970) developed the nonlinear
theory of strong turbulence of the cross-field instablility,
applying to F region irregularities in the 1dnosphere (spregd
F). Based on the so-called "particle trapping" method, they |
derived the nonlinear dispersion relation, from the macro-
scopic Vliasov equation. However, thls theory is so sophisti-
cated that it is questionable how relevant to the actual plasma
it 1is.

In order to study the competing behavior between the
quasilinear and mode coupling effects and also to observe the
deformation of the background quantities (background density
and electric field), electronic computer must be a powerful
tool. Computer analysis enables us to show the nonlinear

“evolution of plasma wave instability which otherwise might be

intractable by conventional analytical methods. Also it
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has the advantage that we do not rely on misleading ad hoc
assumptions.

Sato and Tsuda({1967), Tsuda and Sato(1968), Sato et al.
(1972) performed numerical analysis of the cross-field insta-
bility in one-dimensional model appropriate to the lower
ionospheric E layer. Sato and Tsuda(1968) and Tsuda et al.
(1969) extended the analysis to two-dimensional model.

Sato et al. found the cross-field instability to develop into
a completely and rather stationary turbulent state, through
the mode coupling. Relative amplitude of density fluctu-
ations amounted to 30 - 50 % under the situation concerned
there, and a phase mixing of each mode occurred, resulting

in the prominent deformation of an initial fluctuation.

Also they demonstrated that in the turbulent state energy
supplied continuously from the unstable long wavelength was
dissipated at short wavelength owing to collisional diffusion
which becomes important at short wavelength. Sato et al.
(1968) suggested in the light of the results described above
that the formation méchanism of diffuse nonblanketing type
sporadic E layers of midlatitudes might be attributed to the
well-developed cross-field instability. Rocket observations
of irregularity type E, made by Smith(1966), Oya(1967), and
Prakash et al.(1970) showed the existence of electron density
irregularities with the amplitude of about a few tens percent,

the wavelength of a few hundred meters, in the height range

21



of a few or a few tens of kilometers. These observations were
well explained in terms of the cross-field instability in a
strong turbulent state.

In his recent paper, Davis(1971) has succeeded in observ-
ing nonlinear evolution of artificlal alkalil plasma clouds
into the lower lonospheric E region by means of decameter and
meter wavelength, coherent-pulse-Doppler radar. After an
initial expansion, plasma cloud undergoes a period of ir-
regular behavior, in which a number of discrete echoes from
reflectors appear superimposed on the generally diffusé.ﬁlasma
radar echo. He indicates that, in this phase of plasma cloud
evolution intense, néarly monochromatic echoes grow with
growth time of a few tenths of seconds and decay with decay
time of a few seconds; these echoes repeatedly appear and
decay, and the recurrence lasts several minutes. Davlis finds
that this evolution of clouds is consistent with that of the
nonlinear instability analysis of Sato et al..

From viewpoint of plasma physics, nonlinear analysis of
the cross-field instability presents an attractive example
where mode coupling plays an important role. Sato et al.,
(1972) extended their one-dimensional nonlinear instability
analysis for a number of different external electric fields
to know how the nonlinear evolution depends on this parameter.
Their finding is as follows. When E_ .. <~E01, E,, being

cited above, the system behaves gently and wave form is saw-
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tooth like. When Eext:> Ecl’ however, the system becomes
violent and develops inteo strong turbulence; the waveform
becomes soliton-like and density power spectrum obeys approxi-
mately a k"3 law, k belng wavenumber. These results are
rather consistent with those of Sato's prediction(1971) of
the nonlinear theory.

Some turbulent structures of the system have been cor-
roborated by one-dimensional nonlinear analysis. It must
be, however, pointed out that the cross-field instability is
essehﬁially two-dimensional phenomenon judging from the mecha-
nism of instability. Therefore, one must take into account
not only interactions between growing modes but also feedback
of wave energy into the background gquantities which sustain
the initial growth of the instability. The two-dimensional
numerical analysis was performed by Sato and Tsuda(1968) and
Tsuda et al.(1969). They obtained the following two im-
portant features. First, 1n the early phase of evolution a
rather localized, spatially coherent density irregularity is
formed. Second, thé nonlineer quenching of unstable waves
1s established through the cancellation of the external
electric field. This latter features contrasts with the result
of the one-dimensional calculations where the quenching is
achleved due to the energy dissipation through mode coupling
only. Based on this calculation, they also suggest the

possibllity of a cyclic process of growth, quenching, and decay.
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We remark here the difference between the conclusion of Kim
and Simon(1969) and Hooper(1970) and that of Sato et al.
concerning nonlinear quenching mechanism. This may be due to
the fact that they uséd the different boundary conditions.

The boundary condition of Kim and Simén and Hooper is appropri-
ate to laboratory plasma and that of Sato et al. to the iono-
sphere, maybe.

In a cesium plasma cloud experiment, Davis(1971) observed
the cyclic growth and decay process in the discrete spectral
features obtained by decameter radar. This result seems to
be consistent with the prediction of two-dimensional nonlinear
analysis.

Hooper in a series of papers(1970a, 1970b, 1971a, 1971b)
studied experimentally the low frequency oscillation in a
reflex arc, making use of correlation techniques. His result
strengthens the identificatlion of the mode as the cross-field
instability, and shows a clear cut transition from coherent
to incoherent oscillations when the instability condition is
strengthened. A detailed comparison of éxperiments with the
nonlinear results is not possible because experiments are
usually performed in cylindrical geometory whereas the non-
linear studies are done in slab geometory. Nevertheless,
there are several points to be compared. Hooper notes, first,
that primary quasilinear effect 1ls due to the flattening of

density profile rather than that of average electric field,
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as predicted by Kim and Simon. Second, Sato's condition for
the onset of strong turbulence, i.e., Eext:> Ecl’ are satis-
fied. Third, the strong turbulence observed in the experi-

ments shows the closest resemblence to computer analysis.

V. Summary

We have given a brief qualitative review of the cross-
fleld instability, attention being paid to nonlinear aspects.
It should be remarked that the cross-field instability in
question is entirely common phenomenon in the lower iono-
spheric E layer where dynamo electric field (or other electric
field) and the gradient of electron density coexist. If
the instability condition is satisfied, even the upper iono-
sphere 1s susceptible to this instabilitye.

Nonlinear evolutions observed in experiments in the iono-
sphere and laboratory are to some extent explained by the
compuﬁer analysis of Sato et al.. However, 1t should be
remarked that a little inconsistency remains to be settled.
Accordingly 1t is highly desired that a further two-dimensional

nonlinear calculation should be carried out, for suitable
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boundary conditions, in order to observe the competing process
between the quasilinear and mode coupling effects and to see
the deformation of background quantities. Such an analysis

may faclllate comparison with experiments still more.
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Chapter 2
ONE - DIMENSIONAL

NONLINEAR CROSS - FIELD INSTABILITY
I. Introduction

Present objective is to reveal the time evolution of
one~-dimensional nonlinear'cross-field instability using =
computer. We assume that all the varlables vary only in
Eext X EO direction, i.e., the direction of wave propagation.
This means that we neglect the interaction between the per-
turbation and zeroth order background quantities (inhomo-
genelty of the background density Vno and dc electric field
E, ) wWhich sustain the instability.

It is found by linear analysis that the dlispersion
relation 1s of decay type because the phase velocity increases
with increasing wavenumber. Therefore, the three-wave decay
process between different wavenumber components on the same
branch in the dispersion curve 1s lmportant as the mode
coupling process, but not the scattering or emission of the
waves belonging to other branches.

Strong turbulent state of the cross-field instabillity in
one-dimensional model was investigated by Sato and Tsuda(1967).
They found well-developed turbulent irregularity whose ampli-

tude amounts up to about 50 % of the background density, and
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the nonlinear quenching of the amplitude was achieved in

such a way that the energy supply from.Vn0 and Eext 1s balanced
by the energy dissipation due to mode coupling. Sato et al.
(1972) has discussed other aspects of turbulent state. They
found that a saw-tooth (shock-like) solution exists for some

range of E sy and that the solution becomes localized and

ext
soliton-like for larger Eext' The value of Eext differenti-
ating the solution from the former to the latter agreed well
with that of the theory (Sato, 1971).

In this chapter, we investigate nonlinear behavior for
Eext far greater than the critical value described above,

since the earlier calculations did not analyse the nonlinear

evolution in this parameter range.

II. Basic Equations

We conslder a compreséible, weakly lonized low-ﬁ plasma
immersed in uniform magnetic and electric fields, and the
following fluid-dynamical, electrostatic equations for electrons

and lons are used (in MKS units);
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~ 0 ~
m —— = v x B, + E - - &
& 4+ [o} ( ~0 ~ ~ + ? ) mavayd n Vn&'
a
(2 - 1)
Bna
—S 4 T () =0 (w= e, 1), 2+ 2
~ e
Y.-?:—E—:T(nl-n)' (2 3)

Here, the subscript A denotes electrons (e) and ions (1) and
n, refers to the density, m, the particle mass, )& the
collision frequency with neutrals, y, the velocity, Ty the
temperature in eV, e (>0) the electron charge, EO the per-
mittivity of free space, EO the uniform magnetic field. EO
and E are the dc and ac electric flilelds, respectively. Note
that we use explicitly Poisson's equation (2.3) in order to
check the validity of quasi-neutrality assumption, n, ~ ng,
assumed in the earlier literatures and also to avoid the
numerical instability in the initlal stage of numerical calcu-
lation. We neglect the production and loss of charged

particles in Eq (2.2), since these processes are much slower

processes than that of the instability.
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Fig. 2.1. Coordinate system,
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III. Description of System

Yo

The geometory cossidered is shown in Fig. 2.1 where the
gradient of background plasma density Vno and go are respective-
ly i1n the z and x directions, and Eo lies on the y - z plane,
l.e.,

dng,
Vno = (0, O, EE—Q, Bg = (BO’ 0, 0), Ey = (0, EOy’ Eext)

This coflguration is adoptedvin most of the previous works
of the cross-field instablility, and may well correspond to
geomagnetic equatorial and auroral reglions of the lonosphere
.and even to a reflex arec.

Since we are interested in one-dimensional model in this
chapter, only the y dependence of variables 1s considered.
Accordingly, the induced electric field E_is in the y direction,
i.e., E = (0, ﬁy(y,t), 0). As usual the variables n,, v« are

divided into two parts in the followling way,

na = no(z) + f')a (y.t),

Vay = Vaoy * Yoy (¥rt), (2 + 4)

Vaz = Vaoz + vaz(y,t%

where the first terms on the right sides represent the unper-
turbed state and the second terms the perturbed state from

the equilibrium. We assume the background density distri-
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Kz

bution of exponential type, e “, along the z direction, with

scale height Kfl, that is,
dn0

1
ng az -K» oT Mo =To e

Kz where N0 = no(z=0) (2.5)

because this type of distribution is easy to analyze the insta-
bility in a linearized version and to compare the growth rate
of the linear analysis with that of the computed result.
Further, we shall confine ourselves to event with frequency
much lower than V1 and.uhi (ion cyclotron frequency). The
inertia term of electrons in (2.1) can justifiably be neglected,
buE that of lions 1s retained for safety.

Under these circumstances, (2.1) to (2.4) give the
following equation to be solved,

- .0 o _ a
VaOy upEoy T HgEoxe T MaBoPrK o
_ _ .o o _ N0 - .
a0z ~ uHEOy +upEext Dy o =€, 1,
e 3n dn
=- 4% -D_ _e el 0 _
vey - upEy n_ oy + ueBOD*(ne dz k),
e 3n dn
v = -u%E - D- e _onped_ _0_
Vez = uHEy ueBOne oy D*(ne dz kY,
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v,
L iy ( . N Djany
= =pu,(BY, +E) -v - = — (2 . 6)
v; ot i'v0o'iz y iy ~ ny |
AV, dn
1 iz_ _ 3 _ % 1
Vi 3¢ uiBOViy Viz Di( n, dz K ),
IE e J}
5§X - Eb (ni - ne)’
where
= e« TOL
Yo = 0w Dh “m !
a'a ova
o Yy
o= : Pedersen mobility,

2. 7)

o cq s
uH = “p(“aBO) : Hall mob:.llty,

a Da

DJ.. = 2 .
1+ 0, B,)

Hereafter we represent dno/dz by KNO.
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IV. Machine Calculation

A. Scaling

Before the machine calculation, we perform a scaling of

variables appeared in (2.6) as follows;

v
=Y = 0+ -
n—L, T—eLt—-

Hict

. -1 e

(2 - 8)

Vo is a Hall

speed of electrons, and a constant ¢ 1s introduced for con-

venience. Density and electric field are scaled by

ﬁi(th) Be(YIt)
pi(n:T) = -—-ﬁ;—— ’ pe(n,‘r) = *—NE)——
E (y,t) E,
o(n,T) = —%%-—-—— , Oo(n,T) = E—X— .
ext ext

The dimensionless new velocities are

14

v v
geO — soz , E. = i0y , z _ e0z
0 i0 Vo el V0
v V. v
ge = Ve ’ El = Viz ’ z;e - VEE
0 0 0
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By making use of (2.8) to (2.10), (2.6) is reduced to

Ay
g =1 ¢ A, ~ 2%
By
50 = B3l - EE) + Byo,,
te0 = " Ay ~ Ay - 0y,
ti0 = = By * By = Byo,,
A A 9p
G 1,1 _1°%¢
e = K; Ao + 1% ) ( A, € 55_)7
A 9p
— _ 1 1 e
te =By - O 1+ (1+ €A, 3n ),
T = ¢l B, %i~ g, + {1 + (52 °}(B IF 5; o0 )1,
, B,
35& = - C,1[ S + L, + B {1+ (——) }( ~r 1)},
9T 1 1 + p )
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where

—e T g+ (1+ Pe)

CZ( P ~ pe)y
e
= DiK _ M
0 uff
u;
My

3E

—

an

9

——

an

+ (1 + ge)

+ (1 +gi)

(2

(2

. 12)

+ 13)

Note that (2.11), (2.12) and (2.13) are the equations of

motion, continuity, and Poisson's equation, respectively.
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B. Numerical Procedure

In the previous work of one-dimensional model by Sato
and Tsuda(1967), used was a spatlal Fourier transformation of
variables. They solved equations under the assumption of
quasi-neutrality and therefore did not use Poisson's equation.
On the contrary, we integrate (2.11) to (2.13) in real space
(y,t). Hence, the wave-wave interaction between harmonic
waves cannot;;ecognizedexplicitly. For numerical computation,

length N and time T is divided into

)zz mAV( m= 0, 1, 2’ .....’
't= nA—c n = o’ 1, 2’ aoooc,

where AQ and AT 1indicate, respectively, the mesh width and
time step. (2.11) to (2.13) are then replaced by finite
difference equations. The boundary condition of the y

direction is taken to be periodic on a scale length.L y 1.e.,
f(yt= 0,t) = f('( '—".»a ’T)’

where ,[: MAQ . The numerical procedure for the one-time
step i1s as follows. First, lnitial density perturbations,
fe andlfi, are substituted in (2.11) witho'= 0, to obtain Qe,
Var &4 and 51. Then, (2.12) is solved to know the new Lo

and fi after AT and 0~is determined by (2.13). These new
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variables are again substituted in (2.11) to obtain new
velocities. Same procedure is repeated as long as we need.
When the number of cycles of calculation lncreases, we
should always pay attention to the accumulation of errors
originating from the unsuitable choice of.AQ and 4T . It
is necessary to select A% to be far smaller than the shortest
characteristic period of the system concerned. This period
of our system is the ion oscillation as 1s easlly seen from
(2.11) to (2.13). On the other hand, A7 may be determined
from the requirement that how many higher harmonics of funda-
mental wave is necessary for the manifestation of nonlinear
evolution of the ihstability. That is, the smallerd? becomes,
the more the number of modes considered increases and inevi-
tably AT is required to be smaller. Attention should be
paid especially when we want to know the strong turbulence,
which'is of our interest, originating from mode coupling.
Thus, whether or not we have a meaningful solution of equa-

tions largely depends on the ability of the computer at hand.

C. Computed Results

Since some numerical computations of one-dimensional
model were already performed by Sato et al., we confine
ourselves to the larger dc electric fleld, Eext’ than the
previous works, and supplement some conclusions in the follow-

ing section.
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Table. 2.1. Parameters of computation.

Parameters Value
€ 1/90
o 5x107 3
T 16
-9
A 1.73%x10
A, 2x10"3
B, 3.92x10"8
B, 4.55x10” 2
B, 2.08x10"3
¢, 6.4x10%
c 4.52x108
2
AT 6x10~7 for T=0 ~ 2.52x10 %
6x10"8 for t > 2.52x107%
An 3.33x1073
;
Eext/Eco 1.3x%10
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ﬁe took E, . = 2x10"2 V/m, K= 1/(5x 105)/m. Such a
large electric field may exist in the auroral ionosphere,
thouéh the system concerned in this paper i1s not necessary
pertinent to that region. With U B, ~ 5 K102, H4Bg ~4,6X

-2 4

107, D, = 7.6X 107, D, = 6.87, the coefficient Ay to C, are

i
listed in Table 1 where ¢ and oy are also tabulated.

As the initial condition of densities, f; and *Fi’ we
imposed a mohochromatic (sinusoidal) disturbance whose wave-
number and amplitude are 21 /0.08L and 0.01 (1 # of the back-
ground density), respectively. Note AT to be far smaller
than the ion oscillation reriod (5.2)(10'5 in normalized
time). AQ = 3.3 )<1O"3 means that the fundamental wavelength
(0.08L) is divided into 24 meshes. According to linear
analysis, the linear growth time is Ti’= 4.7 (~75 sec in
real time).

Shown is the computed result in Fig. 2.2 through Fig. 2.4.
It is observed that at the very beginning of the calculation
an ion oscillation appeared, but after a few cycle of the
oscillation 1t disappeared due to the ion - neutral collision
damping. After the death of the transient ion oscillation, .
AT was increased from 6x10"7 to 6)(10'6. In such a large
electric field as this, the two-stream instability might occur
However, its occurrence is inhibited in our case because the

wavelength of the two-stream modes is shorter than the mesh

size. Further, we could make sure of the equallty of f; and
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Density (Perturbation)

0 0.08
Distance
(Fundamental Fourier Period)

Fig. 2.2. Time evolution of the density perturbation

(pe). po Versus distance n is shown for Eext/Eco_
1.3x10°. The initial perturbation(t=0) has the
wavelength of 0.08. It is seen that the perturbation

is localized at T1=17.9.
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20 T

Eext | 34107

10} Eco -

Electric Field (Perturbation)

-30F ——- sechz(x) —

t=17.9

-40 |
0 0.08

Distance
( Fundamental Fourier Period)

Fig. 2.3. Time evolution of the electric field per-

turbhation (o). o versus distance n is shown for

l.BXIO7. By comparing with Fig. 2.2, it is

Eext/Eco
seen that the electric field perturbation is more
likely to be localized than the density perturbation.
Note that the localized form is vervy similar to the
square of a hyperbolic-secant function which is a
solution of the Kortweg de Bries equation. The small

scale irregularities on the curve of 1=17.9 may be due

to numerical instability.
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Peak Intensity of Perturbed Density

(%)

(o)
™

o

Peak Intensity of Electric Field

1Al
N 0
1l | |
0 5 10 15
Time 1
Fig. 2.4. Time evolution of the peak values of the

density (p_) and electric field (o) perturbations.
e

Pe and ¢ versus time T are shown for Eext/Ec0=l.3x

107. Absolute values are shown for the minimum.

T;, Means the linear growth time. The straight line

eT/TL is drawn for the reference. It is seen that

after T=Tp the perturbations grow while gradually

deviating from eT/TL.
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.fi to a high degree (i.e., quasi-neutrality).

Fig. 2.2 shows the time evolution of the density per-
turbation f}' At the initial stage, up to T= 10, the per-
turbation grows with the linear growth time TL as it propa~-
gates along the Q direction: The initial perturbation keeps
the sinusoidal shape for a while, though the amplitude is grow-
ing. But as times go on further, nonlinear mode coupling
between higher harmonics acts so as to deform the shape as

seen in Fig. 2.2 and 2.3; at T=17.9 the peak amplitude of -Fe

attained to a percentage of several tens of the background.
Thereafter the system was broken down by numerical instabillity.

The time evolution of the electric fleld perturbation
is shown in Fig. 2.3. A curve of the square of hyperbolic-
secant functlon is drawn for reference. From this it is seen
that the localized form is soliton-like. Some indication of
numerical instability is seen on the curve of T= 17.9.

Fig. 2.4 shows the time evolution of the peak values of
the density and electric field perturbations. Also shown 1is
the straight line eiy‘cl.along which perturbations would grow
if the deformation did not occur. The result indicates that at
the initial stage the perturbation grows with the linear
growth time‘CL= 4.7, but after 'TL it deviates from the linear
growth due to the action of the mode coupling as expected.

Though we had a numerical instability after the time T =

17.9, this instability could be overtaken by taking smaller
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mesh width A? . Thus, a pursult of strong nonlinearity
requires the inclusion of more higher harmonics of a funda-
mental wave (l.e., smaller A% ), accordingly more computa-
tional time is needed. Nevertheless, we have some indication
of the onset of strong nonlinearity at time T= 17.9, though

we could not know the ultimate fate of the instability.

V. Dlscussion

We have investigated the time evolution of the cross-field
instability for an extremely large external electric field
different from the previous works.

Here, we shall review some essentlal points of theoretical
results of the cross-fleld instability made by Sato(1971).

When Eext exceeds a certain threshold value EcO’ drift modes
lying on a dispersive part of the dispersion curve becomes

unstable.  Further, when E_, . becomes larger than E_, (P’Eco),

the mode coupling acts to destabllize unstable waves, resulting
in explosive instabllity. In thls case, the theory fails to
give precise information on the fate of unstable modes. The
value of Ecl 1s given as a solution of M= o, fL being the

»
mode coupling element (see equation (45) of Sato(1971) )).

*#) 3¢ of equation (45) should be read as (5X - 6)E .
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If E is below Eco’ all the modes are stabllized by diffusion.

ext
= -9 =
In our case, E , = 1.46 X1077 V/m and Ecl = 39E,, V/m.

7
Accordingly Eext ~1.,3%x10 Eco V/m, far greater than Ecl'
Therefore, theory predicts that the system will suffer explosive
instability. Also the theory tells that the system would be-

come explosive at a certain finite rime ‘tex Our parameter

pO
used for the numerical computation gives 21 as Texp' We

have already stated that numerical 1instability occurred at
T ~ 18, Thus the appearance of numerical instability might
reflect some indication of the onset of strong mode coupling
or a strong turbulent state, and therefore the theoretical
explosive time Texp would be a good indication of the onset time
of strong turbulence.

The same calculations were performed for other parameters;
Eext/EcO = 3.3, 5.4, 16.5, 33, 54 ( Sato et al., 1972. Note
Ecl ~ 12 EcO in these cases). The result was that a saw-

ext/EcO = 3.3,
5.4, and that the solution became localized and soliton-like

tooth (shock-like) solution was achieved for E

for Eext/EcO = 16.5, 33 and 54. That is, the system under-
went a transition from weak to strong nonlinearity when Eext
was increased beyond Ecl‘ It should be noted that a localized
and soliton-like solution was obtained in our case, though

we met a numerical instablility after T= 18. This fact may
Indicate that the loéalized perturbation maintain its fofm

and may eventually be collapsed, thereby forming a strongly
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Eext _
\ Eeo =54
o1’ ) :
3
‘\\
o 107 -
&= \
0 }\
10 { .
k—2
1075} f s
k-3
K* L
10784 l |
1 10 102

Wavenumber k
Fig. 2.5. Turbulent power spectrum of density
versus wavenumber k for Eext/Ec0= 54 (Sato, Ogawa and
Matsuda, 1972). The error bar means the amplitude
distribution in a turbulent state. The figure indicates

clearly that the spectrum obeys k-3 law.
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turbulent state. Fig. 2.5 shows a typical turbulent spectrum
of density fluctuations which obeys a power law of k'3 as

obtained for E /Eco = 54 (Sato et al., 1972). From this

ext
figure it may be inferred that the spectrum for the present

case (E /Eco = 1.3)(107) may also obey a power law of k-d ’

ext
perhaps being harder than that of Fig. 2.5. Note that the

spectrum for E /Eco =3.3 and 5.4 d1d not obey a power law

ext
but softer than k3.

" VI. Conclusion

Nonlinear evolution of the cross-field instability which
occurs in an inhomogeneous, magnetized weakly lonized plasma
has been investigated numerically. It is found that for an
extremely large external electric field a perturbation grows
and results in a locallized and soliton-like form in highly
turbulent state (strong nonlinearity). Unfortunately, we met
a numerical instability. Nevertheless, this numerical insta-
bility seems to indicate the onset of an explosive instablility
through many-mode couplings, whose aspects would be disclosed
if we took a smaller mesh size.

Poisson's equation and inertia term of ions were included

in computation and we could check the validity of the quasi-
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neutral assumption.

The important role of the cross-fileld instablility in an
ionospheric irregularity and a laboratory plasma has been
pointed out by many authors. In the ion cloud experiments
made by Davis(1971), it is found that the turbulent evolution
could be well explained by the nonlinear theory of this insta-
bllity. Auroral arcs, where strong electric field, say of
2)<10'2 V/m, exists, as well as the equatorial ionosphere,
may be susceptible to the instabllity. All of these can
be better understood by the consideration of the nonlinear
sfage of the cross-field instability.

We have concerned ourselves with one-dimensional model,
but two-dimensional solution is highly requlred in order to
know how the nonlinear quenching wlll be achleved in nature
and to compare the theory with the observed results. This

is the next problem to be solved.
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Chapter 3
TWO - DIMENSIONAL
NONLINEAR CROSS - FIELD INSTABILITY

I. Introduction

One-dimensional model has been discussed in the previous
chapter. We try here to extend one-dimensional model to
two-dimensional one. One-dimensional model was good enough
to clarify the role of wave-wave interactions. However, the
cross-field instability is essentially two-dimensional as can
be seen in its physical picture. Therefore, the nonlinear
interaction of unstable waves with the energy reservoirs,

\v4 n, and Eext’ must be taken into account.

As was discussed already, the nonlinear quenching of one-
dimensional model was achieved only by the balance between the
energy supply from reservoirs and the energy dissipation
owing to mode coupling. On the other hand, Sato and Tsuda
(1968) and Tsuda et al.(1969) showed by their computer analysis
that the two-dimensional nonlinear quenching was partly caused
by the cancellation of applied electric fleld due to redis-
tribution of charged particles through mode coupling.

Naﬁely, the saturation of growing waves 1s well correlated with
the vanlishing of the electric field Eext‘ They also infer

that the system might be transient or recurring. That 1is,
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a large amplitude lrregularlity developed from a small initial
fluctuation will decay after the condition of the vanishing

of E is achieved, because the energy dissipation from

ext
smaller to larger wavenumber components due to mode coupling
1s still operating; at the moment of disappearnace, however,
the condition of instability growth may be retr%@ed. This
Inference differs from the result of the one-dimensional model
that a rather steady state is achieved in such a way as was
described previously. These results are quite interesting
since they gave a first step to disclose the process of the
two-dimensional ﬁonlinear quenching.

Hooper(1970, 1971) studied experimentally the low fre-
quency, rotatlonal oscillation present in a reflex arc.
The oscillatlion observed was ldentified as arising from the
cross-fleld instability. However, a discrepancy with the
computer analysis was found concerning the nonlinear quenching
(qausi-linear effect); he states that the instability was
shut off by a plateau formation in the density profile
whereas Sato and Tsuda's computer analysis says that the
quenching is due to the plateau formation in the potential
pEoflle. This discrepancy seems, however, to be not so
surprising, since the boundary conditions were different each
other. The boundaries in Hooper's experiment are electrodes
(conductors) but those in the computer analysis are free bounda-

ries. In the latter case, to which the ionosphere may corre-
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spond, it may be said that the charge separation, ;esulting

in a plateau formation in the potential profile, is formed
more easily than the transport of charged particles by which

a plateau in the density profile 1is formed. In the former
case, however, excess charges accumulated at the boundaries
will be short-circuited by the external circuilt, so that the
flattening of the potential profile may not be so significant.
Of course we should remember that both processes (i.e.,
flattening of the density and of the potential) may take place
at the same time, depending on the boundary condition used.
Also Hooper's experiment found no indication of the recurrence
(relaxation-type behavior) inffered from the computer analysis.

Artificial plasma cloud experiments in the lonosphere by
Davis(1971) are in favor of the well-developed cross-field
instability and show some tendency of the recurrence.

Kim and Simon(1969) developed a quasilinear theory in a
weakly unstable limit and found the density flattening.
Hooper(1970) studied the convection nature of nonlinear oscil-
lation. His result may well describe the system in the quasi-
linear regime.

Recently, Sato(1971) has made an analytical study in
which discussions were not confined to those of Kim and Simon
and Hooper, but a more general case, i.e., the competition
between quasilinear effect and mode coupling, was considered.

Some important conclusions are as follows: The system experi-
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ences two types of transition when the external parameter, Eext’
1s increased from zero to infinity. Below a critical value

Eco of the parameter any perturbations are stabilized, but at
the critical point the system makes a soft-type transition.

Wheh the parameter Eext 1s increased beyond the critical point
Eco the system meets another transition point Ecl' For a
certain value of Eext between Eco and Ecl’ an unstable wave
reaches a finite amplitude. Increase Eext beyond Ecl’ then
waves can no longer remain at a finite amplitude but diverge
within a finite time; he calls this an explosive instability.
This transition is caused by the mode coupling process which
acts to destabilize the initial unstable mode. He says also
that, when unstable waves retain finite level, both the quasi-
linear and mode coupling processes stabilize them, and that
which process dominates depends upon Eext and upon other two
amb/EcO = DK /Mp'
When d{ 1, the nonlinear behavior is mainly controlled by the

parameters, o{and ¢ where d = MP/MH, €=E

quasilinear process, whereas for larger & and § the mode
coupling process also become important. Though Sato has made
a mode coupling calculation under the random phase and single
mode approximations, the theory developed shows an attractive
example where mode coupling plays an important role in the
nonlinear evolution of self-excited plasma waves.

The purpose of this paper is to study, by computer, how
both the mode coupling and the quasilinear effect prlays parts
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in the nonlinear quenching of the cross-field instability, and
how the turbulent state is achleved. A computer study needs
no ad hoc assumptions about the time evolution of the system,
contrary to the theoretical studles described above. Computed
results show that an initial irregularity is developed into
strong turbulent state, and that a plateau is formed in the
density profile and/or the field depending on boundary con-

ditions. Some tendency of the recurrence is also found.

II. Basic Equations and System

The basic equations considered here are different from
those of the one-dimensional model, il.e., the acceleration
(inertia terms) can be neglected in the equations of motion
of electrons and ions. Poisson's equation is not be taken
into account, since the use of quasi-neutrallty assumption
has been verified in the one-dimensional model. Our concern
is to events with frequency far lower than vi and LDHi'

This allows the neglection of the acceleratlon terms. Thus,

the governing equations are given by (in CGS EMU units)
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Eext VN, \
£ boundary

. /I,

Fig. 3.1. Coordinate system. Two boundaries are

set at z=0 and 2.
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+ E) - T,n, (3-1)

on .
3T +Ve(ny ) =0 a=e, i, (3-2)

where the same notations are used as in the one-dimensiensal
model, unless otherwlse specified. The configuration of the
system is shown in Fig. 3.1. Two boundarles are set at z =
dno

)

0, £. Note that Vny = (0, 0, 377)s Eopy = (0, 0, E

ext
and B, = (Bo, 0, 0).

In the one-dimensional model, the backgrouhd density
distribution 1la assumed to be exponential type no(z) = Noevtz.
In the two-dimensional model, however, two types of the
background density distribution are considered: One is expo-
nential type and another is hyperbolic tangent type. The
difference between these distributions is that dno/dz at z = 0,
J 1is far greater for exponential type than for hyperbolic
tangent one. In the latter distribution we can regard approxi-
mately dno/dz at z = 0, _Z as zero. This means that as is
seen from linear analysis the cross-fleld instability does not
occur near the boundaries. Accordingly, we can see that turbulent
state appears all over the regions of z in the exponential

distribution but in a restricted region of z, i.e., iIn the

- middle region in the hyperbollic tangent distribution. It
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may be said that the former and the latter distributions are
found in laboratory experiment and in the ionospheric E layer,
respectively.

We applied a constant Eext along z in the one-dimensional
model. This is removed in the two-dimensional modelj potential,
V, is fixed only at z = 0, / (Eext means Eext = (V0 -V )[@ ’
hereafter unless otherwise noted).

(3.1) is rewritten as

an
— O o _ no _ adn
Wey = nupEy + nuy B D*-E?' M, BoDLz7 (3.3)
— a a asn _ .0dn
n., = nuHEy + nupEz + uaBOQLay QL?E' (3.4)

Substituting (3.3) and (3.%4) into (3.2), we have

an . ﬁaBnEy . uaanEz _ 0‘E)nEy . aanEz
ot p 3y H 3y S Y up 9z

2 2

-2 (2438, -5, 3.5
y 92

(3.5) gives a set of equations as follows.

3n _ eanEy . eanEZ _ eanEy _ eanEz
ot pp Ay My Ay Yo 3z up 9z
2 2
-pf (2 2+22) -0, (1.6
ay 9z
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Y .
Mp ay HH oy + MH 5zt Mp 9z
2 2
- (28431, -, (3.7)
dy 0z

e 1 e 1 1
where Mp = Pp + Mps My =g =My D =D

the equation of continuity of electrons and (3.7) means

-D,% (3.6) is

V:J = 0, J belng current. Hereafter Ey and Ez are replaced
by Ey = - oV/ 2y and E, = - ?V/2 z. Equations to be solved
as an initial-boundary value problem are (3.6) and (3.7).
However, instead of solving (3.6) and (3.7) we introduce a
spatial Fourler transformation with respect to independent
variable y, because we are interested in the wave-wave inter-
action between harmonic waves propagating in the y direction,
and in the deformation of background density and potential
of the z direction. We note here that in the two-dimensional
model of Sato and Tsuda(1968) and Tsuda et al.(1969) they
introduce a spatial Fourlier transformation with respect to

y and z. This treatment may be appropriate to the case of

free boundaries.
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I1I. Machine Calculation

A. Scaling

We perform a scallng of variables as follows.

’ (distance),

=
1}
=
-
A~
1}
N

where L (= 27T/k1) 1s the largest wavelength of perturbation,
k1 being a fundamental wavenumber, and A/ the distance be-

tween boundaries,

L

T = % (time) where T = S
MHEext

I
=

P,5,T) =2 z £) (charge density),

}#(7,},?) - Wy.z,t) (potential),
LE

ext
where NO is the background charge density at z =0. Two

parameters of the length, € and ¢ are defined by

=L =
€=7> o” =KL,

1 1s the scale helight of the background charge density.

where ¥
(3.6) and (3.7) are rewritten in dimensionless quantities

defined above, as follows.
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ao + elz=(pst) - ==(p=s € e 20
) 9c'P3
T z n an '3 1 an2 az;z
3030y 4 o203y,
+ A0 grlegy) + eT5plegy) 1=0 (3.8)
B el (¥ 2 () o p 1 20, 222
R ALY TN FALE T 2¢ Y anz2 T % o2
- p [ 9 (3 23 9¥yq _ -
B3l gylegy) + €5zl = 0, (3.9)
where
e e
u M
Al=DL,A=__g B, = _H _ pf
HEE 2 2 The ’ 1 e’ Ba=-—g
ext H Hp HpBext?
)
By = 2,
Hy

B. Numerilcal Procédure

We expand the dependent variables f(7,5,T) and V(7,5,T)
into the Fourier series with respect to /] , since we are
interested in wave-wave interactions along the y directlon.

Fourier expansion is defined by

i2mnn

N
p(n,z,1) =2 5n(CrT) e 3

n=~N
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N . ‘
Wiz, = L g (g, M2
N==N

We note here that the followlng relations must be held

-~

for ?n and 1/1n;

\Ftn ’ i% = iz-n ’

where * denotes the complex conjugate. (3.8) and (3.9) are

reduced to

AD N

n . - e
= + 2n1;_ENp (2171mA2 EBC) Wm
+ ed-{ £ p. _(2mim + A ) T3
ATy DT 273" "m
2 2 32
- A ( -4n°n" + e —5) B, = 0, (3.10)
n
9%
N
27in % P ( 27imB, -~ B
Moy DT 3 1%:”’j
3 N
+ 652{ E-N n-m 2mimB, + B3eac)w }
-1 2.2, 2293% .
+ Bye T( -47°n° + ¢ —3)p, = 0, (3.11)
ar2
n,m=-N,"', —l’ 0' l,ooo'N

’
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where AFn and AT are the increment of J;n and the time step,
respectively. Wave~-wave interactions are described as the
convolution terms in the equations. Here, n and m in (3.10)
and (3.11) are normalized wavenumbers. Now we d‘vide 4 into
several meshes. A mesh point is represented by

Y, =may = % , m= 0, 1, 2, ***** M,
m =0 and m = M correspond, respectively, to the lower and
upper boundary.

The numerical procedure for the equilibrium is as
follows: Glve firstly the background distribution of an arbi-
trary form. Then the potential distribution in an equilibrium
is obtained by solving (3.11). The procedure for the one-
time step 1s as follows: Initial perturbation of the density
is given to solve the potential by (3.11). Then (3.10) is
used to know the new value of the density after AT . This
1s again substituted in (3.11) to determine the potential.

It is self-evident that N and M should be as large as
possible in order to avoid the numerical instability. This
demands, however, large memory of computer and much compu-
tational time. As for the mode number N, the heuristic
argument in one-dimensional model by Sato and Tsuda(1967)
shows that the larger wavenumber components ( N = 402 n>10)
are not energetic enough to change the gross dynamical

behavior of the small wavenumber components ( 102z nz1) through
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Table 3.1.

Parameters of computation.

Parameters Case 1 Case 2
A 9.4x107 3 9.4x10”3
A, 1.03x10”2 1.03x10 2
B, 1 1
B, 1.83x10" 2 1.83x10 2
B, 4.05x10" 2 4.05x10" 2
M 4.05x10 2 4.05x10 2
e 2 ax10”1
g 2x10" 1 2x10” 1
N 8 8
M 6 8
T 4.4x103 8.8x102
Az 1.67x10° 1 1.25x10"t
At 1.14x1072 . 2.3x10"3  2.8x1072 . 2.3x1073
Eot/Eco 11 110
wo(er) -0.5 -2.5
po(l,T) e’ e’
po(O,T) 1 1
Bn(O,T)=6n(l,r)=wn(0,r)=mn(l,1)=0 n=l ~ N
po(Cro)= eOC
. 2 .
Initial Re ol(c,O)— 10 po(c,O)XSlnwc
condition Im pl(c,0)='0

2~N




Table 3.1. (cont.).
Parameters Case 3 Case 4
A, 4.69x1073 6.25x1074
A, 1.03x10" 2 1.03x10™2
B, 1 1
-3 <3
B, 9.13x10 1.22x10
B, 4.05%10"2 4.05x10™2
o 4.05%x10 2 4,05x10"2
e 5.52x10" % 2.1x10" L
g 3.91 2.93
N 8 8
M 14 14
T 2.42x103 2.75x102
Az 7.1x10"2 7.1x10"2
AT 1.65x1072 - 8.3x1073  9.1x10™3 . 7.3x10”
E_t/Eco 11 55
wo(l,r) -1.82 -4.78
wo(o,T) 0 0
Pg (1,1 0.125(9 + tanh 3) 0.25(5 + tanh 9)
P (0,T) 0.125{9 + tanh(-3)} 1
BH(O,T)=5n(l,T)=$n(0,T)=$n(l,T)=0 n=1 . N
po(;,O) 0.125{9 + tanho(g-%)} 0.25{5 + tanho(c—%)}
Re §,(z,0)= 10—2p0(c,0)xsinn;
Initial

condition

|

En(Cro)= 0 n=2 . N

64



wave~wave lnteractlons. According to this argument, it is
expected that the time evolution of the system may well be
pursuited with N = 8. The mesh number M of ¥ direction 1is
taken 6, 8, and 14.

C. Computed Results
In table 3.1 we list the parameters used ln the compu-
tation. We calculated four cases, i.e., Cases 1, 2, 3, and 4.

In Cases 1 and 2 an intial background denslty distribution

Kz

of exponential type,e s 1s assumed (see Figs. 3.11 and 3.12).

In Cases 3 and 4 hyperbolic tangent type distribution is

assumed (see Figs. 3.13 and 3.14). We select the physical

constants of the medium as W B, = 102, HIBO = 3)(10'2,

De = 4)4108, and D1 = 1.3)(105 which are appropriate to

the lower lonospheric E layer. The electric fleld Eext and

the layer width A and fundamental wavenumber k1 are as follows.

Case 1 E, . = 20 emu, J=1 knm, ky = 3.14 X 105 /cm,
Case 2 E_ . = 200 emu, A= 1 knm, ky = 1.57X,10'4 /cm,
Case 3 E . = 20 emu, L= 2 knm, ky = 5.69% 10™% /em,
Case 4 E_ . = 100 emu, L= 3 km, k) = 10~%/em,
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n n
Fig. 3.2. Linear growth rate y versus normalized
wavenumber n. (a) Case 1, (b) Case 2, (c) Case 3,

(d) Case 4. Cases 1 and 2 have the background
density distribution of exponential type; <%,

Cases 3 and 4 have the background density distribution
of hyperbolic tangent type; tanhkz. Note that except

Case 1 we took the fundamental wavenumber (n=1)

approximately equal to the wavenumber at which vy is

maximized.
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6

and K is 2x10"° /cm. E,o in the table is given by

My & (D + mSDDI /M (D Mg + HSAL) (see, Sato(1971)).

-~

The normalized time T = 1 is T in real time as listed in
Table 3.1. Boundary condition (at z = 0 and £ ) is as

followss

£ (y,0,t) = P(y,0,0) = const.,
P (y,4,t) = L(y,4,0) = const.,
Y (y,0,t) = P (y,0,0) = const.,
P (ysdst) = ¥ (¥,4,0) = const..

As an initlal condition (at t = 0) we glve monochromatic per-
turbation as shown in the table. Flg. 3.2 shows the growth
rate versus dimensionless wavenumber n(= k/kl) calculated by
the linear analysis (sato, 1971). In the following, we

denote spectral density'|EJ of m=1(1=20,1,2,...,M) as lﬁmh

for convenience.

Spectral Density

Case 1 Time evolution of the Fourier amplitude of density
wave lﬁ;lis shown in Fig. 3.3 form = 1, 3 and 5. m =1 and

5 are the mesh points next to the lower and upper boundaries,
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Fig. 3.3. Time evolution of Fourier amplitudes
of density wave ([p_|) for case 1. |5, | versus
time T is shown. The number labeled on each

curve means the normalized wavenumber n.

-]
10 T T T T T T T T T

Fig. 3.3a. m=1 (¢ =1/6)
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Fig. 3.3b.
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Fig. 3.4. Amplitude distribution of density wave
(|5n|) for Case 1. |5n| versus normalized wave-
number n at m=1 (z=1/6) and 3 (z=3/6) is shown
during 1=3 . 4. Two solid curves are drawn for
-7/4

the reference. It is seen that [5n| obeys n

and e @ at m=1 and 3 respectively.
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respectively, while m = 3 1s the middle poilnt. The fundamental
wavelength was taken to be 2 km. After the linear growth,

\?‘l saturates at T=1.2 ~ 1.8 and amounts to 5~ 7 % of the
background density FO‘ As is seen, the system keeps rather
steady turbulent state after the saturatlon. Strictly
speaking, however,l?Jbs decreases slowly, and around T = 5,
\?Jhs gstarts to increase and is restored to the level of the
initial saturation, though Kﬁg has no such indication.

The computation was stopped at T =5.7 when.fﬁg again starts

to decrease. In turbulent state, we find rather regular
modulation of]?ﬂLs,but somewhat irregular modulation ofl?ﬂs.
Let us confine ourselves to the behavior ofl?kh around = 3
and3.7: We find that at T= 3 lﬁland.lﬁﬂ are decreasing whereas
all otherl?il(n:B,b,....,N) are increasing, and vice versa at
T =3.7. The same behavior also appears in l?&%. |?;b is
not so regular but seemingly random. Noteworthy 1is that the
decrease or increase of [ﬁl‘andl?Js is followed by the increase
or decrease of large wavenumber components with a certain
delay of time. This indicates an important clue to the mecha-
nism of energy transfer between the modes. By comparing
l§;h:5 andl}ij3, it 1s seen that the mode coupling process is
more violent in the vicinity of boundaries, and quasilinear
process is more important in central reglons. These results
are justified judging from the indlcation of Fig. 3.11 and

are consistent with Sato's criterion (Sato, 1971) that if Eext
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is below a critical value Eci’ both quasilinear and mode
coupling processes stablilize the unstable waves; in the present

case E /Ecl'v 0.9 at T= 0. We note that the quenching of

ext
amplitude at T= 1.2 ~ 1.8 is mainly achieved by the falttening
of the background density §f,, not by the shielding of the
external electric fileld. Since this point is important,
we shall discuss later in more detall.

Fig. 3.4 shows examples of amplitude distribution_versus
normalized wavenumber n between T = 3~ 4. From the figure
it is seen that the turbulent spectrum I =I§xffl, shows
an exponential type e~ %1 (A=1~ 2) at m = 3 and a power
type n~% (b= 3 ~4) at m = 1 (and 53 not shown). Again
this indicates that in the neighborhood of boundaries, mode

coupling is important but not in the central reglons.

Case 2 Fig, 3.5 shows another computed example for an
exponential background density. Eext is taken to be ten
times larger than that of Case 1. According to the theory,
this case corresponds to an explosive instability, because
Eext S Eél ~ 12Eco. l?”lhk , of central regions, saturates
at T= 1.9 with the relative amplitude of 6 % and starts to
decrease up to the initial state. On the other hand, l?;h

andl?a near boundaries once saturate at T=2.1, agailn grow-

l‘7
ing to 12 ~ 15 %. Unfortunately, we meet a numerical insta-

bility at T= 3.4, and therefore it is impossible to have
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Fig. 3.5, Same as Fig., 3.3, except for Case 2.

Fig. 3.5a. m=1 (z=1/8).
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Fig. 3.6. Amplitude distribution of density wave
(|B,]) for case 2. |5n| versus normalized wave-
number n at m=4 (z=4/8) and 7 (z=7/8) is shown
during t=2.2 ~ 2.8. It is seen that |5n| obeys

e and n~ 2 at m=4 and 7 respectively.
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subsequent informations. It is not clear whether this numeri-
cal instability is due to the coarse mesh width of 7 direction
or due to the small N (= 8). Comapring to Case 1, we see

that ,EZJL7 behaves in a body as a whole; that is, small wave-
length components increase when long wavelength components
1ncfease and vice versa. Accordingly we cannot recognize the
ordered exchange of energlies between harmonic waves. This
contrasts with Case 1 in which the ordered exchange has been
observed. l?;MJ on the contrary, behaves gently as in Case

1. We note that the behavior oflEuLshows a close resemblance
to Fig. 5 of Sato et al.(1967) in the one-dimensional model (
Eext/Eco = 57)-

Examples of amplitude distribution at m = 4 and 7 be-
tween T = 2.2 ~ 2.8 are shown in Fig. 3.6. It is obtained
that I« n-d (A~ L4) at m = 7, and that I, e~ %1 (ot~ 2)
at m = 4, It is easily seen from Figs. 3.5 and 3.6 that
the spectrum is harder near boundarles than around central
regions.

We infer that after T = 3.4 the system becomes more

turbulent than before.

Case 3 A hyperbolic tangent type distribution is chosen as

the background density distribution. In the computation,
ap
_90(1,0) was taken as 1.25_f0(0,0), and Efg at ¥ =0 and 1
1 dfo(1/2,0)

was taken as i3 % . Fig. 3.13 (T = 0) shows such
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Fig. 3.7. Same as Fig. 3.3, except for Case 3.

107! _
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Fig. 3.7a. m=5 (z=5/14).
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Fig. 3.7bh.

m=7 (r=7/14).
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Fig. 3.8. Amplitude distribution of density wave
([5n|) for Case 3. |5n] versus normalized wave-

number n at m=1(g=1/14) and 5(z=5/14) is shown during

-3n/4 -3n/2

=3 ~ 4. It is seen that |5n| obeys e and e

at m=1 and 5 respectively.

79



a distribution. From this distribution it is expected that
the instability would not occur near both boundaries, at
least, at the initial stage of the evolution.

Fig. 3.7 illustrates the time evolution oflfi& and/}ilq.
After the linear growth, uilis quenched at T = 1.2, having
an amplitude of 5 % Thereafter [ﬁl fluctuates more or less
though the average amplitude gradually decreases. Such a
trend is seen in the evolution of other higher harmonic waves.
After T= 5, we see that the equilibrium state continues
until the computation was stopped at T= 7.7

Amplitude distribution between {= 3~ 4 atm =1 and 5
-1s shown in Fig. 3.8. From this it is seen that Inoc e-an

with o= 1.5 ~ 3. Note that the spectrum at m = 1 is harder

than at m = 5.

Case 4 The background density distribution was modified

from that of Case 3 in such a way that £,(1,0) is 1.5 S5 (

dfy(1,0) . 4Fy(1/2,0) df,(0,0)
0,0), and that TS is T.3 I3 ,and that —
is almost the same as df%é%/Z,Ol . This distribution is

shown in Fig. 3.14 (T = 0). From this figure we expect that
the turbulence would appear more easily in the vicinity of the
lower boundary than the upper boundary.

In Fig. 3.9 shown arel?ﬂsandl?ih7for comparison.
|'f1|5 and Ilf\"llq are quenched at U= 1.6 and 1.4, respectively,
with the amplitude of 10 ¥. Thereafter |P.ls (n22) tends to
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Fig. 3.9.

Same as Fig. 3.3, except for Case 4.
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Fig. 3.9a. m=5 (r=5/14).
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m=7 (z=7/14).
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Fig. 3.10, Amplitude distribution of density wave
(|p,1) for case 4, |3, | versus normalized wave-

number n at m=1(z=1/14)and 7(z=7/14) is shown during
t=1.6 ~ 1.9. It is seen that |p | obeys e"3n/2

and n~> at m=1 and 7 respectively.
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increase as a whole, eventually followed by numerical insta-
bility at about T= 2.2, |’f:,lq (nz 2), however, shows a
rather gentle behavior. IF;JS shows the ordered exchange of
energies between harmonic waves for the time between T = 1.2

~ 1.8. On the other hand, (fnly does not such a behavior.

This may be due to the difference of deformed background density
distribution from place to place. We note that Case 4

ext/EcO = 55.

Fig. 3.10 shows amplitude distributions betweenT= 1.6

develops into strong turbulence, because E

~ 1.9atm=1and 7. Itis seen that I o e Mgt m=1

6

and that I « n~° at m = 7, suggesting turbulences to be

stronger in central regions than near both boundaries.

In summary we point out a few characteristics of the time

evolution of lEJ found by the computations as follows:

1. After a linear growth, l}ﬁl 1s quenched and its satu-
ration level varies depending on the strength of the
electric fleld. The amplitude of Iﬁl does not hold a
certain level but changes in somewhat regular fashlon.

[?@I (nz 2) is also quenched once, and then develops into a
turbulent state. When E_ ,>E , (Cases 2 and 4), the system
results in a strong turbulence. On the other hand, when

Eext £ E01 (Cases 1 and 3), the system behaves gently for
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a long time,

We find that the ordered exchange of oscillation energies
between harmonic waves 1s observed in some limited reglons
in Cases 1 and 4.

In a turbulent state, density spectrum In obeys a power
law or exponential law, depending on conditions; i.e., In
is given as n~% and e~ %1 depending on regions to which
our concern is confined. We cannot deduce clear dependence
of the index & on the external electric field. However,
it should be remarked that whether spectrum becomes soft

or hard depends largely on profiles of background density

and potential which supply the energy to waves.

Deformation of Background Density and Potential

As was described previously, the essential difference

between one-~ and two-dimensional models lies on whether or

not interactions between background density f o(z), potential

(z) and propagating waves in the y direction are taken
0

into account. The most slignificant profit of the two-

dimensional calculation is in that we can visualize a time

evolution of J°o(z) and'%o(z) and know how the nonlinear
quenching of |f,| 1s achieved.

Case 1  Fig. 3.11 shows the distribution of f, and }bo at
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Fig. 3.11. Time evolution of background potential
(wo) and density (po) distributions for Case 1.
wo andp0 versus ¢ are shown. Initial distribution

is assigned to time T1=0.
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several times. Initial distribution is assigned by T= 0.
As time goes on, ~f0 once flattens in central regions around
T = 1.35 and keeps deforming until T= 2.3. After this
time the distribution starts to return to the previous state,
and again flattens (see T= 3.44). For some time the flattened
distribution continues. Around T = 4.5, it starts again
to deform clearly, resulting in somewhat irregular shape.
The trend qf the flattening is retr%?éd around T= 5.5.
Thereafter the computation was stopped at T = 5.7.
On the other hand, the flattening of #b appears at T =

1.35 which is not so clear compared to f’o. After this time,
the distribution keeps the state similar to that of T =2.3,
Therefore it is concluded that in this case the flattening of
the potentlial is not so important.

" Keeping in mind these results, we discuss again the time

evolution oflfkl(Fig. 3.3) as follows.

1. The saturation oleJ seen at T = 1.2 ~ 1.8 is achieved
by both the flattenings of f’o and YJO, the former being
of much importance for the present case. The decrease of
|}i\3 around T = 2.3 is well correlated with the inverse
gradient of f 4. The large increase of '?111 and l?, &
around T= 4 ~ 4,7 is initiated by the deformation of j%,
the distribution of which have retained a clear flattening
till T= 4.
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2.

As was polnted out previously, in a steady turbulent
state the energy of l?l]i or l?;ls is transferred into smaller
wavelength components in a regular fashion. This is
understood in terms of the density and/or potential flatten-
ings, 1.e., the energy decrease of l?;h'orl}ils appears in
accord with the time when the density flattening occurs,
and the increase is correlated with a 1ittle breakdown of
the density flattening. The osclllation energy of I?ilis,
through mode coupling, transferred gradually with a time
scale of 1 to smaller wavelength components, where the
oscillation energy is partly dissipated by classical dif-
fusion. Another part of energy is fed back to _fb and
ypo through quasilinéar effect. Thus we can recognize
the energy flow from the supplier to the consumer.

We find rather cyclic growth and decay of 'FL', resulting
from the deformation of f; and Y. |

The denslty spectrum In becomes softer at m = 3 than at
m=1, 5 due to the flattening of -fO' This agrees with

-0n 17 {

the previous result; I « e at m =3 and I o n_ at

m=1 and 5.

Case 2 This case resulted in a stronger turbulence than

Case 1, and eventually we met numerical instability. Fig.

3.12 shows the time evolution of fb and ‘WO of Case 2. As

is seen in the figure, the trend of the flattenings of j’o
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Fig. 3.12, Same as Fig.

3.11, except for Case 2.
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Fig. 3.13. Same as Fig. 3.1l1, except for Case 3.
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Fig. 3.14, Same as Fig. 3.1l1l, except for Case 4,
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and ‘Yb is obvious around T= 1.7, though not so prominent as
Case 1. With the passage of time, both ~F0 and 'PO are
deformed in an irregular manner. We cannot tell whether
these irregular deformations represent the real behavior of

the system or some indication of numerical instability.

Case 3 In this case, the evolution of l?;lis rather regular
and the amplitude tend to decrease with the passage of time.
Fig. 3.13 shows the time evolution of fb and }VO. At T=
1.2 when ﬁil saturates at first, we cannot see so much the
flattening of J°0 as that of '?0. This result clearly
contrasts with that of Case 1. As times go on, however, the
flattening of -FO becomes distinguished, while the distri-
bution of ‘Yb fluctuates. We can see the density flattening
at T= 4.74 all over the regions except near both ends.

This 1s the reason why all waves subside gradually.

Case 4 Fig. 3.14 shows the time evolution of f% and jﬁo.
This figure indicates that -FO deviates hardly from the initlal
distribution until T= 1.1, more to sayT= 1.5 (not shown)
and some wavy structure appears and grows as time goes on.
'ﬂfo, on the other hand, continues to be deformed in a clear
manner till T= 1.1 and forms the clear flattening. But
the shape is destroyed once (U= 1.45) and then restores the
flattening around T= 1.8, though partially kinked. After

T = 1.8, JDO becomes irregular. The initial quenching of
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Lfi‘s and \fah around T= 1.3 (see Fig. 3.9) in this case is
well correlated with the vanlishing of the electric fleld but
not that of fj.

As a summary of this subsectlon, we point out that which
flattening, -FO or jbo, is more important for the saturation
of the instability depends largely on a boundary condition.
If either of dfo/dS and d#b/dx remains to be zero, the
energy flow to unstable waves 1s shut off and the amplitude
of waves 1s decreased by the energy cascade to smaller wave-
length éomponents. Hoﬁever, it 1s likely that the profile
of fb and (VO is again deformed by the feedback of oscillat-
ing energy to ﬁb and ﬂPO, and/or by some locally existing
steep gradient of density. Thus the c¢yeclic behaviors of
\Pn| as shown in Figs. 3.3, 3.5, 3.7, and 3.9 seem to be
caused by the competitlon between quasilinear and mode coupling

effects. When E v Ecl’ mode coupling process predominates

ext
quasilinear one, so that the flattening is not achieved so
much clearly as in the case of Eext‘< Ecl' Then we have a

strongly turbulent state.

Density Irregularity

Spatial irregularlity patterns at a time T in the

(y,z) plane are shown in Figs. 3.15 and 3.16. We have
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Fig. 3.15. Initial (1=0) , monochromatic perturbation
of density in real space for Case 1. The perturba-
tion has the amplitude of 1% of the background density
and vanishes at both boundaries (=0 and 1). The
same form as this perturbation is used for other

cases.
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Fig. 3.1l6a. Density irregularities in real space at
1=2.6 for Case 1. Large irregularities are seen

around both boundaries.
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Fig. 3.16b. Density irregularities in real space

at 1t=2.6 for Case 2. Irregularities are seen all
over the regions, bheing largest around both

boundaries.

96



tanh%Z A' Q@

Eext _ 1,&
Eco 55 Vi Z P / 1
-
Y
7
7/
A~ 0.5 g
e
7
/
l/,-
7/
A o 7 9
0.5 1
Fig. 3.1l6c. Density irregularities in real space
at 1=1.8 for Case 4. Large irregularities are

seen around the middle regions of z and vanish

around both boundaries.
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Fig. 3.17. Time evolution of the waveform of
density in real space for Case 1. As times go
on, the wave propagates to the right with its
growing and subsequently decreasing amplitude, and

suffers the deformation as shown in the figure.
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Fig. 3.18. Waveforms of density in real space at
1=2.63 for Case 2, The number labeled on each

curve means the distance from z=0; m=1, 3, 5, and 7
correspond to z=1/8, 3/8, 5/8, and 7/8 respectively.
Note that the waveforms of m=1 and m=3,7 are soliton-
and sawtooth-like, respectively, while the waveform

of m=5 seems to be monochromatic.
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already shown the time evolution of -PO in Fig. 3.11 to Fig.
3.14, hence P(7,%,T) - f5(5,T) is shown in the figures.

Fig. 3.15 shows a monochromatic initial (T= 0) pertur-
bation of density with relative amplitude of 1 %, for Case 1.
Same types of perturbation as Fig. 3.15 are imposed for other
cases. General time evolution of perturbation 1s as follows.
Initial perturbation moves approximately with the Hall speed
along N-axis as its amplitude grows. After the nonlinear
quenching of amplitude has been achieved, monochromatic shape
is destroyed and an irregular form develops. With the
passage of time, the amplitude of irregularities oscillates
as is seen from the time evolution of the spectral density
shown previously.

Fig. 3.16a illustrates the density irregularity at T= 2.6,
for Case 1. Amplitudes of the maximum and minimum are 10 %
and -7 % respectively. We see that the irregularity 1is
largely deformed from the monochromatic disturbance especially
near the boundaries, but not so much in central regions of
where the flattening of -FO is formed. Another example
of the density irregularity at T= 2.6 for Case 2, where a
very strong turbulence takes place, is shown in Fig. 3.16Db.

It is seen that the perturbation is highly irregular, the
amplitude of which amounts to + 20 % near the boundaries.

Fig. 3.16¢c shows the example of Case 4. Strong irregu-

larity with the amplitude of + 12 % is formed in central
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regions of X .

The detalls of density irregularity are shown in Figs.
3.17 and 3.18. For Case 1 (Fig. 3.17) we note that as time
passes the waveform keeps moving to the right and is localized
as the amplitude increases, and becomes broad and irregular
as the amplitude decreases. Because Eext is below Ecl for
Case 1, the waveform is not deformed in so irregular fashion.
When Eext 1s beyond Ecl’ however, thls is not the case.
Fig. 3.18 shows waveform of four different positions m = 1, 3,
5 and 7 at T= 2.63 for Case 2. As is seen, the waveforms
of m=1and m = 3, 7 are soliton- and sawtooth-like, re-

spectively, and that of m = 5 seemsto be monochromatic.

IV. Discussion

Now, we compare the computed results with nonlinear theory
of Sato(1971). The comparison 1s listed in Table 3.2 where
'tL and :EL indicate the linear growth time by the theory
and by the computation, respectively. lfihls rep-
resents the theoretical quasilinear saturation amplitude of
the mode with wavenumber km at which the linear growth rate
f

1s maximized. lfk; 1s the computed saturation amplitude of
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Table 3.2. Comparison of computed results with theory.
Case 1 2 3 4

11, 0.660 0.925 0.602 0.652

Theory
EEOIRES! 12 7.1 10

m

?L 0.646 0.844 0.608 0.648

Computed s

results lpkll ()] 6.1 7.8 5.0 7.0
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the mode with wavenumber k1 ( t.e., the fundamental mode).
The upper bar means the average quantity over z.

h L and LIf
Some discrepancy betweenlﬁ;landlfﬂd indicates that the mode

Table 3.2 indicates a good agreement of T

coupling plays a role to some extenﬁ in stabilization., The
discrepancy becomes large as Eext increases. This is because
the mode coupling becomes more important for larger Eext'
Concerning the flattening of the density and potential
profiles, our computation found that which quasilinear process
dominates depends largely on boundary conditions. For an
exponential type, i.e., Case 1 where the density gradient
exists everywhere along the z direction, the instability is
mainly shut off by a plateau formation in the density profile.
For a hyperbolic tangent type, i.e., Cases 3 and 4 where the
density gradient exlsts in the middle regions and vanishes
at boundaries, the quenching is mainly due to the flattening
of the potential profile at least at early stage of time and
thereafter both effects become operative. We can infer from
the result of the latter type that, if the boundary width 4
goes to infinite while keeping the density gradient only in
the middle regions, the quenching due to the flattening of
the potential profile might be important for all the time (
Sato and Tsuda, 1968; Tsuda et al., 1969). We remark that
Hooper's experiment (1971) in a reflex arc and the quasilinear

theory by Kim and Simon(1969) may correspond to Case 1, and
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that Cases 3 and 4 more or less represent the lower lonospheric
condition.

Spectral appearances as shown in Fig. 3.3a, that 1s to
say, l?ll 7'?,1] around T= 4.2, and the initial growth and
following decay of ﬁil, hay explain the Hooper's experiment.
When Eext is far below Ecl’ we can expect that spectral
appearance becomes quite chaotic so that the main mode 1is
not necessarlily the leading mode. Ion cloud experiment in
the lower lonospheric E layer by Davis(1971) serve a number of
results to be compared with the nonlinear analysis. Though
not satisfactorlly, sporadic appearances of discrete spectrum
i.e., cyclic growth and decay of discrete spectrum, are
explained by the present ahalysls. We have shown some indi-
cation of the cyclic growth and decay of the instabllity (see
Fig. 3.3).

Rocket observations of sporadic E layers (Smith, 1966;
Oya, 1967) and of equatorial E layer (Prakash et al., 1970)
seem to support the results of our model. From Fig. 3.16¢c
we have an irregularity with characteristic length of a few
hundred meters in both the y and z directions, and of the

amplitude of 12 %.
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V. Summary and Conclusion

We have shown computer analysis of the two-dimensional
nonlinear cross-field instabllity. Important difference
between the one- and two-dlmensional models 1s that the non-
linear saturation of unstable waves 1s achieved only by the
mode coupling in the former, but not only by the mode
coupling but also by the quasilinear effect ln the latter.

The quasilinear process acts to deform background density and
potential profiles, that is, to flatten the profliles, thereby
shutting off the growth of the instabllity. We find that
which flattening takes place depends on boundary condition.
For the density distribution of an exponential type, the
flattening of the density profile 1s more important than that
of the potential profile. This 1s because the excess charges
accumulated at boundaries (electrodes) are short-circuited

by the external circult. Our boundary condition imposed on
the perturbation is Jjust the case. On the other hand, for
the density distribution of a hyperbolic tangent type, in
which the density gradient vanishes near boundaries, we find
that the flattening of the potential proflle plays the leading
part in stablilization. The reason 1s as follows. In this
case there are no potential fluctuations to be short-circuited

near boundarlies, since the fluctuations are concentrated in
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central regions. We point out that the former and latter
cases may correspond to the circumstances of laboratory experi-
ment and to the lonospheric E layers, respectively. This is
consistent with the inference of Sato and Tsuda(1968), Tsuda
et al.(1969), and Sato(1971).

Another feature to be noted is the cyclic behavior of
spectral density I?i\. If Eext 1s a little beyond EcO’ the
amplitude of \F&lstays at a constant level after a saturation.
However, when Eext is increased more, the mode coupling process
becomes to be operative to destroy the flattening of density
and/or potential profiles. Hence the competition between the
quasilinear and mode coupling processes reflects the cyclic
growth and decay of l?;l. If Eext>>' Ecl’ strong mode
‘coupling process, which stabilize no more the system, predomi-
nates the quasilinear process to yield an explosive instability
(Sato, 1971). - This was confirmed by our computations,
although we met a nﬁmerical instability, perhaps because of
small mode number used.

In conclusion, we recommend that more detalled analysis
of two-dimensional model will give better understanding of
the behavior of ionospheric irregularities and of laboratory

experiments.

106



Chapter &4
NEW MECHANISM OF AURORAL ARCS

I. Introduction

Auroral displays glve us an important clue for study of
dynamic couplings between the magnetosphere and the lonosphere.
In spite of its simple destiny of visibllity, the aurora is a
complex, mixed-up, phenomenon assoclated with a number of
dramatic processes, e.g., acceleration of charged particles,
precipitation of the accelerated particles into the lonosphere
and arc formation,

From the electrical viewpoint, the lonosphere is a current-
carrying medium, whereas the magnetosphere usually behaves as
a dielectric across the magnetic fleld lines and as almost a
perfect conductor along them. The auroral particles make
long excursions over such distant and electrically different
medla as the magnetosphere and the lonosphere. Such long
excursions make it very difficult to solve the charged particle
motions assocliated with auroras.

So far a number of concepts have been presented on the
magnetosphere-ionosphere coupling; the so-called Bilrkeland
current system and Alfvén layer may be the first and most

basic ones. Schield et al.(1969) pointed out that the
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Alfvén layer could be a source of field-aligned currents.
Various auroral models have been presented by many authors (
for example, Kern, 1962; Fejer, 1963; Bostrém, 1964, 1968),
All these considerations help us to have a deeper understand-
ing of charged particle dynamics.

In those models, however, the ionosphere is usually treated
as a passive medium; the ionosphere merely acts as a huge
passive screen upon which a magnetospheric picture is drawn,
and the magnetosphere plays the leading role in most of the
auroral dynamics. Recent rocket-borne and satellite experi-
ment have revealed that the lonospheric current system 1ln the
auroral zone is connected with the magnetospheric electric
current system via field-aligned currents (Cloutlier et al.,
19703 Armstrong and Zmuda, 1970; Vondrak et al., 1971; Park
and Cloutier, 19713 Choy et al., 1971).  This fact suggests
that even the ionosphere could be an 1n1tiat6r of aurora
formation, though not such a drastlc one as the magnetosphere.
The purpose of thls paper i1s then to look for a mechanism in
which the lonosphere plays an lmportant part in aurora |
formation.

Among various features of auroral displays, our primary
concern is the auroral arcs. It is well known that the aurora
often exhibits a multiple character in its curtaln-like forms.
Akasofu et al.(1967) sald that this multiple character would

provide significant information on the production mechanism
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of auroral particles. In fact, Akasofu and Chapman(1961) and
Coppl et al.(1966) considered that the multiplicity was a
direct consequence of an acceleration mechanism in the magneto-
sphere; namely the mechanlism itself has a multiple structure.

Recently, Atkinson(1970) proposed a different model; the
multiple arcs result from nonlinear feedback osclllations of
electric currents flowing up and down along the magnetic field
lines, which are closed by the magnetospheric polarization
current. This model is based on an idea that the auroral arcs
caused by a cooperation between the magnetosphere and the
ionosphere. However, a questlon about hls treatment of cold
electrons flowing up along the magnetic field lines has been
raised by Sato and Ogawa(1972).

In this paper we investigate another possibility of
multiple arc formation. Our model is constructed on the
basis that the multiple character has its origin in the iono-
sphere, and thelr development is determined by the ionosphere-
magnetosphere coupling.

Akasofu et al.(1966) report that the multiple arcs appear
during rather quiet times of auroral activity and that they
usually move toward the equator during those times. This
fact suggests that the arc formation 1s a phenomenon pertinent
to qulet auroral activity. Therefore, 1t is not necessarily
self-evident that the multiplicity is a simple project of

the structure of acceleration mechanism in the magnetosphere,
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as was considered by Akasofu and Chapman(1961) and Coppil et al.
(1966). Rather, it seems likely that the multiplicity is a
manifestation of some other process pertinent to quiet times.
In this paper we propose a new mechanism of auroral arc for-
mation; the ionospheric irregularities produced by some
ionospheric plasma instability trigger a precipitation of
auroral particles and result in multiple auroral arcs. In
other words, the mechanism is constructed from the following
two stages (two- stage theory); first, a macroscopic iono-
spheric irregularity (arc-to-be) is formed, and secondly, .the
arcs~-to=-be are intensified by particle precipitation triggered

by some mechanism and result in well-developed arcs.

II. Description of Model

Our model consists of the following two stages:

1. We assume that, during pre-break-up periods, or
recovery phase, of the substorm, an appreclable amount of
charged particles precipitate rather uniformly intoc the iono-
sphere around the midnight. The static electric field directs
to the south as a whole (see, for example, Haerendel, 1970).

Under these circumstances, the background ionosphere is formed
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In such a way that the electron concentration gradually in-
creases towards the morning side (eastwards). Such configu-
ration is subject to a kind of collislonal drift-wave insta-
bility, the so-called cross-field instability (Tsuda et al.,
1966). As a consequence of this instability, there arises a
wavy structure in electron concentration as shown in Fig. 4.1.
2. A polarization electric fleld, Ep, arises across an
enhanced part of the irregularity (arc-to-be) as shown in Fig.
k.1, The induced potential ¢> due to Ep drives a field-
aligned electric sheet current, possibily terminated by . the
ionospheric Pedersen conductivity in the opposite hemisphere
(Fig. 4.2). Since the electrons have much higher mobilities
than the lons, we may consider that the current is carried
mainly by the electrons. When the speed of electrons exceeds
the critical speed, the lon waves are excited and the ambient
electrons will probably be accelerated by some nonlinear
wave-particle interactions (Buneman, 1959). Although one
does not know the acceleration rate as yet, one may assume
that kev electrons are effectively produced by such nonlinear
interactions. If such kev electrons are not produced, the
original ionospheric irregularlty will probably be smoothed
out, since the space charges that produce the polarization
fileld Ep may quickly be cancelled by the short-circult effect
along the magnetic field lines. The kev electrons produced

by the ion-wave instability however, can produce a great
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y (east)

Fig. 4.1. Coordinates and configuration

of the system.
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Fig. 4.2a. Schematic view showing the relation between
the field-aligned currents j and the ionospheric ir-
regularities of electron concentration n and induced
potential ¢. Note that the positions of the current
sheets shift toward the north as the inductance along

the magnetic lines of force or §, increases.
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IONOSPHERE

MAGNETOSPHERE
= TONOSPHERE
(3ihu |
b
Fig. 4.2b. An equivalent electric circuit connect-

ing the ionospheres of both hemispheres via the magneto-
sphere. When the jonospheric irregularity moves
toward the equator, an alternating voltage arises

between two fixed magnetic field lines.
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number of ion-palrs down in the lonosphere. Accordingly, the
electron concentration 18 enhanced at places upon which the
kev electrons precipitate, namely, at the feet of the field
lines along which the ilon-wave instablility takes place. This
enhancement of electron concentration causes an additional
polarization field due to the background southward electric
field. If this additional field overcomes the short-circuit
gffect along the field lines, the original irregularity may be
enhanced and develop into the auroral arcs.

If the impedance of the closed circult is purely resistive,
the precipitation place of kev electrons (peak of thg potential)
deviates by one-fourth wavelength from the peak density of
the irregularity (see Fig. 4.2a). In this case an intensi-
fication of the original irregualrity may not be expected.

In actual cases, however, the electrons experience a phase lag
during thelr long excursions because of the inductance along
thelr path, namely along the field lines. Thils inductance
acts to make the precipitation coincident with the peak density
of the lirregularity. With an appropriate phase lag, theréfore,
the growth of the irregularity may be maximized, and the
original irregularity is expected to develop into multiple
auroral arcs. A quantlitative discussion is given in the

following section.
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III. Theory

A. Coordinates and Equations »

A right-hand coordinate system (x,y,z) 18 so chosen that
the x, y and z axes in the south, east and upward directions,
respectively. For simplicity, we take up the northern
hemisphere, so that the geomagnetic field directs downwards
(negative z axis).

The governing equations that describe the dynamics of
charged particles in the E layer ionosphere (100 - 150 km
heights), may well be described by

an + + 2
5¢ T Vravs = g= - an®, (4.1)
+ _ + + +
nY_ = +ny, - (g + Y— b §) —_D"-Vn, (4.2)

where the superscripts + denote electrons (-) and ions (+);

n is the electron concentration (equal to the ion concentration);
q is the production rate of charged particles; o[ 1s the re-
combination coefficient; W, and Dn_denote, respectively, the
mobility and the diffusion coefficient along the magnetic

field lines; E and B are the electric and magnetic fields.

The Eqs. (4.1) and (4.2) may be sufficient to describe the

behavior of charged particles in the E layer ionosphere,
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since the time scale of interest is much longer than the
collision times, the inverse of cyclotron frequencies and
the inverse of plasma frequencles, of both the electrons

and lons. Further, since the ilonosphere is a low-(3 plasma
the change of the magnetic field can be neglected; namely,

the electrostatic approximation is valid.

B. Background Distribution

Recently, the techniques of electric fleld measurements
have strikingly been developed and have disclosed that the
static field in the ionosphere mainly directs southward in
the northern auroral zone, typically 10 to 50 mV/m (see
Haerendel, 1970). This southward electric field ExO drives
the precipitating particles toward the east, so that the
lonlzation 1s expected to increase gradually toward the east.

Neglecting the diffusion ﬁerms and putting q+ =QqQ = Q,

Eqs. (4.1) and (4.2) are approximately reduced to

an an _ _ 2
5€ + vyﬂﬁ = q an®, (4.3)
where
+, - - +
v = BP“H + upuH -
yo0 wt oo x0 ~ Yu"x0 ,
p P

with I,L%:’L:-:'- /(1 + (HE B)2J and ,u.;l-'-= M% (M“i B)e In
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deriving Eq. (4.3) we have assumed that the lonizatlion in the
precipitation zone distribute uniformly along the north-south
direction, since the drift speed of the lonization along this
direction may be smaller than vyd (Exo7> Eyo)' The steady

solution of Egq. (4.3) 1seaSily solved as

_ Aexp(2ny) - 1
ny{y) =N —7

1 Aexp(2ny)

‘,

(4.4)

where Ny = (a/a )1/2, M=aN /v o and & = (N + N)/(N; = Np),
N0 being the elctron concentration at the western edge of the
precipitation zone, namely, at y = O. For example, we choose
the ionospheric parameters during rather qulet times of
auroral activity such that

107 m'3, o= 10713 mBSec-l,

107 m'BSec-l, Voo = 200 msec1.

0
i

Thus we have

6 -1

N, = 1010 =3 » N, and n= 5X 10~

Eq. (4.4) is then approximated by
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From Eq. (4.5) it is seen that the ionization monotonically
increases towards the east from Ny up to N1 and that the
scale length (e~folding distance) is approximately Vt'l’v
200 km for the present case.

Next, we shall show that the above configuration is
subject to the cross-field instability, resulting in a large
scale irregularity of electron concentration (arc-to=be)

whose fronts are roughly parallel to the east-west direction.

C. Irregularity Formation (1st srage)

We put the layer width of the ilonosphere under consider-
ation as h, 50 km, say, and discuss the problem with the
quantities averaged over this layer. This 1s equivalent to
regarding the ionosphere as a horizontal plane.

Combining Eqs. (4.1) and (4.2), we obtaln

dn _ k. 3 - 93 3
°t uH[ ax(nEY) ay(nEx)] + up[ ax(nEx) + ay(nEy)]

2 2 amb
- Df( 3_!21_ + 3_1%) =q - anz - D"2 [n - no(Y)], (4.6)
Ix oY h

where the last term on the right represents an equivalent
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diffusion loss along the magnetic field lines (across the
jonosphere plane)s Qi = D%/'[l + (fﬁ? B)ZJ .

Linear analysis of Eq. (4.6) gives the growth rate as
(see Appendix)

2
- ERT[(B - tane)Exo + (1 + Btane)Eyol

iz(l + tan26) + (1 - Btane)2

_a.2.amb amb
- k2K' D; - Duz - 2an0 , (4.7)
B h

where (3 = Mp/MH (= Pedersen/Hall conductivity) with M, =/4;

- - 2 - -
+ ,up and My =py - /,LE; €= KMHM/MP; M =H;MH + /,(pﬂ.ﬁ;
D™ = (u} DI +pup DI)/M, and p2™ - (u¥ DT + K DY)/

(fqr + M) % is the normalized wavenumber defined by

¥ = k2 2/rx.z, rK=d4(ln no)/dyﬂﬂl and k being the wave-
number; & is the angle between the x axis and the wave vector
g, measured toward the y axis. In Eq. (4.7) we may neglect

<
the term of E_, since lEyolx lEzO' . Then we have

yO
2 E(B - tan8)E,, 2pamb
r = k[ ~32 2 2 - 2 ]
k“(1 + tan“9) + (1 - Btand) B
amb
- Bl - 2an,. (4.8)
h

From Eq. (4.8) it is seen that, when X2 is fixed, the growth

rate [" is maximized at
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2
tang = B - [1 + B2 + 12—3—311/25 tano_ (4.9)

~

B” + k

When, on the other hand, the angle 6 1is fizxed, _[__’ 1s maximized

at

~2

E
k< = cosze{[(e - tang) (1 - Btane)z—-}-(-g-]l/2

Ec0

- (1 - gtang)?} Ek; (4.10)

H

where E =M KDamb/M. For example, we put the parameters
cO H L

as follows:

My ~ 10* n2v~lgec™1
My, ~ 5X 103 w2V~ lsec™!
M ~ 108 (0%v™1sec™1)?
Dﬁ’mb ~  2x10% m?sec™?
Dimb ~ 5 n®sec™!
a  ~ 10”713 mIsec™?
k-l ~ 200 (~q7Y) km
E;g 10™2 vm~ !
ng ~ 5 x 107 w3,

Then we have
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=05 §=02 and Eg~ 2551077 val

Thus Eq. (4.10) is approximated by

~2 2 E
m ~ €0 0, [(B - tan@ )(1 - Btanem)zﬁfg]l/2>> 1.(4.11)
Since k i>p Eq. (4.9) is reduced to
tan 6, B - (1 +pB2¢ 1, (4.12)

l.e.,
459 < o, < 0.

For the present parameters, we have Gmfv -300. From Eq.
(4.11) the wavelength )\m for maximum growth rate is estimated
to be about 20 km. By using above approximations and
assuming (3§,1,-the maximum growth rate [;, 1s approximately

given by

amb

o~ § B - B - 2atng. (413

We see from Eq. (4.13) that the instability can arise when

the electric field Exo exceeds a certain critical value.

122



For the present parameters we have Fm ~10"3 sec”l. or
course we can obtain different values of em, 7\m and Fm
by choosing other set of parameters. If we put (3~'1, then

we have
9m ~ -230, Apg ~ 30 km and I’m’” 10™3 sec~1.

From the above discussions, it may be said that the
cross-field instability can produce the ionospheric irregu-
larity whose spatial dimension is coincldent with the spacing
of auroral arcs and whose fronts are roughly parallel to the
east-west direction but tilt somewhat in a northwest direction.

It is to be noted that nonlinear studies have shown the
amplitude of unstable waves can reach to, say, 50 % of the
background concentration (Sato and Tsuda, 1967; Tsuda et al.,

1969; Sato, 1971).

D. Formulation of Arc Formation (2nd stage)

In this section, we formulate the process by which the
irregularity caused by the plasma instability develops into
the auroral arcs. For simplicity, we will here concern
ourselves with one-dimenslional case; the wave front of the
irregularities are parallel to y axis.

As stated in Section II, we assume that the electrons

come into and go out of the lonosphere in proportion to the
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potential ¢ arising in the irregularity.

The continulty equations are then given by

a -—

3E * 5x(vy) = Sg(vg + Déx) - aln® - nd) for ¢ 2 o,
(4.14)

an . 3

s—t- + 3% (an)

]

5,01 =y ) é(x) - a(n? - ng) for ¢ <0,

and
on , 3, 4 _ 2 2
3t Si(nvx) = S3Yq% (x) a(n n,) for 42 0,
(4.15)
an 9 +. 2 2
32 T 3x (V) = =87, 9(x) - a(n® - ny) for ¢< 0,

where Sd|¢| and Sul¢| (Sd.> 0, Su 7> 0) represent the rates
of coming-down and goling-up electrons proportional to the
potential of the lrregualrity; ‘Ya.and Y”u are the lon-pair
creation rates of the kev electrons associated with the
coming-down and going-up electron flows.

The flow equations may be given by

" 9 (x), _ -
Vx T up[Exo X ] uHEyO )
(4.16)
+_ ot Sd0(x), ot
Vx T up[Exo X ] uHEyO'

Eqs. (4.14) and (4.15) are rewritten as
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Sd(Yd + 1) (x) - a(n2 - ng) for ¢ >0,

an , 3 .-y (4.17)

(1 - v )o(x) - a(n® - n?) for ¢ <o,

and
-esd¢(x) for ¢ > 0

’
oI

= = (4.18)

-esu¢(x) for ¢ <0,

where I, = en(v; - v;). To exclude the charge accumulation,

we add the following neutrality condition:

S $(x)dx + S ¢ (x)dx =0,
djL>0 gj¢<0

$(x)dx + p(x)dx = 0,
$>0 $ <0

we have Sd = Su = Se.

Since

When we take into account the phase relation between the
potential ¢(x) and the sheet current, we must replace 95 (x)

by ¢(x+ 3), where § represents the phase lag. Thus, Egs.
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(4.17) and (4.18) are again rewritten as

Se(Yq + 1)o(x + &) - a(n® - n?) for ¢ > 0,
on ) - _ '
SEH axiavy) = (4.19)
S (L - v )o(x + &) - a(n2 - n2) for ¢ <0
e u 0 = Yo
and
oI,
3% - TS ¢(x + &), (4.20)

Eqs. (4.16), (4.19) and (4.20) give a set of governing
equations.

Since we are concerned with the behavior of auroral arcs
during rather quiet times, we may considgr that the magnetic
field lines are closed and hence connected with the ionosphere
in the other hemisphere. Therefore, the equivalent circuit
may be given by Fig. 4.2b. The resistance R in the lono-

sphere may be given by (see Fig. 4.3)

1 d
R el Xh}_ ’ (4.21)

p
where { 1is the arc length (dimension of an arc in the east-
west direction) and d is an average distance between the

neighboring upward and downward current sheets, or the width
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of a current sheet in the north-south direction, which is
approximately a half of the wavelength ;Am‘ The total sheet

current J is roughly given by

J~ eS ¢hld. (4.22)

From the relation ¢ ~ RJ and Eqs. (4.21) and (4.22), we have
nM

S ~ . (4.23)
d

The phase lag $ normalized by the wavelength }\m(=2d)_may be
glven by |
§ ~ tan_l-(%L , (4.24)

where L 1s the inductance of the sheet and & is the frequency
of the alternating voltage ¢(x) between two neighboring
current sheets, which is equiQalent to the characteristic
frequency of the irregularity with wavelength A‘m’ nanely,
w = 21TV/7\m, V belng the veloclity of the irregularity toward
the south (equator), which may be driven by the (small) west-
ward electric field Eyo.

When we put d = 15 kmy h = 50 km, (= 500 km, V = 20 m/sec
(Eyoy= -2 mV/m) and L = 50 H, we obtain from Eqs. (4.21),
(4.23) and (4.24) as
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Fig. 4.3. Scales of the width, length and height

of an arc-to-be.
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R ~ 0.4 ohm, Sq ™ 105 and § ~ T/,

The value of the inductance L naturally depends on the
configuration of an arc. Bostrom (1968) estimated the value
for two models. According to his estimation, we may regard
the value of L as roughly 100H. Akasofu et al.(1966) report
that the typlical spaclng between neighboring arcs is 30 - 40 km,
so that 7\m.= 30 km, hence & = 15 km, is also reasonable.

In the following sectlon we solve numerically a set of
Eqs. (4.16), (4.19) and (4.20) as an initial-value problem
and demonstrate whether or not a well-developed arc results

from an ionospheric 1lrregularity.

IV. Numerical Results

In subsections III(B) and (C) we have shown that the
auroral zone lonosphere 1s susceptible to the cross-field
instability. Since the evolution of this instability has

already been studied in detall elsewhere (for example, Sato,
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1971; see also Chapters 2 and 3 of theis thesis), we begin
our calculation with an initial state that a periodic irregu-
larity of electron concentration has already arisen in the
ionosphere.

In order to see the essence of our model, we may reasonab-
1y put that Eyo‘ﬁ 0. Further, we put that 7; = 0. The
validity of the assumption of Th = 0 is discussed in Sec. VI.
After such simplification, the governing equations,l.e., Egs.
(4.16), (4.19) and (4.20), are characterized by the following
parameterss ExO’ Se’
¢ (%) denotes the initial amplitude of the irregularity

r, §, ¢ and,u%, where = ¥, and

relative to the background concentration.

Calculations are performed for 15 sets of parameters
which are tabilated in Table 4.1. Typical examples that lead
to a growth and dampling of the initial irregularity are shown
in Figs. 4.4 and 4.5. From these figures it is seen that
the irregularity can either be intensified or suppressed
depending on the values of parameters. In Figs. 4.6a and
4L.6b an evolution of the peak density of the irregularity is
drawn for 14 examples of Table 4.1. The movement of 1ts peak
position is also shown in Fig. 4.7. These flgures give us a
deeper understanding of how the development of the irregularity
is related to the values of parameters. In order to visual-
ize more clearly the evolution of the irregularities, several

examples, other than Figs. 4.4 and 4.5, are given in Figs. 4.8
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Table 4.1. Parameters of Computation

E

S

€

v

*

No. (Figure) (ngm) Se Y (x1/5) (%) (m/gec) Result
1 10 10% 102 o s
2 Fig.4.5 10 10t 102 1 s
4 5 Decaying
3 10 10 102 2 s
4 10 10° 10 1 5
10  10° 102 o 5 *x
5 Fig.4.4 10 10° 102 1 5 24
6 Fig.4.8 10 10° 102 1 20 24
7 Fig.4.9 10 10° 102 2 5 7} Growing
8 10 10° 103 1 5 53
9 10 10° 100 2 s 7
10 50  10? 102 0 5 *x
11 Fig.4.10 50  10° 102 o s *
12 Fig.4.11 50  10° 102 1 5 40 .
5 2 Growing
13 50 10 102 1 20 40
141Fig.4.12 10 10° 102 1 5 24
Other parameters are chosen as follows (in MKS units):
E,q = -10"% v/m, ug =35, u; = 800, uy = 2x10%, uh = 36.
+ In this case the ion mobilities are chosen as
u; = 5x10%, 1} = 800,

* Ve means the final (steady-state) speed of an arc.

** The perturbation neither grows nor decays.

is complex.

The waveform

*** The perturbation grows but the waveform is complex.

The initial perturbation is taken in the form,

where I, is chosen 30 km.
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3210 s Te10*

107} Exp® QO Vi Eno® Q0! Y
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106 €E*5% £25% 420

¢, Volt

@, Volt
@, Voit

Fig. 4.4. Example of a growing irregularity: Spatial

distributions of the irregularity concentration n and

potential ¢ at
parameters for
in Table 4.1.

characteristic

computation we

four different times. The values of
calculation are given in the row of No.5
The label L in the figure denotes the
spacing of the irregularity (~Am): In

choose L= 30 km (the same value was used

for other computations, Figs. 4.5 - 4.12).
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Fig. 4.5.

T

t =600 sec

@, Volt

am + 2
[+] T 3w 2n
KLy
x10°
Losr See10". 121950 sec
Fei0? 1
104} Ew®QO! %
-3 as
ee5% -
103 D Jo ;
Lo &
1.02¢ Qs

Example of a decaying irregularity: Spatial

distributions of the irregularity concentration n and

potential ¢ at four different times.

The values of

parameters used for calculation are given in the

row of No.2 in Table 4.1.
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Fig. 4.6. Development of the peak concentration of an
irregularity. The number on each curve corresponds to
the case with the number given in Table 4.1: (a) Cases
of Ex0= 0.01 V/m, and (b) cases of ExO = 0.05 V/m.

Note that there exists a steady solution.
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500 1000 1500

Fig. 4.7. Movement of the peak position of an
irregularity. The number on each curve corresponds
to the case with the number given in Table 4.1.

Note that the irregularity moves toward the equator
with a rather high speed during the early stage of
its development but with a slower (constant) speed

after its amplitude saturates.
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Fig. 4.8. Development of an arc for the
case of No. 6 in Table 4.1. Compare

with Fig. 4.4 in which ¢ = 5 %.

x10 . r , T r
7 Se=10°
r =100
6 - Emg 0-20| V/m -
{=1020 ~\-1980 §=5W
E=5%
5
v
1S
- 4
[=
3
2
|
N 1 1 1 ] 1
(o] .iun' .g-n' 2n
2T x
Fig. 4.9. Development of an arc for

the case of No.7 in Table 4.1.

Compare with Fig.4.4 in which 6= 7/5.



LET

xlO
¢ I T B
Se=10°
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Fig. 4.10. Development of an arc for
the case of No.ll in Table 4.1. Note
that the electron concentration n in-

creases rather uniformly with time

when 8= 0, but a small peak appears.

X Iolo

20 T T T ]
Se=10°

L T=10°
Exo= 005 Vm

15 5% .
€=5%

t=1920

0- 1 1
o %ﬁ *n am
Ex
Fig. 4.11. Development of an arc for

the case of No.l1l2 in Table 4.1.
Compare with Fig. 4.4 in which

E = 0.01 V/m.
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Se=10°
6 =10
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ST
£:5%

Fig. 4.12. Development of an arc for the
case of No.1l4 in Table 4.1. Note that the
irregularity can grow more largely as the
Pedersen conductivity, or Mp, increases (

compare with Fig. 4.4).
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- 4,12,

We summarize the characteristics involved 1n the figures
in the following way:
1. The lonospheric irregularities, which may be caused by
the cross-field instability, or, possibly, by some other
process, can result in arc-~like forms by the present mechanism.
2. Generally speaking, the larger the values of Se’ [ ')
and ExO’ the more strongly the irregularities develop.
3. The role of the inductance along the magnetic fleld
lines plays an important part in arc formation. For arc
formation, the reactance due to the magnetospheric inductance
must be as large at least as the lonospheric Pedersen
resistance.
L, The initial amplitude ¢ little affects the final form
as can be seen by compafing the curves 5, 12 with the curves
6, 13 in Fig. 4.6, and Fig. 4.4 with Fig. 4.8.
5. As can be seem from Fig. 4.7, the steady arcs move toward
the equator with constant speeds, roughly 7 - 50 m/sec for
present parameters. In their developing phases, thelr speeds
are much faster; they reach up to 300 m/sec. They are largely
controlled by o, Ezg» Se and .
6. When the phase lag § is relatively small, there appear
oscillatory behaviors in amplitude; compare the curves 5, 6,
8, 12 and 13 with §= T/5 with those 7, 9 with &= 27 /5.

The periods of the amplitude oscillations are roughly 500 -
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1000 sec for the present cases.

7. By comparing the curve 5 with the curve 14, it 1s seen
that for larger fQ;, hence Mp, the arcs become larger.

This may be due to the fact that the larger value of Mp, the
larger the induced potentlal. Thus the effect of increasing

Mp may be equivalent to that of increasing the external fileld

x0°
than those used for calculations of No.1l - No.13 in Table

E The value of Mp in the auroral zone seems much larger

h,1. Therefore, it seems that in actual cases an arc is much
more likely to take place. The example of No.1l4 may well

fit the real case.

V. Deformation of Arcs

We shall now discuss the stability of well-developed
auroral arcs. By looking at the configuration of the arcs,
we immediately notlce a posslbllity that arcs suffer from the
cross-field instability (Hooper and Walker, 1971).

Let us consider the case in which the arcs are homo-

geneous and parallel to the east-west direction. By changing
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the coordinates in such a way that the positive x and y axes
are in the west and south directions, i1t is known that the

Eq. (4.7) can be used as it stands for discussing the insta-~
bility criterion. Since the electric fleld mainly directs

to the south, i.e., \Exol «\lEyo\ in the present coordinates,
Eq. (4.7) is approximated by

~9 E(1 + Btane)Eyo |<2D_;a_mb
k“(1 + tan“9) + (1 - Btanb) B
Damb
- il - 2(11'1 . (4-25)
h2 0

Here it is noted that the index of the iohomogenity W shows
the steepness of an arc; K 1s positive for the northern slope
of an arc and negative for the southern slope. Further, it
i1s noted that the angle @ 1is measured from the west (positive
x axis) toward the south.

Now conslider the case in which the electric field is in
the south direction, i.e., Ey0j> 0. For the northern slope
of an arc, i.e, §>0 (dno/dy > 0), we obtain after some
manipulation as

Y2

k

1/2
m A'(EyO/EcO) ’

(4.26)

tan 6 ~ ((1 +(52)1/2 - 1]/(3 ~ % for B< 1,
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where the suffix m implies the maximum growth rate. The
maximum growth rate fh corresponding to relations (4.26) is

approximately Biven by

amb 2_amb 1/2

- Dn _ _ - KDi
rm~ EEyO h2 2an0 32 (EyO/Eco) ) (4.27)

For the southern slope of an arc, i.e., §<.O, we have

(4.28)

tan Gm*v - [(1 + @2)1/2 + 1] /plv - é for < 1.

The maximum growth rate corresponding to ralations (4.28) is

given by

- «‘pd [(Eyo/Eco)l/2 - 3]. (4.29)

Let us now evaluate these characteristic values. For
example, we put that (ﬂTllfv 10 km and that the other para-

maters are the same as glven in Sec. III. Then we have

Ag~ 1 km, Gm ~14°  and fm'v 0.04 sec'l,
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for the northern slope, and
Ag~2dkm 6~ -76° and [~ 1073 gec7!,

for the southern slope.

From these results 1t can be said that an arc is deformed
by the cross-field instablility; its northern slope suffers
from a rather small-scale irregularity which propagates
roughly in the east direction with a speed of about the
electron Hall speed and the southern slope is deformed in a
very different way, though more slowly. A sketch of the
deformed arc is illustrated in Fig. 4.13.

In reality the deformed auroral arcs exhibit complex
forms, and hence several distortion machanism may be operative
simultaneously. According to recent observations, Hallinan
and Davis(1970) have attributed the most commonly observed
curls to the Kelvin-Helmholtz instability.
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ELECTRON
CONCENTRATION

Fig. 4.13. Sketch of an arc deformed by
the cross-field instability. Note that

both sides of the arc suffers from deformation,

though in a different fashion.
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VI. Discussion and Conclusion

The maln purpose of thlis paper is to point out a possi-
bility that the ionospheric irregularities could be a seed of
the multiple auroral arcs. First, we have shown that the
lonosphere 1s not a specular but a bumpy (irregular) medium
which 1s scratched by some plasma instability such as the
cross-field instability. Then we have presented a mechanism
that leads to enhance ent of the irregularities, and have
numerically shown that they certainly develop into striped
auroral arcs under certaln assumptions.

One of the baslc assumptions on which we relied is that
the Kev electrons could be produced by a field-aligned current
driven by the lrregularity potential. The critical current,
Jc’ beyond which the ion waves are excited, may be in the

following range:

nev_ £ 3o < nev mns
where Vg is the lon-sound velocity and Ver 1s the electron
thermal veloclity; the upper limit correspond to the case of
equal electron- lon temperature and the lower limit corresponds
to the case of infinite electron-to-lon temperature ratio (

Jackson, 1960). Assuming the equal electron-ion temperature,
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Swift(1965) gave the critical current such that
Jo = 3.8X 10~2 amp/mz,

for n = 109mf3. This value may be the upper 1limit of the
critical current. In the higher magnetosphere, the electron
concentration n is expected to reduce by one or two orders.
Further, the electron temperature may be much larger than the
ion temperature during pre-break-up or recovery phases. In
this case, the critical current reduces roughly by the square
root of the proton-to-electron mass ratio, i.e., by about 40
times. Therefore, the minimum critical current may reduce

8 amp/mz.

to 10~
The field-aligned current density J under consideration

is roughly given by

j ~ eSe¢ h.

When we put that Sefv 105 and h ~ 50 km, the current becomes
roughly 10'9¢ za.mp/m2 (¢ in volt). In this case the minimum

potential for instabllity is glven by
-4
$~ 10V, t.e., E,~ f/a ~ 5X107" V/m.

Since the induced field Ep is roughly given by Epﬁv Q,Exo,

this value 1s quite understandable. It is likely, therefore,
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that the ion waves are excited by the field-aligned current
under consideration. However, the question still remains
whether the Kev electrons can with certainty be produced by
such instability. Carlqvist and Bostrom(1970) have recently
pointed out the possiblility that the electric fields associ-
ated with space charges caused by intense field-aligned
currents can produce Kev electrons.

Another basic assumption is that the Kev electrons are
produced by the coming-down electrons alone, 1l.e., 7& 0
and 'Xh = 0, In the above paragraph, attention was paid
only to the current density in order to discuss the instability
criterion. Strictly speaking, whether the instability takes
place or not depends upon the speed of electrons. In other
words, the ion waves are excited if the electron speed exceeds
a certain critical speed. From this fact it i1s resonably
inferred that the instability is more likely to take place
in the sheets of coming-down electrons than those of going-
up electrons. This 1s because the coming-down electrons may
be composed of faster or hotter electrons than the going-up
electrons of the ionospheric origin.

Alternatively, we may conslider that the electrons in
the magnetosphere are directly triggered by the (positive)
irregularity potential and precipitate into the ilonosphere.
In these cases, we need not introduce any plasma instability

in order to produce the Kev electrons. Further, the condition
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of 7& * 0 and "Yh = 0 is automatically satisfied without any
ad hoc assumptions. Such a situation may be realized in a
case where the initial potential of ionospheric irregularity

is large enough to control the high energy electrons.

It is reported that the thickness of a visible arc 1is

typically 1 km (see, for example, Maggs and Davis, 1968).
.The thickness of the calculated (ionization) arcs, on the other
hand, is broader than the observed results. However, this
discrepancy 1is insignificant. The reasons are three~fold:
First, recent observation of guiet arcs by Cloutier et al.
(1970) shows that the thickness of the electrojet was about

10 km. The second reason is that, if the initlal irregularity
is localized, then it is expected that the arcs become
narrower. In fact, nonlinear calculations of the cross-field
instability (Tsuda et al., 1969; see also chapter 3 in this
paper) indicate that the nonlinear waves have a tendency to
localize. The third is as follows: In our analysis we have
assumed that the precipitation is proportional to the potentlal
¢ . Actually, however, the ion waves may be excited only in
a very restricted region corresponding to the peak potential
where the intensity of field-aligned currents is strong.
Therefore, it is expected that the region of precipitation is
localized and hence the thickness of an arc ils narrowed.

In the equivalent electric circuit shown in Fig. k.2b,

the effect of the capacitance across the magnetic field lines,
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namely, the polarization current, was not taken into account
explicitly. If necessary, however, we can include this effect
into the inductance in such a way as to reduce it. According
to Dewitt(1968), the time constant CR for polarization of the
magnetosphere is estimated to be roughly unity. Since o 1is
about 4 x 10~ sec™! for Ap = 30 km and V = 20 m/sec, we have
o CR ~'4)<10“3<§ 1. Therefore, we may neglect the magneto-
spheric capacitance C.

In calculations, we have assumed that all the parameters
such as the resistance R and the frequency o are constant
throughout the evolution. In reality, this may not be true
8o they should be regarded as variables, since the situation
changes as the irregularities evolve. Among the parameters,
the variation of the resistance along the field lines may be
significant. When a plasma instability sets in, the re-
sistivity may increase. Sﬁch an anomalous resistivity has
been considered by many authors ( for instance, Buneman,
1959; Kadomtsev, 1965; Sagdeev and Galeev, 1969; Sizonenko
and Stepanov, 1970). By using Buneman's formula, Swift(
1965) estimated the anomalous conductivity Gﬁ in the magneto-
sphere to be 10™2 mho/m for n = 10 m™3.  This formula may
be applicable in the regime of electron waves associated with
Buneman's instabllity (two-stream instability). For 1ion
wave instablllity, the conductivity may be somewhat less than
this value. Using Sizonenko and Stepanov's formula, o7 1is

i
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estimated to be 10'3 mho/m for n = 108 3, If we assume that

the instablility takes place over the distance of L, along the
field lines, the resistance along the field lines, R, , 1s

glven by

G
Uﬂlbﬂ

Qs

where Bo is the magnetic field intensity at the lonospheric
level and B is the average intensity of the magnetic field
under consideration. When we choose L“~4104 km, we have

R, ~ 1.3x(B/B°) ohm. Since (B/Bo) < 1, we may regard that
R“ < R~ 0.4 ohm. Thus, the increase of the resistivity
due to instability may not be so significent as to change
our results.

We further assumed immobile ions along the field-lines.
Strictly speaking, the ion currents must also be taken into
account. Observations, however, suggest that the currents
may be carried by electrons (Cloutier et al., 19703 Armstrong
and Zmuda, 1970), so that the assumptlon of immobile ions
may also be allowed.

The most distinctive feature of our model is the fine
structure of field-aligned currents. Our model suggests
that two equal anti-parallel fleld-aligned currents exist
across an auroral arc (cf. case 2 of Bostrom, 1964).

Cloutier et al.(1970) and Park and Cloutier(1971) have re-

150



ported the exsistence of such anti-parallel sheet currents.
This strongly supports the possibllity of the proposed mecha-
nism, Let us now evaluate the current density. The in-
tensity of the induced fleld Ep in an arc may reach to that of
the external field Exo for an extremely developed arc; in

that case the total field in the arc completely vanishes.

Then the induced potential amounts to 300 V for Exo = 0,01 V/m
and Aﬂla 30 km. In this case the fleld=aligned current
becomes 3 X 10~7 a.mp/m2 for S, ~ 107 and 3X10'5 a.mp/m2 for
Seav 107. Cloutier et al.(19?0) estimated the intensity peak
of the net fleld-aligned current to be 2)(10'5 amp/mz. Thus
our model can fairly well account for the observation.
However, the directlions of the currents are inconsistent; in
our model the upward current lles in the southern side of an
arc, whereas it lies in the northern side in the observation.
Haerendel(1970a, 1970b) explains that the case of Cloutier

et al.(1970) may be a special case in which the external field
18 in the west dlirection. The coinclidence of precipltated
electrons wlth upward current sheet, rather than downward
current sheet, 1s also in agreement with the prediction of
our theory. Further, the thickness of the current sheets,
roughly 5 km and 7 km, are coincident with our model. It is
further worth noting that the downward sheet current consists
of lower-energy electrons escaping from the lonosphere.

Acocording to simultaneous observations of auroras at
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magnetically conjugated points (Belon et al., 1969), it is
said that the auroras appear in both hemisphere.having a good
conjugacy, especially during qulet times. Our model is also
not inconsistent with this conjugacy of auroras.

We have proposed and analyzed a new mechanism of multiple
auroral arcs at rather quiet times. As a result, it is found
that the lonospheric 1fregu1ar1t1es can develop into auroral
arcs via field-aligned currents driven by the induced potential
associated with the irregularities. The spacing of the arcs
is determined by that of the lrregularities. As a potential
candidate capable of producing such irregularities in the
ionosphere, attention is paid to the cross-field instability.
Linear analysis has shown that the instablllity can certainly
produce such irregularities that thelr spatial form fits the
arc configuration. In addition, it is found that a developed
arc is deformed by the cross-field instablility.
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Chapter 5
SUMMARY AND CONCLUSION

We have discussed the role of the cross-field instability
as a formation mechanism of the density irregularities seen
in irregularity~-type sporadic E layers, artificial plasma
clouds, auroral arcs, and even in laboratory experiments.

Our main concern was the nonlinear aspects of the cross-field
Instabllity. By computer analysis, the nonlinear differential
equations of a macroscoplc fluid-type plasma were solved as an
initial~boundary value problem. A good agreement between

the computed results and the theory was found.

First, we have treated the one-dimensional, nonlinear
cross-field instablility. The instability condition was more
strengthened compared with the previous works. As a result,
we found strongly unstable waves, i.e., an explosive insta-
bility.

Second, the time evolution of the two-dimensional, non-
linear cross-field instabllity has been demonstrated. By
this, the competing process between quasilinear and mode
coupling effects was clarified, i.e., the background dis-
tributions of electric fleld and density were, more or less,
deformed to result in the saturation of the amplitude of

ubstable waves. This contrasts with the one-dimensional
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model in which the saturation 1s achleved only by the mode
coupling. It was found that which deformation of the electric
field and density distributions dominates might depend on the
boundary condition. Another important result caused by the
competition between quasilinear and mode coupling processes
was that the system showed the cyclic growth and decay of
waves.

Common features in the one- and two-dimensional models
were as follows: When Eext is below Ecl (critical electric
field), the system behaves gently. In this case, two -
dimensional model succeeded in obtaining the fully-developed
turbulent state. On the other hand, when Eext is far beyond
Ecl’ the system develops into strong turbulent state.
Unfortunately, we had a numerical instability in this case.
It is, however, easy to infer thaf very strong wave-wave
interactions take place. The numerical instability may be
due to the smallness of the number of harmonlic waves taken
in the computation.

In the ionosphere, it is controversial whether Eext is
beyond Ec1 or not, becauséEc1 1s the function of many iono-
spheric parameters of which we do not know the all values at
this stage and is theoretically derived under some assumptlons
described previously. Therefore, we should regard E01 as
the rough measure beyond which the system becomes violent

and large density irregularitles are formed. Anyhow, we can'

154



expect the validity of our model as a cause of the ionospheric
irregularities. The other supports of our two-dimensional
model are two: One is the cyclic growth and decay of unstable
waves as observed in artificial plasma clouds in the lower
lonosphere. This was confirmed partly by our model.

Another is the flattening of the density profile observed in
laboratory experiments (reflex arcs). We could obtain the
clear flattening of the density profile under the boundary
condition pertinent to the laboratory experiments. It was
also pointed out that the flattening of the potential profile
may be more important in the lonosphere than in laboratories.
This point may be clarified in the future by sounding rockets
passing the sporadic E layers, for example.

From a view-point of plasma physics, nonlinear cross-
field instability ﬁresents an attractive example of wave-wave
interactions. We found that the waveforms became saw-tooth
or soliton-like. This fact ilndlicates that the system equation
may approximately be reduced to the Burgers or Kortweg de
xries equation, fespectively. The turbulent power spectrum
of the density wave was approximately k'3 or softer in our
cases, belng consistent with the previous works in one-di-
mensional model. The energy exchange between the supplier
and the consumer was also discussed: The energy from the
background quantities (density gradient and external electric

field), which sustain the instability, flows continuously to
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shorter wavelength components, while the part of the energy of
unstable waves feeds back to the supplier. Thus, wWe cbuld
understand the dynamics of nonlinear wave-wave lnteractions, to
some extent. We believe that this computational approach
will contribute to the understanding of plasma turbulence,

more or less.

The third part of thils thesis was devoted to the appli-
cation of the cross-field instability to the auroral iono-
spheric irregularities, i.e., auroral arcs which are most
beautiful, dramatic phenomenon that man has ever found in the
world. Our concern was a formation mechanism of auroral arcs
in rather quiet times. This study was based on the idea that
the auroral arcs may have their orogin in the lonosphere
rather than in the magnetosphere in magnetically quiet times;
that is to say, density fluctuations in the ionosphere grow
resulting in a wavy irregularity of ionization by the action
of the cross-field instability (1st stage), and thereafter such
an irregularity (arc-to-be) develops into auroral arcs under
the influence of field-aligned currents (Birkeland currents)
triggered by an induced potential across an arc-to-be (2nd
stage). Now, there is no doubt of the important relatlonship
between field-aligned currents and auroral arcs, as has been
observed by sounding rockets in quiet auroral arcs. The
possibility of the cross-field instability in the fdrmation

of quiet auroral arcs is controversial. Of course, we cannot
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deny other possibilities which must be sought in the future.
Nevertheless, we hope that this work gives a filrst step to

the understanding of electrodynamic coupling between the

ionosphere and the magnetosphere.
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Appendix

Let us evaluate the stabllity criterion of an infini-
tesimal disturbance. To this end, it is first required that
the steady-state solution be found. Since the governing Eq.
(4.6) are nonlinear differential equations and, in addition,
the boundary condition is not clear, it is difficult to find
the exact solution. For the sake of mathematical tracta-
bility and without loss of generality, therefore, we assume
a simple background distribution; the zero-order electric

fields, E and Eyo’ external plus ambipolar, are constant

xo0
and the zero-order electron concentration no(yl increases
toward the east with a constant rate W , where K= d(1ln no)/
dy. These assumptions may be valid for short wave dis-
turbance, namely, for k >» K . For the ionosphere of our
concern, this cbndition is a posteriori satisfied (see Eq.
(4.11)).

Under these assumptions, we shall impose upon the qui-

escent ionosphere an electrostatic disturbance such that

n= no(y) + ﬁexp(ikxx + ikyy - iwt),
_ _ 3 . : Coan
E, = E ax&exp(lkxx + 1kyy iat), (A.1)

_ _ 3 . o s
E,=E ay5exp(1kxx + 1kyy iwt),
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Upon substituting (A.1) into (4.6) and linearizing it, we

obtain
f - iy - ik fu¥ 'i‘ R t
t w L x‘“HEyO * “pro) + lky‘*lHEXO ha upEyO)
. amb
+ Df k% + 915— + 2an.] i
h 0
dn
£.2 ., % + 0 _
+ [ otupkng - dugk # wkJgy 1 @ =0, (a.2)
2 2 2
where k™ = kx + ky. From (A.2) the dispersion equation can

easily be derived. The growth rate [ (= Re(-~1w)] is then

obtained as

MKk2
2.2

"2, 2 2
Mpk (1 + tan®™0) + (MH - Mptane) K

r =

. _ E_ - _ -+
x{[(Mp MHtane)Exo + (MH + MptanG)EyO] + MP(DL Dy )
amb
x(MH - Mptane)} - 2an0 - Kszmb - gii— . (A.3)

For the parameter set given in the text, we have

|E

ol ~ 10725 | E=(0f - DP)| ~ s5x1077,
p

so that the diffusion term in the curly bracket can be

neglected compared with the Exo term. Accorgingly, the
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growth rate r is approximately given by Eq. (4.7)
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