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Comparison between WKB solutions and 

convergent solutions at a regular singular point 

of simple pole type via the confluence 

By 

Yoshitsugu TAKEI* 

Abstract 

Motivated by a physical problem, we discuss a relation between WKB solutions and conver-
gent solutions of a particular second-order linear ordinary differential equation near a simple-
pole type turning point in this paper. By applying the confluence process, we obtain an explicit 

relation between these two solutions. 

. Motivation §1 

To study the mass of meson, which is an interacting particle of mass intermediate 

between proton and neutron, Shigaki discusses an eigenvalue problem for the following 

seond-order ordinary differential equation from the viewpoint of the exact WKB analysis 

in [S]: 

(1.1) ¢”-n2 (9(s2 -1) + n―1 (-9入）ー25 -64s3 + 32s6) 
4s(1 -s3) 4s(1 -s3) ＋ n 16茫(1-s叩

¢=0, 

where s is an independent variable, 77 is a large parameter and入denotesa spectral 

parameter. (Eigenvalues are given by 1 + 77―1 ~ in terms of入．） Onepeculiar point of 
this problem is that (1.1) has a special kind of turning points, which is introduced by 

Koike and called a ghost in [Ko2], at s = l. Making full use of this fact that (1.1) has 
a ghost at s = l, Shigaki shows the following result in [S]: Let 

(1.2) 叫 (s,TJ) = ~ exp(±JS s。ddds)
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be WKB solutions of (1.1), where S。dddenotes the odd part of the formal power series 
solutions of the Riccati equation associated with (1.1), and assume that arg77 is con-

tained in a sufficiently small neighborhood of -1r / 4. Then, modulo exponentially small 

terms, the secular equation for (1.1) is given by 

(1.3) 
1 1 

代十ー土ー E{0,-1,-2,...}, 
2 4 ｝ 

where 

(1.4) 
1 

K,=―加itround s=l Sodd ds. 

On the other hand, Shigaki also computes the asymptotics of large eigenvalues nu-

merically in [S]. This amounts to considering Eq. (1.1) in the following form, that is, 

with keeping 7/ to be a finite parameter and regarding企＝n入asa new large parameter 
instead of 7/ : 

(1.5) 炉ー［炉 (-9) （2 9(s2 -1) 5-64託＋32s6 4s(1 —呼）十 n 4s(1 —呼）十 16茫（1 -呼）t)]'P= 0. 

Note thats= 1 is not a turning point of ghost type, but of simple pole type in (1.5). To 

compare these numerical computations with the above result for the secular equation 

(1.3), we thus need to consider the following questions: 

(1) What occurs in the exact WKB analysis of second-order linear ordinary differential 

equations when a large parameter rJ is replaced by a new large parameter, for 

example, v in the case of (1.1) and (1.5) ? 

(2) In particular, we want to know the asymptotic expansion off S。ddds of (1.1) with 
respect to a new large parameter v. 

(3) More generally, we want to clarify explicit relations between WKB solutionsら(s,ry) 

of (1.1) and四 (s,v) of (1.5). 

At the present stage we do not have a complete answer to these questions. In this 

paper, as the first step toward answering these questions, we discuss a relation between 

WKB solutions'P±(s, v) and convergent solutions四 (s)of (1.5) around s = 1 via the 

confluence. 
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§ 2. Preliminaries 

In what follows we use x = s -I as an independent variable and consider 

(2.1) 匹＿ぃ，（ 2 9(x+ 2) 
d呼 4x(x+1)（丑＋3x+ 3) + n 4(x+ 1)（丑＋3x+ 3) 

32砂＋ 192砂＋480丑＋576企＋288x2-27 

+ 16丑(x+ 1)叫＋3x +3)2)］ <.p ＝ 0, 
or more generally 

(2.2) 
d2<p 

dx2 
炉Q(x,v)<p = 0 

with 

(2.3) Q(x, v) = ~ + v Qo(x), _.-2仙(x)
X'- x2 

around a turning point x = 0 of simple pole type. Here Q0 (x) and Q2 (x) are holomorphic 

functions at x = 0. As is shown by Koike ([Kol], [Ko3]), one Stokes curve defined by 

●
<
／
＞
¥
＜
／
＞
＼
く
／

゜

Figure 1 : Stokes curve (2.4). (A wiggly line designates a cut for ✓Qo(x) ／x. ） 

(2.4) 3八叫dx= 0 
emanates from such a turning point x = 0 of simple pole type and the following con-
nection formula holds on (2.4): 

(2.5) {'P:0:-¢:0: + c'P［0)' 

ゃ＿ ←→ 'P-, 
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where砂り denotethe WKB solutions of (2.2) normalized at x = 0, that is, 

(2.6) 
1 / rx 

雪 (x,v)＝心exp(士laxS'.。dddx), 
and the Stokes constant (or connection constant) c is explicitly given by 

(2.7) C ~ 2i COS(伽□）with 乃＝ （心Q(x,v)) ＝仙(0).
x=O 

(Here, and in what follows, we assume that the branch of ~ is chosen so that 
(O) （O) 

乞— is dominant over cp'-"_1 on the Stokes curve (2.4).) In particular, r2 = -3/16 and 
c = 0 in the case of (2.1). Otherwise stated, no Stokes phenomenon occurs on the Stokes 
curve (2.4) for Borel resummed WKB solutions of Eq. (2.1). 

On the other hand, x = 0 is a regular singular point of (2.2) and hence there exist 
convergent power series solutions at x = 0. In the case of (2.1) characteristic exponents 
at x = 0 are readily computed to be 1/4 and 3/4. Therefore (2.1) has the following pair 
of linearly independent convergent solutions四 (x)near x = 0: 

(2.8) 叫 (x)= x314(1 + O(x)), u_(x) = x114(1 + O(x)). 

Here, by considering local monodromy of cp四(x,v) around x = 0, we find that the 
relation 

(2.9) 
｛工(x,u)-'P四(x,u)＝ C四＋（x），
亨 (x,v) + cp~\x, v) = C_u_(x) 

holds with some constants C士between吟り(x,v) and四 (x).What we want to discuss 
in this paper is the explicit determination of these constants C士

§ 3. Confluence 

To determine the constants C±appearing in the relation (2.9), we make use of the 

so-called confluence process in this paper. To be more specific, we replace the potential 

(2.3) of Eq. (2.1) by 

(3.1) 
x-p 

Q(P)（m,u) ＝ Qo(x) ＋v 
-2仙 (x)

呼 x2

and take the limit p→0. In this section we first discuss what occurs with WKB 
solutions in this confluence process. 

For p =/ 0 we consider 

(3.2) 
d2'lj; 

dx2 
ー炉Q(P)(x,V)ゆ＝ 0
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with the potential Q(Pl(x, v) given by (3.1). Eq. (3.2) has a simple turning point at 

x = p, while x = 0 is a double pole of (3.2). Let 0 =〇(p)denote the residue of S。ddat 
x = 0, that is, 

(3.3) 0 = 0(P) = Res S。dd=《乃＋ l-lp砂
x=0 4 4 

Then the characteristic exponents of (3.2) at x = 0 are expressed as 1/2土 0. Fur-

thermore, letting心竺(x,v) be WKB solutions of (3.2) normalized at the simple turning 
point x = p, we find that the formal analytic continuation (i.e., formal local monodromy) 

of帽Y!.¥x,v) around x = 0 is given by 

(3.4) 心心~)(x,v), 

where 

(3.5) 心＝exp(21ri (~土 0))=-exp （土21ri0).

Region II 

Region I 

Figure 2 : Stokes curves of Eq. (3.2) near x = 0 and x = p. 

Since the connection formula at a simple turning point for心竺 iswell known (cf. 
[KT], [V]), the analytic continuation of (the Borel sum of)ゅ竺 alongany path can 
be readily computed. For example, the analytic continuation of砂り fromRegion I to 
Region II indicated in Figure 2 is explicitly described as follows: 

(3.6) 亨一臼＋i(1+ ~)四．
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We now rewrite (3.6) in terms of differently normalized WKB solutions心四 definedby 

(3.7) 冒 (x,v) = l / 1 心exp （±~j(o) Sadd dx), 

where the integration path,yC0) is indicated in Figure 3. The WKB solutions 吟~) can be 

―-―--—·ー·―•一··ー·-•一········-·-·
····-··········-······ー····~ X 

．゚
 1 
(0) 

Figure 3 : Integration paths'Y(o) and'Y(p). 

called "WKB solutions normalized at x = O" as (O) （O) 
叫→四 holdsfor the limit p→0. 

(p) 
Furthermore, since叫 isexpressed as 

(3.8) 
1 

喜 (x,v)＝心exp(士;J,(p)Sodd dx) 

with'Y(p) being also indicated in Figure 3, we have 

(3.9) ゅ四(x,v) = exp（干1ri伽竺(x,v). 

Hence, combining (3.6) with (3.9) and using (3.5), we obtain 

(3.10) (O) （O) ＾ （O) 叩←凡＋2icos(21r0)ゆ＿

for the analytic continuation from Region I to Region II. Taking the limit p→0, we 
find (3.10) is consistent with Koike's connection formula (2.5) & (2.7) as 0 tends to 

✓乃＋ 1/4when p→0. Thus Koike's connection formula at a simple-pole type turning 
point can be derived from the well-known connection formula at a simple turning point 

via the confluence. 
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§ 4. Comparison with convergent solutions 

Finally, making use of the confluence process introduced in the preceding section, 

we explicitly determine the constants C士inthe relation (2.9) between WKB solutions 

and convergent solutions of (2.1) in this section. 

To this end, we need a regularization of S。ddat a double pole x = 0. However, a 
simple-minded regularization like 

(4.1) ゜Sodd= —+ （regular part at x = 0) 
X 

is not good enough as (4.1) destroys the odd character of S。ddat x = p. Another 
candidate for the regularization 

(4.2) 
0 x 

S。dd= [□r + (regular part at x = 0) 
also has a problem in the sense that it creates a new divergent term with 

(4.3) ix !Adx=logi十．．．．
(logx/(2p) is divergent when p→0.) Having these difficulties in mind, we define the 
regularization of S,。ddat x = 0 as 

(4.4) 
《二～～ ～ 1 

Sodd = 
2x 
ご＋Bodd with p = p -

12v2 

by neglecting the divergent term 1 / (4p) in the expression 

(4.5) ぃ／＝討(}-3正）ー(i-3炉）x.
:(reg) The corresponding WKB solutions denoted by psi士 arethen defined by 

(4.6) 心~eg) 1,(F3v2  =~exp士{ 2 (2嘉二

＋yplog（占—]）ー yplog（占＋~))+lxS.。dddx }・ 
Note that, since the residue at x = 0 of the first term of the right-hand side of (4.4) is 

0 and coincident with that of S'.。dd,S。ddis holomorphic at x = 0. 
Once a regularization of S。ddis introduced in an appropriate manner, it becomes 
possible to compare WKB solutions and convergent solutions at the double pole x = 0. 

As a matter of fact, computing the local expansion of S。ddat x = 0 explicitly by using 
(4.4), we obtain the following 
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Proposition 4.1. Let 

(4.7) 心(x)= x1/2士0(l+O(x))

be convergent solutions of (3.2) at x = 0. Then the following relations hold in a suffi-

ciently small neighborhood of x = 0: 

(4.8) 心ieg¥x,v) = Aど）u~)(x)，心~eg\x,v) + (exp. small terms)= A(r,)u(r,)(x), 

where 

(4.9) 
1 A竺＝ ~exp （訊2 -log(4p))). 

Remark. The relation (4.8) is verified by the comparison of the local expansion of 

砂:eg)and that of u竺atx = 0. However, since a dominant WKB solution 説~eg) are 
divergent at x = 0, to obtain an exact relation we need to specify the Stokes region so 

that the Borel sum of 心~eg) may be defined without any ambiguity. This is the reason 
why the second relation of (4.8) holds only modulo exponentially small terms. Note 

that these exponentially small terms are constant multiple of a subdominant WKB 

solution心ieg)and the multiplicative constsnt can be fixed once the Stokes region is 

specified. On the other hand, since the other WKB solution心ieg)is subdominant and 

Borel summable in a neighborhood of x = 0, the first relation of (4.8) holds modulo no 

exponentially small terms. 

Furthermore, computing lcpJ S。dddx explicitly by using (4.4), we also obtain the 
'"Y(p) 

following relations between 砂~eg) and 砂~) (* = p or O). 

Proposition 4.2. The following relations hold: 

(4.10) 心~eg)(X, V) = 7/J ~り (x,v)exp（土 J(P)) ＝心門）（x,v)exp 土 (7ri()+ J(P)), 

where 

(4.11) 
ェd
 
d
 
d
 
~So 

p
 ーーん＝

 

ヽ
~

p
 

（
 ー

Finally, making use of these propositions, we determine a relation between WKB 

solutions and convergent solutions in Region I indicated in Figure 4, which is stable 

during the confluence process. We first use the relation (4.8) in Region III which is also 

indicated in Figure 4. Taking Remark after Proposition 4.1 into account and combining 

with Proposition 4.2, we have 

(4.12) A~)心＝ゆ¥eg) = eJ(P)凶¥),

Aり伍砂＝訊~eg) + aゆ¥eg)= e― I(p) 此~) + ae1<P)』p)
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Region I 

Figure 4 

with some constant a. Then the analytic continuation to Region I is described by 

(4.13) A~伍[P) ← eJ(P) （亨— i臼）＝ eがp)（日量°)-ie―7r”叫?))'

Aり伍［p)←→ e―J(P)臼＋aeJ(P)（峠¥)-i臼）

= aeI(p)＋`四＋（e―J<Pl-iae1(p)) e―這訊°)・

Thus, as u1) (x) are convergent solutions, we have the following relation in Region I: 

(4.14) A~)心＝ e1(p) (e1riOW~) -ie―1ri01j)C!})), 

A凸p)古＝ aeがP)＋叫四＋（e―I(P) -iaeI(P)) e―1ri0帆°)

We now assume that J(P)→0 holds when p→0. (Although we have not verified 
it rigourously yet, it is reasonable to assume this since S.。ddis holomorphic at x = 0.) 
Then, by considering the limit p→0 and taking account of the fact that 0→1/4 and 
j5 →-1/(12炉） forp→0, we obtain 

(4.15) A四＋ ＝e 1ri/ 4（エ—ゃ四）， A_ u_ = ae1ri/4<pり＋（1-ia)e―1ri/4砂°)'

where 

(4.16) 
1 1 

A土＝｝虹屈＝ 2exp 土し＋~log(-3炉））．
Comparing (4.15) with (2.9), we find a= -i/2 and consequently we have 

(4.17) 
｛亨—砂°) = 2eC。e―m/4叫 (x)，
犀＋吟~) = 4e―C。e1ri/4叫 (x)
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(4.18) 
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1 1 
C。=—+ -log(-3炉）．2. 4 

(0) 
Thus we have obtained an explicit relation between WKB solutions cp土 andconvergent 

solutions巴 (x)of (2.1). 

§ 5. Concluding remarks 

By applying the confluence process, we have succeeded in obtaining an explicit rela— 

tion between WKB solutions and convergent solutions around a simple-pole type turning 

point of Eq. (1.5), or equivalently (2.1), in this paper. Although a very particular equa— 

tion (1.5) or (2.1) is discussed in the paper, the argument employed here is applicable 

to general equations of the form (2.2). 

If we apply a similar confluence argument to Eq. (1.1) near its ghost point, it is 

expected that a relation between WKB solutions and convergent solutions of (1.1) may 

be also obtained. Then, by eliminating convergent solutions from these two relations, we 

can expect to obtain a relation between WKB solutions of (1.1) and those of (1.5). In the 

case of a ghost point, however, the computation becomes much more complicated and 

we have not completed it yet. When we obtain some definite results for the confluence 

process near a ghost point, we will report them somewhere else. Furthermore, it is a 

very important future problem to discuss the effect of changing a large parameter in 

the exact WKB analysis in more general setting. 
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