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PREFACE 

The contents of this treatise consist of the results obtained by 

the author in a series of ·studies on the plastic behavior of structures. 

Useful me~hods have been developed by predecessors to determine the 

plastic collaspe loads of structures, and are available in books, which 

have ~ounted to be next to uncountable up to date, first appearing from 

the end of the nineteen-fourties. The plastic collapse loads, as afforded 

by these books, are believed to provide a structural analyst with a 

design basis more reasonable than the conventional elastic design. The 

absolute pertinence of the plastic design, however, may not be established 

unless the post-collapse structural behavior is clarified. It is the 

objective of this treatise to contribute to better understanding of the 

behavior in the entire range of loading for plastically collapsing 

structures. 

The structures considered herein are restricted to be of such a type 

that the constituent structural members can be regarded as one-dimensional 

continua with cross-sectional dimensions of the order of magnitude less 

than the axial dimensions. In teams of technical application, bars, beams, 

columns, braces, frames and trusses are comprised in this type of structures. 

We restrict ourselves to planar structural behavior; lying in a plane, 

.structural members are assumed to. deform in this plane without twisting. 

With these restrictions imposed on the structural type and deformation, 

the behavior of structures can be . analysed in terms of a bending moment, 

axial force and shear, which play the role of generalized stresses. 

When a ductile structure or a structure with overall toughness is 

loaded into a post~collapse range, it often undergoes a considerable amount 
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of deformation or is subject to loads of large magnitude so that t~e 

use of a single generalized stress becomes irrelevant, and the interaction 

of the components o'f .the generalized stresses plays an important role. 

Special attention is focused on such interaction effects in the plastic 

range. Efforts are directed to derive a closed-form analytic solution 

for each problem at the cost of minor effects, in order for the results 

to be of general application and also to serve as a basis of comp~rison 

with more elaborate numerical analyses. With these in mind perfect 

plasticity is employed as a fundamental assumption in most of the 

theoretical studies. 

A brief sketch is made of the author's works to be presented, follow­

ing the preparatory articles on the-definitions of terminology and 

on the general plastic behavior of a typical structure discussed 

on the basis of the previously established theory of perfect plasticity for 

small deformation. The first chapter is concerned with the interaction 

effect of bending and axial loading on plastic collapse loads. The next 

five chapters are devoted to the hysteretic behavior of bars and frames 

under repeated loading in the light of the plastic interaction. In the 

last two chapters the interaction effects in the area of plastic dynamics are 

examined. Based on the papers with single authorship, each chapter deals 

with a particular topic and is self-contained with nomenclature, bibliography 

and formulation independent of one another. The contributive significance of 

these studies is left undiscussed until the general plastic behavior has been 

introduced. The results of the last chapter were obtained in the course of 

work directed toward a degree of Doctor of Philosophy, and are to be regarded 

as beloneing to the Appendix. The treatise is also appended with the abstracts 

of papers by the author which are not covered in the text. 
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INTRODUCTION 

This introductory chapter is intended to familiarize the reader 

with the terminology adopted in the content of the treatise as well as 

to illustrate the general behavior of an elastic-perfectly plastic 

structure under variable loading. With these as preparatory knowledge~ 

a brief survey is made of the scope of the works to follow. 

DEFINITIONS 

The term perfectly plastic is meant to indicate the absence of 

the second order effects in the plastic range such as hardening and 

viscosity and at the same time implies the presence of ample ductility. 

Since the stresses in a structure of perfectly plastic material cannot 

exceed the yield limit anywhere, the loads applied to the structure 

cannot be increased indefinitely. When the loads attain certain 

critical magnitudes, the perfectly plastic structure collapses plastically 

and indefinitely increasing deformation makes the structure incapable of 

supporting~_any further increase of the loads, provided any change in 

geometry is negligible. Such a critical system of loads is termed a 

collapse or limit load system, and the distribution of the unlimited 

plastic flow is often called a collapse mechanism. The alternative 

definition is that the collapse load system is the system of the loads 

at which the structure of rigid-plastic material begi~_s to undergo 

deformation. 

In the limit or collapse analysis the loads are assumed to be applied 

statically_, monotonously, proportionally or simultaneously. A struct\lre 

is often subjected to several loads each of which can be applied repeatedly 
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and can vary independently of one another, within certain prescribed 

limits. Such a load system, referred to as variable repeated loading, 

can lead a structure to a state of plastic failure, even if no single 

application of any load combination causes plastic collapse or instan­

taneous collapse. The failure by cyclic plastic deformation can take 

place in one of two ways. If the loads are essentially alternative in 

character, one or more of the members might be subject to yielding in 

tension and compression alternately or bent back and forth repeatedly, 

indicating a possibility of rupture. Such behavior is termed alternating 

plasticity or yield. In the other type of failure, plastic deformation 

is built up incrementally in each cycle, eventually leading to unacceptably 

large deformation by a number of critical combinations of loads following 

one another in fairly definite cycles. The structure is then said to 

have failed by incremental collapse, deflection instability or progressive 

plastic deformation. 

In a statically indeterminate structure, being accompanied by some 

plastic deformation, a state of residual stress or of self-stress or 

self-equilibrated state of stress can exist, which keeps the structure 

in equilibrium without any external loads. It is possible for the 

structure to be free from the failure by cyclic plastic deformation, if, 

at an early stage of the loading program, such a state of residual stress 

is built up so that the stress due to elastic response qf the structure 

to subsequent 'loads within the prescribed limits may be superimposed on 

these residual stresses without exceeding the yield limit at any point 

of the structure. The structure is then said to shake down to a state 

of residual stress and the corresponding state of permanent deformation. 

It is recognized that the plastic collapse and shake-down loads are 
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determined independently of the past history or path of the loading 

within the restrictions of perfect plasticity and the absence of change 

in geometry. 

EXAMPLE OF ELASTIC-PLASTIC BEHAVIOR* 

Let us consider a simple structure and visualize the elastic-

perfectly plastic type of behavior in which the afore-defined phenomena 

can occur. A singly indeterminate truss is subjected to a load P with 

fixed direction and slowly varying intensity as shown in Fig. 1. 

Three members (i = 1, 2, 3) are assumed to carry only axial forces and 

to have an elastic-perfectly plastic property. In the elastic range 

the axial elongations 6i are related linearly to the tensile forces Ni 

through 6i = ciNi with the compliance ci as the proportional factors, 

where the subscripts refer to particular members. The yield limit is 

specified by Yi > 0 for tension, and Yi' < 0 for compression. 

Infinitesimal deformation is assumed with change in geometry neglected 

so that no instability phenomena take place. 

We regard Ni as the sums of the elastic components NI which would 

be caused if the truss were perfectly elastic without limit and the 

"d 1 t ,X th t N N~ ,X res1 ua componen s ~i so a i = • + Ni. The elastic response is 

determined by the instantaneous load as 

(1) 

where the proportionality factors Pi are given from the distribution of ci and 

overall geometry. 
. r . . 

The residual forces Ni, on the other hand, depend on. 

the entire history of loading because of the history-dependent or irreversible 

nature of plasticity, and are equal to the axial forces which are attained 

* The material presented in this section is based on the author's article, 
Reference [1] on·page 15. 
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by the complete removal of the load if the unloading process is elastic. 

The set of the components ~ forms a state of self-stress. We introduce 

the fictitious strain energy E corresponding to the axial forces Ni as 

(2) 

The second term in the extreme-right side of Eq.(2) can be interpreted 

as the sum of the work done by the internal forces Nf on the elastic 

elongations ciNf. Since NI are in equilibrium with P=O-and since CiNI . . 

are compatible with a displacement at the joint of load application, the 

principle of virtual work gives the sum to be equal to the work done by 

the zero load on the joint displacement. The second term vanishes 

therefore. The first and third terms are rewritten by noting that NI 

are related toP through Eq.(l) and that the two independent equations 

of equilibrium at the joint are combined to express the three forces NI 
(i = 1, 2, 3) in terms of a parameter R in the form 

are given from the geometry of the truss, whereas R depends on the loading 

history. With x and y, being proportional to P and R respectively, defined 

from 

(3) 

it follows that 

(4) 

Considering that 

N;=p;P+r;R (5) 

and taking note of Eq.(3), we see-that the state of stress of the truss 

is represented by a point in the plane with x and y taken as the horizontal 

and vertical co-ordinate axes as shown in Fig. 2. It is also seen from 
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Eq.(4) that the energy E equals the square of the distance between the 

point and the origin of the co-ordinate axes. The perfect plasticity 

. ' fixes the limits for the stress point by Yi ~ Ni ~ Yi, i.e., by 

(G) 

so that three pairs of parallel lines 1,1'; 2,2'; 3,3' enclose the 

convex allowable domain, which is symmetric with respect to the origin 

if Yi = -Yi'· It is found from Eqs.(3) and (5) that any states of 

stress in equilibrium with the load P have stress points on the equilib-

rium line IJ perpendicular to the x-axis. The actual stress point lies 

on this line segment, and has the ordinate corresponding to the true 

residual state of stress. If the truss is free from any previous plastic 

straining the principle of minimum strain energy determines the stress 

point to be located at point A, the intersection o.f the line of equilibrium 

with the x-axis. The stress point moves along the x-axis for the initial 

elastic response corresponding to the varying load, and member QD yields 

when· the stress point arrives at point B, the truss becoming statically 

determinate. A further increase of the load is accompanied by a movement 

of the stress po~nt along the line 1 until point C is reached, where the 

yield limit is also attained in member~ There is no allowable state of 

equilibrium beyond this load, P = Pc. If the load reverses its direction 

at point D somewhere before reaching the point C, an elastic recovery 

takes place along line DF parallel to the x-axis, and the complete removal 

of the load, P = 0,. leaves a residual state of stress as represented by 

point E. A further decrease in the load P < 0 causes a further shift_of 

the stress point to.the left, and the member U) is stressed to its yield 

limit at point F with the sign of the axial force opposite to that developed 
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along the line 1. 

with P = Pc' < 0. 

The arrival at point C! indicates the plastic collapse 

Suppose the load can vary arbitrarily within the limits 

PG ~ P < Pn, where the state G lies on the line 1' somewhere between the 

points F and C'. The repetition of particular cycles in the load 

forces the stress point to move in a cyclic manner as in 

The member QD undergoes yielding in tension and compression alternately, 

and a large number of repetitions may lead to failure by alternating 

plasticity. If it is prescribed that the load varies in PF ~ P ~ Pn, 

then the stress point travels along the line segment DF, indicating the 

elastic response; shake-down takes place after undergoing the plastic 

straining corresponding to the line segement BD in early ranges of the 

loading program. 

Let us consider the example of changes in temperature at the load 

P = PAo .. The stress point is again allowed to move along the segment IJ; 

stresses built up by a temperature change constitute a state of self-stress. 

If the stress point reaches the point I, the intersection of the line IJ 

and the line 1, then the truss is turned into a statically determinate_ 

one with plastic straining in the member QD under constant axial forces 

on all the members. A similar situation arises at point J, the intersection 

of the lines 3' and IJ, with plastic straining in the member C) . If such 

a cycle of temperature changes is repeated, plastic strains accumulate 

with the same sign in each of the members, and a large number of repetitions 

eventually may lead to the incremental collapse of the truss with the 

same collapse mechanism as at the plastic collapse of the point C. If, on 
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the other hand, the range of the temperature variation corresponds to 

a length less than the length IJ, a shake-down state is reached, possibly 

after some plastic straining, and subsequently the truss responds in an 

elastic manner. It may be of interest to note in this connection that 

the state of stress varies only in a restricted range, no matter how large 

the range of the temperature variation may be. Another interesting feature 

is that the state of stress depends only on the overall distribution of 

the temperature and not on the precise local distribution. It is not 

difficult to demonstrate the occurrence of the incremental collapse under 

load variation alone. 

Since an elastic response to a temperature change causes a change in 

the ordinate or the state of self-stress, it is convenient to separate 

the components Nf into the components due to the elastic response to the 

temperature change and the remaining residual components N[ so that the 

axial forces Ni are the sums of the three components, viz., the components 

due to the fictious elastic response to the load, the components due to 

the fictitious elastic response to the temperature change, and the components 

Ni. We rewrite the sums of the first two components as Nf in the new sense; 

NI are identified with the axial forces which would be developed in the 

perfectly elastic truss due to the change in temperature as well as the load. 

It is then recognized from the discussions made above that shake-down will 

occur if and only if a state of self-stress Nf can be found such that 

superposition Nf + NI = Ni of thi~ state and the purely elastic response 

Nt to the given variation of loads and temperature will at no point or 

instant lead to stresses at or above the yield limit of bounds Yi and Yi'· 

This is the static or equilibrium theorem of shake-down formulated by Melan 

and Prager. This implied that the truss has an ability to withstand the 
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loading by rearranging the internal forces· to best advantage. The 

principle provides a means of determining a safe range for the limits 

of variation in loads and temperature in order for no failure by cyclic 

plastic deformation to occur without restrictions on the number of repetions; 

a trial distribution of the history-independent residual forces Nf gives 

a safe range. 

It is seen from Fig. 2 that as the load increases, the allowable 

range of a temperature change becomes smaller. When the load is close to 

the collapse load Pc, a small change in temperature causes incremental 

plastic deformation in the two members alternately. At the limit state C 

no change in temperature is required in order for the two members to 

yield simultaneously, and an unlimited plastic flow can take place under 

the constant load and temperature. Thus the static or plastic collapse is 

recognized to be a limiting case of an incremental. collapse occurring due 

to variable repeated loading. The plastic or limit load itself is independent 

of any change in temperature. The above considerations suggest that a 

theorem £or the static collapse be derived from the shake-down theorem as 

an application to the limiting case. The absence of variation indicates that 

the axial forces need not be separated into the variable and constant 

componentse It follows that plastic collapse will not or is just about 

to occur if and only if an equilibrated state of stress Ni (satisf.ying 

the equations of equilibrium and boundary conditions on forces) can be found 

which nowhere exceeds the yield limit of bounds Yi and Yi'• This is nothing 

but the static or lower-bound theorem of limit analysis. 

An unsafe bound of the allowable range is found from kinematical 

considerations with the use of a collapse mechanism. Suppose in an 
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incremental collapse mechanism the i'th member is subjected to plastic elongatio1 

~i· Considering that the yield limit is supposed to be reached in this 

member at some loading stage, we take either the maximum or minimum elastic 

axial force, (Ni>max or (NI)min' and either of equations 

<Xie) max+Ni,.= Yi, if J;~'>O, 

(7) 

( .Y/) min+ Ni"=. }~/, if JiP<0 

p 
is multiplied by ~i. The summation over all the yielding members gives 

(8) 

It is clear that each ter.m in the summation of the right-hand side of 

Eq.(8) is positive regardless of the sign of ~f. The sum of the second 

term in the left hand side vanishes, since it is interpreted as the work 

done by the internal forces NI, which are in equilibrium with the external 

load P = 0, on the elongations ~l, which are compatible with a displacement 

at the joint of load application, and hence is equal to the work done by 

the vanishing load, as given from the principle of virtual work. It is 

thus seen "that incremental collapse must occur if there are such collapse 

mechanism and loading that satisfy the equation 

(9) 

This implies that if there is a path to failure, the truss gives up. 

The conditions to prevent the failure by alternating.plasticity is easily 

understood to:be 

(10) 

The corresponding principle for the static collapse is found by noting 
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the absence of variation. It is convenient to express the sum of the 

internal work in the left-hand side of Eq.(9) in terms of the work done 

by the external· load by means of the virtual work principle. A useful 

form of the statement is that plastic Gollapse must occur if for any 

assumed ~ollapse mechanism, the external work equals ( or is greater than) 

the internal plastic work. This is the kinematical or upper-bound theorem 

of limit analysis. 

Another instructive consideration is made of energy dissipation for 

the case of variable repeated loading without temperature variation. A 

characteristic feature of plastic failure under repeated loading lies in the 

cyclic changes in the states of the internal as well as external forces. 

In Fig. 2 the state of internal forces and that of internal residual forces 

change in a cyclic manner as in the variation along the parallelogram 

DHGF. The cyclic change in the internal residual forces is accompanied by 

plastic deformation, and hence by energy dissipation. The elastic strain 

energy being recovered after a complete cyclic change, the amount of 

the energy dissipation in each cycle is given from the area of the parallel­

ogram. An unlimited number of repetitions of such a cycle may require an 

unlimited amount of energy to be dissipated in plastic deformation. 

Similarly at the state of plastic collapse an indefinitely large energy 

dissipation may be accompanied by an indefinitely large plastic deforma­

tion. Failure by plastic deformation may thus be characterized by the 

limitless property of_energy dissipation or plastic work; it is seen as 

the counterpart of this statement that shake-down is defined properly by 

the limitedness in the amount of the total sum of the energy dissipation 

under limitless repetitions of loading. It follows that the truss will 

not shake down but will fail ultimately by cyclic plastic deformation if 
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any cycle of plastic deformation and any external load within the 

prescribed limits can be found which correspond to such a finite energy 

dissipation as the area of the parallelogram, and that the truss will shake 

down if for all admissible cycles of plastic deformation, no external load 

can be found within the prescribed limits which corresponds to such a 

finite amount of energy dissipation. Formulation of this principle in a 

form applicable to three dimensional continua may lead to Keiter's 

kinematical theorem. of shake-down. 

The above discussions have been restricted to the singly indeterminate 

truss under a single load with fixed direction combined with thermal loading. 

The geometrical representation of the state of internal forces can be 

extended to the cases of more than single determinancy and/or of the 

application of many loads by taking appropriate variables for orthogonal 

co-ordinate axes. It can also be generalized for beams and frames in 

which members are subject to bending. This is also the case with the 

principles and results stated on the simple model without proof. The 

generalization for the bending action with an elastic-perfectly plastic 

type of moment~curvature relation is made simply by replacing the axial 

force by the bending moment and by understanding the i'th member as 

critical section i where the bending moment takes a local extremum so 

that a yield or plastic hinge ·can develop, and by replacing the elongation 

by relative rotation across the yield hinge. 

REMARKS 

The knowledge and principles introduced in the preceding section on 

the general elastic-plastic behavior of structures were developed by pre­

decessors in the field of the theory of plasticity with a few exceptions 
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contributed by the author [1].~ One is the application of the method 

of collapse mechanism to the truss example under thermal loading as well 

as variable repeated loads. A similar method had been exploited for 

rigid frames under varying loads without temperature change [2]. Another 

exception is the interpretation of Keiter's kinematical theorem established 

for three dimensional continua [3], in the less precise language o'£ the 

structural behavior of the truss cited. For the historical review of the 

advancement the reader is referred to a separate article [4] as well as to 

the pertinent literature and books in the field. 

The afore-introduced structural behavior and principles have been 

based on three fundamental assumptions. One is the elastic-perfectly 

plastic behavior of members in the sole action of bending or of axial loading. 

Another basic assumption is that changes in geometry can be neglected 

altogether. The third is a quasi-static behavior with the inertia effect 

neglected. It has seemed important to the author to axamine the validity 

of these assumptions and to make the structural behavior clear in the 

post-collapse range, motivating him to start the studies whose results 

come out in the treatise as the contents of the chapters to follow. 

It is true that bending action predominates in beams and memqers of 

rigid frames, but there are certain cases where axial forces a'£fect their 

behavior and thereby reduce the plastic collapse loads. This effect of 

the plastic interaction on the collapse loads is studied.for rectangular 

rigid frames in the first chapter. 

In order for a reasonable method of design to be established, it is 
. 

essential to be well acquainted with the structural behavior '£or the entire 

history of loading through the plastic f~ilure or collapse up to the 

* Numbers in brackets refer to the references at the end of each chapter. 
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ultimate state where the structure ceases to serve its function as such. 

Deflections of a structure may become large after its critical state or 

the load-carrying capacity is reached, so that changes in geometry should 

be taken into account; viz., finite deformation has to be considered. 

Chapters from 2 to 6 are concerned with this effect with allowance for 

the repetition of loading. A portal frame under a constant gravity and 

varying hori z·ontal load is investigated in Chap. 2. Chapters 3 and 4 

treat the hysteretic behavior of a bar under repeated axial loading as 

in bracing or truss members.. The analysis in the former is based on 

the piecewise-linear yield condition for the interaction of bending 

moment and axial force, and the piecewise linearity is modified in 

the latter, both being restricted to the range of finite but small 

deformation. In Chapts. 5 and 6 are examined the effectsof large finite 

deformation on the behavioral characteristics of the bar. The former is 

devoted to the derivation of basic formulae, followed by the application 

and a comparative study on the small and large deformation theories in 

the latter.; 

If a structure happens to be subject to a load greater than its load 

carrying capacity, then the structure .cannot be in a state of equilibrium, 

but is forced into an accelerated motion. If such a load continues long 

to be applied, excessive deformation may result and make the structure 

unserviceable. If, however, the load is applied for a sufficiently short 

period of time, the inertial resistance of the structure may restrict the 

deformation to a certain amount. The last two chapters deal with the 
1_ 

determination of.the permanent deformation for such a case. A load of large 

magnitude, as in the plastic dynamics of this kind, brings about the signif-

icance of shear ~ffect, which is theorized in Chap. 1. Since the deflection 
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often becomes large because of the severe ~oading, a finite deflection 

may come into effect, leading to the study in Chap. 8 where attention is 

paid to the interaction effect due to stretching. 

The asbtracts appended are intended to introduce the scope or the 

past activities of the author, containing papers with joint as well as sole 

authorship. 
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CHAPTER 1 

PLASTIC COLLAPSE LOAD WITH CONSIDERATION OF AXIAL FORCES 

ABSTRACT This chapter presents a method of determining the plastic 

collapse load of a frame ~ith consideration of the effect of axial 

forces existing in the frame members on plastic limit moments. The 

method does not require iteration, based on a kinematical consideration, 

and gives a smaller upper bound than simple bending theory. The concept 

of an extensible yield hinge is utilized when applying the upper bound 

theorem of plastic limit analysis. 

Application of the method is exemplified for some plane 

rectangular frames by making use of a linearized and non-linear yield 

conditions. With restrictions imposed on the order of magnitude of 

certain depth-length ratios, the results are approximately expressed 

in a closed simple analytic form, ·from which the effect of axial.forces 

is estimated. 

SOURCE The contents of Chapter 1 are based on the following paper: 
Taij iro NONAKA, "A Kinematic Approach to the Plastic Collapse Load of 
a Rectangular Frame with Consideration of Axial Forces", Proc. Symposium 
on Plastic Analysis of Structures, Vol. II, Jassy, 1972, PP• 193-220; 
Theoretical and Applied Mechanics, Vol. 23, Proc. 23rd Japan National 
Congress for Applied Mechanics(l973), University of Tokyo Press, Tokyo, 
1975, pp. 301-315. 
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Physical symbols 

a cross-sectional constant 

c linearity constant 

D energy dissipation rate 

H ho4izor.tal load 

h .storey height 

1 span 

M bending moment 

m number of bays 

N axial force 

n r:ulltber of stories 

r reduction factor 

v linear volocity 

w angular velocity 

Notation 

Primes indicate reference to beams. 

Dimensionless symbols 

a= ./2a Mof(Nol) 

Y = .\lof•V ~ 

p = .Ja/2 P/No 

v = Nf (No -.,12ja.) 

Subscripts 

c plastic collapse 

i i'th span 

j j'th storey 

u upper bound 

Bars over and under a letter indicate reference to the top and bottom 

of a colunm. 
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1. INTRODUCTION 

It is widely known that the plastic behavior of structural frame 

cannot necessarily be well predicted by an analysis which completely 

neglects the effects of axial forces existing in the frame members. 

One important unfavourable effect is the instability caused by the 

compressive axial forces together with the accompanying deflections. 

Apart from the instability effect, the existence of axial forces in the 

frame members, tensile or compressive, reduces the plastic limit moment, 

whose distribution primarily determines the plastic collapse load of a 

rigid-jointed frame. The pla.stic collapse load is to be understood 

here, as is customary, to mean the system of loads which either would 

just cause a distortion on the frame of rigid-plastic material, or 

would cause unlimited plastic deformation on the frame of elastic­

perfectly plastic material when the change in geometry is neglected. 

The usual method for the determination of the plastic collapse load 

of a frame with consideration of the effect of axial forces on plastic 

limit moments is an iterative one, in which the frame is first analysed 

by neglecting this effect. The axial forces found from the first trial 

solution are then used for the evaluation of the limit moments in the 

second trial, and the frame is again analysed with the reduced values 

of the limit moments. This procedure is repeated until t.he necessary 

accuracy is reached. Onat and Prager proposed a method which does not 

require iteration (1). The plastic collapse load of a frame in which 

axial forces were to be considered was found to equal the collapse load 

of a slightly modified frame in which axial forces could be neglected. 

In the modified frame, yield hinges in a member with nonzero axial force 
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were supposed to locate off the center line of the member. Lineariza­

tion of the yield condition relating th~ limit moment to the axial 

force led to the determination of the location of an off-center hinge. 

Ono and Tanaka employed an iterative approach in finding the positions 

of the neutral axes in cross-sections [2). This was, in effect, to 

locate the positions of the off-center hinges with recourse to trial-and­

error. The upper- and lo~·er-bounding techniques of plastic limit analysis 

were combined to find the collapse loads of portal frames. Hodge analysed 

a portal frame on the basis of statical considerations, and set the limit 

on the stress profile not to lie outside the yield curve in the stress­

resultant plane (J). 

In an earlier paper on the limit analysis of arches, Onat and 

Prager also showed that the presence of axial forces requires the use 

of yield hinges that allow not only relative rotation but also relative 

axial displacement of adjacent cross-sections (4:. This concept of an 

extensible or contractible yield hinge is to be applied in the this 

chapter in connection with the upper-bound or kinematical theorem for the 

determination of the plastic collapse loads of plane rectangular frames .. 

The approach is based on a similar but slightly different point of view 

from that of Onat and Prager. Some quantitative discussions of this 

effect will also be given based on the results of analysis for several 

.examples. 

2. OUTLINE_ OP PRINCIPLES 

Suppose a collapse mechanism is known from the simple bending 

theory in which only relative rotations can occur across yield hinges. 
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In order to account for the effect of the axial forces on the limit moments, 

the hinges are allowed to extend or contract as well as to relatively rotate, 

upon kinematical considerations. In the following, contraction is taken as 

negative extension and compression likewise as negative tension, and the 

repetition of alternatives will be omitted. The extension is related to 

the rotation across the extensible yield hinge by the plastic flow rule 

which states that the plastic flow vector with two cartesian components 

proportional to the rates of change of extension and of rotation is 

in the direction of the outward normal to the yield condition repre-

sented geometrically in the stress-resultant plane with cartesian 

components proportional to the axial force and the'bending moment (4). 

If the yield condition is linearized, the direction of the plastic 

flow vector is independent of the axial force (and of the bending moment), 

and the rate of extension is proportional to that. of rotation at an 

extensibl~ yield hinge. In the case of a piecewise-linear yield condition, 

there is a need to specify as to which regime the flow vector is associated 

with. In the problems to be considered, this involves specifying whether the 

axial deformation is extension or contraction. An insight into the sign 

of the o.orresponding axial force from statical considerations or from 

some physical considerations of the pattern of deformation can help to judge 

this. If the judgement is not possible or difficult, both ·alternatives 

should pe considered and the resulting upper bounds should be compared,· 

as will be exemplified later. The rate of internal energy dissipation at 

the hinge, regarded as a function of the plastic flow in the collapse 

mechanism under consideration, is expressed in terms of rotation (or 

more conveniently in terms of extension in certain exceptional cases). 

This is done at each yield hinge. In the case of rectangular frames, 
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the relation among rotations at yield hinges is given without much diffi­

culty from kinematical considerations together with the flow rule, so 

that the rate of total internal energy dissipation can be expressed in 

terms of a single linear or angular velocity for a given collapse 

mechanism with a single degree of freedom. The rate of change of the 

work done by external loads can also be expressed in terms of the same 

velocity. The two rates are then equated to give an upper bound of the 

plastic collapse load. The upper bound thus obtained is smaller than 

the corresponding one from the simple bending theory, and equals 

the exact value of the collapse load to the accuracy of the linearized 

yield condition, provided· the assumed collapse mechanism with extensible 

yield hinges is correct. There is a possibility, however, that the 

extensible yield hinges form in the correct collapse mechanism at 

~o5itions different from those of the simple bending theory, so that the 

correct collapse mechw1ism in the light of bending-extension interaction 

may be entirely different from that in the simple bending theory. In 

order to ensure that the upper bound thus obtained is in fact equal to 

the correct collapse load, the lol.·er-bounding technique or statical 

consideration should also be utilized, or alternatively, all possible 

collapse mechanisms must be considered to give the lo"est upper bound. 

For any real cross-sections, the yield condition is not exactly 

linear with respect to bending moment and axial force. In the case of a 

nonlinear yield condition, the relation between the rates of rotation and 

extension at an extensible yield hinge depends on the axial force existing 

in the member. The rate-of-energy balance gives an upper bound of the 

collapse load which includes the axial forces as parameters. Any values 

less in magnitude than the plastic limit axial force can be given for in-
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dependent axial forces. Differentiation of the upper bound with respect 

to the independent axial forces gives the lowest upper boun'd among 

collapse mechanisms with definite positions of extensible yield hinges. 

It turns out that when certain restrictions are imposed on the order 

of magnitude of parameters concerning the depth-lPngth ratios, the 

collapse load (upper bound) of a rectangular frame can be approximately 

expressed in a relatively simple closed form, without rec·ourse to an 

iterative procedure. The effect of the axial forces on the collapse 

load can be evaluated in terms of these parameters. 

3. EX.WJ>LES FOR LINEAR YIELD CONDITION 

Follo~ing Onat and Prager (1), let us first use a piecewise-linear 

yield condition. By assuming that JN/N0 f is small in comparison with 

unity, the exact yield curve, such as the one shown in a dashed line in Fig.l, 

is approximated by 

I =J + c I =J = 1 (1) 

where M is bending moment, N is tensile axial force, M0 and N0 are their 

limiting values in pure bending and pure tension, respectively, and c is 

a constant. To c an appropriate value between zero and unity is to be 

assigned, depending upon the shape of cross-section and upon the range 

of the value of N/N0 • c = 1 provides the exact yield condition for an 

ideal !-section with indefinitely thin web and flanges. It is noted that 

the simple bending theory would assume the yield belt (M/M0 J = 1, which 

is equivalent to taking c = o in Eq. (1). Let~ and v be the rates of 

change of relative rotation and displacement, respectively, across an 
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extensible yield hinge. In other words, they are the relative angular 

velocity and the rate of change of extension, respectively, at the hinge. 

From the flow rule associated with the yield condition, Eq. (1), it 

follows except for the singular points, M = .:t M0 and N =.!: N0 /c, that 

(2) 

The signs of v and w are to be such that they are compatible with the 

corresponding N and M. Eq. (2) should be kept in mind when pic~ing a 

collapse mechanism or a kinematically admissible plastic velocity field. 

The rate of internal energy dissipation D at a yield hinge is given by 

D=Mw+ N v = I ~01 Mo fwl + j :ol 
No Jvl (3) 

and hence, with the aid of Eqs. (1) and (2), 

D = < I :0 I + c I :J ) M0 Jwl = Mo I"' I ( 4) 

unless* M0 lwr < N0 lvl /c. 

Using Eqs. (2) and (4), let us determine the plastic collapse load 

or its upper bound for several examples of plane rectangular frames, in 

which all columns have the same uniform cross-section with plastic-limit 

stress-resultants M
0

, N0 , constant c and the common height h, and all 

beams have M0 ', N ', c' and the length or span~. 
0 

The first example is the portal frame shown in Fig. 2 (a}. If 

M0 < M0 ' the simple bending theory predicts a side-sway collapse 

mechanism with yield hinges at the top and the foot of each column, and 

* In the case of M0 l~f< N0 1vl/c,corresponding to the singular 
points N = .± N0 /c, Eq. (4) should be replaced by D = N0 1~1 /c. 
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gives the collapse load He for the horizontal load H, as 

4M0 

h 
(5) 

In order to account for the effect of the axial forces on the collapse 

load, the yield hinges are supposed to be subject to extension as well as 

rotation, their relation satisfying Eq. (2). It is found from a statical 

consideration that a tensile force exists in the left column and a com-

pressive in the right. A physical consideration of the pattern of 

frame deflection indicates that the left column elongates and the right 

contracts. Either of these considerations suggests a collapse mechanism 

such that the hinges in the left colwr111 extend and those in the right 

contract, so that the beam as well as the columns rotate in the clockwise 

direction. It is convenient to illustrate this collapse mechanism as 

sho'Nll in Fig. 2 (b). Since the length of the beam does not change, the 

two columns have the same angula.r velocity e». The angular velocity of 

the beam is denoted by 01' • By making use of Eq. ( 4} , the kinematical 

theorem of limit analysis ( 5, 6, 7, 8) provides the rate-of-energy 

balance 

Hu w h = 2 M0 ( w + ( w- w' } ) (6) 

for an upper bound Hu of the plastic collapse load, where it is assumed 

that 

CeJ-e»'~O (7) 

for w :>0. Let~ and v denote the rates of extension at the lo•er and 

upper yield hinges, respectively, of the left colurr111. Eq. (2) gives 

the relations 

N0 v = c M0 ( w - w •) (8) 
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The rates of contraction at the yield hinges in the right column are 

equal numerically to.! and v which satisfy Eq. (8). The change in 

geometry being ignored, there is the kinematical condition 

w ' ..e = 2 (.:!_ + v) (9) 

Substitution for v and v in Eq. (9) from Eq. (8) expresses w' in terms 

of w as 

w' = __ 2.._(3_ 
l + ~ 

( 10) 

where ~ ~ ~cM0/(N0£) is a parameter indicating the importance of the 

effect of the column axial forces. The value of ~ depends on the cross-

sectional shape of the columns and the ratio of the column depth to the 

span as well as on the value of c. For an ideal !-section, ~ is identical 

with the depth-span ratio. ~ cannot be greater but is much smaller than 

unity. Eq. (10) thus confirms the assumption (7). Combination of Eqs. 

(6) and (10) determines Hu· When the result is expressed in the form 

Hu = He (1 - r) (11) 

the factor r of the reduction due to axial forces becomes in this example 

r = 1 + ~- (12) 

In order for Hu, which is given by the combination of Eqs .. (5), (11) 

and (12), to be the correct collapse load, a statically admissible distri-

bution of the axial force and the bending moment which does not violate 

the yjeld condition must exist under this load. Evidently this 

is so provided the inequality 

I ::. I + c. I =~·I ~ 1 (13) 
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is satisfied at the beam ends, where the primes denote refPrence to the 

beam. It turns out that condition (13) leads to 

Mg < 1 + @ (14) 
Mo ' 1 + 13' 

where 13' E 2 c' M0 ' /(N0 'h) is a counterpart of 13, and is proportional to the 

ratio of the beam depth to the column height, indicating the importance of the 

beam axial force as becomes clear later. It is worth noting that the 

assumption of contraction at the yeild hinges in the left column and 

extension in the right would have resulted in an upper bound, 

Hu =He (1 + r), larger than the collapse load He of the simple bending 

theory, '\vhere r is again given by Eq. (12). 

If the inequality (14) is violated, the yield hinges at the top of 

the columns should be replaced by hinges at the beam ends as shown in 

Fig. 2 (c). For this case the simple bending theory gives the collapse 

load 

(15) 

The hinges in the beam are now subject to contraction in addition to 

rotation. When multiplied by the span ..e, the angular velocity w' of 

the beam is equal to the sum of the rate of extension at the yield hinge 

of the left column and the rate of contraction at the right. These 

rates, in turn, are related to the angular velocitiesCtJI and.f1J2 of the 

left and right columns, respectively, through the flow rule Eq. {2) at 

the yield hinges. It follows that 

(16) 

Similarly, the product of the height hand the difference between~ 1 
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and w 2 is equal to the sum of the rates of contraction at the left and 

right yield hinges in the beam, which are proportional to the relative 

angular velocity w 1 - w' and w 2 - w•, respectively, according to· Eq. ( 2) • 

Thus, 

At 
~ (wl + w ..... - 2w') 2 ~ 

(17) 

Eqs. ( 16) and ( 17) are combined to express w 2 and w' in terms of w 1 as 

w 2 = __;;;;.2_..~,;@:....'---..;.( ~1 _ _.(3-+)-
2 + ~· (1 ~) 

( 18) 

~ t = ____ 2.~,.@_,_ __ ..,..._ 
2 + ~· ( 1 - ~) 

(19) 

Sub~titution of Eqs. (18) and (19) into the relation 

gives the reduction factor 

r = 2@ + @' (1 - @)(1 + Y) 
(2 + ~' - ~~·) (1 + Y) 

(21) 

where Y ~? M0 /M0 '. It is evident from the statical consideration that the 

upper bound thus obtained is also equal to the correct collapse load. 

This is confirmed by the fact that the value of Hu given by the combina-

tion of Eqs. (11), (15) and (21) is smaller than that of Eqs. "(5), (11) 

and (12) when inequality (14) is violated.* In the examples ·which fol-low, 

only upper bounds are to be sought. 

* It is worth mentioning that when the load H of Fig. 2 (a) is applied 
at the top of the right column instead of the left, the collapse 
mechanism in which the yield hinges at the beam ends expand leads to 
the same result as in Eq. (21). 
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Fig. 3 shows the application of the mechanism in Fig. 2 (b) to a 

two-storied frame. The simple bending theory again gives He of Eq. (5), 

but does not show whether failure occur~ in the first story or in the 

second. When axial forces are accounted for, it must occur in the first, 

if yield hinges are to appear only in columns. Eqs. (7) to (11) are 

again valid; the replacement of "'h in the left hand side of Eq. (6) by 

wh + w'h gives 

r = _...;;3~{3;....__ 
1 + 3~ 

(22) . 

A similar mechanism is considered for a fra.me with two bays in 

Fig. 4. The yield hinges in the middle column are subject to rotation 

alone, since the flow vectors correSJlonding to these hinges must be ruled 

out from Eq. (2) which is stipulated for the sides of the yield polygon, 

Fig. 1, and the generalized-stress points compatible with these flow 

vectors must be on the corners IMI = M
0

• If there werP any nonzero 

rates of axial deformation at these hinges, they should in magnitude be 

identical with those in either the left or the right column, since the 

relative angular velocities across the upper and lower yield hinges are 

common, respectively, to all columns. For this mechanism, manipulation 

similar to afore-mentioned examples gives the upper bound Hu as in 

Eq. (11) where 

He = 
.JL 

2 
r = -----

1 + _jL 
2 

(23. a,b) 

Comparison of Eq. (12) with Eqs. (22) and (23b) makes it certain that 

when yield hinges appear only in columns the reduction of the collapse-

load due to axial forces increases with the number of stories and 

decreases with the number of bays. In the case of a single bay, n-storied 
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frame subjected to a horizontal load H at the top, the collapse mechanism 

with hinges in the columns of the lowest story gives 

r = _ _.( 2....;;n~-~l.._) ...~13~-
1 + (2n - 1) f3 

(24) 

with He of Eq. (5). For instance, f3 = 1/20 and n = 10 indicate a 49% 

reduction owing to the axial forces in columns. 

On the other hand, the reduction due to the axial forces in bean,s, as 

in Fig. 2 (c~ increases with the number of bays. Fig. 5 shows a collapse 

mechanism for a frame with m bays. The simple bending theory gives for 

this case 

1 
He - h ( ( m + 1) M0 + 2m M0 ' ) (25) 

A statical consideration indicates that all of the column axial forces 

are tensile except for the rightest column. This suggests a collapse 

mechanism in which extension takes place at the hinges in the former and 

contraction in the latter. The yield hinges in the beams are o~course~ 

subject to contraction as well as rotation. Let subscripts refer to the 

members with consecutive numbering from the left as shown in the figure. 

The kinematical theorem of limit analysis provides 

m m + 1 

X w · + Mo ' X . ( ( w i - Wi' ) + ( wi + 1 - <iJj_ ' ) ) 
~ i = i . i = 1 

(26) 

Considerations directed to derive Eqs. (16) and (17) now give 

for i = 1, 2, •••• , m - 1 ·· 
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-~ 
(JJ i - w i + 1 - 2 ( &Ji + w i + 1 - 2 CN i ' ) for i = 1 , 2 , • • . • m (28) 

Prom these equations (JJ2, w3, •....• , (/Jm+l and (dl', ru 2 ', • • • • ·, w.n' are 

expressed by w 1 • If ~, ~' and m~' are of magnitude of the order less 

than unity, Eqs. (27) and (28) give the simple approximate relations 

CtJ i+l - (1- i~') (i)l for i = 1, 2, .... , m (29) 

(J) i' - 0 for i 1, 2, m - 1 

J 

= = ., ... ' 
(30) 

\ 

CtJm t .... 
~ CtJ 1 = 

to the first order with respect to~ and~·. Substitution of Eqs. (29) 

and (30) into Eq. (26) gives 

m(m + 1) ~· y + m2 ~· + 2 ~ 
2 

r - --------~----~----------------------(m + 1) Y + 2 m (31} 

It is checked that substitution of m = 1 in Eq. (31) gives r identical 

with that from Eq. (21) within the first order approximation. The 

additional restriction on the order of magnitude that m2>> 2 ~~~~ 

simplifies Eq. (31) further, viz., 

r = 
@'m 

2 (32) 

For an example of ~· = 1/20 and m = 4, Eq.' (32) indicates a 10 % reduc-

tion approximately. 

4. EXAMPLE FOR NOKLINEAR YIELD CONDITION 

Let us next consider a nonlinear yield condition of the form 

I :J + 
a 
2 

( 
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where "a" is a positive constant depending on the shape of the cross-

section. Eq. (33) holds exactly for a rectangular cross-section when 

a = 2 is taken. This holds also for an !-section under strong-axis 

bending combined with axial loading when the neutral axis lies within the 

web; in this case "a" takes a value larger than 2. At an extensible 

yield hinge the associated flow rule becomes except for N = ~ N0 ~ 

N 
=a--M0 1wl 

No 
(34) 

and the rate of internal energy dissipation at the hinge is given from 

Eqs. (3), (33) and (34) as * 

(35) 

Eq. (34) shows that the proportion of the rate of extension to that of 

rotation can vary among hinges, depending on the value of N, as against 

the linearized yield condition. To an arbitrary proportion there 

corresponds a value of N, and D is determined from Eq. (35) if 

(NI < N
0 

V2/a , i.e., if N0 1vf < ~ M0 Ifill, upon choosing a collapse 

mechanism. A choice of this proportion is equivalent to a choice of N. 

Let us s~ppose a plane rectangular frame with m bays and n stories 

is subjected both to the system of vertical loads which is equipollent to 

P acting downward on each column and to the system of horizontal loads 

which is equipollent to a single force H acting from the left at a height 

g from the ground level~ An upper bound Hu of H is to be sought under 

given P. The collapse mechanism to be considered is_ shown in Fig. 6 

where yield hinges form at the foot of each column and at the left and 

* For the cases N = ~ N0 ~' the flow rule gives~ M0 twf;; N0 1vf. 
For these cases Eq. (35) should be replaced by D = N0 1vl ~-
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right ends of each beam in each span. The simple bending theory gives 

the plastic collapse load He, when so modified that the reduction of limit 

moments is only due to the direct vertica) load P, as 

He 
1 
g 

2 . 
( ( m + 1) ( 1 - P ) M0 + 2 m n M0 ' ) 

where P; ~ P/No. 

A~ shown in the figure, all beams in the ith span have the common 

(36) 

angular velocity wi', and the ith column from left has wi independent of 

stories. Let vi denote the rate of extension at the yield hinge of the i th 

column from the left. Yi is the ratio of the tensile force there to N0 v'2/a. 

Let 11.' • be the tensile force of the beam in the i th span from the left 
l,J 

on the jth story devided by N0 ' ~. ·"a" and a' are the constants for the 

column and beam cross-sections, respectively. With Eq. (35), the 

kinematical theorem of limit analysis gives 

m+l 
Hu w 1 g - p I v. = 

i=l 
1 

where it is assumed that 

m+l 
2 

Mo I ( ( 1 + II i ) Cd i ) 
i=l 

Wi-e»i'>O, Cili+l-Wi'>O for i = 1, 2, ••• , m 

w2•, •••• , w.n', Jm+l are now to be expressed by the rest, e.g., C'tJl· 

This is done by making use of the flo~ rule and kinematical conditions 

as follows. First, Eq. (34) relates vi to wi as fo~lows: 

for i = 1, 2, ••• , m + 1 

(37) 

(38) 
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vi - vl+l 
6)i' = ~ {40) 

for 

i = 1, 2, .••• , m 

The difference 'di+l -lUi of the angular velocities of the columns adjacent 

to the ith span is equal to the sum of the rates of extension of the left and 

right hinges i~ the beam of the ith span, jth story divided by jh. When 

these rates of extension are related to the relative angular velocities 

by Eq. {34), in a manner similar to that leading to Eq. (17) or (28). it is 

found that 

' 
"i 'j 

j 

for 

i = 1, 2, ••• , m; j = 1, 2, ...• n 

where ex' _ ~ M
0

' /(N0 'h). Consequently 

and 

for 

II· t 2 
= _.;;;.1_.,~ 

2 

' II • . 

= . . . . . . . = --~~' J __ 
j = 

ex' v · ' 1 { w. + (1). +I - 2 (1). ' ) 
1' 1 1 1 

i =I, 2, ..... , m 

' II • • 
= _..;;1~'~J~ 

n 

{41) 

{42) 

(43) 

The total of 2m linear homogeneous equations, Eqs. (40) and (43), is 

adequate for the determination of 2m ratios 

' 1 

Cd2 WJ 

-w-- ' -w--' ... ' 
1 1 

wl' (1)2' (I)' m ; __ , __ , ... , ---
(1).1 (I) 1 (I) 1 

\ 
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each ratio including 2m+l parameters, viz., vl, v2, ••• , vm+l' v 1: 1 , 

' u t v2,1' ...•.. , "m,1· With these in mind, Eq. ( 37) I_>rovides an upper bound 

Hu for each choice of the parameters, which can take any values smaller 

than unity in magnitude, independently of one another (It should not be 

overlooked that all ll's are not independent because of Eq. (42)). The 

lowest upper bound is obtained by differentiation with respect to these 

parameters. It is noted that the modified simple bending theory would 

' assume_ v 1 = v 2 = •••• =., m+l, 11 i, j = 0, and hence lead to a larger value 

than the correct collapse load. 

In order to derive the result in a simple form, let us impose the 

restrictions 

ex,- ex ' < < 1 , . ex n = 0( 1 ) (44) 
and assume that Vi: 1 is at most of the order of ex' for i = 1,. 2, ••• ,.. m. 

To first order terms, Eq. (43) gives the approximation wi+l - wi = 0 or 

(45) 

It follows from Eq. (40) that 

w ' - ( ) i = ex 11 i - "i+l wl for i = 1, 2, ••• , m (46) 

Eqs. (37), (39), (42), (45) and (46) are combined to give 

m+l m+1 
Hu g ~ P ex .0 S . 11 i + M0 Z ( 1 + "i 

2
) 

i=l i=1 
m n 

+ 2M0 ' S S { ( 1 + ( j vi : 1 ) 
2 J ( 1- ex ( vi-'' i + 1 ) ) J ( 4 7) 

i:c1j=1 

Set~ing the differentiation of Hu in Eq. ( 47) with respect to "
1

: 
1

, 

t 
"2 , ,1 

I 

•••••• , 11m,l 

. ' "1,1 

equal to zero, it is found that 

o e • • • • = - 0 
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After substitution of Eq. (48) into Eq. (47), the right hand side of Eq. 

(47) is differentiated with respect to "'I, v 2 , •••• , Vm+l and set equal 

to zero to give 

+ 
cxn 

"'I - - p y 

v2 - "'3 
••• 0 ••• "m - - p 

- -

-P-
cxn 

11 m+ I ~ y / 

Incidentally, Eqs. (46) and (49) are comhinPd to give 

- wm' 
2 ex n 
y (dl 

I 

; fiJm-1 - 0 

(49) 

(50) 

which confirms assumption (38), in view of the restrictions imposed by 

Eq. (44). Eq. (48) also shows the validity of the assumption~ made 

' apriori on the magnitude of 11 i, I· Combination of Eqs. (47) to (49) 

finally gives the reduction factor 

r (51) 
Y ( 2 mn + Y (m + 1) (1 - P 2 ) J 

r in this equation indicates the reduction of the collapse load (upper 

bound) due to axial forces as compared with He of Eq. (36) of the 

modified simple bending· theory. To cite an instance, values 

ex = 1/10, m = 2, n = 20, Y = 2, P = 1/2 lead nearly to a 5 % reduction. 

The author has suggested Hayashi to apply the kinematical approach 

stated in this section to a variety of frames of wide-flange sections. 

The effect of axial forces seems to be successfully estimated by the formu-

lation exemplified for a nonlinear yield condition, even when the frames 
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and loading are under more realistic conditions (9). 

5. CONCLUDING REMARKS 

The kinematical approach presented in this paper has been shown to 

be an effective tool to find upper bounds of the collapse loads of 

rectangular frames with consideration of the effect of axial forces on 

plastic limit moments. The basis of the approach lies in allowing yield 

hinges in a collapse mechanism to deform in axial direction in addition to 

relative rotation upon the application of the upper bound theorem of 

limit analysis. Use of a linearized yield condition is convenient and 

simplifies the analysis when the sign of the axial deformation or of the 

corresponding axial forces can be judged. If this judgement is difficult 

to be done, both alternatives should be considered to give a lower upper 

bound. Use of a nonlinear yield condition, which has not a singularity 

for zero axial forces, does not require this judgement apriori, and 

leads to an upper bound with axial forces as parameters. Minimization 

of the upper bound requires differentiation with respect to these axial 

forces."· The differentiation procedure, however, does not assure the load 

thus obtained is equal to the exact collapse load, unless all possible 

collapse mechanisms are considered. There is a possibility that ex­

tensible yield hinges in the light of bending-extension interacti?n form 

at positions different from the simple bending theory. 

The effect· of axial forces is estimated in terms of ·certain depth­

length ratios. The effect of column axial forces depends on the ratio 

of the column depth to the span, and that of beam axial ~orces depends 

on the ratio of the beam depth to the story height. Upper bounds of 

38 



collapse loads have been derived in a closed simple analytic form by 

imposing certain restrictions on the order of magnitude of these ratios. 
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CHAPTER 2 

HYSTEP~TIC BEHAVIOR OF A PORTAL FRAME WITH AXIAL FORCE VARIATION 

ABSTRACT Theoretical stu~ is made of the hysteretic behavior of a portal 

frame under constant gravity and variable horizontal loading. Special 

account is taken of the variation of axial forces in the columns~ the 

model simulating the plastic interaction of the overall shearing and 

bending in tall rectangular frames and battened columns. The assumed 

elastic-perfectly plastic behavior of columns makes mathematical formulation 

feasible~ and detailed examination is given of the cyclic alternate dis-

placement loading with P-~ effect taken into consideration. Through this 
~ .. , 

example are clarified characteristic features of repeated loading such as 

shake-down, incremental collapse and alternating plasticity~ under the 

combined action of bending moment and axial force existing in a frame member. 

SOURCE The contents of Chapter 2 are based on the following paper: 
Taijiro NONAKA, "Elastic-Perfectly Plastic Behavior of a Portal Frame 
with Variation in Column Axial Fo~ces", to be published. 
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Notation 

Physical symbols Dimensionless symbols 

C coefficient of stability 

E Young's modulus 

F factor on column stiffness 

H horizontal load 

h height 

I cross-sectional moment of inertia 

1 span 

M bending moment 

N axial force 

P gravity load per column 

Q shearing force of column 

V shearing force of beam in 
absence of gravity load 

~ frame deflection 

0 hinge rotation 

~ angle defined in Fig. 5 

~ angle defined in Fig. 5 

Subscripts indicate particular values with 

0 full p~asticity 

a amplitude 

e elastic limit 

1 left column 

m fictitious elastic limit 

p axial load of P 

p plastic-mechanism state 

·r right column 

A,B,C, ••••• states defined in Figs. 4 and 6 
1, 1', 2, 2', ••••• states defined in Fig. 8 

_ 12EI 
a = N0 h2 

- M m =Mo 

- N n = N 0 

r - (2EI) 
Moh 

(beam rotation) 

Vl v - 2Mo 

a. - ~ N0 1 

13 = 2Mo 
- Noh 

0 = No~ 
- 2Mo 

n 
_Hh 
=4Ma 

- p p = N 
0 

Bars over and under a letter indicate the top and bottom of a column. 
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1. INTRODUCTION 

It is true that the behavior of ordinary building frames is governed 

by bending of their constituent members, but there are cases in which 

axial forces as well as bending moments play important role in the structural 

behavior. Apart from a braced frame typical of such a case, axial forces are 

induced in the columns of an unbraced rectangular frame due to gravity loads 

and to the shear forces existing in the beams. A characteristic feature 

of the gravity load is to cause direct compression of primarily constant 

magnitude, whereas the beam shear causes both tension and compression in 

the adjoining columns, with magnitude varying in the course of horizontal 

loading as in winds, earhquakes, etc. Since in the elastic range tention 

brings about a stiffening effect and compression weakening, the tension-induced 

column carries more of the horizontal load than the compression-induced one. 

On account of the nonlinearity of this effect, the variation of axial forces 

may affect the buckling load of a frame with slender columns. Having 

analysed th~ elastic sway-buckling of a single-bay multi-storied frame for 

various ratios of the distribution of the vertical load between the two 

columns, Salem asserts that the variation of the axial forces in the columns 

of an unbraced multi-storied frame can be neglected in the elastic stability 

analysis and the frame treated as though the columns in each story carry 

equal loads [1]. Shirahama and Mukudai have also concluded from the results 

of the experiment and numerical analysis on beam-columns under varying axial 

forces that the variation hardly .affects the elastic-plastic stability limit 

[2]. 
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Besides the effect on the stability, which is concerned with change 

in geometry, the existence of axial forces reduces the plastic limit moment 

of the frame members and hence reduces the plastic collapse load. The 

reduction takes place in the range of infinitesimal as well as finite 

deformation, and occurs both for tension and compression [3-6]. In view 

of the history dependence of plastic behavior, the effect of the variation 

of axial forces in this phenomenon is still complicated by the repeated 

action of loads. Konig proposed an approximate method of shake-down analysis~ 

including the influence of axial forces [7]. Laying great emphasis on the 

circumstances where the columns of a rigid frame undergo variation in the 

axial forces due to bracing in the plane intersecting perpendicularly to 

the frame in question, Suzuki, et al. have demonstrated that tension and com­

pression-induced columns exhibit quite different hysteretic behavior [8-10]. 

The aspects of this kind may become significant also in lower stories of 

multi-storied frames, where columns are stubby enough to carry large axial 

forces owing to the accumulation of the beam shear as well as the gravity 

loads in the upper stories. A similar situation can arise in a battened 

column, which may well be idealized as a multi-storied frame, when subJected 

to repeated lateral loading. 

The objective- of this chapter is to study theoretically the hysteretic -­

behavior of an unbraced frame with consideration of the variation of the 

axial forces in the columns. In other words, special attention is focused 

on the plastic interaction of the overall shearing and bending of a rigid 

frame under repeated lateral loading. In order to formulate this complex 

behavior mathematically, drastic simplification is made as to the model of 

the frame arid material behavior; a portal frame is taken to be composed of 
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elastic-perfectly plastic columns and a beam with negligible deformability~ 

and equilibrated with the simultaneous action of a variable horizontal load 

and constant gravity load, with due account of the overall frame instability. 

The modelling being intended to simulate the structural characteristics o"f a 

tall rectangular frame and a battened column~ the span and height of the 

frame are not necessarily of the same order of magnitude, but it is allowed 

for the span to be as small as comparable with the depth of the columns. 

2. STATEMENT OF THE PROBLEM 

Let us examine the elastic-plastic behavior of a symmetric rectangular 

portal frame as shown in Fig. 1. The rigid beam of length 1 is rigidly connected 

at its ends to two identical columns of height h, each column being clamped 

at the foot. The frame is initially stress-free and is subjected to a constant 

vertical load, which may be concentrated or distributed and is equipollent to 

the force 2P acting downward at the center of the displaced beam. Account is 

taken of the destabilizing effect (P-~ effect) caused by the vertical load 

through the ... frame deflection. A horizontal load H is also applied repeatedly 

with slowly varying intensity at the top of a column. If the effect of 

variation in the column axial forces were neglected~ the behavior of the frame 

could be determined from that of a single column with the end rotation constrained, 

under the constant axial force P and the variable transverse load H/2. The 

hysteretic frame behavior is to be examined herein, by taking care of this 

effect in the plastic interaction between bending moments and axial forces. 

Primary interest is on the relationship between the load H and the corresponding 

horizontal displacement (sidesway) ~ of the frame in equilibrium. 
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3. ASSUMPTIONS 

Amdng assumptions to be made about the columns, the most important ones 

are itemized below. 

1. A column can be considered as a one-dimensional continuum with an elastic-

perfectly plastic property under the combined action of axial force and bending 

moment, shear effects being completely negligible. 

2. The yield condition is approximated as the one for an ideal !-section, which 

is composed of indefinitely thin web and flanges of ductile material with 

the same property in tension and compression (sandwich cross section). 

3. Despite the significance of the overall P-~ effect, no allowance needs 

be made for the consequence on column stiffness exerted through geometric 

change by the axial force present in an element of the column.* 

4. Change in the length of a column can be neglected in comparison with the 

original length,** and deformation is of such magnitude that the square of 

slope in the deflection curve is negligible as compared with unity. 

5. No anom~ly takes place such as twisting, out-of-plane deformation, or 

local instability. 

As regards nomenclature, the columns have the flexual rigid.i ty EI of' 

linear elasticity, plastic limit moment M0 in pure bending, and limit 'force 

N0 in pure tension. 

* 

** 

The change in the stiffness is small unless the column is very slender, as 
clarified in Appendix 1. 
The change in the length exerts a higher ~rder effect, as discussed at 
length in Appendix 2. 
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4. EQUILIBRIUM RELATIONS 

Fig. 2 shovs the resultant forces and their positive directions at 

the ends of members. Symmetry and elementary equilibrium considerations 

have been utilized; M and Q are the bending moment and the shearing force~ 

respectively, at the top and bottom of a column, and N is the compressive 

axial force. Subscripts 1 and r indicate reference to the left and right 

columns, respectively. It is to be understood that the forces, moments 

and displacements are taken as negative vhen their sense is opposite to 

that shown in Figs. 1 and 2. 

Equilibrium of each member in the deflected state requires the following 

relations to be satisfied: 

/ 

H = Ql + Qr (1) 

2P = N1 + Nr (2) 

Ml + Mr = (Nr Nl)l/2 (3) 

2Ml = N1!:::. + Qlh (4) 

2Mz. = Nrl:::. + Qrh. (5) 

The vertical equilibrium of the beam, Eq.(2), is automatically satisfied by 

introducing V such that N1 = P - V and Nr = P + V. It is noted that V 

indicates the deviation of the column axial forces from P, and that it becomes 

identical with the shearing force of the beam in the absence of·the vertical load. 

In addition, the following dimensionless quantities are introduced: 

M 
m = MO·' n -

N 
N , 

0 

_Vl 
v = 2Mo' =~ a - Nol, 

~ = No!:::. 
u - 2Mo' 

_Hh 
n = 4M'o'. P -

(6) 

It turns out that the importance of the axial force variation depends on the 
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parameter a. For the ideal !-section a is equal to the ratio of the column 

depth to the span, and hence O<a<l in order to form the portal frame. It 

is allowed herein that a gets close to unity, but with the tacit restriction 

that a2 <<1 on account of assumption 4. The variable o is the ratio of the 

displacement ~ to the column depth; n is the ratio of the horizontal load H 

to the plastic collapse load of simple bending theory. It is suppo~ed, of 

course, that the vertical load is such that* O~p~l. 

With above notation, the column axial forces are give by 

n1 = p - av, nr = p + av. (7a,b) 

Equation (3) becomes 

v = (l/2)(ml + Dtr). (8) 

Equations (1), (4), (5), (6),, (7) and (8) are combined to give 

n = v - po • (9) 

It is of interest to note from the equations in (7) that the deviation of 

the column"axial forces from the direct vertical compression becomes greater 

as the geometrical parameter a does. The second term in the right-hand side 

of Eq.(9) is caused by the change in overall geometr,y. 

5. BEHAVIORAL CHARACTERISTICS 

5.1 MONOTONOUS LOADING 

* 

Let us first consider the case in which the horizontal displacement 

The case -l~p<O co~d be incorporated in the analysis without complication~ 
but is omitted here because of little practical interest. 
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increases monotonously from zero, and seek for the expression of v in terms 
.r 

of o. 

When o is sufficiently small, the elementary beam theory of linear 

elasticity gives the relations 

IDr = ao; (lOa,b,c) 

on the basis of assumptions 3 and 4. It follows from Eqs.(8) and (10) 

that 

v = ao. (11) 

This relation ceases to hold when o = oe and v = Ve, at which the 

state of stress at the top and bottom of the right column reaches the 

yield limit. At still larger values, o = op, and v = vp, the yield limit 

is reached at the ends of the left column as well, and the frame is 

converted into a mechanism. The yield limit at a cross section is given 

for the combined action of bending moment and axial force by 

lml + lnl = 1, {12) 

in _conformity with the assumptions 1 and 2. Since it is clear that ror>O 

and nr>O, the yield condition 

mr + nr = 1 ( 13) 

is satisfied at the ends of the right column for o~oe· For oe~o~op, Eqs. 

{Tb), (8), (lOa) and (13) are combined to give. 

v = (1 - p + ao)/{2 + a). (14) 

To analyze the case of o~op two alternatives, n1~0 and n1<0, need 

to be treated in turn, since both are possible depending upon the intensity 

of the vertical load while m1~0. By supposing first that n1~o, the yield condition 
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m1 + n1 = 1 (15) 

is combined with Eqs.(7), (8), and (13) to givev = 1-p. The condition 

n1~o is therefore satisfied if p~a/(1+a). If O~p~a/(l+a), then n1~0 and 

the reversion of the sign of n1 in Eq.(l5) leads to the relation v=l/(l+a). 

These results indicate that inspite of change in geometry, v, and hence m 

and n as well, remain constant after the initiation of the mechanism state.* Thus, 

for (16~) 

where 

_ { 1/(l+a) 
vp 

1 - p 

if 

if 

0 ~ p ~ a/ ( 1 +a ) · 

a/(1+a) ~ p ~ 1. 
(16b) 

After obtaining these relations it is quite easy to show that 

aoe = ve = (1-p)/(l+a) (17) 

aop ={" + 1/(l+a) if 0 ~ p ~ a/(l+a) 

(1-p) (l+a) if a/ (l+a) ·~ p ~ 1. 
(18) 

In Fig. 3 i~ shown the allowaole domain in the plane with co-ordinates a and 

p. This domain is divided into two cases 0 ~ p ~ a/(l+a) and a/(l+a) ~ p ~ 1, 

which will in what follows be referred to as case (a) and case (b), respectively. 

* The limit analysis of perfectly plastic solids sh~~s that loadS and stresses 
remain constant for the collapsed state under increasing deformation, 
when change in geometry is disregarded. The constancy of stresses 
despite_ change in geometry in the present analysis ·comes from piecewise 

linearity of the yield condition, Eq.(l2) 
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The horizontal load-displacement relation is found from Eq.(9) in which 

v is given~ under the condition of monotonously increasing displacement~ from 

Eqs.(ll), (14) and (16). An example of such a relation is illustrated by 

the solid line OABC in Fig. 4. 

The variation of the state of stress is observed as a trajectory in 

the stress plane (m~ n); (a) and (b) in Fig. 5 are associated with the cases 

(a) and (b), respectively. The ends of the left and right columns have the 

stress points L and R~ respectively~ which move as 

corresponding to 0 ~A~ B ~ C in Fig. 4. From the equations in (7),. it is 

seen that at each stage, L and R have the same distance a!v( to the chain 

line~ n = p~ passing through point S. It has been confirmed that in 

Fig. 5(b) R does not reach the right corner before L arrives somewhere on 

the yield polygon, since for the mechanism state of case (b), Eq~.(7b) and 

(16b) are combined to give nr = p + a{l-p) ~ 1 + a(l-1) = 1. It is worthy 

of note from Eqs.{8) and (9) that the ordinate of a stress point in Fig. 5 

is indicative of the capability to resist the sidesway of the frame. Thus, 

during the process A ~ B ~ C, the left column carries more of the horizontal 

load than the right. The slope dm/dn of a line segment in the stress trajectory 

of Fig. 5 is found from the foregoing relations; for angles ~ an~ ~ defined 

in the figure, tan~ = 1/a, and tan~ = 1 + 2/a. 

In the case of monotonously decreasing displacement from zero, the n-o 

relation is represented by the dashed line OA*B*C* in Fig. 4, and the corres­

ponding stress trajectory is shown in Fig. 5 as 
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On the line segments BC and B*C* in Fig. 4, which are referred to as 

mechanism lines, v = vp and v = -vp, respectively. In Fig. 5, the stress 

pointsLA*, RA*, Ls* = Lc* and RB* = Rc* are the reflections, through the 

horizontal co-ordinate axis, of the points RA, LA, RB = Rc and ~ = Lc~ 
respectively. 

It is noted that when the load-desplacement point in Fig. 4 lies on the 

line AB, the right column has its stress point on the yield polygon in the 

first quadrant in Fig. 5, while the left column has its stress point inside 

' the yield polygon. It is also noted that when the load-displacement point lies 

on the line A*B*, the left column has its stress point on the yield polygon 

in the fourth quadrant while the right column has its stress point inside 

the yield polygon; these are true for both cases of (a) and (b) of Fig. 5. 

5. 2 UNLOADING FROM MECHANISM STATE 

Let us next consider the case of reversed displacement from the mechanism 

state. It is supposed that the load-displacement point has reached C after 

the process 0 ~A ~ B ~ C in Fig. 4. The process of the reversed displacement 

starts elastically so that the stress points in Fig. 5 move from Lc and Rc on 

the lines LcLc' and RcRc' which are parallel to the initial loading lines 

SLA and SRA, respectively. It has been confirmed that by these movements the 

stress points do not go outside of the yield polygon, until one or both of 

the stress points reach somewhere on the yield polygon in the lower half of 

the stress plane, since tan~ = 1/a and 0 < a < 1, and since each segment of 

the yield polygon has the slope of magnitude unity. Equations (8) and (10) 
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are rewritten in the incremental form, 

dml = a do, dmr = a do, dv = a do. (19a,b,c) 

By assuming that one of the columns remains elastic when the other reaches 

the yield limit, the equations in (19) are combined, after integrations, with 

Eqs.(7) and (12), to produce the results that the change in v during the 

process from the mechanism state to the termination of the elastic behavior 

is equal to -2vp. This is true for whichever column may be assumed to 

first reach the yield limit, and is true for both cases (a) and (b), provided 

the proper alternative is taken for Vp in Eq.(l6b). It follows that the 

left and right columns reach the yield limit simultaneously, and in Fig. 4 

the load-displacement point moves on the line CC' parallel to OA*, unitl it 

reaches the point C', with v = -vp, which is on the mechanism line B*C*. As 

a consequence, the corresponding stress points Lc' and Rc' in Fig. 5 coincide 

with LB* = Lc* and RB* - Rc*, respectively. It is seen that lines LcLc' and RcRc' 

intersect at the point T on the horizontal co-ordinate axis. It is also seen 

from Eqs.(7) and (8) that when the stress point Lis located at Lc", the 

stress point R is at Rc", the points Lc" and'Rc" being on the linen= pat 

the same distance from the point S. Since v = 0 at this state, Eq.(9) indicates 

that the corresponding load-displacement point C" lies on the line LM which 

represents the relation n = -ao in Fig. 4. In Fig. 5, the stress points L 

and R which move along the lines LcLc' and RcRc', respectively have the 

same speed, since dm1 = dmr and -dn1 = adv = dnr· The fact that in the stress 

plane LcLc' = RcRc' complies with the fact that the left and right columns reach 

the yield limit simultaneously. 

From these considerations it is clear that once the stress points fall 
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on the lines LcLc' and RcRc', they remain on these lines for any later 

variation of o or nand that plastic action can occur only at {~}or {~:}; 

in the former case the load-displacement point in Fig. 4 can move on the 

upper mechanism line and for the latter on the lower, in the sense shown by 

arrow heads in each case. Except for these end points in the stress plane, 

the frame behaves completely elastically, so that the corresponding load-

displacement point can move with either sense on a line parallel to the 

line OA, between the two mechanism lines. The above is adequate to determine 

the subsequent behavior of the portal frame. 

The situation of the case with the load-displacement trace of 0 +A* + 

B* + C* + C*' is clear from the above statements. 

5. 3 UNLOADING FROM A PARTIALLY PLASTIC STATE 

Consider now the case of reversed displacement from a partially plastic 

state. The load-displacement point has such a trace as 0 +A+ 1 + 1' in Fig. 6, 

where the point 1 is an arbitrany point on the line AB. It is clear that the 

early rever~ing process is completely elastic so that the line 11' is parallel 

to the line OA; the corresponding stress trajectory is represented in Fig. 1 by 

This situation in the stress plane together with the equality in the speeds of 

the stress points for the left and right columns indicate that in the course 

of the reversed displacement the left column reaches the yield limit before 

the right. This can be confirmed easily by comparing the changes in v or o 

occurring during the process form the state 1 to the termination of the elastic 

behavior, state 1', between the case where one of the columns yields before 

the other and the reversed case. 
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In order to investigate the state 1', Eq-. (l9c) is integrated from the 

state l to l', to give 

(20) 

where the numerals in the subscripts refer to the states defined in Fig. 6 

(For the purpose of designating quantities for the states of primed numbers, 

primes are annexed to the quantities, instead of annexing ·them to the· numbers). 

By noting that the left colu.rnn is not subj·ected to previous plastic straining, 

Eqs.(7a), (lOa) and (12) are combined to give 

-ao1 • + (p- av1') = 1. (21) 

In addition, the combination of Eqs.(7b), (8), (lOa) and (13) gives 

2vl = ao 1 + [ 1 - ( p + avl) ] • (22} 

From Eqs.(20) to (22) it follows that 

v ' = 1 (23} 

This indicates that in Fig. 7 points L1' and R1' are the reflections 

of points R1 and L1, respectively, and that lines L1L1 ' and R1R1' intersect 

with each other on the horizontal co-ordinate axis. It is thus seen that 

state 1", the intersection of the line LM and ll' in Fig. 6, has the stress 

points in Fig. 7 at L1" and R1", on the line n = p, such that L1"s = SR1 ii. 

From Eq.{9), it is seen that v1 is equal to the length of th:e projection of 

the line segment 1"1 to the vertical axis in Fig. 6; the terminal point l' 

of' elastic behavior is determined by the condition that ll" = l "1' • If', in 

particular, the reversing starts from the state B, the elastic process 

proceeds up to point B' on the lower mechanism line, and it is clear from 

Eqs.(9) and (23) that the point 1' lies on the line A*B' • 
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If the displacement is decreased beyond .1', the right column behaves 

elastically, while plastic action occurs at the left column ends. For this 

process, Eq.{l9b) is combined vith Eqs.(7a), (8) and (12) in their incremental 

form, to give 

dv = [a/(2 + a)]do. (24) 

Accordingly, the corresponding line 1'2 of n-o relation in Fig. 6 has the 

same slope,a/(2+a) - p,with the lines AB and A*B*, as is seen by comparing 

Eq.(24) with Eq.{l8). Equation(24) ceases to be valid when the stateD is 

reached, whence both columns yield with v = -vp, both for cases (a) and (b); 

the point D lies on the lower mechanism line C'B*. The stress points {~} 

for the stateD coincide with those for the states B* and C'. The subsequent 

behavior needs no further discussions. 

5.4 RELOADING FROM A PARTIALLY PLASTIC STATE 

Suppose that the displacement is again increased from the state 2 

between the states l' and Din Fig. 6. The frame behaves in an elastic manner 

up to the state 2' whence. plastic ac·tion again takes place at the ends of the 

right column._ Equations in (19) apply to the precess 2 ~ 2', to give 

(25) 

The deviation ih m1 at the state 2' from the value,(p- av2) - l,at the state 

2 is a(o2' - o2). At the state 2', the value of mr is given from Eq.(l3) to 

be 1 - ( p + av2 '), since mr and nr are then positive, both in cases (a) and (b). 

It follows from Eq.(8) that 

{26) 

57 



When Eqs. ( 25) and ( 26) are combined, it is found that v2 = -v2' • Concequently 

in Fig. 6, the elastic limit, the state 2', is determined by the relation 2"2' = 

22". 

If the displacement is further increased, the mechanism state is reached 

at state 3, and continues along 3 + B +C. Needless to say, Eq.(24) is again 

valid for the process 2' + 3, and Eq.(l6) for the process beyond 3. It is 

noted that 

(27) 

It is also worth noting that the abscissa of the point 3 is smaller than 

that of the point B, and hence that the displacement at which the mechanism 

state is reached is reduced by the plastic straining during a cycle of loading 

and unloading. ~ehavior of the frame under decreasing displacement from 

the state C is characterized by the process C + C' + D as before. The stress 

trajectory for the above processes is included in Fig. 7. The stress points 

approach to the stable lines 1B1B* and RBRB*· Incidentally, 1111" = Lr"L1', 

R1R1" = R1 "R1 '; 1212" = L2"12 ~, R2R2" = R2"R2 '; SL1 " = SR1", SL2" =·SR2". 

It is now clear that the foregoing statements and equations are adequate 

for the determination of the elastic-plastic behavior of the frame under any 

history of loading and unloadingo 

6. EXAMPLES OF CYCLIC LOADING 

6.1 ASYMPTOTIC BEHAVIOR 

Let us consider several examples of cyclic loading with ~onstant 

amplitude. When the amplitude of the horizontal load is specified, the 

resulting static behavior is simple; for load cycling within the load carrying 
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capacity, the frame behaves elastically, eit~er from the outset or after 

some plastic straining in the first cycle. When the displacement amplitude 

is specified and the loading is restricted in the same sign of the displacement, 

then the load-displacement curve becomes stable and fixed in a definite loop 

within the first cycle. These cases need no further discussion. 

Alternate loading with a constant displacement amplitude is of practical 

interest, and worth close examination. With the restriction of zero mean, if 

the amplitude ca is smaller than Ce of Eq.(l7) or larger than op of Eq.(l8), 

the frame behavior is clear from Fig. 4. In the former, the frame remains 

elastic; in the latter, then -c raltion is similar to that of OABCC'C*C*'C, 

and the loop becomes stable by undergoing the mechanism state in the first 

cycle. The case Ce .~ ca ~ Cp is to be scrutinized in the following. The 

load-displacement relation is typified in Fig. 8. Its trace is represented, 

when started with positive direction of c, by 

0-+ O' -+ 1-+ 1' -+ 2-+ 2' 

in the first cycle. For the i'th cycle it is represented by 

(2i - 2) -+ (2i - 2)' -+ (2i - 1) -+ (2i - 1)' -+ (2i) -+ (2i)' 

and there are conditions that 

o2. 2 = .... a ' 1- a (28a,b,c) 

V ' -2i-2 - -v2i-2' 

fori= 2, 3, 4, ••••• In order to determine n-o relation for the i 'th 

cycle, the relation between o2i and o2i-2 first has to be sought, by assuming 

that the mechanism state is not reached. Either of the piecewise-linear 

relations, Eqs.(l9c) and (24), holds for each change of states. For the changes 
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between (2i-2) and (2i)', these relations are integrated and combined with 

Eqs.(28) and (29) to give 

{30) 

(31) 

-2v2. 
1 

= a(o2•. 
1

- o ) 
1.- 1.- a 

(32) 

(33) 

-2v.2 . = a(o2•. + o ) 
1. 1. a 

(34) 

for i = 2, 3, 4, ••.• Elimination of the unknowns v2i_2 , v2i-l' v2i and 

o2i-l from Eqs.(30) to (34) gives the recurrence formula 

~ 2,i = ( a )2~, + 4(l+a) 0 u 2+a u2i-2 (2+a)2 a· (35) 

Repeated use of Eq.(35), either directly or after rewriting into a geometric 

series 

(36} 

gives 

o'. - o = (~)2i-2 (o' - o ) 
21 a 2+a 2 a ' (37) 

in which o2 is determined through a similar manipulation for the first cycle. 

Equations (32) to (34) remain valied for i = 1, and Eqs.(30) and (31) are 

replaced by Ve = aoe and 

(38) 

respectively. It follows that 

[2-a 2a ]o + 2a(l+a) 62 = 2+a + (2+a)2 a (2+a)2 °e· (39) 

Equations (37) and (39) are combined to give 
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0 , = 0 _ (~)2i-l 
2i a 2+a 

2 ( 1 +a) ( 0 _ 
0 

) 
2+a· a e {40) 

for i = 2, 3, 4 , •••• It is foWld from Eqs.(29c), (34), (39) and (40) 

that 

and 

for i = 2, 3, 4, 

v' _ [ 2 + a ] 0 + a(l+a) 0 2 ~ 2+a (2+a)2 a a (2+a)2 a e (41) 

(42) 

Similar treatments for the changes between the states (2i-3) to (2i-l)' 

lead to the recurrence formula 

~· _ ( a )2 ~· 4(l+a) ~ 
u2i-l - 2+a u2i-3 - (2+a)2 ua 

and result in 

(43) 

0 , = _0 + <_J!_>2i.-2 
2i-l a 2+a (44) 

1 l+a 
vi = - 2+a ao - 2+a a oe (45) 

v2'10-l = -a o + (~)2i-2 l+a( a Oa - a oe) a 2+a 2+a (46) 

for i = 2, 3, 4, The complete history of load-displacement 

relation is found from the piecewise linearity and from Eqs.(9), (28), (29) 

and (39) to (46}. 

The above is valid until the absolute value of v attains the value 

Vp which is realized on the upper or lower mechanism lines. It is seen 

from Eq.(42) or (46) that there is such a value of i that this condition is 

satisfied in the i'th cycle, provided 
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where om : vp/a, indi~ating the fictious elastic limit, is the magnitude 

of o which would be attained at the mechanism state during the initial 

(47) 

loading by disregarding the partially plastic states, as shown in Figs. 9 and 10. 

In Fig. 9 is shown an example of n-o relation for which Inequality 

(47) is satisfied. Once the mechanism state is reached, the loop becomes 

stable as shown in thick solid lines. Fig. 10 shows an example of the 

counter case Oa ~ om. In this case the loop becomes slender as i increases, 

and shrinks to the initial elastic line n = (a - p)o as i tends to infinity. 

This is comfirmed by the fact that Eqs. (40), (42), (44) and (46) give limits 

1 . ' 1m v2 . 
. 1 
l.~ 

= -~im v2i-l = aoa· 
1~ 

Thus, the shake-down state is attained asymptotically, if Oe < Oa ~ Om· 

It is seen on inspection of Fig. 4 that the shake-down condition oa ~ o is 
m 

not altered by shifting the mean of the sidesway to either direction. 

The asymptote of the stress trajectory is typified by dotted lines in Fig. 7. 

6.2 PERMANENT DEFORMATION 

Let us examine the permanent deformation the frame undergoes due to 

the repe.ated displacement loading considered above. In the case of 

oe ~ oa f om' it is seen from Fig. 1 [for case (a), see Fig. 5(a)] that 

plastic action takes place in each cycle, the ends of the right column 

having stress points in the first quadrant on the yield polygon and the left 

in the fourth quadrant. This indicates the accumulation of plastic . 

deformation. Let us fir~t determine the plastic-hinge rotation e developed 

at the ends of each column. The positive direction of e is taken to 
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accord with the positive direction of the bending moment defined in Fig. 2. 

In the i'th cycle, plastic deformation develops in the right column from 

the state (2i - 2)' to the state (2i - 1); the increment of the joint 

translation angle ~/h = So consists of the elastic component dMrh/(6EI) 

and the plastic component d0r, and hence 

do = ~/a + d0r/B, (48) 

where B = 2Mo/(N0 h) is the depth-height ratio of the columns and is equal 

to al/h. The increment dmr in this equation is given from Eqs.(l3) and 

(Tb) to be -adv, where dv is to be rewritten from Eq.(l4) in terms of do. 

It follows that 

d0r = [2S(l+a)/(2+a)] ·do. (49) 

After the first k cycles, therefore, 

(50) 

in which o2i-l = oa, and o2i-2 is given fori= 1 by oe of Eq.(l7), for 

i = 2 by Eq:(39), and fori= 3, 4, 5, .... , k by Eq.(40). In consequence 

fork= 3, 4, 5, .... 

From the states (2i-l)' to 2i, the left column undergoes plastic defer-

mation with negative bending moment at the plastic hinges. Starting from 

Eq.(48), with r in the subscripts replaced by 1, manipulation similar to 

the right column finally gives the hinge rotation after the first k cycles 

to be 

e = -(l+a)[l+(
2

.a )
2k] S(o - o } 

1 +a a e {52) 
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fork= 2, 3, 4, •..• It is noted from Eqs.(51) and (52) that the 

hinge rotations fork~ oo, when the frame shakes down, tend equally in magnitude to; 

the product of the quantity, 1 + a, and the difference, So - So ~ between a e 

the amplitude and the elastic limit, of the joint translation angle. The 

plastic deformation at the end of each loading cycle is greater in the left 

column than in the right. 

The plastic axial deformation is also developed at each plastic hinge 

in each cycle. This is a contraction, since the axial forces at the hinges 

are compressive in both the cases (a) and (b). Let the total plastic 

contraction of each column be h£. It is found from the flow rule associated 

with the yield condition of Eq.(l2) that Nhd£= 2M
0

Id0( for each plastic 

action, and hence that 

£ = 8(0( (53) 

where 0 is to be substituted from Eqs.(51) and (52) for the right and 

left columns, respectively. The plastic deformation gives rise to such 

a shape of the permanent deformation as the one shown in Fig. 11. It is 

easily found, on account of the piecewise linearity of the yield condition, 

that the total plastic work equals 2MQ(0r- 01). 

If the displacement amplitude is so large that op ~ oa, then the load­

displacement relation becomes stable in the first cycle as seen in Fig. 4, 

and plastic action takes place in a cyclic manner. As is found from Fig. 5, 

the bending moments reverse their signs alternately in each cycle at the 

plastic hinges, indicating the danger of rupture due to alternate plastic bending. 

In the case of (a), the axial forces also reverse their_signs, whereas in the case 

of (b) they remain compressive in both columns. From the flow rule, therefore, 
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it is seen that the plastic deformation does not accumulate in bending; 

axial deformation does not accumulate in the case of (a)~ and does in the case 

of (b) as a contraction. The amount of the plastic contration is determined by 

noting that the abscissae of the states C and C*' in Fig. 4 ·are give in this 

cyclic loading to be oa and -oa + 2om~ respectively, and that the frame 

deforms in a perfectly plastic manner at a mechanism state without any chnage 

in the resultant stresses. Equation (48) gives the change de of the plastic hinge 

rotation between the two states to be 

(54) 

This holds for the plastic hinges in the left column as well as in the right. 

From the state C' to the State C* the hinge rotation undergoes in magnitude 

the same amount of change as that in Eq. (54). The increment h de: of the 

plastic contraction of a column in half a cycle is found by making use of 

Eq.(53) in its incremental form and of Eq.(54), as 

2 de: = 28 (o - o ) a m (55) 

except for the "·first half cycle. The plastic work done in each cycle is given 

by 8 M0 de. Suppose, for example, 8 = 1/10 and that the joint translation angle~ 

Boa - 8om, is 1/100 radian. After 10 cycles, the plastic contraction of the 

columns amounts approximately to 4% of the original length. 

In the case of om<oa<op, the behavior of the frame is determined by 

the equations for the case oe<o~om until the mechanism state is reached~ and 

henceforth by the equations for the case op~oa. 

1. SUMMARY 

Based on the drastic assumptions of perfect plasticity for columns and infinite. 
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rigidity for the beam the hysteretic behavior of a portal frame has been 

formulated and determined for the combined action of a gravity load and 

variable repeated horizontal loading. The specification of the history 

of the sidesway uniquely determines the variation of the horizontal load, 

of the state of stress, and of the deformation of the fram~ in equilibrium. 

Special consideration has been paid to the effect of the variation in the 

axial forces existing in the columns. Allowance has also been made for 

the P-6 effect. Picewise-linear approximation of the yield condition has 

made feasible for the interaction of the bending moment and axial force to 

be treated mathematically. Representation of the stress path as a trajectory 

in the stress plane has been of great help in visualizing the hysteretic 

characteristics. 

As a result of the analysis it has been found that the importance of 

the variation in the column axial forces depends on the parameter a; as 

the column depth becomes greater relative to the span, the effect of the 

variation gets more significant. In order to neglect this effect it suffices 

to set a= 0 in the foregoing equations. A fundamental feature of this 

effect is the addition of turns and hence of smoothness in the load-deflection 

curve (Figs. 4 and 6). The range of the elastic response to load changes 

is expanded by plastic straining until the left- or right-swayed mechanism 

state is reached (Fig. 6). Due to the plastic straining, the stress path 

shifts steadily in the definite direction (to the right in Fig. 7), complying 

with the direct compression due to the gravity load, and finally the stress 

point moves with the stable locus bridging between the two limiting states of 

mechanism. No subsequent loading alters the path nor reverses shifting. 

Each mechanism state has the path-independent state of stress, despite the 
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instability of P-~ effect, whereas the corresponding load and deformation 

depend on the past history (Figs. 4-7). Worth noting also is the fact that 

the effect of the axial force variation is of magnitude of the order of ~ as 

against the effect of axial deformation of the order of a2 • Another feature 

of the existence of the axial forces is to reduce the load carrying capacity 

[Eq.{l6b)]. It is a general characteristic of rectangular frames that the 

reduction in the plastic collapse load depends on parameters similar to a; 

the ratio of column depth to span and the ratio of beam depth to story 

height determine the importance of the variation in the axial forces existing 

in the column and the beam, respectively [5]. 

From the investigation into the case of cyclic alternate displacement 

loading it has been seen that the frame shakes down with almost symmetrical 

plastic deformation in columns (Fig. 11), when the amplitude is less than a 

certain limit. When the amplitude is larger [Eq.(47)], the frame collapses 

plastically; alternating plastfcity takes place in bending, and either alternat­

ing plasticity or strain accumulation (incremental collapse) in axial deformation, 

depending upon the magnitude of the vertical load. It is interesting to note 

the similarity of the herein theorized frame behavior to the actual material 

behavior of uniaxially loaded mild steel, which exhibits strain accumulation 

or cyclic creep in the direction of mean stress when subjected to stress 

cycles around the mean; the load-deformation characteristics of Fig. 6 

somewhat resembles the hysteretic stress-strain relationship often observed. 

It is concluded by way of caution that the results obtained herein are 

based on perfect plasticity and piecewise-linear idealization of the yield 

condition, and hence that they may hold only approximately for actual material 
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behavior and/or actual cross section. Other-restrictions are that the 

beam has to be sufficiently rigid relative to the columns, and that the 

columns have to be of length long enough in comparison with the cross-sectional 

dimensions in order for the one-dimensional idealization to be valid and for 

the shear effects in the individual columns to be negligible; but short 

enough so that the instability of the individual columns and the effect 

of axial deformation can both be ignored. The results are fruitful only 

when the column depth is not negligibly small, as compared with the span, 

2 but small enough so that a <<1. Accounting for the change in the overall 

geometry, the analysis presented ceases to hold in such a range of large 

deformation that deflections or displacements reach a magnitude of the order 

of the original dimensions of the model frame. 
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APPENDIX 1. Effect of the axial force on column stiffness. 

The equations in (10) have been used as the elastic constitutive 

relations, relating the end moment M linearly with the deflection a of a 

column with end rotation constrained, by disregarding the axial force 

existing in a column element. The presence of the axial force modifies the 

equilibrium relation of a deformed element through change in geometry, to 

result in 

(Al) 

where the factor F indicates this influence and is a function of the axial 

force N [11]. Since N varies with ~, the moment-deflection relations are 

nonlinear. However, by considering that N1 = P - V and Nr = P + V, the factor 

F, involving triangular or hyperbolic functions, is linearized with respect 

to N about N = P in the form 

Fl = Fp(l - CV), Fr = Fp(l + CV) (A2) 

in which Fp designates the value of F at N = P, and C is a coefficient, 

independent of V. In view of Eq.(8), the nonlinearity in the restoring­

force representation due to the axial force variation is cancelled between 
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the two columns, and the dependence of stiffness on the axial force appears 

in the reduction of Fp from unity owing to the direct compression P. This 

reduction is negligible when P is sufficiently small as compared with the 

elastic buckling load PE = n2EI/h2; for example, P = 0.04PE affords Fp = 0.993. 

It is pointed out in this conneotion that the effect is independent of deformation 

to the accuracy of the linearization of F in the assumed range of small 

deformation, whereas the P-~ effect on the overall frame behavior is signif­

icant if the sidesway is large, even if the vertical load is small in itself. 

If the variation V attains such a magnitude as comparable with the 

buckling load PE, then the column behavior becomes highly nonlinear, and 

a more rigorous treatment is necessary as presented elsewhere for an isolated 

bar [12 ,13]. 

APPENDIX 2. Effect of axial deformation 

Apart from large deformation, unequal axial deformation in the two columns 

gives rise to rotation of the beam, and consequently the inclusion of this 

effect distiguishes the magnitudes of the top- and bottom-end moments in each 

column. Equilibrium relations, Eqs.(l) to (5), remain valid, provided the 

moments in Eq.(3) are understood as designating those at the top end and left­

hand sides of Eqs.(4) and {5) as the sums of the moments at both ends. With 

this in mind, Eqs.(l), (2)~ (4) and (5) are combined and expressed in terms 

of dimensionless symbols to give 

n = {l/4){m1 + ~1 + ~ + ~r> -po, (A3) 

replacing the equation afforded by combining Eqs.(8) and (9), where the 
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bars over and under a letter indicate the top_ and bottom of a column, 

respectively. For purely elastic response, equations in (10) are replaced 

by 

(A4) 

~1 = ~r = ao - r , (AS) 

where r is the multiple of the clockwise rotation of the beam with the 

factor 2EI/(Moh), and is related to the difference, Nr- N1 , of the axial 

forces by the linearly elastic law. Since this difference in turn is related 

to the top-end moments through Eq.(3), the substitution of these moments 

from Eq.(A4) gives the relation between rand o. For the ideal !-section 

this becomes 

(A6) 

It follows from Eqs.(A3) to (A6) for the elastic behavior that 

n = [1- 3a2/(l + 4a2)] ao- po. (A7) 

The second term in the brackets indicates the effect of the column axial 

deformation. It is seen that the axial deformation reduces ~he elastic 

stiffness, but with the effect only of the order of a2. 

The plastic action at yield hinges also causes a change in the axial 

deformation. When this happens in a partially plastic state with either 

column remaining elastic, the change is contained within a magnitude of the 

order of elastic deformation. In a mechanism state the state of stress 

does not depend on the development of deformation, and consequently the axial 

deformation brings no effect, unless the change in length reaches a magnitude 

of the order of the original length, which is beyond the scope of this stu~ 
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as stated in assumption 4. It follows that the effect of the axial defor­

mation can be neglected so long as a 2 is small in comparion with unity. 
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CHAPTER 3 

HYSTERETIC BEHAVIOR OF AN JLXIALLY LOADED BAR WITH IDEALIZED YIELD CONDITION 

ABSTRACT An elastic-perfectly plastic analysis of a bar under 

repeated axial loading is herein presented. The bar is taken as a 

one-dimensional continuum with both ends simply supported. The plastic 

interaction is considered for the combined action of bending and axial 

deformation, based on a piecewise-linear yield condition. The solu-

tion is derived in a closed form, and can describe the hysteretic 

behavior of a bar, such as a structural brace or a truss member, under 

any given history of tension and/or compression or of corresponding 

displacements. An example is illustrated, and some implications of the 

analytical results are discussed. The chapter is concluded with critical 

comments on the basic assumptions adopted in the course of the analysis. 

SOURCE The contents of Chapter 3 are based on the following paper: 
Taijiro NONAKA, "An Elastic-Plastic Analysis of a Bar under Repeated Axial 
Loading", International Journal of Solids and Structures, Vol. 9, No. 5 
with Erratum in No. 10, 1973, pp. 569-580. 
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Notation 

Physical symbols 

A cross-sectional area 

E Young's modulus 

1 length 

M bending moment 

N load 

X coordinate along bar axis 

y deflection 

fl relative displacement 

Subscripts indicate particular values with 

A amplitude 

E Euler load 

0 full plasticity 

1, 2, 3, .•••••.• states in order 

Superscripts indicate components due to 

e elasticity 

g change in geometry 

p plastic hinge 

t pla$tic extension 

Dimensionless symbols 

m - M/M0 

n - N/N0 

v - n at ~=1 

a - (A/I) (Me/No f 
0 - (EA/N0 1)11 

n - (No/lvfo)y 

e - dn/d~ at ~ = 1-0 

\) - I(N~2/4EI) 

t - 2x/l 

Dots indicate rates of change; primes indicate differentiation 
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1. INTRODUCTION 

The role of bracing in the structural behavior of a frame cannot 

be overemphasized. A great deal of contribution is normally antici­

pated from braces to the strength and rigidity of a braced frame. The 

structural functions of braces are represented by their capabilities 

to sustain axial loads. Therefore the knowledge of the axial load­

displacement relationships is essential in finding th~ structural 

performance of a braced frame. This is also the case with a trussed 

structure. The overall behavior of a truss cannot be revealed without 

clarifying the axial load-displacement characteristics of each con­

stituent member. Such a knowledge is prerequisite to the determina­

tion of the load-carrying capacity of a redundant structure. 

When a structure is subjected to a repeated load as in an earth­

quake, a bracing or a truss member is likewise subjected to tension 

and/or compression repeatedly. An initially straight bar under com­

pression may be.forced into a plastically deformed configuration due 

to instability effects, with its axial-load carrying capacity much 

decreased. A subsequent tension may decrease the deflection and the 

bar will recover some strength and rigidity. This bar may again be 

subjected to compression before recovering its full strength. 

Repetition of this kind of loading complicates the hysteretic behavior 

of the bar. 

There are some experimental data on the hysteretic behavior of 

steel braces under alternately repeated axial loading, their axial 

load-displacement relation· indicating the afore-mentioned character­

istics (1-JJ. Theoretical investigations, however, seem to be scarce. 
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FuJimoto, Segawa and Matsumoto (4), Wakabayashi, Matsui, Minami and 

·Mitani (5), and Igarashi and Kibayashi f6J analyzed a braced portal 

frame under alternately repeated loading on the basis of a modified 

simple plastic theory. The effects of axial forces were considered 

in the yield condition for the braces, but it was not taken into 

account that at a yield hinge plastic action takes place in the axial 

deformation as well as in bending (7, 8). In fact, plastic a~ial 

deformation at a yield hinge plays an important role in the load-

deformation characteristics of a Lar when subjected to a large axial 

force as in a brace or in a truss member.* Reference should be made in 

this connection to the work of Matsui, Mitani and Tsumadori (11). The 

results of their numerical analysis on the post-buckling behavior of 

a compressed steel brace indicate, in effect, that the axial displace-

ment cannot be evaluated properly by the plastic hinge method which 

neglects th~ plastic axial deformation at a yield hinge. 

In this chapter, the hysteretic behavior of an elastic-plastic bar 

is to be studied theoretically for repeated action of axial loading, 

following the general principles of perfect plasticity. A few implica-· 

tions of the analytical results are also to be discussed. 

2. BASIC' RELATIONS AND ASSUMPTIONS 

Suppose an initially straight bar with uniform cross-section is 

subjected to an axial load. The load is repeatedly applied and varied 

* Based on the author's early notes (9.1, which constitute a basis 
for the present paper, Shibata took this plastic. interaction effect 
into consideration in his analysis of braced frames, neglecting 
elastic flexural deformation of braces (10), and found a reasonable 
agreement with experimental results from a previous test. 
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quasi-statically. The hysteretic behavior of the bar in equilibrium 

is to be analyzed. The relationship between the load N and the axial 

displacement J is of primary interest. The effective length is taken 

from the bar so that the bar of length ~ can be considered as being 

simply supported·at its ends. It is supposed that the cross-section 

has an axis of symmetry, and that the bar deflects only in the p_lane 

of symmetry. N is taken positive when tensile, and 4 ~ defined as 

the relative displacement between the ends, is taken positive when 

the distance increases. 

For mathematical simplicity, analysis is to be based on the 

follo~ing assumptions: 

1. The bar can be considered as a one-dimensional continuum. 

2. It has an elastic-perfectly plastic property, under the combined 

action of an axial force N and a bending moment M, shear effects 

being negligible. The yield condition is idealized as the one for 

an ideal !-section with indefinitely thin web and flanges, 

1-N-( 
' N 

0 

+1-M-1=1 
Mo 

{1) 

where N0 is the limit load in pure tension and M0 the limit moment 

in pure bending. 

3. A1 though change in geometry is taken into account,. the deflections 

are sufficiently small so that the square of the slope can be 

neglected in comparison with unity. Change in the length of the bar 

is also·negligibly small when compared with the original length .. 

4. When the load is compressive, the bar cannot carry a load greater 

in magnitude than the Euler's elastic bu~kling load NE = 1t
2 EI/..02 ~ 

where E is the Young's modulus and I is the moment of inertia of 
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the cross-section. In case NE·" . .:.N0 , the ba:r deflects transversely 
I 

in an elastic and quasi-static manner sustaining the buckling load 

until the yield limit, Eq. (1), is reached at the critical section 

in the deflected configuration. 

5. When subjected to the compression of magnitude N0 , a straight-

shaped bar cannot remain straight, but deflects transversely. This 

assumption excludes an extremely stubby bar, which can contract 

plastically without appreciable deflection under the axial load 

6. The bar is composed of ductile material, and no local instability 

takes place. 

Let the dimensionless axial load n and displacement o be 

defined by 

n = 0 _ J EA 
= ----:o No 

(2) 

where A is the cross-sectional area. o is equal to the ratio of the 

fictitious strain J /JJ to the yield point strain N
0

/EA, original 

yield displacement corresponding to iJ = + 1. OrA the basis of above 

asswnptions, o is made up of four components, 

o=oe+og+oP+ot (3) 

where oe is due to uniform elastic axial deformation, 0 g to change in 

geometry caused by lateral deflection, oP to plastic axial deforma­

tion at a yield hinge, and o t to plastic elongation distributed 

along the bar axis. 

The first component o e is related to the axial force by the 

elastic linear law 

e o = n (4) 
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Deflection y(x) in the transverse direction reduces the 

relative displa.cement J by the amount 

~ 
I l ( ~ )2 d 

0 2 dx x 

in conformity with assumption 3, where xis the coordinate taken 

along the original bar axis from an end. With notation 

<X = 
A 
I 

( 
No 

(5) 

and with symmetry consideration in Fig. 1, the second component og 

in Eq. (3) is therefore evaluated from 

0 g = J l 2 
( 1J I ) d{ 

0 
(6) 

where the prime indicates differentiation with respect to e • The 

parameter <X is a number depending only on the shape of the cross-

section, and is equal to the square of the ratio of pla.stic section 

modulus to the product of cross--sectional area and radius of gyration. 

For an ideal !-section, a = 1, and for a rectangular cross-section, 

<X = 3/4. Thus, <X takes a value close to unity for most structural 

steel sections. 

The dimensionless deflection 1J ( e ) which satisfies both the 

equilibrium differential equation 

2 
1J II - II 1J = 0 {7) 

and the boundary condition at the bar end 1J (0) = 0 must be of the 

form 
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Fig. 1 Deflected half bar and dimensionless quantities 

n n 

(b) n-v curve (c) n- 0 curve 

n 

(d) n-m curve 

Fig. 2 Behavioral diagrams of a bar under repeated axial loading 



where 

7j = a sinh ( ll e ) 

ll -= 
r;;;r = 
~ --fu-

(8) 

(9) 

The constant of integration "a" appearing in Eq. (8) is determined 

from the other boundary condition at the bar center, i.e., either 

7j (1) = v or 7j •< 1-o > = e (10 a,b) 

according to whether plastic action takes place there or not, 

respectively. It is noted that v and ~ have necessarily the s~me 

sign in our problem, and that the sense of ~-axis is so taken that 

v and e are nonnegative. 

Plastic action can take pla.ce at the bar center when the yield 

condition, Eq. (1), is satisfied.* Let m denote the ratio of the 

bending moment M at the center to M0 , its positive direction being 

shown in Fig. 1. The equilibrium relation for the half bar 

m + n v = 0 (11) 

along with Eq. (1) give the relation 

1 
n = + l+v (12) 

if it is noted from Eq. (11) that m and n have opposite signs. It 

follows from Eqs. (6), (8) and (10 a) that 

* 

v 
1t 

ll 

sinh 11 
(13) 

Although the present formulation expresses 6 explicitly in terms 
of n, owing to the irreversibility of a plastic process the 
uniqueness of the solution is not assured by the specification 
of the history of n; the history of 6 determines the history of 
n uniquely. 
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Combination of Eqs. (9), (12) and (13) expresses a g in terms of n. 

The plastic action causes discontinuity in slope at the center. The 

slope angle e at just next to the center of the dimensionless deflec-

tion curve is found from Eqs. (8) and (10) to be 

8=v---­
tanh 11 

(14) 

When the state of stress is such that lml + (n 1~:1, 

the bar behaves in an elastic manner, and e remains constant, whose 

value is detern:ined by the preceding plastic action through Eq. (14). 

In this case og is given from Eqs. (6), (8) and (10 b) to be 

e (15) 
rr. cosh11 

The central dimensionless deflection v varies with the axial force, 

and is found by recourse to Eqs. (8) and (10) to be 

tanh 11 

v=G----
11 

(16} 

When the axial force is compressive, n is negative, and v and 

"a" are imaginary. In order to express a g in terms of real func-

tions, 11 simply has to be replaced by its modulus lv I, and the 

hyperbolic functions by the corresponding trigonometric functions 

in Eqs. (13} and (15). A similar manipulation in Eqs. (14) and (16) 

gives e and v ' respectively, in terms of real functions. 

The third component b P in Eq. (3) varies in value when plastic 

action takes place at the central yield hinge. Due to the presence 

of axial force, plastic deformation occurs there in axial direction 

as well as in bending ( 7, 8]. Their relation is provided by the 

flow rule associated with the yield condition, Eq. {1). In geometric 
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terms, the flow rule states that when the state of stress is represented 

by a point on the yield polygon, the plastic flow vector is in the 

direction of the outward normal to the yield polygon at the correspond-

ing stress point ( 12)._ By representing the yield polygon in the 

dimensionless stress plane (m, n), and by rPcalling that m rutd n have 

opposite signs (see Fig. 2 (d)), it is found that, except for corners 

m = ~ 1 and n = ~ 1, two components of the plastic flow vector, viz., 

M
0 

tjmes the rate of change of the slope discontinuity and N
0 

tjmes 

the rate of' change of the plastic elongation, are equal and opposite. 

With dots denoting the rates, it follows that 

5P = - ( 2 
1[ 

(17) 

It should be noted that the cases m = + 1 are not encountered in our 

problem, and that consideration of plastic action for n = -1 is not re-

quired due to assumption 5. If the conditions n = 1 and n = 0 are 

simultaneously satisfied, Eq. (14) gives in conjunction with Eqs. (9) 
. 

and (12) that 6 = O, and it is seen from Eq. (17) that 8 p = Q. The 

plastic deformation for this case* is accounted for in the component 

Eq. (17) is still valid when the bar behaves elastically, because 

then 8 remains constant and Eq. ( 17) leads to 8 p = O. 

Consequently, Eq. (17) holds throughout the history, w1d integration 

with the initial condition 0 p = 0 for e = 0 gives the relation 

(18) 

* When n = 1 and n <O, plastic action does not occur, and hence 
e = o. Assumption of perfect plasticity does not allow the case 
of n = 1, n > O. With these in mind it is found that G = a P = 0 
whenever n = 1. 
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The last term o t in the right-hand side of Eq. (3) can take any 

nonnegative value. The only restrictions are that at ;; 0 during 

the simultaneous satisfaction of n = 1 and n = o, which can be attained 

. t 
solely in a straight configuration, and that o = 0 otherwise. 

Evidently this is allowed by the generalized flow rule stipulated for 

the corner of the yield polygon that the plastic flow vector lies 

between the outward normals to the adjacent line segments (13}. 

Worth noting is that o g < o oP 
= ' 

< --t > 0 = 0 and d = t whereas 

o e can have either sign. 

3. EXAMPLE 

Let us consider an example, in which the bar is first subjected 

to elongation from the straight virgin state until the yield limit 

n = 1 is reached. The behavior in this process is obvious, the n-8 

relation being represented by the trace @- G) --• r-2} in Fig. 2 (a). 

It is instruetive to illustrate the corresponding history of deforma-

tion and the state of stress at the critical ·section; in (b), (c) and 

(d) of Fig. 2, v, 8 and m are taken, respectively, for the abscisae as 

against the common ordinate of n. 

After undergoing the deformation 

= 1 + h t 
2 

(19) 

at state ~ , the bar is subjected to a decreasing load up to the load 

carrying capacity in compression. The subscripts refer to the states 

with encircled consecutive numbers in Fig. 2. If the bar is so 

slender that nE? 1, it will buckle at n ;; - IlE' under which the 



deflection increases elastically from zero until the yield limit is 

reached at thP bar center, according to assUmption 4 • This process 

is represented in Fig. 2 by states CV - C3> -• (4) • For @ - Q) , 

with vanishing o g and o P. og contributes to the relative 

axial displacement from state Q), caused by the lateral deflection, 

and o ! , whose magnitude gives the length of the plateau (j) - @) in 

Fig. 2 (a), is determined from Eq. {IJ)in conjunction with Eq. (12) 

by setting n
4 

In the case of nE ~I, assumption 5° stipulates that the bar 

bucklP s at n = -1, and states ()) and @ coincide. The treatment 

for this case is simpler, and the subsequent behavior is clear from 

the case~ ,_1. The latter case is assumed in the illustration of 

Fig. 2 (Particular curves used for demonstration in Figs. 2 to 4 are 

drawn for a; I and nE = 0.6). 

After state ~ , equilibrium is maintained under decreasing 

compression, and increasing deflection is accompanied by plastic hinge 

formation • For states @) - <2), the state of stress at the bar 

center has a trajectory on the yield polygon in the fourth quadrant 

of the stress plane as shown in Fig. 2 (d). Due to thP plastic action 

the slope becomes discontinuous at the bar center, e being given by 

Eq. ( 14). v is determined from Eq. (12) with the negative sign in 

tfie right-hand side. Each component of o in Eq. (3) now has a 

nonvani shing value. o e, o g and o P are found as functions of n or 

v from Eqs. (4), (13) and (18), respectively, and 6 t = o~ • 

The variation of the states (2) - ® is characterized by elastic 

recovery with increasing n and 6 • e remains constant at e5 and so 

do 0 p as well as o t, i.e., o P = o ~, 
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are given by Eqs. (4} and (15), respectively, where v is determined 

through Eq. (16). 

Elastic behavior ceases to continue at state @ , at which the 

yield limit is reached with positive n. The values n
6 

and v
6 

are 

found, as functions of the history dependent quantity e
5 

and the 

param0ter nE' by making use of Eqs. (9}, (12) and (16), i.e., by 

solving the simultaneous equations 

l {20) 

Plastic action again takes place along @ - (]) with the stress 

point 0~ the yield polygon in the second quadrant. e as well as v 

decrease. Each component of o in Eq. (3) can be determined from the 

foregoing equations in a manner similar to @ - (5) , having in 

this case positive values of n. If the load is kept increasing and 

n = 1 is attained, then Eqs. (12) and (14) indicate tha.t v = 8 = O, 

so that o g = o p = 0, and o amounts to 1 t- o ~ , which is nothing 

but B2 according to Eq. (19). As a consequence, it is observed 

that the extension of the curve @ (j) leads to (2) , as shown in 

dashed-and-dotted lines in Fig. 2. The bar is not straightened and 

·does not recover its full strengtl•, until elongated beyond 

Within the limitation of small deformation setted in 

assumption 3 , this cycle of loading and unloading, from and to 

state CD , has no influence whatsoever on the subsequent behavior of 

the bar.* 

* If the elongation attains the order of magnitude of the original bar 
length, the buckling strength becomes smaller than the original, to 
cite an instance. 
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Unload] ng from state ([) gives rise to elastic behavior and can 

be treated in a way similar to (5) - ® . The yield limit is again 

reached at ® . The ensuing plastic action is associated with n < O, 

and o e, o g and o p are determined by the same equations as for 

o t still remains constant at o ~. Accordingly, it is seen 

that state ® falls on a certajn point between (!) and (2) in each 

curve of Fig. 2. The subsequent behavior is therefore clear from the 

foregoing descriptions. If the unloe.ding point fi) ' is close to ~ , 

the traces corresponding to ({) ' ....... @) ' tend to curve sharply near 

n = -nE' except for n-8 curve of (c), as depicted in dashed lines in 

Fig. 2. The.qualitative behavior, however, is not different from the 

case CP • ®. 

From this example it is evident that the foregoing equations are 

adequate for the explicit representation of the load-deformation 

characteristics of a bar under any history of axial loading. 

4. FURTHER REMARKS 

Among the components of t o in Eq. (3) , o can take any positive 

value, as already mentioned. 0 t is controlled by displacement con­

straints. o e is, of course, independent of the history. When 

plastic action takes place at the yield hinge, it is revealed from 

Eqs. (9), (12), (13), (14) and (18) that o g and o pare also 

independent of history; they are functions only of the current value 

of the axial force for a given bar. Consequently, it turns out that 

t o - o can be expressed as a function of n alone for the parameters 

~ and ~ given, as far as plastic action occurs. This relation is 
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shdwn in thick solid lines in Fig. 3. Irreversible nature of the plastic 

process restricts the variation in the direction shown by arrows, i.e., 

in the direction n :>0. The variation along the lower curve is associated 

with increasing e, and the upper decreasing e. Analytically the 

difference in shape between the two curves•results from that between 

trigonometric and corresponding hyperbolic functions. 

Bridging between these curves is associated with elastic behavior 

and is reversible. B o t depends not only on n but also on the 

previous history. This is because in an elastic process B g and o p 

depend on 8, as seen from Eqs. (15) and (18), 9 remaining constant in 

each elastic process. These relations are shown in thin solid lines 

in Fig. 3. The slope of these curves becomes larger as 9 decreases, 

and takes the maximum ru1d constant value unity for 9 = O. Along each 

curve, the slope increases as n does. 

With these in mind it is seen that the curves in Fig. 3 suffice 

for the completion of the hysteretic n-o relation for any given 

history of axial louding. For instance, if the bar is 

subjected to cyclic displacement changes between 6 =- oA and 

o = B A ( B A > 1) with contraction first, the hysteretic n-o 

relation is determined as in Fig. 4 by simple translation of curves 

in Fig. 3. The trace of n-o relation falls on the final loop, the 

_thick solid-lined curve, and becomes stable before the end of the 

first cyclee 

5. CONCLUSIONS 

The closed-form soluti?n has been found for the hysteretic 

behavior of an elastic-perfectly plastic bar with moderate slenderness· 
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Fig. 4 Example of. cyclic loading with constant displa.cement amplitude 
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under repeated axial loading, based on the piecewise-linear yield 

condition, Eq. (1), for the combined action of axial force and bend­

ing moment. The solution is complete in the sense that the load­

deformation characteristics can be found uniquely whenever the 

history of the end displacements is specified. The dimensionless 

relative axial displacement a is expressed as a function of the histo­

ry of the dimensionless axial load n, with the cross-sectional factor 

~ and the dimensionless Euler buckling load ~ as parameters. 

As a result of the analysis, it is observed how a bar plastical­

ly deformed due to instability recovers its strength and rigidity 

during the course of the subsequent elongation. The analysis also 

demonstrates the feature that a bar gets loosened due to plastic elon­

gation, and the bar cannot exhibit the full strength subsequently, 

until it undergoes the maximum relative displP..cement that it has 

experienced. A cycle, from and to this maximum displacement, has no 

influence on the subsequent behavior of the bar. 

It seems pertinent to conclude with critical comments on some of 

the basic assumptions adopted in this chapter. The assumption of 

perfect pl~sticity in the use of stress resultants and the correspond­

ing kinematical quantities neglects the stage of partial yielding in 

a cross-section. It is i~po~sible therefore for the residual nature 

of plastic deformation to be strictly taken into consideration by 

the theory which has a basis on this assumption. This will cause 

some er·ror in the prediction of the behavior of actual. sections with 

a web and/or finite flange thickness under repeated loading,in addition 

to the error usually observed in the case of monotonic loading. To 

draw an instance from.Fig. 2, an actual bar with elastic-perfectly 
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plastic stress-strain ielationship, after being subjected to the 

loading program like (!) to (!) , would not acquire full recovery by 

the attainment of the maximum relative displacement that the bar has 

previously experienced; that is, n < 1 at ~~ = 8 
2

• There would 

still remain some residual deflPction at 8 = 8 2 due to nonuniform 

residual strain distribution in a cross-section, and the load carrying 

capacity in the subsequent compression would be lo,;er than that for 

the original state, nE. The full strength in tension, n = 1, would be 

reached at a still larger displacement than 8 2 • In order to gain 

access to the real behavior of an actual steel brace or a truss member, 

a more realistic hysteretic constitutive relation may have to be used. 

Nevertheless, the analysis presented in this paper has a merit in its 

simplicity, and will serve as a reasonable first order approximation. 

It is worth mentioning that for the purpose of determining the post­

buckling deformation characteristics of a bar the piecewise-linear 

approximation of the yield condition is reasonable even for a rectangular 

cross-section (14). The shape of the exemplified curves in Figs. 2 

and 4 indicates qualitative agreement with the experimental results 

obtained from bar specimens with rectangular cross-section (1-3). 

Details of the comparison between the theory presented and the ex­

perimental observations shall be discussed in Chapters 4 and 6. 

For very stubby bars to which the present analysis is not 

accomodated~because of assumption 5 , the shear effect may also come 

into play unless the bar has a compact cross-section, or it may be 

too stocky to b~ treated as a one-dimentional continuum. If the bar 

is extremely slender and flexible, and forced into large deflection, 

assumption 3 of small deformation may not be appropriate. Such a bar, 
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however, may well be treated as incapable of carrying compression, 

and can be analyzed in a very simple manner. 
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CHAPTER 4 

HYSTERETIC BEHAVIOR OF AN AXIALLY LOP~ED BAR WITH MODIFIED YIELD CONDITION 

ABSTRACT This chapter is concerned with the hysteretic behavior of a 

prismatic bar subjected to repeated axial loading. Elastic-perfectly plastic 

behavior is assumed in the analysis under the combined action of axial force 

and bending moment. The fully plastic states in pure bending and in pure 

tension and compression are bilinearly interpolated to serve as the yield 

condition; linearly interacted regir:1es are combined with interactionless 

regimes of pure bending to form the yield hexagon, which is a modification 

of a previously assumed yield quadrangle. Basic equations are derived through 

the analysis, expressed in a simple analytic closed form, and are able to 

determine the load-deformation relationship of the bar for any specified 

history of axial loading. 

As a result of the analysis it follows that due to the load cycle of 

tension and compression an initially straight and plastically bent bar 

undergoes a plastic extension upon the recovery of the straight configuration. 

This is the balanced axial deformation at a yield hinge between extension and 

contraction, taking place during the cycle of hinge rotation. Another charac-

teristic feature found is that cyclic alternate displacement loading with large 

amplitude leads to a steady state ~fter some repeated deterioration of processes. 

Comparison is made of the load-axial displacement relation between the analytical 

and experimental results to show reasonable agreement, with discussions extended 

to the appropriateness of the form of the yield condition. 

SOURCE The contents of Chaper 4 are based on the following paper: 
Taijiro NONAKA, "Approximation of Yield Condition for the Hysteretic 
Behavior of a Bar under Repeated Axial Loading", to be published. 



Notation 

Physical symbols 

A cross-sectional area 

c constant 

E Young's modulus 

L length 

M bending moment 

N load 

v middle deflection 

X coordinate along bar axis 

y deflection 

!::. relative displacement 

e one-half of hinge rotation 

Subscripts indicate particular values with 

A amplitude 

E Euler load 

0 full plasticity 

1, 2, 3, ..•..••. states in order 

Superscripts indicate components due to 

e elasticity 

g change in geometry 

p plastic hinge 

t plastic longation 
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Dimensionless symbols 

m - M/Mo 
n - N/N

0 

v - (N0 /M0 )V 

a - (A/I) (M
0

/N
0

) 2 

0 - (EA/N0 L)A 

n : .. (N0 /M
0

)y 

8 - (N0 L/2M0 )e 

v - I(NL2j4EI) 



1. INTRODUCTION 

Axially loaded members play an important role in such structures as 

trusses and braced frames. Clarification of the performance of these 

structures under repeated loading requires the knowledge of the hysteretic 

load-deformation characteristic's of axially loaded members. Recently in 

Italy and Japan much effort has been directed to the formulation of the 

elastic-plastic axial load-displacement relation of steel braces, in relation 

to the response of tall braced frames to earthquake excitation; the static 

relationship is useful for the determination of dynamic behavior, since 

braces have relatively small mass. It is worthy of note that plastic action 

in axially loaded members ordinarily takes precedence of flexurally loaded 

members because of the predominance in stiffness of the former over the 

latter. Some results of numerical analyses are reported in the form of 

charts [1-7], and a successive approach is proposed on the basis of' simple 

plastic theory established for beams and unbraced frames, which does not 

take account of plastic axial deformation [8,9]. 

The author has formulated a general elastic-plastic solution for the 

hysteretic behavior of a prismatic bar subject to repeatedly applied loads 

in the axial direction [10]. The assumption of perfect plasticity together 

·with the one~dimensional idealization of the bar has led to basic equations 

which have been shown to be adequate for the behavior to be determined for 

any history of axial loading in the range of small deformation. This theory 

·describes how a bar, after deforming plastically due to instability during 

compression, recovers in a subsequent tension, and describes how the bar 

as a structural member gets loosened by plastic elongation, reducing the 

overall stiffness of the structure. The usefulness of the theory as a first 
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order approximation being confirmed experimentally [11, 12], it has possessed 

a significant defect. The analysis has been based on the assumption that the 

fully plastic states in pure bending and in purely axial loading can be 

linearly interpolated to serve as the yield condition for the interaction o~ 

bending moment and axial forceo The piecewise linearity in the yield condition 

is the idealization for an I-section with thin web and flanges, and is rather 

a crude approximation of commercially available cross sections. As a 

consequence, the solution has had a merit in simplicity but a demerit in the 

prediction that a plastically deformed bar completely restores its full strength 

and initial straightness upon the reversion of the axial displacement, as 

against the actual observation that a plastically deformed bar hardly becomes 

straight again through mere extensiono A nonlinear yield condition replacing 

the piecewise-linear one corrects the defect of this kind to a certain extent~ 

and an attempt to use a parabolic yield condition has resulted in better 

agreement with the experimental behavior of a rectangular prism [13}. Then, 

however, the basic equations have not been able to be expressed in a finite 

number of analytic functions. The objective of the discussions in this chapter 

is to obviate the two shortecomings found in the use of the piecewise-linear 

and parabolic yield conditions, and to develop an analysis which still leads 

to a closed-form analytic. solution. This is accomplished by modifying the 

form of the yield condition. The analytical results are then compared with 

the experimental, and discussions extend to the pertinence o~ the modification. 

2. ASSUMPTIONS 

An initially straight bar of uniform material and cross section is 
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subjected to a repeatedly applied load, which is a pair of equal and opposite 

forces acting centroidally at the ends of the bar with slowly varying intensity. 

The effective length L is taken so that the bar can be regarded as being simply 

supported at its ends. The main interest lies in the hysteretic relationship 

between the load N, positive for tension, and the relative displacement ~, 

positive for separation, of the bar ends in the direction of loading. In this 

chapterthereisthe restriction that deformation may be finite but small enough 

so that change in the length of the bar is negligible when compared with the 

original and so that the square of the slope of the deflection curve can be 

neglected in comparison with unity. It is assumed that the cross section 

has axes of symmet~ and that the bar deflects only in the plane of symmetry 

without twist, having cross-sectional area A and moment of inertia I. The 

bar is idealized as a one-dimensional continuum, having the property of linear 

elasticity with Young's modulus E followed by perfect plasticity under combined 

action of the axial force N and bending moment M. 

The yield condition for the M-N interaction is approximated by bilinearly 

interpolating the fully plastic state IMI = MQ in pure bending and the fully 

plastic state jNj = N
0 

in pure tension and compression- This is represented 

in the dimensionless stress-resultant plane (M/M0 , N/N0 ) to form the yield 

hexagon, as shown by solid lines in Fig. 1. Yielding is stipulated by linkin~ 

interactionless regimes of pure bending with linearly interacted regimes, 

having a corner at (1, 1-c) in the first quadrant, and having double symmetry 

with respe~t to the co-ordinate axes. This form of the yield condition is 

selected as the simplest with a single parameter c among bilinear representations 

in one quadrant, while still furnishing a reasonable prediction for the overall 

hysteretic behavior of an axially loaded bar; c is to be chosen properly between 
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zero and unity, according to the shape of the cross section and the dominant 

range of the load intensity. The choice c = 1 would be identical· with the 

previously assumed piecewise-linear yield condition which is represented by 

the square as drawn in dotted-and-dashed lines in Fig. 1. If it is speci£ied 

that the same area of elastic domain be enclosed by the hexagon of the modified 

piecewise-linear yield condition and by the pair of parabolas drawn in dotted 

lines which correspond to the fully plastic condition for a rectangular cross 

section, then it follows that c ~ 2/3. It is worth noting that the modified 

piecewise linearity is equivalent to assuming the cross section to consist of 

three concentrated areas, two as flanges and the other as the center web. 

It is also assumed that a compressed straight bar buckles when the 

compression reaches either the Euler load NE = 1r2EI/L2 or the crush load N0 • 

Investigation is focused on bars of moderate slenderness such that NE and N0 

_are of the same order of magnitude. The effects of shear are completely 

neglected. 

3. FORMULATION 

While taking note of the fact that the history of the axial displacement 

has to be specified in order for the behavior of the bar to be determined, it 

is convenient to express the displacement in terms of the load. Some of the 

basic relations .established previously remain valid [10]. The dimensionless 

displacement ~' the ratio of the relative axial displacement to the yield 

point-displacement, is composed of four components, viz., 
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where oe is due to elastic axial deformation; ag ~ 0 to change in geometry 

associated with transverse deflection, aP ~ 0 to plastic axial deformation 

at a yield hinge, and at ~ 0 to plastic elongation in a straight configuration. 

Among these it is clear that ae is equal to the dimensionless load n :: N/N0 , 

and that at can increase when n equals unity and remains constant otherwise. 

The component ag is caused by the difference in length between the arc and 

chord of the deflection curve two halves of which are symmetric and determined 

from theequilibrium and elasticityof the bar. Each half is expressible in 

terms of hyperbolic function, as shown in Fig. 2. At the middle the deflection 

V = ( M0 /N0 )v ~ 0 is related to the slope angle 0 = ( 21'10 /N0 L) e ~ 0 by 

e = (v/tanhv) v. (1) 

Integration of the square of the slope along the bar axis provides the component 

og = -a.n ( e )2[sinh(2v) + 1] 
E ncoshv 2v ' 

(2) 

where a. - (A/I}(MQ/N0 ) 2 is a cross-sectional constant, nE = NE/N0 is a slen­

derness constant, and v :: (NL2/4EI)112 = (n/2)(n/nE)l/2 is a dimensionless 

axial force. When the load is negative, v is imaginary and in order to 

express the results in terms of real functions, it suffices to replace v by 

its modulus and to replace the hyperbolic functions by the corresponding 

trigonometric functions. The above relations are unchanged by the modification 

of the yield condition. 

Plastic action can take place with a yield hinge at the middle of the 

bar when the deflection attains such a value that the yield condition is 

satisfied. In order to relate this deflection to the load, it is first noted 

from the equilibrium relation. 

m + nv = 0 (3) 
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that the bending moment M = mM0 at the middle has the opposite sign to the 

load when the positive moment is defined to be compatible with an increase 

in the hinge rotation 20 as shown in Fig. 2. It follows that the state of 

stress at the middle cross section has a stress point somewhere in the second 

or fourth quadrant in the stress plane of Fig. 1~ and for.the relevant 

regimes the yield condition reads 

lml = 1 for 

In - cml = 1 for 

Combination of Eqs. ( 3) and (4) gives 

1/lnl for 
v = { 

(1/c)(l/lnl - 1) for 

lnl ~ 1 - c~ 

1 - c < In I < 

In I < 1 - c 

1 - c < In I < 

1. 

1. 

(4a) 

(4b) 

As long as Eq.(5) is kept satisfied~ there can be a change in the hinge rotation 

at the middle. It is accompanied by a change in the plastic axial deformation, 

their relation being determined by the normality of the flow rule associated 

with Eq.(4). It follows for the increments that 

0 
doP = { 

-(2/n) 2 (anE/c)d8 

for lnl ~ 1 - c 

for 1 - c < In( ~ 1. 

The hinge rotation to be substituted in Eqs.(2) and (6) is related to the 

load by combining Eqs.(l) and (5) for an plastic process. 

When the deflection is smaller than is given by Eq.(5), then the bar' 

behaves in an elastic manner and 

doP = de = o. (7) 

If vis to be determined for an elastic process, Eq.(l) may be used with 
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9 kept constant and specifed by the preceding plastic action. It is worthy 

of note that because of the incremental relation of Eq.(6) the hereditary 

nature of plasticity is comprised not only in at and 9 but also in aP, appearing 

as an integral constant, which has not been the case with the piecewise-linear 

yield condition assumed previously [10]. 

4. ILLUSTRATION 

Figure 3 serves to illustrate the behavioral characteristics of a bar 

under a varying axial load. In (a), (b), (c) and (d) of Fig. 3, a, v, 9 and 

m are taken, respectively, for the abscissae as against the common ordinate 

of n. The variation in the states of deformation and stress is indicated by 

orderly numbering in circles. It is assumed in this illustration that 

1 - c < nE < 1. After being subjected to plastic yielding in tension, the 

bar is compressed until it buckles at n = -nE as in@-+Q). A yield hinge 

is formed at the ~ddle of the bar in®-+© with the stress point moving first 

along an interacted regime and transferring at ~to an interactionless regime 

of the yield hexagon as shown in Fig. 3(d). During the process ®-+t~ the 

yielding causes plastic flow of contraction in the axial direction besides 

a relative rotation across the yield hinge, whereas no change takes place in 

the axial plastic deformation in~ The process ~(1) is characterized by 

elastic recovery, and is followed by hinge action with a tensile force in 

(1)-(2), until the bar restores straightness, v = 9 = 0, with n = 1 at® The 

plastic axial deformation developed at the yield hinge in~is an extension, 

and the balanced hinge extension remaining at~is given through Eqs.(6) and 

{7) from 
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where subscripts refer to the states defined above. With e9 = e4 = ·o, 

n3 = -n5 = 1- c, and with Eq.(5), it is fonnd that va = v5 = 1/(1-c), 

and hence Eqs.(l) and (8) are combined to give 

(8) 

(9) 

The fact 0~ > 0 follows from the inequality e8 > 65' which is visualized 

by noting that there is a change in the hinge rotation without a change in 

the plastic axial deformation between the states ~and@ , the middle 

deflection returning to the identical value, and by noting that the actual 

deflection curve is hyperbolic-sine for tension and is sine for compression 

in each half with the co-ordinate origin at the end, as shown in Fig. 4. 

It is thus seen that the yield hinge undergoes extension through the rotation 

cycle caused by the load cycling from and to n = le Therefore, the n-o 

curve of Fig. 3 (a) does not close in@-+®; since the changes in c5e, og and 

ot between® and@) all vanish, the difference o
9 

- o2 equals o~ of' Eq. (9). 

For a rectangular cross section, a = 3/4, and specification c = 2/3, nE = 3/5, 

for example, leads to o
9 

- o
2 

= 0.76. It is reminded that in the previous case of' 

the piecewise-linear yield condition the accumulation phenomenon in hinge 

extension has not occurred, but the n-o curve has closed at the attainment of 

n = 1, because of the complete proportionality of the hinge rotation and 

plastic axial deformation [10]. 

Let us examine a case of cyclic displacement loading. It is again 

assumed that 1 - c < nE < 1. The loading is started with contraction and 

is repeated alternately with the same amplitude cSA in the separation and 

approach. If oA is sufficiently large, the hysteretic n-o relation traces 
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Fig. 4 Dimensionless deflection curves 
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such loops as shown in Fig. 5. The behavior of the bar deteriorates with 

the number of repetition of loading cycles until the load magnitude is 

reduced into the range lnl ~ 1 - c. Henceforth the loop becomes stable as 

drawn in thick lines, and the behavior reaches a steady state. The previous 

piecewise linearity in the yield condition has indicated for a steady state to 

be attained before the end of the first cycle [10], and the use of the 

parabolic yield condition never leads to a steady state, predicting ever­

lasting deterioration [13]. 

5. COMPARISON AND CONCLUSIONS 

Comparison is made of the n-o relation between the theoretical and 

experimental results in Fig. 6. The solid lines are drawn for the modified 

piecewise-linear yield condition with c = 2/3, dotted lines for the parabolic 

yield condition [13], dotted-and-dashed lines for the piecewise-linear yield 

condition [10], and dashed lines for experiment [14, 15]. The tests were 

carried out with mild steel specimens of square cross section (15 x 15 em). 

The particular specimen cited had the slenderness of nE = 1.13. The loading 

program was controlled by the axial displacement, with regard to which dis­

cretion is exercised in comparing with theoretical prediction. Starting with 

contraction, the loading was not successfully regulated in the early post­

buckling region because of the rapid variation in the load and deformation. 

This is seen to cause a marked discrepancy with the theories in this region. 

For another discrepancy observed near the second buckling region t~e theories 

may be responsible; all the theories introduced herein predict the complete 
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recovery of straightness upon the attainment of n = l,_material hardening 

in the plastic range being ignored, whereas the actual bar hardly becomes 

straight through mere extension after being plastically deformed into a 

crooked configuration. Except for these regions and for other minor 

diserepancies occurring due to the theoretical negligence of partial 

yielding in cross sections, general agreement is seen between the theoretical 

and experimental results. Difference in the theoretical prediction due to 

the various forms of the yield condition is rather remarkable. It is 

seen that the parabolic or modified piecewise-linear yield condition with 

c = 2/3 better fits the experimental behavior of the mild steel square 

prism than the piecewise-linear yield condition, which corresponds to a 

state of stress lying somewhere between the initial yield and full plasticity 

for many practical cross sections. The difference in fitness between the 

modified piecewise-linear and parabolic yield conditions is not significant 

in this figure, but an advantage in the use of the former lies in the simplicity 

of analysis. Another advantage is concerned with the experimental observation 

that steel bars tend visibly to arrive at a steady state, which can be reached 

in the prediction by the former but not by. the latter, within the first few 

cycles when subjected to cyclic displacement loading, unless local instabilities 

or twisting occurs [15]. Within the framing of this series of theoretical 

investigation, therefore, it seems advisable to use the modified piecewise­

linear yield condition with a proper choice of the parameter c according to 

the cross-sectional shape and the dominant loading range. 
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CHAPTER 5 

LARGE DEFOID-IATION ANALYSIS OF AN AXIALLY LOADED BAR 

ABSTRACT A brief summary is first oade of the hysteretic behavior, 

analytical and experimental, of a prismatic bar under variable repeated 

axial loading, based on earlier studies for small deformation. Basic 

equations are then derived in a closed form through an elastic-perfectly 

plastic type of analysis in conformity with one-dimensional idealization, 

by extending previously obtained principles into the range of large 

deformation, for determining the load-deformation characteristics of 

a moderately long bar. Account is taken of changes in geometry due to 

large transverse deflection and changes in bar dimensions due to plastic 

elongation. 

SOURCE The contents of Chapter 5 are based on the following paper: 
Taijiro NONAICA!t "An. Analysis for Large Deformation of an Elastic-Plastic 
Bar under Reieated Axial Loading, Part 1 Derivation of Basic Equations", 
to be published. · 
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A cross-sectional area 

E Young's modulus 

Notation 

F(k,e), E(k,e) elliptic integrals of the first and second kinds with 

modulus k, amplitude e 

f = (1/2) CINI/EI)
112 

I cross-sectional moment of inertia 

k = cos(~/2); k~ = sin(~/2) 
L length 

M bending moment 

N load 

s arc length 

V middle deflection 

x coordinate along original bar axis 

y deflection 

~ relative displacement 

E strain 

0 one-half of hinge rotation 

e, a~ values of $ at ~ = 0 for N > 0 and N < 0 

a stress 

$ defined by Eq.(l5) 

~ slope angle 

~ end slope angle 

Subscripts indicate particular values with 

E Euler load 

0 original value 

p full plasticity 

y yielding 

Superscripts indicate components due to 

e elasticity 

g change in geometry 

p plastic hinge 

t plastic extension 
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l. INTRODUCTION 

A column has long been the subject of investigation in the field 

of structural theory, and its instability phenomena seem to be well 

understood as long as it is axially compressed in a monotonous manner. 

An axially resistant member in such a structure as a truss or braced 

frame is often subjected to variable repeated loading; loads due to 

winds, earthquakes, cranes, transportation vehicles and some machine 

parts are applied repeatedly in nature, and they may act in different 

or opposite directions. 

Suppose an initially straight prismatic bar, of structural material 

such as steel, is subjected to tension and/or compression repeatedly. 

If the bar is very stubby, i.e., short and compact, its behavior is de­

termined, in theory, directly from the axial stress-strain relationship. 

If the bar is extremely long and slender, its strength in compression is 

much smaller than in tension, and it may well be treated as a tension­

resistant member for practical purposes; or it may be feasible for 

compression to be taken into consideration since such a bar most likely 

remains elastic with large transverse deflection upon buckling. The 

combined effects of instability and plasticity, however, complicate the 

behavior of a bar with moderate slenderness, and this is the case most 

frequently confronted with. It is also n~ted that plastic action in 

axially loaded members often precedes and predominates over that in 

flexurally loaded members, because of the difference in stiffness between 

the two kinds of members, when they are coexistent in a structure such 

as a braced frame. These considerations motivated the author to investi­

gate the behavior of an elastic-plastic bar under variable repeated 

axial loading. In spite of the ~namic nature of actual repeated loading, 
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the inertia of an axially loaded member can in general be neglected 

as compared with that of other heavy portions such as floors, walls, 

etc., indicating the usefulness of its static load-deformation characteris­

tics in determining the overall behavior of a dynamically loaded structure .. 

A previous theoretical study resulted in a general analytic solution of 

the problem in a simple closed form [1]. This theory has been confirmed 

experimentally so as to predict the hysteretic behavior of actual steel 

bars with a first order accuracy [2]. The basic equations of this theory 

have been derived through a quasi-linear analysis of small deformation. 

The objective of the discussions of this chapter is to extendthis theory 

to the range of large deformation. 

Large deformation in the compression side is accompanied by the post­

buckling transverse deflection. · For the elastic behavior of this problem 

the closed-form solution is available in terms of elliptic integrals, the 

deflection curve being referred to as the "elastica" [3-8]. A numerical 

analysis has also been carried out by Oden and Childs to take material 

nonlinearity into consideration [9]. Since an elastic process is reversible, 

the repeated or varying nature of the load causes no additional difficulty. 

Based implicitly on the assumption of pure bending, Monasa took account of 

partial yielding in cross sections and obtained numerical results for the 

case of monotonously increasing deflections [10]. Since the completion of 

the work presented here, Higginbotham'~dissertation has been brought to 

the ·author's attention [11]. He analyses the cyclic behavior of steel 

braces, and combines the equations of the "elastica" with the yield condition 

of :full plasticity in a cross section. Plastic rotation is~considered at 

a yield hinge but not plastic axial deformation, and hence to the present 

author its validity seems to be limited to very long bars or thin rods. 
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The effect of large deformation in the.tension side is equally 

important, though not considered as yet. Finite elongation causes 

changes in bar dimensions, reducing the stiffness and increasing the 

flexibility of the bar. In this chapter general basic equations 

are derived which can determine the hysteretic behavior of the bar 

under repeated axial loading, admitting large deformation in the 

tension side as well as the compression. The derivation is preceded by 

a brief summary on the theoretical behavior of an axially loaded bar on 

the basis of the previous work, together with its correlation to 

experimental observations. 

2. PREVIOUS RESULTS 

It is supposed that an initially straight bar of uniform material 

and cross section is subjected to repeated loading. The load is composed 

of a pair of equal and opposite forces acting at the ends of the bar in 

the direction of its original axis. The effective length is taken so that 

the bar can be considered as being simply supported at its ends. Theoreti­

cal study is made of the hysteretic behavior of the bar in equilibrium 

with the load which varies in a quasi-static manner. The main interest 

lies in the hysteretic relationship between the load N and the relative 

displacement 6 of tpe bar ends in the direction of loading; N is taken as 

positive when tensile, and correspondingly 6 is taken as positive for 

seperation so that the distance between the bar ends, originally Lo, 

becomes Lo + 6 after deformation. It is assumed that the cross section 

has axes of symmetry and that the bar deflects only in the plane of 

symmetry without twist, having cross~sectional area Aa and moment of 



inertia I 0 • The.bar is idealized as a one-dimensional continuum, with 

the property of linear elasticity followed by perfect plasticity under the 

combined action of the axial force and bending moment. The fully plastic 

state in pure bending, with limit moment MQ, and that in purely axial 

loading, with limit force N0 , are interpolated linearly to serve as the 

yield condition for interaction. The shear effects are neglected 

altogether. It is also assumed that a compressed straight bar buckles 

when the compression reaches either the crush load N0 or the Euler load 

NE = n2EI0/Lo~ where E is the Young's modulus. Two restrictions of 

small deformation are added in the previous work [1]. They are that 

change in the length of the bar is negligible when compared with the 

original length and that the square of the slope of the deflection 

curve can be neglected in comparison with unity. A quasi-linear analysis 

has been carried out on the basis of such assumptions, leading to basic 

equations, which are adequate for the determination of the hysteretic 

behavior in the range of small deformation. According to this theory, 

the relative displacement is given by the sum of four components. The 

first component ~e is due to elastic axial deformation and determined 

directly from the instantaneous load, to be ~e = NL0 /(EAo). The second 

component ~g is due to change in geometry associated with transverse 

deflection, which is symmetric with respect to the middle with a kink 

caused by plastic rotation. The assumption of small deflection permits 

the linear approximation of curvature, and the slope angle e ~. 0 of the 

deflection curve at just next to the middle is related to the maximum 

deflection V ~ 0 at the middle through the relation 

I 
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[N/ (Eio) ]1/2 
0 = -ta_n_h_[ (_L_

0

_/ 2-)-( N_/_E_I_
0

_) l--:/~2-] V. 

Plastic action can take place with a yield hinge at the middle, when the 

deflection attains the value 

v = MQ (1/INI - l/N0 ). 

When V is smaller, the bar behaves in an elastic manner, with e remaining 

constant. Integration of the square of the slope allows ~g to be expressed 

in terms of N and e as 

(1) 

{2) 

0 sinh [Lo(N/EI0 )
1/ 2 ] 

~g = -10 { 
112 

}2 {1 + } (3) 
2 cosh[(L0 /2)(N/EI0 ) ] Lo(N/EI0 )

1/ 2 • 

Equations (1) and (3) involve imaginary functions when N < O.Expressions in 

terms of real functions can be obtained simply by taking the absolute value 

for N and replacing hyperbolic functions by the corresponding trigonometric 

functions in these equations. The third component ~p is the plastic axial 

deformation at the yield hinge, and given by the flow rule to be ~p = -20MQ/N0 • 

The fourth component ~tis the plastic elongation the bar undergoes in a 

straight configuration under N = N0 , and controlled only by the displacement 

constraints. Worth noting is that, apart from the influence of ~t, hereditary 

nature is retained only in e and that in a plastic process the deformation 

characterstics are determined explicitly from the instantaneous load, since 9 

is then expressed in terms of N through Eqs. (1) and (2). 

In Fig. 1 is illustrated an example of the analytic behavior for the 

case NE = 0.6 N0 , (fvfo/N0 )2= I 0 /A0 • Fig. l(a) shows the load-axial displacement 

120( 
I 



(a) Dimensionless -1 

axial displacement relation 

N/N0 = -1/( 1 + N0V/M0 l -~ 

(b) Dimensionless load-lateral 

deflection relation 

Fig. 1 Load-deformation characteristics of an axiallyloaded bar 

N 
No 

2 3 

Fig. 2 Comparison between theory and experiment 



relationship. When an initially straight bar is subjected to a compression 

after reaching the yield limit in tension, as in@-+<1)-+@-+Q), it buckles 

at N = -NE. Fig. l(b) shows the variation of the deflection V. The deflec-

tion develops abruptly at the buckling load. As the de!lection keeps increasing, 

the yield limit is reached at state@ , and a further increase iii the de flee-

tion is accompanied with plastic action in the yield hinge. The axial load 

decreases in magnitude as in®-+ G) .. If the bar ends begin to separate 

anywhere along the curve ®-+G) , such as at state 0) , the yield hinge dis-

appears, leaving a kink at the middle of the deflection curve. The variation 

G)-+® is characterized by elastic recovery with decreasing deflection. 

The deflected shape in each of the two halves is represented by a sine curve 

for N < 0, by a straight line for N = 0 and by a hyperbolic-sine curve for 

N > 0. At state@ , the yield hinge again forms with a tensile axial 

force, and the kink angle 20 decreases subsequently. The bar restores its 

straight configuration at N = N0 ; it turns out that the curve@ -+CD leads 

to@ , closing the hysteretic curve. Unloading from <1) or CV ', before the 

complete recovery at@ , gives rise to elastic behavior and the yield limit is 

again reached at state@ or@ ' somewhere along® -+0) • It is indicated 

that there is a tendency for a bar to adjust itself toward a steady state 

whenever possible • 

. The above theory is compared with the experimental observation in 

Fig. 2 for the axial load-displacement relation. The solid line refers 

to the theory and dashed line to the experiment. The experimental result 

I 

cited here was obtained with a mild steel specimen of square cross section 

for NE = 1.13 N0 [12, 13]. Having started with compression, the loading 

was controlled by axial displacements, from which the first few cyles are 

shown in @ to @) • The initial post-buckling behavior was not recorded 
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successfully in this test, because of the abrupt changes in states; the 

straight segment in the figure is the linear interpolation between the 

well recorded terminal points, (!) and @ *. It is seen that the above 

theory serves as a first order approximation for the overall behavior [2], 

despite the rather drastic assumptions of perfect plasticity** and the 

piecewise linear yield condition.*** The most significant discrepancy 

is seen near~; the experimentally observed strength in compression is much 

reduced by the preceding loading cycle, whereas the theory predicts the 

constant buckling load. This may be attributed principally to the Bauschinger 

* Paris attributes the difference, between the experimental straight segment 
and the theoretical prediction in the early plastic buckling range such 
as in G)+® , to an increase in yield stress due to high rates of strain, 
giving the name "plastic dynamic buckling" [14]. 

** Inclusion of the existence of second order plastic strains can lead to 
instabilities of a prismatic bar under a large number of loading cycles 
in the plastic range, taking account of cyclic creep due to stress 
cycling and cyclic relaxation due to strain cycling. Cyclic tensile · 
strain accumulation can give rise to necking and have precedence over 

*** 

·fatigue in causing fracture; during displacement-controlled cyclic 
loading of a column, the load limits decrease from cycle to cycle, 
indicating a gradual reduction in critical compressive load for instabili­
ty [15, 16]. The present work is not intended to include long term cycling. 

Simple modification of the yield condition can lead to better agreement 
with experimental observations, depending on the shape of cross section. 
For a rectangular cross section as in this test, use of the parabolic 
yield condition of full plasticity [17] or of an approximate hexagon 
representing the yield curve seems to be adequate [18]. The flow 
rule associated with such a yield condition does not come to the result 
that in Fig. 2 the curve corresponding to@+® points to~, but to 
the result that the extension of that curve points to the right of 0) ; 
the maximum load N0 is attained at a relative displacement larger than 
that of~ , because, of the eventual expansion consequent on the loading 
cycle,and the load at® with the same displacement as CD is smaller 
than the load N0 of CD· 



effect. and to the fact that an actual bar hardly becomes straight again, 

once it is bent plastically. Discrepancy is also seen ne.ar 3 , 4 and 9 ; 

the theory predicts sharp changes in slope because of elastic-plastic 

transitions, as against the smoothly varying curve of the experiment, the 

assumption of the elastic-perfectly plastic property in the one-dimensional 

idealization may chiefly be responsible for this discrepancy, neglecting 

phases of partial yielding in a cross section. 

The application of this theory to braced frames has also been attempted 

and resulted in close agreement with the experimental behavior of full-scale 

steel fram,es [19]. 

While the assumption of small deformation on which this theory is based 

is pertinent to most practical cases, deflection of a long flexible bar may 

become so large, due to compression, that the square of the slope of the 

deflection curve attains a magnitude of the order of unity. Such large. 

deflection is accompanied by the relative axial displacement of the order 

of the original length of the bar. A similar situation can arise in tension 

as well; elongation of the order of the length requires the consequent 

changes in the dimensions of the bar to be taken into account. These effects 

of large deformation are incorporated in the analysis which follows. 

3. ASSUMPTIONS 

I 

If a bar remains elastic, its post-buckling behavior is stable, and 

the theory of "elastica" is applicable to the large deflection behavior. 

When the load is a pair of mutually facing terminal forces without couples 

as in the problem under consideration, a possible curve of deflection of 

an initially straight prismatic bar has equally spaced inflections along 
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the line of loading with both ends among inflections. That portion of 

the bar contained between two consecutive inflections is taken again to be 

analysed with the original length Lo. It is also noted that among deflection 

curves having a number of inflections, the stable one is that having the 

least possible inflections. The analysis to follow is intended to hold 

until the ends of the bar touch eath other*. The signs of the load are 

redefined so as to allow for large deflection: positive N means the terminal 

forces directing opposite to each other, causing tension in the central 

portion of the deflected bar. 

Changes in bar dimensions require the current values ~,A,I,Np and Mp of 

the length, cross-sectional area, cross-sectional moment of inertia, limit 

load in pure tension and limit moment in pure bending, to be distinguished 

from their original values L0 ,-Ao, I 0 , N0 and Mo, respectively. In order 

to facilitate the analysis with allowance for the changes, further assump~ 

tions are made in addition to those for the case of small deformation. 

* In the classical theory of "elastica", allowance is made for the deflection 
curve to form loops or partly overlap in a plane. -It is possible to extend 
the results of the present paper to such a case without modification, with 
only additional care to be taken for the signs of the load and relative 
displacement. On the basis of elasticity, the load magnitude keeps 
increasing with deflection slopes, and its increase brings about a reduction 
in the size of the loop. Zajac points out that as the loop is made smaller, 
a state of instability is reached at which the planar loop pops out into a 
spatial. configuration, and eventually the bar assumes a straight shape 
containing one complete twist [20]. However, overlapping of a planar curve 
is not physically possible in the case of an actual bar with finite cross­
sectional dimensions, but contact phenomena take place [21]. In the problem un­
der consideration, the end touching would occur with the end slope angle 
of 131;> provided the bar rema-ined linearly elastic [22, 23]. 

None of these phenomena are likely to occur with steel bars of moderate 
slenderness due to the onset of yielding, leading to the investigation 
reported herein. 
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Important assumptions are itemized as follows: 

1. When subjected to uniform tension with allowance for large elongation, the 

bar behaves in an elastic-perfectly plastic manner, having constant limit 

axial force Np. 

2. The bar retains the elastic-perfectly plastic property under the combined 

action of the axial force N and bending moment M, with the linearized yield 

condition 

3. Changes in bar dimensions due to elastic deformation are negligibly 

small in comparison with the original dimensions. 

4. The cross section remains geometrically similar to the original. 

5. A straight-shaped bar cannot remain straight, but buckles transversely, 

when the load is compressive and it reaches in.magnitude either the current 

Euler load n2EI/L2 or crush load Np· 

6. Local stability and sufficient ductility in the material behavior are 

assumed. 

It is noted that assumption 1, when combined with assumption 3 and with 

plastic incompressibility, is equivalent to taking the relationship ~etween 

the Eulerian stress cr and logarithmic strain E in monotonic uniaxial tension 

to be 

for 
for 

together with taking Ey·<< 1, where the subscript y indicates the yield limit. 

This stress-strain relation in the plastic range is rewritten as a = ayt/Ly 

{4) 



for L ~ Ly. Propriety of assumption 2 depends on the shape of cross section 

as well as on the material used. Equation ( 4) is exact for an ideal I --section 

with indefinitely thin web and flanges, and a r~asonable approximation for 

many structural steel sections, corresponding to a yield curve lying within 

the area bounded by initial yielding and full plasticity of a cross section. 

Assumption 4 results from the idealization of the uniformly uniaxial state 

of stress and isotropy in a cross section. 

4. FUNDAMENTAL RELATIONS 

Let cartesian coordinates (x,y) represent the deflection curve y(x),. 

s the arc length, and ~ the slope angle, as shown in Fig. 3. The origin 

of the coordinates is taken at the left end, and the positive directions 

are so taken that s, y ~ 0 and 0 < ~ ~ n for the left half. In view of 

symmetry, it suffices to analyse only one-half of the bar. By noting the 

relation 

lJ. - 2/(Lo+!J.)/2 dx - Lo = 
0 

(2/1/ 2 cos~ ds - L) + (L- Lo), 
0 

it is seen that the relative displacement lJ. consists of two constituents. 

When the straight bar of length L is deflected transversely, the bar ends 

approach each other giving rise to the first constituent 

!J.g = 2/L/2 cos~ ds - L < 0. 
0 

The second coQstituent,L- L0 ,is identified as the change in the length of 

the bar, and brought about by three distinct actions. They are elastic axial 

deformation IJ.e, plastic axial deformation IJ.p at a yield hinge, and plastic 

(5) 

(6) 
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Fig. 3 Deflected bar and symbols 



- t 
elongation A ~ 0 in a straight configuration with N = Np. It is thus 

justified to still· write 

with allowance for large deformation. Among three components affecting the 

length of the bar, Ae can be neglected when compared with the original length 

Lo owing to assumption 3; Ap is of magnitude of the order of the depth* and 

is also negligible: At is the principal cause of the change in length, viz., 

approximately 

t 
L = L0 + A • 

The consequent changes in the cross-sectional properties are determined 

from the plastic incompressibility and from assumtions 1, 3 and 4, to give 

(7) 

(8) 

A = Ao (Lo/L), I = I 0 (L0 /L)2, (9a,b,c,d) 

The first three components in Eq.(7) are determined in the following 

sections by treating the load N as the independent variable for convenience, 

in spite of the fact that the behavior of the bar is not uniquely specified 

by N but by the history of A. For the last component At, there is a restriction 

only that its increment dAt is non-negative when N = Np and zero otherwise. 

* In order to show this, it is convenient to follow the con~ept of an off-center 
yield hinge [24]. The cross sections rotate relatively across the yield 
hinge about the neutral axis, causing a relativ~ displacment along the bar 
axis. 
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5. DERIVATION OF ~e-

On the basis of linear elasticity, the axial force N cos~ increases 

the length ds of an element by amount N cos~ ds/(EA). The equilibrium of the 

bar requires constancy of the resultant force N in the x-direction (see Fig. 3). 

With recourse to Eq (6), it is found that 

e~· DERIVATION OF 6g 

The component 6g of Eq.(6) arises from the difference in lengths between 

the chord and arc of the deflection curve, which is given when N < 0 from 

the classical theory of the "elastica" as long as the bar remains elastic. 

Since plastic action takes place only at the middle of the deflected bar, the 

"elastica" is applicable to the half bar with the plastic rotation properly 

taken into the boundary condition. It turns out that the case of N ~ 0 can be 

treated along similar lines. By considering that the load takes either sign in 

the problem under consideration, analysis is carried out in a unified manner, 

and the results are to be formulated in the form of dual expressions. 

The equilibrium equatio~ EI(d2~/ds2 ) = N sin~ is once integrated with 

the boundary condition that d~/ds = 0 and ~ = V at s = 0, to give 

(d~/ds)2 = (2N/EI)(cosV - cos~), 0 ~ s < L/2 (11) 

where V is the slope angle at the left end. The curvature d~/ds is positive or 



negative according toN> 0 or N < 0, respectively (see Fig. 3). It is 

< > 
also seen from Eq.(ll) that ~ > ~according to N ~ 0. It follows with the 

notation 

that 

f- (1/2) CINI/EI)
1

' 2 

(2f)-l [2(cos~- cos~)]-l/2 d~ 
ds ={ 

-(2f)-l [2(cos~ - cos~)]-l/2 d~ 

for 

for 

Use is made of the trigonometric identities 

cos~ = {2 cos2 (~/2) - 1 

1- 2 sin2 (~/2) 

for 

for 

N > 0 

N < 0 

and of the change of variables from ~ to ~ such tha~* 

Let 

[cos(~/2)]/[cos(~/2}] 

sin~= {[sin(~/2)]/[sin(~/2}] 
for N > 0 

for N < 0. 

k = cos('l'/2), k ... - sin(~/2) · 

N > 0 

N < 0. 

* Considerations which have led to the dual transformation of Eq.(l5), 
of which (a) is known in the "elastica", are indicated in the 
Appendix of the next chapter. 

(12} 

(14a,b) 

(15a, b) 

(16a,b) 



and k2 + k'2 = 1; k and k' play the role of the modulus and the complementary 

modulus of elliptic integrals, respectively. It follows from Eqs. (13) 

through ( 16) that 

ds =- { 
(2f)-l (1-k2sin2eft)-l/2 deft 

(2f)-l (1-k'2sineft )-1 / 2 dt 

In addition, it is found that 

for N > 0 

for N < 0. 

l-2k2:sin2cp deft = 1 (1-k2sin2cp )1/2df + ds for N >- 0 
2f(1-k2isin2cft )1/2 f 

dx = cost ds = { 
2k'

2
sin

2
cf> -l deft =- !.(1-k'2sin2cft)1 / 2d; - ds for N < 0 

2f(1-k~2sin2cJt) 1/2 f · 

-(k/f)sincp)ds for N > 0 
dy = sin~ ds = { 

-(k' /f) sin<P dsi. for N < 0:. 

f 

(17a,b~ 
! 

(J.8a,b)· 

Where in the derivation of the latter, Eq.(19), use is also made of the identi-

ties 

sin~ = 2sin(~/2) cos(~/2) 
2[1-cos2(~/2)]1/2 cos(t/2) 

= { 
2[1-sin2(t/2)]1 / 2 sin(t/2) 

for N > 0 

for N < 0 .. 

Equations ( 17) to (19) are integrated from s = 0 to s = L/2, with the boundary 

condition that eft = ~/2 at sl = 0 and that eft = e or 6'\ at ·s ~ L/2 - 0 according 

. to N > 0 or N < 0, respectively, where .e and 6', both representing e, half' the 

hinge rotation at the middle, are defined by 

k sine' = cos (9/2), k'siner = sin(0/2). 
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With F(k,6) and E(k,6) denoting the Legendre elliptic integrals* of" the first 

and second kinds, respectively, with modulus k, amplitude 6, it fo~lows that 

for N > 0 
for N < 0 

= { -(2/f")[E(k~~/2) ~ E(k~6)] + L 
(2/f)(E(k;~/2) - E(k;e~)] - L 

for 
for 

t:V = { k cose 
k~cos6~ 

for 
for 

N > 0 
N < 0. 

N > 0 
N < 0 · 

Plastic action can take place with a yield hinge at the middle, when 

the yield condition of Eq.(4) is satisfied, in which Nand Mare to be un-

derstood as the axial force and bending moment at the middle cross section. 

The positive M is defined to cause tension in the upper fibres, as shown in 

Fig. 3(b), so that an increment .in the hinge rotation is compatible with 

the bending moment. The equilibrium condition M + NV= 0 along with Eq.(4) 

give the middle deflection 

asfar as the plastic action proceeds. Equations (21), (22) and (24) are 

then combined to determine three unknowns k, e and e, or, k~, e"" and e, 

according to N > 0 or N < 0, respectively. 

· (22a,b) 

(23a,b} 

(24a,b) 

. _(25) 

For a state of" stress whithin the yield limit, the bar behaves elastically 

with constant e determined from the preceding plastic action. Combination 

* For the definition of" Legendre elliptic integrals, see Appendix of" Chapt. 6. 
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of Eqs. (21) and (22) gives k and 8 or their primed quantities, and Eq.(24) 

then determines V, if necessary, giving a value smaller than that of Eq. (25). 

Substitution of k and 8 or their primed quantities into Eq.(23) gives 6g 

both for the plastic and elastic processes. In order to determine the 

entire deflection curve, it suffices to take proper limits of integration 

in the elliptic integrals (see Appendix of Chapter 6) • 

7. DERIVATION OF aP 

Upon the formation of a yield hinge, plastic action causes a change dAP 

in the plastic axial deformation as well as a change d(20) in the relative 

rotation across the hinge, due to the presence of the axial force. ~ noting 

from equilibrium that M and N have opposite signs, the flow rule gives the 

normality condition, Np d.6.P = -~ d(20), associated with Eq.(4), except for 

the singular points M = ! Mp and N = ! Np [ 24]. The cases M =.! Mp and N = -Np 

need not be considered here because of the bounded deflection and assumption 5, 

respectively. The condition N = Np is maintained only under vanishing 

deflection, and the above relation of normality remains valid, since 0 = d0 = 0 

leads to d6p = 0; the plastic deformation for this case is taken into account 

t in the component 6 • It may be worth noting that the normality indicates the 

physically acceptable fact that aaP ~ 0 according to N ~ 0 since alternatives 

< > d0 > 0 follow from N < 0. The normality relation can be still used during an 

elastic process, since the constancy of 0 again leads to aaP = 0. The validity 

of the incremental normality throughout the history and the initial straightness 

are combi:ried.to establish the relation 

(26) 
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8. RELATIONS FOR N = Q 

The dual expressions derived in the preceding sections must yield 

single relations when the limit N -+ 0 is taken both for the case N > 0 and N < 0. 

In fact, setting f = 0 in Eq.{22) leads toe= a~= -rr/2, and consequently 

combination of Eqs.{l6) and {21) leads to~= e. The deflection curve for 

N = 0 is composed of two straight segments with a kink at the middle. By noting 

from Eq.(22) that 

(af/ae)L = -{1- k2sin2e)-1/ 2 , (af/ae')L = -{l-k'2sin2e ... 2)-l/2 , 

it follows from Eqs.{l6), {23) and (24) that 

= 2L lim k2 - L = L cose, 
~-+0 

lim (k -sine) 
e+rr/2 af/ae 

lim v = { 
-sine'"') f-+0 lim (k'"' 

e'"'+rr/2 af/ae 

= L lim (k k'"') = {L/2) sine. 
'1'-+G 

for N > 0 

for N < 0 

for N > 0 

for N < 0 

Thus, continuity of the solution is assured by supplementing the results of 

this section for N = 0. 

(27) 

(28) 



9. FINAL REMARKS 

Basic equations have been derived to determine the large deformation 

behavior of an elastic-perfectly plastic bar in equilibrium with a pair of 

terminal forces applied repeatedly along its original axis. Allowance is 

made for changes in dimensions and in geometry due to large plastic elon­

gation and transverse deflection, both or either of which can attain a 

magnitude of the order of the length of the bar. It is clear from the 

discussions presented on the analytical behavior in the small deformation 

range that the basic equations obtained herein are adequate to describe 

the hysteretic behavior of the bar for any history of loading; specifica-

tion of the history of the relative displacement between the ends uniquely de­

termines the load variation and deformation characteristics. The large 

deformation theory will be compared with the small deformation theory in 

the next chapter, as to both the basic eauations and a numerical example 

of the hysteretic behavior. 

Finally a word of caution may be in order. Representing a portion between 

adjacent inflections, the bar analysed has to be long enough to assure the 

validities of the one-dimensional idealization, notion of a yield hinge, 

neglect of shear effects, and neglect of uniform plastic contraction under the 

compressive yield load. 
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CHAPTER 6 

LARGE AND S~fALL DEFOID-IATION BEHAVIOR OF AN AXIALLY LOADED BAR 

ABSTRACT This chaptercontains the second phase of theoretical studies on 

the hysteretic behavior of an elastic-plastic bar subjected to large defer-

mation under variable repeated axial loading. Basic equations obtained 

in the first phase of the studies are summarized~ and they are approximated 

by assuming that changes in bar dimensions can be neglected and that the 

square of the slope of the deflection curve is negligibly small in comparison 

with unity~ to yield the basic equations obtained previously for small defer-

mation. By making use of the basic equations~ a numerical example is presented 

for the load-deformation characteristics of the bar from the large and small 

deformation theories for comparison purposes. The chapter is concluded with 

discussion on the effects of large deformation, based on the order of magnitude 

and the results of the example. 

SOURCE The co.ntents of Chapter 6 are based on the following paper: 
Taijiro NONAKA, "An analysis for Large Deformation of an Elastic-Plastic 
Bar under Repeated Axial Loading~ Part 2 Correlation with Small Deformation 
Theory", to be published. 
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Notation 

A cross-sectional area 

E Young's modulus 

F(k,e), E(k,e) elliptic integrals of the first and second kinds with 

modulus k~ amplitude e : 
h integral constant 

f ~ (1/2) CINI/EI)112 

I cross-sectional moment of inertia 

k ~ cos(~/2); k~ ~ sin(~/2) 

P(n) ~ (l-n2)lh-nl 
L length 

M bending moment 

N load 

s arc length 

V middle deflection 

x coordinate along original bar axis 

y deflection 

~ relative displacement 

n ~ h - Ny2/(2EI) 

e one-half of hinge rotation 

e, a~ values of ~ at ~ = e for N > 0 and N < 0 

~ defined by Eq.(A8) 

~ slope angle 

~ end slope angle 

Subscripts indicate particular values with 

E Euler load 

0 original value 

p· full plasticity 

1 large deformation theory 

s small deformation theory 

Superscripts indicate components due to 

e elasticity 

g change in geometry 

p plastic hinge 

t plastic extension 
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l. INTRODUCTION . 

This series of investigation is concerned with the hysteretic behavior 

of a prismatic bar subjected principally to repeated axial loading~ tension 

and/or compression. In the preceding chapter, an elastic-perfectly 

plastic type of analysis has been presented to derive the basic equations 

which can describe theoretically the large deformation characteristics o£ 

the bar [1]. Geometrical nonlinearities as well as the material have been 

strictly taken into account, including the effects of large deflection and 

of changes in bar dimensions due to plastic elongation. In Chapter 3~ 

the basic equations were derived through quasi-linear analysis~ which 

neglected these effects of large deformation, based on otherwise similar 

assumptions [2]. The small deformation theory was confirmed experimentally 

to predict the elastic-plastic behavior of actual steel bars with first order 

accuracy [1]. The objective of the discussions of this chapter is twofold: to 

derive the basic equations for small deformation from those for large defor­

mation, the process of the approximation being instructive and helpful for 

better understanding of the large deformation equations, and to present a 

numerical example for the load-deformation characteristics from both 

theories for comparison purposes. They are preceded by a brief summary of 

the results obtained in Chapter 5. 

2. BASIC EQUATIONS OF LARGE D~FORMATION 

It is supposed that an initially straight uniform bar is in equilibrium 

with the load of a pair of equal and opposite forces varying slowly and applied 
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repeatedly along the original axis. The bar deflects only in a definite 

plane without twisting and shearing with the current cross-Sectional dimensions 

~of area A and moment of inertia I, having the current length L contained 

between the two adjoining inflections. In order to determine the load-defer-

mation characteristics, it suffices to relate the load N to the relative 

displacement ~ between the ends with hereditary nature in plastic hinge rotation 

and in bar dimensions due to plastic elongation. The positive directions 

of N and ~ are so taken that they accord, in the case of small deformation, 

with the sign convention of positive N for tension and positive A for separa-

tion. With allowance for large elongation, the elastic-perfectly plastic type 

of properties are assumed under combined action of axial force N and bending 

moment M on the basis of the one-dimensional idealization of the bar, having 

constant limit axial force Np in pure tension, current plastic limit moment 

Mp in pure bending and the yield condition (N/Np( + (M/Mp(= 1. Among other 

important assumptions are moderately large bar slenderness, negligible 

elastic changes in bar dimensions, cross-sectional shape remaining similar to 

the original,and that a compressed straight bar buckles when the compression 

reaches either the crush load Np or Euler 7oad 1r2EI/L2, where E is the Young's 

modulus. 

Just as in the case of small deformation, the relative displacement is 

composed of four components, viz., ~ = ~e + Ag + Ap + ~t, where ~e is the 

elastic change in the length, Ag ~ 0 is a component caused by change in 

geometry associated with transverse deflection, Ap ~ 0 is the plastic axial 

deformation at a yield hinge, and At ~ 0 is the plastic elongation acquired 

in a straight configuration. The components ~g and dt can reach a magnitude 

of the order of the length. The latter adds to the original length L0 to 
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t give nearly L = L0 + ~ , accordingly reducing cross-sectional dimensions 

so that the current values A, I, Np and Mp are related to their original 

volues Ao, I 0 , N0 and MQ, respectively, through equations 

A= Ao(Lo/L), I = I 0 (Lo/L) 2 , 

The plastic elongation ~t can increase indefinitely under N = Np,, 

being controlled by the displacement constraints. B.y treating the load 

as the independent variable, the other components of ~ are given from 

~e = (N/EA) (L+~g) 

-(2/f)[E(k,n/2) - E(k,e)] for N > 0 
~g = { 

(2/f)[E(k;n/2)- E(k;e')] - 2L for N < 0 

~p = -(2Mp/Np)E> 

and, in addition, from the nature of the deflection curve it follows that 

F(k,n/2) - F(k,e) for N > 0 
fL = { 

F(k;n/2) - F(k;e') for N < 0 

k cose for N > 0 
fV = { 

k'cose" for N < 0 

(l) 

{2) 

(3a,b) · 

(4) 

( 5a, b) 

(6a, b) 

among the deflection V ~ 0 at the middle and slope angles ~ ~ 0 and 9 ~ 0 

at an end and at just next to the middle, respectively, where F(k,6) and 

E(k,e) are the Legendre elliptic integrals of the first and second kinds 

(defined in the Appendix), respectively, with modulus k, amplitude e; 



f:(l/2)(jNJ/EI)1 / 2 , and 

k - cos(~/2), k~= sin(~/2); a _arc sin cosk(0/ 2 ) a~: arc sin _s~in~k-~~0~~-2~) 

(Ta,b; 8a,b) 

A yield hinge forms at the middle with the deflection 

(9) 

Equations (5), (6) and (8) are then combined to find k, a and e for 

N > 0 and to find k; a~ and 0 for N < 0. The bar behaves elastically with 

a deflection smaller than that of Eq.(9), with 0 remaing constant, and with 

k and a, or, their primed quantities, according to N > 0 or N < 0, respectively, 

determined from Eqs.(5) and (8). The behavior at N = 0 is elastic, and 

the deflection curve consists of two straight segments intersecting at the 

middle with angle 20, so that ~ = 0, a = a~ = ~/2, and ~g = -L(l - cos0). 

3. REDUCTION TO SMALL DEFORMATION 

If the elongation is sufficiently small as compared with the original 

length of the bar, then the bar dimensions can be approximated by their original 

values. 

If deflections are so small that the square of the slope is negligible in 

comparison with unity, then quasi-linear analysis holds as presented previously 

[2]. In order to derive approximate formulae for small deformation from the 

results summarized in the preceding section, two cases N > 0 and N < 0 are 

considered below one after the other. Noting from Eq.(7) that 
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(lOa, b) 

let us first consider the case N > 0. 

Eqs.(8a) and (lOa) are combined to give sine = 1 - (e2 - ~2)/8 to the 

second order in slope angles. By combining this relation with the identity 

sine = cos(~/2 - e) = 1 - (1/2)(~/2 - e)2, it follows that ~/2 - e = (02 - v2 ) 1 1 2/~ 

Another trigonometric identity cose =sin( rr/2 - e) = rr/2 - e will be used 

repeatedly. The relation between ~ and 0 is approximated from Eq.(5a), in 

which the integral F(k,e) is singular at e = rr/2 fork = 1, but the manipulation 

= sinh-l [(~/2-e)/k~] = cosh-l [1 + (rr/2-e)2/k~2]1/2 = cosh-l (0/V) (11) 

yields 

0 = '¥cosh (fL). (12) 

Consequently, 

n/2- e = (0/2)tanh(fL). (13) 

It follows from Eq. (6a), when combined with Eqs. (lOa) and (13), that 

V = (0/2f)tanh(fL). (14) 
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g . . 
The component /i. of Eq.(3a) is approximated through the relation 

in which the last integral is evaluated with the change of variables~ 

t = k~ sinhl', viz., with the relation 

(k ... 2+t2)1/ 2 dt. = (k ... 2/2)[1 + cosh(2T)]dl' = (k ... 2/2)d(l' + sinhl' coshl') 

= (k ... 2/2) d{sinh-l (t/k ... ) + (t/k ... )[l + (t/k ... )2]1 / 2}. 

It follows, after use is also made of Eqs.(lOb), (12) and (13), that 

~g ~ _ L [ e 1
2 [l + sinh(2fL) 1 2 cosh(fL) 2fL · 

For the case N < 0, integration is carried out through the binomial 

expansion of the integrands in Eqs.(3b) and (5b), giving 

~g ~ (2/f){{1T/2-e ... )-(k""/2)2[(1T/2-e"")+sine ... cose ... ]} - 2L 

fL ~ (1T/2 - e"") + (k""/2)2[(1T/2 - e"") + sine"" cose""] 

to the second order ink'. To the first order, Eq.(l9) provides 

1r/2 - e'~ fL, :. sine'~ cos(fL), cose""~ sin(fL), 

and from Eqs. (6b), (8b), (lOb) and (20b,c) it follows that 

e ~ ~ cos(fL), V ~ (0/2f) tan(fL). 
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The second order approximation for n/2 - a~ is obtained from Eq.(l9) 

as the first parenthesized quantity by substituting Eq. (20) into the 

brackets. It follows from Eq.(l8), with the second order approximation 

for the quantity within the second pair of parentheses and with the 

first order within the brackets, that 

= _ L [ 0( )]2 [ 1 + sin(2fL)] 
2 cos fL 2fL • 

When 0 = 0, 6g can take a nonvanishing value only if cos(fL) = 0, whose 

smallest root corresponds to Euler load, i.e., N = -n2EI/L2 

When comparison is made of corresponding equations between the cases 

N > 0 and N < 0, i.e., between Eqs.(l2) and (2la), Eqs.(l4) and (2lb), 

Eqs.(l7) and (22), it is seen that there exists a simple correspondence 

for small deflection. Namely, hyperbolic functions in the case of N > 0 

become the corresponding trigonometric functions in the case of N < 0. 

This is due to the simple relations between these functions in the use 

of complex numbers. The component 6g is thus expressed explicitly in 

terms of L, f and e. 

It is seen by combining Eq. (12) with Eq. (17), and combing Eq. (2la) 

with Eq. ( 22), that the assumption '¥ 2 << l leads to l6g I << L. As a 

consequence, Eq.(2) is reduced to 6e = NL/(EA). 

The results of this section coincide with what have been obtained 

previously(!] and summarized in Chap. 5,provided changes in bar dimensions 

are neglected on the basis of the assumption ~t << L. It has been shown in 

Chap. 3 through treatment in terms of dimensionless quantities, that in the 

general case of small deformation each component of ~ is of the comparative 
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order of magnitude for bars with moderate slenderness. 

4. EXAMPLE 

A numerical example is given for a bar of material with the yield . 

point strain N0 /(EAo) = 1.143 x 10-3 (experimental value [3]) and initial slen­

derness such that the Euler load NE :: n2EI
0

/L0 2 equals the crush load N0 • 

The loading program is specified by the relative displacement as follows: 

6/10 = 0 ~ -0.1 ~ 0.1 ~ -0.1 ~ 0.2 ~ -0.2 ~ 0.2 

Fig.l shows the load-deformation characteristics and stress trajectory for 

the mid-section; 6/10 , V/Lo, 0, ~ and M/M0 are taken for the abscissae in 

(:a), (b), (c), (d) and (e), respectively, as against the common ordinate 

of N/N0 • The variation of these quantities from the large deformation 

theory is shown by solid lines with numbers in order enclosed by circles. 

Dashed lines are also drawn from the small deformation theory for comparison. 

It is seen that on the whole the small deformation theory predicts somewhat 

larger magnitudes of the load for the displacement controlled loading. The 

weakening effect of changes in dimensions is remarkable; plastic elongation 

in@~~causes a reduction in the buckling strength as observed by the 

change in the ordinates, from<i)to@ and elongation@~@ causes change 

from@to @. On the other hand, the effect of large deflection looks 

invisible in this illustration with the same extremum (6/L0 f = 0.2 in 

separation and approach. In order to observe this effect, post-buckling 

behavior is examined under monotonously decreasing displacment. Fig. 2 

shows the variation of the ratio of the difference (Nlf - INsl in the 
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load magnitudes between the large and small deformation theories to 

the former I N1l as a f'unct ion of the ratio I Li I /L0 , with slenderness 

parameter NE/N0 ranging between 1/4 and 4. It is seen that the assump­

tion of small deflection underestimates the post-buckling strength. The 

relative error, determined by the quotient, increases with deformation 

and reaches about 10% when the approach displacement is 40% of the bar 

length; it does not depend seriously on slenderness within the range 

considered herein. 

No experimental data seem to be available to date for the large 

deformatiom behavior in question. 

5 • CONCLUDING REMARKS 

In the fundamental relation of large deformation, the four 

components of ~ can be of different order of magnitude. When need is 

strictly in the range of large deformation, two components, ~e and ~P, may 

be neglected as compared with the rest, ~g and ~t; the general formulation 

presented here is comprehensive for those cases where in the course of varia­

ble repeated loading, the bar is loaded into the range of large deformation 

for some time and subjected to small variation of the load or deformation 

for the rest. 

The fact that ·~g/L has the same order of magnitude as ~2 indicates 

that if the decrease in the distance between the bar ends attains a magnitude 

of the order of the bar length, then ,the square of the slope cannot be 

neglected in comparison with unity and the large deflection analysis should 

be resorted to. Since the effect of changes in bar dimensions comes into 

play when the increase in the distance attains a magnitude of the order of the 
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original length of the bar, both effects are equally important in such 

a case as alternately repeated loading with the displacement extrema of' 

the order of the bar length in both·directions: While these effects of 

large deformation may not be very important in most practical cases~ it 

ha-s been shown in the resuJ.ts of the example cited that the latter effect 

is rather significant with 1~.l/L0 in the range of 20%. Actual mild steel 

may be brought to rupture by extension of a. greater range, whereas a long 

ba.r may be bent into large def'lectionwithout catastrophic or hereditary 

damage. In such a case, the former effect gains in importance. 

If the bar is extremely long and slender, the component ~P, which is 

of the order of the depth, can be neglected in comparison;~ it may be 

even allowable to ignore the compressive strength altogether, and to 

regard the bar as a tension resistant member for practical applications. 

Worth mentioning is that it is appropriate to approximate ~ e = ~/(EA) ,I 
irrespective of the order of magnitude of deformation; by writing ~ e =! (N/EA)Lo . 

+ (N/EA) ~t + (N/EA) ~g and considering that the factor N/EA is at most of' 

the order of yield strain, it is seen when substituted into ~ = ~e + ~g + ~p + ll t 

that the second and third terms of ~ e may be neglected in comparison with ~ t 

and ~gthemselves, respectively, and therefore is suggestive of keeping the first 

term alone. 

1 
I 

I 
I 
I 
I. 
! 

Final comment is made upon the yield condition. The assumed linea-

rized yield condition can be replaced by another, according· to the shape of' the. . ·jl 
cross section, without mo4ification in the basic equations except for ll_P. · It follow 

from the flow rule associ~ted with a nonlinear yield condition, as is the case for 

an actual cross section with finite web, that the plastic flow created at a yield 

hinge has a variable proportion between the rotation and axial deformation, dependins 

upon the existing axial force or the load. As a consequence. the axial deformation I 
at the yield hinge does not vanish in general after a complete cycle of plastic I 
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rotation. This adds another history-dependent property, agreeing with 

the tendency observed in the experimental observation [1, 4, 5]. 
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APPENDIX Derivation of Deflection Curve 

The key to the closed-form solution presented herein lies 

in the analytic expression of the deflection curve. This has been done 

by integrating the equilibrium equation 

(d~/ds) 2 = (2N/EI)(cos~ - cos~) 

through the dual transformation 

= {[cos(~/2)]/k 
[sin( ~/2) ]/k"" 

for 
for 

N ~ 0 
N < 0, 

where s and ~ are arc length and slope angle, respectively, at a generic 

point of the deflection curve. This transformation enables the case 

N ~ 0 to be treated in a way analogous to the case N ~ 0 of the "elastica". 

Indication is herein made of the considerations which have led to Eq.(A2), 

as well as the determination of the entire deflection curve. 

Let (x,y) be the cartesian coordinates, with x ~ 0 taken along the 

original axis of the bar, and y ~ 0 designating the deflection; the origin 

is taken at the end s = 0. Inclusion of the nonlinear term in the curvature 
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expression (d2y/dx2) [1 + (dy/dx) 2]-3/ 2 gives -the once-integrated 

equilibrium equation 

[1 + (dy/dx)2]-l/2 + Ny2/(2EI) = h, 

in the place of Eq.(Al), where his an integral constante Equation (A3) 

is combined with the relation ds = [1 + (dx/dy) 2]1/ 2 dy and integrated to,· 

give 

dy 
s = fy ' 

0 {l-[h-Ny2/(2EI)]2}1 / 2 

[h-Ny2/(2EI)]d.y 
X = fy 

0 {l-(h-Ny2/(2EI)]2}1 / 2 • 

The form of these integrals suggests the change of variables, 

n = h - Ny2/(2EI). 

It is noticed from Eqs.(A3) and (A5) that 

h = cos'l', n = cos~, 

and that -1 ~ h, n ~ 1. By considering that h ~ n according to N ~ 0, 

it follows from Eqs. (A4) and (A5) that 

212 fs = I [P( n) ]-l/2 dn, 2/2 fx = In [P(n) 1-112 dn, 

where P( n) : (l-n2) lh-n I, and the limits of integration are form n to h 

for N ~ 0 and h to n for N ~ 0. Examination of the ranges of integration in 
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Fig. 3 suggests another change of variables, 

= { (1 + n)/(1 + h) 
(1 n)/(1 - h) 

for 
for 

N ~ 0 
N ~ 0 

Elliptic integrals in Eq.(A7)are thus convertedtinto Legendre's form, 

where 

2fs = {F(k,~/2) - F(k,~) 
F(k;~/2) - F(k;~) 

{ fs- [E(k,~/2) - E(k~~)] 
fx = -fs + [E(k;~/2) - E(k;~)] 

for N ~ 0 
for N ~ 0 

for N ~ 0 
for N ~ 0 

k2 - (l+h)/2 ~ 1, k~ 2 - (1-h)/2 ~ 1, 

F(k,~) = f~ (l-k2 sin~)-l/2 d~, 
0 

Equation (A6) converts Eq.(All) into Eq.(7) and converts Eq.(A8} 

(A8) 

(A9) 

(AlO) 

(All) 

(Al2} 

into Eq.(A2), thus indicating the analysis presented in Chapter 5. Equations 

(A9) and (AlO) are adequate to determine the entire curve of deflection. 

Alternatively the deflection curve can also be expressed in terms of Jacobian 

elliptic fUnctions. 
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CHAPTER 7 

DYNAMIC PLASTIC BEHAVIOR OF A BEAM WITH SHEAR AND BENDING DEFORMATION 

ABSTRACT An analysis is presented of the dynamic behavior and permanent 

deformation of a rigid-perfectly plastic beam subjected to blast-type 

loading. The beam is simply supported at the ends~ and the load is 

uniformly distributed over the span. The analysis is based on an 

approximate yield curve relating limiting values of shear force and 

bending moment. Various patterns of deformation are fotind to occur with 

combination of plastic bending and shear sliding depending upon the 

load magnitude and beam characteristics. The effects of shear and of 

the shape of the load pulse are examined~ and the chapter is concluded 

with the results expressed in general terms for application to similar 

cases. 

SOURCE The contents of Chapter 7 are based on the following paper: 
Taijiro NONAKA, "Shear and Bending Response of a Rigid-Plastic Beam to 
Blast-Type Loading", to be published. 
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q effective load intensity 
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e slope angle 

K curvature 
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v = ~1/ ( 2Mo) 

Notation 
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b bending 
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f finish 

h yield hinge 
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o initiation, full plasticity or beam end 
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1. INTRODUCTION 

This chapter is concerned with the permanent deformation and the 

overall ~amic plastic behavior of beams under impact loads. A great 

number of studies have been made of bending response, and much effort 

has also been directed to the effect of extensional deformation arising 

from finite deflection [l]o Very few have treated the effect of shear, 

however. The shear effect is known not to be important in the static 

behavior of beams under normal conditions.Accordingto recent papers 

bending of steel beams is not much affected by shear unless the shear 

span is smaller than thirty per cent of the span [2]. The shear effect 

even diminishes with increasing deflection in slender bars [3]. But in 

the problems of plastic beam dynamics loads are allowed to take 

instantaneous magnitudes of order greater than the static collapse 

loads • Large loads cause large shear forces and beams may deform 

plastically in shear as well as in bending. 

Bleichand Shaw[4] showed from an elastic approach of Timoshenko 

beam that all beams, even those which are statically much stronger in 

shear than in bending, will begin to yield in shear before yielding 

in bending, when subjected to sufficiently high initial velocity 

distributions. Salvadori and Weidlinger [5] considered a simply 

supported rigid-perfectly plastic beam subjected to uniform pressure 

with exponential load-time relationship, and indicated that the beam 

may deform plastically by developing plastic slides at the supports 

in addition to the assumed single-hinge rotation at the mid-point due 

to yielding in bending. Karunes and Onat [6] examined the shear effects 

for a free-free, rigid-perfectly plastic beam subjected to point impact 
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at the mid-point. They assumed the impact velocity to be kept constant 

during deformation, and found that the shear effects are of considerable 

·importance when the ratio of the product of the beam length and the 

limit force in pure shear to the limit moment in pure bending is less 

than twenty. Nonaka found that .the shear effect is ordinarily small 

for compact cross sections, and that this effect can become important 

when beams have non-compact cross sections such as an I-section and 

have small span-depth ratio when subjected to impulsive loading [7]. 

It was also found that this effect grows in significance as the loaded 

area gets small for the same total load [8]. Symonds discussed the 

potential importance of plastic shear deformations by introducing some 

analytical results including a part of the results to be presented 

herein [9]. 

Review of the literature outlined above indicates insufficiency 

in the quantitative knowledge about the shear effect in the dynamic 

plastic behavior of beams, and it is the purpose of this chapter to 

fully investigate and evaluate this effect. Examination is made of all 

the possibilities for deformation patterns under the combined plastic 

action of bending and shear. How they are affected by the load-time 

relation is also examined. A simply supported beam under a uniformly 

distributed, monotonously decreasing load is considered as an example, 

and is theoretically analysed on the basis of an approximate yield 

condition. 

2. ASSUMPTIONS AND YIELD CONDITION 

The rigid-perfectly plastic analysis to be presented herein ignores 

elastic deformation, strain rate sensitivity, strain-hardeningand delay 
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time effects of yield. It is known that the effect of elasticity is to 

increase the permanent deformation of a beam for a small ratio of the load 

magnitude to the plastic collapse load and to decrease for a large ratio~ 

when the loading has the same total impulse [10]. However, the elasticity 

effect is believed to be negligible if the energy absorbed in plastic defor­

mation is sufficiently large as compared with the maximum strain energy 

that the beam could absorb in an elastic manner [11, 12]. The effect of 

high rates of strain is to raise the yield stress of the material and is 

known to be of considerable importance in impact problems. An approximate 

inclusion of this effect is to note that the bulk of the kinetic energy 

is dissipated before the stresses and strain rates depart appreciably 

from their initial values, and to utilize a rate-insensitive material with 

constant yield stress equal to the initial ~namic yield stress [13]. This 

can be done by making use of the results of the rate-insensitive analysis 

to be presented herein. 

The material is assumed to have ample ductility so that brittle 

fracture does not occur. We also assume small deformation and strong 

lateral supports so that the change in geometry is negligible and no 

instability phenomena take place. 

In simple bending theory for perfectly plastic beams plastic action 

can take place in bending at a beam element only when the bending moment M 

of that element reaches the limit moment M0 in magnitude, regardless of 

the shear force present at the beam element. When strength in shea~ is 

considered, the shear force Q cannot be greater in magnitude than the-limit 

force Q0 ~ With M
0 

and Qo understood as the limiting values of M and Q in 

pure bending and in pure shear, respectively, plastic action may occur in 

shear as well as in bending, when M and Q are coexistent at the beam 
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element and they satisfy a certain interaction relation interpolating 

the two limiting states. It is recognized that such a unique relation 

does not really exist as a local condition [14]; M and Q are not independent 

of each other but Q equals the rate of change of M with respect to the 

co-ordinatealong the beam axis. Nevertheless~ we approximately make use 

of such a relation for the formulation of our problem and assume the yield 

condition 

( I ~1/ ~10 I - 1 )( I (.l/ Q0 I - 1 ) = 0 • (1) 

This relation is represented as a yield polygon in Fig. 1. For comparison 

the interaction curve 

I M/ l\10 I + ( Q/ t~0 ) 4 
- 1 = 0 (2) 

suggested by Drucker for a rectangular cross section is also drawn in a 

thin dashed line [14]. In the case of anI-beam the limit force in shear 

can hardly exceed the shear force that is carried only by the web yielding 

in pure shear [15], except for very short beams which invalidate the concept 

of the beam with M and Q used as the generalized stresses. With this 

shear force taken for ~ Heyman suggests a practical ralation [16], which is 

written for positive M and Q as 

.M = l\1 f + [ 1 - ( Q/ Q0 )
2 

] }1 M w for Q < Q0 , 

Q = Q0 for M ~ Mr, 

(3a) 

(3b) 

where Mf and Mw denote the contributions of the flanges and web respectively 

to 'the fully plastic moment (Mf + Mw = M0 ). Equation (3) forms an interaction 

curve such as the one drawn in a thin dotted line in Fig. 1. The comparisons 

indicate that Eq.(l) is an unsafe approximation, but it turns out that the 

error in the yield condition does not play an important role in the particular 
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problem cosidered herein as will be discussed later, and the use of Eq.(l) 

a.s the yield condition for non-compact as well as compact cross sections 

is justified, provided Q0 is evaluated properly from the effective shear 

area for the former. 

A generic element of the beam has to possess such a state of stress 

that it is represented by a point on or within the yield polygon, no point 

being allowed to lie outside the polygon in Fig. 1. On the basis of rigid­

perfect plasticity no deformation takes place when the stress point lies 

within the fixed yield polygon, and the beam element can deform in a perfectly· 

plastic manner when the stress point falls on the yield polygon according 

to the normality as stated in the flow rule associated with the assumed yield 

condition. It follows that if IMI = M0 , an indefinite change of curvature can 

occur; that if IQ( = Q
0

, an indefinite change of shear slope can occur; 

and that if (Mf = M
0 

and IQ( = Q0 , then either or both of indefinite 

changes of curvature and shear slope can occur, the changes having directions 

compatible with M and Q existing at the element so that non-negative work 

is done both in bending and shear. 

Further we restrict ourselves to blast-type loading, which is defined 

by the load P(t) ~ 0 starting with the peak P0 at t=O and decreasing monoto­

nously with time t. This includes, in particular, a rectangular pulse, 

exponentially decreasing pulse, and impulsive load with indefinitely large 

magnitude and vanishingly small duration. 

3. GENERAL ANALYSIS 

Consider a simply supported uniform beam of limit moment Mo, limit 

shear Q0 , and mass per unit length m. The beam is subjected to a blast-



type load P( t) uniformly distributed over _the whole span 2 1 as shown in 

Fig. 2. The beam undergoes no deformation if P is so small that the 

bending moment and shear force developed in the beam are everywhere less 

in magnitude than M0 and ~, respectively. It may be supposed that in 

the case of a beam strong in shear pure bending deformation takes place 

if P is equal to or greater than the plastic collapse load in bending Pb = 
4M0 /l, whilst pure shear deformation occurs in a beam weak in shear' and 

strong in bending if P equals or is greater than the collapse load in shear 

Ps = 2Q0 • It turns out that deformation occurs in motion starting with 

one of five different patterns, depending upon the load magnitude and 

beam characteristics as shown in Fig. 3, where the relative shear strength 

v = Ps/Pb and relative load magnitude ~0 = P
0

/Pb are taken for the horizontal 

and vertical co-ordinate axes, respectively. Cases corresponding to the 

area below the inclined curves are not accompanied by shear deformation and 

have been analysed in detail by Symonds [17]. Recognizing that for the 

blast-type loading the interface which separates plastic and rigid zones 

moves only in one direction, he has obtained the analytic solution in a 

simple closed form. A brief review of his results first follows. 

3.1 PURE BENDING MOTION 

It is supposed that the beam is sufficiently strong in shear. If 

the load is such that 1 ~ ~0 ~ 3, then the beam engages in a motion with 

a yield-hinge rotation at the middle. Let it be referred to as Type A 

motion. With positive directions defined as in Fig. 4, the pattern of 

motion, distributions of q, Q and M, and final shape of permanent defor­

mation o are shown in Fig. 5, where q designates the effective load intensity 

per unit length in the sense of the d'Alembert principle. Because of the 
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symmetry of the problem under consideration. we refer only to the left 

half beam in what follows except for discussions on the pattern of motion. 

The equation of motion is 

(4) 

where the dot denotes differentiation with respect to t, w is the clockwise 

angular velocity, and ~ = P/Pb = Pl/(4M0 ) is the dimensionless loa~. The final 

deformation is obtained by simple quadrature. With notation I(t) = !~ ~dt, 

the final slope angle 0f of the beam axis and the final middle deflection 

of are given by 

(5) 

where tf, denoting the termination of motion, is determined from 

(6) 

For ~0 > 3. a finite plastic zone is first produced in the middle 

portion of the beam between two segments of length ~1 which rotate as 

rigid bars as shown in Fig. 6. Let this pattern of motion be Type B. 

Equations of motion and velocity continuity across the rigid-plastic inter-

face are combined to give 

e2 = 3 tl I, (7) 

(8) 

These equations apply until t = th corresponding to ~ = 1, when the motion 

changes into Type A, Eq.(4) being valid for t such that th ~ t ~ tr· Final 

deformation parameters are given by 

(9) 
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ml:! ~ . th • tc :~ ., ., 
- uf =:2j ldt+:~j l<lt--;-(tf-- t;), 

.\10 o th 2 
(10) 

m1 3

0 
.tc :~ ., ') 

- =:~j Idt--(t"'-t-) 
l\·1 m 2 f h' 
l 0 lh 

(11) 

where 

(12) 

(13) 

and ef and em are the final slope angles at the beam end and middle,, 

respectively. The traveling interface with ~ > 0 causes a curvature K(~) 

convex downward, which is determined from K = w dt/(ld~) and 

(14) 

It is interesting to note that the curvature can also be found from 

(14)' 

We will now examine the state of stress in the light of bending-shear 

interaction. The stress points of the beam in TYpe A and B motions are 

distributed on such a curve as the one drawn in a thick-dotted line in 

Fig. 1. Point B represents the state of stress at the yield hinge in 

T,ype A motion and represents that in the plastic zone in Type B. The 

upper half of the curve stands for the left half of the beam. It is clear 

that the flow rule is satisfied;by the pure bending deformation in these 

motions. Inasmuch as the strength in shear is taken into account, Symonds' 

solution summarized above ceases to hold when the shear force induced in 

the beam reaches Q0 in magnitude. In order for T,ype A motion to occur 

the condition, P - m12w < 2~, has to be kept satisfied, and hence, the 

condition 

p.0 < 4Y- 3 (15) 
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must be added to the inequality 1 ~ llo ~ 3. In order to establish the 

shear condition for the validity of Type B motion, it is convenient to 

replace a similar static principle by the condition that the motion due 

to shear disappears in T,ype E motion to be studied later. This condition 

turns out to give 

(16) 

3.2 PURE SLIDING MOTION 

If a beam with strength relation Ps < Pb is subjected to such a 

large load that P0 ~ P5 , i.e., if the conditions 

1 >II, (17a,b) 

are both satisfied, then the yield limit jQj = ~ is reached at the beam 

ends and it follows from the flow rule that shear sliding may develop at 

the supports, the beam part between the ends moving as a rigid body as 

shown in Fig. 1. Occurrence of a shear slide at any position other than 

the ends would violate the condit~on jQj ~ Q
0

• The stress points of the 

beam lie on such a parabolic curve as the one drawn by a thick chain line 

in Fig. 1. The curve is similar to the bending moment diagram in Fig. 7, 

since the shear force varies linearly along the beam axis. 

With y indicating the displacement in the direction of loading, 

the principle of linear momentum reads 

The fact that inequality (17a) assures IMI <M
0 

is seen from q = P/(2 1) -mY· 

The sliding motion stops at time t 5 which is determined from 

(19) 
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The final deflection o
5 

is produced uniformly over the beam length, and 

is given by* 

rnl 2 .ts 
- OS = 2 J 1 d t - 1.1 t 2

• 
Mo o s 

(20) 

It follows from our nomenclature that tf = ts, and Of = os. 

3.3 COMBINED SLIDING AND BENDING MOTION 

If the maximum shear force reaches ~ in Type A or B motion, or if 

the maximum bending moment reaches M
0 

in Type C motion, then a coupled 

motion of bending and sliding is supposed to occur. The beam becomes 

plastic in pure shear at the end and in pure bending at the middle portion. 

The state of stress of the beam is represented by such a curve as the one 

drawn by a thick-dashed line in Fig. 1. The maximum shear necessarily 

occurs only at the end which is supposed to engage in shear sliding, 

whereas the plasticized portion in bending possibly has a finite length. 

If we assume the latter to be a single yield hinge, the motion has a 

mechanism of two rigid segments connected with a hinge at the middle, having 

slides at both ends as shown in Fig. 8. Let this motion be referred to 

as Type D. 

Principles of linear momentum and moment of momentum about the beam 

end are 

(21) 

( ml 2 I 2 Mo ) Yo + ( ml3 I 3 M0 ) w = I - t , (22) 

where y 0 is the displacement of the end. Solving Eqs.(21) and (22) for 

* The permanent shear deformation os is assumed to be less than the beam 
depth, throughout the paper. 
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unknowns Yo a~d w, we get 

3 (ml I M0 ) w = 12 ( 11 -I) t, (23) 

( ml 
2 I ~10 ) Yo = 2 ( I - 4 ll t + 3 t ) • (24) 

These formulae show·that the sliding first stops at time 

(25) 

when the end displacement os and end slope angle es attain the values 

given by 

(26) 

and 

(27) 

respectively. For t such that ts f t ~ tf, pure bending motion of T,ype A 

occurs so that Eq.(4) applies, which becomes, after integration from time 

ts to t, 

(28) 

where Ws is the angular velocity at t = ts, and is determined from Eq. (22) 

to satisfy 

(29) 

Adding Eq. ( 29) to Eq. ( 28) , we obtain 

(30) 

Equation (30) could also have been derived either by integrating Eq.(4) 

from t = 0 tot= ts or by simply setting Yo = 0 in Eq.(22). The reason for 

this is that the bending moment and shear force at the middle remain constant, 

< regardless of the inequalities t ~ ts and that the shear force at the end 
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does not contribute to the angular momentum of the half beam with respect 

to the support. Motion stops at 

(:H) 

Final slope angle ef at the end is found from 

(32) 

giving 

(33) 

The final middle deflection of = OS + efl is obtained from 

(34) 

In order for the above to be valid, the maximum bending moment should 

not exceed M0 • It is seen from Fig. 8 that this condition is satisfied if 

at the middle q > 0, i.e., if 

PI (21)- myo- mlw ~ o. (35) 

which rejects the possibility that the plastic portion in bending has finite 

length. By means of Eqs.(23) and (24), Inequality (35) becomes 

ll ~ 3/2. (36) 

Combining this with the counterparts of Inequalities (15) and (17a), we 

get the conditions for the motion to start with Type D as 

1 ~ ll ~ 3/2, (37a, b) 

The remaining possibility is the simultaneous occurrence of shear 

sliding at the beam ends and finite plastic zone in bending at the middle 

portion of the beam. Two rigid segments of length ~1 rotate about the ends 

and slide at the ends simultaneously as shown in Fig. 9. Let this motion 
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be Type E. Assuming a priori e ~ o, we see that the plastic zone of length 

2 1 (1-~) moves downward with velocity 

. J.t p 
y= - dt 

o 2ml 
for ei ~X~ I' (38). 

where the x-axis, indicating the position of an element, is taken along 
. 

the beam from the left end. Against three unknowns w, y0 and ~' the principles 

of linear and angular momenta, and the continuity of velocity across the 

rigid-plastic interface provide 

f t p .. . 1 .. ) ( t: I) J.t p 
- d t - l~u t = m' I ( y0 + - we I + 1- "' -

2 
d t, 

0 2 2 0 1 

.t PI 1 .. 2 • 1 3 1 '> :·) •) ft P J - d t - ~~ t = - Ill (' I ) Yo + - m ( e I ) w + - (1-- "' - 1-) ')I d t' 
0 4 2 ~ 3 2 0-

t p 
Yo+ .:tw = J -

1 
dt, 

o 2m 

reducing to 

with 

21- (m1 21 Mo) Yo- (ml 31 2Mo) w.; = 211tl e, 
I- (ml 2 I 2M0 ) Yo- (ml 3 I 31\~) we= tl e2

, 

2 I- (ml 21 M0 ) Yo- (ml 3 I 1\10 ) w.; = 0. 

It is of interest to compare Eq.(42) or 

The both equations are derived from the principle of linear momentum 

t I t p 
f J my dx d t = f (- - Q0 ) d t • 
0 0 0 2 

Equation (42)' is obtained by carrying out the integration, first with 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(42)' 

(42)" 

(42)"' 

respect to t and then to x in the double integral of the left-hand side 

of Eq. (42)'" ; Eq. (42)" is obtained in the reversed order of integration. 
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Note that y is at worst piecewise continuous along the x-axis with a 

jump discontinuity at x_= ~1. Equation (42)" reduces to Eq.(42)' after 

integration by parts only when~ = 0 or the velocity continuity Eq.(44) 

holds. A similar feature is seen for Eq.(43). 

Combination of Eqs.(42) to (44) leads us to 

(45) 

(46) 

'=3/(:!Y). (47) 

Worth noting is that according to Eq.(47) the position of the rigid-

plastic interface is independent of the load magnitude, depending only 

upon the beam dimensions, and it stays there, which confirms the a priori 

assumption t ~ 0, so long as this type of motion continues. Thus a discon-

tinuity ed of the slope angle occurs at x/l = 3/(2v) as well as a discotinuity 

Om at the middle caused by the subsequent motion. It follows from Eqs.(45) 

and (46) that the sliding first stops at time 

(48) 

leaving 

(49) 

(50) 

For t such that ts ~ t ~ th pure bending motion of T,ype B occurs, and 

similar considerations made in deriving Eq.(30) from Eq.(28) lead us to Eqs.(7) 

and (8). The rigid-plastic interface now moves inward,* starting 

* It is, of course, possible that the interface remains at a position for 
some time interval for certain loads so that additional discontinuities in 
slope appear. 
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from ~s = 3/(2v). Combination of Eqs.(7) and (48) checks this position 

as follows: ~s2 = 3ts/Is = (3/2v) 2 • Angular velocity w at this instant s 

is also checked in a similar manner. The subsequent motion is analysed 

in the way discussed earlier. The plastic zone shrinks to a single hinge 

at t = th, and the single hinge motion of Type A follows, terminating at 

t = tf. Permanent deformation parameters are determined from the addition 

of the deformation acquired during the motion of Type E, B and A, giving 

(51) 

ml2 o - , .lh . .tc 3 2 2 
-1\f t - 2 J I d t + J j I d t - - ( t t - tb ) , 

'0 0 th 2 
(52) 

? 

ml- fJ , • tc 3 ? ., -u m=3j Idt--(t(-tb'), 
1v10 th 2 

(53) 

where 

(54a, b) 

Curvature is distributed from x = ~sl to the middle by the amount given 

by Eq.(l4) or (14)'. 

To establish the validity of Type E, Inequality ( 36) gives the condi-

tion to its counterpart, viz., the spreading of plastic hinge. As mentioned 

earlier, the condition in shear is :found :from y > 0, to which Eq.(46) is 
0 

substituted. We thus obtain the condition 

(55a, b) 

:for the motion to start with Type E. Inequality (55b) rejects Type B 

motion which does not engage in shear sliding, and so giving the a:fore-

introduced Inequality (16). Showing conditions :for the occurrence o:f 

~arious types o:f motion, Fig. 3 also indicates the order o:f the transition 
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of the types of motion. For a given beam the abscissa is fixed, and the type of 

the initial motion depends on the ordinate ~0 • The motion changes its pattern 

later times to those corresponding to an ordinate as the ordinate decreases 

toward zero (The transition does not necessarily occur at the instant 

when~ attains the boundary value). For example, for v = 2, motion of 

Type E first develops if ~0 > 5.33, being followed by Type B and then by 

Type A ; if 3 < ~0 < 5.33, starting with Type B, motion changes into Type 

A without sliding motion. This figure also shows the following interesing 

aspects: 

For ~0 + ~, as in the case of impulsive loading, sliding motion always 

occurs, the possibility of the types of motion C, D orE depending only on 

the beam dimensions, i.e., on v. A beam with v < 1 never suffers betiding 

deformation, and the plastic portion cannot have finite length in a beam 

with v < 1.5 however large the loading. The fact that the vertical line 

v = 1.5 separates two types of motion D and E implies the independence of 

the position of the rigid-plastic interface in the latter motion on ~value 

or on the magnitude of the load, because small deviation from v = 1.5 into 

v > 1.5 requires a small plastic zone however large Po· 

It is seen from ·Eqs.(6), (13), (31) and (54b) that the motion stops 

after the same time duration in all types of motion, independent of the 

shear capacity, except for the case of pure sliding motion, in which the 

motion lasts longer., the duration depending on v, as Eq. {19) indicates. 

,This results from the fact that shear sliding always terminates first, 

and T,ype A motion comes last whenever bending deformation occurs and that 

governing equations are the same while the same types of motion hold foP 

the same time :Peferenae, producting many similar terms in:.the deformation 

parameters. Comparison of Eqs.(lO) and (52), for example indicates that , 

179 



. Of has the same value in the deformations starting with Type E and TYPe 

B motion, i.e., regardless of the occurrence of sliding motion if a 

finite plastic zone has appeared. The same thing is true for 6m· 

The energy absorbed in plastic deformation may be of interest. 

The plastic work in shear deformation Es equals 2Q0 os. The plastic work 

in bending Eb is equal to 2MQ9f, whether or not the plastic portion in 

bending has a finite length; for instance, for the deformation starting 

with Type E motion, it is seen that 

1 

Eb = 2!\lo ( fJd + I J K de+ fJm) = 2.\l0 8r • 
's 

(56) 

The total energy absorbed is given by the sum Eb + Es, which must be equal 

to the work done by the load or equal to the initial kinetic energy in 

the case of impulsive loading. Relative importance of the shear deformation 

to the bending may well be indica ted by the ratio 

(57) 

4. EXAMPLES 

Let us consider the cases of an impulsive, rectangular pulse and 

exponentially decreasing load as examples of blast-type loading. 

4 .1 IMPUlSIVE LOADING 
.... 

For impulsive loading with impulse I 

1\ 1\ 
· p.=( I l/4M0)8(t), 1=(1 1/4M0)H(t), (58a, b) 

where o(t) is the Dirac delta function or unit impulse function and H(t) 

is the Heavisides unit step function. Motion starts with T,ype C, D, or 
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E according to v < 1, 1 ~ v ~ 3/2, or 3/2 < v. Final deformation parameters 

are determined by substituting Eq.(58) _into the results of the previous 

section. 

When v < 1, it follows from Eqs.(l9), (20) and (57) that 

Mo 1 
7\ t =-
II s 411 

(59a~ b, c) 

respectively. When 1 ~ v < 3/2, from Eqs. (25), (31), (26), (33), (34) and 

(57), 

(60a.b,c) 

(60d, e, f) 

When 3/2 < v, from Eqs. (48), (54), (49), (50), (51), (52), (53) and (57), 

ml\lo a =-3- mlMo 8 =-1- at X 

12 s 64 11 2 ' 12 d 32 II 

ml\10 1 mll\f0 1 
-0 =- --8 =-12 f 12 ' 12 m 24 ' 

3 
z;· 

mlM0 411-3 
--8=--

1\2 f 32 II ' 
I 

(6Ia,b, c) 

(6ld, e, f) 

(6Ig,b,i) 

Regardless of v, the energy absorbed in the plastic deformation is 

(62) 

Equations (23) and (45) show zero angular velocity at t = 0, which indicates 

that the initial velocity-is distributed uniformly along the beam even if 

the rotational motion follows; Eqs. (18), (24) and (46) give the init~al 

velocity v0 = I/(2m 1) as it should be. Thus the initial kinetic energy 

mlv
0

2 = :t2/(4m1) confirms the energy balance with reference to Eq.(62). 

It is worthy of note that the energy is independent of v, since the shear 

forces of finite magnitude do no work upon impulsive loadin~. 
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In order to obtain the permanent deformation for a beam with v > 3/2, 

Eq.(l4) gives the curvature distribution by noting that~= 0 while the 

rigid-plastic interface traverses a position of interest, as 

for 3/(2v)<x/l<I (63) 

The slope angle e is obtained from 

for 
X 3 

D=l 
De O<-<-

I 2 v 

X 3 X 
8f-Ud-f Kdx for <-<1 

31/( :!&1) 2v 1 

(64) 

There is a discontinuity ad at x/1 = 3/(2v). The integration being carried 

out, Eq.(64) gives, in particular, e at x = 1-0, which is confirmed to 

coincide with em of Eq.(6lh). The final deflection is determined by inte~ 

grating e with respect to x, and provides Of with the substitution of x/1 = 1, 

which again confirms Eq.(6lg). The shape of the permanent deformation thus 

obtained is illustrated in Fig. 10 for v = 1.5 and 5. 

In Figs. 11 and 12 dimensionless parameters are plotted as functions of 

v. Small circles indicate the transition of deformation patterns. Clearly 

the limit v + ~ gives the pure bending deformation. From these figures we 

observe the following aspects: 

The energy ratio Es/Eb is a monotonously decreasing function of v, with 

particular values 1 for v = 1. 5 and 0. 0811 for v = 10. It follows from this 

and the constancy of the total energy that the more bending deformation is 

diminished by .the shear, the less v is. This feature also appears in the 

fact that ef and the almost equivalent quantity (of - os)/1 increase with. v. 

At v = 1.5, ef takes just one-half of the value which is obtained by ignoring 

shear deformation; no bending deformation takes ·place for v < 1. The 

shear displacement os as well as ts monotonously decrease with v, as would 
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be expected. The middle deflection or is relatively small near v = 1, 

and is not affected by the shear deformation when v ~ 1.5. The finish 

time tr is a monotonously decreasing function of v, the duration of motion 

being independent of v for v ~ 1.0. The middle slope angle em as well as 

ad are not continuous functions of v. Their discontinuity at v = 1.5 .results 

from the fact that a beam with v > 1. 5 undergoes a discontinuity ad in slope 

angle at x/1 = 3/(2v) during Type E motion together with em during the 

subsequent motion; whereas in a beam with 1 ~ v ~ lc5, 6m is produced at 

the middle from t = 0 in the motion of Type D. Note that when v = 1.5 + 0, 

ad is located at x/1 = 1-0. Thus the sum em + ad is continuous across v = 1.5. 

It is concluded for the impulsive loading that the deformation greatly 

depends on v when v is of the order of unity, but that the dependecne is not 

significant when v is of the order of ten or greater. 

4. 2 RECTANGURAR PULSE LOADING 

For a rectangular load pulse with amplitude P 0 and duration T , 

Jl=(P0 l/4M0 ) [H(t)-H(t- r)], l=(P0 1/4M0 ) [t-(t-r)ll(t- r)]. (65a, b) 

Deformation is determined simply by substituting Eq.(65) into the formulae 

of the preceding section. in the same way as for the impulsive loading. 

In order to examine the effect of the shape of the load pulse we express 
A 

the results in terms of ~0 = (P0 1/4M0 ) and I = P0 T. The limit ~0 ~ ~ 

corresponds to the impulsive loading. All types of motion can take place 

depending on ~0 as well as v. 

When 1 < ~0 ~ 3 and ~0 < 4v-3, Type A motion occurs and 

Mo 1 
1\ tf 4' 
I I 

m I M0 {} = m M0 0 = m I M0 {} = ~ ( 1 __ 1_ ) 
12 f ~2 f '12 m 32 Jlo , 

(66a, b) 



inl 3 ( I ) E5 /\(Eb+Es)=- 1--, -=o. 
1 2 16 ~0 Eb 

(66c, d) 

When 3 < ~0 < 1 v2 , Type B motion first occurs, being followed by Type A 

motion. In this case, 

(67a,b) 

~=!f, 
I P.o 

(67c) 

mi.Mo 8 _ _!_ ( _g) m.\10 _ 1 ( 3 ) 
f - 1 -· B -- I--

" 8 , " f , 1 2 4 ~0 I 2 12 4 ~0 

ml~10 I 
-- 8 = - (67d, t', f) "2 m 24 ' 1 

(67g,h) 

When v < 1 and ~0 ~ v, Type C motion occurs, and 

M0 I m M0 6 = m M0 B = _.!_ ( _! _ _!_ ) 
-;:::- ts= -, "z s "z f 16 II , ' I I 411 I 1 ,...o 

(68a, b) 

ml I ( 11 ) E s 7\
2 

( Eb + Es) = -
4 

I- -;:- , - = oo. 
I ,...o Eb 

(68c, d) 

When 1 ~ v ~ 1.5, ~0 ~ 4v-3, Type D motion first occurs, being followed by 

Type A motion, and 

1 Mo 1 
7\t,=-, 
II 4 

(69a, b) 
4(411-3)' 

mlM0 mlM0 3 11- 1 
_1_2_ 81 = -~-2- 8m = B 4 11- 3 ' (69c,d) 

(69e) 

ml 1 11 ) 
7\ ( Eb + Es) =-

4 
( 1- - ' , 

I 2 P.o 
(69f, g) 

When v > 1. 5 and J.lo ~ j v2 , Type E motion first occurs, being followed by 

Type B and then by Type A. In this case, 

M0 3 
7\t =--, 
. II s !6112 

Mo I 
-t =-
" h 12 ' II 
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mll\10 --8 =-12 d 32JI 

ml 1 Jl 
-(Eb+ E )= -(1- -) 

1\2 s 4 p. ' I o 

X 3 
at -=-

1 2JI 
(70d,e) 

(70f,g,h) 

(70 i, j) 

It is seen that the type of motion does not change during the load 

application, i.e., in any case ts, th, tr ~ T and that these times ,are 

exactly the same as in the case of impulsive loading with the same impulse 
.... 
I ; thus motion stops after the same time duration as in impulsive loading. 

In the case of the rectangular pulse loading the work done by the applied 

load is given by the product of P0 and the displacement at t = T. The 

unchangeability of the motion type during the load application simplifies 

the time integration of velocity to give this displacement. The work thus 

determined is confirmed to be identical with the sum Eb + Es obtained above. 

Comparison of Eqs.(68c), (69f) and (70i) indicates the same work expression 

for the last three cases with the shear deformation accompanied. For these 

cases bending paramaters ~f, em and or - os are independent o£ p0 , and 

accordingly take the same values as for impulsive leading. When the motion 

starts with T.rPe B, a discontinuity in slope angle occurs in addition to em~ 

since the rigid-plastic interface stands still during the load application 

due to the constancy of the load magnitude. In contrast to this discontinuity 

the discontinuity in T,ype E motion is produced during the interval t = 0 to 

ts· The position and amount of the former depend on the load amplitude but 

not of the latter as seen in Eqs.(67c) and (70e). The curvature is again 

given by Eq.(63), and the permanent deflection can be determined with ease 

in the same way as for the impulsive loading. 
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Dimensionless parameters characteristic of the plastic deformation 

are plotted for a rectangular load pulse in Figs. 13 to 16. It should 

be emphasized that all comparisons are made for the same total impulse. 

While decreasing with increasing v, the effect of shear keeps increasing 

with increasing ~0 and becomes maximum for impulsive loading, as seen, for 
I 

example, from Es/Eb in Fig. 13. The total energy Eb + Es grows with ~o 

and diminishes or remains constant with v, the dependence on v gett:J.ng 

.less as ~0 gets greater. The case v = 0 gives the same amount of the total 

energy as in the impulsive loading. Figure 14 shows the dependence of Of 

on v and ~0 • The dashed lines separate the different patterns of deformation, 

and the alphabetical letters enclosed by circles refer to the types of 

initial motion. The middle deflection increases with ~o· It is not a 

monotonous function of v but has a minimum at v = 1. It is seen from Figs. 

13 and 14 that the plastic deformation depends considerably on the values 

of.v and ~0 when v and/or ~0 is of the order of unity. Curves are drawn 

in Fig. 15 for the deformation paramaters of a particular beam with v = 10. 

For this beam the motion starts with Type A, B or E, according to 1 < ~0 ~ 3, 

3 < ~0 < 400/3 or ~0 ~ 400/3, respectively. We see that for ~0 of the order 

of ten or greater, the deformation parameters do not depend much on ~0 , except 

for Eb + Es and ef. At ~0 = 10, these two parameters take 72.6% of their 

limiting values of impulsive loading, but or, for instance, takes 92.5% of its 

limiting value. Figure 16 shows for a beam with v = 1. 5, for which if 1 ~ ~0 < 

3, the pure bending motion of TYPe A occurs, and if ~0 ~ 3, Type D motion 

first occurs, being. followed by TYPe A. The deformation parameters Es/~ 

and os concerning shear deformation depend significantly on ~o· If p0 = 10 

these parameters take 70% of their limiting values; the bending deformation 

approaches faster than shear to the limiting case of the impulsive loading, 
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and that faster than for the case of v = 10. It is thus observed that the 

bending deformation is well approximated by impulsive loading when ~0 is 

of the order of ten or greater, but the shear deformation cannot be deter-

mined without taking account of the load magnitude. It is concluded that 

the plastic deformation increases with ~0 for the same total impulse, that 

when v is of the order of unity, the plastic deformation greatly depends 

on the values of v and ~0 , so that the shear deformation should be· taken 

into account and to regard the load as impulsive is not appropriate unless 

~0 is of the order greater than ten. When v is of the order greater than 

unity, the effect of shear may be neglected; when ~0 is of the order less 

than ten, the load magnitude as well as the total impulse has to be taken 

into consideration. If v and ~0 are of the order greater than unity and ten, 

respectively, then ,the plastic deformation is well approximated by neglecting 

the shear effect and by the idealization of impulsive loading. 

4. 3 EXPONENTIALLY DECREASING LOADING 

If the load decreases exponentially with time as in P P -t/T "th = 
0

e Wl. 

A 

the total impulse I = P0 T, then the use of 

I = ( ~ I I 41\10 ) ( 1 - e- t/r: ) (7la, b) 

in the afore-derived formulae determines the dynamic plastic· behavior. 

In Fig. 17 are shown the results for a beam with v = 1.5, for which 

of - os = er1 is plotted as a function of ~0 in such a dimensionless 

form that the ordinate is independent of the total impulse. The afore-

introduced curve of rectangular pulse loading is also included for comparison. 

It is seen that the exponentially decreasing load produces smaller deformation 

of bending than the rectangular pulse load for the same impulse and peak 
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magnitude. This is because in the former the load in t ~ tf does not 

contribute to deformation whilst in the latter the whole impulse affects 

deformation for any llo not smaller than unity. The difference is signif­

icant for small values of }.1 0 ,. since tf is small for small }.10 , causing a 

slow rise of the former curve. At llo = 5 the deformation caused by the 

former is 13.6% less than the latter. The difference clearly decreases 

with }.1 0 , and tends to vanish as llo ~ 00 • It is also observed that the 

effect of shear is smaller for the former than the latter. 

5 FURTHER REMARKS 

Let us reconsider the validity of the assumed yield condition of Eq. (1). 

As was observed in the general analysis or in Figs. 5 to 9, the 

maximum shear magnitude is always attained at the beam ends where the 

bending moment is zero, while the bending moment is maximum at the middle 

portion of the beam where the shear force is zero. The compatibility 

consideration indicates a continuous distribution of the bending moment and 

shear along the beam length. Hence; the limit moment in pure bending M0 

can be attained only at the middle portion, and the limit shear in pure 

shear ~ only at the beam ends, when the simply-supported beam is subjected 

to uniformly distributed load. Between these portions there are both non­

zero M and Q, less in magnitude than MQ and Q0 , respectively. For a yield 

curve smaller than the assumed polygon, there may be a possibility of 

reaching the yield limit under the M-N interaction. In the first quadrant 

of Fig. 1 an exact yield curve, if it existed at all, would have had to pass 

the points B and S of the liming states, and suppose it be the arc BDS, for 
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instance. If the arc BIS, which represents -the state of stress of the half 

beam in ~e D or E motion, touches the yield curve BDS somewhere between 

B and S, then an additional plastic deformation can take place both in 

shear and bending at the corresponding beam element. The analysis presented 

in this paper is seen to be valid for any yield curves which between B and 

S lie outside of the stress curve BIS. 

We have found that the importance of the shear effect hinges on the 

values of the parameter v = Q
0

1/(2M0 } as well as ~. With d denoting the 

beam depth, v is proportional to the quotient 1/d. The proportional factor 

Q
0

d/(2M0 ) depends only on the shape of the cross section, and takes quite 

distinct values for a compact cross section such as a rectangular or 

circular cross section and a non-compact cross section such as an I-, wide 

flange or box-cross section. With recourse to the yield criterion of 

maximum shear stress, Q0 d/(2M0 ) = 1 for a rectangular cross section ; 

by taking the full web for the effective shear area, a rough estimate 

for a representative wide flange section gives ~d/(2M0 } = l/7 [7]. If, 

for example, the span-depth ratio 2 1/d = 20, then v = 10 for the former 

and v = 10/7 for the latter. Thus v may normally be of the order of ten 

for a compact cross section, and is of the order of unity for a wide flange 

or !-section, so that Fig. 15 can be regarded as representing the former 

and Fig. 16 the latter. 

Although the analysis presented herein has dealt with a particular 

problem, the results obtained are expected to apply, at least qualitatively, 

for general cases of rigid-plastic beams under impact loading, provided ~ and 

v are evaluated from proper values of Pb and Ps determined in each case. 
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6. CONCLUSIONS 

Among significant results obtained by analysing a rigid-perfectly 

plastic simply-supported beam under uniformly ~istributed blast-type 

loading in the light of shear-bending interaction, the following seems 

to be characteristic of general application. 

A rigid-plastic beam deforms with various patterns of motion combined 

by plastic bending and shear sliding for a load of magnitude P0 not 

smaller than the strength in bending Pb and/or the strength in shear Ps. 

The shear deformation reduces the bending, part of the kinetic energy 

being absorbed in shear sliding. The importance of the shear deformation 

relative to the bending depends on the value of Ps relative to Pb as well 

as on the value of P0 relative to the beam strength. In terms of the 

parameters v = Ps/Pb and ~0 = P0 /pt, the shear effect gets larger as v 

gets smaller and as ~0 gets larger. For impulsive loading with ~0 tending 

to infinity, shear slides always take place and this effect becomes maximum 

among blast-type loads with the same total impulse. For a beam with a non­

compact cross section such as an !-section, v takes a magnitude of the 

order less than that for a compact cross section. Under normal conditions 

the shear effect is small for a compact cross section unless the span-depth 

ratio is small and ~0 is very large, whereas this effect is not negligible 

for a non-compact cross section when ~0 is of the order greater than unity. 

In the case of an ordinary load pulse with ~0 of the order greater than 

ten, the permanent deformation is well approximated by treating the loading 

as impulsive, which gives the largest plastic deformation for the same total 

impulse. When ~0 is of the order of ten or less, the finiteness of the 

load magnitude should be taken into account, and if ~0 is not much larger 
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than unity, the exact load-time relation ha~ to be considered. It is 

reminded in this connection, that the asymptotic approach to the impulsive 

loading is accelerated by the inclusion of elasticity effect [10]. 
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CHAPTER 8 

DYNAMIC PLASTIC BEHAVIOR OF A BEAM WITH SHEAR, BENDING AND AXIAL DEFO~ATION 

ABSTRACT Theoretical a.'"'ld experilnen tal studi. es are made for the pernanent 

defonna.tion of claliiped beams with constraints aga.i.~st· a"dal displacements 

at the ends ldth a boss (attached mass) at the ce.'"'lter subjected to large 

transverse dyn~ilic loading. Ue take account of the combined action of 

bending moments, axial forces and she~-ing forces in the plastic range. 

In the first part, the interaction problem is considered for a 

perfectly plastic material. A..."1. analysis is presented to detennine the per­

manent deformation of a rigid-perfec~ plastic beam due to impulsive load­

ing applied to the central mass, based on a fixed yield surface or interaction 

relation. An approximate interaction diagram is adopted. Various patterns 

of the defor.ma.tion are found to occur, accord:l.ng to the bea.'"il dime."1.sions. 

Ordinarily shearing deformation predominates at early stages of deformation • 

. l·Tnen constraints against axial motion are present, axial forces come into 

effect as the deformation proceeds so that the interaction of bending moment 

and extension plays an important role, and when the beam acquires a d~fiec­

tion of the order of the beam depth or greater., the deformation is primarily 

governed by the axial force •. The aXia;L constraints reduce the deflection by-

198 



• 

a considerable a.11ount when the max:i.muln deflection is of the order of the 

beam depth or greater; whereas the shear effect is found to be small for 

ordinary beam span-depth ratios -vrl. th compact cross-sections unless the mass_ 

ratio is small. The shear effect becomes larger for short beams ~d ~on­

compact sections subjected to L~ulsive loading. The· major portion of the 

deformation is acquired under a deformation mode of one degree of freedom, 

'td th the tt-ro halves of the beam rotating about the supports, unless the 

attached mass is small compared to the mass of the beam. 

In the second part of the theoretical approach, the effects of strain-

rate sensitivity, elasticity, and duration of load pulse are also taken into 

account in an approximate manner based on this deformation pattern; the one 
' 

degree of freedom mode assumption facilitates the ·inclusion of these effects 

in the analysis. Fqr the same total impulse, a load 1vith a flatter load-

time relation produces a smaller de.fonnation and impUlsive loading (duration 

time approaching zero) gives the largest deformation. The asymptotic approach 

to the limiting deformation of impulsive loading is faster when the elastic 

effect is included and also speeded by axial constraints. A rigid-plastic 

beam undergoes a smaller permanent deformation than an elastic-plastic beam 

for a flat load pulse but the opposite is true for a load close to L'Tipulsi ve 

loading 'tdth the same total impulse. Plastic strains are assu."Tled to be con-

c~ntrated in small regions at plastic hinges for the evaluation of the strain-

rate, until the transition to the string· stage occurs. 

Experiments 1-vere performed using aluminum alloy 6o61-T6 and mild steel 

specimens, ~~d showed a general agreement with the theoretical predictions 
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from the latter approach. The rigid-perfectly plastic analysis overestimated 

the defomation but served as a first approxL"ilation. A substantial reduction 

in the pennanent deformation due to the axial constraints rTas confirned. The 

localized plastic deformation was observed clearly in the 6o61-T6 alu~um 

alloy specimens, and is displayed in pictures of the deformed specimens. 

SOURCE The contents of Chapter 8 are based on the following papers: 
Taij iro NONAKA, "Som·e Interaction Effects in a Problem cf Plastic Beam 
Dynamics, Part 1 Interaction Analysis of a Rigid, Perfectly Plastic 
Beam", Journal of Applied Mechanics, Trans. ASME, Vol. 89, 1967, pp. 623 
-630; Taijiro NONAKA,"Some Interaction Effects in a Problem of Plastic 
Beam Dynamics, Part 2 Analysis of a Structure as a System of One Degree 
of Freedom", Journal of Applied ~!echanics, Trans. AS:HE, Vol. 89, 1967, 
pp. 631-637; Taijiro RONAKA, "Some Interaction Effects in a Problem of 
Plastic Beam Dynamics, Part 3 Experimental Study", Journal of Applied 
Hechanics, Trans. ASHE, Vol. 89, 1967, pp. 638-643; Taijiro NONAKA, 
"Large Plastic Deformation of Structures due to Impact - On an Interaction 
Problem and the Validity of Rigid-Plastic Analysis-", Disaster Prevention 
Research Institute Annuals, No. llA, 1968, pp. 607-616(in Japanese). 
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b 
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D 

d 

E 

EI 

F 

cross-section area 

;30~-r 

v vy2 

/f? ( 3-v) 
y' 2ava1 

bea-n 1-Jidth 

Notation 

ratio of cross-section arP.a to shear area 

material constant 

distance bet1-:een longitudinal fiber and neutral axis 

Young's modulus 

fleA~ral rigiCity 

resisting force 

1 ?(<p) incomplete elliptic integral of the first kind 1d th modulus 
/2 

f yield ~~ction 

h beam depth 

I impulse 

J(u) (u 
Jo 

j 
LI-1 . 0 

a A 
0 

xdx 
1 

l+kx p 

K complete elliptic integral of the first kind 'With modulus 

1 
211 p 

k ( 0 ) 

n.ejfJ~mf: 

L actual length of half beam 

l effective length of half beam 
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I·: banding rrionen t 

M static limit moment in pure bending -
0 

}~ magnitude of bending moment at points adjacent to the boss 

M dyna:nic limit moment in pure bending 
y 

m mass per unit length 

2 
ml mo +3m( 

m attached mass. 
0 

N axial tension 

N static limit force in pm:-e tension 
0 

N1 axial force at points adjacent to the boss 

N dynallic 1imi t force in pure tension y 

p material constant 

Q shear 

Q
0 

static lLilit shear in pure shear 

q load due to D1Alembert 1 s force 

R reaction 

s 

t 

u 

v 
0 

length of a plastic region in string stage 

load duration time. 

time 

jN m1~ 0 • 
LJ.I · Y 

0 

initial velocity of the attached mass 

cc~rdin~te along beam axis 

lc.."lgth of a rigid segment 

y ~ac~~ent in y-direction (displacement of the attached mass for 

Part II) 
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z 

Q 

y 

o* 

t 

T)o 

T)l 

X 

risplac~t.lP.nt of the ntt3Ch~d ffi3SS 

displnce:ncnt of points adjacent to the boss 

elastic limit displacement 

ela0tic recover,y 

cn(K-a
2
r) 

ni v 2 
0 0 

12N 

mo 
mt 
N

0
L 

Wf'" 
0 

0 

shearing strain rate 

final value of y1 (plastic displacement of the boss for Part II) 

final plastic displacement of the boss according to rigid-perfectly 

plastic beam theory for one degree of freedom mode due to impulsive 

loading 

extensional 
Yo 
T 
yl -{, 

curvature 

T /2hFJ 
m t3 

1 

strain 

a slope angle 

a* final slope angle at points adja~ent to_ the boss according to rigid­

plastic simple bending theory 

ee final slope angle at end-points according to rigid-plastic simple 

bending theory 

Poisson's ratio 
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6M 
0 v Ql 

0 

... .31-t 
0 v 

Q l 
0 

t 
~l 
e 

"'o static limit stress in pure tensio~ 

ay dynamic limit stress in pure tension 

vt 
0 

"t -e 
"f 

0 
static limit stress in pure shear 

<P am( K-a2 "t) 

., -lc ~, tan cot 2 
(t) angular velocity 

Subscripts 

A state at 1A 

B state at B 

e elastic limit state 

f final state 

h state \-Then finite plastic zone shrinks to a hinge 

i appro.xima te initial state 

m maximum value 

o initial state 

s state when shear slide stops 

T state at t • T 

t state at the initiation of string stage 

Dots denote differentiation with respect to the time · t. Primes denote 

differentiation with respect to "f. 

204 



INTRODUCTION 

When a structure is subjected to a load greater than its collapse load, 

no equilibrium stat~ can exist, and an accelerated notion starts. The struc­

ture will undergo a large deformation, and may rupture or otherwise become. 

unserviceable if such a loading continues for a sufficiently long tirne. How­

ever, if the time of load application is short enough, the inertial resistance 

of the structure may be sufficient to prevent ':'!Xcessive rJef-,rmati.on. Tho ,u.rp.~se 

of a dynamic plastic analysis is to estimate the permanent deformation of a 

structure under these circumstances. 

In the case of beams and framed structures, bending deformation usually 

predominates. In fact,under statical loading,the effect of shearing force is 

generally small, and axial force becomes important only in the design of heavily 

loaded columns, or the calculation of large deflection of beams with axial con­

straints. Under conditions of dynamical loading, however, the applied loads 

may be considerably greater than the static collapse load~ so that shear ef­

fect might not be negligible, and a finite deflection may cause axial forces to 

become important. On the other hand, the effect of elastic deformation becomes 

less important compared to plastic deformation, and rigid-plastic treatment 

simplifies the analysis. 

Problems o.f the plastic interactions between bending and extension.and 

between bending and shear in structural dynamics, have been considered sepa­

rately .for several structures. Symonds and 1-Ientel [1] considered the effect 

of axial. constraints for uniform rigid-plastic beams subjected to impulsive 

uni.for.m pressure. They found that the tensile forces arising from a finite · 

deflection greatly reduce the deflections if loads are such that deflections 

are of the order o.f the beam thickness or greater. This was confirmed by" 
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experiments perfonned by Humphreys [ 2]. Bleich and Shaw [ 3] showed from an 

elastic approach using Timoshenko beam theory,that all beams, even those which 

are statically much stronger in shear than in bending, will begin to yield in 

shear before yielding in bending when subjected to sufficient~ high initial 

velocity distributions. Salvadori and Weidlinger 14] indicated the possibil­

ity of shear sliding and the coupled motion of sliding and bending in a rigid­

plastic simply supported beam subjected to a uniform pressure. Karunes and 

Onat [5] solved the interaction problem of bending and shear for rigid-plastic 

free-free beams U.."lder constant impact velocity at the mid-point. Their ana­

lysis is based on the square interaction diagram and shows that the effect of 

shear deformation is quite appreciable for !-beams~ whereas for rectangular 

cross-sections it becomes important only for very short beams. The present 

author [6] examined_all possible deformations of a rigid-plastic simp~­

supported beam for general blast type loading uniformly distributed along the 

beam. They found that under impulsive (very short duration)loading shear 

slides always take place,and that the shear effect is largest for this case 

as compared lvith general dynamic loading. No experiments seem to have been 

done in order to investigate absorption of energy in shear in dynamic loading. 

This chapter aims at solving the interaction problem of bending; eXtension 

and shear. The existence of axial constraints is visualized in an interior 

span of a beam on many supports; conceivable shearing deformation is concerned 

with large transvers~ loading. We will determine the permanent deformation 

of a clamped beam of· uniform cross-section whose ends are constrained against 

axial motions, with an attached mass (bos~ at the center, due to large impact 

loads at the boss. A typical example of the application is the deformation of 

columns in a portal frame subjected to a dynamic load on the beam level (see 

Section 1.4). We attempt to solve the problem analytic~ in order to evalu­

ate the effects o£ shear and axial forces. 
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In Part I, the above interaction problem is discussed on the basis of a 

riGid-perfectly plastic beam for impulsive loading. In Part II, 't-Te attempt to 

make a more realistic calculation for the permanent deformation by taking ac­

count of the duration of the load pulse, elastic, and strain-rate effects. A 

simplii'y:ing assumption is made as to the mode of the defamation. Experimental 

results are compared with .the predictions from these theories in Part III. 
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I. INTERACTION ANALYSIS OF A RIGID-PERFECTLY PLASTIC BEAM 

1.1 ASSUMPTICNS 

The main assumptions employed in Part I are the following: 

1. The beam is composed of rigid, perfectly plastic, ductile materia1 

(elastic deformation, strain hardening, strain-rate and delay time effects of 

yield being ignored). It is believed that elastic strains can be neglected 

if the energy absorbed in plastic deformation is very large as compared with the 

maximum strain energy the structure could absorb in an elastic manner. 

2. The loading is impulsive, i.e., infinite magnitude of the load is 

applied for infinitesimal duration, the total impulse being finite. This 

assumption may be permissible if the load duration is sufficient~ short in 

comparison with the deformation time.* 

3 •. Although finite deflections are considered, it is assumed that 

the square of the slope is negligibly small in comparison with unity. 

4. toncitudinal (axial) stress waves are disregarded; the axial force 

is assumed const~nt over the be~ length. No out-of-plane deformation occurs. 

5. Plastic action can take place only when the state of stress lies on 

a fixed yield surface. This concept is briefly discussed in the following 

section. 

1.2 rEILD SURFACE 

When a structure such as a beam or plate is analyzed, a state of stress is 

~ecified at each element in terms of the stress resultants, or generalized 

*Ae !or the effect of load d~ation, see Appendix 2. 
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stresses. According to a general theory of limit analysis (7], there exists 

some function of the stress resultants (yield function) which characterizes 

the yield condition. If at a structural element, this yield function takes a 

value less than a certain critical value, the yield 1i.mi t is not reached at 

that element; the critical value cannot be exceeded anywhere in a structure. 

If the yield function takes the critical value, plastic action can take place 

according to the associated flow rule. When a state of stress is represented 

in a stress resultant space, the geometrical configuration of the yield condi-

tion serves as a yield surface . The yield surface is the locus of points repre-

senting states of stress at the yield limit. The yield surface is assumed to 
. 

be convex. We superpose the generalized strain rate axes on the corresponding 

axes of generalized stresses, a generalized strain rate being such that its 

product with the corresponding generalized stress has dimension of rate of 

work per unit length. We can then represent the plastic now by a strain rate 

vector originating at the corresponding stress point. With the geometrical. 

terminology thus defined, the flow rule states that the plastic strain rate 

vector is in the direction of the out1tard normal to the yield surface.· At a-

corner point of the yield surface, if one exists, the flow rule requires that 

the strain rate vector lies in the region bounded by the nonnals to the adja-

cent surfaces. 

In a siJnPle beam theory, the bending moment is the onl.y stress resul.tant 

(shear is considered to be a reaction), and the condition for perfect plasti­

city states that an indefinitely large change or curvature can occur under a 

constant limit moment. The more elaborate theory' developed for structures with 

axial elongation or canpression in addition to curvature change, includes axi.a1 

force. For a rectangular cross-section with bending moment M and axial. ten-

sian N, the fUll plastic condition is expressed by two parabolic arcs 
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(Fig. l(a)) 

f(J!. .!.) =- r!!... 1 + <lL> 2 
M'N M N -l•O (1.1) 

0 0 0 0 

where r is the yield function, M and N· are limit moment in pure bending .• 
0 0 

and axial tension in pure tension, respective~. For a section with depth h 

and width b, M = ~a h2b and N = a bh, where o is the yield 
0 " 0 0 0 . 0 

s t r e s s i n p u r e t e n s i o n. When this condition is 

represented in the nondimensional stress resultant plane 
N M . 

(N' M), components 
0 0 

of the corresponding strain rate are N t. ~d M x and the flow rule requires 
0 0 } 

for positive bending moment 

af 

If t 
a·(!!..) 

N 
2IL 0 0 

H { = af = 
N 

0 
a{!!.) 

0 

}1 

(1.2} 

0 

where l and x are the extensional strain rate at the axis, and the curva-

ture rate, respective~. At the corner points, i.e., when the bending moment 

vanishes or IN r • No' the strain rate vector with components (N t, M x} 
. 0 0 

lies between normals to the adjacent curves. This corresponds to the restric-

tion for the plastic action to occur at 

main outside the cross-section. 

= N , 
0 

that the neutral axis re-

For an ideal !-section, which has indefinitely thin web and flanges, the 

interaction diagram {the yield curve) is. composed of four stra.l:ght line seg­

ments as shown by- dotted lines in Fig. l(a). For most structural sections, 

the diagram falls between those two cases. The relation (1.1) is also a good 

approximation for other compact sections, but is slight~ unconservat;Lve for 

!-sections. The above treatments assume that an element has infinite strength 

in shear. 
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We now consider the presence of shear ~orces as well, making use o:r a 

Q N H 
three dimensional space with axes Q' N nnd M' where Q and Q

0 
are 

0 0 0 

shear force and limit shear in pure shear, respectively. The simple beam 

theory would assume the yield surface of two parallel planes r ~ r = 1, and 
0 

the above treatment an infinite cylinder with axis parallel to the ~ -axis. 
0 

Since IQI < Q , a finite yield surface is required if the strength of the beam 
• 0 

in shear is considered. 

In contrast to the interaction or· bending and extension, the ef:fect of 

shear cannot be discussed as a local condition [ 8]. This is because axial 

forces and bending moments are both produced by sui table distribution o:r ten-

sile stress, whereas in the presence of shear stresses, conditions in the ad-

joining parts of a structure come into effect so that the geometry and loading 

of the entire structure are important. A local condition for full plasticity 

is not necessarily compatible with the adjoining parts when there is shearing 

defamation. 

From these considerations we use in the present analysis for the interac-

tion relation the approximation 

Q N .M { M N 2 }{ Q } r(Q, N' r.r> = f M f + ('N) ... 1 I Qo I - 1 • o . 
0 0 0 0 0 

(1.3) 

The geometrical configuration or the yield surface is shown in Fig. l(b). In 

the figure, this app~oximation is compared with the interaction relation sug­

gested for a rectangular cross-section by Neal [9] 

4 
(_g_) 

11"1 1 N 2 Qo 
M + (N) + 2 

0 0 1 - (~) 
N 

- 1 • o. (1.4) 

0 
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Eq. (1.4), in turn, agrees with a formula proposed by Drucker [8) for the 

interaction between bending and shear, vrhich is 

Thus~ Eq. (1.3) may bs a reasonably good approximation for compact secti~ 

but is a little unsafe for non-compact sections. 

According to the assxmption of rigid-perfectly plastic behavior, no defor-

mation occurs at an element when the state of stress of that element corres­

ponds to a point i'nside the yield surface. Plastic strains can ·occur only when 

the state of stress corresponds to a point on the surface, according to the 

associated normality rule of the strain rate vector with components (Q
0 
y, 

N 
0 
t, M

0 
x) to the yield surface, l-rhere y is the shearing strain rate. 

1.3 ANALYSIS 

* Suppose a concentrated mass (boss ) m
0 

is supported by a uniform beam 

with length 2t, mass per unit length · m, and limit stress resultants M , 
0 

N
0

, Q
0 

whose ends are constrained against both angular and axial motions {Fig. 2) 

When an impulsive loading w.i th impulse I is applied to the mass it is assumed 

that the mass moves instantaneously with initial velocity v =..!.. while bend-o m 
0 

ing deformation starts (Fig. 3 (a)). When a beam is subjected to transverse 

impulsive loading which has an infinite magnitude· during an infini tesima1 time 

period, sliding motion always occurs due to the shear at the point of load 

application. This happens because the shearing force can have only :finite mag­

nitude [6 ]. This problem of impulsive loading is essentially equivalent to 

*The dimensions or volume of the boss do not come into the analysis so long as 
it can be considered as a particle.· It is considered perfectly rigid in can­
parison with the beam, and loads are applied symmetrically about its center. 
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that of a unifonn beam struck transversely by a moving particle m
0 

with 

velocity v at the mid-point, the mass being assumed to became attached 
0 

instantaneously to the beam. As the displacement acquires a finite magnitude, 

the axial force comes into effect and fina~ dominates the deformation. The 

impulse is ilSStL-ned to be sufficiently large so that the elastic deformation is 

negligible in comparison with the plastic and that the extensional deformation 

is not negligible. 

For a beam strong in shear: the fir$t phase of motion has the pattern 

shown in Fig. 3(a), which shows the right ha.J.:f of the structure. x-, and y­

axes are taken as shown in the figure, coordinates (x,y) indicating the 

position of the beam center line. Two segments of length ~ rotate as rigid 

bodies about I xI = .Xb while the mass moves dO'WIIWard, having plastic hinges 

at the center just left and right of the boss,and finite plastic zones between 

ends and rigid segments. The interaction relation Eq. (1.3) is satisfied at 

each section in these regimes. In Fig. 3(b) are shown directions of positive 

stress resultants. Fig. 4(a) shows distributions of D1Alembert1 s force, shear-

ing force, bending moment and axial force. A 'Wliform distri~tion of axialforce 

follows from assumptions }and 4. The plastic regimes at the center and those 

between ends and rigid segments have the same magnitude of moment with oppo-

site directions, or ~ a -MA' where MA and MB are the bending moments at 

regimes A and B in the right half beam. 

Let us consider stress points in Fig. l(c). All poir,lts along the beam 
N . 

axis correspond to stress points on the same plane, N = constant, at each 
0· 

instant starting. from : = 0 toward. : a 1. 
.. 

In this phase of motion, the 
0 0 

*It will be shown later that this pattem of deformatl:on holds for a beam with 
6M

0 
Vii QT < 1. 

0 

215 



stress point of the plastic reeime A just to the riGht of the boas moves 

from A
0 

toward A
5 

alonG the comer cur~, and that of the plastic regime B 

in the right half beam between X = X to X a l moves from B toward B n o s 

along the intersecti~n curve of the plane QQ a 0 and the interaction surface. 
0 

Ri gi.d segmen ta c orreapond to paints inside the surface lying on the .. plane 

N N = constant. 
0 

The flow rule requires that the strain rate vector at regime B has 

components {0, N t., M 1t) 
0 0 

and that the strain rate vector at regime A has 

components (Qy,Nl,Mx} 
0 0 0 

lying betl·reen tl.;o normals {O,Nl,:r-1)() 
0 0 

and 

(Q j, 0, 0) to the adjacent surfaces. The restrictions on the components are 
0 

that at regime A, from Eq. (1.2) 

u l 
0 
~= Hx 

0 

and y ~ 0, and that at regime B, 

Not N 
Hx=- 2 N 

0 0 

(1.5) 

(1.6) 

Unknowns are the bending moment NA' axial force N, position of the 

rigid-plastic interface ~' displacements y
0 

and y1 of the mass and the 

adjacent points of the beam. The angular velocity of the rigid segments is 

given from the velocity continuity across the rigid-plastic interfaces . as 

yl 
~ 

The dot denotes differentation with respect to time. These unknowns are 

to be determined by equations of motion, the interaction relation and the now 

rule. 

Assuming loading occurs at time t = 0, conservation of momentum for the 

mass is 

m {y - v ) = - 2Q t. 
0 0 . 0 0 

(1.7) 
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Conservation of linear momentum and angular momentum of the right-half beam 

about origin is expres_sed by 

(1.8) 

and 

(1.9) 

The interaction relation gives us 

(1.10) 

The ratio of the rates, ~ is expressed in terms of the deflection y1 as 

t. yl * i = 2 [1) and the now rule Eq. (1.5) is expressed by 

(1.11) 

We will first consider sufficiently small deformation so that : < 1. 
0 

El.iminating MA and N from Eqs. (1.9), (1.10) and (1.11) and substi-

tuting Eq. (1.8) into the result, we have 

Q N 2 
0 d vt 

bM dt (~t) = 1 + (~) • 
0 0 

If we introduce dimensionless quantities 

2 mv 
. 0 0 

a= 12M , 
0 

N l 
0 

y!! W:C' 
0 

6M 
0 

v: Q /, 
0 

(1.12) 

(1.13) 

*This is derived as follows: In a small time increment dt, the rigid segment 
rotates through an angle d9 while the length of the segment increases by an 
amount ~. The strain E · and curvature " instantly acquired by ... an ele­
ment at Xn are c a y1do/2~. and ·"~de/~. Hence .c/te • y1/2 • £/k:.. 
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v t 
0 "t:--z-, (1.1h) 

equations (1.7), (1.8) .and (1.12) become 

I . 't 
TJ = 1 - -o av 

I ~"t 
TJ ~a-1 av 

(1.15) 

(1.16) 

(1.17) 

where primes denote differentiation rdth respect to 't • We have now three 

unlm01ms ~ , T'la and TJl to be determined from Eqs. (1.15), (1.16) and (1.17). 

The parameters introduced in Eqs. (1.13) have the following physical mean-

. 1a 2 a*· a* ing. a J.s re ted to the load magnitude; a= 3 , being the final slope 

angle at the mid-point calculated from simple bending theory. This is obtained 

by equating the initial kinetic energy ~ v2 to the plastic work done in pure 
0 0 

bending which is 2M f a* + ( i- a ) + a } = Lr-1 a* where 9 ~ the fim1. slope angle 
o e e o e 

at the clamped ends. ~ is the ratio of the mass of the attached mass to the 

mass of the half beam. y is the length ratio determining the importance of 

axial deformation. Writing N = a A and M = ~ a Aj, y= ;, where A is 
0 0 0 q 0 J 

the cross-section area. For a rectangular section with depth h, j = h; for 

a circular section with diameter h, j = ~~ ; for Ql'l ideal !-section, j = 2h; 

for 8WF40, j = 1.65h*. v indicates the importance of shearing deformation, 

depending upon the shape of the cross-section and the span-depth ratio. If we 

't A Jca j 
write Qo a ~ ' v - 2't ol • 

0 

00 
With the yield stress in pure shear 't = -. 

. 0 2 

v • J~j, rrhere c depends on the shape of the cr?ss-section. For a compact 

cross-section, c • 1; for an !-section· or a wide flange section, c should 

* It should be borne in mind that the adopted interaction relation Eq. (1.3) is 
less appropriate for non-compact sections such as I- , wide flange or box­
sections. 
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be the ratio of the gross sectional area to the area of the full web, e.g., 

for BWF40, c a 4.19. We note that y and v are not independent of each 

other but r.: r e rela-ted by Yv = Jc. In Table 1 are shown values of the 

parameters Y and v in terms of the half span-depth ratio ~· 

~ Circular Rectangular 8WF40 
r 

Jn /, /, /, 
y -g- h h 0.609 h 

8 h ~ h v - r 20.7 -z n 

Table 1. Parameters y and v 

Assuming that 

.Y 
2'1 < <1, (1.18) 

which is equivalent to ignoring axial constraints, in this phase of motion, we 

have from Eqs. (1.16) and (1.17) 

Note that 

t = v 

I A 't' 
T) . = ...c..:. 

1 av2 • 

and that relation (1.18) means, e.g., for a rectangular cross-section 

<f> 
2 

0 

2 
yl 

::1 (-) << 1. 
h 

Eq. (1.19) shows that the position of the rigid-plastic interface is 

(1.19) 

(1.20) 

independent of the input, mass ratio, etc. but depends only upon the parameter 
-

v, and that it does not travel along the beam if there is no axia1 constraint. 

Thus MA • I~ I sr M
0 

and D' Alembert' s force q is continuous in this 
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approximation (Fig. 4(b) ). 

I I 
Sliding motion stops when T)

0 
= TJr at -r• -r 

8
; from Eqs. (l.l5) and 

(1.20), 

av2 
"t D ~ s v+p 

and the nondimensional velocity and displacements at this instant are 

and 2 
T) = (T) ) a. av (v+2@) 

OS 0 'ta't 2(v +13)2 • 
s 

(1.21) 

(1.22) 

(1.23) 

(1.24) 

For -r somewhat larger than -r , the second phase of motion occurs as s 

shown in Fig. $. There is now no relative motion between the ma~s and the adja-

' -
cent beam portions and we take account of the effect of axial constraints. For 

conservation of linear momentum, we have 

(m + mx. )y
1 

= m v o n o o (1.25) 

or 

I - 13 ( ) T)l-~ • 1.26 

Notice that the shear is still zero near the clamped ends, but ~ now increases, 

i.e., the rigi~plastic interfaces move toward the ends. 

Eqs. (1.9), (1.10) and (1.11) again hold, but we do not use Ineq. (1.18) 

so that we obtain 

a 1 .2' 22 ji (T)1tt.-) - 1 + y 1'1]_· (1.27) 

From Eqs. (1.26) and (1.27), we have 
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It 

2 2 Tlj_ II 

1 + y T)l +a p (T), 2 - T)l) • 0 (1.28) 
1 

(1.29) 

Riglt. hand side of the above equation can be evaluated from Eqs. (1.22) and 

(1.23). 

Eq. ( 1.29) is valid until "t·:2 "th corresponding {o 

' and T)l attain the values· T)lh and 'Tllh' respectively, given by . 

(1.31) 

For "t ~ "t h' the third phase of motion takes place with the two hal.f 

beams rotating about the clamped ends, where shear is no longer zero. Let R 

be the component or the reaction at the ends in the n~gati ve y-direction 

(Fig. 6). Conservation of linear momentum 

and conservation or angular manentum or a half beam about origin 

m/yl. 
6 • 2MA + Nyl - Rl 

(1.32) 

(1.33) 

hold in addition to the interaction relation (1.10) and the fiow ru1e Eq. (lJl). 

Eliminating R, MA and N from these four equations we have in terms of non­

dim~sional quantities 

(1.34) 
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I 
Integrating Eq. ( 1.34) after multiplying by T)

1
, we obtain 

(1.35) 

' Deformation finishes when T) l = 0 at "t' = "t' f and the final v:alue of 

TJ1 , TJ1 f is g:i. ven by 

(1.36) 

From Eqs. (1.22), (1.23), (1.30), (1.31) and (1.36), we obtain 

y2 3 a {~ 2+1! (apl;)
2 

v )
6 ~} 

TJ1r + T T)1r = 13 2[V'"+fY + 2(l+P) + . 2 < v+P + log ~ (1.37) 

The final value of T)
0

, T)
0

f is given by 

(1.38) 

The last tenn of Eq. (1.38) shows the amount of shear sliding. 

As the pattern of motion changes, the stress points on the interaction 

surface corresponding to plastic regimes A and B move as (Fig. 1(c)) 

as 

"t'::rQ--"t' --"t' -"t' 
s h :t• 

Point A moves. im~ards from the corner curve at "t' a ~ , and B f'ram s 

the intersection curve made by the s~face and the plane ijt • 0 to negative 
' 0 

~ -direction on the interaction surface at 
0 

N 
lie on the plane Ir • YTJ15, 

0 
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Jnd 
I{ 

Bf on N = YT)lf. 
0 

Nm.;, let us check the assumption (1.18) uhich should hold for 

in order for the above analysis to be valid~ Usine Eq. (1.23), 

2 
max (Y2T)2) = y2T] 2 =! af3yv2 }. 

0~~~~ 1 ls 2(v+~)2 

O<-r <-r 
- - s 

(1.39) 

Since ay has the same order of magnitude as the ratio of the maximum 

* deflection to the depth of the beam , condition 

(1.40) 

is sufficient for 

for 0<~<-r 
c = s 

unless ~ is too small compared to one. Condition (1.40) can be made weaker 

if l3 is large. 

To this order of accuracy, the third term in the brackets of the right 

hand side of Eq. (1.37) is negligible as compared with other terms. Replacing 

0 T)lf by e where 0 is the maximum value of yl, vre have the final result 

0 1- 0 
3 f~ ~ ~) -z + T (?} = a~l2(V+f3) + 2(I+I3J + log~ • (1.41) 

N N ° 6 1 
The condition N < 1 is satisfied if Li~ < 1 or 7: < y- or if 

0 0 . 

f~ ~ ~} 4 a~y -~+~+log v+p < 3 • 

. 
Eq. (1.41) can be written in other fonns. Introducing ·the nondimensiona1 

N 6 
deforma~ion ~ instead of %, 

0 

11 o l N 6 J 
41~ + 3( trr:-) 

0 0 

. 
and "tmting v = ~, Eq. (l.hl) becomes 

lo x(l+J3)} 
g Jc+J3y ~ (1.4la) 

*note that ay= 
2~t. We are interested in a deformation such that the final 

deflection is of the order of the be?m depth. 
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This equation shows axplicitly that for a Given cross-section 
Iqos 6 
Iii'["=-:' 

0 J 
is a 

fu.nction of a, ~ and y • For a bear.1 uith infinite strength in shear substi-

tution of c = 0 Gives 

N 6 1 N 6 3 - r 1 1+@ } w{ + 3<ri[-) - af3Y 2(l+p) + log f3 
0 0 

N6 
which shows that 4M is a function of tvro parameters ay and f3 ; vmereas 

0 

substitution of v = 0 in Eq. (1.41) D- ves a relation showing that ~ is a 
11 0 

f'unction of three parameters a, f3 and y (see Eq. (1.69)). Hence Li~ is 
0 

used for the nond:i.mensiona1 displacement instead of in the analysis of 

Part II where the shear effect is neglected. Incidentally, for a rectangular 

cross-section Eq. (1.4la) becomes 

(1.4lb) 

On the other hand Eq. (1.41) is more convenient to eliminate the effect 

of axial constraints. Substitution of y = 0 in Eq. ( 1.41) gives the result 

immediately for a clamped beam wi thcut axi.al constraints. For this reason the 

form of Eq. (1.41) is kept in Part I. 

It should be noticed that the effect of axial constraints appears only in 

the left hand side of the above equations for the final deformation. This ef-

. . 16 2 s 2 · 
feet can be neglected il 3( j) < < 1_ or roughly if (ii) < < 1. If there is 

no axial constraint, % is proportional to the parameter a. as we see in 

Eq. (1.41). The effect of shear, on the other hand, is associated·w:ith both 
. v 

v and 13 • The shear effect can be neglected if if < < 1. It should be kept 

in mind that we are considering pure impulsive loading and the shear effect is 
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therefore overestimated for actual loading of finite duration time. 

So far we have been referring to smalJ. v or beams strong in shear. We 

will now conb~der cases where v ~ 1. Eq. (1.19) shows that plastic regime 

B shrinks to a hinge for v a 1. The pattern of the first phase of motion 

is that two halves of the beam rotate as rigid bodies about the clamped ends 
yl 

with angular velocity T while the central mass moves downwards with ve1o-

city y
0 

(Fig. 7). This turns out to be the case for 1 < v < 3. 
=: = (For· 

v > 3, the limit moment is not reached at the ends.) The equation of motion 

for the mass is again Eq. (1.8) or Eq. (1.15); the equations of motion for 

each half beam are 

mtyi 
- = Q - R 2 0 

(1.42) 

and 

(1.43) 

Combining with the interaction relation (1.10) and the flow rule (1.11) using 

notations in Eqs. (1.13) and (1.14) we obtain 

(1.44) 

The last tenn in this equation should ·not be neg1~cted any more since 

Inequality (1.40) .is not satisfied. This is because the beam is weak in 

sh~ar ~d 1')1 att~~s an appreciable value before shear sliding stops, so 
-·. 

that now the effect of axial constraints is not negligible even in the first 

phase of motion. 

Integrating Eq. {1.44) after multiplying by 1')1, we obtain 

a •2 3 1 3 
F TJ1 + < 1 - _v-> TJ1 + 3 1TJ1 • 0 (1.45) 

225 



or 

(1.46) 

where 

2 3(3-v) 
~!! 2 (1.47) 

vy 

Setting 

and 

z = cos q>, 

the integral 

= 2 J a1 Jz 
0 

dz 

2 

(1.48) 

where K is the complete elliptic integral of the first kind with modulus 

_!_ and F(cp) is the incomplete elliptic integral of the first kind ld th 
/2 

1 
modulus [2 , amplitude cp , i.e., 
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/1-~sin2 <p 

<p 

F( cp > " f d ce 
J 

0 
j l-"tsin2 

cp 

Hence, 

~2 't = K - F ( <p) 

where 

and 

<P = am(K-a
2 
't) 

This phase of motion stops at 1; = 't when shear sliding stops or s 

' ' TJ = n. , 't being obtained from 
0 ".L s 

and 
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(1.49) 

(1.50) 

(1.51) 

(1.52) 

(1.53) 

(1.54) 

(1.55) 

(1.56) 

(1.57) 



"t 
s 

TJ ls = 1 - CiV • 

(1.58) 

(1.59) 

(1.60) 

For 't' > -r , the pattern of motion is J·ust the same as the third phase = s 
of motion in the preceding case, as shown in Fig. 6. Therefore, Eq. (1.34) 

again holds; w:i th initial condition at 't' = "t , we get 
s 

2 2 
Y 3 L 3 a ( 2 + 3P) • 2 111r + 3 1lf = 111s + 3 11 ls + 2p T)ls . 

From Eq. (1.45), 
2 

+L 3 3 a '2 
TJ1s 3 "lls = v ll:ls - ~ T)ls 

(1.61) 

(1.62) 

Substituting this into Eq. (1.61) and using Eqs. (1.58), (1.59) and (1.60), 

we obtain 

1- 3 av--r 2 3~ 2 n. + - n. 3 = -( s) + - en ( K-a 't' } 
'.if 3 '.if 2 a v v 2 s (1.63) 

(1.64) 

For later convenience Eq. (1.63) is rewritten as: 

6 2 0 3 
3 

a v- "t 2 3a1 2 - + ~(-) = --( ·s) +--- en (K-a "t ). t 3 t 2a v v 2 s (1.65) 

If the beam is so weak in shear that 

Q t < 2M 
0 0 

or v > 3, (1.66) 

then no bending defonnation takes place; the central mass moves transversely 

while the half beams suffer no deformation (Fig. B). It is or interest that 

shearing defonnation always occurs· in the case or impulsive loading whereas 
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bending deformation does not take place under certain circumstances [6]. 

Plastic regime CD of the left half beam corresponds to the line CD on 

the interaction surface in Fig. l(c). The occurrence of shear sliding at 

any position other than the center would violate the shear plasticity condi-

tion. Equation of motion (1.7) or (1.15) holds until ~ = ~f 

yielding 

av 
T) =-. of 2 

In this type of motion, of course 

Tlrf a 0 or 0 = 0 

I 
when T) • 0 

0 

(1.67) 

(1.68) 

To summarize, the final displacement ~ = T'}lfl at sections adjacent to 

the central mass is obtained tmder the condition that { < ~ as the solu­

tion of 

and 

Eq. (1.41) 

Eq. (1.65) 

Eq. (1.68) 

if v < 1; 

if 

if 3 < V• 

If we. neglect the shearing deformation altogether or for v = 0, 

Eq. (1.41) becomes 

0 y
2 

0 3 { 1 l•R t 
"'l + t<-z> =a~ 2{1+~) + log T . . {1.69) 

Furthermore, if we also neglect the,. effect of axial constraints' l" and set 

y • v • 0, we have 

0 f 1 1.!1! } 1·-= a~ 2(1+~) + log ~ . (1~70) 

6 This is the solution obtained from simple bending theory. Here at depends 

only on the mass ratio ~; as ~---oo, ~-a* • ~a. In simple bending theoty, 
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our problem is equivalent to a cantilever of length .e, mass per unit length 
m 

m and yield moment 2N
0

, with tip mass 
2
° ·subjected to initial velocity v

0
• 

Parkes first solved this problem [10 ]; Eq. (1. 70) is equivalent to his solu-

tion and the deformation of the whole beam can be obtained very easily in the 

sir.1ple bending theory (Parkes also included the present clamped beam in 

another paper on the basis of rigid-plastic simple beam theory [11 ]) • 

If the deformation attains- the value such that : = 1, the beam 
0 

reaches the state in l-vhich bending moment is zero throughout the beam and it 

behaves like a plastic string.* The flou rule states that the strain rate 

N 
vector at N = 1 lies between t'~.;o normals to the adjacent surfaces. How-

o 
ever, if we assume that the vector lies in the plane ~ = 0 or just in the 

0 

middle of those nonnals, then x = 0 or the beam extends al.ong its axis with-

out any change in curvature. This assumption corresponds to assuming that all 

fibers undergo the same axial elongation at the string stage. All points of 

the beam have the stress point S with coordinates ( 0,1,0) in Fig. l(c) and 

stay there. 

The remaining kinetic energy at the transition, "t = 'tt' is spent in 

work of· pure extension under constant axial. force N • Total work done in 
0 

the string stage is twice the integral 

No J6 d(j l2+yi) =No( /t2+62 - /t2+yli) 

Ylt 

(1.71) 

Assuming the transition occurs in . tlie. I-ast-phase of 

*This does not occur if v > 3, for which y 1 • 0. 
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motion*, Fig. 6, the remaining kinetic energy at the transition is 

m 
( ...2 + !!!!) • 2 

2 3 Ylt {1.72) 

where Ylt = {y1) Hence, by equating the remaining kinetic energy to 
. 't='tt. 

the work done we have 

I I 

where "\t: (T)1) is obtained by setting 
't='tt 

v < 1 and in Eqs. {1.55) and (1.56) if 1 < v ~3· Thus, we have for 

0 1 - >-, 
f, = y 

2 

\ ~2 rh·l- jy • 1 { 2<~;f1 • 2cf:S, • log ~!~I 1 - 1 

5 2 
{-) = t 

0 

1.4 EXAMPLES AND APPLICATION 

if v < 1 

if 1 :: v ~3 

if' 3 < v 

Examples are given for compact cross-sections with parameters: 

m 
0 0.1, 1.0, 10, 100 ~=-. - mt • 

N l 
0 ·s, 10, 15. y~ oc: 

0 

(1. 73) 

(1.74) 

*This happens generally for impulses causing defo:nnation of the order of 
beam depth, for ordinary beam dimensions and for mass ratio ~ of the order 
of one or more. 
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Note that y specifies the value of parameter v also by relation v a .l,. 
y 

6 
In Fig. 9 are drawn curves of 1 as functions of a for each combination 

of the above values of parameters. 

It is seen that both plastic shear deformation and axial constraints 

5 reduce the value of 1· The effect of the former is re1ati vely snal1 except 

for small values of the mass ratio whereas the latter causes a substantial 

reduction for finite deformations. It should be kept in mind that these exam-

ples are for compact cross-sections subjected to impulsive loading. The ef-

feet of shear deformation is larger for non-compact cross-sections and smaller 

for actual loading which has finite load magnitude with finite duration. 

Fi.gs.lO(a) and (b) show examples for application of the present problEill 

to rigid-jointed frames. The beam in the example (b) is assumed to be rigid 

compared with columns. Correspondence of the related quanti ties is also 

shown in the figures. 

Let us consider the interaction problem of a rigid-plastic simply sup-

ported beam. Suppose both ends of our clamped beam are replaced by hinged 

supports and otherwise the same (Fig. ~(a)). Noting that the force 2Q is 
0 

transmitted by shear to the beam, we see that no bending or extensional de-
,. - .3Mo , 

fonnation occurs if M
0 

> Q
0 

t or parameter v s Q t > 3 (F.i.g. ll(b)). For 
0 

v sanewhat smaller than 3, motion of the type shown in Fig. ll(c) first 
6M 

0 
occurs, which was the case for the clamped beam with v !:. Q t such that 

0 

1 < v < 3. Equations of motion for this supported beam are obtained simply - - . 

by replacing 2M in those for the clamped beam by M ; the reaction at 
- . Q 0 

the supports becomes zero when v = 1 corresponding to v • 1 in the 

clamped beam. For v smaller than one, the reaction reverses the direction 

as shown in Fig~ ll(d). ~lhen V • j, the maximum magnitude of the negative 

moment reaches limit moment at certain points between ends and the. mid-point. 
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The flow rule for a supported beam is \iritten as N 
iJ 

0 

[ 1], which would 

be obtained by replacing ~1 in the flow rule for the clamped beam by M • 
0 0 

For \i < ~ the pattern of the first phase of motion for the supported 

beam is shown in Fi~. 11( e). Tho angle of rotation of the outer rigid seg-

ments is usually small in the first phase of motion. If we neglect the motion 

of the outer segments in comparison with the motion of the inner segments for 

the first phase of motio~we again get equations of motion which are obtained 

by replacing ~10 by M
0 

in those for the clamped_ beam. Replacement of 2M 
. 0 

by M is also valid for later phases of motion. Therefore, the final defor­
. 0 

mation for the supported beam with and without axial constraints is obtained 

by replacing 2H
0 

in the foregoing results for the clamped beam by l·I
0

; the 

correspondence is as follows: 

v < 1 

l~v~3 

3 < v 3 < v 

Treatment of the type to be introduced in Part II can also be done and 

the results for the supported beam are obtained again by :replacing 2Jvi in those 
0 

for the clamped beam by M
0

• Examples for the application of the supported 

beam corresponding to Fig. lO{a) and {b) are obvious. -··· ·- --

1.5 ADDITIONAL R~~RKS 

The criterion for elastic deformation to be negligible ·requires that the 

plastic work done is sufficiently large as compared with the maximum possible strain 

energy which could be stored in the structure [12] [13 ]. The plastic work done 

equals the initial kinetic energy ·~-m v 2 less the total energy of elastic vi-o 0 

bration. In the presence of axial force and shear as well as bending moment 
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the rna.x:tmum strain energy should be calculated to maximize the possible 

elastic energy without violating a yield condition. In ordinar,y structural 

theor,y, non-zero stress components are a nor.mal stress and a shear stress, 

and in the state of plane stress two normal stresses and a shear stress. The 

von 1-lises yield criterion, for example, g1 ves the ma.x:i.mum strain energy for 

N2l N2l 
the beam length 2l, F1 and 2(1-;J.)F1 for those two cases[l4]1 where E is 

the Young's modulus and lJ. is the Poisson • s ratio; both coincide for an in­

compressible material, lJ. • !. Thus, it is necessar,y according to the cri-

terion that 

The value of shear parameter v is small f.or a compact cross-section 

except for ver,y short beams. The effect ·of shear may therefore be negligible 

unless the mass ratio ~ is small for compact cross-sections. with ordinar,y 

beam dimensions. It is sur.mised that for a large mass ratio the major por-

tion of the deformation occurs during the last phase of motion, i.e., with 

the pattern in which two halves of the beam rotate about the clamped ends. 

Hence, the deformation during earlier phases of motion may be neglected for 

beams with compact cross-section and large mass ratio • 

Suppose the two half beams begin to rotate about their ends fran the 

instant of the ilnpul.si ve loading with impulse m v (this motion has only one 
0 0 

degree of .freedan). Then equations for· b ~ 't are valid,and the final non-

dimensional deflection TJu is obtained so long as TJu ~ ~ from Eq. (1.36) 
I I 

by setting T)lh • 0 and replacing T) lh by T) li: 

T) + r.: T) 3 a Cl( 2+Ji;)) I 2 
lf 3 lf 2 ~ "lli 
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r 1 
where ~li ~ (~ 1 ) is the non-dimensional initial velocity of the mi~point 

1:•0 

due to the impulse. By equating the moment of the half of the impulse to the 

change in moment of momentum of the half beam plus half the central mass with 

respect to the clamped end, we have 

r a ...JL 
T]li 2+3~ • 

We, therefore, obtain the relation 

For example, if .~ • 10, y • 15 (hence v • ~), the right hand side of 

the above equation is only 4% larger than that of the complete solution, 

Eq. (1.41). If the deformation is larger so that the string stage is reached, 

this one degree of freedom approximation must give a result closer to that of 

the preceding sections. 

The above mode assumption makes the analysis extremely simple and m~ 

make it sufficiently tractable so as to allow us to take other important ef-

fects such as elastic vibration, strain rate sensitivity, etc., into account. 

This is attempted in Part II. 
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-JU-

II. ANALYSIS OF A STRUCTURE AS A SYS'rEt--1 OF ONE DEGREE OF FREEDOM 

2.1 ASSUMPTIONS AND FORMULATION 

We have seen in Part I that the major portion of the defo:nnati on occurs 

in the pattern such that the two halves of the berun rotate about the clamped 

ends; this is true for all compact cro3s-sections except for cases of short 

beams and small mass ratio. The anaJ.ysis was based on the assumptions of 

rigid-perfect~ plastic behavior. and pure impulsive loading. Effects of high 

strain rate, elasticity and load duration were neglected. Several investi-

gators have reported that the inclusion of a strain rate dependent yield 

stress in theoretical predictions is essential in order to obtain agreement 

with experiment for the pennanent deformation of beams and rings [11)[15]-[18]. 

Strain rate dependent analyses have been made for a number of cases of bending 

deformation [11][15]-[21]. We will now make an attempt to include the strain 

rate effect in the presence of axial force as well as bending moment by assum-

ing the above mentioned pattern of deformation. We will also take account of 

·the load duration and the elastic behavlor in an approximate· manner. 

We assume that two halves of the bca~ rotate as straicht bars about the 

clamped ends as if connected by hinges to the attached mass which is subjected 

to the transverse load P(t) (Fie. 12). TI1is neglects the deformation due 

to ::;hoar and the existence of finite plastic zones~t- ~··· On this mode assumption, 

the mass of the half beams appears in the analysis just as an addition to the 

2 central mass m
0 

by amount 3 m l. This j_s clear when we consider the angular 

mo~nentum of the half beam plus half the central mass ld th respect to a support 

(see Appendix 2( a)) • Hence, we can regard the modified central mass. 

--------------·-----------------
-4:-Accordin~ to riGid-plastic simple beam theory, finite zones do not occur 

Pi anc th~s one degree of frP.edom type deforma:liion takes place i:C 1 ~ ~l ~ 

3 ( 1 + ~) (see AJ >peu dix 2 ( a) ) • 0 

rn<-
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Fig. 16 Initiation of string stage 
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2 It 
ml = mo +) m.., (2.1) 

as supported by a maGsless l>eatn of length 2 c, and as displaced 'tu an amol.ll'lt y 

due to the load P. ThiG problem is equivalent to the one degree of freedom 

model H:i th non-l:i.near rate dependent behavior as zhown in Fig. 13. A resist-

ing force F in the model corresponds in our structure to the vertical compo-

nent (opposite to the direction of loading) of the force exerted on the mass 

by the beam and hence F is equal to t"tdce the shear of the beam at the adja-

cent points; F is dependent on the rate of displacement t as well as the 

displaca~ent y. Thus, 0ur problem reduces to solving the ordinar,y differen-

tial equation 

(2.2) 

It is assumed that the beam is composed of ductile material having 

elastic visco-plastic behavior with no strain-hardening, that_ the effect of 

shear stresses is negligible, and that the beam is so supported that lateral 

buckling or any other failure due to instability is prevented. 

We 1v.ill hereafter restrict ourselves to rectangular cross-sections only. 

2.2 RESISTING FORCE 

(1) Elastic range 

On the basis of one degree of freedom mode assumption, it is permis-

sible to fin:l the resisting force from equilibrium consideration of each half 

beam. Neglecting both inertia and extensional deformation*, the shear at the 

end of a beam td th length l with infinitesimal transverse r~Jative dL~"l:elll:!nt 

y and zero slope angle at both ends is 

*The effect of axial constraints in elastic range is estimated in Appendix 1. 
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where EI is the flexural rieidi ty, and ~ and Q
1 

are the mab'Il.i tudes of 

the moment and the shear at the ends, respectively. Hence, 

F = 2Q a 
24EI Y (2.4) 

1 l3 

This relation holds until y reaches the elastic limit displacement 

y e' which we take to correspond to reaching the full. plastic moment 11
0 

and 

hence, 

(2.5} 

The plastic component 5 of the displacement y is obtained by 

subtracting the elastic recovery y er from the maxi..mwn displacement. Yer 

is the elastic limit displacement of a rigid frame with two inclined straight 

members as in Fig. 12. If we again consider only bending defomation, the 

difference between y and y arises only from the difference in the length er e 

of each straight member and its horizontal projection. Hence we can approximate 

(2.6) 

when elastic deformation itself is a small fraction of the total deformation. 

(2) Interaction stage 

As the deformation develops, the .full plastic condition is first 

reached at the end points and points adjacent to the central mass. Axi.a1 

forces arising from the constraints against axial motion of the ends may not 

be ignored in the plastic range due to finite defiectian. 

During an impact test, the strain rate is not unifonn with time and 

wi. th space and a complete inclusion of stress-strain rate rel~ti.ons in the 

analysis is extremely difficult owing to the complexity of the governing aqua-

tiona. 

In the interaction problem of bending and e?Ctension, it might be 
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pennissible to make the common asSUJTJPtion that plane sections ranain plane, 

and in this wa:y to relate the dynamic bending moment and axial force to the 

curvature rate and extensional strain rate. However, this approach leads to 

cumbersome relations between the four quanti. ties, and the analysis is in tract-

able. Another possible starting point might be to assume that the static 

interaction relation for full plasticity keeps its form relating the result-

ant stresses M and N in dynamic action to dynamic yield resultant stres-

ses in pure bending and pure tension, M and N , i.e., 
y y 

where 

and 

M N 2 
1 ~ 1 + <r> :a 1 c2. 1> 

y y 

1 h2 M a 40 b , y y N = o bh y y (2.8) 

o is the dynamic yield stress in pure tension to be determined frau y 

the extensional strain rate t • 

Alternatively, if we assume that plastic strains occur unifo~ in 

triangular regions* as in Fig. 14(a), then a uniform stress distribution in 

both tension and canpression sides follows and so does the interaction rela-

tion, Eq. (2.7 )., On the basis of the mode assumption there is an angular rota­

tion Cal of each rigid segment, with point 0 on the neutral axis indicating 

the axis of rotation (Fig. 1.4(b)). Velocity fields are assumed in the triangu­

lar regions so as to match this relative rotation. The figures show the sec-
.. 

tion of the plastic hinge perpendicular to the axis of rotation. The assumed 

plastic region is composed of two isoceles right triangles, OHM and. ONP, 

the larger one on the tension side. The region OPQR is taken as rigid; 0 

* This idea was first suggested by the upper batmd theorem of limit analysis 
and the slip line field for a cantilever presented by Onat and Shield [22], 
and encouraged by the appearance of defonned aluminum specimens (see Flg. 26) 
during the experiment. 

245 



is the trace of the axis of rotation. The extensional strain rate ! of a 

horizontal element in tension side at distance d from the neutral axis is 

obtained as the ratio of the relative velocity component ood in the horizon­

tal direction to the length 2d to_ be ~· Similarly in compression side £ 

is_ - ~· These unifonn extensional strain rates provide uirl.form dynamic stres­

ses. If we adopt a constitutive relation for strain rate sensitive material 

of type 

.a p 
~ = n(:..Z - 1) 

ao 
(2.9) 

then the dynamic yield stress o is obtained from 
y 

a p 
!e = n(..Z - 1) 
2 0 

0 

where D and p are material constants. 

The above assumption of uniform strain rate has, however, so.me 

(2.10) 

theoretical defects. First, the stress is not continuous across the rigid-

plastic interfaces, i.e., the stress in the plastic region has a magnitude 

larger than the static limit stress a while that in the rigid segments 
0 

carmot exceEd 0 • 
0 

This requires discontinuities in both shear stress paral-

lel to the interface and normal stress perpendicular to the interface. Second, 

the inertia of the plastic regions must be ignored in assuming fields of md-. 

form stress. Third, from the standpoint of the quasi-static slip line theory 

in plane strain, the above assumption is equivalent to the unifonn slip line 

field of Fig. 1.5 and this cannot transmit any shear*. 

Despite these theoretical defects, _we shall use the assumption 

because of its simplicity. We note that the assumption gives the relation 

(2.11) 

*Gillis applies a similar slip line field independently for the pure bending 
deformation of a cantilever beam with a tip mass subjected to dynamic loading 
and discusses difficulties of the assumption from slip line theory [23] • 
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On this a~;su .. :ption we regard the small rit ;id rP,gion between a support and the 

adjacent plastic reeion as belonging to the Support rather than being a part 

of the beam (and also the rngion between the central boss m:i the adjacent 

plastic region as belonging to the boss). It may be appropriate to use an 

approximate effective length of the half beam asf 

l = L- h {2.12) 

where L is the real length between the su~port and the central boss. We 

use this value as the half beam lencth throuGhout the analysis in Part II. 

The shear at the ends _of the massless half beam is 

The axial force N
1 

and the bending moment ~ of the plastic hinges must 

satisfy the plasticity condition Eq. (2.7) or 

~ N 2 
Ir' + <J> = 1 (2.11) 

y y 

and the normality condition 

N1 NyY' N
0
y 

rr=m:=~ y y 0 

Using Eqs. (2.13), (2.11) and (2.15), we obtain 

- LH ·uy 2 

F = 2Q1 = r { 1 + <~> t . 
0 

From Eqs. (2.10), (2.11) and (2.~6), and the relation 

1 . 

laM • PJ N y 
2 

F = l 
0 

{ 1 + ( ~) { 1 + ( fii~ ) } . 
0 

(2.15) 

(2.16) 

we find 

{ 2.17) 

As deformation develops the neutral axis at the extensible hinge 

approaches the extreme fiber of the beam and finally the entire cross-section 
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u
1 

Ny Ny 
is subjected to tensile stress, with N = OC' = 1 as in Fig. 16 <i:" = 1 

y 0 0 

implies y c h). Hence~ Eq. (2.17) holds only for 

(3) String stage 

N y 
0 

tM:" ~1. 
0 

11 . 
oY 

The axial force N1 = NY for deformation such that ~ ~ 1, 

(2.18) 

N 
y 

depending upon the rate of extensional strain. On our assumption, plastic 

defonnation has been concentrated in hinges so far. At the initiation of 

the string stage, extensional strain of the beam axis is concentrated 1-r:i.thin 

the length h (see Fig. 16). As the defonnation develops and the beam is 

stretched, this plastic regime may increase in length. Let the length of a 

plastic regime in the string stage be s. Then the strain increment is 

( 2.19) 

Notice that s = h = y at the initiation of the string stage. Considering 

that s increases as y does, we make the drastic assumption 

5 ; y (2.20) 

until the plastic regimes extend to the whole beam. This assumption may be 

permissible because of weak dependence of qynamic yield stresses on strain-

I 2 2 -rate. To this accuracy, we approximate v l +y = 1,. 

tion of strain rate, we use 

A=i 2l . 

Thus, for the estima-

(2.21) 

Note that the above ad hoc assumption gives a continuous transition for the 

strain rate ~ of the beam axis and that pure extension or ft = 0 is per-

mitted by the flow rule. Thus, Eqs. (2.9) (2.11) and (2.21) give 
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1 
• p 

Nl = NY = No l 1 + ( 2ht) } . (2.22) 

The plastic rer,irnes extend over the whole beam length when 2s • l 

or t ; ~ accordinc to Eq. ( 2.20). Deformation beyond this point is o£ less 

interest because most Gtructural netals would fracture before reaching this 

large a deformation (note that large strains occur in small regions). 

The resisting force F equals twice the vertical component of the 

~\ial force and hence 
1 

F = 2N I 1 + (i)p f y 
0 I 2Dl /r--2--2 

I, + y . 

(2.23) 

Formulas, E q s. (2.17) and (2.23) for the resisting force do not 

apply for the unloading condition or for y ~ 0. 

2.3 SOLUTION 

We now solve Eq. (2.2) in which F is given for y ~ 0 by 

l 
J 

F • 

l 
Ny Uy 

if 0 < o < o e 
=·~ ~ 

N y N y 
if ~~w(- ~1 

0 0 

Uoy 
if 1 < m::-

0 

(2.24). 

is the elastic parameter given from Eq. (2.5) as where 
Noye 

w:c-
0 

Noy 
It is convenient to use W 

0 

The final plastic displacement 

7, as m 

N y Ii t 2 
o e o 
~=24EI• 

(2.2.5) 

ll y 
for a nondimensional displacement (&~ • f>. 

0 

6 is obtained from the maximum displacement 
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ti 6 N y 
'' o m wr=wr-

o .o 

N y N y N y 
o •jr N o m o e 
Lll = tTI:--~ 

0 0 0 

(2.26) 

Let us consider rectangular pulse loading with magni rude P0 , duration 

time T starting at t = 0: 

P ( t) = P 
0 

{ H ( t) - II ( t-T ) t 

where H ( t) is Heavi.side 1 s unit step function. P 
0 

is large and T is 

small but hoth are finite e ~ve assure that T is so small th? t the load 

(2.27) 

application is completed before the elastic limit displacement 
p I, 

is reached. 

We introduce two nondimensional loading parameters 4k 
0 

N 5* 
and 

0 

W\ 
instead of P 

0 
and T. The fonner is related to the magnitude of the load 

* and the latter to the total impulse. 5 is the final plastic displacement 

obtained from the rigid-plastic simple bending theory based on the one degree 

of freedom mode in case the impulse P 
0
T is applied impulsively; this is 

(P T) 2 
obtained by equating the initial kinetic energy 2° to the plastic 

~ ~ ml 
0 

work done to be 

(2.28) 

p t 
Para~eter. ~ is the ratio of the load magnitude to the plastic collapse 

L.JL•! o N tf * 
load for the clamped beam. It is noted that 'd[- = ~. 

* 0 We define energy ratio R to be the ratio of the plastic work done 

* for the displacement 6 under constant limit resisting force Fe to the 

maximum elastic energy 

Fa* 
R* = e 

'""'X~F-y-
2 e e y . 

e 
(2.29) 

be the times at which the elastic limit dis-

pl~cement, string stage and maximum displacement are reached, respectively, 

under condition that y > 0. 
-= 
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Solution of Eqs. ( 2 .2), {2.24) and (2. 21) for 0 < t < T is 

N
0
y P t N y 

rq- • .g.. ~ (1-cos A .!!) 
41·1

0 
wvi

0 
LM

0 
T 

and for T < t < t is 
= == e 

- c: 

Ny 
0 

Li\ 
P l N y • 2 o o e 

~~ 
sin ~·· cos { A <i -1) - v f 

where 

A = T J 211EI 
4M H LM JR* 0 - 0 =- --

- m t 3 p l p j, 

1 0 e 0 

tan sin A 1 
'I' = 1 A = cot 2 . -cos 

The condition (y) < y requires 
t=T = e 

p l 
0 (1-cos A) < 1 
~ e: 

If the condition 

(2.)0} 

(2.)1)-

(2.32) 

(2.33) 

(2.34) 

p t 
2 .g.. sin A.> 1 (2.)5) 

4&·1_ 2 
0 

is satisfied, plastic deformation takes place. Introducing the nondimen-

sional velocity 

u :a 
e - (u)t=t 

e 
is obtai ned from 

The solution for t e ~ t ~ tt is obtained from 

( ) Noy 1 Noy)3 ( ) N oye l(Noye )3 
J u + ~ + 3(~ • J ue + ~ + j ~ 
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{2.)6) 

{2.37) 

(2.38) 



where 

J(u) : Ju xdx 
0 1 ' 

l+kx p 

1 
2H p 

k : ( 0 ) 

DlfN
0
m

1
t 

(2.39) 

W11en p is an integer, the integral J(u) can be easily evaluated by the 
1 

substitution of xP by another variable of integration. 

The maximum displacement Ym is obtained from Eq. (2.38) by setting 

u = 0 as 

N y l N v 3 om o"'m 
J~-i + 3<m:-> = 

0 0 

I~ y 
so long as Li~ m ~ 1 or 

0 

N y N ~ 3 t. 

J ( Ue) + 0 e + lc 0 e ) < !! rn- 3rar- =J· 
0 0 

(2.40) 

(2.41) 

If Inequality (2.41) is not satisfied, then the string stage is reached 

and u takes the value ut at t = tt given by 

Noye 1 Noye 3 4 
J(ut) = J(ue) + w:r=- + 3<wr> - 3. 

0 0 

The s elution for tt ~ t ~ tm is obtained from 

LN 
! N ~ J(u) + 

Nt2 Ny2 LH j Nt2 
<w~o> + <w\> = ~ uo~ J(ut) + <LIMo> + 1 

0 

and ym is obtained from 

N oY m 2 f 1 LMo , 
(~) = . 2 N l J(ut) + 

0 0 

Nl2 2 tlt2 
<OC> + 1 l - <Iii~ > 

0 0 

· so long as 
N y N t 

1 < om<l o 
= ~ = 2IiM:" o o· 

Not t 
It should be recalled that OC = y = ·ii• 

0 

For a strain-rate insensitive material, k = 0 and 

252 

(2.42} 

(4.h4) 

(4.45} 



(2.46) 

For the clamped heam without axial constraints, by omitting. the cubic 

terms in Eq. {2.40) we have 

(2.47) 

p l 
For impulsive loading, taking the limit d}-- ro in Eq. (2.37) we obtain 

... 0 
N 6.,~ N N 

2 a aYe aYe * 
ue = 2 'Iji:1 - w.1 = w.I (R -1). (2.48} 

0 0 0 

For a strain-rate insensitive beam.'wi thout axial constraints under 

impulsive loading, from Eqs. (2.46), (2.47) and (2.48), we have 

N y· N y u2 N o* N N o m a e e o 1 oye 1 oye * ) w:r- - m- = 2 = w:1 - 2 LH = 2 w:1 (R -1 
0 0 0 0 0 

(2.49) 

For a rigid-perfectly plastic fUlly clamped beam subjected to impulsive 

loading 

y = k = o, e 

and Eq. (2.40) becomes 

N 5 N 53 N 5* 
0 1( 0 ) 0 -+-- =wr 

LMo 3 4Mo o 

This is equivalent to the last equation of Fart I because 

2.4 EXAMPLE 

No* 
0 

m; 

N f: 

= 9a~r 
2( 2+3p) • 

p ' If input parameter ~ = 2, 
N L+l''o 

load magnitude parameter ~ • 10, 
0 

(2.50) 

(2.51) 

aYe NaY 1 
elastic parameter w:r- = 4M er = ~, strain rate parameter k = 1 and the 

0 0 
power p = 5, then from Eq. (2.32) 
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LMO 
>.. =­' p j, 

0 

No* 4H 
2 ~NO a-0.447. 

0 0~ 

Condition (2.34) is satisfied because 

p l 
41~ (1-cos A) : O. 983 < 1. 

0 

Eq. (2.37) gives 

or 

2 Ny --pt A.2 } 
ue = £M e { (2 d[ sin '2) - 1 = 3. 74 

0 0 

u = 1.93. e 

From Eq. (2. 39) 

From Eq. (2. 40) 

Ny Ny 3 Ny Ny 3 
,..g._!!! + !(~) = JfnJ + ~ + !(~) - 1.103. 
~~o 3 ~~o uno 3 o 

Hence, 

N&m 8 8 = o. 7 < 1. 
4ir 

0 

Therefore, ·Eq. (2.26) gives 

N6 Ny: Ny 
o • . o m _ o e = o. 678. 

~~~ 
If we neglect the effect of axial constraint, Eq. (2.47) gives 

N
0
5 
~ = J(uJ = 0.900. 
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If the strain rate effect is neglected, from Eo. (2.46) 

2 
u 

J(u ) = ~ = 1.86. 
e 2 

Since it is clear that 

string stage is considered to be reached and another 
N t - 0 

needed. We take, say, ~ = 10. Eq. (2.42) gives 
. 0 

. · N oy e 1 N oYe 3 4 
J(ut) = J(u8 ) + ~ + -(r.;:r-) -- = 0.73. 

0 3 ~·.1.0 3 

Hence, Eq. (2.4h) gives 

N Y. 2 { ( om) = 
~ 

0 

or 

Thus, we have 
N 5 

0 = 1.12. 
~ 

N l 
0 

parameter OC 
0 

is 

If we neglect the effects of axial constraint and strain rate, from 

Eqs. (2.46) and (2.47) we have 

No 
0 = J ( ue) = 1. 86 • 
~ 
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III. EXPERIMENTAL STUDY 

3.1 DESCRifTION OF THE EXfERIMENT 

(1) Scope of the tests 

The test program employed clamped beams of rectangular cross-se~tion, 

with and wi 1hout axial constraint, with a boss at the center. Tests were made 
m Nf 

with "the mass ratio p ~m~ = 10 and the length ratio y: ~ = 15. A total 
0 

of thirty specimens of aluminum alloy 6061-T6 and hot rolled mild steel 1020 

were tested and compared with the theories developed. 

(2) General arrangerrent 

The schema tic diagram Fig. 17 shows the general arrangement of the 

experiment. · A specimen was held on a ballistic pendulum. through a specimen 

holder which was designed to obtain the desired boundary conditions. The pen-

dulumserved as a means ofneasuri.ng the applied impulse, and was assumed to be 

a simple ~endulum. The load, produced by detonating an electric blasting cap, 

is assumed to be impulsively applied to the specimen and the pendulum. It is 

treated as a pure impulse, neglecting the deformation time in comparison with 

the natural period of the pendulum. The impulse was calculated from the 

measured values of the amplitude, period and weight of the pendulum. 

(3) Equipnent 

Fig. 18 shows the specimen holder. A fully clamped end condition 

was produced by means of serrated sur faces which were made or· on-hardened 

tool steel. For the constraint against rotation but not axial motion, the 

serrated surfaces were covered b,y two steel blocks at each support, and ter-

lon sheets were placed between the specimen and the steel blocks in order to 

permi. t tree axial motion. The upper part of the specimen holder had a hole . 

through which a blasting cap and its container were mounted at the center of 

the central boss of the specimen, arxl this was held on the lower part by-
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SPECIMEN 

IMPULSE 

SPECIMEN 
HOLDER 

T. 
I 

. 
~ 

·· 1-i feet -

HOT ,WIRE 

" HEAT SENSITIVE PAPER 

Fig. 17 Schematic diagram 
for ballistic 
pendulum 

~--~----~--~--~----~_1_ 
~--~--~--~----~--~1 b ~ 

(o) FULLY CLA~:?ED ENDS 

~~n 
·!· 

I ~~~J 
L- SPECIMEN 

I BEAM PENDULUM 

Fig. 18 Specimen holder 

r-------~--~--------~_j 

~------~--~~------~' b f 

(b) CLAMPED ENDS· WITHOUT AXIAL CONSTRAINT 

Fig. 19 Specimens 
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eight holts. 

The amplitude of the pendulum swing was recorded by means of an 

attached hot wire passing over stationary heat sensitive paper. 

{4) Specimen and mnterial properties 

The shape of specimens is shown in Fig. 19. The beam specimen, 

ends, and the central mass were machined from a single block of metal, in 

order to have the desired end conditions, continuity, and mass ~atio. The 

hlock was taken from plate stock so that the beam axis lay in the direc-

tion of rolling. There was no heat treatment. It is asswned that the size 

· of the central mass does not affect the defonna tion so long as it can be 

taken as rigid and does not rotate. For beams without axial constraint the 

beam parts of the specinen were extended towards both supports and for fully 

constrained beams the supported parts were nBde much thicker than the beam 

parts so. that the deformation at the supports would be negligible in com-

parison with "that in 1:he beam sections. 

The beam depth was chosenas h = 0.110 inch. Other dimensions of 

the specimen were chosen to give the length ratio y = 15 and the mass ratio 

~ = 10. The actual half beam length L was made larger than the effective 

length /, by an amount equal to the beam depth h. The width of the beam 

was varied from 0.470 inch to 1.000 inch to obtain a suitable range of the 

N * 06 
input parameter <wr- a 2l.la). 

0 

Standard i inch round tension test specimens (0.505 inch diameter) 

were taken from four corners of the plate stock (for both the 6061-T6 alu­

minum alloy and the mild steel). Stress-strain curves obtained in the 

tension test are shown in Figs. 20 and 21. These were recorded by Riehle 

testing machine. The aluminum alloy appears to have characteristics close 

to elastic-perfectly plastic· material in the static test, wherea~ the mild 

steel shows appreciable strain-hardening. Average values of yield stresses 
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6 8 10 12 14 16 

Fig. 20 Stress-strain curve for 6061-T6 aluminum alloy 

0 
Cl s 

4 6 8 10 12 16 

Fig. 21 Stress-strain curve for 1020 mild steel 

DEFLECTION 

STATIC LOAD~ DEFLECTION RELATION FOR CLAMPED BEAM 
OF MILO STEEL 

Fig. 22 
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RELATION FOR FULLY 
CLAMPED BEAM OF 
MILO STEEL 

Fig. 23 



are listed in Table 2. In FiGs. 22 and 23 are shown load-deflection relations 

in static tests for beams with and without axial constraint of mild steel 

for comparison with the dynamic test results. We see in Fie. 23 the transi-

tian behavior from elastic bending toward s~ring stag~~ No difference in 

the shape of deformation was observed between static and dynamic tests. 

Table 2. PropPrties and Classification of Specimens 

( 1) Common properties for 6061-T6 aluminum alloy specimens 

E a 10.25 X 106 lb/in2 

a
0 

a 46,550 lb/in2 

density =0.0984 lb/l.n3 

Ny y a .2 o e e 1 o l 
~ = "h = ~ y(h') • o.509 

0 

(2) Common properties for 1020 mild steel specimens 

E = 30.1 X 106 lb/in2 

a = 39,100 lb/in2 
0 

density = 0.283 lb/in3 

Noye w:r a 0.149 
0 

( 3) Classification of epecimens 

{ 
Fully clamped beam 

Clamped beam 
Aluminum alloy 

. • 

. . ~ a 10 

y = lS I. { 
Fully clamped beam. : 

tfild steel 
Clamped beam . . 
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(5) Loading 

Dupont Instantaneous Electric Blasting Caps, type E-JB and E 77, 

were used in order to get the desired impulse for various specimen widths. 

Attention was paid to the possihility that some of the impulse 

caught by the pendulum directly reaches the specimen holder or the pendulum 

without being applied to the specimen. In order to avoid this possibility, 

a blasting cap was held by an aluminum cylinder (container) which was cemen-

1 ted on the central boss and then a small plug (pellet) of some ~ inch length 

lv.ith the diameter of the blasting cap was placed in the hole between the 

blasting cap and the boss. The lightest cylinder which would not break on 

explosion was used. It was hoped that this device would give a concentrated 

load on the central boss. The aluminum cylinder and the plug detached in-

stant~ on explosion from the specimen and hence it was believed that they 

did not affect the mass of the specimen. 

The measurement of the load-time relation was not attempted. The 

applied impulse was calculated from the relation for a simple pendulum: 

21fWa 
0 

I=-~-
gTo 

where W is the weight of the pendulum (including the specimen and its 

holder), a
0 

the amplitude (determined at each test) and T the period of 
0 

the pendulum. The amplitude a of an undamped pendulum was determined by 
0 

extrapolation from measurement of the amplitude of several swings. In our 

tests the following values were used: T • 3.37 sec., W • 32.1 to 33.4 lbs • . o 

and 2a0 = 2.03 to 11.69 in. 
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(6) Deflection measurenent 

The specimen was taken off the holder after testing and placed on 

a surface plate. The relative displacement at the distance of the effective 

length was measured for each half beam by a dial gage mounted on a height 

gage, which was placed on the surface plate. The average value of the rela-

tive displacement between both halves was taken as the plastic deflection 

5. 

3.2 RESULrS AND DISCUSSION 

Figs. 24, 25, 26(a) and 26(b) show t.ypical shapes of the specimens after 

tests. The beam parts of the specimen have remained essentially straight 

except for small regions adjacent to the supports and the central boss. 

* Figs. 26(a) and (b) show clearly how the deformation is concentrated at 

those regions, ltlich seem to have a· triangular shape as assumed in Part II. 

Someuhat larger and less dis tinct defonm. ti.on regions were observed in miJ.d 

steel {see Fig. 25). 

Test results are listed in ·Table 3 and are compared with the theoretical. 

predictions in Pigs. 27 and 28 using the dimensionless parameters introduced 

in Part II. Solid curves are drawn from the theory in Part II and dotted 

curves in Part I. As for the strain rate effect, the constitutive equations 

of Bodner and Symonds [16][17] 

* These specimen have values: ~ = 1.0 and y = 5; this· series of tests 
~as originallY planned but the loading impulse was not measured successfUlly 
becalse of small central boss. Fbr this amount bf deforrm tion, the string 
stage is not yet reached (5 < h). 
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Fig. 24 Aluminum specimen of fully clamped 

beam after test 

Fig. 25 Specimens after test; 

mild steel(above) and 

aluminum(below) 
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(0) 

(b) 

Fig. 26 Deformation pattern of 

aluminum specimens 
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i. • 6500 (
0 
Y- 1)4 

a 
0 

t = uo.4 <';t. - 1)
5 

0 

for 6061-T6 aluminum alloy 

for mild steel 

were used where l is extersion~l s train-ra tR in sec -r In this calculation, 

the load was taken as impulsive. The effect of load shape is found to be 

small when elastic effect is taken acrount (see Appendix 2(b)). 

Most significant consequence is that considerable effects of axial 

constraint are observed both in theory and experiment. In general, experi-

mental results agree quite well for the permanent deformation with the theo-

retical predictions in Part II which takes account of the strain-rate and 

elastic effects. A satisfactory agreement is seen for the aluminum speci-

mens (Hg. 27). For the mild steel specimens the experimental results .for 

the fully clamped beams lie consistently a little below the theoretical 

curve. The reason for this nay be that the de.fonnation is not localized in 

mild steel as much as in al~num alloy (so that the assun:ption of concen­

trated plastic regions or one degree o.f freedom mode is less appropriate ,fQr · 

mild steel) and also that the strain-hardening is neglected in the theory. 

Apparently rigid -plastic theory may well be used as a first approrlma~ 

tion for large deformations. (Rigid plastic theor.y will improve when load 

shape is ~aken into accrunt, see Appendix 2(a) .) 
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Tnble 3. Experimental Results 

h I, b I 6- No* No * Number 0 t 0 0 R* = ~ 
in. in. in. lb. sec. in. 4M":- = h wr = 'h Ye 0 0 

Al-l O.llO 1.650 l.ODO 0.394 0.138 L.18 1.26 16.4 

2 " II o.L70 0.218 0.184 5.76 1.67 22.6 

3 " It 0.740 0.)70 0.184 6.23 1.68 24.5 

4 tt It 1.000 0.516 0.201 7.20 1.83 28.3 

5 tt It O.h70 0.273 0.230 9.10 2.o8 35.1 

6 II " 0. 740 o.h63 0.264 10.6 2.40 ' 41.4 

7 ,, 
" 0.610 0.423 0.301 12.9 2.93 ,$o'.8 

8 It " 0.610 O.l~L.4 0.)13 14 . .) 2.84 5.5.9 

9 II tt ').530 0.425 0.341 17.3 3-ll 67.9 

A2-1 II tt 0.740 0.164 0.031 1.31 0.28 5.1 

2 " It l.O:JO 0.284 0.116 2.11 1.o6 8.3 

3 It tt 0.740 0.252 0.202 ).10 1.85 12.2 

4 It n 1.000 0.356 0.202 3.40 1.84 13.4 

5 It II 0.610 0.2)1 0.261 3.84 2.37 15.1 

6 tt II 0.740 0.280 0.234 3.84 2.13 15.1 

7 II " 0.470 0.203 0.333 5.38 ).03 21.1 

S1-1 tl It 0.810 0.408 0.011 2.78 0.700 37.3 

2 II II 0.661 0.339 o.oso 2.87 0.727 )8.5 

3 n " 1.150 0.646 0.103 3.45 0.938 46.) 

4 It It 0.610 0.460 0.150 6.22 1.36 83.5 

5 n " 0.929 0.964 0.212 11.8 2.02 158' 

6 " II 0.808 0.980 0.263 16.0 2.41 215 

7 It It 0.710 0~913 0.279 18.2 . 2.54 . 244 

8 .. II 0.660 0.920 0._299 21.3 2.72. 286 

9 n It 0.568 0.~64 0.313 25.3 2,85 340 

S2-l It It 1.150 0.697 0.200 4.03 1.82 54.8 

2 n " 0.810 0.603 0.464 6.o8 4.22. 81·7· 

3 II " 0.812 0.641 0.49& 6.83 4.53 91.7 

4 II It 0.719 0.612 0.565 1-93 5.13 '106 

5 It II 0.660 0.626 0.580 9.83 5-27. 132 
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CONCLUSIONS 

It has been found both in theory anrl experiment that the permanent 

cteforw~tion is considerably reduced b,y the constraints aeainst axial dis­

placement for beams subjected to large rynamic loadine or loads such that 

the deflection is an appreciable fraction of the beam depth. ~ihen the de­

flection is of the order of beam thickness or greater, the treatment as a 

beam becomes unrealistic and deformations are primarily governed by axial 

forces as pointed out by Symonds and Mentel [1]. How0ver, shear effects are 

small for beams of compact cross-section with ordinary heam dimens~ons,un­

less the mass ratio is small. Shear effects hecore larger for short beams, 

noncompact sections (e.g., !-section, wide flange or box beams) subjected 

to impulsive loading. 

The one degree of freedom mode assumption facilitaws including the 

effects of elasticity, strain rate and load pulse in the analysis. The con­

cept of plastic hinge or extensible plastic hinge appears to be applicable 

for dynamic behavior of structures. The simple estimate of strain-rate 

effects based on this concept was reasonably well confirned by the experi­

ment, the closest agreement being found for aluminum alloy 6061-T6. 

The simple rigid-plastic analysis overestimates the deformation,but 

serves as a first approximation for large defonnations. Consideration of 

load duration seems to improve the simple rigid-plastic theory. 

The effects of load pulse or the .finiteness of the load magnitude and 

duration become smaller when elastic vibration is taken account so that the 

asswmption of impulsive loading becomes better when the elastic effect is 

considered, even if the elastic effect itself is small. 
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NOTES 

The work presented in this chapter has been followed by not a few 

investigations into the dynamic plastic behavior of beams with the 

stretching effect taken into account. ~aving recourse to numerical 

scheme or approximation on the basis of bounding procedures or of 

mode assumptions, analyses have resulted invariably in the importance 

of the favourable effect due to the axial constraints for deflections 

of the order of beam thickness. It is to be noted, however, by way 

of causion for design rurposes that a remarkably small axial displace­

ment at the supports can change the response from that of·an axially 

restrained beam, with considerable reserve strengthening beyond the 

plastic limit load for moderate lateral deflections, to that of a 

freely supported beam with no increase in strength beyond the limit 

load, which is derived in a static analysis [24]. 

Experi~ents were also conducted, utilizing the gripping device 

with serrated surfaces which the author of this treatise had designed 

as described herein. It is reported that this device ensures a fully 

clamped end condition with axial constraints for specirr.ens [25 J. 
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APPENDIX 1. Effect of Axial Constraints in Elastic Range 

In the analysis of Part II, we have di~regarded the extensional deforma-

tion for the elastic range, and approximated the resisting force as 

LH 
F = 2Q = __! = 2l1Eiy 

1 /, t3 

and the elastic limit displacement as 

1-1 /,2 
y = 0 

. e 6EI .• 

(A.l) 

(A.2} 

This was based on the infinitesimal bending theory of a massless clamped 

beam with length t subjected to transverse relative movement y. However, 

the presence of axial constraints modifies both F and Ye for finite de­

flection. We will now estimate the effect af axial constraints on these 

quanti ties. The resisting force Fe for a fully clamped beam is (Fl.g. 29) 

(A.3) 

The infinitesiw~l deflection v at distance x from the fixed end is 

2 
v = y(~) {3-2 ~). (A.4) 

l /, 

The rragnitude 1\ of the bending moment at the ends of the beam is 

M._ 6Eiy 
-~ - 2 /, . 

N
1 

is taken to be the average axial force, i.e., 

. N • AEe 
1 av 

where t is the average axial strain and taken as av 

Q 

1 I d 2 3 2 
tav • t i(~) dx = s<i>. 

0 
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Hence, the ratio of the r0n"i.sti.nG forcr.s 

Here, the relation 

Fe 
- = 1 + F 

2 
I= Ah 

12 
is used. 

(A.B) 

The elastic· linrlt yc is taken approximately as corresponding to full . e 

plasticity for the fully clamped beam, and is obtained as the deflection 

which satisfies the relation 

Noting that 

c 
·Y 

the ratio e 
Ye 

H TI 2 

Nl + {~~ 1) a 1 
0 0 

Y e = i ao(_:) 2 
h E h • 

of the elastic l:ilnit deflections is obtained from 

c 2 c 2 2 

'Ye • ~ • 1 _ (N1) = 1 _ f ~.!!./e) } 
y e Mo No llO Y e h -

(A.9) 

(A.lO) 

(A.ll) 

If we aporoximate ~ ; y in the· extreme right-hand side of Eq. {A.ll), we 
e e 

have 

(A.l2) 

Let pC and F be elastic limit resisting forces for cases with and 
e e 

without axial constraints, re-spectively. The maximum elastic work or strain 

energy for the latter is ~re = -! FeYe, at"ld for the former is W~ : iF~y:; 

the ratio 

we c 2 2 Y 2 

we • f 1 +~(~e)}{ 1- <{o ~e)\ ;l 1- !C ;> . 
e 

For example, if y • ~, 
e 

c 
<Fc<Fe- _J_ 

1 • r · r · 1 • 2o' e 
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and 
we 

1 e!! 1 --- rr· w e 

Thus, we see that 

~ 
... F, yC a y , we ; w (A.l4) • 

e e e e 

with an error of less than 15 per cent. Thus the effect of axial constraints 

can be neglected in the elastic ranp;e when the elastic defonnation ts a small 

fraction of the plastic. 

p 

~tN,JY N,-{t~~~, 
o, o,, o, 

Fig. 29 

I 
t 

APPENDIX 2. Effects of Load Duration and Elastic Vibration 

In Part I, the load was assumed to be impulsive. A pure impulsive load 

is an idealization of a load with larGe magnitude applied for a short time 

duration and of course no actual load is strictly impulsive. It is worth 

while to consider how the load shape affects the permanent deformation of 

the beam for the same total impulse. We will first consider rigid-perfectly 

plastic beams with and without axial constraints and then include the elastic 

effect in an approximate manner for the beam without axial constraint, based 

upon the one degree of freedotn mode assumption. We neglect strain-rate ef-

fects and shear deformation. 

275 



(a) Rigid-perfectly plastic beams 

We assume the pattern of motion as shown in Fig. 6 under load 

P( t). We consider only small deformation so that the string stage is not 

reached. An equation corresponding to Eq. (2.2) can be readily obtained by 

modifying Eq. (1.34). We write the displacement of the central mass as y. 

The equations of motion 

and 

combine to give 

(m +mt)y = P - 2R 
0 

~ ~ =- 2M A + Ny - R 1 

(m
0 
+~ mt)y = P - i(2l-IA +Ny). 

The interaction relation 
2 

<:--> = 1 
0 

and the flow rule 

together with Eq. (A.l7) give 

Multiplying both sides by y m1d integrating, we get 

t 

J 
LM N 2 

!(m .J.mt)t2 • ptdt - ---2 { y + !(,..g...) y3 ~ 
o 3 t 3 4!'1 _ I . 

0 

0 

(A.l5) 

(A.l6) 

(A.l7) 

(A.18) 

(A.l9) 

(A.20) 

(A.21) 

Deformation finishes when y • 0 at t = t and the-final deformation is 
f 

obtained from 

N 5
2 

0 ( 1 + 1( 0 ) \ 
l 3 w:c l 

. 0 
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If the load is a rectangular pulse: 

P(t) • P
0 

{ H(t) - H(t-T) J (A.23) 

then 

if < T = tr 

(A.24) 

if T~t 
f 

t Plff Pt 
0 • dt - 0 oc .'! -oco 

0 0 
0 

The latter case is possible only for a beam with axial constraints. 

YT : (y)t=T is obtained b.Y direct integration of Eq. (A.21) which is rewrit­

ten as 

where 

Writing 

and 

t =/~ ( J ( t dy l N Y 2\ 
0 y oc -1 - 3<w%:-> 

0 0 

2 
m = m +- ml. 1- 0 3 

LM j P t 
A ~ N ° 3(~ - 1) 

0 0 

. 2"" y = A cos ~ 

we obtain from Eq. (A.25) 
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or 

where 

Hence, 

and 

and 

d~ 

Bt • K - F( .P) 

p /, 

B~ 

4M (,..g._ -1) 
0 4.1"10 rrr;:• 

= ~ m;} 
1 p l. _,,..g._ -1). 
3 Qr'l~ 

0 

4 • am{K-Bt), 

2 
y = A en {K-Bt) 

2 
yT • A en {K-BT). 

Eqs. (A.22) and (A.24) now give 

N 6 j P t 
~ = . 3(~ -1), 

0 0 

if T ~ t 
f 

N6 N63 pe; Pl -? 0C + .!(Ji:-) • 0C 3(l~ -1) cn .. (K-BT), 
0 3 0 0 0 

if T ~ t 
f 

(A.29) 

(A.JO) 

(A.31) 

(A.32) 

(A.33) 

(A.)h) 

(A.35) 

Inequ~ities T ~ tf correspond to inequalities -BT ~ K and both equations 

are checked to coincide when T = tf or BT = K. 

Using the notation 
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we get 

o* 
( P T) 2t 

0 = -8 ..... 1_1_m_ 
o 1 

hM/ NfT 0 2 0 
BT:sp-r J~ 

0 0 

p /, 

3{ IJ~ - 1). 
0 

p /, 
For pure impulsive loading, the limit 0 TiM'::" - oo gives 

0 

N 6 l N o 3 N o* 
0 + -( 0 ) = ,.&-

TiM'::" 3 w:r Lll"l -
0 0 0 

which is rrl:hing but Eq.· (2 .50). 

(A.J6) 

(A.J7) 

(A.J8) 

Clearly the deformation for the beam witho'.lt axial constraint is 

obtained by omitting the cubic term in the above equations. 

Curves are drawn in Fig. 30 for the nondimensional permanent defor­
p /, N 6 

0 
mation OC as 

N o~c- 0 

case r = 1. 
0 

a fUnction of nondimensional load magnitude ~ for the 
0 

It is seen that larger magnitude of the load causes larger 

defo nnation for the same total impulse. The asymtote for the clamped beam 
No 

without axial constraint is ~ = 1 
No6 o 

solution of Eq. (A.J8): 1iH':" • 0.819 

and for the fUlly clamped beam is the 
p /, 

0 
as ~ tends to infini cy-. The figure 

0 

shows that the asymptotic approach to the limiting case is speeded b~ the 

axial constraint. In both cases, the error due to the assumption of impul­

sive loading is less than 10 per cent when the load magnitude is larger 

than 10 times the plastic collapse·load. 
> . 

The condition that the reaction R = 0 at t • 0 gives 

p /, < m 
,...g._ = 3( ....2 +1) 
L.ll"l_ mt • 

0 

If 
p .e m 

0 > 3(~ +1) 
Iii[" mt 

0 

(A.39) 
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the plastic hinges at the ends spread into finite plastic zones. Condition 

> 
1 = 0 at t = 0 giv7s 

Thus, the validity of the one degree of freedom type deformation requires 

according to rigid-plastic beam theor,y. Cases with finite plastic'zones 

are not considered here. 

(b) Elastic-perfectly plastic clamped bean without axial constraint 

We now consider how the effect of load duration changes when the 

elastic effect is taken account for the clamped beam without axial con-

straint. We again use the approximation crlopted in the analysis of Part II; 

that is, the mass of the beam is distributed linearly along the aris but 

the elastic component of the· stress resultants occurs just as in statical 

loading or in the massless beam. This approximation is equivalent to taking 

2 
the massless beam as attached by the central mass ~ = m

0 
+ '3 ml. We con-

sider the rectangular pulse load. We also assume that the elastic recover.y 

is equal to the elastic limit displacement y • 
e 

If T ~ t , eliminating terms due to arlal constraints and to the e 

strain-rate in the result in Part n, we have 

where 

2 
u = e 
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(A.LJ) 



and 

If T ~ t , we have equations of motion e 

m 1 + 24EI Y = P 
< < 

for 0 = t = t 
1 t3 0 e" 

.LM 
t ~ t ~ T ~y + ,-2 = p for 

0 e ~ 

LM 
T ~ t ~ t ~y + --r. 0 for m· 

• 

(A.4L) 

The solution for the above equations is given in the following nondimensional 

fonn: 

where 

Pt2Ny 4N 2 
U 2 ::1 <r&-) ~ {1 - (1- ___q) t 

e ~~- ~~- P l J, 
0 0 0 

't = JN;; t c j LM e cos-1 (1- ~f). 
e /~l e 

0 0 

When T • t , e 

p t 
= ...E._ 't 

4Mo e 

and Eos. (A.Ll) anci (A.L5) coincide. 
u 5* 

The aho,;e relations are shown in Fig. 31 for 0 = 1 and 
~ 

(A.45) 

(A.46) 

(A.47) 

Noye 1 x If 
,.-;:.--- • ?(R' • 2 - = 10). In the figure also included is the curve for a 
UJ.·1o ;) Y e 
rigid-plastic beam introcbced in Fig. 30. 

PQ . 
Note that the plastic deformation occurs for m-:- > ! when elastic 

0 
deformations are taken account. We see that the elastic-plastic analysis 

gives a faster asymptotic approach to the limiting case of impulsive loading, 

and that it gives a larger deformation than the rigid-plastic analysis for 
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small values of 
p [. 

0 

~ 
and a smaller deformation for large value of 

for the same ~otal impulse. We conclude that the error due to the 

of impulsive loading decreases when the elastic effect is included. 
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Fig. 30 Effect of load pulse for constant total impulse 
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Fig. 31 Effects of load pulse and elasticity 

282 


	1-197
	1-42
	42-91
	92-141
	141-197

	198-282
	198-247
	248-282




