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Algorithmic approach to Uchida’s theorem for
one-dimensional function fields over finite fields

By

KOICHIRO SAWADA*

Abstract

Uchida proved that the isomorphism class of a one-dimensional function field over a finite
field is completely determined by (a suitable quotient of) its absolute Galois group. But
his proof of this theorem essentially gives a group-theoretic reconstruction algorithm for one-
dimensional function fields over finite fields. In this article, we discuss the group-theoretic
reconstruction algorithm.

§1. Introduction

In [10], Uchida proved the following theorem:

Theorem A (Uchida).  Fori € {1,2}, let K; be a one-dimensional function field
over a finite field (i.e., a finitely generated field of transcendence degree one over a finite
field) and €; a solvably closed Galois extension of K; (i.e., Galois extension of K; which
has no nontrivial abelian extension). Fori € {1,2}, write G; := Gal(Q;/K;). Moreover,
write Isom(Qy /K2, Q1 /K1) for the set of isomorphisms Qo — Q1 of fields such that the
image of K coincides with K1 and Isom(G1,Gs) for the set of isomorphisms G 5 Go
of profinite groups. Then the natural map Isom(Qa/ Ko, Q1 /K1) — Isom(Gy,G2) is

bijective.
In particular, the following corollary follows immediately from Theorem A:

Corollary B.  The isomorphism class of a one-dimensional function field over a

finite field is completely determined by (a suitable quotient of) its absolute Galois group.
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Proof. Let K;,§; be as in Theorem A. Suppose that G; = Gal(€/K7) is iso-
morphic to G = Gal(Qs/K3). Then, since Isom(Gq,G2) # 0, it follows from the
surjectivity of the map Isom(Qs/Ks,Q1/K7) — Isom(G1,G2) (cf. Theorem A) that
Isom(Qs /Ko,y /K1) # 0, which implies that K1 & K. O

Theorem A gives a bi-anabelian reconstruction (i.e., involving two fields, cf. [4]
Remark 1.9.8) of one-dimensional function fields over finite fields.

But in fact, the proof of Theorem A in [10] essentially gives a mono-anabelian
reconstruction (i.e., involving only one field, cf. [4] Remark 1.9.8). In other words, the
argument in [10] implies that a one-dimensional function field over a finite field can be
reconstructed from (a suitable quotient of) its absolute Galois group by a functorial
group-theoretic reconstruction algorithm.

We shall say that a profinite group G is of PGF-type if there exist a one-dimensional
function field K over a finite field and a solvably closed Galois extension €2 of K such
that G is isomorphic to the Galois group Gal(2/K) (cf. Definition 3.1(iv)). Let us

express more precisely the statement of a mono-anabelian version of Theorem A:

Theorem C.  There exists a functorial group-theoretic algorithm G — K(G) for
constructing a field K(G) from a profinite group G of PGF-type such that the following
hold: an isomorphism o : Gal(Q/K) = G (where K is a one-dimensional function field
over a finite field and § is a solvably closed Galois extension of K) induces a natural
isomorphism K = K(G) of fields.

The purpose of this article is to explain in detail this mono-anabelian reconstruction
algorithm. More specifically, in §3, we reconstruct the multiplicative group of K (G) (cf.
Theorem 3.11). The main ingredients of §3 are the reconstruction of various objects
from the absolute Galois group of a positive characteristic local field in §2 (cf. Theorem
2.6) and global class field theory. In §4, we reconstruct the additive structure on K(G)
from the multiplicative structure of K(G) (cf. Definition 4.17).

Remark 1. Uchida also proved the bi-anabelian results for number fields (cf. [9],
[11]). However, in this case, the proofs of [9], [11] do not give a mono-anabelian re-

construction. A mono-anabelian reconstruction algorithm of number fields is given in
2].
Remark 2. Some notations and discussions in this article are based on those of

2].

§ 2. Local Theory

In this section, we discuss generalities of the absolute Galois group of positive
characteristic local fields, and review mono-anabelian reconstructions of various objects.
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Definition 2.1.

(i) We shall refer to a field which is isomorphic to a finite extension of F,,((¢)) for some
prime number p as a PLF' (Positive characteristic Local Field).

(ii) Let k be a PLF and k*°P a separable closure of k. Then we shall write

e pj, := char(k)(> 0) for the characteristic of k,

o (), C k for the ring of integers of k,

o O := O \ {0} for the multiplicative monoid of nonzero integers of k,

e m; C O, for the maximal ideal of Oy,

) Ulgl) =1+ my, C O; for the multiplicative group of principal units of ,
o ri := O /my for the residue field of O,

o ki for the residue field of (the ring of integers of) k*P (note that &y is an
algebraic closure of ky,),

o fi = [k : Fp, ] for the extension degree of kj over the prime field contained

in K,
o Gy := Gal(k*P /k) for the absolute Galois group of k,
e [ C Gy, for the inertia subgroup of Gy,
e P, C I for the wild inertia subgroup of G, and
e Frob,, € Gal(Ry/kyg) for the (fx,-th power) Frobenius element of Gal(Ry/ky).

(iii) Let G be a profinite group. Then we shall refer to a collection of data
(kP o : G, = G)

consisting of a PLF k, a separable closure k%P of k, and an isomorphism of profinite
groups o : G = G as a PLF-envelope for G. We shall say that the profinite group
G is of PLF-type if there exists a PLF-envelope for G.

Remark 3.  An open subgroup of a profinite group of PLF-type is of PLF-type.

Lemma 2.2 (Local class field theory).  Let k be a PLF. Let us write (k)" :=

@nzl E*/(k*)™. Then there exists a commutative diagram

A

1 o (k)" 7 1

i b

1 —— Im(Iy = Gy » GP) —— G —— G/l —— 1,
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where the horizontal sequences are exact, the middle vertical arrow (k*)" = G3P is the

homomorphism induced by the reciprocity homomorphism k> — sz in local class field
theory, and the right-hand vertical arrow maps 1 € Z to Frob,,, € Gal(ky/ki) < Gi/I}.

Lemma 2.3. Let k be a PLF and © € Oy a prime element of O. Then it holds

that k* 2 (1) x OF = (1) x (k* )yor X ULV,

(i)
(iii)

(iv)

(vi)

(vii)

(viii)

(ix)

Proof. Well-known (cf. e.g., [7] Chapter II, Proposition (5.3)). O

Lemma 2.4. Let k be a PLF. Then the following hold:
pr is the unique prime number | such that | | §(G2P)sor + 1.
It holds that fi, = log,, (£(G2")or + 1).

It holds that I}, = Gal(k®°P/k™) = (., Gal(k*P /"), where k' C k*P runs over all

finite unramified extensions of k contained in k°°P.

Let k' C kP be a finite extension of k contained in k3P. Then k' is unramified

over k if and only if it holds that [Gal(k*P /k) : Gal(k*P/K")] = fr'/ fx.
Py is the unique Sylow pro-py-subgroup of Ij.

Frob,, € Gal(Ry/ki) < Gy/I} is the unique element of Gy /I which acts by con-
jugation on I,/ Py by multiplication by p;* .

It holds that Im(O]¢ — k* — G3P) = Im(Iy — G2P).

Im(k* < G2P) coincides with a subgroup of Gi" generated by Im(O} — G3P) and
(a lifting of) Frob,, (in G*). In other words, Im(k* < GiP) = GP X ¢, /1, Frob%k,
where we write Frob%k for the discrete subgroup of Gy /I generated by Frob,, .

Im(O% < k* < G2P) coincides with a submonoid of Gi¥ generated by Im(O;¢ —
G2P) and (a lifting of) Frob,, (in G3P). In other words, Im(O% < k* — G3P) =
Gab X Gy /T Frob%fo, where we write Frob%fo for the discrete submonoid of Gy, /I
generated by Frob,, .

U,gl) is the unique Sylow pro-py-subgroup of O;.

Proof.  Assertions (i), (ii) follow from Lemmas 2.2, 2.3. Assertions (iii)-(v), (vii)-
are immediate. Assertion (vi) follows from [8] Proposition (7.5.2). O

Definition 2.5. Let GG be a profinite group of PLF-type.
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(i) It follows from Lemma 2.4(i) that there exists a unique prime number [ such that
I | #(G®P)ior + 1. Write p(G) for this prime number.

(ii) Write f(G) := log,q) (#(G*®)tor +1).

(iii) Write I(G) := (g G', where G’ runs over all open subgroups of G such that
G:G' = f(G")/f(G) (cf. Remark 3).

(iv) It follows from Lemma 2.4(v), together with Theorem 2.6(i), (ii) below, that there
exists a unique Sylow pro-p(G)-subgroup of I(G). Write P(G) for this subgroup of
I(G).

(v) It follows from Lemma 2.4(vi), together with Theorem 2.6(i)-(iii) below, that there
exists a unique element of G/I(G) which acts by conjugation on I(G)/P(G) by
multiplication by p(G)/(@). Write Frob(G) € G/I(G) for this element of G/I(G).

(vi) Write O*(G) := Im(I(G) — G?P).

(vii) Write £*(G) := G* xg/1(q) Frob(G)* C G*", where we write Frob(G)? for the
discrete subgroup of G/I(G) generated by Frob(G).

viil rite = Xa/1(q) Fro 20 C , where we write Iro >0 for
iii) Write O (G Gab /1a) F b(G)% G| wh ite Frob(G)%=0 f
the discrete submonoid of G/I(G) generated by Frob(G).

(ix) Since O*(G) C G is abelian, there exists a unique Sylow pro-p(G)-subgroup of
O*(G). Write UM (G) for this subgroup of O*(G).

Theorem 2.6.  Let G be a profinite group of PLF-type and (k, kP, o : G, = G)
a PLF-envelope for G. Then the following hold:

(i) It holds that pr, = p(G), fr = f(G).
(ii) It holds that a(Iy) = I(G).
(iii) It holds that a(Py) = P(G).

(iv) The image of Frob,, € G /I under the isomorphism Gy /I, = G/I(G) determined
by a (cf. (ii)) coincides with Frob(G) € G/I(G).

(v) The reciprocity homomorphism k* — sz and the isomorphism o determine an
isomorphism k* = k™ (G). Moreover, the image of O% (resp. Oy, Uél)) under the
isomorphism k* 5 kX (G) coincides with O°(G) (resp. O*(G), UMD (Q)).

Proof. These assertions follow from Lemma 2.4. O
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Theorem 2.7.  Let G be a profinite group of PLF-type, (k, kP o : G = G)
a PLF-envelope for G, and H C G an open subgroup of G. Write k' for the finite
extension of k contained in k%P which corresponds to the open subgroup a~'(H) C Gy,
of G. Then we obtain a commutative diagram

~

k)(

where the horizontal arrows are the isomorphisms appearing in Theorem 2.6(v), and the

right-hand vertical arrow is the homomorphism induced by the transfer homomorphism
G*> — H2b,

Proof.  This follows from Theorem 2.6(v), together with [12] Chapter XII, Theorem
6. 0

§ 3. Multiplicative Structure of One-dimensional Function Fields over
Finite Fields

In this section, we reconstruct the multiplicative structure of one-dimensional func-
tion fields over finite fields.

Definition 3.1.

(i) We shall refer to a field which is isomorphic to a one-dimensional function field over
a finite field as a PGF (Positive characteristic Global Field).

(ii) Let K be an algebraic extension (not necessarily finite) of a PGF. Then we shall
write Vg for the set of all places of K.

(iii) Let K be a PGF and v € Vi a place of K. Then we shall write

e K, for the PLF obtained by forming the completion of K at v,

e ord, : K* — Z for the uniquely determined surjective valuation associated to

/U7
e O,:={a€ K |ord,(a) >0} C K for the discrete valuation ring at v,
o OF := 0, \ {0} for the multiplicative monoid of nonzero elements of O,,

e m, C O, for the maximal ideal of O,,
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o UV i=1+m, C O), and

o Ji = @S(Hves K5) % (I1,eve\s Ok, ) for the idele group of K, where S
runs over all finite subsets of V.

(iv) Let G be a profinite group. Then we shall refer to a collection of data
(K,Q,a:Gal(2/K) = Q)

consisting of a PGF K, a solvably closed Galois extension €2 of K, and an isomor-
phism of profinite groups « : Gal(Q/K) = G as a PGF-envelope for G. We shall
say that the profinite group G is of PGF-type if there exists a PGF-envelope for G.

Remark 4.  An open subgroup of a profinite group of PGF-type is of PGF-type.

Lemma 3.2 (PGF-analogue of [3] Proposition 2.1(i)).  Let K be a PGF, K5 a
separable closure of K, ) a solvably closed Galois extension of K contained in K5P,
and A a continuous discrete torsion Gal(Q2/K)-module. Then, for each integer i > 0,
the natural surjection Gxg = Gal(K*P/K) — Gal(2/K) induces an isomorphism

H'(Gal(Q/K),A) = H(Gg, A).
| 2 (p # char(K))

In particular, cd,(Gal(2/K)) =
P (Gallf2/K)) 1 (p = char(K)).

2 (p # char(K))
1 (p = char(K))
tion (6.5.10), Theorem (7.1.8)(i), Theorem (8.3.17)). Thus, the second assertion follows
from the first assertion. We verify the first assertion. Write J := ker(Gx — Gal(2/K)).
It suffices to prove that H*(J, A) = 0 for i > 1. We may assume that A is finite and
p-primary for some prime number p. Since cd,(J) < cd,p(Gk), we may assume that

Proof. 1t is well-known that cd,(Gx) = (cf. e.g., [8] Proposi-

1 <i<cdy(Gg). Ifi =2 (hence p # char(K)), then it follows from an argument similar
to the argument in [3] Proposition 2.1(i), that H?(J, A) = 0. Moreover, if i = 1, then,
since €2 is solvably closed, we obtain H1(J, A) = Hom(J, A) = {0}, where we write
Homgs(J, A) for the set of continuous homomorphisms from J to A. This completes
the proof of Lemma 3.2. O

Lemma 3.3 (PGF-analogue of [3] Proposition 2.3(iii)-(v)).  Let K be a PGF, K5
a separable closure of K, Q) a solvably closed Galois extension of K contained in K5°P,
and v,w € Vo places of Q. Suppose that v # w. Write D, D,, C Gal(QY/K) for the
decomposition subgroups associated to v,w, respectively. Then the following hold:
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(i) The natural surjection Gal(K*P/K) — Gal(2/K) induces an isomorphism of D,
with the decomposition subgroup associated to a lifting of v in Visen.

(ii) It holds that D, N D,, = {1}.

(iii) D, is its own commensurator in Gal(Q/K), i.e., for g € Gal(Q/K), g lies in D, if
and only if D, N gD,g~! is of finite index in both D, and gD,g*.

Proof.  Assertion (i) follows from an argument similar to [3] Proposition 2.3(iii).
Assertion (iii) follows from assertion (ii). We verify assertion (ii). Since v # w, there
exists a finite extension L of K contained in €2 such that v and w are not equivalent
over L. Then it follows from an argument similar to [3] Proposition 2.3(iv) that (D, N
Gal(Q2/L)) N (D, N Gal(©2/L)) = {1}, which implies that D, N D,, is finite. Since
Gal(Q2/K) is of finite cohomological dimension (cf. Lemma 3.2), hence torsion-free, we
conclude that D, N D,, = {1}. This completes the proof of assertion (ii), hence also of
Lemma 3.3. 0

Lemma 3.4. Let K be a PGF, ) a solvably closed Galois extension of K, H C
Gal(2/ K) a closed subgroup of Gal(Q2/K), and | a prime number different from char(K).
Then the following hold:

(i) The natural map Vo — Vi and the natural action of Gal(Q/K) on Vq determine
a bijection Vo / Gal(Q/K) = V.

(ii) Consider the following conditions:

(1) H is an open subgroup of the decomposition subgroup of Gal(2/K) associated
to some v € Vq.

(2) H is of PLF-type.

(3) There exists an open subgroup V' of H such that, for any open subgroup U C V
of V, it holds that dimp, H*(U,T;) = 1, where the action of U on T, is trivial.

(4) H is a closed subgroup of the decomposition subgroup of Gal(2/K) associated

to some v € Vq.

Then we have implications (1) = (2) = (3) = (4).

Proof.  Assertion (i) is immediate. We verify assertion (ii). The implication (1) =
(2) follows from Lemma 3.3(i), together with Remark 3. Next, we verify the implication
(2) = (3). Suppose that condition (2) is satisfied. Let (k, kP o : Gy — H) be a PLF-
envelope for H. Write V := Gal(k*P/k(y;)) C H. Then V is an open subgroup of H,
and, moreover, for any open subgroup U C V of V, it holds that H2(U,TF;) = H*(U, ;).
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On the other hand, it follows from Hilbert’s theorem 90, together with the well-known
fact that c¢d; U = 2 (cf. e.g., [8] Theorem (7.1.8)(i)), that the exact sequence

1= — (KP)* L (kP)* — 1
induces an exact sequence
0 — H2(U, 1)) — H(U, (K°P)*) 5 H2(U, (k*°*)*) — 0.

Since (it is well-known that) H2(U, (k*P)*) = Br((k**P)V) is isomorphic to Q/Z, it
holds that dimp, H?(U, ;) = 1. This completes the proof of the implication (2) = (3).

Finally, we verify the implication (3) = (4). Suppose that condition (3) is satisfied.
Let v € Vq. By abuse of notation, let us write K, for the “K,”, where we take “v € Vg”
to be the image of v € Vo under the natural surjection Vg — V. Then we can consider
) as a subfield of a separable closure of K,. For any intermediate field L of K and {2,
write L, := L - K,. Let V be as in condition (3) and F a finite extension of (Q2V)(u;)
contained in 2. Write U := Gal(Q2/F) C V. Then it follows from condition (3) that
dimp, H?(U,F;) = 1. Moreover, it holds that H?(U,F;) = H?(U, ;). Thus, it follows
from Hilbert’s theorem 90, together with Lemma 3.2, that the exact sequence

1—>m—>QX—l>QX—>1,
induces an exact sequence
0 — HX(U, 1) — H*(U, Q%) 5 H2(U, Q%) = 0,

which implies that the I-primary part H?(U,Q*)(l) of H?(U,Q*) is of corank 1. It
follows from [10] Lemma 1 that there exists a unique v(F') € Vg such that, for any
extension v € Vg of v(F) in €, it holds that H?(Gal(£2,/F,),Q2)(l) # {0}. Moreover,
it follows from the uniqueness of v(F") for any finite extension of F' contained in 2, that
v(F') has a unique extension in €.

Now let us write E := Qf C F and v(E) € Vg for the restriction of v(F) € Vg
to E. Then, since F is finite over E, it follows from [10] Lemma 1, together with the
(already verified) fact that H2(U, Q*)(l) is of corank 1, that v(F) is the unique extension
of v(E). Thus, we conclude that v(E) has a unique extension v € Vg in €2, which implies
that H is contained in the decomposition subgroup of Gal(§2/K) associated to v € Vq.
This completes the proof of the implication (3) = (4), hence also of Lemma 3.4. O

Definition 3.5. Let G be a profinite group of PGF-type.

(i) Write V(G) for the set of maximal elements of the set of all closed subgroups H C G
satisfying the following condition:
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there exist a prime number [ and an open subgroup V of H such that, for any open
subgroup U C V of V, it holds that dimp, H?(U,F;) = 1, where the action of U on
IF; is trivial.

Let us define the action of G on V(G) by conjugation.

Write V(G) := V(G)/G.

Theorem 3.6.  Let G be a profinite group of PGF-type and (K,, o : Gal(Q/K) =

G) a PGF-envelope for G.

(i)

The isomorphism « determines a bijection Vo — V(G), which is compatible with
the actions of Gal(2/K) and G. In particular, any D € V(G) is of PLF-type.
Moreover, the above bijection induces a bijection Vi — V(G).

Let H C G be an open subgroup of G. Write L for the finite extension of K
contained in Q which corresponds to the open subgroup a~'(H) C Gal(2/K) of
Gal(2/K). Then we obtain a commutative diagram

Vo —— V(G)

|k

Vo —= V(H),

where the horizontal arrows are the bijections appearing in (i), and the right-hand
vertical arrow is the bijection which maps D € V(G) to DN H € V(H). More-
over, the inverse map of the right-hand vertical arrow of this diagram determines a

commutative diagram

Vp —— V(H)

b

Vk —== V(G).

(Note that it follows from Lemma 3.3(iii) that the inverse map V(H) = V(G) maps
D € V(H) to the commensurator of D in G.)

Proof. Assertion (i) follows from Lemma 3.4, together with Lemma 3.2 and Lemma

3.3(ii). Assertion (ii) follows from assertion (i). O
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Remark 5. The reconstruction of Vg is essentially due to J. Neukirch [5], [6].

Lemma 3.7 (Global class field theory).  Let K be a PGF and S a solvably closed
Galois extension of K. Let us consider the homomorphism Jx — Gal(Q/K)® deter-
where D, C Gal(2/K) is the
decomposition subgroup associated to a lifting of v € Vi in Vq (note that, since D,, is
well-defined up to conjugation, Ji — Gal(2/K)®® is well-defined). Then it holds that
K* = ker(Jx — Gal(Q/K)?).

mined by the reciprocity homomorphisms KX — D2P

v o)

Lemma 3.8. Let G be a profinite group of PGF-type and v € V(G) = V(G)/G.

(i) There exists a unique submodule M of []pc, k™ (D) (cf. Theorem 3.6(i)) which

satisfies the following conditions:

(1) The action of G on [[pe, K™ (D) by conjugation induces the identity automor-
phism on M.

(2) For any Dy € v, the composite M — [[c, k> (D) — k*(Dy) is an isomor-
phism of modules.

(ii) The inverse image of O”(Dy) (resp. O*(Dy), UM (Dy)) under the isomorphism
M = k*(Dg) of condition (2) of assertion (i) does not depend on the choice of
Dy € v.

Proof. 1In light of Theorem 2.6(v) and Theorem 3.3(iii), it is clear that the “diago-
nal” of [[ ¢, k(D) is the unique submodule satisfying the conditions of (i). Assertion

(ii) is immediate. O

Lemma 3.9. Let K be a PGF and v € Vi. Then the inverse image of O
(resp. Ok, Ul({lg) under the natural inclusion K* — K coincides with O% (resp.
ox, Us.

Proof. Trivial. O

Definition 3.10. Let G be a profinite group of PGF-type and v € V(G).

(i) Write k*(v) for the unique submodule M of [],., k*(D) (cf. Theorem 3.6(i))
satisfying the conditions of Lemma 3.8(i).

(ii) It follows from Lemma 3.8(ii) that the inverse image of O (Dg) (resp. O* (Dy), UM (Dy))
under the isomorphism k% (v) = kX (Dy) of condition (2) of Lemma 3.8(i) does not
depend on the choice of Dy € v. Write O™ (v) (resp. O* (v), UM (v)) for this inverse
image in £* (v).
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(iii) Write J(G) := li_r>nS(Hw€Sk‘X(w)) X (ILyevieps O (w)), where S runs over all
finite subsets of V(G). Note that J(G) C [[,ev(q) [Ipew D = [pevie D#b,

(iv) It follows from Lemma 3.7, together with Theorem 3.11(i), (ii) below, that the
inclusions D < G (D € V(G)) determine a homomorphism J(G) — G*>. Write
K*X(G) :=ker(J(G) — G2P).

(v) Write OF (G) (resp. O (G), Uigl)(G)) for the inverse image of O (v) (resp. O* (v), UM (v))
under the composite of the inclusion K*(G) < J(G) and the projection J(G) —
E*(v).

Theorem 3.11.  Let G be a profinite group of PGF-type, (K,Q, o : Gal(Q/K) =
G) a PGF-envelope for G, and v € Vi. Write v, € V(G) for the image of v € Vi
under the bijection Vi = V(G) appearing in Theorem 3.6(i).

(i) The isomorphism « determines an isomorphism K} = k*(vg).

(ii) The image of O%, (resp. O , UI((IU)) under the isomorphism K} = k*(vg) ap-
pearing in (i) coincides with O™ (vg) (resp. O (vg), UM (vs)).

(iii) The isomorphism « and various isomorphisms appearing in (i) determine a com-

mutative diagram of groups

Jx —— Gal(Q/K)2b

where the lower horizontal arrow is the homomorphism appearing in Definition

3.10(iv). Moreover, this diagram determines an isomorphism of groups K> =
K*(G).

(iv) The image of OF (resp. O, 51)) under the isomorphism K* = K*(G) appearing
in (iii) coincides with OﬁG(G) (resp. o5, (G), Uéé)(G)).

Proof. These assertions follow from Lemmas 3.7, 3.8, 3.9, together with Theorems
2.6, 3.6. O

Theorem 3.12.  Let G be a profinite group of PGF-type, (K,Q,a : Gal(Q/K) =
G) a PGF-envelope for G, H C G an open subgroup of G, and w € V(H). Write
v € V(G) for the image of w under the surjection V(H) — V(G) appearing in Theorem
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3.6(ii) and L for the finite extension of K contained in £ which corresponds to the open
subgroup a1 (H) C Gal(Q/K) of Gal(Q/K). Then we obtain a commutative diagram

KX —™ KX(G)

|

L* —% KX(H),

where the horizontal arrows are the isomorphisms appearing in Theorem 3.11(iii), and
the right-hand vertical arrow is an injection determined by various injections “k*(v) —
k> (w)” induced by the right-hand vertical arrow of the commutative diagram appearing
in Theorem 2.7. In particular, the inverse image of O (H) (resp. O (H),qujl)(H))
under the injection K*(G) — K*(H) coincides with O%(G) (resp. O (G), Uqgl)(G)).

Proof. This follows from Theorems 2.7, 3.11. U

§4. Additive Structure of One-dimensional Function Fields over Finite
Fields

In this section, we reconstruct the additive structure of one-dimensional function
fields over finite fields.

Definition 4.1. Let K be a PGF.
(i) We shall write

e Fi C K for the constant field of K,
o K =K QFy F i, where F is an algebraic closure of Fi,

e (' for a nonsingular projective curve whose function field is K (which is
unique up to isomorphism, cf. e.g., [1] Chapter I, Corollary 6.12), and

e Div(K) for the group of divisors of C';.
(ii) Let v € V. Then we shall write
e ord, : K* — Z for the uniquely determined surjective valuation associated to
v,
e O, :={aec K |ord,(a) >0} C K for the discrete valuation ring at v,

o 0% := 0, \ {0} for the multiplicative monoid of nonzero elements of O,,
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e m, C O, for the maximal ideal of @U,
° U}Sl) =14+m, C (’5;}, and
o iy :=0, /m,, for the residue field of 0,.

(iii) Let v € Vg and s € O,. Then we shall write s(v) € &, for the image of s € O,
under the natural surjection O, — &,.

(iv) Let D € Div(K). Then we shall write

e H(D):= H°(Cg, L(D)), where L(D) is the invertible sheaf associated to D,
and

o (D) := dimy HO(D).

Lemma 4.2. Let K be a PGF, Q) a solvably closed Galois extension of K, and
H C Gal(/K) an open subgroup of Gal(QY/K). We regard F g and K as subfields of Q
in a natural way (i.e., Fg is the algebraic closure of Fi in Q). Write L for the finite
extension of K contained in § associated to H C Gal(2/K). Then the following hold:

(i) It holds that Fy =) or

vEVK TU *

(ii) H contains ker(Gal(2/K) — Gal(Fx/Fx)) if and only if [G : H| = [Fr : Fx] =
logyp, (8FL) (in this case, L = K ®p, FL).

Proof. Trivial. U

Definition 4.3. Let M be a monoid. Then let us write M® := M U {*,,}. We
regard M® as a monoid by a - *p; = *37 -a = *p for every a € M®. If N C M is a
submonoid of M, then we regard N® C M® by identifying *n by *a,. We always write
x instead of xj; for simplicity.

Remark 6.  In our reconstruction algorithm, *x eventually corresponds to the ad-

ditive identity element (multiplicative absorbing element) 0 of various fields.

Definition 4.4. Let G be a profinite group of PGF-type.
(i) Write K(GQ) := (K*(Q))®.
(ii) Write F*(G) := ﬂveV(G) OX(G) c K*(G).

(iii) It follows from Theorem 4.5(i) below that §F*(G) is finite and nonzero. Write
G = (g H, where H runs over all open subgroups of G such that [G : H| =
logypx ()41 (BF (H) + 1) (cf. Remark 4).
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(iv) Write K*(G) := lim K*(H), i(G) = lim V(H) (cf. Remark 4), where H runs
over all open subgroups of G containing G, and the transition maps are the maps
appearing in Theorem 3.12, Theorem _3.6(ii). Note that the actions of “H”s on
“V(H)”s determine an action of G' on V(G).

(v) Write V(G) := V(G)/G, Div(G) := B, cp(c) Z - v-

(vi) It follows from Theorem 4.5(ii) below that any open subgroup of G containing G is
normal in G. We define an action of G on K*(G) by conjugation.

(vii) Write K(G) := (K*(G))®, and define an action of G on K (G) by the natural action
determined by the action of G on K*(G) appearing in (vi) and the trivial action
of G on {*} C K(G).

Theorem 4.5.  Let G be a profinite group of PGF-type and (K, , o : Gal(Q/K) =
G) a PGF-envelope for G. We regard Fy and K as subfields of Q in a natural way.
Then the following hold:

(i) The isomorphism of groups K* = K*(G) appearing in Theorem 3.11(iii) deter-
mines an isomorphism of monoids K = K(G). Moreover, the image of Ff C K
under the isomorphism K = K(G) coincides with F*(G).

(ii) It holds that G = a(ker(Gal(Q/K) — Gal(F /Fk))).

(iii) The isomorphisms of groups “K* = K*(G)” appearing in Theorem 3.11(iii) for
various open subgroups of G containing G determine an isomorphism of groups
K* 5 K*(QG), which is compatible with the actions of Gal(Q/K) and G with respect
to a. In particular, the above isomorphism induces an isomorphism of monoids
K = K(G), which is compatible with the actions of Gal(Q/K) and G.

(iv) Let H C G be an open subgroup of G containing G. Write L for the finite extension
of K contained in Q which corresponds to the open subgroup a~'(H) C Gal(Q/K)
of Gal(Q/K). Then the natural map V(H) — V(G) is bijective. Moreover, the
inverse map of this bijection and the bijection Vo — V(G) appearing in Theorem
3.6(i) determine a commutative diagram

Ve —2> V(G)

L

V. —> V(H).

In particular, the bijection Vi > V(G) determines an isomorphism Div(K) =
Div(G).
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Proof.  Assertion (i) follows from Theorem 3.11(ii) and Lemma 4.2(i). Assertion
(ii) follows from assertion (i) and Lemma 4.2(ii). Assertion (iii) follows from Theorem
3.12. Assertion (iv) follows from Theorem 3.6. O

Lemma 4.6. Let K be a PGF and v € V. For any finite extension L of K
contained in K, write vy € Vi for the image of v € Vi under the natural surjection
Vi — Vr. Then the following hold:

(i) It holds that OF =, 0, or =, oy .U oM = =UL qg?, where L runs over all

finite extensions of K contained in K.

(ii) The natural surjection O, — &, induces an isomorphism of groups @;( /Uél) S RX.

Proof. Trivial. O

Definition 4.7.  Let G be a profinite group of PGF-type and v € V(G). For any
open subgroup H C G of G containing G, write v; € V(H) for the image of v € V(G)
under the surjection V(G) — V(H) appearing in Theorem 4.5(iv).

) o : ~ : ~(1 1

(i) Write 03(G) = lim O3 (H), O)(G) = lim, O, (H), U"(G) = lim , UL, (H)
(cf. Remark 4), where H runs over all open subgroups of G containing G, and the
transition maps are the maps induced by the map “K*(G) — K*(H)” appearing
in Theorem 3.12.

(i) Write #X(G) = OX(G) /UM (@).
(iii) Write Oy (G) := (O%(G))®, #y(G) := (RX(Q))®.

Theorem 4.8.  Let G be a profinite group of PGF-type, (K,Q,a: Gal(Q/K) =
G) a PGF-envelope for G, and v € V. Write v, € V(G) for the image of v € Vi
under the bijection Vi = f)(G) appearing in Theorem 4.5(iv). Then the following hold:

(i) The image of O, (resp. O%, OX, ot )) under the isomorphism K = K(G) appear-
ing in Theorem 4.5(iii) coincides with OUG (G) (resp. @5G(G), (’j;fG(G), Ug?(G))

(ii) The isomorphisms of groups OF = (7)5(@ (G), oM 5 Ué;)(G) obtained in (i) de-
termine an isomorphism of groups KX = /%;(G(G). In particular, we obtain an

isomorphism of monoids F, — Fu, (G).

Proof. Assertion (i) follows from Theorem 3.11(iv), Theorem 3.12, Theorem 4.5(iii),
(iv), Lemma 4.6(i). Assertion (ii) follows from assertion (i) and Lemma 4.6(ii). O
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Definition 4.9. Let G be a profinite group of PGF-type, v € f/(G), and s €
O,(G). If s € OX(Q), then we shall write s(v) € &,(G) for the image of s under the
composite OF(G) — &1 (G) — 7y(G). If s ¢ OX(G), then we shall write s(v) := * €
Ry (G).

Theorem 4.10.  Let G be a profinite group of PGF-type, (K,Q, o : Gal(Q/K) =
G) a PGF-envelope for G, v € V, and s € O,. Write Vg € V(G) for the image of
v € Vi under the bijection Vi = V(G) appearing in Theorem 4.5(iv), and s € @UG(G)
for the image of s € O, under the isomorphism O, — @UG(G) obtained in Theorem
4.8(1). Then the image of s(v) € &, under the isomorphism F, — Fu,, (G) appearing in
Theorem 4.8(ii) coincides with sg(vg) € Fu,, (G).

Proof. This follows from Theorem 4.8(ii). O

Lemma 4.11.  Let K be a PGF, v € Vg and s € K*. Then the following hold:
(i) ordy(s) =1 if and only if O C K* is generated by OX and s as a monoid.

(ii) Lett € K* such that ord,(t) = 1. Then ord,(s) is the unique integer n such that
st e OF.

Proof. Trivial. O

Definition 4.12. Let G be a profinite group of PGF-type, v € f)(G), and s €

K*(G). Let us define ord%(s) € Z as follows:

(i) If O%(G) € K*(G) is generated by O (G) € O>(G) and s as a monoid, then let us
write ordS (s) := 1.

(ii) It follows from Theorem 4.5(iii), Theorem 4.8(i), Lemma 4.11 that there exists
t € K*(G) such that ord%(t) = 1 (in the sense of (i)), and, moreover, there exists

a unique integer n such that s -t~ € OX(QG). Let us write ord (s) for this integer
n.

Note that it follows from Theorem 4.5(iii), Theorem 4.8(i), Lemma 4.11 that ordS (s) is
well-defined, i.e.,

e the condition “s-¢t~" € OX(G)” does not depend on the choice of ¢, and
e “ord%(s) =17 in the sense of (i) if and only if “ordS(s) = 17 in the sense of (ii).

Theorem 4.13.  Let G be a profinite group of PGF-type, (K,Q,a : Gal(Q/K) =
G) a PGF-envelope for G, and v € V. Write v, for the image of v € Vi un-
der the bijection Vi = f)(G) appearing in Theorem 4.5(iv). Then the composite of
ordfG . KX(G) = 7Z and the isomorphism K* 5 K*(G) appearing in Theorem 4.5(iii)

coincides with ord, : K* - 7.
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Proof.  This follows from Theorem 4.5(iii), Theorem 4.8(i), Lemma 4.11. O
Lemma 4.14.  Let K be a PGF. Then the following hold:

(i) Let D = ZUGV ny - v € Div(K). Then it holds that

H°(D) = {s € K* | ord,(s) + ny, > 0 for all v € Vz} U {0},
[(D) = min{n € Z> | there exist vi,...,v, € Vi such that HO(D—Z vm) = {0}}.
m=1

(ii) For any v € Vi, there exist D = Zwevk Ny - w € Div(K) and wy,ws € Vi such
that v, wy,we are distinct, Ny, = Ny, = Ny, = 0, (D) = 2, (D —v —wy) =
I(D—v—wy)=1(D—w —

exists a unique element s (resp. t) of HY(D) such that s(v) = ¢, s(wy) =0, s(ws) #
0 (resp. t(v) = A, t(wy) # 0, t(wy) = 0). Moreover, s+t € H°(D) is the unique
element u of HY(D) such that u(w;) = t(w1), u(ws) = s(ws).

)

(iii) Let v, w1, wy € Vi, D € Div(K) be as in (ii). Moreover, let {,\ € &X. Then there
t
(w

Proof. Let us observe that, it follows from the proof of [1] Chapter IV, Proposition
3.1 that, for any D € Div(f() and w € Vg, it holds that [(D — w) > I(D) — 1, and,
moreover, if [(D) > 0, then for all but finitely many w € V3, it holds that [(D — w) =
[(D) — 1. In particular, assertion (i) holds. Next, we verify assertion (ii). Let W be
a canonical divisor (cf. [1] Chapter IV, §1). Write g for the genus of Cz. Then it
follows from Riemann-Roch theorem (cf. [1] Chapter IV, Theorem 1.3) that (W +v) =
deg(W+v)+1—g+I1(—v) = g < g+1. Thus, it follows from the observation above that
there exists a divisor D = Zwevk Ny -w € Div(K) such that n, = 0, degD = g+1 and
(W +wv—D)=0. Then, since (W — D) <I(W +wv—D) =0 (hence (W — D) = 0),
it follows from Riemann-Roch theorem that (D) = degD + 1 — g — (W — D) = 2,
I(D—v) = deg(D—v)+1—g—I(W+v—D) = 1. Moreover, it follows from the observation
above that there exist wi, w2 € Vi such that v, wy, wy are distinct, n, = 1y, = Ny, =0,
I(D—v—wy) =l(D—v)—1,l(D—v—w3) =l(D—v)—1,(D—w; —ws) = (D—wy)—1.
Now we can easily check that D,w;,ws satisfy the condition of assertion (ii). This
completes the proof of assertion (ii). Finally, we verify assertion (iii). The existence
of s (resp. t) follows from the fact that [(D —wq) = 1 (resp. {(D — ws) = 1), and the
uniqueness of s (resp. t,u) follows from the assumption that (D — v — wy) = 0 (resp.
I(D—v—wsy) =0,1(D—w —wsy) =0). This completes the proof of assertion (iii),
hence also of Lemma 4.14. O

Definition 4.15. Let G be a profinite group of PGF-type and D = EveD(G) Ny
v € Div(G).
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(i) Write HY(D) = {s € K*(G) | ordS(s) + n, > 0 for all v € V(G)} U {x} C K(Q).

(ii) It follows from Theorem 4.5(iii), (iv), Theorem 4.13, Lemma 4.14(i), together
with Theorem 4.16(i) below, that the set {n € Zx>( | there exist vi,...,v, €
V(G) such that HY(D — 3" _ vy,) = {*}} is not empty. Write lg(D) for the
smallest integer in this set.

Theorem 4.16.  Let G be a profinite group of PGF-type, (K,Q, o : Gal(Q/K) =

G) a PGF-envelope for G, and D € Div(K). Write Dg € Div(G) for the image of

D € Div(K) under the isomorphism Div(K) = Div(G) appearing in Theorem 4.5(iv).

Then the following hold:

(i) The image of H°(D) C K under the isomorphism of monoids K = K(G) appearing
in Theorem 4.5(iii) coincides with HY(Dg) € K(G).

(ii) It holds that (D) = lg(Dg).

Proof. These assertions follow from Theorem 4.13, Lemma 4.14(i). O

Definition 4.17. Let G be a profinite group of PGF-type, v € f)(G), and (,\ €
Ry(G). Let us define ¢ B, A € &, (G) as follows:

(i) If ¢ = *, then (B, X := A
(ii) If A = %, then (H, A := (.

(iii) Suppose that ¢ # *, A # *. Then it follows from Theorem 4.5(iv), Lemma 4.14(ii),
Theorem 4.16(ii) that there exist D = }_, -y g) w-w € Div(G) and w1, ws € V(@)
such that v, wy,wy are distinct, n, = Ny, = Ny, =0, (D) =2, lg(D —v—w;) =
la(D —v —ws) = lg(D — wy —ws) = 0. Moreover, it follows from Theorem
4.5(iv), Theorem 4.10, Lemma 4.14(iii), Theorem 4.16 that there exists a unique
element s (resp. t,u) of HX(D) such that s(v) = ¢, s(wy) = *, s(wz) # * (resp.
t(v) = A, t(wy) # %, t(w) = *; u(wy) = t(wy), u(ws) = s(ws)). Then we shall
write ¢ B, A := u(v).

Theorem 4.18.  Let G be a profinite group of PGF-type, (K,Q, o : Gal(Q/K) =
G) a PGF-envelope for G, andv € V. Write v € V(G) for the image of v € Vi under
the bijection Vi = V(G) appearing in Theorem 4.5(iv). Then By, : Fo, (G) X Fy, (G) =
Fu,, (G) is well-defined (i.e., does not depend on the choice of D,w1,w2) and determines
a structure of field on Fy_(G). Moreover, the isomorphism of monoids K, = R, (G)

appearing in Theorem 4.8(ii) is an isomorphism of fields.

Proof. This follows from Theorem 4.5(iv), Theorem 4.10, Lemma 4.14(iii), Theo-
rem 4.16. O
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Lemma 4.19. Letz,y € K. Then x+y € K is the unique element z ofK such
that, for any v € Vi, if x,y,2 € O,, then it holds that z(v) +y(v) = z(v).

Proof. Trivial. U

Definition 4.20. Let G be a profinite group of PGF-type and z,y € K(G)
Then it follows from Theorem 4.5(iii), (iv), Theorem 4.10, Theorem 4.18, Lemma 4.19
that there exists a unique element z of K(G) such that, for any v € V(G), if z,y,z €
O,(@G), then it holds that z(v) B, y(v) = z(v). Write z By € K(G) for this element z.

Theorem 4.21.  Let G be a profinite group of PGF-type and (K, ), o : Gal(Q/K)
G) a PGF-envelope for G.

(i) B: K(G) x K(G) — K(G) determines a structure of field on K(G). Moreover, the
isomorphism of monoids K = K(G) appearing in Theorem 4.5(iii) is an isomor-

phism of fields.

(ii) It holds that (K(G))¢ = K(G), hence B determines a structure of field on K(G).
In particular, the isomorphism of monoids K = K(G) appearing in Theorem 4.5(i)

1s an isomorphism of fields.

Proof. Assertion (i) follows from Theorem 4.5(iii), (iv), Theorem 4.10, Theorem
4.18, Lemma 4.19. Assertion (ii) follows from assertion (i) and Theorem 4.5(iii). O
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