92

FEIE#

1

fetfr fzioc & € DIFIEEBURIZ B T S RPAMEIZ DWW T

FRALRZRZEBEEAHFR R A E R BHER HoR
Kunihiro Ito
Mathematical Institute, Tohoku University

B E

S+ L AN, BREELZERZFRY Bernoulli A E AL, EEERDLSRD1 VT v 2 A LT B
L ERZAFARY Bernoulli A FFFREIZFF DL LAY — B n(—k, ..., —krjs1,...,8.) ZEZELTZ.
ZUT, MAOLRA S B A Y Bernoulli O AXMED AR HLHR 2 57 U7z pﬂéﬁkilesﬁﬁjuf
CRIZEFAFRY Bernoulli BEBAL, ZEBER E(—k1,...,—kr;s1,...,8) D @?’Ei*’lﬁﬁ’\ﬁﬂﬁ
Pt s Z e &R L, FkEICEN S C ML ERAT A Y Bernoulli iﬁ(ﬂiﬁb’f, C #17RY Bernoulli £
DAIEDILER L & 2 5N D ARE1F .

BA - KGR

DX ITHEREHNTEA SN

iBw)ﬂ _ Lin(t—e™
— Tl

1—et

t Lig(1 —e™?)
(k) e A
Z C = et — 1 :

Z 2T Lig(z) 3RV BB TH Y,

Lig(z) == Z %
o<m
TEDSND. RV B VBT k=10 & SPBEI —log(1—2) DT 1 T —ERIcAR 5720, BY =) =
B, BT RTOFABBn I DOVWTHY DI LITHEET 5.
AV Bernoulli #0132 < DR ZH729. TDIHED =D, RIZHBRZ MM TH 5:

FEE 1 ([1, Theorem 2|, [3, Section 2]). FEEFEE k,m (XL T

BLW =B, (1)

S (2)

MR D ILD.
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A VT Y 7 AN B % BEGR)I- T — X BB D

AV Bernoulli ¢ { B} KO {CF} 1314 #4975 Bernoulli 8 {B,,} D—#HLTH Y, [1] & [2] 2B VT
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Riemann ¥ — X B D JE FBEHUH T DORIFRMEA Bernoulli A W TEERE L2 2 xI<HSNTV
5. Fell & 411k 1999 FEDF [2] (2B W T [Bernoulli 8D —#ftTdH %R ) Bernoulli # % HIK(EICHF
DL BE—SEREBFEET D] LI BEEZEER, EBEC L 2 U TE £ 2IROBIE (FR)I-67¥—
2 B

E(kys) == % /0C>c ts_l%dt (R(s) > 0)

ZIEA Uz BIEE(k; s) (X REHRTE A ERN T B S 4, T OIFEBBIT BT DR AMEIR C AR Y
Bernoulli L THE R I N5 ([2, Theorem 6 (i)]):

(ks —m) = (—1)"CE  (m € Ly).

DF Y, CHRY Bernoulli $ & REAEIZ R DX — X EBILTRENI-@ ¥ — X BBEE(k;s) &b, —J5, BEL
Y Bernoulli BUZ KIS T % ¥ — X B DEKIZ DWTIE, [2] DRFZEE 5] St S IR S B 7280 [4] 2B W
T, T LENPE O BN EOME R 5 272, T IERB Ky, .. ke S U TEB (k... kb s) %

0 : ot
ki, ... kyys) = ! / ts_lwdt (R(s) >1—r)
0

Lig, ..k, (2) = Z RS

0<my<--<m,. e

TEDONDIZER) BT THS. Z0L &, BBk, ..., k;s) FREFVEAELN BT S N,
Z DI EBE AT ST 2H55kEIE B L E R Y Bernoulli TR /R I 15 (|4, Theorem 2.3)):

nkr, ... ke; —m) = Bk (m € Zs).

Z ZT%&EAY Bernoulli ¢ {BY 1 *)) Kot (ORI g, K Y Bernoulli O X 575 —#E{LTH Y,
RORBKTRED 5N 5:

iBmwkr)L" o Lk, (=€)
n=0 " n' ' 1- 87t )
S okl Bt 2™
n=0 " nt’ et —1 ’
EEHUEIZ B 1 B EI D WT b BIRENERA S 5. ZNAEBRRB DI, BohilS 2T 5. T

BEDPSRBA VTV Ak=(ki,... k) U T, ky 1= (k.. keor ke +1) 2 U, K 1k DB A >
TYIALT D, FRHEBBNOREZIVTYIA]=(G1,...,0) KHLT, jOEX || =51+ +jr,
JOEX d(§) =1 ZEDD. SSTALES r DA VYT Y I Ak JIZHLT, A VT2 A0+ j %
B> ZE DRIk + § = (k1 4 j1, -, ke + jr) TED, G5 b(k; j) THD Z & O HRBDR
) (ki1
sy =TT (74
i=1 Ji
ERTHDLT D, TOL S ERBUTIZE T 2RHEIE, MO KX S IZ2EY - RERVEELY— X AX—{#
DRIEFITR I N S:
EIHE 2 ([4, Theorem 2.5]). FEDEHEBN SR YTV I Ak = (k... k) EIEEHE mIZHLT
E(kr, .oy kpym) = > b((k4)"5 I)C((Rp )" +3),

lil=m—1.d(3)=n

(k.. keym) = (=1)7 > b((k4)"; 3)C (k)™ + 3)
l3l=m—1d(3)=n

WD AHL, WINORITHA YTy 72X e 28, EE m—1, BE n:=d((k)") ZE5.
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ZD &S0, FEEBRAUT BT D1RA & EBBIC B 2RO ME A 5, )G 1Y — X B e &
TN — X BBUIS 2 R TARIZE WA .

ST LENOE 5> —DELERMAFIE, BERY Bernoulli OB (X (1)) 2 3@ ICHEREL7ZZ 2 TH
5. ZO—2HIZ, £&EARY Bernoulli OXMETH H, “OHIE, (LIRAFITINAT) NRAFEHZEL
724 H\IRZ 7R Y Bernoulli 2 (multi-indexed poly-Bernoulli number) DR ETH 5. T 2 TlE, & O XFF
MEDENEH DRMEZ AT 5. ZERA TR Y Bernoulli BUIEFEL s1,...,s, LB d e {1,2,...,r}
2L T

> BGn@ G L s (L—emh T T em e e
" T e —
iyt 20 ; =1 ! Hj:l(l —eli i)

7S TEBENAKTH O, FUITENS L (21, 2) RS (¥ vy 7H) SEKY 0
7B

mi M2 —mi My —Myp 1
Lis) s (2 2= 3 2% s
8150y Sp\FLly e vy 2 ) o 81 S
my eyt

o<my < ---<my
TH5. iEDED BE k) = gl kD) 5 ey el OR LR, BEL R iz 0w
WD LSRR ENS:
EHE 3 (|4, Theorem 5.4]). IEEEE ke, ... ky, my,...,m (IZHFLT

B kl ----- —kr) _ gl=ma—me) (3)

My My k1, kg

FEH 3 Tr = 1 08AEFZ20E K'Y Bernoulli BOIGHE (R (1)) DL E > TW5B Z & A3
mOoNDE. GEIHIZHWSNZDN, EEBENSRD A VT v I A UTEE 2288 ¥ — & B

W—hy o kst 50) THB. B (k1. ki1, s,) B, SERSEAY 0 7BEEFNT
IRDESIZEDSNDS:

EZ 1 (|4, Definition 5.6). FEEE ky,.. k. 1IZFLT

( k17~-~ knsl’“'v

_, Lit, 1 — ittt 1fet"*‘+t"7lfet" r
more ), /Ht“ el L s
T (= eFr) i

(R(s;) >0, j=1,...,7).

B p(—k1,. .o, —kei 81, .., 8,) REEBERANTERNCHTER S, FEERBUTITB D 2K ES L ER
ZF R Y Bernoulli I TE X N5 ([4, Theorem 5.7]):

n(fkh vy ke —my, 7TTL7‘) = Bsrjllthn’h_m) (m17 cee,My € ZEO)

— A CTHADER» S
n(—=k1y...,—kp;81,...,8.) = B(sl ST)

A3 D 32D ([4, Theorem 5.10]). T4V 56D T & 26 B (FH 3) 75%-75%5

EBERNSRDA VT Y 7 AT 55)-EF ¥ — BB E & F-HNE— 2 o sBRE 5 2N
1, FFEBBN SRS VT v 7 AT 2 — X BB, FROISEERH 5 NETH L. EEE, —
LRDIGENNIEE E(—ky, ..., —kpss) DED SN, B n(—k,...,—ke;s1,...,5.) DL E LFAKDOFE
THEMT S & FERAE D XCHEDFI R I NS (ZDZ LiF [4] THABRRSENT WD), LA L, ZE-DGED
E(=kry oy —hps 51,00, 8,) (KB BBBUTDOWTIE, DM OHED D 0 [4] TIRERINTVAR. AR
LTI, PORVEDFMI i 17 5 2 & TEERGR) -6 17X — X BB A EYNTER L, REEEIZBIN 8 (C
L BEIRZ TR Y Bernoulli ) DA% ELL 72,



2 ERER
CRLEIRZ TR Y Bernoulli 8 & 2 LK F)I-51¥ — X BIEE, IRTED 5.

eens

Z CO(s1080),(d) ﬁ i _ Lisy s (1— E‘t“d'”‘t"'7~--71— et 1 —ett)
L5 PPN ¢ P
>0 iy n;! Hj:1(6t7+4..+tr —1)
TEDD.
EE 3. AT Ky, .k, MUK > 1, BB d e {1, r T UT, BIEE(—k, ...~k sty 80 d)
&
g(fklv--wfkﬂ'slvw-v'sr;d)
1 oo o T L (T—ehibette 1 ettt 1 etr) T
- / / Ht}'] LT ( : o )Hdtj 5)
[T T'(s5) Jo 0 o [T (e tr — 1) =1
(R(sj) >0, j=1,...,7)
TEDD.
R (4) CTEBZBINSEEBE T-IBNY —XBB n(—Fki,...,—kisi,...,8) &HRD & K (5) 39ROHE

BEFORZ TR EL o TWS., SEMBILZDIE, 1 Ty 27 AT Tk > 11 £\ &AM
NIEEDPINRTEZ e THh S, EEHIFRD LS TR 5N5:

IR 4. B E(—ky, ..., —kess1, ..., 50 d) ZRBEHERIANERNCETES S N, RORAIK D VD
E(=ky,. .., —kp;—my, ..., —my;d) = CT(,:lkl """ k) (gL my, € Z>g).

LRGN — X n(—Fk, ..., —kr 81,00, 8:) IZDWTORER (|4, Theorem 5.7]) & FkkIC, £ 5
WA ZAR Y Bernoulli BUNRIREIZEIN S . RFRME DO RORMEIZE T 5 2R 2 RARP T § 572012, CH%
BERAFZARY Bernoulli oONY) T —> 3 {C%Sf"”;f:)} EEHRT D EHEs,..., 5. ITHULT

,,,,,

nj

ro" T (l _e—%—‘“—xr)ly—l
C(sl,...,sr) Ty P .
Z LSRN ,n],! € Z H (11+...+lj,j+1)sj

N1y >0 j=1 el >1 =1

r=1DrEREZBE ATEOEE L IZOWT CP = W) 2390 3. LEHFE)-&7¥ — R EHOF S
DEAZ LY, C ALK Y Bernoulli ORI (R (2)) D—MLEEZ SN BRDEREES.

EE 5. FEEER k.. k TRULT

E(—ky =1, —hay o —hpis1, oy sp) = C s
MDD, ULhdo T, B my,...,m, ITHLT

C(—kl—l,—kg ..... —kr) Cé*mlflﬁfmzy-w*mr) (6)
1

Ty My

MO LD, HL Chrrokn) o= ol k) ()

X (6) Tr=1&92%&, KV Bernoulli DI (X (2)) H55N 5.

Filll-r e — R E(ky, . ks s) EBIBE(—ky, .., —kpss1,. .. 85d) ZBEEEX B2 LI0E T, B
BPORDA VT Y 2 AT DL E(ky, . ks 51,5, d) BEBTES. 2 ORI
LIRIEBHUT B & CIEEEAIT B 2R EOMRICOWTIR, WO TRREFETH S,
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