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Notes on Imperfect Repair by Fumio OHI Osaka University

0. Introduction

A component with failure time distribution F(t) = 1—e_A(}) is
repaired at failure. Each repaire results in minimal repair or
perfect repair. Let N be a positive integer valued random

variable denoting the number of repaires performed till the perfect
o i
repair, i.e., N = k means the event that k-1 minimal repairs were

performed and the repair for the k-th failure was perfect'and the

component returned to the good-as-new-state. After the perfect

{
repair the process is renewed. -Time for repair is assumed to be 4
negligible.

'The dynamic process of thetcomponent is governed by a

1

{

non-homogeneous Poisson process ({N(t), t>0} with mean value &
fungtion ‘A(t)._  Then TN means the timelthat”thé”éomponent returns
to the good-as-new-state, where Tk = inf (t|N(t) = k} k21, the time}
that the k-th failure occurs supposed that the repairs for the
previous--k-1-. -failures were minimal} -

In this paper wé study monotonic¢ properties of Tﬁ and other ~

stochastic quantities, e.g.,_ . steady-state-distributions éndmsowoni

Ahe

Our resﬁits may be of interest in renewal theory as well as in
relibility theory.

1. Preliminaries

{N(t),t20} : a non-homogeneous Poisson Process with differentiable Z

mean value function A(t), .

priitt) = k) = e-MENARIE

k!

. d ,
}L{ t) = jﬁ— Attt} .
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Tk = inf {t] N(tYy = Kk}, k = 1,2 s
o= O
Ty =
The follewing theorem is easily proved.
Theorem 1. For F = 0. ¢ > 1,

(1) PriT,, T, >x|Tp=y] = PriN(x+y) - N(y)<yl,
(2) PriTy,,~T)>x] = f§ PriN(x+y)-N(y)<t]dPr(Ty<y],
(3) E[Tk+£—Tk|Tk=y] = [ PriN(x+y)-N(y)<eldx,

(4) E[T, ,~Ty =’fgjg Pr(N(x+y)-N(y)<¢1dxdPr(T, <y]. a
Corollary 2, Letting ¢=1 in the previous theorem, for k=zl1,

(1) PrlT  ;-Tp>xIT =y] = e~ [A(x+y)-A(¥)]T S:%;;;Zi ’

—A(X+v)
(2) PriTy ,-T>x] = f° _—KT§T_' dPr[T.<vy],

—A(x+v)

(3) EI[T) 1Ty ITE=v1 = f° 0 TR dx,

—A(x +y)

(4) E[(T,,-T,) = JGIg < 0 TSR dxdPr[Ty<yl. @

In the sequel we use the following lemmas, of which probf is
easy aﬁd then omitted. ‘

Lemma 3. S 4

Let g(x)4, g(x)=0 for x20, f(x)t, £(x)>0 for x20. If two
distribution functions F1 and’F2 satisfy Fl(O_) :.Fé(O_) = 0 and
Fl(x)st(ks for x>0, then W | -

Jog(x)dF(x) < fgg(x)dFy(x) and ° JFf(x)dF {x) > Jof(x)dF,(x),

supposing that the integrations finitely exist. o

Lemma 4. For iz, EE_Oe_* 2 < Ek 0€ M E— . holds for vn>0. o
- k!

k!
Theorem 5. For k>0, £>1,

(t)

(1) 1-e IFR = Pri{T —Tk>x]Lk for Vvx=0 ;

k+ ¢

-2 -
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(2) 1-e” MY . PR = E[T), ¢~ Tléy o
(3) 1-e™M%) . NBU = PriT, ,-T,>x] < PriTpx]  for vx=0,
(4) 1-e"A®) : NBUE = E[T,, -T, ] < LE[T,]
Proof. We notice that kak a.s. .
(1)1-e"AE)IFR &= Alx+y)-A(y) 1, = PrIN(x+y)-N(y)<t]i, (by Lemma 4)

= Pr[Tk+{ Tk>k]¢ ‘(bv Theorem 1 (2) and Lemma 3).

(Z)E[Tk+£ Tk] 2 lE[Tk+1+1 Tk+1] is decreasing in Kk, since each term
of the right hand side is decreasing in k by Corollary 2 and Lemma 3,

(3)By Lemma 4, Pr[N(x+y)-N(v)<£] < PrN(x)<e] = Pr(T>x]. Then (3) is .
obvious.

L= -Alx) -
(4)E[Ty , ,~Ty 1225 OE[Tk+1+1 Trsil and EITy 54097 Tk+1];fge &‘\'E[TI]
by the assumption and Corollary 2 (4). . Then we have thevinequality.l
. , . : L

2. Monotonic Properties of Tk

Let N be a p051t1ve 1nteger valued r.v: independent with-

{N(t) , £t20]. In this section we studyrmopotonic properties of Ty.

Theorem 6. (1) Suppose that z, (ixI) are i.i.d. r.v.’s with |
common distribution function same to the one of T, and are _

independentbwith N.-

e

(1) 1A NBy = pernee] = prisl 2ot

(2) 1-e”MT) . NBUE = E[Ty] < EINIE[T,].
Proof. (2) is obviohs from Theorem 5 (4).

(1) It is sdfficient to prove Pr[T >t];Pr[Z +...+Zk>t] for kz1. We i

prove the 1nequallty by the mathematlcal induction on k.

Pr[Tk+1>t] I Pr[Tk+1>t§Tk:x]dPr[Tk$x]

f PriT —Tk>t—xlTk=x}dPr[Tksx]

k+1
< f Pr[2k+1>t-x]dPr[Tksx] {by Corollary 2 (1) and th
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assumtion)
< f Pr[2k+1>t—x]dPr[Zl+...+stx] {(by the inductive
assumption and Lemma 3)

= Pr[Zl+...+Zk+1>t]. a

3. Stochastic’Comparisons of TN and TN’

Let Fy(t) = PriTy>t] = 3P_,PrIN(t)=k]Pr(N>k],
£ (t) = GEPriTy<t] = SP_PriN(t)=kla(t)PriN=k+1],
' f£,(t)
lN(t) = = .
F(t)

In this section N and N’\are>positive integer valued r.v.’s
independent with {N(t), t=0}
Theorem 7. (1) Pr[N=t] _ Pr[N’=t] . i<t = fy(x+a) B
PrIN=k] PriN"=k] ' TNIXS

fETTET_— for XZO and-AZO.

(2)Pr[N=k+1] Pr(N’=k+1] ‘ PriN>¢] PriN’>¢]

Fy(t+a) N Fyo (t+a)
FN(t) FN,(t)

for t>20, A>20 & 1N(t) < AN,(t) for t>0.

(3)Pr[N>£]1 > PriN’>¢] for ¢=1 =5~FN(t)~z“?&,(t) for t>0 .

Proof. (1) , o , _
E;;OPr[N(x+A)=k]A(x+A)Pf[N=k+1] E;;OPr[N(x+A):k];(x+A)Pr[N’=k¥1]
3P oPrIN(x)=k]x(x)PriN=k+1] 32 _oPrIN(x)=k]la{x)PrIN’=zk+1]

=2 2
k<¢
<0.

Pr[N(X+A)=k]A(X+A) PP[N(X+A)=€]A(X+A)
Pr{N(x)=klax(x) - PriN(x)=£lx(x)

Pr{N=k+1] Pr{N’=k+1]
Pr{N=¢f+1] Pr[N’=f£+1]

{(2) The equivalent relations of (2) is obvious.

FN(t+A) FNl(t+A)
FN(t) FNf(t)

Pr{N(t+a)zk] Pr[N(t+a)=t]||Pr{N>k] Pr(N’>k]

=2 2
k<¢

PriN(t)=k] Pr[N(t)=¢]

<

Pr[N>¢] PriN’>¢]
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> 0.
The relation (3) is easily proved by usin Lemma 3. o

We present simple bounds for the distribution and the

expectation of TN.

,Corollary 8. Let qmzinfk PrIN>k+1|N>k], qy=supy Pr[N>k+1|N>k],

and N and N,, be positive integer valued r.v.’s independent with

M
k-1 k-1

{N(t), t=0} such that Pr[N =kl=q (1- -q, ) Pr[N =k]=qy (l-qM). Since j

?

Pr[Nm>k]$Pr[N>k]$Pr[NM>k} for k>1, by Theorem 7 we have

Pr(Ty >t]<Pr[Ty>t]<Pr[Ty >t] for t20 and E[TN ]sE[T ]SE[TN ] o
m M : -
Remark 9.  Theorem 7 (1) (2) (3) show that stochastically- =
lager—relatibﬁs béf%eeh N and N’ are prééervéd»torﬁgémséﬁe sfoéhaétic

~A()

relations between TN and TN’ without any assumption on l-e o

Theorem 10. Sk PrIN=k] 3F_iPriN’zk]
-A(t). k=j ) k= j : .
1-e :DMRL, ETNT > ETR] for j=1.!
E[T ] - E[TN’]
ﬁ E‘rm-— E’rNTT— .-
Proof. Since 1l-e At) is DMRL, E{T —T 1] is deorea31ng in j
by Theorem 5 (2). Then using Lemma 3,
E[T ] ) . . ‘E[T,.,1
_ Pr{Nzj] _ PriN’>j] _ N’ J
~ETRT * 2°°-1E[T Ta NW * 2°°—1E[T 5 1]TFN’TL = EINT 7
Remark 11, "The following relation holds. '
PrN=t] _ Pr[N’'=¢] PriN=¢] _ PriN’>2] . _ o
T =k T = for k<t = m >3 m for k<t |
Sz jPTIN=k] TP SPriN’zk] . 1
i — E[NJ = - TN for j=1 . (1)
" b= PriNsk] > Pr(N’xk] for kxl . (2)
There is generally no relation between (1) and (2). o
Remark 12. It is easily verifed that if Pr[N<2]=Pr[N’'<2]=1,

E[Ty] E[Ty,]

Pr{N=212PriN*'=2] and’l—e-A(t) is NBU, then < o
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a,+...+a a,+...+a

Lemma 13, For 8280240, 1 n - 1 n+l holds for
i n n+1
nx1. The proof is easy and omitted. o
Theorem 14. ll—e—A(t):DMRL and Pr{N>k] > Pr[N’>k] for k=21
T T
N ]
= E(—g-] < E[—g=] .
Proof. Since l—e_A(t) is DMRL, E[Tj_Tj—I} is decreasing in j
by Theorem 5 (2). Then by Lemma 13, Tk’ Zk_lE[T.—T._I] is
; E[ ] = 2= S
‘ K K
decreasing in k. Then Theorem 14 is obvious by Lemma 3. o

4 .Stochastic Comparisons of Stead}—State-Distributions
{Nj(t),tzO} (j=1) : indepehdent non—homogeneous Poissen
processes with common mean value function A(t),
T = inf (eI () = k)
N.j (jzl).: independent pesitiQe inyeger valued r.v.’s with
common distribution same to the one of N,

i.e., {Nj(t), t>0} (j=1) are repiicas of {N(t), t=0} and Nj {j=1) are
replicas of N. We assume that {Nj(t), t>20} (j=1) are independent
with'Nj {(j=1).
We define a counting process {M(T),t>0} as
1

M(t) = Z509N5 + N (t—E?leNj ). if 2§=1TNj,g t < 2§=1TNJ
We notice that Tﬁ. (j=1) are i.i.d. randome variables with common
J .
distribution function Fy(t), 1-Fy(t)=3°_ Pr{N(t)=K]Pr(N>k]. 1In
this section we consider stochastic quantities with erespect to
{M(t)}tzd}, which means the number of repeirs performed in [O,t].
Let's define »
-1..3 . n-1,.j n J
z(t) = T o - (t =302y i SRIoT? <t < SULLT
NP (p-SRTlpd 4 J=17°N; JE1N= 7 ™ 45=17N 2

=1"N.
J J
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which means the time to the next failure from the time epock t.

Theorem 15.

. Fy(y) e A(x+Y)

lim Pr[Z(t)>x] = fg KT dy

toe E(Ty] e Y

Proof . Simple caluculaﬁion verifies the above equality. Since

pr(Z(t)sx1=jgpr{TN(X_y)+1>t—y+x,t-y<TN1d{§§=1(FN)‘“’1’<y)}
where (FN)(n—l) is the (h—l)—hold convolution ofNF , then by the basic

R
‘renewal theory we have
1

1im Pr[Z(t)>x] = I2priT >y+x, y<T,ldy .
toe - E[Ty] 0 N(y)+1 N°

" Noticing that Pr[TN(y)+1>y+x,y<TN] = FN(y)Pr[N(y+x)-N{y)=0]; the i

theorem is proved. (a}
We write the steady-state-distribution of Z{t) ﬁs H , 1.e.,
| Fyg(y) e AUXHY) -
fA.(x) = 1-H.(x) = fo . dy . ' ‘ |
Thebrém 16. (1) The density function hN(x) and the failure
rate funcﬁion rN(x)'of Hv(x) are ‘ » ‘ o
) = +
() F -(y)*e A(X y). ( )d
X} = «a{xX+y ¥
N 0 Ermy1 A L ‘
o A(xY) o . N ]
. fm FN(Y) __KT§T__ A(X+y)dy i
ry(x)” = ~A(X+}) '

fB"F(H—Km—
PriN>¢] < Pr(N’>¢] for k<¢

PrN>k] Pr[N'>k] .
= b3 for t>0, A>0 .
, A
PI‘[N>{,] < PriN >¢] for k<{, l_e—A(t) . IFR
Pr{N>k] Pr[N’>k]
= ryl(x) < Ty (x) " for vx>0 =  Hy(x) < HN,(X) for Vx>0

, l—e—A(t) has Pﬁz-dehsityw

(2)

(3)




Prbof. Differentiating H (x),. (1) is easily obtained.
o~ A(x+aty) _ o A(xtaty)
(2) f(cF (Y) —-:7\—(-:‘;7—— X X+A+V)d\' j«g FN)(\ ——'Xm——— l(\+A+V)dy
—A(x+v) ‘ - - e~ A(x+ty)
5 PN - Sogrey— 2 x4y dy o Fro (9) gy axty)dy
o _ e~ A(x+aty ) e~ ME+ +y5)
-,y Fy(vy) Fylyy) ATy ‘Alx+atyy) RINEY ‘A (x+A+y,)
Y12 Fyi (51) B (yo0] | -Alxtyy) o Mx+Y,)
N?*'Y1 N?'72 e 2
| -:xry—T—" Aty y) SRTE,T A (xHy)

> 0.

Using Basic Composition Theorem, (3) is proved similarly to the

proof of (2). o

We define ;
X _ <n Jj . n-1_3
Z(t) = EJ 1TN -t | if zJ lTN <t < EJ 1 N s

which means the time to the next perfect repair from the time epdck t.

"It is well known that

lim Pr[Z (t)<xl = 1 ] jg FN(u)du .

too E [TN

' b 4
We write the right hand side of the above equality as HN(x) .

Theorem 17. PriN>¢] < PriN’>¢]
Pr[N>k] Pr[N’>k]

Hy(t+a)  Hy, (t+a)
- <
AY(t) By, (t)

for k<¢

for t>0, A>0 => H;(t) > H;,(t) for t>0 .

Proof .

ja;A N(u)du f?;AFN,(u)du f?+AFN(u)du f?+AFN,(u)du

= < 0.
- - t+a . \ Lo
F??N(u)du f?FN,(u)du SR Gdu FTOF G tuddn 0
_ o e AExEY) ¥
Naoticing that HN{N) = fﬂ — 7 dHN(}) , we have by Theoren

1 3 3 a1y - 2
17 and Lemma 3
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Theorem 18. PI’[N>£] < PI‘{N’>£] for k$£ , l_e"A(t) . DMRL
Pr[N>k] Pri{N’>k]
: = fg Hy(x)dx = fg Hy, (x)dx . o
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