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Estimates of Dirichlet Eigenvalues for Degenerate
Elliptic Operators
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Hua CHEN* and Peng LUO**

Abstract

Let Q be a bounded open domain in R"™ with smooth boundary and X = (X1, Xa2, -+, X»)
be a system of real smooth vector fields defined on 2 with the boundary 92 which is non-
characteristic for X. If X satisfies the Hormander’s condition, then the vector fields is finite
degenerate and the sum of square operator Ax = Z;n:l X 32 is a finitely degenerate elliptic
operator, otherwise the operator —Ax is called infinitely degenerate. If \; is the 4" Dirichlet
eigenvalue for —Ax on €2, then this paper shall study the lower bound estimates for \;. Firstly,
by using the sub-elliptic estimate directly, we shall give a simple lower bound estimates of \; for
general finitely degenerate A x which is polynomial increasing in j. Secondly, if Ax is so-called
Grushin type degenerate elliptic operator, then we can give a precise lower bound estimates for
Aj. Finally, by using logarithmic regularity estimate, for infinitely degenerate elliptic operator
Ax we prove that the lower bound estimates of A; will be logarithmic increasing in j.

§1. Introduction and Main Results

Let Q be an open domain in R” (n > 2). For the systems of real smooth vector
fields X = (X1, Xo,--- , X,,) defined on Q, we introduce following function space:

H;((Q) = {u € LQ(Q) ’ Xju S L2(Q)7 j = 17"' 7m}7

Received December 20, 2016.
2010 Mathematics Subject Classification(s): 35J70, 35P15
Key Words: Dirichlet eigenvalues, finitely degenerate elliptic operators, infinitely degenerate el-
liptic operators, Hormander’s condition, sub-elliptic estimate, logarithmic reqularity estimate.
Supported by by National Natural Science Foundation of China (Grant No. 11131005).

*School of Mathematics and Statistics and Computational Science Hubei Key Laboratory, Wuhan
University, Wuhan, 430072, China
e-mail: chenhua@whu.edu.cn

**School of Mathematics and Statistics and Computational Science Hubei Key Laboratory, Wuhan
University, Wuhan, 430072, China.
e-mail: luopeng@whu.edu.cn

(© 2017 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



2 Hua CHEN AND PENG LuoO

which is a Hilbert space with norm HuHiI}( = ullZo 1 Xull L, [ Xullz: = 325, [ Xulli.-
Let © cC Q be a bounded open subset with boundary 92, here we assume that 9 is
(C*° smooth and non characteristic for the system of vector fields X. Next, the subspace
H o(Q) is defined as a closure of C§°(2) in H (), which is also a Hilbert space.

Let I = (j1,---,jk) with 1 < j; < m, we denote |I| = k. We say that the vector
fields X = {X;, Xo, -+, X} satisfy the Hérmander’s condition (cf. Hérmander, Acta
Math.(1967)) if X together with their commutators

Xr = [lev [Xj27 [Xj3’ T [Xjk717Xjk] o ma

up to some fixed length |I| < @ span the tangent space at each point of 2. Here @Q is
called the Hormander index of X on 2, which is the smallest positive integer for the
Hormander condition to be satisfied.

Let Ax = Z;ﬂ:l X ‘727 we consider the following Dirichlet eigenvalues problem in
Hy (%),

—Axu=Au, in £,

1.1
(11 u =0, on 0f).

We know that there is a sequence of discrete eigenvalues for the problem (1.1), which
can be ordered, after counting (finite) multiplicity, as

O< A <A< A3<-- <A <--+, and A\ = 0.

Classical Case:
If X ={0s,, - ,04,}, Ax is the Laplacian A. In this case, H. Weyl’s asymptotic
formula [36] deduced that A\, ~ C, (IQI )=, where {A\}x>1 are Dirichlet eigenvalues,

|2, is the Lebesgue measure of 2 and C,, = (QW)ZB;% with B,, being the volume of
the unit ball in R".

Later, Pélya [34] proved that the above asymptotic relation is in fact a one-sided
inequality if © is a plane domain which tiles R? (and his proof also works in R") and
he conjectured that, for any domain in R", the inequality holds,

k
Q5
In this direction, Lieb [27] proved an inequality like (1.2) for any domain in R™ but with

2
(1.2) A > Cy ( ) for any k > 1.

a constant C,, that differs from the constant C, by a factor. Later in 1983, by using
the Fourier transformation approach, Li and Yau [26] gave a simple proof for the lower
bounds and obtain

(1.3) Z)\ > nCn I{:n:g2 |Q\n for any k > 1.
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In 2006, A.D. Melas [29] gave more detail estimate for the lower bounds:

k
: P> ool : > 1.
(1.4) Z > n+2k Qe ™ 4+ O(k), for all k> 1

Upper bounds for Classical Case:
In 1994, under some geometry conditions, Kroger [25] proved the following upper
bounds for Dirichelt eigenvalues of Laplacian, namely

k
(1.5) Z < E21Q) "+ Ok

That means the Li-Yau’s lower bounds (1.3) would be optimal in general.
In this direction, also we have the following PPW inequality [Polya, Payne and
Weinberger,1955]:

k
4
1. < —ST
(1.6) eyt = M € — ;:1:)\

HP inequality [Hile and Protter,1980]:

k
. << —
(17) 4 —Z Mot — Ai

and Yang inequality [Yang, H.C.,1991]:

k
4
1.8 )\ < — Ai(A — ;).
(1.9 > Ot =207 2 1 D A =

From the Yang inequality above, one can deduce the following upper bounds for Dirichlet

eigenvalues of Laplacian:

(1.9) Aig1 < (1 + %) % (i Ai> .

The relations of all these four inequalities above are summarized as [Ashbaugh,
Mark S,2002]:
(1.8) = (1.9) = (1.7) = (1.6).

Lower bounds for finitely degenerate Case:

Degenerate elliptic operators have been widely studied by many authors. In the
finitely degenerate case, Hormander [18] proved the hypoellipticity of the degenerate
elliptic operators Ax; Nagel, Stein and Waingers [33] introduced the subelliptic balls
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and Carnot-Carathéodory metrics defined by degenerate vector fields X; Jerison and
Sénchez-Calle [20, 35] studied fundamental solutions and estimates of the heat kernel
for the degenerate elliptic operators Ax; Métivier [28] gained the asymptotic results
for Dirichlet eigenvalues under the Métivier’s condition below; Xu [37] established the
regularity theory for the degenerate elliptic operators Ax in quasilinear case. More
results for degenerate elliptic operators can be found in [1]-[13] and [15, 16, 19, 21, 22].

By using the similar approach in [26], we can prove the following lower bounds of
Dirichlet eigenvalues for general finitely degenerate elliptic operators.

Theorem 1.1.  Let X be finitely degenerate on ) with Hérmander inder 1 <
Q < +00, \; be the j'" Dirichlet eigenvalue of the problem (1.1), then

\; > CikMan — C(Q)k, for all k> 1,

WE

Jj=1

nQ(2m) &

C(Q)-(nQ+2)(1Q]n B,) 7@
2.1 below, By, is the volume of the unit ball in R™, |Q|,, is the volume of ).

, C(Q) and C(Q) are the constants in Proposition

where Cq =

Remark 1.2. (1) Since kX, > Z?Zl Aj, then Theorem 1.1 shows that the Dirichlet
eigenvalues A\ satisfy

(1.10) Ae > Cik@n — C(Q), for all k> 1.
(2) If Ax = A is Laplacian, then

Q=1 Q) =1, C(Q) =0, and C; = nLH(WB;Q/ﬂm;?/".
Thus the result of Theorem 1.1 is the same as the Li-Yau’s estimate (1.3).

Furthermore, if X satisfies the Hormander’s condition on {2 with the Hormander
index @, then for each 1 < j < @ and z € 2, we denote V;(z) as the subspace of the
tangent space T, (€2) which is spanned by the vector fields {X;} with |J| < j. If the
dimension of Vj(z) is constant v; in a neighborhood of each x € 2, then we say the
system of the vector fields X satisfies the so called Métivier’s condition on €2 and the
Métivier index is defined as

(1.11) v= Zj(uj —v;_1), here 1y =0,

j=1
where v is also called the Hausdorff dimension of () related to the subelliptic metric

induced by the vector fields X. Under the Métivier’s condition above, Métivier [28]
proved the following asymptotic result

(1.12) Ak R k%, as k — 400,
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where Métivier index v is defined by (1.11). Thus if Ax is finitely degenerate, then its
Dirichlet eigenvalue A\, will be polynomial increasing in k. However, when Hormander
index @ > 1, the increasing order of k in the lower bounds (1.10) is %, which is smaller
than the order of k in the Métivier’s asymptotic formula (1.12). That means the lower
bounds of Dirichlet eigenvalues in (1.10) are not precise. Indeed, one example below
with @) = 2 gives a precise lower bounds of Dirichlet eigenvalues.

Let us consider the Kohn Laplacian on Heisenberg group € in R?N*!  namely
Xj = O, + 2901, Y; = 9y, — 22;0;, for j =1, N, and Ay = 300 (X2 +Y?) is
the Kohn Laplacian. Then Hormander’s condition and Métivier’s condition are satisfied
with @ = 2 and v = 2N + 2. Thus Hansson and Laptev [17] proved that

N+1 N+2 ~i1
\ > ((271) (N +1) > f
20N (N + 2)N1[Q)]

where n = 2N + 1, Qn = 22N + 1), v = 2(N+1) = Q+n—1 and Cny =
1

(1.13) ~o1, for k> 1,

an’“_’nNZO CICTEET S A o r e The increasing order of k in (1.13) is the same to
that in Métivier’s result (1.12).

Métivier’s condition is important on studying finitely degenerate elliptic operator.
However, there are a lot of vector fields in which the Métivier’s condition will be not
satisfied. Thus we need to introduce the following generalized Métivier index. By
using the same notation we denote here v;(z) = dimVj(z), v(z) = Z?:lj(uj(x) -
vj_1(x)), with vg(x) = 0. Then we define

1.14 =
(1.14) v = maxv(z),

as the generalized Métivier index. Thus a degenerate vector fields X always has the
generalized Métivier index 7 on 2 even if the Métivier’s condition will be not satisfied
for X. Observe v = v if the Métivier’s condition is satisfied.

Thus, for some Grushin type vector fields, which satisfy Hormander’s condition
with 1 < @) < +00 and the so-called generalized Métivier’s condition. we can get the
following precise lower bounds for the corresponding Dirichlet eigenvalues.

Theorem 1.3. Let X = (0, ,04, ,,250,.), 1 € Z+, n > 2, be a Grushin
type vector fields on Q, and QN {xy = 0} # 0. Then X satisfies the Hormander’s
condition with the Hormander inder QQ = | + 1. Also the generalized Métivier index
7 =Q+n—1. Suppose \; be the j'" Dirichlet eigenvalue of the problem (1.1), then

k
SN > Ok E — C(Q)E, for allk > 1,
j=1

where

Cy = O(Q)n(n+Q+1)<|Q|nwn_lQ> (n+@Q — 1)»+o-1,
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and

- 3-9
C(Q)=C(Q) +min{1,Q —1} >0, Ag= min{l,n"2" }, g > ?
n, —1;

C(Q) and C(Q) are the constants in Proposition 2.1 below, wy_1 is the area of the unit
sphere in R™, |Q|,, is the volume of €.

Remark 1.4. (1) The result of Theorem 1.3 gives that
A > Czk% - 6’(@), for all &k > 1.

(2) In case of Hormander index @ > 1, we know that @ +n — 1 < 7 < nQ. Thus the
lower bounds of Theorem 1.3 is optimal.
(3) If I = 0 in Theorem 1.3, then we have

n

AX:Aa Q:17 C(Q):lv C(Q):Oa AQ:’FL, CZ:TL—I—Q

(2m)2B; /"0, 2.
Thus the result of Theorem 1.3 will be the same to Li-Yau’s estimate (1.3).

Next, we can prove the similar result for the Grushin type vector fields with two
degenerate directions.

Theorem 1.5.  Let X = (Oyy, -+, 0u, 4, 2] 0, _,,250,), n > 3, p, ¢ € L7,
i, 7 € {1,2,---,n — 2}, be the Grushin type vector fields on Q with two degenerate
directions. If QN{z; = 0} # 0 and QN{z; =0} # 0. Then X satisfies the Hormander’s
condition on Q with QQ = max{p,q}+1 and the generalized Métivier index v = n+p+q.
Suppose \; be the §t" Dirichlet eigenvalue of the problem (1.1), then

k
SN > CskME = Clp,q)k, for all k> 1,
j=1

where

_ _ 2 e ( n+p+q > R <(27T)” ) T
30(]), q) (p + 1)((] + 1)wn—l ’Q’n
Cp,q) =Clp+1)+Clg+1)+2>0, Clp,q) = max{C(p+1),C(¢g+1)}. C(p+1),

Clg+1), C(p+1) and C(q + 1) are the constants in (2.1) below, w,_1 is the area of
the unit sphere in R™, |Q|,, is the volume of Q.

Cs

Y

Remark 1.6. (1) The result of Theorem 1.5 implies that

A > Oske — Cl(p, q), forall k > 1.
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(2) The result of Theorem 1.5 can be deduced to the more general Grushin type degen-
erate vector fields with k& degenerate directions

X = {85617"'8In—k7f1(j)axn—k+17"' 7fk(3_7)a$n}7

where T = (21, ,2p—g) for 2 < k <mn, f;(Z) (1 < j < k) are smooth functions with
finite order zero point in 2.

Lower bounds for infinitely degenerate Case:

Let X = {X1, Xo,---,X,,} be C* smooth vector fields defined in Q (C R™). We
assume that X doesn’t satisfy Hormander condition, then Ax is infinitely degenerate
elliptic operator. For example X = (9y,, - ,0p,_,,0(21)0,, ), where p(z;) = e~ 1/I71I"
for 1 # 0 (s > 0), and ¢(0) = 0.

For infinitely degenerate elliptic operators, Hormander index ) = +o00. However
if we let Q@ — 400 in the lower bound estimate (1.10) (or in Métivier’s asymptotic
estimate (1.12)). Then we can get nothing information for the lower bounds of the
Dirichlet eigenvalues in the infinitely degenerate cases.

Motivation of infinitely degenerate elliptic operators came from complex geometry
(cf. [22]). In 1981, Fefferman-Phong proved that, for degenerate elliptic operators P,
the sub-elliptic estimate holds iff P is the operator with finite order degeneracy (e.g. for
sum of square operator, the Hormander condition is satisfied). That means, at points
of infinite type, the sub-elliptic estimate will be not satisfied. However, there were a lot
of examples in complex geometry in which the boundary of pseudo-convex domain has
singular points with infinite type degeneracy (see [23, 24]).

In 1987, Y. Morimoto [30, 31] (also see M. Christ’s result [14] for general case in
1997) proved that, if infinitely degenerate elliptic operator satisfies the so-called loga-
rithmic regularity estimate, then it is hypo-elliptic. Later in 2000, by using sub-elliptic
multipliers method, J. Kohn gave a purely geometrical condition for the hypo-ellipticity
at points of infinite type degeneracy on the boundary of pseudo-convex domain.

Here we suppose that X satisfies the finite type of Hormander’s condition on €2
except a union of smooth surfaces I', the surface I' is non characteristic for X, and the
vector fields X satisfies the following logarithmic regularity estimate for all u € C§°(£2),

(1.15) 08 A)*ul @y < Co [ 1XuPde + ulage.

where s > 1, Cp > 0 and A = (e2 + |V|?)2. Then the result of [32] gave that there is a
sequence of discrete Dirichlet eigenvalues for the problem (1.1), which can be ordered,
after finite multiplicity, as 0 < A\ < Ay < A3 < -+ < A\ < -++, and A\ — +o0.
However, up to now, there is no any result (even no asymptotic result) on the lower
bounds of the eigenvalues. The result of Theorem 1.7 below tells us that in this case
the Dirichlet eigenvalues A\; will be at least logarithmic increasing in k.
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Theorem 1.7.  Suppose that the infinitely degenerate vector fields X satisfies the
logarithmic reqularity estimate (1.15) with s > 1, \; is the jth eigenvalue of the problem
(1.1). Then

> Cyk(log k)% — k, for all k > ko,

I\Mw

where ko = [%] +1,Cy = (2" — 1)(002”+43(| log %PS + n2s)> , B, is

the volume of the unit ball in R™, |Q|,, is the volume of Q, s and Cy are given in (1.15).
Remark 1.8. (1) Since kA > 2?21 Aj, then the result of Theorem 1.7 gives that
A > Cy(logk)* — 1, for all k > k.

(2) We know that the logarithmic regularity estimate (1.15) with s > 1 implies that the
infinitely degenerate elliptic operator A x is hypo-elliptic (cf. [14, 30]).

Our paper is organized as follows. In Section 2, we introduce some preliminaries
which include subelliptic estimates and logarithmic regularity estimate. In Section 3,
we prove Theorem 1.1. The proofs for Theorem 1.3 and Theorem 1.5 will be given in
Section 4. Finally we shall prove Theorem 1.7 in Section 5.

§ 2. Preliminaries

§2.1. Subelliptic estimates

Proposition 2.1 (cf. [15]).  The system of vector fields X = (Xy,--- , X,) sat-
1sfies the Hormander’s condition on S with Hormander index is QQ > 1, if and only if
the following subelliptic estimate

) -
(2.1) 1919 ) < CQIXuUllZ2 () + C@lullFz(q)).

holds for all u € C§(R). Where V = (0p,, -+ ,04,), |V|Y/Q is a pesudo-differential
operator with the symbol |€|Y/Q, the constants C(Q) > 0 and C(Q) >0

Proposition 2.2. If X belongs to the system of vector fields in Theorem 1.3,

then we have the following subelliptic estimate

(2.2) Z |02, u

=1

2 + 102,19l ) < C@QUIX U} 0) + C(Q)

’UHZH(Q)),

for all u € C(). Where |0, |/ is a pesudo-differential operator with the symbol
1£,]Y9, C(Q) = C(Q) +min{1,Q — 1} > 0, C(Q) and C(Q) are the constants in (2.1).
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Proof. First, for Q = 1, then Ax = A and the estimate (2.2) is obvious. If @ > 1
and u € C§°(Q2), from Plancherel’s formula, we have

192, 1 Qull2 0y = Il %

2
L2(R)

(2.3)
) — H|V|1/Q

< 1€l % ;2 g

2
“Hm(m'

Also,

n—1
(2.4) > |0

i=1

2
|L2(Q) < ”XUH%?(Q)

Combining (2.1), (2.3) and (2.4), we can gain the subelliptic estimate (2.2). O

Proposition 2.3. If X belongs to the system of vector fields in Theorem 1.5,
then we have the following subelliptic estimate

n—2

Z H@xlu

(2.5) i=1

2 _1 2 1 2
|L2(Q) + H|awn—1|”1“HL2(Q) + |||8wn|q““HL2(Q)
< C(p,q)(IXull72q) + C(p, Q)llullF2@);

for allu € C°(R). Where C(p,q) = C(p+1)+C(qg+1)+2 >0, C(p, q) = max{C(p+
1),Cg+1)}. C(p+1),C(qg+1), C(p+1) and C(q+ 1) are the constants in (2.1).

Proof. We consider the system of vector fields X = (8,,,--- ,0 2P0, ) de-

» Y Tn—2) g

fined on Q,/, where 2, is the projection of  on the direction 2’ and 2’ = (x1,- -+ , Xp_1).
Then similar to Proposition 2.2, we have

n—2
> N0l s g HlIOmn 75l ) < (COALFY) (1KulFog, + O+ Dl )
i=1
Then
n—2 9 1 2
Z ”8372“ ‘L2(Q) + H’aﬂfnﬂ‘mu“Lz(Q)
(2.6) i—1

< (Clo+ 1)+ 1) (|1 XullF2(0) + Clo + DlulF2q)-
Similarly, we can get

n—2

> [
=1

2 1 2
27) (12 110,17 ul| 2 g

< (Cla+1) + 1) (IXullZ2i) + Cla+ Dlulfz(q))-
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Thus (2.6) and (2.7) imply the subelliptic estimate (2.5). O

§ 2.2. Examples satisfying logarithmic regularity estimates

Let X = (X1, X2, -+, X,,) be an infinitely degenerate system of vector fields on
an open bound domain €2 in R™, X ; denote the repeated commutator

[ij[Xj27[Xj37"'[Xjk—quk]'”]]]?
for J = (j1, - ,jk), ji €{1,--- ,m}, and |J| = k. For k > 1, we take

Gle.k) = min 37 [Xs@ O gltd.ka) = Gllexp tX,)(wo). b,
|T|<k

where (exptX;)(zo) denotes the integral curve of X; starting from xg € I'. Here I' =
{re3IEesS" 1 Xy (x,&) =0, for any J}, and g]’k(xo) = ﬁ J;9(t, 4.k, x0)dt is the
mean value of g(t, j, k,xp) on the interval I. One has the following result:

Proposition 2.4 (cf. [32]). If s> 0, and there exists €1 > 0 such that
{ sup (|7

for any o € ', then there exist constants Cy > 0 which is independent with €1 and Cg,
such that

1
s

inf log g7 (z0)|); I C (— I o
550 ke B 1 icm og 97" (z0)]); I C (—p, 1), 97" (z0) < & ¢ < €1,

08 A)° vl ey < Coct [ 1XuPda + O ull o
for any u € C§(Q).

From the result of Proposition 2.4, we can give some examples as follows in which
the infinitely degenerate vector fields X will satisfy the logarithmic regularity estimate
(1.15) (cf. [7, 32]).

Example 2.5. Let s > 0, and

1

€ |I1‘1/s’ Tl #07

0, 1 = 0.

p(r1) =

Then X = (0py,-+* ,0u,_,,9(x1)0;, ) is infinitely degenerate on the surface I' = {z; =
0} and X satisfies the logarithmic regularity estimate (1.15).

Example 2.6.  The system of vector fields X = (0y,,-+ ,04,_,,p(x1)0,, ), for
n > 2, where s > 0 and

1

a in(Z)1/s
|21 sin(Z)I/

y L1 7'&0’
0, ZE1:0.

p(r1) =
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Then X is infinitely degenerate on I' = J
FO = {331 = O}

ez, Ly, for I'j = {z1 = %}, j > 1, and

Example 2.7. The system of vector fields X = (9yy,- -+ ,0s,_,,0(x1,22)0x,),
for n > 3, where k£ > 1, s > 0 and

1
e l=I" gk gy £0,
So(xbe) =
07 1 =

Then X is infinitely degenerate on the surface {z; = 0}.

§3. Proof of Theorem 1.1

Lemma 3.1.  For the system of vector fields X = (Xy,---,Xm), if {¢j}?=1

are the set of orthonormal eigenfunctions corresponding to the Dirichlet eigenvalues

{A; };?:1. Define

k
U(z,y) = Z¢j($)¢j(y)-

Then for the partial Fourier transformation of ¥(x,y) in the x-variable,

n

U(zy) = (2m) "2 / U(z,y)e " d,

we have

/ / B (2, y)[2dzdy = k. and / Bz, ) Pdy < (27) (O
Q n Q

Proof. Since
| s = [ iyP

Hence by the orthonormality of {;}*_,, one has

/ / (2, )| 2dedy = / / Uz, ) Pdady = / / U (e, y)Pddy = k.

Q n Q n QJN

On the other hand,

/ Bz, y)2dy = / @r) | [ W y)e " daPdy = / (2m)"| / Uz, y)e > def2dy.
n Q R Q Q

Using the Fourier expansion for the function e™"*%, i.e.

e =" a;(2)¢;(x), with a;(z) = / e~ H (x)da.
j=1 ?
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Then we know that
S la@F = [ e o = (9,
j=1 @

Thus

|/ x,y)e i “dr| < |/ Zzal Y (z @Dj 1/’] )dx| = Za] 1/}]

j=11=1

Using the estimates above, we have

| Gy < 2n n/@% Wy = (2m)° ng 21) "9,

O
Lemma 3.2.  Let f be a real-valued function defined on R™ with 0 < f < M. If

/ |z\2/Qf(z)dz < My,

with Q € N, then we have the following inequality,

nQ + 2 nQ+2 _nQ
< n 2 nQ+2
[ () < ( 0 ) (M, B,,) 7052 M

where B, is the volume of the unit ball in R™.

Proof. First, we choose R such that

/ 12| Qg(2)dz = Ms,

where
M17 |Z| < R7

9(z) =
0, |z| > R.

Then (|2]?/Q — R?/Q)(f(z) — g(2)) > 0, hence

(3.1) R /n(f(Z) —9(2))dz < / |2/ (f(2) = 9(2))dz < 0.

n
Now we have

QMyw,_1R"" %
n@Q + 2 ’

R
(3.2) My = / 2|2/ 9g(2)dz = Ml/ PG, g dr =
n 0
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where w,,_1 is the area of the unit sphere in R"™. From the definition of g(z), we know

(3.3) / g(z)dz = M1 B, R",

where B,, is the volume of the unit ball in R"™.
Since nB,, = wy_1, then (3.1), (3.2) and (3.3) give

_nQ ) nQ
nQ + 2) note (Man) nQ+2 M2nQ+2 )
e

. f(z)dz < / g(2)dz < (

O

Proof of Theorem 1.1: Let {\;}r>1 be a sequence of the Dirichlet eigenvalues
for the problem (1.1), {¢)x(z)}x>1 be the corresponding eigenfunctions, then {¢y(x)}r>1
constitute an orthonormal basis of the Sobolev space H}QO(Q). Using Plancherel’s
formula and Proposition 2.1, we have for ¥(z,y) = Z§:1 Y)Y (y),

A 2
[ [P Pagds = [ [ {19199, 0| dydz
R™ JQ nJQ

(3.4) X
= [ [ v1ew| dyaa.

and

2
//(IVIVQ‘I’(IB,?J)‘ dydz
QJQ

(3.5)
<c@( [ [ 1X@v@pPasty+ @ | [ 1w asd).

Next, we can deduce that

m k
/Q/Q|X(x)qj(x’y)|2dxdy:/ﬂ(;/Q’;(Xl(@%(@)%(g)\%a:)dy

Thus Lemma 3.1 and the estimates (3.4), (3.5) and (3.6) imply that

/Rn /Q |z|2/Q|‘i’(Z,y)|2dydz < C(Q)(é)\j + 6(Q)k>
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Now we choose
k
- / [(z,9)dy, My = (2m) "0, Mo = C(@Q)( DN + C(QF).
j=1

Then the results of Lemma 3.1 and Lemma 3.2 give that, for any k > 1,

kfz("Q'%2)JﬁE«2wY“MNnB 7@+2( }:A +C(Q )"Q“

nQ
That means, for any k£ > 1,
k 2
2mye
Z: \; > Ok Re — C(Q)k, with Oy = nQ @) —
j=1 C(Q) - (nQ + 2)(|2nBn) "2
Theorem 1.1 is proved. U

8§4. Proof of Theorem 1.3 and Theorem 1.5

§4.1. Proof of Theorem 1.3

Lemma 4.1.  Let f be a real-valued function defined on R™ with 0 < f < My,
and for Q € NT,

n—1

/ QA+ el f(2)dz < Mo,

i=1
Then

1 1)\ w¥oTT , ntQ-l
F(2)dz n(Q —;n—i— )) 57 M
Q

o nt+Q -1

where wy,_1 s the area of the unit sphere in R™, and

(Mlen—l)%%<

b

min{l,n"2"}, Q>2,

Ap =
N n, Q=1

Proof. First, we choose R such that

n—1
/ (3 22 + |2/ Q)g(2)dz = M,
=1

where
n—1

My, Z 22 4+ 2,9 < R?,

g(z) = =

0, Z 2%+ |Zn|2/Q > R

=1
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n—1

Then (Z 22 4+ 12,)79 — RY(f(2) — g(2)) > 0, hence

i=1

(4.1) RQ/n(f(z)— dz</ Zz + 12279 (f(2) — g(2))dz < 0.

Now we have

n—1
VAR ) SF BUSKCC MBSV R) we FAS LTS
R™ =1

B
(4.2) st
M
Q[ Pl e = MO [ RS 50,
Br " JBr i=1
where
n—1
Bp={z€R")> 22+ 2”9 <R?}, Bp={z €R",|2| < R}.
=1

On the other hand,

(43) ZW Lo pafon 12('%') > Agl=97,

where
o Jmin{Le T Q>
¢ n, Q =1
Then (4.2) and (4.3) imply
MiQA M,QAow,,
(4.4) My > M/ 2|9 dz = MRMQH
n Br ( +Q+ )

From the definition of g(z), we know

/ g(z)dz = M, /~ dz = MQ ESEa?
n B Br
(4.5) "
_ Mlen 1
< MQ 2|Q gy = —— XN pnt@-1
. 2| 101

Combining (4.1), (4.4) and (4.5), one has

1

n(Q +n + 1)) TrgTT
n+Q —1

2
(Mlen—l)”W“( Ao

- f(z)dz < /n g(2)dz <

15

n+Q—1
n+Q+1
M+

O
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Proof of Theorem 1.3: Let X = (94, ,0u,_,,740x,), {\k}x>1 be a sequence
of the Dirichlet eigenvalues for the problem (1.1), {¢x(x)}r>1 be the corresponding
eigenfunctions, then {¢(z)}r>1 constitute an orthonormal basis of the Sobolev space
HY (9.

Let U (x,y) = Z?Zl Y;(x);(y), then by using Plancherel’s formula and Proposition
2.2, we have for Q =1+ 1,

n—1
[ [ 2+ P/ Payas
A L
n—1
W [ 00+ 0 e
" i=1

<@ [ [ 1X@w)dsy+C@Q) [ [ [we.pPdady).
Next, we can deduce that
| [ 1x@wepkady - [ (g / |gxl(ij(x))wj(ynzdx)dy

k

k
__ /Q D)t (e)dr = YA,

(4.7)

Jj=1

Thus from Lemma 3.1 and the estimates (4.6) and (4.7) above, we have

n—1 k
L (2 s+ i Payds < CQU A +C@b)

Now we choose

k
£ = [ bGPy, M= @n) 2. M= CQ)(X A+ C@).
j=1
Then the result of Lemma 4.1 gives that, for any £ > 1,
1 _ 2 n(Q+n+ 1)\ mFeT [ a ~ e
< S n n 1 - - . . .
< g1 QR " Oy () (C(Q)(; N+C(Q)R))

This means, for any k > 1,

k
SN > Gkt — G(Q),
j=1
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with y o 2
2m)" n+Q-1 n+Q+1
Co == < n+Q —1)nte-1,
i C(Q)n(n+Q+1)<IQInwn_1Q> ( )
and
0 min{1 n%} Q> 2
C(Q) =C(Q) +min{l,Q -1} >0, Ag= ’ ’ Z 4
n, Q=1
The proof of Theorem 1.3 is complete. 0

§4.2. Proof of Theorem 1.5

Lemma 4.2.  Let f be a real-valued function defined on R™ with 0 < f < My,
and forp, q € 7™,

n—2

[ 2+ a7 4 ) 1)z < M

=1

Then
ntpt+q+2 o,
f(Z)dZ < (p + 1)((] + 1)wn—1 Mm (371 ki ”+_;5'_‘§'(’1'2Mn1;i:3-2
Rn - n+p+q ! 2n ? ’
where wy,_1 s the area of the unit sphere in R™.
Proof. First, we choose R such that
n—2 ) )
[ 2+ sl P74 fea )21z =
" =1
where
n—2 ) )
Ml’ z:z’/z'2—|_|zn—1|m+|ZTL|m <R27
9(z) = et
2 2
0, > 2+ |za|PT 4 |z|75T > R
i=1
n—2 ) )
Then (Z 22 4 [2n1| P+ 20| 7T — R*)(f(2) — g(2)) > 0, hence
i=1
n—2 ) ,
@8) B [ (1) =9z < [ (3 2+ funal P+ |l B - g())dz <0
Now we have
n-2 2 2 n-2 2 2
Mo = [ (2 a7 4| P)g(e)ds = My [ (Y2 sl P+ e 7)o
R™ =1 Br =1

= Mi(p+1)(g+ 1) / 22lzna [Pzl tdz > My (p + 1)(g + 1) / 22 21 [P 20|,

Bgr AR
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where
n—2
D, n 2 2 2 2 n
Br={z €R", Y 2+ |2p 1|77 + 2|75 < R?), Br={z € R",|2| <R},
i=1
and

Agr = {ZERn,’Zil < %,221,2 ,TL}.

NG

By a direct calculation, we have

/ (22l [P 2n|9dz > / (21 Pz [Pz 0dz =
AR

AR

2™ _ n4ptqt2
2

n Rn+p+q+2'
3p+1)(g+1)

Then we have

(4.9) My > 2" My - B pnptg+2.

From the definition of g(z), we know

/ g(z)dz:Ml/_ dz:Ml(p+1)(q+1)/ 21 [P |2 |7d
n B

Br
(4.10) < Mi(p+1)(g+ 1)/ |2|PTd2
Br
_ Mi(p+1)(g+ Dwn—1 Rntpta
n+p+gq

Combining (4.8), (4.9) and (4.10), we can obtain

niptat?  nipig

1 D,y q . 2
FE)z < [ glepts < LEDE Doy s (302 )
R n n+p+q 2n

n+p+q
B Vs
2 .

O

Proof of Theorem 1.5: Let X = (0uy, 0z, 5,70z, ,,250z,), {A}r>1 be
a sequence of the Dirichlet eigenvalues for the problem (1.1), {¢r(z)}r>1 be the cor-
responding eigenfunctions. Then {ty(x)}r>1 constitute an orthonormal basis of the
Sobolev space H ().

Taking U(z,y) = Z?:1 Y (x);(y), then from Plancherel’s formula and Proposition
2.3, we have

n—2
[ [0 2 el o+ fanl #0010 Py
IR
no2 2 1 2 1 2
:/ A(Z\ami\P<x,y>\ 10, |, )2 + (100, | 7T U (2, ) [P) dyda
" i=1

n—2
:/Q/Q(Zlam\lf(x,y)lzﬂmxn111#1\11(1;,y)|2+Haxn\qhq;(x,y)f)dyd%
=1
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and

n—2
/Q/ Z}&E\Ifa:y| + |10z, 1\P+1\I!a:y‘ + |10s,, |q+1\I/(a: y)‘ )dydx

< C(p,q) //|X xy|dxdy+0p, //|\I/a:y|da:dy>

Next, we can deduce that

| [1X @ pPdedy = | (i /| |ﬁj(xxij(x))wxwﬁdm)dy
/ ij BYSTREYRE S8

j=1

Thus from Lemma 3.1 and the discussions above, we have

/ /( R 1|p+1 + |zn |q+1)]\ll(z y)|2dydz < C(p, q <Z)\ +C(p,q) >
Now we choose

k
= / U (2, y)|2dy, Mi=(2m)""|Ql,, Mz =Cl(p, q>(ZA]~ +Cl(p, q)k)-
Q ,
j=1
Then the result of Lemma 4.2 gives that, for any k£ > 1,

ntp+qg+2 n+p+

(p+1)(g+ Dwny (302 wtptat? —n _ 2
- ”+p+q ( on > ((2m) ", ) n¥p+at2

n+p+q

(C—, .4 Z)\ n C’ p, >n+p+q+2‘

This means, for any k > 1,

)\j Z C3k1+n+i+q - 6(]), Q)kv

M-

J=1
where
n n
Oy = _2 n—"”’fﬂ“( n+p+q %((2@ )m
3C(p,q) (p+1)(g+ 1wy 12,

and C(p,q) = C(p+1)+C(g+1)+2 >0, C(p,q) = max{C(p+1),C(g+1)}. C(p+1),
C(g+1),C(p+1) and C(q+ 1) are the constants in (2.1). Theorem 1.5 is proved. O
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8§5. Proof of Theorem 1.7

Lemma 5.1.  Let f be a real-valued function defined on R™ and 0 < f < M.
For some s > 0, if

n

f(2)dz > 1, and / (log(e® + |2*)* f(2)dz < My,
R'I’L

where My > 245t"e" M, B,,, B,, is the volume of the unit ball in R™. Then we have the
following inequality,
n+2s

2n —1

. f(2)dz - (log( . f(2)dz))* < (|log(MyB,,)|** + n?®) M.

Proof. 'We choose a constant R > 0 such that

| Gog(e? + 12 g(a)dz = M,

where
M17 |Z| < R7

9(z) =
0, |z| > R.

Since My > 245+men M, B,,, that means R > 2e. In fact, if R < 2e, then
R
Moy :/ (log(e® + |2]2))2g(2)dz = len—l/ (log(e? + r2))25r"Ldr
" 0

< M, B, (log(5¢?))**(2e)" < 2% ™" M, B,,,

where w,,_1 is the area of the unit sphere in R", B,, is the volume of the unit ball in
R™ and nB,, = wy_1. Thus R > 2e¢ and R > 2\/?, and

R R
My > len_l/ (log(e? + r?))2sr" tdr > len_1225/ (log r)?sr™~Ldr
R R
(5.1) 2 2
R\ 2s
> 925\, B,y (1 — 2_”)R"<log 5) > M, B, (1 — 27")R"(log R)?".

Since [(bg(e? +1212))2 — (log(e? + R?))ﬂ (f(2) — g(2)) > 0, we have

(og(e? + ) [ (£() = g(2)dz < [ (og(e? + o) (£(2) - g())dz <0,

n n

which implies

(5.2) / F(2)dz < / o(2)d-.
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From the estimate (5.2) and the fact [, f(z)dz > 1, we can obtain
2s
f(z)dz- (1og( [ f(2)dz))
R™ R"
(53) 2s " n 2s
<[ g(2)dz- (1og( g(z)dz)> = MyB,R" - | log(M, B, R )]

<22* M, B,,(|log(M,B,)|** + n**)R"(log R)**

Thus the estimates (5.1) and (5.3) give that

2s n+2s
f2)dz - (log( | f(2)d2))" < oo (|log(MiBy)[** +n®)Ma.
R” R”

O

Proof of Theorem 1.7: First, the problem (1.1) has a sequence of discrete
eigenvalues {A;}r>1 and the corresponding eigenfunctions {¢(x)}r>1 constitute an
orthonormal basis of the Sobolev space H ((€2).

Taking ¥(z,y) = 2?21 Yj();(y), then from Lemma 3.1, we know

/ / (B(z, y)Pdzdy = k, and / (=, y) Py < (27) |,
Q n Q

On the other hand, by using Plancherel’s formula, we can obtain

/ / (2, ) *(log(e? + |2[2))? dydz = / / (0g(¢? + |V ) ¥z, y) [Pdyd.
rn JO nJQ

where V, = (04,,0ry, -+ , 0z, ). Next, the logarithmic regularity estimate (1.15) gives

/n/ |<10g(€2 —+ Wm|2))s\lf(fc,y)\2dydx

< 2750 ( //|X U(z,y)| d:cdy+/ / U (2, y)|*dzdy).

On the other hand, we have

| [ 1x@ xy|dxdy—/g(i/ g )i () Pl ) dy

/Zz/)j 2)Axpi(x)de = A;.

j=1

Therefore, from the above calculations, we obtain

/ / 1§ (2, )2 (log(e? + |22)) 2 dydz < 22Co Z)\ + k).
]Rn

7j=1
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Now we choose

k
f(z) = / U (z,y)dy, My = (2m)"|Qn, M2 =2%Co(Y_A; + k).
Q =

225¢" B, Q|
Com™

Then we know that 0 < f(z) < M;. If we take kg = |
k > kg, we can see

] + 1, then for any

f(2)dz =k > 1, and My > 2*e™(Q|, B,n~" = 2%t M, B,,.
Rn
Thus from the result of Lemma 5.1, for any k > kg, we have

274 QB ge | 2 -
T 1(\ og @) 5 +n2%)Cy - (Z)\j + k).

Jj=1

k(log k)% <

That means, for any k£ > ko,

k
>\ = Cak(logk)* — k,

Jj=1

—1
@m)n 25 4 n2s)> . This completes the proof of
Theorem 1.7. O

where Cy = (2™ — 1)(002n+4s(| log €] Bn,
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