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Manifold @ Ball Covering)<= 1%

tx B K —-F
MEIX ERAEZ

compact manifod &AM D ball T cover Sh%, =0
BNEdEA 5 6\ < Topological invariant THB. = 0Fe< B
Ea, —BR21F0, mvariant X0 &) aMEBEFKS, L
D HuBMET LD G0N, S0 mole TIFIMHK 70T
OREEEHAMZ L LR U, B0 % < 1%BBEET 5 [Kobayashi-
Tsukuil. 27T PL category C% 2% (Top. Dif. % = oM
RIIAEGTIEH?» ) LBOND) , HRETS T oPR Y, man
fold 134 compact o 2 comected PL manifold <T'\ map %
LT PL.L T %, _—

Definition 1. M'% n-manifold, B={BJ&EM oK 3 3 a-
ball (closed ball) @ finile set 233 . |
M VUB=M"or=B% M ® weak ball covering £ufv*,

| @ M'© weak ball covering B=1B.}f 2%, B.,BjeP. Bi¥B;

<71 T BinBy=9Bin2B;: (-v-manifold ( comected <75 <

/
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TEBW) THHLEBE M 0 ball covering £ 1,
BMY) = min{#B: B1IM'D weak ball covering § ,
b= min.{#B; BEM 0 ball covering |

LRETD. (#B 12 setB o element 0B £ XT. )

manifold M@ (weak) ball covering 13 4 #B=b(M) (or B(M)

OYERKPBEmnimal £ 3. 5N BM £ bM),

Lemma 1. B={B:i} 7 manifold M o (weak) ball covering

T, B:,7B; € B, Bi# B;, BinB;=¢.

=> F B Mo (Weak) ball covering T #P<#HP .
Proof. B#'Mo ball covering D T OSEBH LT S,

M comected £\ 5 K\ﬁ/'j’ka Y B B; &% 3\ simple arc

Y &Y. €0 regular neighborhood & N=N(:M)x 3%, B;Y

NVB; I3 ball RA5 Bir L. Bk=CR(Bk-B{) . ks1j & 3 AU,

B = {Bk }Klja MO ball coveringT #B=#B -1 .

Corollary 2. P 5" manifold M @ minimal 7% (Weak) ball
covering & 513, VBB € B, Bi*B; Ko v T BinB;j# $.
lemma L.2< Y ELBO 3 eRMEEN S,
Proposition 3.  b(Mi# M2) £ max.{ b(Mp), b(M=2)} .
2K dmM £ MO BHER 7 0 T £ 2T Y.
MP= ROV R - VA B
M0 handle NBF £ &2, (14P< - <Pmsn) .
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lemma l ® F3&HK XY BIL index ® handle (m-ball) & 1 FED
I B Sk inducdive =47 %1%,

Proposition 4. M'#tY o d 5 % handle Hf& & £ T 3,
bMY< m+1, T&2,

M KR 73 51T M 1S index £ k IR T o handle 1< 5 F&Fs M
205,

Corollary 5. (D M"NK* = b(MY £ k+ 1.

@ oM"#= P = bMH <M

@ M-AN KR, MMiclosed = bMM kT2,

fE> T bM & ¢mM OBEME £ L TIX - MK,

Theorem 6. b(MM < m+ 1.

Example 7. b(SPx st =3, (Pgz1)

SPx S 13 0,P. %, pr] O index & 4 0 handle i< HFEES
#, B 2> general posilion T p-handle ¥ §~-handle 13 %0 5 74
WD b(§xSHI€3. kT STaSY 1F closed T, b2
74 5 MI3 sphereBX b(S'xS%)=3 482,

Contractible Manifolds I<> v T

Lemma 8. M": m-manifold, bMWY =2 > ¥ 3. {By, Ba} "
M'0 ball covering’a 513,

M T (M) : free group of rank= Tank Ho(BinB2).

3
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@ HiM") 2 Hia (BinB2)= His (@Bin9B2) , 2<ism,
@ m£431&, Ha(MYIS free abelion T, ¢ 0 genevator
|& 2-sphere TER M3,
Proof. p:i & Bi ® center& 34013" Bi™s pux (9Bin9 Ba)
fE> T M"=BVYB2™ pix (3BindB)* P2 = S (Bin2B2) =
2 (BinB2) ( suspension). V@13 0 EFo fs8 .
XCS¥, kg3 B Hi(X): free abelian K5, @)1
Hz(MM = H,(3B,n2B2) , m&4, |X Tree abelian . Hi(3B,n3B)
® qenerator 13 simple loop T HIBI ALz 0\ B H2(M") 0 gerte-
rator £ 20 sus;)enSion & LTEETI A,

Theorem 9. ™M": fiomology m-sphere, b(MD <3 72 513"

Mhx ST,

Proof. bMY=3 rf&RR L. {B),B2Bs} € M" © minimal 7
ball covering £ 3 3. lemna 8 & FHe(BVB2=0 05
Hv(@Bin2B2)=0. Poincaré duality 25 3(BinB:) =2(B,
Nn3B.) 13 fomology m-2)-sphere TH . FE> T ML4 745
9(BinB:) & 82 C 2B, BiaB, 2 B"'. #> T BVB.zB
FHY Mte 8" m2b2rE, MBVYBDEM(S(BABY) =0
X qenemhzed Poinare Con;ecture £hH Mraxsh,
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YOSEBHERH B XAKRLL T A,

Corollary fo. M": acyclic manifold, b(MM <2, ns4
= MM B",

BREMETTSOBITEL < <, bMY=2 T (all 27
" v) contractible manifold MY HBEAT 3. BK o ) Zods
PO BERS 21N, M24 T ontractible manifold U ¢
S'"S U, mE~UM %0 %3 example (Newman I CNeuzi 1)
ERV B,

Proposition 11. (Glaser)] mz4 k > v T, (ballTm ™)
Contractible n-manifold M" ¢ MM =2 733 £ o ABET
Do

0 Glaser 0BT M25 T PIMY=bMY =2 FFEI
SR M=4 kK 2v T corollary 10 & X3 & ;

Corollary 12.  contractible 4-manifold M* RBAELT

pMD=2 "N DM=3 T H=.

Glaserg Exemple M¥ I& 2% % 0 Spine P? ; M*S P* &%
7205 cormllary 5 5 b(MY) £ 3, corollaryio &) bMY=3,
Glaser 13 m2&5 VRSN Y I 2 < T IR Proposition 110
Bl n=4 PREBERTZLIF>T B, £o3BD @ /0
K3y, L2 LF¥5 0B %5, (Brid 1z sBLAR.

contractible manifold M*, m25 K> v T3 fandle 5 F%

5



82

Cq ancelling Q3KFNS 2£ b(MD £ 3 A>T b,

Proposition 13 (Wall) M*: Romotopy 4-sSphere

= Zrzo0, bIM#RESxSH)E£3 .

S KIS Dift. case T 0 Wall & M p(82xSH ’gfk(sz.x SO
x example 7, propesition 3 M 5455 N3

=% [Zeewoan) '3 MY A-commected, c\osedé@(ﬂ“)éa
ExLTv A

D&)< ball covering 18 4KE T FeokHHARE £ 2
W, LORKIRETHESKIMBREHTHL D,

3T,

wonifold o handle 58% & ball covering o) BEfkk > v T I3
Him -fREIR RT3 RN, 3T mawfold TV > 25 Fe
K& handle”H BR — Heegaard Splitting — v o 32 >
MB. SEBWNEDINCTF L X ¥ K= K13 o RO+ 5
§rerdB.  S05 disjoud AR balls o NEHe
By £> & mandold (wiiR bom\dav*)/) % punclured z-—
sphere X3 Tt 3,

Proposition 14.  M?: 3-manifold, oM’ ¢ .

M® 13 1-handleg (non orientable T B V) 10 punctured
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3-sphere T& 3

<= bMH=2
Theorem 15. ™M3: closed 3-manifold.
b(M» =3

< M x R(S'xS)H (S %S For some krex 1
€= O on 1 (g=1: M’ monorientable ).

2T $'%3$ 13 iwisled $* bundle over S' % 9.
Theorem 16. M3 closed 3-manifold, M4 S?, TW(M)=0
or H2(M)=0 ( TOLE theorem 15 225 bM)=4 H3.) .
{Bi,B,Bs,Bey EM 0 ball coverig €3> &

m BLF\BJ‘=BB"‘ n9By 13 ARMO o 2-ball T & 3, i+].
@ (M;BVBi,,ByYBu ) 1AM 0 Heeqoard Splitting
52TV D, L¥lp if k+h .

4ARTETIT.
FA8 Bn,m) : M*: closed m-manifold, B(M)€m=>bMISm,
FA CO : ML, ME ¢ closed m-manifolds,
=>  b(M#MI) = max{bHD, b(M)
Binm 13 closed” RFEHTELH T & ordary 12
RRETH2. RHEZNL BM,2) (m4), Bm, o) RV CD
ME Lo S e 1385 2N, Theorem 16, 405 CY HEL L,

7
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Propesition 17. Py T 4% & Poincare $38 , SC T Schoen
flies 3 €5 9. w0 FERNES 5.

B4.3 &

e Pay —2- s¢c 25 3@, 2)
C(4d

QRIS <MENTvrr50QDExRE.
0 : Mg homstopy 4-sphere & 3 3 & proposition 13 o F 0
A rxY) M3 BA3) RELY 233 theorem §
&y M*a st,
@ : B KM E homotopy 4-sphere & 33 proposition 13 o
Yy, #% k20 K> v T b(M*#r(S¥Sy)) £ 3. CONE
LuZd 51 b(MY£3. BV theorem§ kFH MY 2 8Y
@ M':closed, BMD=2£33, {B, B}y 3" MY o mim-
mal Weak baoll covering £9 3 ‘C', B. o boundam\/ co llay
KED PBICIMBa ¥ LTEEYD. SC &) UB.—8YAE
32 £ MY= BV A(B.-B)) , Bin eA(B.-B) =28, =d{UB-BI},
Wi Mt2s* 2 bMO=2z2. (@ a BREL « NES D Rko
5Ta 1)

t U, B(4,2HE L< % 7ML theorem g &), IMTF 7"
B(MY=2 (ie. fopohpical K1E SH KX bMY= & o4,
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totoByy
1. 1¢bMM € mr1 (theorem ) TH 3 2V, WKk 1

43 bH) & &3 manifold XTZTEFT 3 0B, £uwd 0 REX LI
OB B3, T'=S'% -~ xS (im K> v T bM=mr1
nNAN TwW3, kot T N dall Covering ‘13 Bo, -, Bn
EE3E Mp=T"-Bn, Mus=00Ma-By)= UB”m“u
M2=B.YB,, K2vT bMM=Yy &0 zuxs.
- Ut U closed mandold w3 hilRes>vy 3, %A,
b - xSV =mrt B> Bhhzm, B =2
FEHT U Tau,
2. X'E MR £93 £, X0 subset (chsed) T X'T cont—
Mt T3 C: RouT X=Cu—-be, rHbtsea
s &3 T2 BR o BB wat() & X0 Lusternik-Schnivel-
man cafegmy rus. Xod 7 cntract, &£'C: 88
contrachibles Yu YBBHTEsBLkes cat(X) L% 3
Strong category Lo£31. 1€Cat D) € m+1 WSz v
<. theorem b6 ¥ o BBIMALRGET < 1N, ball (3 contractible
B dat(MD S BIHY £ (MY TH2. b (X0 @EER
RWEY 4 homotopy, Chomology theory £ 0 RIRYH 23 7
T oM, b(Sk -xSP)2mr] Ht M5BT RET

Ky HnTnn.
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3. m-manifold M*I1<2 v T, Mo combinatorial manifold
Y Lo triangulation T 0 OZ-Simp/e/x@%/]\%'Ié S(M),
Mo handle AFE 0 handle BBk R £ F 2 &,
cat (M) £ Cat (M) £ B(M) £b(M) £ h(M) £ S(M).
RMIE b(M) £ pTBIRNT) ) X7 N H Y ETHa T
BERKK > TIIXD L ) W ball overing NEXG b L
M7z0, B=iBiisMo ball covering 0 £ 3B KEG &
207, BuBjeP, BixBy v T,
©) BmB}=’aBmBBJ~ v connecled O-9-manifsld,
@) 2BindBj = Finite -1 -balls
@ BBy 2 BT em)-ball
4. ball covering 13t 0B Ho BEI0 b, 99< oML
ball covering 0 BETEALT s LT H. tnEK
X2 TMBABBULNBS I 20 E7 D TE/RE LS NS
BUHAHI. Cclosed m-manifolds & comected boundary &+
2 mt)-manifolds ¥ £ 27T, bM) o BMETH>B o
bordism EE 2% > L4 TBETHD .

10
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