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Abstract

We consider the Cauchy problem for the kinetic derivative nonlinear Schrédinger equation
on the torus T = R/27Z: Owu — i02u = ab,(|ul*u) + B0 [H(|u|?)u] for (t,z) € [0,T] x T,
where the constants «, 8 are such that & € R and 8 < 0, and H denotes the Hilbert transform.
This equation has dissipative nature, and the energy method is applicable to prove local well-
posedness of the Cauchy problem in Sobolev spaces H® for s > 3/2. However, the gauge
transform technique, which is useful for dealing with the derivative loss in the nonlinearity
when 8 = 0, cannot be directly adapted due to the presence of the Hilbert transform. In
particular, there has been no result on local well-posedness in low regularity spaces or global
solvability of the Cauchy problem.

In this article, we shall prove local and global well-posedness of the Cauchy problem for
small initial data in H*(T), s > 1/2. To this end, we make use of the parabolic-type smoothing
effect arising from the resonant part of the nonlocal nonlinear term 38, [H (|u|?)u], in addition
to the usual dispersive-type smoothing effect for nonlinear Schrodinger equations with cubic
nonlinearities. As by-products of the proof, we also obtain forward-in-time regularization and
backward-in-time ill-posedness results.
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ary condition; dissipation; smoothing effect.
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1 Introduction

In the present paper, we consider the local and global well-posedness of the following Cauchy problem
for the kinetic derivative nonlinear Schriodinger equation (KDNLS) on the one-dimensional torus
T =R/27Z.

Oyu — i02u = ady (Jul*u) + B0, [H(|ul*)u], (t,x) e R x T, (1.1)
(0, z) = ug(x), x €T, (1.2)

where «, [ are real constants, 8 # 0, and H is the Hilbert transform. This equation models
propagation of weakly nonlinear and dispersive Alfvén waves in a plasma (see, e.g., [3] and [18]). The
nonlocal nonlinear term 9, [H (Ju|?)u] takes the resonant interaction between the wave modulation
and the ions into account, while it is ignored in the following derivative nonlinear Schrédinger
equation (DNLS).

Oru — i02u = ady(|ul?u), (t,z) e R x T. (1.3)

The word “kinetic” implies that the collective motion of ions in a plasma is modeled by the Vlasov
equation and not by the fluid equation.



The KDNLS equation posed on R is invariant under the scaling transformation
ur(t, ) = ATu(A2tAx), A >0,
thus the critical Sobolev space is L2. A smooth solution u of (1.1) satisfies the following L? law:

D)2 = 80} ()22, (14)

where D, = (—92)'/2. This in particular shows that the L? norm is conserved for the DNLS equation
(1.3). In fact, (1.3) is completely integrable and it has infinitely many conserved quantities, among
which the following energy is included:

3 2
E(u) = / <|Bgcu|2 - ;\uﬁlm(a&cu) + %|u|6) dx.

For the KDNLS equation (1.1), conservation of the L? norm or the energy itself is no longer true,
but (1.4) tells us that the L? norm is non-increasing when 3 < 0, which means that the equation
has a dissipative nature in this case. Indeed, it was shown by the authors [14] that a functional on
H' analogous to the energy E(u) for (1.3) can be used to derive the H! a priori bound for small
solutions of (1.1) in the dissipative case 8 < 0.

We recall some of the well-posedness results for (1.3) and (1.1) in Sobolev spaces H®. The
nonlinear structure of the DNLS equation (1.3) allows us to apply the energy method, which yields
local well-posedness for s > 3/2 equally in the cases of R and T. It seems that this is also the case
for the dissipative KDNLS equation (1.1), 5 < 0.

The main obstacle to go beyond s = 3/2 is loss of a derivative in the nonlinearity, and we need
to use the dispersive smoothing effect of the equations. Note, however, that the Fourier restriction
norm method (see Bourgain [2]) is not sufficient by itself to recover the first derivative. For DNLS,
a particularly useful tool is the gauge transform

o(t) = efi%w[u(t)]u(t)7

/ )Py (z € R),
o) = T (15)

A [ (s pir) s we,

which converts (1.3) to a tamer equation with cubic nonlinearity v29,v instead of 9, (|v|?v). Indeed,
the cubic term v20,7 can be treated with the Fourier restriction norm, while this is not the case for
|v]20,v or O, (|v|?v). Using the gauge transform (1.5), local well-posedness for (1.3) in H*, s > 1/2
was shown by Takaoka [27] for the case of R and by Herr [6] for the case of T. However, this gauge
transform does not seem to work for the KDNLS equation (1.1) as well as for (1.3), because the
presence of the Hilbert transform H prevents us from removing the term H(@d,u)u. This term
causes the same problem as |u|%d,u.

In the case of R, another way to recover the first derivative is making use of the local smoothing
estimate and its inhomogeneous version:

IDZ €% ug|| 2 < Clluo]l 2,

b
HDJC/O (=70 () dTHL;CL%7 < C|IF|lps 1z,

together with suitable estimates on maximal functions. In fact, these estimates enable us to show

local well-posedness of (1.3)—(1.2) for ug € H*(R), s > 1/2 with small L? norm by a contraction

argument without using the gauge transform (see Kenig et al. [10], Molinet and Ribaud [21]; see

also Guo [1] for the extension to s = 1/2). Again, this method can not be directly adapted to the



KDNLS equation, due to the failure of boundedness of the Hilbert transform on L'.! We also note
that the argument with the local smoothing estimate is available only in the case of R and there
is no counterpart in the periodic setting. To the best of our knowledge, there is no result on the
well-posedness of the Cauchy problem for the KDNLS equation (1.1)—(1.2) in low regularities, in
the both cases of R and T.

In the present paper, we focus on the periodic and 8 < 0 case. In this setting, the dissipative
aspect of the equation (1.1) appears not only as the decreasing L? norm (1.4) but more clearly as a
smoothing effect of parabolic type. To see this, we first examine the resonant frequency part of the
cubic nonlinear term 9, [H (|u|?)u]. We define the resonance function R as follows.

R(ky1, ko, ks) = (T + k*) — (11 + ki) + (r2 + k3) — (13 + k3)
= 2(k1 — ko) (—ka + k3),
where
khkg,k';gez, T =1T1 — T2+ T3, k:kl—kg-i-kg.

A triplet of frequencies (k1, k2, k3) is said to be resonant if R(k1, ko, k3) = 0. Basically, we can gain
regularity of at most |R|'/? for the non-resonant frequency part by means of the Fourier restriction
norm, whereas such a dispersive smoothing effect is not available for the resonant part. We put
N = 9,[H(Ju|?)u] and take the Fourier transform of N in the spatial variable to have

N(k) =ik Y (~i)sgu(ks — ko)a(ky)a(ka)a(ks).

k1—kotks=k

Here and hereafter, we use the convention that sgn(0) = 0. Then, the resonant part of N is extracted
as

ko> sen(ky — ko)a(k)i(ke)i(ks)

by —ko+ks=k
—ko+ks=0
=k > sgn(k — ks)|(ks)[*a(k)
ks€Z
= (3 latks)?) Klak) + > klsen(k — ks) — sen(k)] [a(ks) *a(k).
ks€Z ks€Z

On one hand, the second sum in the last line has no derivative loss, since sgn(k — k3) — sgn(k) =0
unless |k3| > |k|. Hence, this term can be treated in H?® for s > 1/2 even without smoothing effect.
On the other hand, the remaining part

(3 1tk ) Mack) = L4 iy

ks€Z

is regarded as the resonant part including loss of the first derivative. Therefore, we take the Fourier
transform of (1.1) (assuming a = 0, for simplicity) in the spatial variable to have

u(t)]|? . .

(e, k) + it ) — BVNL e k) = A fu)](6) + Bafu](6), (1.6
where the nonlinear parts Fy[u] and Fy[u] consist of the resonant terms with no derivative loss and
of the non-resonant terms with loss of the first derivative, respectively. If 3 < 0, then the third
term on the left side of (1.6) has a parabolic-type dissipative effect on the system, unless u(t) = 0.
Although Fj[u] does not contain resonant frequencies, the standard Fourier restriction norm method

IPeres de Moura and Pastor [25] tried to overcome this technical difficulty by introducing a different gauge
transform. They claimed small data local well-posedness for (1.1) in H*(R), s > 1/2, both for 8 < 0 and 8 > 0.
However, there seems a gap in their estimate of the anti-derivative term which appears after applying the gauge
transform.



is not strong enough to recover the derivative loss in Fy[u] like the DNLS equation (1.3). Instead
of applying a gauge transform, we shall take advantage of the dissipative effect of the third term
on the left side of (1.6) besides the dispersive smoothing effect to compensate the derivative loss
and establish the low-regularity well-posedness of the Cauchy problem (1.1)—(1.2). In [29], Tsugawa
first observed that some resonant part of the nonlinearity exhibits the parabolic type smoothing for
a class of semilinear dispersive equations, showing the regularizing effect of smooth solution via an
energy type argument. He did not, however, use this smoothing property for the proof of existence
of solution in low regularity, because the main object in [29] was to find a structural condition on the
nonlinearity leading to parabolic nature of the equation. In the present paper, we take advantage of
the parabolic nature of the equation (1.1) for the construction of solution in low regularity. Indeed,
we exploit the parabolic type smoothing effect emanating from the explicit resonant term on the
left hand side of (1.6), which yields the gain of additional 1/2 derivative, to give a proof based on
the contraction argument for the unique existence of solution. Note that the contraction argument
often does not work in the case the resonant frequency term can not be regarded as part of the
inhomogeneous term, namely, in the case the influence of the resonant frequency term can not be
represented by the Duhamel integral.

The observation on the role of the resonant frequency part in the nonlinearity has also been
used to show the ill-posedness of the Cauchy problem (see, e.g., [29] for the fifth order semilinear
dispersive equation and [12, 13] for the third order dispersion NLS equation with Raman scattering
term). While the backward ill-posedness of the parabolic equation plays a crucial role in [29], the
ellipticity from the resonant part of nonlinearity exhibits the ill-posedness in both time directions
in [12, 13]. In the present paper, we also obtain the backward ill-posedness from the parabolic type
smoothing effect.

The equation (1.6) indicates that the effective “linear” part of the KDNLS equation (1.1) is
given by dyu — i02u — %Hu(t)”%zDzu However, the L? norm is not conserved for (1.1), and the
t-dependent coefficient is unfavorable in our argument. We then replace the “linear” part with

B

~ 2= luoll32,

(0 — i0* + uDy)u,  p=
at the cost of modifying the nonlinear part by %(Hu(t)”%z — |Juo||?2)Dyu, which is expected to
remain small for a short time.? To construct a solution of (1.1)-(1.2) forward in time, we assume
B < 0 and ug # 0, so that > 0. Then, taking the dissipative property of this dispersive-parabolic
equation into account, we define a variant of the Fourier restriction norm space as follows:

o = (32 [ 924G 8+ b)) Foa ) )

keZ
Xgt = {f € SR f(t.x+2m) = f(t.2), || fllyeo < o0},

where (a) = (1+ |a|?)!/? for a € C. This kind of spaces was introduced by Molinet and Ribaud [2(]
to study the KdV-Burgers equation

O+ O2u — OFu + udyu = 0

(see also Molinet and Vento [22, 23]). The feature of our problem is that the dissipation originates
in the nonlinearity of the equation. In particular, the coefficient of the dissipative term depends on
the L? norm of initial data, and so does the corresponding space X l‘j’b.

Remark 1.1. When we take U, (t) = et —nltlD= a5 the evolution operator associated with the
linear part (0; — i02 + uD,)u, we note by Lemma 2.3 below that for ug € H*, 1 (t)U,(t)ug belongs

2The idea of treating the difference of a non-conserved quantity at two different times as part of the nonlinearity
has appeared in the work by Takaoka and the second author [28] on the modified KdV equation and other related
works [24, 19, 17]. In these results, such difference part needed to be treated in a less perturbative way using a
subtle smoothing property of solution derived from the dispersion and the nonlinear structure of the equation. In
our problem, the estimate of the difference part falls within the scope of a contraction argument, thanks to the
parabolicity of the linear part (see Lemma 3.1 and Proposition 3.2 below).



to X f[l/ ?_ where 1) is a time cut-off function in C{°(R). So, the function space X, 2’1/ % is suitable

for ¢(t)U,(t)uo. But we also note that

1

POUL(uo & X5, b> 3

The latter follows immediately from the Fourier transform of the Poisson kernel:
2p]k|

(7 + k)2 4 p2k?’

Fi o [eOa—nltiD2] = k # 0.

This is in contrast to the case u = 0, where w(t)e“aiuo € Xg’b for any b € R. We also present
the so-called linear estimate in ijl/ % for the Duhamel term without sharp cut-off g L(t) (see
Lemma 2.4 in Section 2.3). Indeed, the linear estimate involving sharp cut-off in [20] is not very
convenient, because the sharp cut-off multiplier is not bounded from H'/2(R) to H/?(R) (see, e.g.,
Strichartz [26, Theorem 3.1 on page 1054]). In order to make it clear what influence the modification
of ¢it9z=ntDe to itz —nltD: hag on the linear estimates, we state the linear estimates in a slightly
general form and give a proof in the appendix (see Lemmas A.1 and A.2), which covers general

symbols with dispersion and dissipation.

Nonlinear hyperbolic and dispersive equations have several important properties in common.
Namely, initial value problems for these equations can be solved towards positive time and negative
time and most of them have conservation laws. It is natural and important what influence the ad-
dition of dissipative effects to these conservative systems has on regularity and asymptotic behavior
of solutions. Indeed, the research on this issue for nonlinear hyperbolic systems has a long history
(see, e.g., Liu and Zeng [16]). Nevertheless, little is known about nonlinear dissipative effects for
nonlinear dispersive equations while there are many papers on nonlinear dispersive equations with
linear dissipative terms such as the KdV-Burgers equation (see, e.g., [20, 22, 23]). This paper is one
of attempts to make a close investigation into this issue.

The first result of the present paper is the following theorem on small-data local well-posedness
of the Cauchy problem (1.1)—(1.2) in low-regularity Sobolev spaces.

Theorem 1.2. Let « € R and 8 < 0 be fized, and let s > 1/2. Then, the Cauchy problem
(1.1)—~(1.2) is locally well-posed for small data in H*(T). More precisely, the following holds.

(i) Ezxistence: There exists n = n(s) > 0 such that for any ug € H*(T) with ||ug|lgs < 1 the
Cauchy problem has a solution u € C([0,1]; H*(T))NL2((0,1); H5*2(T)) on the time interval
[0,1].

(ii) Uniqueness: If ug # 0, |luollz < n, and @ € Z5(T) N L2((0,T); H**2 (T)) is a solution to the
Cauchy problem on [0,T] for some T € (0,1], then @ coincides with the solution u constructed
in (i). Here, the Banach space Z§(T) will be defined in Section 2.2.

(i) Continuity of the solution map: The solution map ug — u is continuous as a map from
{uo € H*(T) |[luollz+ < n} into C([0,1]; H*(T)).

(iv) Persistence of reqularity: Let ug € H*(T) satisfy |luo|m= < n, and assume that ug € H*(T)
for some § > s. Then, the solution u constructed in (i) belongs to C([0,1]; H3(T)).

(v) Smoothing effect: The solution u constructed in (i) is smooth fort > 0; i.e., u € C*°((0,1]xT).

We prove the above theorem based on a contraction argument in a variant of the space X jb (the
space Z5(1) =~ Z5(1) N L*((0, 1); H¥+2(T)) to be defined in Section 2.2). Precisely, we first apply
the spatial translation

«a
Totuta) = u(to—Su()ae).



which converts the equation (1.1) into the following “renormalized” equation:

Opu — i0%u = ad, K\u|2 — %HU(O)H%z)U} + 30, [H(|u|2)u],
(t,r) €[0,1] x T. (1.7)

Then, we solve the Cauchy problem (1.7)—(1.2) by a contraction argument, and apply the inverse
transform 7, ! = 7_,, to obtain the solution of the Cauchy problem for the original equation. Note
that 7, is a nonlinear map, but it is bicontinuous on C([0,T]; H®) for any s > 0 and T > 0,
which is easily verified by the dominated convergence theorem. We will see that 7, also maps
Z5(T) N L2((0,T); H5+2(T)) onto itself (see Section 2.2).

Our contraction argument for the renormalized equation (1.7) differs in several ways from a
standard Fourier restriction norm method. First, since the X ;‘j’b norm depends on the L? norm
of initial data, proof of continuous dependence requires an additional care if we consider such a
perturbation of initial data that changes the L? norm. The precise statement of the result on the
continuous dependence (including Theorem 1.2 (iii)) is given in the next proposition.

Proposition 1.3. Let o € R, 8 <0, and s > 1/2. Denote by S and S =T, 10 S the solution map
of the Cauchy problem for the renormalized equation (1.7)-(1.2) (given in the proof of Theorem 1.2,
see Proposition 4.1 below) and that for the original KDNLS equation (1.1)~(1.2) (whose existence
is claimed in Theorem 1.2 (i)), respectively. (Note that S and S are defined on Bps(n) := {ug €
H5(T) | luo|lzre < 0} and give the solution in C([0,1]; H*(T)) N L2((0,1); H¥*2(T)).) Then, the
following holds.

(i) For any 0 < e <mn, the map S is Lipschitz continuous on Bys(n) N {||uol|rz > e} with respect
1 _
to the topologies of H* and CyHj ﬂLfH;+2 . In particular, the same is true for S when a = 0,
and even when a # 0, S is Lipschitz continuous in the above sense on Bys(n) N {||ugllrz = ¢}
for each 0 < c <.

(i) The map S is continuous at the origin with respect to the topologies H® and CyHS. In partic-
ular, S is continuous in this sense on the whole domain Bys(n), and the same is true for S
(by the continuity of T, 1).

(iii) Both S and S are not uniformly continuous with respect to the topologies H* and CyH? in any
H?-neighborhood of the origin.

The second point we need to take care of is that the parabolic smoothing effect ceases to work
as soon as the solution becomes zero. Indeed, since we do not know uniqueness backward in time,
it is not straightforward to exclude the possibility of a nontrivial solution vanishing in finite time.
Then, the statements of uniqueness, persistence of regularity, and smoothing effect in the theorem
will be first shown up to the time when the solution may become zero. Once we obtain smoothness
of the solution up to such time, the following a priori estimates for smooth solutions are applicable,
from which we know a posteriori that the nontrivial solution will never become zero in finite time.

Proposition 1.4 ([14, Theorem 1]). Let o, € R and u : [0,T] x T — C be a smooth solution to
the KDNLS equation (1.1).

(i) L? equality: It holds that
t )
lu®)lz> =8 | [[D2 (Ju(m)P)|[}. dr = [u(0)]Z>, ¢ € [0,T].
0

(ii) H' a priori bound and L? lower bound: We further assume that B < 0 and that ||u(0)||L2 is
sufficiently small. Then, there exists C > 0 such that the following holds:

u(®) ]| < Cllu(0)[| eSOz,

lu(®)llz2 = [u(0) ]2 exp | = Cllu(O)]| e @lizt2], ¢ € [0,7].



This proposition was shown by a simple energy-type argument. These a priori bounds and the
energy method are employed to prove further properties of the Cauchy problem (1.1)—(1.2), which
we collect in the next theorem:

Theorem 1.5. Let o, 8 € R. The following holds for the Cauchy problem (1.1)—(1.2).

(1)

(ii)

(iii)

(iv)

L? decay, uniqueness for ug = 0: Let s > 1/2 and u € C([0,T]; H*(T)) be a solution to (1.1).
Then, u satisfies the same L? equality as in Proposition 1./ (i).

In particular, if B <0, any solution of the Cauchy problem in the class C([0,T]; H*(T)) does
not increase its L? norm. Consequently, there is no nontrivial solution in C([0,T]; H*(T))
starting from ug = 0.

Unconditional uniqueness for smooth solutions: Assume < 0, and let s > 3/2. Then, the
solution to the Cauchy problem with ug € H*(T) is unique in the class C([0,T]; H*(T)).

Backward ill-posedness (non-existence) for small smooth data: Let s > 3/2. Assume that
ug € H*(T)\ C=(T) satisfies ||uo|| -+ < n(s") for some s' € (1/2,s], where n(s’) is the
threshold size for local existence given in Theorem 1.2 (i). If B < 0 (resp. 8 > 0), then for any
T > 0 there exists no backward (resp. forward) solution to the Cauchy problem in the class
C([=T,0]; H*(T)) (resp. C([0,T}; H*(T))).

Global existence for small low-regularity data: Assume § < 0, and let s > 1/2. Then, there
exists 1 = 7(s) > 0 (smaller than n(s) given in Theorem 1.2 (i)) such that for any ug € H*(T)
with |luo|lgs < 7, the solution u to the Cauchy problem on [0,1] constructed in Theorem 1.2
can be extended to a global solution in C([0,00); H*(T)) N C>((0,00) x T) satisfying

1 1 1
€ (3, 5 <s<1),
S0 1= {3 2s (2 5) (2 $ )

sup [[u(t)[lr0 < n(s0), ] (s> 1).

te[0,00)

The first two statements (i), (ii) are consequences of the L? energy argument for a solution and
the difference of two solutions, respectively. For (ii), the assumption S < 0 is essential, because it
ensures that the term including loss of regularity is non-positive and hence can be dropped in the
energy estimate. (iii) follows immediately from (ii) and the smoothing effect (Theorem 1.2 (v)). As
for (iv), it is easily shown when s > 1 by Theorem 1.2 and the a priori H! bound in Proposition 1.4

(ii).

Even for s € (1/2,1), we can obtain a small a priori bound in H*® (not in H®, though) for

positive time by using the smoothing effect (Theorem 1.2 (v)) and interpolating the L? and the H'
bounds given in Proposition 1.4.

Remark 1.6. Here, we collect some problems left open in the present paper.

(i)

An important open problem is to remove the assumptions on smallness of initial data. For
the local result, it is expected that the smallness condition can be completely removed. For
global existence, it is natural to expect that the smallness assumption in the H® norm of
initial data can be relaxed to that in the L? norm, since the equation (1.1) is L2-critical. We
remark that for the integrable DNLS equation (the case 8 = 0) posed on R, global existence
has recently been shown in H'/6(R) without any size restriction (see Bahouri and Perelman
[1], Harrop-Griffiths et al. [5]).

Our argument to show well-posedness relies essentially on the dissipation arising in the reso-
nant nonlinear part, which is available when 8 < 0 and has strength ~ |3]||u(t)|32 D,. Indeed,
the constants are not uniform as |3] — 0 in various estimates we will show below. Although
the DNLS equation (8 = 0) is also possible to solve (but by different means, such as gauge
transform or complete integrability), we do not know whether the solution of KDNLS with
B < 0 converges to that of DNLS as § — 0. This “singular limit” problem should be of both
mathematical and physical interests. Note that in Theorem 1.2 the threshold size 7(s) does
in fact depend on |3| and approaches to zero as |3| — 0.



(iii) It is also crucial to consider the problem in the periodic setting, and a similar argument is not
likely to work in the case of R. The short-time Fourier restriction norm method (see Tonescu
et al. [8]) may be useful in the case of R.

The rest of the paper is organized as follows. In Section 2, we introduce various function spaces
and give the relevant linear estimates. The required estimates for nonlinear terms are proved in
Section 3. Using these estimates, we prove Theorem 1.2 and Proposition 1.3 in Section 4 and
Section 5, respectively. In Section 6, Theorem 1.5 is proved. Finally, in the appendix we give a
proof to some linear estimates stated in Section 2.

2 Preliminaries

In this section, we first introduce an integral equation which is equivalent to the Cauchy problem
(1.1)=(1.2), and then define the function spaces and present several lemmas which will be used in
the proof of the main results. We use the notation F,, F;, Fy , for the Fourier transformation with
respect to the indicated variables, and f denotes one of F,[f(z)], Fo[f(t, x)] and F;[f(t)], while f
is used only for F; ,[f(¢,x)]. We use the following definition of F:

1 27

Falflk) =5 | e~k f(z)de, k€ Z;
Filgl(r) == % Re_”tg(t) dt, reR.

2.1 Formulation of the problem

We decompose the nonlinear term N = 9, [H (|u|?)u] as follows:

N(k):ik[ oo+ Y ](—i)sgn(lﬁ—kg)ﬂ(kl)a(kg)a(k;g)

k1—ko+ks=k  ki—ka+ks=k

ko=ks ko#ks
= k(D senlk— ko)la(ks)?) (k)
ks€Z
+ k Z sgn(kl — k‘g)’&(k‘l)a(kg)ﬁ(k'g)
k1—ko+ks=k
ko#k1,ks
= (D laotks) ) klatk) + (D latks) 2 = 3 Jao(ks)?) kla(k)
ks€Z ks€Z ks€Z
+ (D klsentk — ks) — sgn(k)]la(ks)1? ) (k)
ks€Z
+k > sen(ky — ka)a(ky)a(ks)i(ks).
k1—ko+tks=k
koF#k1,k3

Similarly, we have

Fo [0 (Ju*u)] (k)

:ik[ DR DD D Y }ﬁ(kl)ﬁ(/ﬂz)ﬁ(ks)

k1—kotks=k k1—kotks=k k1 —ko+ks=k k1 —ko+ks=k
k1=ka#k3 k1#ko=k3 k1=ko=k3 ko#k1,ks3

=20 (Y Jaao (k)P )ak) + 20k (D fa(k)P = S lio(k) ) (k)
k1€Z ki1€Z k1€Z
—ikla(k)|*a(k) +ik > a(k)a(ks)i(ks).

k1 —ko+ks=k
ko#k1,ks3



Based on this observation, we define the following operators:
e
Nilu, v;ug) := (||u||L2 — ||7)||%2) (;azu,g + %Dzufi)a
Nofur, uz, ug) = Fi ! [ — dakity (k)i (k) tis (k)

+ 8 Y kfsen(k— k) = sgn(k)] i (K ) (k') pitg (k)]

k'€Z
Ng[ul, Uug, u3] = fk_l |:Zk Z [Oé — Zﬁ sgn(k‘l — k‘g)] ﬁl(kl)ﬁg(kg)ﬁ3(k‘3):| . (21)

k1—kotks=k
ka#k1,k3

The equation (1.1) is rewritten as

Opu = 10%u + —||u0||L26 u+ p ||u0||L2D u
+ Ni[u, up; u] + Nz[u,u, u] + N3[u,u, ul,
and the renormalized equation (1.7) is rewritten as
Opu = i02u + %HuOH%gDzu + Nilu, uo; u] + No[u, u, u] + N3[u, u, ul. (2.2)

We will construct a solution to the Cauchy problem for the renormalized equation (2.2)—(1.2), and
then obtain a solution to the original Cauchy problem (1.1)—(1.2) by applying 7, ! = T_.

2.2 Function spaces

Let @ € R and 8 < 0. We consider the integral equation associated with (2.2):
u(t) = U, (t)uo + /Ot Uu(t —t){N1+ No+ N3 }(t')dt', te0,T]. (2.3)
Here, we abbreviate Ni[u,uo; u], Na[u, u,u], N3u,u,u] to N1, Na, N3, respectively, and
= Pl U)o = F RG], e R,

The modified evolution operator U, (¢) is introduced by Molinet and Ribaud [20] in the setting of the
KdV-Burgers equation (see also Molinet and Vento [22, 23]), which moderates the behavior of the
solution in negative time. Define the Banach spaces X j’b, Y; b corresponding to the linear propagator
Uu(t) for p > 0 by the restriction of spatially periodic and temporally tempered distributions
{f e " (R? | f(t,x +2m) = f(t,z)} to those of which the following norms are finite:

ol 1= 0G0+ K2) + k) 5 R) gy
Hu”Y,f’b = || ()| Gilr + &%) +/“k|> 7k)HL;(R)Hz§(Z)7
where (-) := (1+]-|>)/2 ~ 1+4|-|. When b = 0, these norms are independent of 1, so we often omit

the subscript and write them as X0 Y9, It is easy to see that Y0 — {u € C(R; H®) |u(t) —
0in H® (t — +oc)}. Then, define the Banach spaces Z;; and N;; by

Z5 =X ny*0 NS =X, Pyl
Finally, we define the restriction space Z;(T') for T' > 0 by

Z:3(T) == {vljo,rjxT | v € Z}}},

HUHZ;(T) = inf{HU| v E Z[} U= U|[0,T]xT}~

z;



We see Z;(T') — C([0,T]; H®), and Z;(T) — L2((0,T); H**2) if y > 0. In fact, Z(T) defines an
equivalent Banach space to Zg(T) N L2((0,T); H5+2) for any pu > 0. We also note that the spatial
translation T, : u(t,r) — u(t,z —vt) (v € R is a constant) maps Z;(T) into itself if 4 > 0, because
Fiz[Tou)(T, k) = a(r + vk, k) and (i(T — vk + k%) + plk|) ~ (7 + k%) + plk]).

The following property of the restriction space will be used to show uniqueness.

Lemma 2.1. Let s € R, p >0 and T > 0. Ifu € Z;(T) and u|i=o = 0, then

z5(1) 0.

x|

lim ’
T'=0

Proof. We employ almost the same proof as for [11, Claim (3.11)]. We outline the argument below.
First, by approximation with smoother functions in X3''(T') and the estimate of U, (t)¢ in Z; (see
Lemma 2.3 below), the lemma is reduced to showing the same claim for X ! 1nstead of Z,. But this
is essentially the same as to show || f|jo, 7|1 (o, 7)) — 0 for f € H'(R) satisfying f(0) = O This is
now elementary; for instance, if we set g(t) := f(t)x[0,17(t) + f (2T —t)X (/27| (t), then g € H*(R)
and it is an extension of f|[0,T/], 191 = 21 £ 1720,y + 1 F 1 20,2)) — 0 as T" = 0. 0O

2.3 Linear estimates

Here, we collect the linear estimates in the spaces defined above. For the lemmas in this section, all
the implicit constants do not depend on s € R, ¢ >0, and 0 < T < 1.

Lemma 2.2. Let p: Z +— [0,00). Then,

(Lt (k) "R 2
Z(/R L+ |7+ k2| + p(k) Z/UTk ar.

kEZ kEZ

In particular, we have

1
[l S X+ p7h) 2 ullxso

erl
N; T2
for any s € R and p > 0.

Proof. We follow the argument as used in the case of [A— k3| > 1k? for the proof of [2, Lemma 7.42].
By the Cauchy-Schwarz inequality, we have

(1+ (k) If ()], \2
Z</R 1+ |7+ k2 + p(k) dT)

kEZ

<Z(/ L+ (k) /\ka

ez (1+ |7+ k2 + p(k

< _ p_ k) d
_é([ 1+T+k2+p}—k2+{1—7—kz2+p —oo |fT ) T
<22/|f¢k\2dr

keZ

The latter claim follows from the inequality 1 + |k| < (1 + p~=1)(1 + p|k|). This completes the proof
of Lemma 2.2. O

Let ¢ € C§°(R) be a bump function satisfying » = 1 on [—1,1], supp ¢ C [-2,2], and let
Yr(t) = (t/T). The next two lemmas were essentially proved by Molinet and Ribaud [20], though
they considered the estimate of the Duhamel integral with time cut-off g, (¢). In the appendix,
we restate these lemmas in a slightly general form as Lemmas A.1 and A.2 and give a proof for
completeness.
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Lemma 2.3 (cf. [20, Proposition 2.1]). For any s € R and p > 0, we have

1)UL ()¢

In particular, there exists Cy > 0 independent of s, u, T such that

z; S ¢l

1Uu@)0llz; (1) < Collollms,  0<T <1

Lemma 2.4 (cf. [20, Proposition 2.3(a)]). For any s € R and p > 0, we have

t
e [ vae-erp@rar | < iFiy;.
0 z; g
Next, we recall the following estimates concerning the localization to the interval [0,T]. These
estimates are well-known for y = 0, and the same argument works for ¢ > 0. We omit the proof.

Lemma 2.5. Let s€e R and u>0. For0<T <1 andOSbS%, we have

1_
lr@ullxse ST lullzg,  IlWr®ully-o < Jully-o.

In particular, multiplication by ¥ (t) is a bounded operator on Z,, uniformly in s, p, and 0 <T' < 1.
The next lemma follows immediately from Lemma 2.4 and Lemma 2.2.

Lemma 2.6. Foranyse€ R, p>0and0<T <1, we have

t
—1,1
0 ot S A F o,

Hw(t)/ Uu(t —t)F(t')dt'

3 Nonlinear Estimates

In this section, we estimate nonlinear terms Ny, No, and N3 defined in (2.1). Hereafter, we fix
a € R, f < 0 and assume that ug # 0. We will focus on the case of small initial data, so we also
assume 0 < p = (2m) 7Y B]|luol|2. < 1. Again, the implicit constants in the estimates below are
independent of u, T, and the regularity indices s and o, unless otherwise mentioned.

Let us begin with the next lemma:

Lemma 3.1. Let T € (0,1].

(i) For any s € R and « € [0,1], we have

< T o

sup |[|U,. (t)uollzg« — lluoll-
t€[0,T

(ii) Let w € C([0,T]; L?) and assume |u(t) — U, (t)uol Lo ((0,1);12) < Ollugllr2 for some § € (0,1].
Then, we have

1
sup |[lu(t)l|7z — lluollZz| S (6 +T=||uoll ;3 ) lluollZo-
t€[0,7]

Proof. (i) For t € [0,T] and k € Z,

W) = o] = | [, () o

< min{QTu\kHﬁo(k)Fa |a0(k)|2}
< T k[ lao(k), € [0,1].

11



Therefore,

<3 k)2 |0 uo (k)] — lao (k)]

keZ
< 2T uoll? .1 5 -

U (B uollzre — lluoll

(ii) In view of (i) with s =0, & = 1/2 and interpolation, we have

1 1
sup [0, (H)uol|Zz — lluollZ| < T [luollzelluoll? 3 < T2 uollZ: lluoll ;3
t€[0,T)

It suffices to observe that

sup |[[[u(t)l[72 — 1U(t)uol 7z |
te[0,T

< sup (IIU(t) = Un(t)uollz> + 2IIUu(t)uOIILZ) [ut) = Un(t)uoll>
tel0,T
< (OlluollLz + 2lluollz2)élluoll 2 S dlluoll
under the assumption on wu. O
From Lemmas 2.6 and 3.1, we deduce the following:

Proposition 3.2. Let o >0 and T € (0,1].

(i) Assume |lu;| Lo (0,1);22) S |luollz2 for j = 1,2. Then, we have

H /Ot Uyt —t")Nyfur (t'), ua(t'); v(t')) dt’

Z5(T)

ol zg
mln{ Tuoll 2 T2||UHLOO((O’T);HU+%)}H1L1—u2||Loo((07T);Lz).

(i) Assume ||u — U, (t)ug||Lo((0,r);r2) < lluol|r2 for some § € (0,1]. Then,

| [ o= 9wttt w1 a

S (84T uoll 3 ) min {[[0] 2z r), ol 2T 0]

Z5(T)
Lw((o,T»H”*%)}'

Proof. For given v € Z;(T), we take an extension vt € Z7 of v with ||UT||Z;; < 2|vllzg (7). From
Lemma 2.6, we have

H /0 Up(t = ¢ )Na[ua (¢'), ua(t); v(t)]

Z3(T)
<[[o) [ vt =)o (€M (), ot 4]

< Mol [ xio,my (8) (lur ()17 — lua(@)72) 07| yos 1.0

S lluollzz 10l or g0 sup [lur (B)II72 — llua()]7-]
te[0,7]

s

Zg

S luoll 210711

o,
y.

3 osup [lur(t)[Z — [luz ()|
te[0,7]

s

< lluollz2l1vllzg () sup_|[[lus(®)lZ = [luz ()|
t€[0,T)

)

12



Then, the first bound in (i) is verified by the assumption ||u;|ze(0,7);z2) S |luollz2, and the first
bound in (ii) follows from Lemma 3.1 (ii). To show the second bounds, replace the estimate

10 s g0 S luoll g2 10l 2z (r
b'e
in the above argument with
||X[0,T]’UHXU+%J] ||U||L2 0 T) H0+2) ~ T ||U||L°°((O,T);HU+%).
O
The next term N, is easy to treat, since there is no loss of derivative.
Proposition 3.3. Letc € R, 0 >0, 6, € R, and T € (0,1]. Then, we have
t
U,(t —t)Nofui (t), us(t'), us(t’
| [ttt = ) 5a (0, N,
T3
~ W” 1||L°°((0 T); H91)HU2||L°C((0 T);HO— 91)HU3HL@0((0 Ty, HOHE %)
Proof. We first observe that
|k [sgn(k — k') — sgn(k)]| = 2lk|x (x> k0o <k<oy (b k) < 2(k) 0 (k')?
for any € > 0, and hence
| Fo Nafun, ug, ug] (k)] S [l gor [[uz]l oo (k)7 s (k)]
for any # > 0 and #; € R. From this bound and Lemma 2.6, we have
(t —t')Ns[u us(t'), us ()] dt’
| [ vt = 0t a)wstar],
< H¢ / (t — t){xp0, 11" )Na[ur (t'), ua(t'), uz(t")] o
I
< 1 (| X(0,71 N2 [u1, uz, us)|| o1
ol YoM
1-0
S Tz MOl a®)l s 0050 0o,
Tz
S m“ul||L°°((O,T);H91)||u2||L°°((O,T);H9*91)||u3||Lm((O’T);Ho+%79)7
as desired. O

Let us turn to the nonlinear estimate for the last term N3 in (2.1). This is done by the com-
bination of the modulation estimate for the dispersive equation and the parabolic regularity. More
precisely, in dealing with the high-low type nonlinear interactions we can gain at most % spatial
derivative by the modulation estimate at the cost of % integrability in time. (This is in a sharp
contrast to the nonlinearity u?0,% in DNLS (after a suitable gauge transform), for which 1 time
integrability is converted to one derivative in the high-low interactions.) We then recover the re-
maining loss of % derivative by the parabolic regularity. Since —uD,, is an elliptic operator of first
order, we have to use up the remaining % integrability in time of the Duhamel form. That is why
we cannot have a small factor T¢ in the nonlinear estimate and hence need to assume smallness
in the main theorem. One may think of using full time integrability for the parabolic regularity
to gain one derivative. This, however, would lead to an estimate with the constant proportional
to 1t ~ |luo|| 7, which would be unfavorable in the small data setting. We therefore make use
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of nonlinear smoothing effect for the dispersive equation to minimize the influence of the small
coefficient on the parabolic term.

Practically, after applying Lemma 2.4 we need to estimate the Ylf”l norm of the nonlinear term.
In the previous result [20], there was a room in time integrability and it was allowed to replace the
Y*~! norm roughly with X 537 for a small £ > 0 by using the Cauchy-Schwarz inequality. In
our problem, we apply the argument as used in the proof of [2, Lemma 7.42] to avoid such an ¢ loss;
see Lemma 2.2 and the argument below for estimating the ¢2 L norm in the case (II).

The main part of the nonlinear estimate for N3 is included in the next lemma.

Lemma 3.4. Let 0 > 0, and let a;,b; > 0, j = 1,2,3, be such that a; +b; > 1/2 for j =1,2,3.
Then, there exist constants € = £(aj,b;) € (0,1/2), C1 = Ci(aj,b;) > 0 independent of o and
Cro = Cap(0,a5,b;) > 0 such that we have

Ci+ CQ’UTE

[ N3[trur, Yrus, drus)||ng <
[[uollz2

> sl zg Wl |z lenl o
(d,m,m)

where the summation is taken over (j,m,n) € {(1,2,3),(2,3,1),(3,1,2)}.

Remark 3.5. The above estimate is a refinement of the standard trilinear estimate in Z}, in the
following sense. (i) The function of the second largest spatial frequency is measured in H® with
arbitrarily small a > 0. (ii) Two low-frequency functions are measured in Z§ instead of Z;;. This
modification will be exploited in the proof of continuous dependence of solutions on initial data.
(iii) The constant on the right side of the estimate satisfies either that it is independent of o or that
it has a small factor T¢. This will be important to prove the smoothing property for ¢ > 0.

Proof of Lemma 5.4. In the following, we write u; to denote 1ru;. Note first that
| Ft,o N3[u1, uz, us] (7, k)|

sy 0 (71, 1Y, K i (7s, k) v,
k=ky—kotks ¥ T=T1TT2FT3
ko#k1,k3

where dv, is the surface measure on the hyperplane {(71,7,73) € R3|7 = 74 — » + 13}. Let
C:=7+k?and G i=T; —l—k‘?,j: 1,2, 3, then

max{|Cl,[C1], |Cal, 3]} > 1|C -G+ —Gl= %Kkl — ko) (ka — ks3)|
~ (k1 — ko) (k2 — k3) (3.1)

under the restriction 7 = 7 — o+ 73, k = k1 — ko + k3, ko # k1, k3. We divide the analysis according
to which one of €|, |{;| is the biggest.

(I) We first suppose that |(1] = max{|(|,|C1],|¢2], |¢3]}. (A similar argument can be applied to
the case where |(a| or |(3] is the biggest.) We will show

C+C,T¢

[[uol| L2

[ V3[ur, ug, usl|| vy < > sl zg W[ | gz el 5o

(4,m,n)

where (and hereafter) C' and C, stand for a positive constant independent of o and that dependent
on o, respectively.
In view of Lemma 2.2 and (3.1), the desired estimate follows once we prove

o+ 1 ~ ~ ~
H<k’> +3 Z ety — Tt Ts ‘Ul(’rl,kl)UQ(TQ,kQ)'U/3(T3,kB)‘dVT 2re
k=k1—ko+ks “ |C1|2(k1—k2)({ka—ks) kT
<(C+C.T7) Y sl zg Ml | gz el 5o - (3-2)
(4,m,n)
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We assume |k;| > |ks| by symmetry and consider the following two cases separately.

Case A: <k1> ~ <k‘2> ~ <I€3> [e g 10<k3> <I€2> = O<k1>]
For given ay,b; > 0 with a1 + b1 > 2, we choose € € (0,1/2) so that 4e < aj +b; — 1/2. Then, the
left side of (3.2) is bounded by

1) 27 (k)7 (o) 2 (k) 2
2, / klszﬁ (kg — k3)3—°

k=ky—ko-+ks T1—T2+T3

Co

X |ty (71, k1)tia (T2, ko)Us (73, k3)| dvs

22

Applying Minkowski’s and Young’s inequalities in 7, and then Cauchy-Schwarz inequality in (k1, ks, k3),
this is bounded by

Z <k1>a<k2>a1—25<k3>b1—25

CU 1 1
’ (k1 — ka)2 (kg — k3)2~°

k=ki—ko+k3

(G E 750 (ki) |2 l|aa G ko) |z s (-, ks)ll

7

1 3
<
< Co ?Elg [ Z (k — k3) 2% (ky — k3>1—2a<k2>4s<k3>45}
ko,ks€Z

X Jlua | [[uzllyaroflusllyero-

X932 1_.
Since the sum on the right side is finite and ||¢ruq|| S T¢||ur]|zg by Lemma 2.5, the above

05—5 ~

quantity is estimated by C,T*||u1l| zg |luz|ly-es. o||U3||Yb1,o and we have (3.2).

Case B: The other cases.
There are four possibilities:

(a) (k2) > (k1) = (ks), [eg., (ko) > 10(k1)]

(b) (k1) = (k3) > (ka), [e.g., 15(ks) = (k2)]

(€) (k1) > (k2) 2 (ka), [eg., 15(k1) > (ko) > 15(ks)]

(d) (k1) 2 (ko) > (k). [e.g., 10(k1) = (k2) = 10(k3)]

We see that each of them implies one of the following three conditions:

(i) (k1 — ko)(ko — ks) 2 (k)(k2 — ks) and (k) S (K1),

(ii) (k1 — k) (k2 — ks) 2 (k)(k1 + ks) and (k) S (k2),
< (ks).

)
(iil) (k1 — k2) (k2 — k3) 2 (k)(k1 — k2) and (k)
)-

In fact, it is easy to see that (a) implies (ii), while (b) or (c¢) implies (i). As for (d), we further split
the region into (k) < (ks) and (k) > (k). In the former situation we have (iii), while in the latter
we have (k) ~ (k — k3) = (k1 — ko) < (k1), and hence (i).

Let us focus on the case (iii), for instance, though the following argument can be applied to (i)
and (ii) as well. The case (iii) is further divided into

(iii-1)  |k] > 2V ks|,  (iii-2) |k| < 2V ks).

(When o = 0, we do not divide the case and follow the argument for (iii-2) below.)
In the case (iii-1), we have max{|k1[, |k2|} > 3(2!/7 — 1)|ks|. Hence, it holds inside the norm on
the left side of (3.2) that

()74 < €y (S () ma{ (), (k)
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Application of Minkowski’s and Young’s inequalities in 7 similar to Case A shows that the left side
of (3.2) is bounded by

Ce [L > <k1>5f1(k1)<k2>€f2(k2)]*(<.>af3)

1_ ’
<'>2 c k1 —ko=- e

where we have written

A =1+ B ()2, f(R) = gkl (G =2,3).

By Young’s and Holder’s inequalities in k, this is evaluated by

Coll()7 falle2 1Y Ner 1) Sllen 1 €)° fll e
< Coll() falle2 1) Fillea | () Follen

= Collusllyeollurll gy - lluzllyeso,

where for given as,bs > 0 with az + b3 > % we have chosen 1 < p,q < 2 and r > 2 such that
as —e > %f%, by —e > %f%, %fs > =, and %+%+% = 2. This is possible if ¢ satisfies
0 < & < minf{as, b3, 3, 5(az+bs — 3)}. We conclude the desired bound (3.2) by applying Lemma 2.5
to derive a factor T¢ from the norm of u;.

When (iii-2) holds, we have (k) < 2(k3)?, which leads to the bound

o+l (G1)* IOPRY (1) (ks)”
k)7 < C</€1 — ko) (ks — k)2 3 ha)” < C<k1 —kg)3

An argument almost parallel to the case (iii-1) then yields the bound

LHS. of (3.2) < Clluslly=ollurll a3 luzllysso,

where the factor T does not appear but the constant can be made independent of ¢. This finishes
the case (I).

(IT) We next suppose that |¢| = max{|(],|(1], |Cz[, |¢5]}. In this case, we will show

| Na[u1, uz, us]|| ng

C C,T*
< (fua ) 2 Nualzglhumlyesolfunllyo, o
(d,m,n)
In view of (3.1), it suffices to estimate
k o+1 ~ ~ R
H<<2>; Z / [ty (71, k1) T2 (T2, k2)ts (73, k3)| dvy )
k=ki—kot+k T=T1—T2+T3 EkLg
1C1Z (1 —ha) o k)
and o
k)7 . - -
H< <><> > i (1, ke (72, k)i (7, k)| dve
k=k1—kao+ks T=T1—T2HT3 2L

[¢12 (k1 —k2) (k2—k3)

By the Minkowski inequality and the Cauchy-Schwarz inequality in 7 (similarly to the proof of
Lemma 2.2), both of the above norms are bounded by

o+1
¢ H Z (ky — <ki 3

X H ‘711(7’1,]?71)’[22(’7’2,kg)ﬂg(’fg,kg)‘dI/T
T=T1—T2+73

lua] (3.3)
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We consider the same case separation as for (I).
For Case A, we choose e € (0, ) as 3e < al—l—bl—f so that (k)°+! <, <k1>‘7+%_5(kg)al_a(kg),)bl_e
and, by the Young inequality,

(3.3) <

1
2 (k1 — ka) % (ky — k)7 (ko)® (ks)e

k=ki—ko+ks
X (k1) E 750 (- k)| 2 || (ko) (-, ko) | o | (es) P @3 (-, ks o

e
By the argument as for (I), Case A and the estimate from Lemma 2.5:
lrunll gosg—co S luollpa Ml og-o S lluollpa ™ T ual| g,
we obtain the desired bound.
For Case B (iii-1), it holds that
(k)7 ! oo (k)T (hs) TR () (ha)®
(ki — ko) (ko —kg)® = T(ki—ko)® T T (ki—ko)E
and hence
1
ki —hatky (BT = h2)
(| (k1) (-, k)| o | () S (-, K)o (| k) T2 =205, s || 22 .
k

Then, the argument as for (I), Case B (iii-1) and Lemma 2.5 implies the claimed estimate. For
(iii-2), we instead apply the inequality with o-independent constant

o+1 U+%
o Ao .
(k1 — k2)2 (ko — k3)2 (k1 — ko)

and the estimate ||us|| ., 1.0 S Hu0||L21||U3|| ».1. The cases (i) and (ii) can be treated in the same

;L

pas 3
way.

This completes the proof of Lemma 3.4. O
Proposition 3.6. Let o, a;j,b; (j =1,2,3) be as in Lemma 3.4. We have

H /O U, (t — ) NaJu (t'), us(t'), us ()] dt
C+ Cy,T* Z

23(T)

. ,L(T)HumHzgﬂ'(T)H“n”Zé’j (1)
(4,m,n)

for any 0 <T <1, where C1,C2, >0 and 0 < e < 1/2 are constants depending on a;,b;, and Cs »
depends also on o but Cy does not.

Proof. As we have seen in the proof of Lemma 3.4, the set
Q= {(k, k1, ko, k3) € Z" |k =k — ko + ks }
can be classified as Q = U?:o Qs
Qo := {(k, k1, k2, k3) € Q| (k1) ~ (ka) ~ (k3)},
i={(k, k1, ka, ks) € Q| (k1 — ko) (ko — ks) 2 (k) (ko — k), (k)

Z (k) S
= {(k, k1, ko, ks) € Q| (k1 — ko) (ko — ks) 2 (k) (k1 + k3), (k) < (k2)},
—{ (ks ki, ko, k) € Q| (k1 — ko) (k2 — k3) 2 (k) (k1 — ko), (k) S
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We decompose N3 into N3 1 + N3 2+ N3 3, in which the sum with respect to (k1, k2, k3) is restricted
to Qo U Qy, Q2 \ (QoUQ), and Q3 \ (2o U Q; UQy), respectively. Then, the proof of Lemma 3.4
actually verifies that

C+ C,T¢

M2 forus, s, vrusl v, < =

[[u ||Z;; ||Um||zgf HunHZgg

for (j’ m7 n) E {(17 2’ 3)7 (27 37 1)7 (37 17 2)}'
Let us fix (j,m,n), and take extensions u{, ug, ug of uy,us,ug defined on [0,T] x T such that
lufllzg < 2llusll zg (). lufull 23 < 2llumll 425 o7, ||ULHZgj < 2unll 52 -

(Note that the choice of u},u;,ug may depend on (j,m,n).) Using Lemma 2.4 and the above
estimate for N3 ;, we have

| /Ot Up(t = )N jua (¢'), uz(t'), us ()] dt!

Z;7(1)

t
<[lv) [ vute =)Mo bor @yl @), 0r (@) wr @ e ar ]|
C+C,T° i +
> Wl\ujl\z;g\lumllzgj ||“n||Zgj
C+C,T¢
> SWHUg‘Hzg(l)HUmHZgj (T)HU"HZSJ' ()’
Summing up in j, we obtain the claimed estimate. O

4 Proof of Existence, Uniqueness, Regularity

We shall first establish the contraction properties in a suitable complete metric space.

Proposition 4.1. Let « € R, 8 < 0 be fized. Let s > sg > 1/2. Then, there exist n = n(sg) > 0
and Ty = To(s,s0) € (0,1] with To(so,s0) = 1 such that if ug € H*(T) \ {0}, |luollg=o < 1 and
T € (0,To), then (with u = %HUOH%U the map

u — Uu(t)ug +/O U, (t — t'){N1[u, uo; u] + Nofu, u,u] + N3[u, u,u] }(t') dt’

is a contraction on the complete metric space (%, (T),d(-,)):

lull zg () < 2Colluoll - (o= s, 0, s20),}
)

B, (T):=<:ue Z(T
0= {u e 24 U (tyuoll 5z < ool
= l[wo | # - l|uo | mrs .
d(u,u) := max U — || go(ry + ———— || — @l zo (7,
() = X g 1~ M2 ¥ g 1~z

where Cy > 0 is the constant given in Lemma 2.3 and § > 0 is a small constant independent of sg, .

As a consequence, (letting so = s > 1/2) we can define the solution map S : ug — u for the renor-
malized KDNLS equation (1.7) on {ug € H*||juo||gs < n(s)} into C([0,1]; H*) N L2((0,1); H*+2),
complementing it by S(0) := 0.

Remark 4.2. The small factor § is needed only to control Nj. Since the constant in Proposition 3.2
is independent of the regularity index, we can take J independently of sy and s. It is also worth
noticing that we can choose 7 = 7(sg) independently of s, because the constant C in Proposition 3.6
is independent of the regularity index o.
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Proof of Proposition 4.1. In the following, the implicit constants do not depend on sg,s and T,
unless otherwise mentioned. The linear part U, (t)up can be estimated by Lemma 2.3.

Estimate on Nj[u, uo;u]. For simplicity, we write Ny := Ny[u, ug; u] and Ny = Ny [@, uo; ]
for u,u € #;, (T).

Since H.f||L°°(R;L2) < ||ny0,07 u € @ZO(T) 1rnphes ||U - U,u,(t)uOHLQC((O,T);LQ) < (S”U/()”LQ7 and
thus [|ul| s ((0,7);22) < [|uol| 2. By Proposition 3.2 (ii), we have

H /Ot Ut —t" )Ny (t')dt’

< 1
zo(r) ~ (0 + T2 uoll 3 ) lull zg (r)

1
S (6 + T2 luoll 3 ) lluol m-

for o = s, 50, %, and

|uoll 2

H /Ot Ut —t")N.(t") dt’

< 1 1
29y (0 +T%uoll 13 ) T2 1wl oy dy

1 1
S (6 +T2luoll 3 ) T2 |luol| o

1
2

|uol| 2
where at the last inequality we have estimated as
||“HL00((O,T);H%) < lullpoe o,1);m00) < llullzzo 1y < 2Co|luol| -

Hence, if § and T satisfies )
T2 lug| a0 <6 <1, (4.1)

then for any u € #;, (T') we have

< D)1 5,50, =
— o o= -
Zg(T) = 10 O||H°» 5209 2

H /Ot U, —t" )Ny (¢ dt’

and

< 2wl
—||U 2.
zoy(r) — 10 OlL

H /t Ut —t" )Ny (t") dt’
0
Next, we estimate the difference. Let u, @ € %, (T), and note that
N1 — Nl = Nl[u, ’LNL; u] + Nl[ﬂ, Ug, U — ’l]]
Proposition 3.2 (i), (ii) imply that

i
Y N / /
H/O Ut —t) [Ny — N|(t') dt .

llull o (1) y 1 N

S Tuole 1= By + (0 + T2 uoll ) llu = @l zzry
beolle o gy + (54 TH ol )l —

~ ||UO||L2 ZM(T) 0 HS ZS(T)

1 UOHH" ~
< §+T7|uol 1 H d(u, @
( ” O||H2) ||UOHH5 ( )

for o = s, 50, %, and that

H /Ot Uu(t —t') [Ny — Ny (') dt’

< T |uf

Zp(T)

ecoryhy It = @l myesy + (84 T2 luoll g ) lw = @l zp(r)

1 ~
S (0 + T ol reo ) lu — @l| zo ()
d]luollze

S (04 T2 uo mroo ) 7" d(u, @).
l|luo|| £+
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Again, under the condition (4.1), we have

HUOHHS /t / \ / /
U,t—1t)|N1— N1|(t))dt
o=s,50,% [[uollm=11Jo Wt = #)[Na = M) Zg(T)
HUOHHS /t / N7 / / ~
_— U,(t—1t")|N1— N1|(t")dt —d(u,
uolz Nl J, Ont =N =M@ ], < (@)

This concludes the estimate on Nj.

Estimate on Ny[u,u,u]. Hereafter, for a Banach space Z and u, @ € Z, we write ||u, @l/z to
denote [|ul|z +[|@|z. We first apply Proposition 3.3 with (6,61) = (3,0) to see, for any u € %5, (T),
that

Z5(T)

t
H/ Uyt —t")No(t") dt’
0
T3
< — o . s Ho
S Tualle 1Mzl o oyt el comyiany

R — U
~ Taollz2 ||U||Zg(T)||U|\ng(T)|| HZg(T)

S
|uol| g o= 5,50, —,0.

< T*juoll -0 5

For the difference, we note that

Ny — Ny = No[u — i, u,u] + Nalit, w — @, u] + Noli, @, u — ).

Using Proposition 3.3 for these terms with (6,601) = (o + %,O’), (o + %, %) and (%, 0), respectively,
we obtain

H /Ot Uyt —t') [Nz — No (¢') dt!

1

Zg(T)
< 1 . _ )
N m”w ll zg (I, @l 520 ¢y llw = @l zg ()

S0

1 _
STZHUOHHSO |u_u||Z“I(T)7 0257507570'
These estimates are sufficient if § and T satisfy
T3 |ug| o < 6 < 1. (4.2)

Remark 4.3. All the estimates so far hold in the limiting case so = 1/2 as well. Moreover, we
have not needed smallness of the initial data. In estimating N3 below, we will have to assume
lwo|l =0 < 6. This smallness assumption, however, allows us to take T =1 if s = so.

Estimate on N3[u,u,u]. In order to control N3, we need to assume sg > % and that |lug|| g0
be sufficiently small. We also note that the dependence of 1, T on sg, s comes from this part, since
the constants C1, Cs 4, € in Proposition 3.6 depends on sy and Cy , also on s when choosing o = s.

All the required estimates are deduced from Proposition 3.6 with a; = b; = 3 (j = 1,2,3). For
u € %, (T) and 0 = s, 50, 3,0, this (together with interpolation) implies that

t
Cc+C,T¢
U,(t —t')N3(t')dt’ <=7 |ul? - ul| zo
HA =y < STl g
O Col® ol o o]
— | U s o
S Tugls 1Holly g luoll

< (C+ CoT®) |luol| mo0 |l uol -
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(Note again that C,C,,e depend on sg.) This is sufficient if we impose the condition
1
(C+ CoT®) luol| mso < m min{Cy, §, 1}. (4.3)
For the difference, noticing that
N3 — N3 = Nau — i, u,u] + N[, u — @, u] + N3[i, @, u — i),
we deduce from Proposition 3.6 and interpolation that
t ~
H / Uu(t —t')[N3 — N3] (t') dt’
0

C+C,T7 _
ool Ul o

lluoll 2

Zg(T)
Hu—ﬂ\lzg(T)

s allzgenllw @l 5 o e = UHZ?(N)
< (€ +C,T7) (Jlwoll -0

—lu—
[[uoll 2

lu— @l zg (1)

S0

o= s, So, 5,0.

5 ),
Zy* (T)
The first term on the right-hand side is favorable if (4.3) holds. The second term is evaluated as

2
[woll = fluoll [wollzz= [luoll? =0

[l — |

g <2
[[uol| 2 2,2 (1)~ |uoll 2 [uoll m-

U ||He ~
< lluollzwo - Tll17 g, G,
ol

d(u,u

which is also sufficient for our purpose under the condition (4.3).

Proposition 4.1 follows from the estimates above. To ensure the conditions (4.1), (4.2) and (4.3),
we first take 0 small (independent of sg, s), then 1 = 7(sp, d) small, and T' = T'(sp, s,¢) small. O

Proof of Theorem 1.2 except (). The claim (i) on existence has been shown in Proposition 4.1. Let
us show (ii), (iv) and (v) first on the maximal time interval where the solutions under consideration
(starting from wug # 0) do not become zero. Namely, for ug € H® \ {0} with [Jug|| g« < n, define

inf{t € (0,1]| S(uo)(t) =0} (if S(uo)(t) = 0 for some ¢ € (0, 1]),
1 (otherwise),

T* = T*(Uo) = {

and show (ii), (iv), (v) on [0, Ty]. Note that T, > 0 by continuity.

To show (ii), let u := S(uo) € #;, (1), and @ be another solution on [0, T starting from ug and
belonging to Z,,(T). Noting that [lu(t)||r= < 2Co||uol/r= on [0, 1], we replace the threshold size n
by (2Co)~1n, bO that w(t) satisfies the initial data smallness condition in Proposition 4.1 for any
t € [0,1]. Now, suppose that u(tg) = @(tg) for some 0 <ty < min{7%, T}, and consider

o(t,2) = u(t +to, @ + = ([luolfs — lulto) [32) (¢t +t0)) (€ [0,1—to]),
5(t,2) = a(t +to, @ + = (luollfs — llu(to) [2) (t +10) ) (¢ € 0.7 — to)).

Then, v and ¥ are solutions to the renormalized equation (1.7) with the same initial data vo(z) :=
u(to, x4+ 2 (|Juo |32 —[lu(to)||32)t0). Moreover, since pu(to) := "8|||v0||%2 # 0, wehavev € Z; ,  (1—to)
and v € Z’

it )(T —to). (Recall that for any p > 0 the spaceZ;; coincides with Zg N L2Hs+2 nd
is invariant under spatial translations of the form z — z — C’t) We see from Lemma 2.1 that
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lv = Upeo) (t)vo] 75, (1) = 0 as T’ — 0 and the same is true for ¥. In view of Lemma 2.3, both v
K (to

and @ belong to 2, ,(1") for sufficiently small 7" > 0. Therefore, v(t) = ¥(t) on [0,7"], and thus
u(t) = @(t) on [to, to+71"]. Repeating this argument, we conclude that u(t) = @(¢) on [0, min{T%, T'}].

Persistence of regularity (iv) is verified by a similar argument. Assume ug € H® for some
5 > s. From Proposition 4.1, there is some T = T'(8,s) € (0,1] such that we have a solution in
5, (T) c C([0,T); H¥). Since %5 (T) C %5 (1), this solution coincides with the unique solution
S(uo) in %, (T'), concluding that S(ug) € C([0,7]; H*). This argument can be repeated from any
time to € (0,T%) by considering the new solution v with v(0) = vy defined above and noting that
Vo € H‘;, Vo 7é 0, ||’U0HHS = ||’U/(t0)HH~ <n.

The smoothing property (v) follows from uniqueness and persistence of regularity, together with
an observation that for any s’ > s and u € %’;; (T), u(t) has higher regularity H*+2 for almost
every t € (0,T).

So far, we have proved (i), and (ii), (iv), (v) on the interval [0, T}] for the renormalized equation
(1.7). Since the spatial translation 7_, does not change the regularity and maps Z;;(T") = Z5(T) N

L2((0,T); H**2) into itself (unless 1 = 0), we have the same conclusion for the original equation
(1.1). Finally, the L? lower bound for smooth solutions given in Proposition 1.4 (ii) ensures that
the solution S(ug)(t) starting from wg # 0, which immediately gets smooth, will stay away from
zero as long as it remains smooth. Therefore, we have T, (ug) = 1. O

5 Continuity of the Solution Map

In this section, we shall give a proof of Proposition 1.3.

Let « € R, 8 < 0 be fixed, and let s > 1/2. In the preceding section, we have defined the
solution map S : ug — u for the renormalized equation (1.7) from {ug € H? |||uollzs < n} into
C(]0,1]; H*(T)) N L2((0,1); H**2(T)). Notice that continuity of the map S is not clear at the
moment, because both the resolution space Z;(1) and the metric d(-, ) depend on the initial data.

5.1 Lipschitz continuity away from the origin

Let us show the following result on Lipschitz continuity of the map S away from the origin.

Proposition 5.1. Let s > 1/2. Then, replacing n with a smaller one if necessary, we have

HS(U'O) - S(Uo)\

A

max{p,v}

1
(1) + M(uo,v0)7 [ S(uo) = S(wo)ll 5
max{p,v}

M(“O) UO)

+ fHS(uO) - S(”O)Hzﬁlax{“,,}(l)

M(UO, 1}0)

< HUO_UOHHS + HUQ—U()HLz

for any ug,vo € {¢ € H*(T)\ {0} | 8]z < 1}, where p:= 2jug||2,, v := Llijug|2,, v € (0,1) is
a small constant, and

(a0 e { L Dl
luollz2 " [lvollz2

Remark 5.2. (i) The constant v plays a role similar to that of § in the contraction argument.
It is used to control a certain quantity related to the nonlinear term Nj (see the estimate for
(5.3) in the proof below).

ii) Since ||u||c(0.11: 725 —&—,u% U sr1. Slu|lzs (1), the estimate in Proposition 5.1 is enough
(017 L2,y h) ~ 1250

to verify the claim (i) in Proposition 1.3. In particular, for any ug # 0 with |Jug|| g« < 7, there
is an H?®-neighborhood of ug on which §' is Lipschitz continuous in this sense.
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(ii)

The claim (ii) in Proposition 1.3, continuity of the solution map in the H*-C;H? topologies at
the origin, follows from the bound ||S(uo)llc(o,1;m5) < [[S(uo0)lz51) < 2Col|uol|m+ obtained
in the existence result. It is not clear, however, whether S is also continuous as a map into
L2((0,1); H**2) at the origin. We observe that this is false for the map ug — U(ue) (t)ug with

plug) = %Huoﬂiz. In fact, fix up # 0 and consider the initial data cug, 0 < ¢ < 1. Then,
w(eug) = u(ug), and we have

1Tsteuo) D) ooy dy = ll€” B luolZa k1t (kys+ 3 g () M ez z.220.00

||u0||L2||(1,e*ﬂ52‘|u0“22|k\)1/2<k> He?

—>C’”u0”Hs #0 (e = 0).
l[uollz2

Even in the H*-C.H; topologies, the proposition says nothing about Lipschitz or uniform
continuity of the solution map on a neighborhood of the origin. Indeed, we have claimed
in Proposition 1.3 (iii) and will prove in Section 5.2 that the solution map is not uniformly
continuous around the origin.

Proof of Proposition 5.1. Without loss of generality, we assume p > v. Note that the Zs( ) norm
is increasing in u.

Let u := S(ug) and v := S(vg). We have

Opu = i0%u — pDyu + Ni[u, ug, u] + No[u, u, u] + Na[u,u, u],
O = i02v — vDyv + Ni[v,vp;v] + Na[v,v,v] + Na[v, v, v]
= i0%v — uD4v + Ni[v, ug; v]
«
+ ;(HUQH%Q — |Jvo||72) 8 + Nafv,v,v] + Na[v, v, v],

where N1, No, N3 are the nonlinear terms defined in (2.1). Then, w := u — v satisfies

Oyw = i@iw — uDyw + {Nl[u, ug; w] + Npfu,v;v] — %(”UO”%z — \|v0||‘§2)azv
+ (Na[u, u, u] — Nao[v,v,v]) + (N3[u, u, u] — Ng[U,U,UD},

w(0) = ug — vp,

so that

w(t) = Uy (t)(uo — vo) (5.1)

/U t— )Ny [u(t), uo; w(t')] dt’ (5.2)
" / Ut — )N [u(t), o(#"); o(t')] ¥ (5.3)
0

=2 [ Ot O luoll: ~ fooli=)omot)} o 5.0
+/0 U, (t — ){ Nofw, u, u] + Nofv,w, u] + Nofo, v, w]} dt’ (5.5)
+/0 U (t —t'){Nsw, u,u] + N3[v,w,u] + N3[v,v,w]} dt'. (5.6)

Recall that the solutions u, v constructed in the previous section have the following bounds:

lullzg (1) < 2Colluollm=,  llu— Un(t)uollzo(1) < dlluollre,
vl zs (1) < 2Collvollme,  [lv = Un(t)vollzory < dllvoll 2
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foro=s
have

, 5, where ¢ is the constant appearing in the definition of 2, . Since [Jugl/z2 > [[vol|z2, we

1 luol|re
(i(r+ k%) + |luoll721k)® I H;< i(T 4+ k%) + ||v0||L2|k:|>

which implies

”uO”L
171z 3 17l .y oER

2 Hv |22
Therefore,

l[uoll > l[uoll >

lullzs (1) S lluoll &, [vllzz1) < Toll2 ol zyy S Toll22 l[voll = (5.7)
l[uol| 2 < luollr2

s < s s <

Il S Boolls ol S TEelvl g ) S g lvol (5.5)
l[uoll >

ull o) < lluollz2, vllzo) < Toolle [vllzoy S lluollzz. (5.9)

In the following, we assume ||ug, vo|| s < 71 with a small constant 7; > 0 to be chosen later.

Estimate on (5.1). By Lemma 2.3, we have

15 Dllzzay S llwo = vollg=, o € R.

Estimate on (5.2). By Proposition 3.2 (ii), we have

165-2)lz50) < O + ol ) ol e < gglwllzgey, 020,

Estimate on (5.3). By Proposition 3.2 (i), we have
165:3) 20y S min {lsollZ2 ol g0 0l oy gov s Wl 020,

In particular, using (5.7) and (5.8), we have

a

. M(’“Oav());

I
@

( l[voll <
||(5~3)||Z;j(1) S I ||w||zg(1) S ||szg(1)7 9

UOHL?

and also
165:3)1200 < Woll - o108, 10l S el gy

Estimate on (5.4). This term can be treated in the same manner as the preceding case (5.3).

Proposition 3.2 (i) yields

M(UOa UO)%

16 Dzgay S v luo —voll2, o =s,

(5Dl zo 1y < melluo — voll L2

Estimate on (5.5). We follow the proof for the estimate of Ny — Ny in the preceding section.
In view of Proposition 3.3, we have

15-5)llzg 1y S llollz s vllzoe .z 1 0l 0.1y, 1l e 0.0y

Smllwllzgay,  o=0.
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Estimate on (5.6). From Proposition 3.6, we have

2 ) s
15-0lzg00) 5 Mooll 2 (wlzgeay o w12 5 |+ o wllzgoy ool . ol 5. )

< Mol 22 (el oy l1wos vl 5 + s vl luo, ol ol 5., )
for o = s, 5,0. Now, by interpolation we see that
w0, voll?, 5 < mlluollzz,
while the estimates (5.7)—(5.9) yield that
[[uol|z2 s
[u, vl zg 1) S Nlwollze + lvollzre S lluollze M(uo,v0)%, o =s,,0.
l[vol[ 2 2
Hence, we have
165:6)l1z50) S millwlzg 2y + Mo, w0) % oy oll 5 w5, 0= 5,5,0
0
To handle the second term on the right-hand side, we observe that
o voll 5 1wl 5
S minflluol 5. 5ol 5wl 5 ) + 1o = woll s o0 5
S minflluoll 5. 9ol Ml 5 ) + 1o = woll 5 o, ol 5
< minflluoll . ool (ol 5, + o = voll 3 ) + 1o = woll5
flluollrz  lvollr2 \ 2
< mln{ }( —|—u—v )—!— ug — V|| L2
~ HuOHHsv ||UO||HS H || || 0 OHH2 771” 0 OHL

1
< mM (uo, vo) ™2 (Hw||z§(1) + fluo — UOHH§‘> +milluo = wol| L2
Therefore, we have

1(5-6)]

Z3(1) < mf|wl Z:(1) + m M (ug,vo)? <Hw|| + [luo — WOHH%)

zE (1)

+ m M (uo, vo)|luo — vollL2,

1656015y S (Il .y, + o = vol 5

1)

1
+ M (uo, vo) 2 |lug — voll L2,

. s _1
15:6)llz0) % 2 M (a0, w0) (||w||ZO§(1) + llug = voll 5 )
1 (Jlwlzg ) + lluo = voll2)-

For simplicity, we set

M(UO’ UO)

W= |lwllzsq +M(Uo,vo)2llwll lwll zo 1y

M(UQ, UO)

1
W() = ||U0 - ’UQHHs + M(UO,’UO)Z ||’u,0 — UO”H% + ||UO — 1}0||L2.

Then, combining the estimates obtained so far, we have

W < ( +cy+c”1)w+ (c+c’71)WO

10
Taking v and then 7, sufficiently small verifies W < Wy. Finally, we see that

1
M (ug,v0)? [lug — voll ;5 < lluo — vollms + M (uo,vo)|luo — voll L2,

which completes the proof.
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5.2 Failure of uniform continuity

In this subsection, we discuss uniformly continuous dependence of the solutions to (1.1) or (1.7)
on initial data around the origin. More precisely, we want to know whether the following property

holds or not:
There exist » > 0, T'> 0 and a continuous non-decreasing

function p : [0,00) — [0, 00) with p(0) = 0 such that
if wg, g € H*(T), ||uollg= <7 and ||tg||g= <,

then the (well-defined) solutions w, @ € C([0,T]; H*(T)) (UCD)
to the Cauchy problem with initial data wg, g, respectively,
satisfy [lu — @llcqo,r; ) < o(lluo — Gol[ ).
First, we consider the following “reduced” KDNLS equation:
duw = 1020+ 2|u(0) 2000 + L [u(O)2a Do, (t,7) € [0,T] X T,
™ 27 (5.10)

u(0, z) = uo(z), zeT.

Since the reduced equation (5.10) is the “effective linear part” of the full equation (1.1), it would
be reasonable to expect that (5.10) is a good approximation to (1.1) (and also (5.10) with a = 0 is
o (1.7)). We shall prove that the property (UCD) already fails for the reduced equation (5.10).

Proposition 5.3. Let « € R and 8 < 0 be such that («, 8) # (0,0). Then, the property (UCD)
does not hold for the Cauchy problem (5.10) in H*(T) if s > 0.

Remark 5.4. When § < 0, the result is optimal in such a sense that the assumption on s can not
be relaxed. In fact, the solution map for (5.10) is (globally) Lipschitz continuous as a map from
L?(T) into C([0,0); L?(T)), as we see below. Note first that the unique solution u is given by

a(t k) = e W Hre®luliaty (k) >0, ke Z;  w(k) =ivk+ 2ﬁ|k|.
™ 7T

For two initial data wg,vp, we may assume ||ug||rz > ||vo|lrz > 0, and write the corresponding
solutions as w,v. Then, for each k € Z fixed, we have

alt k) — o(t, k)| < ’e—ikzt—&-w(k)\luouizt(ao(k) — 9o (k))]

T ety (k) (eo Wl liat _ gw®lvolfat)|

For the second term on the right side, we estimate the difference of the exponentials as

2 2
e ®lluollfat _ goklvolyzt|

t
= [ k) o 22 = lleoll3:] /O e (lluoll3s (1) +e(lvol2at' gy

t
< |k|[HU0||%2 — ||U0||2L2] /0 e%l\ﬂo”izlkl(t—y)dt/

< (luollz2 + llvollz2)l[uo — voll 2 < luo — vollz2
- ol ~ o Juollze

(The implicit constant can be taken as C %) Using this bound, we obtain

[[uo — vol| L2

||UO||L2 S ||u0 _UOHL2'

sup f[u(t) — vl S fluo = vollzz + f[voll.2
2>

We also remark that the (local) L2-Lipschitz continuity of the solution map holds even for the full
equation (1.1) if it is restricted to smooth data ug € H®, s > 3/2. This will be shown by the energy
estimates (see the proof of Theorem 1.5 (ii) in Section 6).
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Proof of Proposition 5.3. When 8 < 0, the Cauchy problem (5.10) has a unique solution u €
C(]0,00); H?(T)) for any ug € H*(T) if s > 0. In particular, for a positive integer N and complex
constants ag, bg, the solution u to (5.10) with initial data

1 ,
uo(z) = - (ao + boe’N””)

ﬁ

is explicitly given by

u(t,z) = (a0 + boe_iNZH”(l“O|2+‘b°|2)Ntein) W= i+ b # 0.
’ ’ ™ 27

1
V2T
To prove the claim, it suffices to verify the following: For any r € (0,1) there exist {tx}n C (0,1),
{uo. N}, {ton}n C H*(T) satisfying

lwo Nl <7, o n|as <7 for any N,
tn =0, fluony —tonlas =0 as N — o0,

such that the corresponding solutions uy, iy € C([0,00); H*(T)) satisfy

limsup |uy(tn) — an(tn)||gs > 0.
N—o00

Fix 0 < 0 < min{s, 1}, and set t := N~1+29_ For an arbitrary r € (0, 1), define ug v, @0

as

_1
100]w]

1 .
ug () := (ao ~N + by ne'
’ \/% ’ )

Nx)7 iN:r)7

ﬂoJ\](.T) = (C~L07N +BQ,N€

1
V2T
ag,N = N7, ao,N = 2N, bO,N:BO,N = gN_s.

It is easy to see that ||ug n|lm= <7, ||Go,n|ms < r for all sufficiently large N, ty — 0 and |luo,n —

To,N || = N~ — 0 as N — co. Moreover, we have

lun(tn) — an(tn)||ms > Ns\bo,N|}ew(‘ao’leHbo*ng)NtN — e“’(ldo‘N|2+‘5°=N|2)NtN|

— f|61oow|7w\ (lao,n > +1bo, v [*)NZ7 ¢ 00T (|&o,N|2+\Bo,N\2)N2“|
) .

Now, it is easily checked that if z1, 20 € C satisfy |z1],|22] < %,

this and

then |e*t — e*2| > %|z1 — z3|. From

|(|ao,N|2 + IbO,N|2>N20‘ <2, |(|ELO,N|2 + \50,N|2)N20| <5,
|(lao,n|? + [bo,n|*)N?7 — (ldo,n|* + |bo.n[*)N?7| = 3,

we deduce that
r 1 3

P
I =55 700
for any N. This completes the proof. O

HUN(tN)fﬂN(tN) >0

Non-uniformly continuous dependence for the full equation is obtained as a corollary, by which
we complete the proof of Proposition 1.3 (iii).

Corollary 5.5. Let « € R and 8 < 0. Then, the property (UCD) does not hold, both for the
Cauchy problem (1.7)-(1.2) and for the Cauchy problem (1.1)-(1.2), in H*(T) for any s > 1/2.

Proof. Recall that for s > 1/2 there exists n = 7n(s) > 0 such that the solution maps S and
S = T_q 0 S for the Cauchy problems (1.7)—(1.2) and (1.1)—(1.2) have been uniquely defined on
{uo € H*(T) | {uollz+ < n}-
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To show that the solution map S for (1.7) does not satisfy (UCD), we fix an arbitrary 0 < r <17
and take the same sequences {ug n}n,{lo n}n of initial data as in the proof of Proposition 5.3
(setting o = 1, for instance). Write the corresponding solutions to (5.10) with v = 0 as un i, and
UN,1in, Tespectively, and un := S(ug n), an = S(Go,n). We have already seen that

luonllze ~ lltonlas ~r lunin(En) =GN pin (E8) || s > 3er,
tNNN_%—>0, ||UO,N_'&/07NHHS_>O (N—>OO),
where ¢ = éo and the implicit constants are independent of N, 7. Now that up jin (t) = Uy, (t)uo,n
with uy = ’8 2 |uo,n |32, we have

wun (8) = un son(t) = /0 Uy (¢ — )N, [ (8), g, e (¢)]
+/Ot Upy (& =t )No[un (), un ('), un (¢')] dt’
+ [ 6= O Nafun @), un () ux ()

and similarly for @y — @y ;. Each term on the right side has been estimated in Propositions 3.2(ii),
3.3, and 3.6, respectively. Noticing that uy € %, (1), we see

lun — untinllco;ae) < llun — UN,zmHz;LNu)

< C(0+ |Juo,n | a+)
< (C§+ Csr)r,

luo,n || rs + Clluo,n I3 + Cslluo,n |l

where ¢ is the constant determined in the proof of Proposition 4.1. Possibly after replacing ¢ with a
smaller one, and recalling that » < 7 and that n has been chosen to satisfy n < §, we confirm that

lun — un inllcgo,u;ms) < cr, lin — aninllcgo)ms) < e, (5.11)

from which it follows that [|ux(tx) — Un(tn)|[zs > cr, and hence the failure of (UCD) for S.
Concerning the solution map S for (1.1), we note that the solution S(ug n) to (1.1) and the
corresponding solution uy i to (5.10) can be written as

— (0%

S(uo )t 2) = S(uow) (1,2 + % Juow221),
o

untin(ts) = [Un (o] (w+ & o3,

Hence, the estimates from the proof of Proposition 5.3 and the above estimate (5.11) show that
(with jir = 2 |do,v32)

1S (uo,n)(tn) — S(tio,n ) (tN) | 12
> |Jun iin(tn) — N1 (EN) || 725
- ||S(U0 N) — UNlm”C( 0,1];H%) — HS(UO N) — UNlm”C ([0,1];H#)
= [Jun,tin(tN) — N zm(tN)HHs
— [1S(uo,n) = Unyuo,nllcqo.ny:me) — [19(to,n) = Unyo,n |l cqo.1):m¢)
ZSCT—cr—cr:cr.

This concludes the failure of (UCD) for S. O
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6 Proof of Theorem 1.5

In this section, we shall prove Theorem 1.5. Let « € R and 8 < 0 be fixed.

Proof of Theorem 1.5 (i). Let s > 1/2 and uw € C([0,7T]; H*(T)) be a solution to the KDNLS
equation (1.1). Let P<y := ]:k_lX{\mgN}fxa P.y :=1— P<y, and write v’V := P<yu. Note that
ul¥ — win C([0,T); H*) as N — oo, and that u!V is a smooth solution of

du™ —i02uN = aP<n O, (|u*u) + BP<nO; [H(|u|*)u], (t,x) € [0,T] x T.

Taking the L? inner product of the equation with u®, we have
%HUN(@H; - 2Re/ 0, Fy (u) - u da
T
+zRe/T L0, (| Pu™) + 50, [H (ju™]*)u] } - o d
— L(t) + L(1),

where
Fy(u) := a(PSN(|u|2u) - |uN|2uN) + B(PSN(H(|u|2)u) - H(|uN|2)uN).

Integrating both sides, we have

¥ @), = y|uN(o>H;+/0 (L(7) + L) dr,  te0,T) 6.1)

On one hand, by the Sobolev inequality and the boundedness of the Hilbert transform H on H?,
we can easily see that

IEx@ly < S (IPen(AGu)]y + ARy — A PYa™]),,; )
Ae{ald, BH}

SN 3.

Therefore, we have
T 1
/ |1(7)| dr < TN 3 ull ooy = 0 (N = 00).
0
On the other hand, using integration by parts,
1o [ {300, (") + 290, (u ) + 501 )2 ()

=5 [ Du P = 8103 (P

Again from the Sobolev inequality, I>(t) converges to BHDiN(\u(t)P)HQLz uniformly in ¢ € [0,77] as
N — 0. Hence, taking the limit N — oo on both sides of (6.1), we obtain the claim. O

Proof of Theorem 1.5 (ii). Let s > 3/2 and suppose that uy,us € C([0,T]; H*(T)) are solutions of
(1.1) starting from u;(0) = ug j, j = 1,2. Similarly to the proof of (i), we define uﬁv := P<nuj, and

set w? := ul —ud. Note that vV is a smooth solution of

orw — 02w

= 0 Fn(u1) — 0 Fy(ua) + > 0 [A(]ugvf)ufl\’ - A(’ué\r’2)ué\f}
Ac{ald,BH}
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and then
d 2 —
anN(t)HL2 = 2Re[r (&EFN(ul) — amFN(uQ)>wN dx
+ Z 2Re/ [ (’ul ’ ) (|u2 ’ )uz} N da.
Ae{ald, BH} T
A similar argument as before using the Sobolev inequality implies that

SN-CUAB G =12, tel0,T],

) )

102 F () (0| ..

where
M = jH;E%}; Hu]'||c([o7T];Hs) < oQ.

To handle the remaining terms, we first note that
Aful’ | Jui — A(|U§V|2)“§V
= A(|ud' [ )™ + A" ) ud + A(2Re(uy w))uy)

for A € {«ld, SH}. Applying integration by parts and the Sobolev inequality, the contribution from
the first two terms on the right side is estimated (whenever s > 3/2) as follows.

‘2Re/8 (A Py + APy 0¥ dz] < 22w ()]

(The second term can be treated with the identity [ Hf-gdz = [ f-Hgdx.) For the last term, we
see that

e [ 0, [ACRe(E )} ] 0 da
_ /T A(2Re(u) wN))2Re(D,ud - wN) d
+ /T 0, A(2Re(u ) - 2Re(ud w) do
_ /T A(2Re(u) wN))2Re(D,ud - wN) d

0 (A = ald),
+ 1/2 NN |2 -

8| Dz’ " (2Re(ud wN)) |7, (A= BH).
The first integral on the right side is estimated by M?||w™ (¢)||%. as before. We now invoke the
assumption 8 < 0 and dispose of the second term on the right side. As a result, we have
,SN*(S*DM?’HUJN +M2HwN

Iz 22

- N*2(8*1>M2), t€[0,T].

L )2
< a2 ([l @7
The Gronwall inequality then implies that
¥ @If7a < (lw™ O)[f72 + N7270ar2) e e o, 7],
Letting N — oo, we conclude that
lea(t) = ua(B)[F2 < fluos — wozllf2e™, ¢ €[0T,

In particular, we have u;(¢) = ua(t) on [0, T if ug,1 = ug,2, as desired. O
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Proof of Theorem 1.5 (iii). To prove non-existence of backward solutions in the case 8 < 0, suppose
for contradiction that there exists a solution v € C([-T,0]; H*(T)) for some T > 0. By the
assumption on ug, there exists 0 < tg < min{T, 1} such that u(—tg) € H*(T) and ||u(—to)|| s <
n(s’). From Theorem 1.2, there is a solution v € C([—to,0]; H*(T)) N C*°((—tp,0] x T) on [—to, 0]
starting from v(—tg) = u(—tp). Then, unconditional uniqueness (ii) we have just proved implies
that ug = v(0) € C*°(T), which contradicts the assumption on wug. Therefore, such a solution
does not exist for any 7" > 0. The non-existence of forward solutions for 8 > 0 is verified by the
transform u(t, z) — u(—t,x), which converts (1.1) to the same equation but («, 8) replaced with

(704, 75) O]
Proof of Theorem 1.5 (iv). We only consider the case s € (1/2,1), since the case s > 1 is easier.
Assume ug € H*(T) and 0 # ||ugl|lg: < 7. If 7 < n(s), from Proposition 4.1 there is a solution
u € Z;(1) satisfying

lull o,y < Clluollas,

C”uHZﬁ(l) _ C||u0|\HS

”u”LQ((O,l);H”*%) = uwollze T fJuollze
In particular, there exists to € (0,1] such that H“(tO)HHH% < C|luoll 72 luo|| = By interpolation,
< 1 2(1—s) <C [[wol| b=
lutto)llsr < lluCto) 77 ulto)ll .2y < o 22—
Ug

Since the solution is smooth for ¢ > ¢y, the H! a priori estimate from Proposition 1.4 is available.
Also using the L? bound from (i), we have

Ju(®) i < CeOP N uftg) g < CeCllia 1ol oy g
luollzz
Further interpolating it with the L? bound, and noting that 1 — so = 2(1 — s)sq for sq = ﬁ, we

have

S0
1-s s Clluol2s 1, 1=so __lIW0llzs
Ju@) =0 < [lu)[l 2> lu(@®)ll5: < Ce=M ol flugl|;; 0|| BT
= 0eClluwollz2 l|luo |52, t > tg.

Hence, if 77 is chosen so small that
~2
Ce“T i < n(so),

then we can iterate the construction of the local H*° solution in Theorem 1.2 and obtain a global
smooth solution.

This is the end of the proof of Theorem 1.5. O
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A Proof of the Linear Estimates

In this section, we describe the proof of Lemmas 2.3 and 2.4 in a slightly more general setting to
make it clear what influence the modification of €% ~#tPs t ¢itdz —#ItD= hag on the linear estimates,
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which may be useful for the future work. We avoid a sharp cut-off xr, (¢), which is incompatible
with X Z’l/ > In fact, we give a negative result (Lemma A.4 below) about the estimate of xgr, f in
H'/? related to the inequality mentioned in [20, the remark about the case b = 1/2 on the last line
on page 1989 to the first line on page 1990], which is of interest on its own. But it does not matter
for the proof of the main theorem in [20], because it is correctly reformulated in [22] and [23].

Let M be either R% or T¢, d > 1, and denote the space of the corresponding Fourier variable,
R? or Z%, by M. We consider the following general linear dispersive-parabolic equation

Opu —ia(D)u + p(D)u = 0, t>0, zeM,

where a(-) and p() are arbitrary functions on M taking values in R and [0,00), respectively,
and a(D), p(D) denote the corresponding Fourier multipliers. Define U(t) = e*(P)=Itp(P) —

, —s,b —s,b
fglem(f)t_p(g)'t‘fx, and define the Banach spaces X" , y” corresponding to the linear propagator

U(t) by the restriction of tempered distributions /(R x M) to those of which the following norms
are finite:

Jullgs 2= | — a(€) + DT, E)| sty
lullgs.s == [[(€)* 1 (i(T — a(€)) + p(€))a(r, el 220
In the following estimates, 1) is a fixed function in C§°(R;[0,1]) satisfying ¢» = 1 on [—1, 1] and
supp ¥ C [—2,2].

Lemma A.1 (cf. [20, Proposition 2.1]). For any s € R, we have

WOT Ol oo S 6]

X

where the implicit constant is independent of s, a(-), and p(-).

Proof. We follow the argument in the proof of [20, Proposition 2.1]. Observe that

[T l..s
= [(©)*ti(r — a(©) + p() 2R [b(B)e O] (r — a(€)DO)] 2
< [©* @A p@e O )] |

2
L&

)

+ |t 3@ ©* 17 [ e O (1)

2172
LE

and similarly,

@)U )9l

oo = |[(© 3@ F [p e 7O ()],

.
Le

It then suffices to show

()2 7 [w@e ™M (@), +p©F | Felwe O ()],
[ F [e@e PO ()], S 1,

uniformly in € and p(-). This estimate holds trivially when p(§) = 0. If p(§) > 0, the scaling
properties

|7 le O g = 1l Ty e Oy = ey

p(€) [|le PO 2 = el 2

Iz
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imply that
()2 7 [p(e PN (7))
SO ) |7 [P OM |y + 1l [[1712 Fe[e P OM] L, S 1,
(&)} ||F [0 e O] (7] o < p(&) I e lle M| 2 S 1,
17 e M (D) 1y < Il [ Fe[e™ @M, S 1.

Therefore, we obtain the claimed estimate. O]

Lemma A.2 (cf. [20, Proposition 2.3(a)]). For any s € R, we have

<
oo SIFI

s,—1 —s,—1>

HW) /Ot Tt —t)F(t)dt -

where the implicit constant is independent of s, a(-), and p(-).

Proof. We basically follow the argument in [20, Proposition 2.3], excepting that we avoid using the
claim

t
w0 (1) / OO £(¢) q
0

H3(R)

t
< HW) / (=)@ 1t=t'| £ (1) gy
0

H3 (R)
which seems not clear to hold. We will instead use the fact that
feH'R), f(0)=0 = |xr, fla <Iflla (A1)

A similar estimate to (A.1) is known to hold if H" is replaced with H® for any 3 < s < 2 (cf. Jerison
and Kenig [9, Lemmas 3.7, 3.8]), though it fails for s = 1/2, as we will see in Lemma A.4 below.
We only need the above elementary case s = 1.

We begin with observing the equality (for F' € . (R x M))

Foalo®) [ T~ )0 a9

t
=F {w(t)/ eia(g)(t—t/)—P(f)H—t'\F(tl7é—) dt’} ()

0
= A [u) /0 @l /R e F(A+a(€), &) drdr'] (v — a(©))
= Fi[We[F(- + (), )] | (7 - al©)),

where, after the computation

/t N —p©Ot—=t| gy — e — PO i\ 4 sgn(t)p(€) ) e — POl
0

iX+sgn(t)p(E)  —id+p() iX+p(§)

for ¢ # 0, we have introduced the notation

welrl) =) [ ([ e o=} sy

0
= e[ /] 0+ se [ 2 o),

i _ o p(O)]]

Pelg)(t) = w(t)/R A+ p(€)

g(\) dA.
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The claimed estimate is then reduced to the following:

i + p(€) A [ A D] 2 + 17 [l A D

<H ) ‘ ) ‘
™I

(ix+p(&)172licg ‘ @+ &) (A.2)

L}

uniformly in & € M and p(-).

We will prove several estimates on ®¢ in Lemma A.3 below. Let us admit these estimates for
a moment and proceed to the proof of (A.2). The contribution from the first term of ¥, can be
treated directly by (A.3) and (A.5), because | (E)‘ < 1. To estimate the second term of W¢

with sgn(t), we first see that
LHS. of (A.2) S (p(&) %[ (i7 + p(©)Fu [Wel£1] (7)]] 2

which follows from the Cauchy-Schwarz inequality (see the proof of Lemma 2.2). We then get the
bound

W) [t + i) 7 sen(oe [ ]|
< GO [sentee [ 2L ]|+ i) o [ 2]
Now, we invoke (A.1) and obtain the bound
1 p(§) 1 p(§)
e o[ 5 g A, + oo o A
~ (e ir + s [oe [ AL
which is, by (A.4), evaluated by
_1 p(f) 1
(&)~ mf()‘)‘ 12 < HWJ(()\)} L2’
as desired. O
Lemma A.3 (cf. [20, Proposition 2.2]). Let p : M — [0,00) and ¢ € M. Then, we have the
following estimates, with the implicit constants independent of p(-) and &:
) 1 A A
i+ ) R el Ol % |l + [y e 49
[+ pE) Fi[@elal] (7)]] 2 < Ng(Mlzz. (A4)
A
T e P e (A5)

Proof. Although the proof is almost the same as that for [20, Proposition 2.2], we provide the detail
for completeness. We will focus on the case p(§) # 0, though the argument can be easily adapted
to the case p(§) = 0.

34



Divide ®¢[g] as follows:
. A)
Bolol(8) = w(t) [ e XiEp@2 IR o
clal(t) = wie) [ MOz
A)
_ te—p(f)ﬂ/X{l)‘.“’P(E)Zl}g( d\
ve) A+ p(E)
—1

+(t) / Z‘ijLip(QX{|,\\+za(£)§1}9(>\) dA

—(t )( —p(&)[t] _ )/7X{i‘§|ip§()51}g()\) dA

=: }[g)(t) — @[] (t) + BE[g](t) — PE[g](t).

Estimate on @2. Since

o)
i+ 9(©)

17 [o}ig] | = |9« [Mrierzno0))

and (it 4+ p(&)) < (7 —7') + (@7’ + p(€)), we have

|| (im + p(&))°F, [@E[QH HL?_
g(7)

A g(7)
T +p(e) L1+IIwHL; W‘L <b<l,
_9(n)
|7 @ty < Wl | -

These inequalities and the Cauchy-Schwarz inequality yield (A.3)—(A.5) in this case.

Estimate on @g. We have

X{Al+p(©)2139 (M) ) _
722 \_]/ el || » 7 [ PO

We have already seen in the proof of Lemma 2.3 that

i+ p(€)) 2 Fu[e P OM |, +

t[e—p(é)ltl] HLl <1

which verifies (A.3) and (A.5). Moreover, a similar argument shows
67 + P x Fele "M, S 14202

We apply the Cauchy-Schwarz inequality to obtain

g(N) ‘
(iX +p(€))

46 + p(©) 7 [@2g1] | S (0(©)?

4 Slglle,

which shows (A.4).

Estimate on 'IJZ’. By the Taylor expansion, we see

Fe[®2lal](r) = ft[t:f]m / (M)Zi{r;(‘g)“}g(x) dn.

On one hand, the restriction |A| + p(£) < 1 implies (for n > 1) that

(X)X {12l +( 5><1} N
’/ (e M| S PxanmesngWll < | M+p(§)>’
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On the other hand, the support property of ¢ implies (under the condition p(§) < 1 and for
0 <b<1) that
(i + p(E) Felt" Pl 2 + I F "¢l Ly S "0l arp S m2"

These estimates yield that

)

n2n A
I+ 20 A 2l + 172l % (20 e

n>1

verifying (A.3) and (A.5) in this case. The estimate (A.4) then follows from the Cauchy-Schwarz
inequality.

Estimate on @g. This is very similar to the estimate on <I>§ above. In fact, since

1 Fi \tl t/} (=P(E)" XAl +p(©)<1}
7 (2] )] = | 2 / apg IV P

<y | Fe Itl"w |H ZHP)@»’

n>1

and
ey = ey < 2

the same argument as before can be applied.
This completes the proof of Lemma A.3. O

The following lemma is concerned with the trace of functions in H'/2(R).

Lemma A.4. There exists a sequence {f,} C H'/*(R) such that f, is continuous on R, f,(0) =0,
SuPp>1 ”anHl/Z(R) < 0o and

’|XR+fn||H1/2(R) — (’I”L — OO)
In particular, there is no positive constant C such that for any f € H'/?(R) N C(R) with f(0) =
HXR+fHH1/2(R) < C||f||H1/2(R)' (AG)

Remark A.5. The estimate (A.6) does not hold for general functions f in H'/2(R), and hence
multiplication by yg, is not bounded in HY2(R). Indeed, for f € HY?(R) it is known that
xr,f € H'?(R) if and only if [~ ¢~ 1| f(t)|> dt < co (see Strichartz [26, Theorem 3.1 on page 1054]
and Lions and Magenes [15, Theorem 11.7 on page 66]), while the last integral clearly diverges if we
take, for instance, f € C§°(R) such that f =1 on [—1,1]. In the above lemma, however, we aim to
find a counterexample from among continuous functions vanishing at the origin.

Proof of Lemma A.J. We first recall the following characterization of the H'/2(R) norm (see Strichartz
[26, Statement 2.3 on page 1035]).

[Tz~ [ fllz2 + 15125 22,
0 1 2 drq1/2
Suan®=[ [ ([ 1rerro - o) G
From this, we can easily deduce that
> f®P 2
[ St N (A7)

for any function f on R such that the right side is finite (see [26, the proof of Theorem 3.1 on page
1054]).
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We define functions f,, n =1,2,... by

7 - U (7)
W0 = D ose 117

TER,

where ¢, € C§°(R) is chosen so that

Un(=T) = Un(7), Yu(r)=1 (7] <n), -1<¢n <1, [0S A+

and

B Y (T) =
(fn(0) =) /R (e + |7|)log(e + ||) =0

Such a function 1, can be constructed as follows. First, we fix ¢ € C°(R) even, 0 < ¢ <1, ¢ =1
on [—1,1], and monotone on [0,00). Then, for each n, there exists N > n such that

o(r/N) B o7 /n) ]
/R et logle+ )" = 2/R (et 7] log(e 1 1) ™

because [ Wﬁw = oo. Now, we define ¥, (1) := 2¢(7/n) — ¢(7/N), which satisfies the
desired properties. .
Clearly, {f,} is bounded in H'/2(R). Since f,, € L'(R), we have f, € C(R) and

B wn(T)e“T o 4y (T) cos(tT) .
f”(t’A<e+r|>1og<e+|f|>d 2/0 (e+n)logletn) " TER

For n=! <t <1, we have

dr > loglog(e +t71),

/tl P (T) cos(tr)
o (e+7)logle+7)

while an integration by parts shows, for 0 < ¢ < 1, that

/°° U (T) cos(tT) 7_‘
1 (e+71)log(e+ 7)
< EH Y (7) sin(tr) r"
~til(e+7)log(e + 7)1t
<
~ log(e +t~1)’

dr

1 [ Yn(7) '
* %/t,l ((€+T)1og(6+7))

since the last inequality is verified by observing that

1
~ (e+71)%log(e+ 1)

j(( ¥n(7) (r > 0).

e+7) log(e—i—T))l

Consequently, for some 0 < § < 1 we have

fa®) = loglogle+t™) > 1 (n7!<t<9d),

~

and thus ) s
| fult 1
/ Mdt 2 / —dt ~ logn (n>1).
0 t n—1 t
The claim then follows from (A.7). O
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