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o0/ — FoHBIL. mm%dhn&?—Vﬂ%ﬁ%ﬁOCFT%U—vyEmhK%
RTHETHb, 20720, £F., affine Lie algebra DFEHFHE ) -~ HD E
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REHI7cEETH 575, FIC Virasoro REDHERE VT, A% TR ITEEHRLR
DR Iy JRELE DI LN, COFRANDFRIIS moduli ZRDER. BIH
double point # > semi-stable curve #FE73 divisor (27¢ 5755, "‘@ﬁ@@’gﬁé’}}
PHENABILICLD. BERZETEN, HREADT locally free THHI EERTT
LR B, 0. COEGHEP OBACERTLE. [TKIDKEIBLNS,

Riemannifi £ conformal feild theory (3 affine algebra DERBGHR. KEMHZD
V2T OBR LY, WAVALERL TELEL T 10, ZORREBBIITH
L VDFEEP, b, L Lahh, F-oTnb 12100281, LAY FHNEE
DEAERTH Y. abelian DEEFH([KNTY 12X ) 2H- Twiut, 3 CIERTES
BOLBH, FELLTL )V —=rHADLOPHERIC affine algebra NEBLFH» F
M S ZITRPITARZZTH A9 H,

Zeb. RECIIHRSAEE (FR. ABREICOLAES2 LS R kT, BE
LTRA PR ML TR L, BCMICL TRERLLDTH 700t £ORR. 24
DHA L BERERE W U - 720 T, %m%%éﬁittkt* L L7
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§ 1. 2K NB

KRV BRI, M T A T oNTRATE S S o A4 T LTy
0T, EES 205 A-Th Lo, 12, FESWIOWTERALDT, B
L1l ERBERTUEDL LAERA, MLAVEINELEVIEETTOT, Lob)
LisE 20 v Fils, [BP7), [KZ). (FS1%e ¥ # RC 758w, 200 350Xk iz,
CF TOMBHE R oW e EE L TR CH NS b, 2 TEMN TS LS

b TwET,

a7 ) — 38 2 EE S 5, compact Riemann HiC #EEEME 2. kD L7
180 operators NERIZOWTEET S, UTTHL. z, 2z’ 2 CORMEEE T 5,

1)wa%:LXEQKHLT\Cimmwlmﬁﬁﬁﬂﬁ¢z§¥~y%twﬁo
CZT, XIZ2WTHEL 5 (X+ YN 2)dz= X(2)dz+ Y(2)dz

2) @hHY: CLo conformal anomally %FFOIERI2 kR T(Z)dzz%ﬂy".—l/“
BEAWTED S, 22T, conformal anomlly 2+ 2%kER LV

ROKIL, T(2d2 1T

o
T(Z )dz’2=T(z)d22— 1 c {Z,zidz"
12 v

) FEEESRANE D L E W) 2 ETH D (BEICIT. 2kERDOIES
BEEY B EHET extention L72XZ M ERELR) , 22T,
anormally i3 Schwarz fﬁ%f‘% D, RTEZEINS :

X

| {z,x)=z”’/z’—%(z”/z’ )2 (aL z’:g—z-)

T, <, IIBREEDLHEE T £ ¥ (Virasoro algebra ¢ center)

%o

A
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3) WEY: SOFRKITERERROEEED L2 26RES | ZFET 5, 19

1 >DFBY, lrokif+»ET, A€ 12k LT, operator-value ®

AN Z= W (u,z)dzAA%%gi%t%i 5o SIT. Y 3uEV, (AT
5 SDRBZER) 1A T, 212> CERIIE T 5, O, 139, 0
conformal RKICEPHIN HER T, BHEEDDHXTFTA—ITH b, |

PLEDSHEX LT, K2 EN Siks Co QAR (2000 5h 50 bz
V) X LTED D, HOEBREHBETE 200 NEREehE B UL, EER
DHAAIFTEC S D, CONSBEIIRRELFH OV ZORRETORFIIKD

operator FRER»H X F 5 ¢

1) X, YEegizxt LT

X, Y 1 )
XY LU yio+ (EREE)

X(Z)Y(W): — )
(z—w) Z—W

CI2T. LECITHELFET T A% (affine algebra @ center)TH 5,
g2 O, )EBOFERIKBRT, BEAL—FOIZOWT, (6,0)
=2& b I ERILLZ LN TH B, f

Xw o b9 m+ (ERlEms)

2) T(z2)X(w)= 5
(z—w)¢ z—w Ow

¢ 2T 1 0 .
3) TATw= —— + =% 1 Lor (Ewms)
2(z—w) (z—w) zZ—w oOw .

4) X(2)® (u,w)= (Xu,w)+ (QERIESS)
Z—W
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| A2 1 8
5) T(2®(uw)= ——F5& (4,¥)+— ——-<I> (u,w)+ (IEB'J*‘M})
(z—w) z—w OWw
u v y
6) (0w, (v == (z—w) {9, (G, ,um+0(z—w}

v €l
fAL. C ,3i#%% Endg(V, ®V,,V,) OF,

O(z—W)it z >wOBHZ 0 £ 7c 5. z=w BT 1 {RIERZ B2
LLEDT—% 5. NifimikEhsd formlism 275 E 5.

T, [TKIDERMLL OBRERNTEZ ), [TKITH. WEB, (u,2) B HIRL

T. u?f affine algebra DFHIT L ER L TVvr B (Vertex operators), V> FONE
@#KX:(Z:)XZ(Zz)'"XM(ZM)CI>A(U,W)> (u EVA) DT =7 12<P, (u,w)> (uid

affine algebra MEBRZER) D7 — 2 L IHTEMTH B, 2-C. ) -2 HEDCF
T#EBY 51245 Tid. Vertex operators ZHK§ 5fAbNIZ. <@ (u,w)>»%Y) —

2 HEDEDOEFRERICL 2508 (F—U%%) 2BX. TN THHEPRILLEZ D,
P'OPALRL S LIt ‘5’—v%ﬁ"§:fﬁf"§‘ state 1385, primary field 2245
TR LW EWI S ETH D,

B BFEBEOHL LTI, ZRHROBREAC T UEOWEEH AR 11
SR LT, ) -2 ED EDCF TTHE operator algebra D ERLERIEE 5
TWBHRTIIL . HICNE@mEEZED S formlism PHFEL TWBIETTH S, D
W05, e & bFERESRAN MR LT & ZORAOFERD 1 5ThH -7,

Flo, B [MSITIE. 3 fft & OBRED HBZENB %S sewing process IZD0
THBL T3, AREIHHNBRCH 20T, SRENW,
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§ 2. Affire Lie algebras DB

AH T3 affine Lie algebra NEBGRICHOWTEET 5, %‘%‘Kﬁﬂihé WA HDBH
AZT K] E 2BRINzN,
2-1 Affine Lie algebras

8% C Lk Rzt —BEF 5, 80 Cartan HARIED, A(ChH*)Zbic
BT 20— FRET B, Eo. A— FRICESLMEFEANSZ LT, A=A UA L.
EDON—F AL BON—F A BT B, T={a,, as,... a5 HML— Dotk
Y45, 0 %A —FELT, 8 FORERBR2ZKER( , )%(0,0)=2:%5%5
CERMES 3. CO2WHRAT. 8L 8L RE—HT 5.

=3 AN '

g=he =g,
a€A

V) N— FERGBYPFET S, TITL dim(]: 8 =1,

&C. 8icHHbET % affine Lie algebra 8 & k.
R Laurant BIDIESEC((£))2

CUEN=if= = a € . acC Bnrtphsne o]
nez

TEDD, THC((£))E2HNT, affin Lie algebra
3=88C((£))®Cc

z. KDHEAMTED S ¢
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VX, YEG VI(£),8(£)eC((§)) iTxl

[(X®f(£), Y®g(£)]=[X, Y]®f( E)g($)+(X,Y)R;§O(g( £)df(§)) +c.

. ¢l center.

@i, CAENDRDLNIZCE, €' 12ANWTWA(K]), LAL., HelZ $,TY -
By ) -2 YEaD IRV T, CHE))DHE2ME) , ERAD ST 2EEIL. &
B2 4 FPEREEZTHENED, £{BI LR,

PUTFTIE. X@&e"2X(n)k, Xf(£)ZX[flEELZELIZT S, bbb LWEES
ZDT. BOEXFHFHIUIBZ TR LW, 7. S0

g,
8.

i

GRCI[[£]]€¢
geC[£]&

il

FROAVE, JOR
§=§+€BQGB(ECGB§-

L) EEERE LToagrB o s, 22T SOtXit. SHILX(0) ER—HL
T, COMAL Lie BE L TOHERIRNC 5, ORI E @S Lie RO=F
SENE IR BH. RO/DETRR S, FRBOEZIZIIMATERNZLLDOTHS (bbb
SHhA., Lie Fim& LTIRD BRLLDTII v .

e

Afir 6139 5%, affine Lie algebra @ Cartan 7517 ¥ 12OV TRNTE S .,
affine Lie algebra 8=8® C(( £))®C cizo\WT. 8 Cartan i3
b@(EC ?})60 H:{al,az ,...ag}é‘ga)%?kll/”]‘%‘ ifi {HI,HZ ,...Hn}

EHARL— FRET B, A=(a;)); ;) £80) Cartan fFFIETHM. <Hj, a,>
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:aij‘(v'j)éo Ei, Fl(i=l,2 ----- Q)% Chevalley %@(\23—60 XHEQH, X_0€8_0

&[Xa,x_e]:—gttféi:)‘:mét\ Co)ﬁ#\ (X_g,Xﬂ)z—‘lo EOZX—o(l)’
Fozxa(-l)&ﬁ<t\ [EO, FO]ZC"HO H={00=b‘—9,al,02 ,...O’Q} ’ |
NV={Hy=c—6,H, Hy...H} BENZR affine Lie algebra DFAN— }R,

AR - PRISH D, COTI BEBALL L(8)=8@C(d/d £)EHZ. oiF
b# 2UGEHIRL7: bP=b®Cc®C(d/d €)X\ TRAEMO EOFHMET,
5(d/d§)=1,5(b®Cc)=02%2b0t¥ 5, 2. K, E (i=0,12,...,0)

(48 Chevalley B B A=(<H,, a;>), .} &B<E. A8 Cartan 17

i, j=1
it B, GON—FREALTBE. A={jo+r: 7N, JEZIULS ; jEZ 0}
Thb, BIZ. L(8)on— M ERS#IT

L(8)=b*® = L(8)

a b

eEA
fiL L(8),=8 &t @ €{j5+7 5 7 €A JEZ)
L(8),=b®t’ a €48 3 7 €, JEZNO)

LB, Ai0+7 5 7 ENJEZIYDTEEL— I, {8 5 7 €A, JEZ\OIDTREINV

b EnI, BA— ORI L M— FERIS VKT B Y . HlL— F R EFE LS

BEEON. BV FDIT) IZVAWALRL DEENEIRT,
SOZMAEEG=n.08@n t¥5, SIT n(Fdn JIE(FLBF )%

Y OHERENSLSOEBAIMBTH L, b b, SOSANEERIBEICBLNS

G=n.,o(b®Cc)®n-

{EL n+:n+®§+, n_=n_€B9_

CHLDHPEBDFETH 5,
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2-2 Affine Lie algebras N&H

- o/METI3. affine Lie algebras @ integral EBRICHOW T D3,

affine Lie algebra @ center ¢ DEREM~OMFIL. LT TIREI 1id TH5
pnEYh (VI 1 OFEHKA) .

HY) —BGIONT

P={A€b*; (A, a)€Z (i=1,2...,0) }
P.= {A€P ; (A,e)z0 (i=1,2,...,n) }
Pe= {A€P,;1=(1,a)=20 (i=1,2...,n) }

<. P, P.OIXEZNZN integral weight, dominant integral weight &\»3,

£82.2. 1 Qo)w\*)vw)%%&ﬁ‘%'?x/{ } integral&®|Iiz P, T paramétrize
SNb, Wb, AE€PITHLT, KDL % OBEKER # »—HicES S :
1) ¢ OffiL. tid Tha.
C2) Vi=HY>ER 8. U>=0) RSOBKEREMT. R =A b
ATh5,
3) 8.IV, ~EPUMERT 5 bDET B L,

{4, ’”ﬂu> |

# =U(8) ® V, /U(8)X ,(-1)
A U(8.,)4 0

CZZT. GIIBDBEN— P, X 38 pDEE. | AV, DBET =4 P27 P E
5, |

L1
Eid. (3)OFMHIIKREFEETH 5 -
(3’) Va€A, VXES , VneZ, VIU>eX,,
IMeN, X(n)M l¢>=0, (%Jb—-}‘;:-BQL’C local nilpotent)

—9—
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(37 )H* integrable &\ ) T EDAERNERTH -7, HHWI. B RDE
HETTHL v '

' M
(37) VIv>ex,, IMEN, X (=1 1¥>=0,

(3")3H SRR E ) PHET SDIERTD 5.

e
Al“) DPAIZOWT, HHIPLEHICARRTES 9,
BL{monTwb E9ic, si(2. C)nEBRIIAE L TiRE S,

01 00 10
sl(2.C)=<E= , F= , H= > over C .
00 10 0-1]

THY. Cartan 2 HKIIb=CH, bDIxIb*=Ca, TZT. <H,a>=2¢
35, Killing BERII(X,Y)=tr XY TEZIN S, (H,H)=2, (E,F)=1,
(H,E)=(H,F)=0T»25%,

weight lattice (3P =1/2Za k75,

SE2.2.2 CBEN FEETAL. § o« BBEYIA MoBosl(2, C) 0B
BB Y 5. CORREROUTEL. (2§ + 1)KIETH 5,

%H82.2.3 8=sl(2.C) DL~ N ODEE Y =4 MEHERIT 2i<0r%
HHRH ) T parametrize Shb, CORBR X FROWELFO -

*; ITIZRZEEWHINS( 0 TRVW)RZ PV > FHEEL T,

8.13> =Elji> =0, cli>=21i>, HIj>=ilj>,

.
(-1 3 520 .

nH. LD 9-2i+1>0 k%43, O
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2-3 Energy Momentum tensor (Virasoro algebra)

> /PEITIE. Energy Momentum tensor % Segal-Sugawara D HETED L, Lk
FWbIET. K 2 LW Virasoro algebra 7’3"-1’?)1?]'51‘60

% $+®2.3.1 8®C((£))N2KAUZH>WT, IERM(normal ordered product)
PIKTEDD :

X(m) Y (n) | " (m<n)
1
e X(m)Y(n) s = 5 {X(m)Y(n)+ Y(n)X(m)} (m=n)
Y (n) X (m) (m>n) o

VXEQ LT, BRI Laurent B2 X(z) #

X(2)== x(mz "}
" neZ

L L. {JI,J2 ..... Jp! .8 0 (, ) EyEBREREEE T5(D=din 8),

F $#2.3.2 Energy Momentum tensor. BB%. Sugawara ER#%

T(z)= = 3] (Z)Jk(z) °

Avg") 1ker K

TEDHD, TIT. g 1389 dual Coxeter HTH2 (dual Coxeter iz OWTIAD
B L7e s, 2. ALBORHI(n+1), B.AOEHI(2n—1), C. RO (n+1),
D.BDOBHI(2n—2)TH 5) , Energy Momentum tensor % Laurent EBIL C.

T(z)==L(m)z w2
meZ
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YELLIZTBE

L{m)= == Jl((m—n)J]((‘n) S

200+g¥) 12k<r neZ
<hb, . | B | ]

COLM% L. &# EHTE S, 72, Lin), X(n)ZENBICH, ROKH

BRAT D 3L
W H2.3.3
¢ \
[L(n), L(m)]=(n—m) L(n+m)+ 2 (nv—_n)8n+m,0.,

[L(n), X(m)]=—mX(mm) .

- - Qr
ZCTC, ¢ =

Voo (g*+0)
b5, - O

ThHb, C v |3 Virasoro algebra @ central charge T

L(0)ZHWT, #IKD L9 % gradation % AtL5 :

# (d) = {lu>e# ;5 LO)u>=(d+4) ) |u>} (d eN)

o A = MADFZOL N s s Casinie IEREORE
A 2 (g5 +1) | | |

EECH B, Casimir EHE 2 & L(0) Rid. L(0) = Sz—tﬁ%éﬂx

2 (g*+9)
IRV HB,) ST pI3SDEDNL— FORDESZTH S, 2D gradation (1IKD
O uEREO. |
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WiE2.3.4

0) % =& #(d)
0 AT EY

1) #.(0) =V,
. 2)4 % (d) = n%O Xq(ng)e eee -Xk(fnk)°VA I3 HBRKTC.
' ‘ nl+.9.+nk=d - | |
3) L(n)#, (d) C#, (d-m)
4) X(n)*# (d) CJZ;\(‘d—m) ; | ]

HDTANI %, FulH )= = H (d) TEDSHE, IO filtration I2L 0. #,
A AT = A 7 g ‘ A

BRI A B, - _ | |
CNIT. SOEBEME LT3, SOEMBREI TELY, Shbbid. 48 me
LBRERT 2,

E&2.3.5
Sk # 2RCHZD

%, (d)=Homg (%, (d), €) (LT .4ﬂzg£Qm)aiwéo

# ESMBE L TOMEIIRTEDS :

v<vie # , Viu>e #, VXeb, (<vIX)u>=<vI(X[u>).

ZORE BT 2 (0) WY = A ADBHIESIEE V] THY,

)= (<vle # ;<vI8_ =0} . | - a

COEEP WL LT, H L X Lomicit, BT A% pairing

13—
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HFAET 5o V, LV, OSMBEE LTOREY =4 b7 bVEZAENR, 11>,

CALELT. <AIA>=1E%DL512 pairing 2 EBUET 5. CO LS AWBEL B
> pairing (1—ETH Y. FNEEERHEEE WS,

Hn7ins%, F(H)= iZMKM)fmbét S0 filtration Ickh. #
A m A d=n A A

ISEIEALEA S,

2-4 1 EBOEELRE

COMETIE. C€))nRE L“Cﬂ) automorphism %%‘ﬁ'ﬁ"bo ;@K&ﬁo) ) -8R
i3, Virasoro fXEDIEDES DML S5 ) — BRI 7\,

2=Aut (C((£))) £,

i E2.4.1 2DIIRDE)LFEREFO:

——

| ntl
2 —— (= a ™| ax0 |
— w(E) . | 0

COFRERCD L, bao e 1 ¥2(4:(8)) ITHET 5,

d= Li(D)EEC L d= (E[[f]]fd—g LEFD,



| Cend
+ #2.4.2 g;&(fhgemuéndgkﬁbr\

T[] =Res, (T(z) (2 )dz)

vE< 2(6== 1" LERTE. T(2)= = 1 L EED 5,
nezZ o neZ _

CZnEHiT. BEEHWSE, feC((£)), Xe8 ITMLT

X [f]=Res, ((X(z)f(z)d2) (=X®f(§))
LECCEHTED,
W2 4.3 gjglemeﬂjéﬁ;Lm,femﬂfﬂ R LT

1) [T[e],X[f11=—X[a(f)]

C

2 T 1 ,T 2 =_T 1, 2 :
) ITIR, TIR:1]==T([21, 22) + T Res,_ (17

AARIIEE2. 3. 3EZHVWIEEBICTE B, 1
( 2 )-(,“ %‘:_Q_: ei O)%{a\‘iﬁﬁf&b\@?\ %2@‘i\,)")‘f’%) 0 ‘:73‘60

D, d KDL HERE T A NI HAD -

D =DOD'ODD*DP3DD*D.....

DP= {EH+0E%+.. . +0EP+a, £+ ... } (p>0)
o d _
dar=¢ (E[[Sl]zfd& . p——O,l,Z,._.»..

—1b5—

\%
R 07 dE)
es 5 £)
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G ep: d —2 RRDE)KERT S,
9 €diTh, exp(R)eED %, feC[[EINIHLT,
| . o
en(2) (f(£) = = —0'(£(£)
‘neZ o -
t&%%@ttf%béa@m‘KomfmmﬁiﬁmOEO¢
i E2.4.4 fESBepitid d° offid 27 ITEIN. KD IO

1) exp: d —2 32% ;
2) ep: d° —>2° i3 p=1 OB, 1- 12088 Ths, [

Tunugmm?béﬁazamuwmfgéoﬁmﬁ<wméaﬁm0jq:
0 géﬂLs‘ b 108 0 €d® IHLT

TIQ]: ‘Fm(yt;) —>F o)
t&b;ﬁsf

o TIRD: % — %

(3R ESRE 5 5, o,

grpe(T2)): grp(#) —> grp(Hh)

HESFRTH B, o S,

—16—
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ﬁEZJL4tﬁE2JL5t%%b%6t\@“@ﬁ@%}4N0#%ﬁ%§f§50
- %2. 4. 6
e’ c:;;&rm KDL HMERE O(4): 2, **76 T D

b= epl2), ped LBWT  O(9)=ap~TL2]) O
ZDO(NERD &S A B R -

W E2.4.7 VeeED', VIEC((£)), VXeES HLT 2, 7 Lotk

ERFEL LT KD EHE) D -

1) B(P) o (X®F)eD($)=XBY(f) .
2) VIeCl(§)), VXEZ IZxLT
<1_>(¢1)°<I>(¢z)=k<1>(¢1°_¢z),

v i
3) ‘v’,_Q_G(E((E))dE- L‘J\]‘L’C

| - C
®(Y)TIL]@(# ) =TUA $)( Q)+ Res _ ({6(£), £)0(£)dE)

2z e
22T {, b i Schvarz BATH ¢
b7 3§72 . dy
= - — H ="
(e e1= = 5 () mL w=rp). O
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'§ 3. Pointed stable curves

ZOBTH. HRARHO Y < HOBRI OV TRIIT 5, ARTIHY —< > Hid
Bz SHCEB . 8. ) — 2 EOEC O TS THIN S H L. BRES T
b@tﬁofﬁk'f‘]ﬁ_hfl%b&ho N/ —rowtkDOES. §5FTIE. BT LLE
RECOBEUAEIITI L, Lo Lidth, BEOKTEBNS 0, BRED
b HBAITRE S LB LWL WDT, BREDD SBANEEIAENTH b,

B, ) -2 UHDOERICOWTIE. FIZITE] 3EEZSRIN W,

3-1 Pointed stable curves

LT, NEOMRFHT bhc sk iiE L (2 LORBERFLE) ) -~ ¥
%25,
E #£3.1.1

X= (C5 Q1 Qa...,Qn) # type (g, N) 0 pointed semi-stable curve (3.
KOFKPE(1)(2)5RD IO bDEN
1) C i1 genus g @ semi-stable curve , BlH. reduced, compact, connected
curve/C Ho. ZOHRLL (ordinary) double point Lozl
ZZT. HP eC Hdouble point TH5 Lid. CiiB3PDH BEHUITLE
LT URCoBaEaxy=0 (IxI<LlyI<l, (x,y)eC?) tERIFR
THEI LBV, COMBT. PIH0,00€C? LHETZLDET 5,
F7:. semi-stable curve C? genus g # g=dimcH'(C, Oc) TEDSH, Ciche
REH7WIBAIL. g=#{C LD 1 RMSTZ R 1 kBER) &% 5,

, 2=2 DA
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2) Q1,Qz2..., Qn I3CHR S non-singular point TH Y. JEFHIELIUT
Z)DDERI. |

BIZ, KOKRM(3) 2§ L & X% type (8, N) @ pointed stable curve &\»

j -
3) C=UC; LBEMBACHMLIIE, BRAICONT

a(C;)=#{C; LMDME L DR+ #{C; kith 5 Q 0¥

r452. C;=P' OB a(C,)Z3, a(C,)=(HMh#) Xid (double point
& 1R A OLE, a(C)Z1, CHEhBsEbIZ. a(C)Ikf

37V,
(3 ) %l 37 WIEA

(S E=X

SD(3)D%MHE. HAL(C 5 Q1, Qar..., Qu)<oo LFMEAEMATH B, PILIE
C=P', N=10#. Q,=c0 *Biif. zo>az+b(a,beC, ax0)bAut(C;
00) DIENA By X, N=2THiUL. Qi1=0,Q.=c0 LBAIF. z—az(aecC*)p
Mt(C 5 0,00) DI B, BT, P10) FOERERT 3 ¥ EET 2 bOsESEH
Latenc bk CRBN TR E BN ThHD, |
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n€232<\III}X1(}zl) - ,XA(ZAH‘OD(X(“)).“,> dz1 dzA.‘_(l_p_A)

ST B Q, oY #OQ; 2E S L) IKHS, U

(2)i1. X(2)dz = ZZX(n)z_mldz ) -2 EDLED1-ERE LT, BALE
ne

REF->TWBHIEEZRLTNSE,
(FEFH)

P, P,,Ps,....Ps %. Q4 IIBABCLEORLEZIERSET S, £H3. 2.
2.1 0. KOBRLRRDTELL: -

—371—
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x U%A”a—(m > UiA-(.m <V —> <¥|

N = t ~
iUl > U ) <O —> <V
Oger- 4 Op A

~
—~

ZZT. 4 =HYC,0(+= P.+*x= QJ-)) , 4 = H(C,Oc(+P++= P.+
*=Q5) Th,

|u>€1’—; [y < B P lu’>e:/Z—A>®7£—0+ *

0" >=u>®X:(=1)]0> ®Xa(—1)]0>® - @Xa(—1)] 0>
Py P Py

TEDD, #iE3.3.2519. %Pi%‘:'}fﬁt.ﬁ% &, <\If’|u’>_ 3P IZonT, A
BETHY. ZORBML. Pi=Q; I3 OP; ThH3. H->T, Hartogs DA
ZEN. <P u’ > BEEHIHOWTEREREKIZ 5, ]

HBREZ OV T, R A OB D ORBIIKD L) Kb :

% BH3.3.4 (operator product expansion) P, P’ % semi-stable curve C
DR, z ZIEFFR S P ol ) DR, X,Y,Xj(lé.iéA) €g. <¥| €

u{l-u), 0> et £ B, ZOH



CUIX(P)Y(P)X((2)Xy(2)) + o+ Xy(z)) | u >dzydzy+ +dz

S PEY) X (z) e X (2) a0 dz e dz
(A P)—= P’))? b A LA
1
+ AP)—2P") <‘I'I[X,Y](Z)X1(21‘) SRR XA(ZA)I u> dzlmdzA
+(P=P° TIEH)
'.aﬁéo D

)%Uéﬁ%)€8‘<W|€l%{ﬂh [u> e HERTHoTbL, £

A& MBI,

1.(X,Y) + 1 (X.Y1(2)

(AM—AFMZ'AP%ﬂPW
+(P=P’ 'C‘EH!J)

X(P)Y(P’)=

rEL, I, WO NS ERICHV S operator product expansion THY. § 1T
6 DENLROBHIN LN TH 5, WIS operand A5l & ) & &3 M@ 2 7w
(BH5VIPRRETIEN P> TWB)DTINTH VD, HFEEL L TUL. HLFT
LEBREMIMTHEPE AU LD HRORETHS ),

(FEFA) HSPZEIELTHEZ S, EH3.2.2 LY

t ~ — t ‘ —
‘A+2' UBA+2’<"_(M > UTM) <V¥| — <Y

EV)RIBRBHEL. 512, #iE3.3. 22HWT,

|u”>=|u>®X(——1)0>P®Y(—1)O$,®X1(—1)0¥1®~-®XA(—1)0$A

=lu’>®X(—1)0>P®Y(~1)0>P,

_3 9___
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EBLYE (ZCTC 10> ZEDEKRIL. X>9H#2  DRAIDHX DEa7 14 b

7 b VERBIT B FEOUAE—THS) 2 =P (0JSAT

<SWIX(P)Y (P )X () Xp(Z)) =+ + X p(z) | u>=<¥|u”>

Ech, CCT, AHMEf eHY(C,O0c(*2Q;+*ZP;—P+*P’) %PIZBWT,

f= (2—2(P) enniscmBE.

<Ylu”>=<V¥|u ®(X® £)0.®Y(-1)0,,>

== = <\Plp-(X®f)u’®0P®Y(—1)0P,>
0<j<N+M J ,

—<\Il|u’®0p®{(_X® f)®Y(—1)}OP,>

Ech (BEER) , 2T, WML P RE L i . PTEATH S, E2HIIH
WTli. a=z(P)—z(P’), w=z—2z(P') ¢&95&, PPC f=(w—a)’
tEIBDNT '

(X®f)®Y(—1)0P,>

=(X®(w—-a)',‘)@(Y@wv")‘O‘p,} o B .
=[X Y]®——1——|0 >+ 90+(X,Y) Res ld( 1o, >
I w(w—a‘) P’ | ’ vV—W(Ow w—a P’
__ {[X,Y]("‘l)l'o ,‘> " Q'(X,Y)IO >
. a P a? P
i, Kb ERROBRES ChoTe a 0

—4 0—
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MRS OMEE IOV TA LR T %,

& H3.3.5 HERCHITENELTE,
1) o€ SA(AKRDKHEEE) 1L T

<\IfIXI(ZI)XZ(ZZ)“--XA(ZA)I u>

JEREED ¢ (z )u>

=<¥IX %)X 2 o (A) T ()

(1) 2a(1) " 6 (2) %6 (2)
<hb.
2) lu>=lu>®c@luy> BWT, lu>€V, E¥BL

<V X(z)Xl(zl)XZ(zz)”'-XA(ZA)I u>

1
Z_Z( QJ)

<\Il|Xl(zl)Xz(zz)-”-XA(zA)l pJ.(X)u>
+(Q J-'C'O)IEEU’EIS%) : Ol

SR CH S, (1)L, MES. 3. 22 bEbIEES . (2)11EM3.3.40(2)
DEEP LI TH b, luJ.>6V/lj D, X(z)-l'uj> 2 z I2OWTERITH B

ZEICERE L,
Betkic, HEIEBIC OWTEELC L3, 3. 3. 4ADFEPFRN IO L ThH b,

£M3.3.6 X &@EETS. AN, lu>ev—, xl,,..,,(ers rL

T UToHE(D) ~3) 2y i#mnER

Res A +x= n?(Qp))

. : A
Fa(X ,...,XA;iu>)€HO.(C ,
, iG U i,p

—41—
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DED D124 b, ST, Fa DML

1) o€ SAAKRDAERE) IoxLT

Fa(X. ,X ,+++, X : =FalX , X ,00, X :
Ky Xy Xplu 2= BlX gy X oy X !>
2) FA+2(X,Y,X1,"',XA;|U>)
=MFA(X,X,"',XA;IU>)
(z—z’)2 12
+ ; Faud([X,Y]L,X , X ,o, X ;lu>) +(z =7 TIEH))
z—Z 1 2 A 7

CIT. oz, 2 IBENEN. £1, B2RAOBIEET, 3E—Th5,

A+1 , , X e, X
3)  FanlX, X, X .00, X 5lu>)
1 .
T A0 .) FAX,X,""X; X = >
~4Q)) ( % A I,OJ( Ju>) + (z QJ.’CiEﬂ'J)
oM.~ U A) O <U| AFHELT, Fam< VL, -

AT 5. COEHRDF MIERIC L L WEROHT 2o TWBENT, T
HORRTRROERTHS) . COFRHCOPERLLI LT L, EILTH

RGO 5, L L, AEDZERR TR Z N TERRBICIIBRAL LD TH 5,
bbAHA. BETIIFA L AFRPHITL TN,
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.3»—4 P OB

HZECRLUTOI, PIOBAICY ) L b RIEHISEEL L),

P'=CU EF2T, CLORBILIER 2 2 0bF 232 LT 5, Q (1=]
<N) % z=a; LuBHEVCRLBRET S, |

t
HZENZEH U*A—(sﬂ) b, Homé_,VA ®: BV, SN RD &) BRI ERYE

N

R

proj.

,U:X(’f‘” 1_:13) Z:X “tong £, & @F JO > Hom{V, @@V, 0.
& H3.4.1 ETEDLER
Uelsl) — HomévAf:o--@vM;@
LHBTH D, 2 HIEOMIE Hon(V, B0V T) & EN D, (]

GGEH) 2. BESLRE D, v<qf|eva—(m, VXe8, VIu>eV, @0
V, SHLT, = <¥lp (X)) u>=0% %3 L &R L,
An 0< <N J

SUIX(E)u> dt = <Wlp (X)u> db +(ERE)
j

Thd, 2512, PR CERIN-EUBAHRIILVOT, $2HEI0THS, =
ST, <V |X®tlu> dt IP'2ERTERINBHESERIrL L, BREPWLE
YIZLED '

E<\If|pj(X)|u>'=O'
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KiICHEMHE® RZS., ©H3.3.6L0. <¥|u> (|u>EVT)' 7 & —f D FEEE
WK <\PIX1(21)~-XA(ZA) lu>PEF B L2 RIUT IV, FIZIE, 1 SsEiIBE

| 1
STIX(E)u>dt == —— <¥lp (X)]u>dt
§

YTk, 275, —fIcid operator HMERD 5. 2 W BT BEOEH 2o T

<V l X(Z)Y(W)Xl(zl)"‘XA(ZA)I u>.

- VXY gx )X (z) >
(z—w) 11
+ . <\I!|[X,Y](w)Xl(zl)“'XA(ZA)Ju>
+1g§A 2-a. <\P|Y(w)X1(Zl)“'XA(ZA)Iu>
+1§‘]§§:A —a, <‘IIIX(Z)X1(21)~-XA(ZA)Iu>
Q'(X,XJ_) -,
+ = <\IIIY(W)X1(ZI)"--XA(ZA)|u>

g Y
+ = — <VU|[X, X (2DYWX (z) X (z)u>
(Y, X)) - \J/
+ = J <9 IX(2)X (z): X (z,)|u>
1<55A (w—zj) 11 o :

]
\V4
\ LR
<\PI[Y3’Xj](‘W)X(Z'X1(Zl) XA(ZA)Iu>

+ = —
1€558 - V745

EoT. (A+2)EEEA(A+ 1) SREICRE XN 0T. RIS ER T3, %
B. P2 CERSNLEMRSBERI LD 6. LORTEMEMIZ, O

—44—
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§ 4. HZOEDRE

COfPL, V-2 HANEY 2742 EZ T, TV TAERDOLETHERED L
LZRDHEVERTPER S, H@REKICV ) &, AZEOERITE Y 2 T 1 MO L THEE
ﬁ@ﬁﬂ@ﬁﬁ}ﬁﬂiﬁ%?ﬁt L. #O¥RAEIT semi-stable curve #%7 divisor (%
U2 I A ZERDER) kb, - T, HEORIL. BRUANTIIRraHBIZZ 555
WHTCERS L) I, BERTORSEVERL I LICLY) . BRETAHTRATEHEIC
KBNDTH b, | :

4-1 Pointed semi—stable curves @ family

ZO/PMTIE. semi-stable curve DE V2 T4 BRI OWTHBAL L9, BAHLT
LTS 2 i3, Kodaira-Spencer B & . N AT nROBER/ISEEE O W LT
TV L THD, FFRNPA. semi-stable curve DFA. NHNF Y TRATHEE
PARTEA. EPREZIERENVETOTHEL LWL LLFRARBIFL {73y,

PHIZ. CHIFBRNBAIL. COETBENETHICOWTEEL LS. COEERE
XV DIL. KD L) ICRIEEE 2O B TRELINTH -7 ¢

C=UU; ¢BEAUCIIBBET S, z; U; ORMHEHELLT

iel ! : !
UinU‘j%ﬂ O)Hg‘f | z i: g iJ( A j) ﬁYIEEIJE&o
LT, oMY bbeORE g, h b b L BEREIED S, 8;; OB

BE25. cooycle FF gz )=g;5(2 4 (2))) &9

dz 2

jﬁiﬂ?kyzhifzj’+hjﬂzkfg;31-(mﬁEe ) ..
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v o
f€- T, {hi'( z:) —— } i31-—cocycle 2% 5, Z T, FEEER
F73 ez, |

Ziz-zi+€hi<zi)
Z‘j:: z j—k [ }lj( YA j)

< & BEBIHEMEEELLOOT, hy(2)) &

azi
9z. - hl(zl)}

hijtzy+ thyz )

KEZTCOEEBEIIRILTH S, LORT. | | D735 1 9 & coboundary (27
250 {ié')dz:\

EEEAOmBINE) — HYC,0.)

CCTC. Oc¢ IICEDIFRIRY PMNBOELRBTH S, CD genus & g ThdL X,
CORIGHN(3 g—3)ThbZ EiFi{Mmontna,

KT, NETnRDOERINSEFESOWIHBIC A L T RFERZ2ROREL2E R 5,

(n) (n) (n) . _
X®™=(C;Q1Qa..., Qn; t1, ta,..., tn) 2 type (g,N) @ pointed

semi-stable curve nKOERASEEL OV LDET S, ST, CIUERER I
WEF B, U=UU; RBIBBIE LT UiNU RQy (X)) t%B002M). &

QEEUHEALU L ECILITT S, I/ ARz, 2 Q ={z,=0} %3
13 KIB, AOBATIE, W) bbulke 0L )PLRALEY TR B2 U,
TOMBEER($) X LTI, t, 2ERUAVDOLIHSZODS, hy(z)) 1Q TP
< E b0+ DEOBEERLATUT IR, T, X OmBVINL.

X omRAEE — HYC,0d-(n)ZQ))

___11 (5___
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Co geus A g DB COKITIX(3 g3 +N(n+)} TH2,

kiz. C#* double point 285> TV 2582 HE ). COBAE. double point %ff
%R L. double point #%{§REL 28N EZ LA,

CHIEROBANE 12, H(C,0c(~(m)ZQ NERB L, TS, A

20, WD HbEDHFDIEETH -7 (OA3FFREZKD) 25, double point (3
i35, double point TlE. xy=0 % xy=1t TR 5% 1 KLOEELD S,

double point TOEHAL. Extd (2.6, Oc o) TEIN. THUL Oc o/ (xy) K
FlLw,

KDOBEICERT 5.

& HA.1.1 ROBRLZEHNDHS :

,®c(~(n+1)EQJ.))

_ > gl _ ) )) 1
0 i H (C’GC_( (n+1)EQJ.)) Ext@f:szc

1
> > Ext (R p,0pnp) —> 0
iském 0P, P OB

22T, P(1=j=m) i¥C double point T 5. O
ZB, REOHL. CEmKETH 5,
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(&)  Oc(—(nf])Z QJ-)‘ = H_org@g.lc,Oc‘(—(nJrl)E‘QJ-))«’C“f) . Kid5ee:

L O —(m)S Q)

0 —> HI(C,Hom (e, Oc(—~(n1)ZQ ) —> Ext o (@,

- — 1%C Bt (e, Ocl—(m1)ZQN— 0

223_675‘: Ext (Qc,@c(_(n+1)zQ-)) ~ = Ext (Q , O ) THh
——0¢ J 1ksm - e, OB TGP

5, - | | O
CO&BEL Y. double point ZFFOBFHANX W DXL,

(X ™ DERUINER) — Extg( C.0u~(nt)3Q ) .

Z2ET. X 2 101kHT, ZOMBIMEELTEL, KIS, tye(g,N)
pointed semi-stable curve NDEV 254122\ T, FEROAET,

type(g,N) @ pointed semi-stable curvé DREINELE
£:(C3Quen,Qu) — (C75Q0,...,Q8)
DPEHRIEITH B &) DIt

f:C —> C H ksemi—stable curve NREDGHE L TIERIEEIT,
£(Q)=Q; (1=j=N)

EBTERWY,

—4 8—
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o #4.1.2  (Mumford-Knudsun)
type(g,N) @ pointed semi-stable curve ¢ coarse moduli space

M = {C35Q1,...,Qn);
g N

type(g,N) © pointed semi-stable curve? 1E R EHiiS)
BHEARERETH ). FRELAZFON. V-ZREICL 5, O

ZIT. V-EREZ N OB T D00BBERUL 0 #EET SUDKIHIEE
R 57 AEBBEG K H - T BRAVRMNICIE. U/ G(ERMFEECE 2)cE
F23D% V9,

coarse moduli space @ _FiZii. universal family (3D 57D T, BRENDLZ A
i3 covering IZHIFC. local universal family 2#2 %,

E #4.1.3. (7:C —> B3 si1,Sa2,...,sn) & type(g,N) & pointed
semi-stable curve DR family TH 5 L3, ROFH(1)~(4)HPHD IO L &N

9

1)  C, BiiEBEMITSRETH 5,
2) n:C —> B {3 proper, flat 22 FANBRTH 5,

3)  si,Sa2,..., sw i3 7r0) cross section TH 5,
4) VYbeB L Cwo=n"'b), Qi=si(b) &BLE
(Cv5 Q1,...,Qn) {3 type(g,N) O pointed semi-stable curve I27% 5%, [J

Z . FERIBYES® proper &\ DI, compact A DML compact 127 BT &
ThHY. 7. HEEREOROENEMSES flat L\ ) DI, FD fiber DKRITCH—
LW ETHB.

FR family LT, %kt % Kodaira-Spencer BHEHESN S -
49—
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ﬁf H4.1.4 (7:C —> B; s1,Sa,...,sn) 7 type(g,N) @ pointed semi-
stable curve DR family THBE T 5, COBE. YbeB IIxL THRLE®R

. 1 _
pri TiB > Bt (0. 00(~3Q))

YIS %o | O

B, REA. 1. ATED po 5. VO TRBRTHDHEE, CHEH family #
local universal family L\, COBE |, Okt hzh. (3 g—3+N+1),
( 3 g 3+N)?béo

local universal family = : C—>B I3 L C. critical set 3, discriminant

set D %

3= {peC; dr 2 T,C —> T B ok x s MG Ry

D==(Z)

¥ 5L

& E4.1.5  CRAKL2ZORBRABSSRAETH). 713 1 swoth
KB 5, DIZB? normal crossing divisor TH 5, O

peE, n(p)eD DFY TORPFELL LT, £hth,

(t17-~-a tM_l"Z,W), 22 {ZW::O} ’ M=dimB
(Ll'l,---’TM_er), D= {T:‘_O} ’
7 :C—>B I3 rion=t;(1=jsM), rem=zw L5

SOV B Lo, REA. 1. 51D,



S

 HAPHCEDIIERMFENEV 2T A ERTH 72, X ™ D local universal
family £V I DITEEA. 1. 3LIZLALRKICERTE S ¢

% %4.1.6

. (n) (n) (a)
(71'(") :C™—> B™ 5 s51,82,...,8n5 t1, ta,..., tn) B type (g,N)

o pointed semi-stable curve T niRNDBERIEENfHI2H DD local universal
family LAXRDRMA(1)~(6)FEIALDZ L2 -

1) C™,B®™ [T HELEERTESRETH S,
2) @™ :C™— B™ (I proper, flat ZIFHIE4TH 5,

3) S1,Sz,...,Sn i3 © D cross section TH 5,

(n)

4) 1 j%Sj(B‘“))WE%/f?‘“T/vc‘:ﬁ‘éé:\ t; &

S

(n)

tj:GC’Qj/I i T O L6108

> ]

252 %,

~ (n) (n)

5) VbeB XL Ch=rn""(b), Qi=si(b), t; =t;| _ )
_ = (b)

~ (n) () — ()

Y (Cu3QrreQn: T Tz tn) 12 type (g.N) @ pointed semi-
stable curve T niRDER/IEIEDFIAT2LDIZT 5, '

6) (local universa-lity) VbeB (ZxL T Kodaira—Spencer Hi$

. ol _
or: T,B —> EXt(‘)C:UCb’@C](D (n+1)§Qj))

DERTH D, | | [

re, EEA. L 6DFM(1)~(5)&WedHk " : C'—>B’ ZHIC type (gN)
% pointed semi-stable curve T nRDERANSEFENFH72 b DN IER family s,
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SRR IEED A2 L DD local universal family iI2OWT, Rl —BEAE T
LY AL, “ h | “

£ H4.1.7 - nZERKET S, BFL type (8,N) @ niRDERAGEFEDHF

; (n) (n) (n)
. W72 pointed semi—stable curve (C 5 Q1,..., Qn;t1, ta,..., tn) XL T, local

universal family (# ™ :C™—> B™ ; 51, 843,...,Sn} ta, ta,....tn) C.
HHbeEB™ 2onWwT, Co=n2"YDb)=C T

(n) ~ {n)

Qi:Si_(b)’ t ztjl'n_—‘(b)

EBODPFAEY b T2 BFLIER) family 77 : C'—B’ LT, beB’
X LT R Z AR LZIERIRIE f @ 277 (b7) — = 7' (b)PEAET UL,
RIS —RIS, KD &) L R B8 ET 5 ¢

M

C—> Ccm

l l‘ {EL\ U(b’):b9 luln'—l(b) :f.

B — B®™ | U
Vv

E¥A4.1.7T, n=0nDKI. pointed semi-stable curve ¢ local universal
family DS TV 5. n | .

a2 Did. ERIRDO RAGEEI A2 LD TH -7, D local universal
family (JEEBRIKICIC A SO TEEIVETH L, £ T nROBR/INEEDFF AT

semi-stable curve @ local universal family DHEBIZ OV TR L 9,
F= (7@ :C®—> B® ;s,,8....58) % pointed semi-stable curve

® local universal family £§ 5%, OB @IZxLT, B W FkD L) IZHERT 5.
beB® 2xL T, pointed semi-stable curve (C», Q1,Q2, ..., Qn) %

Co=rn © (b) QJ.'= sjtb) (1=5=N)



7

cED D, £IT,

(a)  (n) C(m)

B™W=1{(b;5(ts, tas..., tn)) €EBOX(2,/2")Y ;

0. o/ e T CLEL e
rlE. BWit #REROBEL LD, R ER 2‘“’ B® > B |1
FHT. 77423% (D/ 2" ) L3 B5FE774 K b, 774 7 DA

C (0) - C (1) -~ C (2) « < e —— C (n) < s et e
! l " l
B @ < B «— B® <« <« B «— tovuns

BEZBE, x M :C —> CO [ T774% (DD ETBETFANE

(n}) (n)

) (n)
b, BHIT. 51, S2,..., sy & ™ T‘%léﬁgtfci)@& S1,82,...,88 &

(n) (n} ( (n) (n) (n) {(n} (n) (n) .
F2E. (2™ :C™W > B™ 5.51,82,...,88 5 tirta...,tn) (InKkOE

BR/IME{ED STV 72 semi-stable curve @ local universal family &7¢ %,

E07 74 HORBIRE LB (£ ¢ g7 {00 {00) 0,
.t(??) t(:o) t(:O)') * EIRKORPLEEN 72 semi-stable curve @ local uni-

versal family *E» 5, F/2. FomfRE L THARICES 5514 %

e e, g d® e,

) == ED moduli DHEUTDOWTUIRPHENS, BITHICE 2 5D LT, BERE
BOH NIRRT, RIHIE 2 BORRE—DE L) FRILERAL, AEIRNS
WD HCEE D SRR T,
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A-2 HHx tangent J& & Kodaira-Spencer G%

B FHIC. semi-stable curve DEB/INEICOWTHBA LAY, AETRINZ
BiLL L5, FORic. #Hx tangent BV TF 2 H b, ORI, BRTHRZEDRFY
BT HRERE ARDLOICEEL R R,

SRR/ JNEED 72 semi-stable curve @ local universal family = m-c—

B™ %#25%, UFTii. C=C™, B=B™ rHHT L,

£ #4.2.1 FENBEOEROR QIC/B FIRCTEDD *

-1
Q! = ™ 0 ® — Q |
c/p ~ Coker %0, ¢ ¢ - =

wHA4. 1.5 TRV, CORMMRE (tq,... ty,, 2z, w) &HIH&

eC \> N Q! , =0 , d y

P N < C/B p Co z

e> T Q! , =(0 _, dz+ , d dz+zdw).
p T C/B’ p ( C'p z @C pW)/(‘)C(w z+zdw)

ST, S=3" ThHhH, REMICEE, EE3.1.50A, BE, ThLh,
B™, C™ nmBEcLzbnice b, BL. 437 category THRH-TW 5%,

B2, §3 TEZHL7:. tangent sheaf, dualizing sheaf #ZHMMLL &9,

= %4 2.2 C —> B oK tangent sheaf @C/B %

©  =Hom_ (Q. _,
c/p = fomg | C_/B_GC)

54—
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- cEDD. 72, MY dualizing sheaf o n "
= H 0 O
©c g om(gc( C/B C)
{*Eméo D
Q IC/B &[ﬂﬁ‘:\ %P‘ﬁﬁﬂéiﬂgb\é rokDLS 5:%5750
€CN2 T 9 = 0O 0
N C/B'p C'p 8z
cs T o - o o,
EC\\Z ) , ) - N d ’
p T Q)C/B 0 @C . ”
E—z VC‘ @ d z @ dW
- w s — ' _ ’ dw
p C/Bw Cp oz Cpw
e GC/B) “c/B & LICRATBBETH b, double point #¥¥> stable

curve @ tangent sheaf (3. double point TRIFFTEHIC 72 -72h8 HMELT 5 &
RRTERIC 75 2 L IER S A/ew, flab T tangent sheaf OBkS LVrE 22 THS,
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