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p-TORAL GROUPS WITHOUT THE WEAK BORSUK-ULAM
PROPERTY

ABSTRACT. In our recent research, we constructed certain S! x Cj,-maps that
serve as counterexamples to the weak Borsuk-Ulam property in the class of p-
toral groups. In this note, we present our main results together with an outline
of the proof. We also discuss some related results on the right Borsuk-Ulam
invariant.

Ikumitsu NAGASAKI
Department of Mathematics
Kyoto Prefectural University of Medicine

1. INTRODUCTION

Let G be a compact Lie group. In this note, a G-representation V' is assumed to
be orthogonal and fixed-point-free, that is, V¢ = 0, unless otherwise stated. S(V)
denotes the unit sphere of V, called a G-representation sphere. All maps between
G-spaces are assumed to be continuous.

Borsuk [2] proved the celebrated Borsuk-Ulam theorem, which was later extended
in several directions. One extension provides the non-existence of equivariant maps.
The following result is known as a generalization of the Borsuk-Ulam theorem.

Theorem 1.1 (Borsuk-Ulam theorem for G = C’;j, T*). Let G be an elementary
abelian group Cz]f of rank k or a k-dimensional torus T*. Then if there exists a
G-map f: S(V) — S(W), then the inequality dim V' < dim W holds.

A natural question is: for which groups does the Borsuk-Ulam theorem hold?
We say that G has the Borsuk-Ulam property if the Borsuk-Ulam theorem holds for
G. After many contributions by various authors, we finally proved the following:

Theorem 1.2 (see [6, 7]). G has the Borsuk-Ulam property if and only if G is C¥
or T*.
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On the other hand, Bartsch [1] studied a weaker version of the Borsuk-Ulam
theorem, referred to here as the weak Borsuk-Ulam theorem. We say that G has
the weak Borsuk-Ulam property if the weak Borsuk-Ulam theorem holds for G.
Bartsch [1] showed that finite p-groups have the weak Borsuk-Ulam theorem. It is
reasonable to consider extending this result to p-toral groups, where we say that G
is a p-toral group if G has an extension 1 — 7% — G — P — 1, P a finite p-group.
However, this expectation turned out to be incorrect. We have the following result.

Theorem 1.3. The group S* x C, does not have the weak Borsuk-Ulam property.
By lifting the group action, we immediately obtain the following.

Corollary 1.4. If G has a quotient group isomorphic to S' x C,, then G does not
have the weak Borsuk-Ulam property.

In the following sections, we first recall the weak Borsuk-Ulam property and
known results, and we then proceed to outline the proof of the theorem. Further
details can be found in [8].

2. THE WEAK BORSUK-ULAM PROPERTY
We recall the Borsuk-Ulam function bg : N — N, introduced by Bartsch [1].

Definition. The value bg(n) is defined as the minimum of dim W such that there
exists a G-map f : S(V) — S(W) for some V with dim V' > n.

Clearly bg is non-decreasing. Moreover, if there exists a G-map f : S(V) —
S(W), then be(dim V) < dim W.

Definition. We say that G has the weak Borsuk-Ulam property if lim,, .. bg(n) =
0.

Clearly, the Borsuk-Ulam property implies the weak Borsuk-Ulam property.
Hence Cl’f and T* have the weak Borsuk-Ulam property. Furthermore, the fol-
lowing result is known.

Proposition 2.1 ([1]). Let G be a compact Lie group.

(1) If G has the weak Borsuk-Ulam property, then G is a p-toral group.
(2) Weak Borsuk-Ulam theorem. If G is a finite p-group, then G has the weak
Borsuk-Ulam property.

Therefore, in the case of finite groups, a group G has the weak Borsuk-Ulam
property if and only if G is a p-group. These results might lead one to expect that
all p-toral groups have the weak Borsuk-Ulam property. However, this is not the
case. In fact, as mentioned in the Introduction, the group S* x C, does not have
the weak Borsuk-Ulam property.
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3. OUTLINE OF THE PROOF

A full proof of the main result can be found in [8]. Here, we provide an outline
of the argument. Set

G:=8"xC,={td" |teS" ieZ}
We denote by Vi, (= C) the complex irreducible G-representations, where k € Z
and [ € Z/p. The action of G on Vj; is defined by
tez=t"2, a-z2=8z (§= P 2 € Vi)
For n > 1 and m > 1, set
Vn = ‘/1’1 D V;u.,l DD V;,n—lJ, and
Wi = Vymo@© Vo1
Note dim S(V},) = 2n—1, and dim S(W,,) = 3. To prove the main result, we suffice
to show the following.
Theorem 3.1. For every n > 1, there exist m > n and a G-map f, : S(V,,) —
S(Wp).-
Outline of proof. (i) The Case of n = 1. Let m = 1. There exists a G-map
fi: SVig) = S(Vpr © Vo)
given by
fi(z) = (27,0) for z € S(1}).
(ii) The Case of n = 2. Let m = 1. Inspired by Crabb [4], we can define a G-map

fa: Vo=Vii® Vo1 = Wo=V,eo@ Vi
by
Bolz,w) = (27 —w”, z%w).
Since f, '(0,0) = (0,0), we obtain a G-map
foz, w
Fa: S(V0) > S(Wa), () = 22
[f2(z, w)
Remark. The degree of f5 is zero, since f, is not surjective.
(iii) The Case of n = 3. We show that there exists a G-map f3 : S(V3) — S(Ws).
Decompose S(V) into
S(‘/g) g)(()U)( X IUXl,
where Xo = S(Vi1) x D(V,1®V,21), X =S(Vi1) x S(Vo1© V2 1), X1 = D(Viq) x
S(V,1 @ V,21). Define a G-map go : Xo — S(Ws) by go(u, z,w) = (u”,0). Lifting
f2, we have a G-map

fg : S(‘/;),l D ‘/;,,2’1) — S(Wj) = S(‘/;ﬁ’o &) %,1)-



Set a G-map g1 : X1 — S(Ws) & gi(u,z,w) = fZ(sz)7 ho = golox, : 0Xo =
X x {0} — S(W3) and hy = gilox, : 0X1 = X x {1} — S(W3). We construct
a G-homotopy H : X x I — S(W;3) between ho and hy. This implies that there

exists a G-map f3.
Let Y = S(V,1 © Vj2,1). Then the map

F: Mapg (X, S(Ws)) — Mapc, (Y, S(W3)),
F(a)(z1,22) = a(1, (21, 2))
is bijective for a : X — S(W3), X = S(Vi1) x S(Vp1 © Vp21), where 1 € S(Vy 1) =
St c C. Since C), acts freely on Y, the equivariant Hopf theorem [3, 5] shows that
deg : [Y, S(Wy)le, — [Y, S(Wy)]y = [S°, 5% = Z

is injective, Since deg F'([ho]) = deg F([h1]) = 0, it is seen that F(hy) and F(h,)
is Cp-homotopic and so hy and hy is G-homotopic. Therefore there exists a G-
homotopy H between hy and h;. Ol

Next consider the case of n > 4. We show the existence f,, by induction on n.
Namely we show that if there exists a G-map f,—1 : S(V,,—1) = S(W,,) for some
m’ >mn —1 > 3, then there exists a G-map f, : S(V,,) — S(W,,) for some m > n,

As before, decompose S(V;,) into

S(V,)=XoUX x TUXj,
where Xg = S(Viy) x D(Voy @+ & Viyuory), X = S(Viy) x S(Vp1 @+ @ Vyuos 1),
X1 = DWVig) x S(Vp1 @ -+ @ Vpuor ). Define a G-map go : Xo = S(Wg1):
go(u, @) = (u”m,H,O) forxeY =85V,1 OO Vpn-1;) and a G-map ¢; : X7 —
SWis1), g1(u, @) = fn,l(w), where f,_; is the lift of f,_; via 7 : G — G,
ta® — tPa’. Set hy = golox, : X x {0} = S(Wywi1) and hy = g1]ox, : X x {1} —
S(Wpa1). In this case, there might be an obstruction to the existence of a G-
homotopy. However, the following result ensures that the construction can proceed.

Lemma 3.2. There exists a G-map Ry, : SWoi1) = S(W,y,) for somem > m/+1
such that R,, o hg and R,, o hy are G-homotopic.

If there exists such a G-homotopy H between R,, o hy and R,, o h;, then we
obtain a G-map

fa=RmnogoUHUR, oqg :S(V,)— S(W,).
O

Sketch of the proof of Lemma 3.2. This lemma is proved by using equivariant ob-
struction theory. The key facts are as follows:
First, the equivariant obstruction groups

96(S(VL), me) = HH (L (p); ),
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where L3(p) is a lens space and m;, = m(S?), are torsion groups.
Second, for any G-map R,, : S(W,,) — S(W,,), the obstruction class of the
composition R,, o f, 1 on the k-skeleton of X satisfies

OG(Rm o fn—l) - (deg Rm)OG(fn—l)-

Therefore by choosing a suitable m such that deg(R,,) annihilates the class og(f,_1),
we see that the obstruction og(R,, o f,—1) vanishes. By repeating this process in-
ductively, we obtain the desired G-map f,,. O

4. RELATED RESULTS
We give some remarks on the Borsuk-Ulam function.

Proposition 4.1. Let G = S' x C,, where p is an odd prime. Then bg(n) =4 for
any n > 4.

Proof. By Theorem 3.1, we have bg(n) < 4. It remains to show that bg(n) = 4.
Suppose, for contradiction, that bg(n) < 4. Then bg(n) < 2, since p is odd and
dim V is even. Now assume dim V' > 4 and dim W = 2. We claim that there is no
G-maps f: S(V) — S(W). Indeed, if W = Vj, for some (k,1) # (0,0) € Zx Z/p,
then we have WS = 0 or W = 0. Accordingly, V5" = 0 or V% = 0. By
the Borsuk-Ulam theorem for S' or C,, it follows that dimV < dim W, which
contradicts dim V' > 4. O

Next, let G be a compact Lie group. We define
ra(W) =sup{dimV |3 f: S(V) — S(W) G-map } < oo,

which is called the right Borsuk-Ulam invariant of W. As before, we assume that
V, W are fixed-point-free representations. We observe the following:

Lemma 4.2. Let H < G, W be a G-representation W with WH = 0. Then
ra(W) <ryg(W).

Determining the right Borsuk-Ulam invariant is a difficult problem. Nevertheless,
the following finiteness result holds, which may be regarded as a Borsuk-Ulam type
theorem.

Proposition 4.3. If G is a p-toral group, then rq(W) < oo for every G-representation
W with W& = 0.
Proof. Consider the short exact sequence

15T G—P—1,

where P is a finite p-group. By [5, Chapter IV (3.8), 3)], there exists a sequence
{P,} of finite p-subgroups of G such that lim, .., P, = G with respect to the



Hausdorff metric. For sufficiently large n, we have W = W& = 0. By Lemma
4.2, we have rg(W) < rp,(W). Since finite p-groups have the weak Borsuk-Ulam
property, we conclude that rp, (W) < oo, and thus rg(WW) < co. O

Conversely, if G is not a p-toral group, then, as shown by Bartsch [1], there exists
a G-representation W such that r¢(W) = oco. Note also that, by Theorem 3.1, we
have lim,, o r¢(W,,) = oo, where G = S* x C,, and W, is the representation given
in Theorem 3.1.

Finally, we propose the following conjecture:

Conjecture. Positive-dimensional p-toral groups other than 7% do not have the
weak Borsuk-Ulam property.
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