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ON CLASS NUMBER of a GALOIS EXTENSION
N. NAKAGOSHI
(TOYAMA Univ.)

Let K be a finite Galois extension of an algebraic number field k .
The central extension’K\ and the genus field K* over k are defined in
{1731, 137. The central class number Zk'/fe= (/Iz : K ) and the genus number
%K/{Ql = (¥ : K ) of K with respect to k are given in[1), [3]).

Let Cl.k/k be the ambiguous ideal class number of K respect to k . If
K / k is a cyclic extension, or a Galois extension of a prime power
degree, we have some relations between the class number ﬁK of K and a’“/k’,
(123, 133, 05 ).

In T47), it is proved:

"Let K / k be a cyclic extension of a prime power degree KV , and
suppose K and the absolute class field %k of k are disjoint over k,

ie. K\ k=k . Then fy is prime to [, if and only if Qi = fik

"o
.

and ﬁzk is prime to K

We shall generalize this criterion to a Galois extension of a prime

—

power degree. In this note, ﬁhand k for a finite algebraic number

field k mean as above.

PROPOSITION, ~ Let k be an algebraic number field and K / k beb a

Galois extension of degree ‘N . Suppose K -l: =k .

(1) If {K is prime to n , then Zk/k= 3!(/&, akk = ﬁk’, , and
ﬁk] is prime to /ﬂ, .
(2) Let /] = EV be a prime power. Then ﬁK is prime to E if

and only if Zk/k = 3(-(/{(‘ = a'K,{Q= ﬁk and 'ﬁ}e is Prime to. L

-
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Proof. (1) Since Zk/k? (K:' K )~3k/k . 3kﬁq‘= (K : Kk ) ﬁR, s
TL;K s ZKAQ and ?k& are divisible by 75}@, ... In the decomposition

ik fe xRy hk
Rk Tk Wk T K

fch  Bcke

fK is 'pfi‘me‘ to 7/ , then —= are prime to ] .

From the genus number formula and the central class number formula,

we hzive
e e |
S : R)C):R bpnNK/kUK) . 3
A, T_,req (R ANwtedix * Niche k)
Fn = C(%'R) (Ey:Epalig K2)

(notations in these formulas are defined in L1y, 13])

“Ey hNK/kUK DE%"X £"= N\we l eGER‘g

1§

ER(\ {\K/KKXD E

and it is well-known

Nl / x X RP(eD)
(k%A K,g K) NM{K% =" /):
where G is a Galois group of K over k and F Vis the subgroup OfIéTE

cohomology group H.B(G, Z) , generated by ije‘—g/qr\'\-a(&f)Z) for a;l.l' the

infinite and the finite prime divisors /X and its decomposition grégp
3‘%’, 'KK/R

Therefore, the prlme factors of ﬁ ﬁ
e . R Ak

2(: %_ s Bdhe, < B " ﬁ;ei:

are those of 9] , also
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Let IK be the ideal group of K and & be the principal ideal group
of K . Then
A= SoeTk [ V" € P frow o€ &
M=) el | N ePe § -

are the subgfoUps of IK , and

AN c § ael |l a®ebct .

It follows for ‘the ambiguous ideal class number a«m of K 'respect to

k ) . .
A=A PO=C(A: AnR) (AaH = R 5
where tﬁe 'prime factors of (A(\H : PK ) are also those of /}l . If

ﬁk is prime to“}], , then GK/{@ is prime to “J{ , hence

(AnH : Pk =15 AlH=Px
By =Tk » KF = KK is the genus field of K over k , i.e.
the class field corresponding to H over K . So we have
befe=CK* 1K) =CTx s H) = (T ARD (AR R
=CTc: AMNIEA : AoR) = (Tks AN) «Oxge .

o .
On the other hand, the number a’%ﬁz of ideal classes represented by

an ambiguous ideal in K / k is given by [5 3:

KL = . .
A7 s B0l
If 'ﬁK is prime to “#, , then a"/& ’O"‘:/z and ﬁk‘ are prime to ﬂ s
that is, aéz = ﬁk, . Since ?kk= ﬁR = 0 mod a“lﬁ. , and av(/& =0
mod @&2 , hence % = ﬁn = QK/n .

(2) In case of =ﬂ1’ , we know in [33
..-5—



128

13

(23
L3l
L4
53
L6l

References

Furuta, Y., Nagoya Math. J.,
Nagoya Math. J.,
J. Number Theory,
Furuya, H., Tohoku Math. J.,

Yokoi, H., Nagoya Math. J.,

vol.29(1967), 281-285.
vol.37(1970), 197-200
vol. 3(1971), 318-322.
vol.23(1971), 207-218.

vol,29(1967), 31-44,

J. Math. Soc., Japan, vol.20(1968), 411-418.

12, June, 1973, Kanazawa.



