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Surjective morphisms of holomorphic vector bundles

H. Skoda

Let E and Q be holomorphic hermitian vector bundles over

the complex analytic manifold X, and let g be
E—')Q"—)Ol

a surjective morphism of vector bundles over X. We are
interested in the fundamental and classical problem to give
nice, sufficient conditions about X and E such that the induced
morphism

gx ¢ HO(X. E) —aHO(X, Q),

(over the global sections) will be also sufjective. This is
obviously true if, for instance, X is a Stein manifold. In
this talk, we shall obtain such a result, using very weak
positivity assumptions on X and E.

We suppose X k#hlerian and weakly pseudoconvex (i.e. there
exists a plurisubharmonic exhaustive function of class C2 over
X). Let n pe, the complex dimension of X. K will denote the
canonical line bundle of X. detQ is the line-bundle gQ (with
g=rang Q). Let p be the rang of E. We have the following
result:

Theorem. If E .is semi-positive in the sense of Nakano

(only in the sense of Griffiths if p-qg=1), then
0 9 L 0 9
ge : H (X, EQR®(det Q)" ) — H (X, QO KB (det Q)*)

is surjective for all integers % > inf(n, p-q).



The tangent bundle of the projective space Pn' the vector
bundle LOCP® (where L is a semi-positive line bundle) are
examples of semi-positive vector bundles in the sense of Nakano.

The following'result will be applied to a wide class of
vectdr bundle.

Corollary. If E is the gquotient bundle of some vector
bundle F of rang N, which is semi-positive in the sense of

Nakano, then
s 5 (x, E®K ®(det 9) %) — B (X, Q®K ©(det Q) %)

is surjective for all & > inf(n, N-qg).

The assumption over E is realized for instance if E is
generated by its global sections.  For example, the tangent
bundle of a homogeneous manifold is generated by its global
sections. The corollary -is a consequence of the theorem,
putting up the section of Q directly in section of F.

Let S be the kernel of g, such that we have the exact
sequence: |

O —>S—E —Q —0.

Considering the exact cohomology sequence, the surjectivity of
g. 1is equivalent to the vanishing of the image of the canonical
morphism § : Hl(X, Q) — Hl(X, S). It is a remarkable feature
that we shall obtain the vanishing of the image of §, but not
necessarily the vanishing of all the group Hl(X, S). Therefore
our result may be thought as a partial vanishing theorem.
Moreover it does not involve a strict positivity assumption,

as it is usual in this kind of result.

In the proof we essentially use the fact that the curvature



of the bundles S, E, Q are closely connected with the obstruct-
ion of the lifting of sections of Q in sections of E. Using
curvature estimates, the Kodaira-Nakano inequality and
Hormander's Lz—methods, we solve some specific J-equation with
values in S, associated to the morphism §. Moreover, we obtain
some very precisg L2 estimates for the 1lift of sections of Q,
involving the natural parameters of g. These estimates allow
to obtain some more general results, concerning morphisms g,
which are not everywhere surjective. Even locally these last
results are not trivial., We do not reproduce them here for
the simplicity. Complete resulﬁs and proofs can be founded in
[3]. Moreover, some extensions of the L2 HBrmander estimates
to non complete kahler and weakly pseudoconvex manifold are
proved in [2].

The results of the papers [2] and [3] are in fact
extensions of an older paper [1}, whose motivationé were

completely different.
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