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Abstract

We applied a molecular dynamics simulation technique to charged colloidal systems in order to investigate small ion distributio
in thermal equilibrium and to evaluate th&estive interaction among macroions. For a system containing a single macroion,

screening by counter ions was evaluated. The screening becomes more complete for larger macroion charge. In spite of the la
inhomogeneity, the chemical potential of small ions is constant for the entire system. Using a thermodynamic integral method, t
effective potential (Helmholtz free energy) for two-macroion systems was evaluated as a function of macroion separation distanc

and found to be repulsive under normal conditions. Many-bdibceis also discussed by comparing tlikeetive potentials for
two- and three-macroion systems.
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1. Introduction

Charged colloidal systems (latexes, metal nanopatrticles, pro-
teins, etc.) have been widely studied in various fields of science
and engineering. Among many interesting phenomena, they
have an ordered or crystalline state under some conditions to
show iridescence. Itis conventionally explained with the DLVO
theory[1], which takes account of repulsion due to the overlap
of electric double layers and the van der Waals attraction. When
the salt concentration is very low, the screening by counter ions
is incomplete, causing strong repulsive interaction. The crys-
tallization is then the Alder type transition[2, 3]. Upon adding
more salt, however, the crystalline structure disappears[4], con-
trary to the theoretical prediction of entrapment in a poten-
tial minimum. Sogami and Ise has proposed a model[5] that
explains the phenomena with electrostatic interaction only.
He analytically calculated the Gibbs free energy of the sys-
tem and showed that electrostatic attraction can exist between
macroions of same charge. It has been long controversial, but
some recent experiments seem to support the concept of elec-
trostatic attraction[6]. Another theoretical aspect is the treat-
ment of the Poisson-Boltzmann equation. Conventionally a
linearization approximation has been adopted with implicit as-
sumption of weak interactions. Akiyama et al.[7] recently re-
ported based on an integral equation approach (an Ornstein-
Zernike equation combined with hypernetted-chain closure)
without the linearization that an attractive interaction between
macromolecules appears in some range of salt concentration.

In this paper, we adopt a molecular simulation approach to
investigate charged colloidal systems. Our main objective is
to estimate the féective interaction between two macroion of
same charge. For that purpose, we carry out a series of molecu-
lar dynamics simulations for small ions withacroions of fixed
positions. With a similar approach, we also investigate small
ion distribution around a single macroion to see the screening,
in comparison with the linearization approximatioBecause
main purpose is the comparison to the theoretical solutions,
many simulations are done for salt-free systems to shorten the
computation time.

Nomenclature

free energy or gective potential (J)
elementary charge (C)

force (N)

Boltzmann constant (K)

distance between macroion surface and a small ion
the Bjerrum length (m)

mass of a small ion (kg)

number density (TF)

number of particles (-)

momentum of small ion (kgV/s?)

pressure (Pa)

charge of a small ion (C)

partition function (=)

distance from the center of a macroion (m)
distance between macroions (m)
macroion radius (m)

temperature (K)

potential energy (J)

volume (n¥)

a macroion charge (valence) (-)
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Greek letters

Lennard-Jones energy parameter (J)
permittivity of water (FFm)

interaction potential between particles (J)
Debye screening length (m)

thermal de Broglie wavelength (m)
chemical potential (J)

Lennard-Jones size parameter (m)

SE >~ N

superscript
c Coulombic

ex  excessterm

id ideal gasterm

LJ Lennard-Jones

PB  solution of (linearized) Poisson-Boltzmann equation
subscript

eff effective charge

i i-th species of small ions

m  macroion

run running sum

s small ion
0 value averaged over the simulation cell




2. Simulation Method Table 1: Parameters used in the simulation.

We adopted a simpleanonical ensembleolecular dynam-

. ) . . . (*) except for otherwise stated.
ics (MD) simulation for small ions, assuming that solvent (wa-

ter) is just a medium with appropriate permittivity. A Brown- 7k K Catlc;r;I(SNat ) Anlc;r;.(;:l )
ian dynamics (BD) technique [8] is another candidate, but both o [nm] 0.282 0.3542
methods should give the same static properties (ion distribu- m [g/mol] 22 99 35 453
tions and &ective force on macroions) at equilibrium states. q[C] 0) —e

We assume that the potential energy of the system is a sum
of two-body functions,

Macroion (PAA anion)
U= Z[¢gs(rii)+¢§§](rij)]+Z[¢§m(fik)+¢§ﬁ1(fik)]+z ¢S m(re) (1) em/Ke [K] 32.8
iL ik Kl om [Nm] 0.282
. . . . z —-100~ —10000
wherei andj represent small iong,andl represent macroions. RadiusR, [nm] 10
The subscript s and m correspond to small ions and macroions, Nm [(NM)~3] 1.910

respectively. The Coulombic interaction betweeh (small or
macro) ion with charge; and j-th with g; is

c 1 g . _ . . .
¢ (fij) Rl 2 We carried out a series of MD simulations for small ions con-
rew i fined in a rectangular parallelepiped cell of constant volime
wheree, = 80.4 ¢ is the permittivity of water at room temper- The position of macroion(s) is fixed, so that the macroions exert
ature €: vacuum permittivity). an external force field on the small ions. Reflective boundary
The short-range Lennard-Jones (LJ) type interaction is assonditions are utilized instead of the usual periodic boundaries;
sumed only for s—s and s—rithe primitive model has used to if we assume periodic boundary conditions, ions in the neigh-
express the potential of the system with the macroion and smajoring image cell wouldfect the &ective force on macroions.
ions in some past literatures[13, 14, 15, 20]. In primitive modelThus we sum up the interactions for all ion pairs without trun-
the potential of the system is assumed to the Coulombic potereation.
tial and the hard core potential. We use the LJ type interaction The time step for integration is 5 fs. The temperature is eval-
instead of the hard core pOtential to be closer to I’eality that thgated from the mean kinetic energy of small ions, and kept con-

macroion is the cluster of the small molecule. ~ stantat room temperature (20) with the velocity scaling tech-
For the interaction between small ions, we use a conventionglique. After equilibrating the system at a given condition, data
LJ (12-6) potential depending on the particle distanes are accumulated typically during 10,000 steps for later analy-

g (fii) = 4g [(%)12 - (%)6] a) ses.

whereg; andor; are the LJ parameters. Since macroions are8. Single Macroion Case
suficiently larger than small ions, the LJ interaction between a
small ion and a macroion is given by integrating the LJ (12-6) As a first step

- R . we investigate small ion distributions around
potential in a semi-infinite space, leading to

a single macroion to see how counter ions screen the macroion

L 3[ 1 (om\® 1 (om\® charge. Most of the simulations were done in a cubic cell of
¢smll) = BremMmor %(T) 12 (T) ] 4 v = 50 nmx50 nmx50 nm. In this case the volume fraction is
as a function of the distan¢érom the macroion surface, where 0.034.
€m ando, are the LJ parameters for macroions, amgdis the
number density inside the macroion. 3.1. Small ion distribution
In this study, we assume that the macroions (colloid particles)
are polyacrylic acid (PAA) aniongith constant chargeZ e(e: An example of counter ion distribution in equilibrium is

elementary charge) being uniformly distributed in each sphereéhown in Fig. 1. By averaging data over 10,000 steps, we ob-
of radiusR,. Counter ions are then cations and sodium iongained small ion concentrations as functions of distanitem
(Na*) are assumed, while chloride ions {Thre used for co- the center of the macroion. Examplies Z = —1000 casere
ions. Parameters are listed in Table 1. The Lorentz-Berthelgthown in Fig. 2 for (a) a salt-free system, and (b) a system with
combination rule is assumed for LJ parameters betweerdi 500 salt ion pairs where totally 1,500 counter ions and 500 co-
ent species: ions exist.

As expected, the counter ions (Nagather around the

f = Gej macroion and screen its charge, while the co-ions)@le ex-
o+ (5)  pelled from it. The concentration of each species seems con-
ogij = > stant beyond 20 nm.
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Figure 1: Example of counter ion distribution around a macroion; a snapshot

projected to thex-y plane, for the case & = —1000.

3.2. Hfective charge

To examine the charge screening by counter ions, we define

a running sum charge at the distancom the center of the
macroion aghe running sum charge at= 4,

Zanlr) =2+ ). %‘ fR: n(r' )4 2dr ©6)

where ni(r) is the concentration (number density) oth
species, and the sum is taken for all small ion species.
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Figure 2: Example of small ion concentration around a macroion @ith
—1000 in a 50< 50x 50 (nn?) cell; (a) A salt-free case and (b) a case with 500
salt ion pairs. The arrows indicate the average (or “bulk”) concentration.

Examples for salt-free systems are shown in Fig. 3. When
the macroion cahrge is small, the running sum charge expo- A the macroion charge increases, the screening becomes

nentially decreases with For the case of largg, however, the

charge screening is more evident; a large portion of the intrinsi

more completand the §ective charge saturates at the charge
% = —5000. Yamanaka et al empirically shows the power rela-

macroion charge is neutralized at the Debye screening lengtyj,, herweeen theftective surface charge density and the ana-

define as

_1
_| 1 o |
A= |:€WkBT Z qi nlo}

()

whereng is the average concentrationieth species. Thus we

define the fective charge of a macroidfy: as
Zerf = Zrun(ﬂ) (8)

Figure 4 shows how theffiective charge increases with For
comparison of the analytical solution we show theeetive
charge defined by Aubouy et al as following equation[25]:

g Ra t2+3
zeﬁRa_4AtZ+2(5 21 t, (9)

wherelg = €%/(e,ksT) is the Bjerrum length ant is defined
as folloeing equation using functidn

3 Zlg/Ra
LT[ ) (10)
Tpo= L a1

Iytical surface charge density[16]. There are thedence of

the charge and surface charge. The macroion radius is fixed in
our simulation, so the comparison is capable to be done. How-
ever in our simulation the power relation is not seen.

Effective charge of colloids have been simulated by many
people with various numerical methods and various definitions.
Alexander et al defined theffective charge as the charge in
the Wigner-Seitz (WS) sphere and caluculates by the non liniar
Poisson-Boltzmann equation[17]. While Bocquet et al gained
the dfective charge from the solution of the liniarized Poisson
Boltzmann (LPB) equation closing to that of Poisson Boltz-
mann equation far from macroion surface and proposed that the
effective charge saturates[18]. Belloni showed that fite
tive charge gained by Bjerrum length, osmotic pressure, self-
diffusion codicient and the WS sphere are of the same order
of magnitude[26]. We define thdfective charge as the charge
in the Deby length from the macroion surface. To evaluate the
adequacy of this definition, we compared the electric potential
gained from the simulation results and the LPB solution. These
electric potential are almost same far from macroion surface.
We think that &ective charge from Debye length almost corre-
sponds to theféective charge from LPB solution.
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Figure 3: Running sum charge for salt-free systems. Vertical dashed lines ingfFigure 6: Pressure for salt-free systems; (filled circles) the total pressure, (open
cate the Debye screening length. triangles) ideal gas term of the pressure. Pressure saturates with the macroion

chargez increasing.
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Macroion charge -Z Figure 7: Local chemical potential of counter ions for a salt-free system with a

macroion ofZ = —1000 in a 50 nm50 nmx50 nm cell.
Figure 4: Hfective chargeyained at the Debye length from the macroion sur-
face. (filled circles) simulation, (line) analytical solution defined by the Aubouy
et al[25]. As the macroion charg@ increases, thefiective charg&er deviates
from Z (shown with dotted line) due to charge screening.
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The osmotic pressure has simulated for the comparison
of experimental data. The osmotic pressure in the solution
has gained from the densities of small ions at the Wigner—
Seitz sphere[17, 18]. To investigate the relation between the
macroion charge and the pressure, we define the pregsure
near the box wall as the average local pressure in the range of
r = 20 ~ 25 as the following equation:

HEE G ] ow

wherep; is the momentum of i-th small ion. The time step
average is done over 10,000 steps. As showen in Fig. 6, at the
macroion charg&€ = —1000 pressure takes the max value. The

r=20~25

Figure 5: Screening ratigained at the Debye length from the macroion sur- pressure is also seen to saturate as same aféotive charge.

face.(filled circles) simulation, (line) analytical solution defined by the Aubouy
et al[25]. A inverse proportion law (shown with dotted line) seems to hold for

largeZ region.

The dfect of ideal gas term influences over nine-tenths of the
osmotic pressure. The virial pressure is negligible as the past
literatures pointing.



3.3. Chemical potential 120 T T —— T
o . . . . Simulation e
The distribution of small ions in the system is thus very inho- ~ 100 DLVO------- 4
mogeneous. Can we still expect the conventional conditions for @ ~ Z=-100 Sogami -
homogeneous chemical potential for systems in thermal equi- < 80 F Sc?g:vrﬁ* """" T
librium? We investigate the local chemical potential, § A
(]
po= AVTN+1L)-AVTN) & |
— 'uid +ﬂex (13) Lgi: |
whereA is the Helmholtz free energy of thé particle system
at temperatur@. The ideal gas part is then obtained as
) \V/ 50
id _ _
= —keTlog 5Ny (14) RInm]
400 —
whereA is the thermal de Broglie wavelength. The excess part " | ' ' Simulz-lltion ‘.
is evaluated via the patrticle insertion method[9, 10] - 350t HY DLVO------- '
e ' 00 i Sogami - .
uN+1(r FR DLVO* -------
1% = —kgT log <exp[—% > : (15) T 260 L Sogami* — -
N o
_ _ § 200 2(R,+1)=27.36 nm
through averaging the Boltzmann factor of enelcgy**, which S 150 -
is the potential energy increment by inserting a ghost particle. g 100
For a insert particle charge neutrality of the total system is bro- (C 50
ken. So the individual small ion chemical potential is overesti- ]
mated. Svensson et al gained the ion chemical potential by in- 0
serting the ion pair without breaking the electroneutrality[24]. 50

In our simulation small ion chemical potential is overestimated
for the breaking of the charge neutrality.
An example is shown in Fig. 7, where the chemical potential

of counter ion (cation) in a salt-free system is evaluated as gigure 8: Evaluatedftective potential between two macroions, compared with
DLVO theory and Sogami model; a salt-free system in a 10050mmx50 nm

fl_m_Ct_mn of dlstance_from the_ center Of_ the macroion. In the cell. The Debye screening length is indicated by the vertical dashed line. The
vicinity of the macroion, the increase pf due to the counter superscript * shows the value gained from tiieetive charge.

ion condensation and the decrease.®fdue to the stronger

interaction with the macroion cancel each other, leading to the

constang.. Thus the homogeneity of chemical potentialis €O \we can obtain the following integration (thermodynamic inte-

firmed. gration [11]) forAA:
71
4. Two Macroions Case AA = —Emdn
no QN (977
Now we evaluate an fiective interaction between two [ dUn ()
macroions of the same charge, which is the main target of this = f” <3—Tl> (18)
o n

study. It is rather straightforward to measure the force acting on
each macroion, although it largely fluctuates. From the timeWhen we choose the distance between the two macrétass

averaged force, we can estimate tlieetive potential, or the 7, we can evaluataA via the integration of “mean force?:

free energy. R
AR)-AR) = [ <M> aR
4.1. Thermodynamic integration method Ro IR g
Ry
Suppose a Helmholtz free energgV, T; ) as a function of = — (F(R)rdR (19)
some external parameterin general. The dierenceAA by Ro

changing the parameter fromg to i, is then expressed as
4.2. Hfective potential between two macroions

AA = Am) - Alno)
" 9A®) An example is shown in Fig. 8 for salt-free cases (macroion
= f Wd (16)  chargez = —100 and-1000). We found that the interaction is
o repulsive in general. For comparison, two model potentials are
SinceA is related to the partition functioQy, also shown:
A=-kgTInQn(V. T;n), 17) (DLVO[1])  Upwo(R)



Table 2: Simulation conditions for Fig. 9

Case 1 Case 2 Case 3 —

Volume [(nm¥] 100x50x 50 200x 100x 100  200x 100x 100 S

Number of cations 200 200 1000 P

Number of anions 0 0 800 =

Debye lengtht [nm] 11.64 33.43 11.14 -

\olume fraction 0.034 0.0042 0.0042 o

o

)

©

22 1 2R, -R 2

= ————_—exp Ra—R (20) L
drey(1+ Ry/A)2 R Pl

(Sogami [6])  U§sgam(R)
Z?&sintf(Ry/A) 1 R
w —ex [_ _] (2 1)

4rey(Ra/)? R A

. igure 9: Hfective potential for dferent volumes and fierent ion concentra-
Model potentials are evaluated for the net charge and the €. the conditions are described in Table 2.

fective charge. In evaluating for théfective charge the Deby
length A is also modified to keep the charge neutralityote

that, fqr the Sogagﬂ model” (H.elmholtz free gnergy) is com-  gyerlap of electric double layers. In this theory the electrostatic
pared instead dfi™, becaus@A is evaluated with the constant atiraction can not occur. However the electrostatic attraction

volume condition. between like—charged colloid particles at some extreme condi-
At the macroion chargg = -100, the obtainedftective po-  tjons in some past literatures[12, 13, 14, 15].

tent_ial Is close to th_e theoretical model evaluategl the net_charge. The presence of electrostatic attraction with multivalent ions

While at the macroion charge= ~1000, the obtainedfective have been found in some articles[12, 13, 14, 15]. In most of

potential is very close to each model evaluatfidative charge these articles the permittivity of solvent is setted lower than that

mf :Ee larg de Id'St?nCt?Rl Exctﬂgf:rtl? N io' The 'mogn;lcatlotﬂ of water to use the strong Coulombic force. Lowering the per-
ot the mode! potential by ctive charge gained from the mittivity of the solvent correponds to the heightening the small

Debye length is appropriate in the large macroion charge, bq h charge. We varied the counter ion charge @s= +e
is not appropriate in the small charge for underestimateing thge‘r2e with keeping other conditions (macroion chaZganc’j

effective charge. cell volumeV) constant. As shown in Fig. 10, the repulsion

is weakened with the increase gif the interaction finally be-

comes attractive in fictitious casesgf 10e. Although these
Conventional models, either the DLVO or the Sogami, inare salt-free systems, it resembles flocculation or salting-out by

principle assume an infinite system, where small ions distributgounter ions. We observed that counter ions of laygsten

in a space of macroscopic scale. In our simulation, on the othesxist between the two macroions, causing the attractive interac-

hand, ions are confined in a finite cell of volurrewithout  tion. This has some resemblance to the recent report[7] with an

periodic boundary conditions, partly because we cannot treahtegral equation method, although the size of the macroions is
infinite number of ions and we want to excludfieets from  quite diferent.
“image” cells.

4.3. Volume dependence

) Messina et al propesed the mechanism of the electrostatic at-
Thus we have to check how the system sifieds the  (action with divalent ions[12]. They proposed that macroion
simulation results. ~ Shown in Fig. 9 are the comparisoncharge is lowered by the screening of counter ions. In the case
of effective potential between systems withffefent vol-  ith strong Coulombic force macroion can be overcharged and
ume; the Case 1 is the result for the reference systeMaye reverse sign charge. In two macroion case the state of
with V- = 100 nm<50 nmx50nm, while the Case 2 is for one gvercharged macroion and other undercharged macroion
200 nm<100 nmx100nm. As the volume increases, the small jonized statpcan be metastable and the attraction between two

ions can distribute further from the macroions, leading tOmacroion can occur. To investigate tHeeet of ionized state we
weaker screening and the stronger repulsion. In Case 3, W ange the small ion number valence. As shown in Fig. 11, we

added salts (equal numbers of counter ions and co-ions) to Caggyy|ate three case (a) the left macroion has 8th small ions and
2 so that the Debye screening lengtts similar to that of Case right macroion has 12th smallions, (b) 9th-11th and (c) 10th-

1. The resultant interaction is almost the same with Case Loih |n the seperation distanBe= 50, we change the num-
suggesting that the system size dependence can be adjustediRy of small ion which belongs to the left and right macroion.

controlling 4. The zero point of free energy is setting to the free energy of
R = 20. In short distanc®, the dfective potential with any
case is almost same. This is considered that the small ion can
The like—charged colloid particles normally repulsive eachmove to other macroion in short distanRe In long distance
other. This is explained by the DLVO theory in terms of the R, the free energy is larger as the macroion more ionized. If

7

4.4. Repulsive vs. Attractive
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Figure 11: Hective potential for various small ion numbers which are in-
volved in left macroion and right macroion; salt freg,= -100, cell size
100 nmx50 nmx50 nm, q = +10e. Differently from the Fig. 10 free energy
Aat theR = 20 is the zero point.
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5. Many-body Effect

o . . _ In most of theoretical approaches, thieetive interaction
the ionized states exist in the bulk condition, to resolve the IMamong macroions is assumed to béisiently weak and lin-

palance of.charge two macroions att_ract each other and small i ation approximation is made, leading to a sum of two-body
ion belonging to overcharged macroion move to other under.

h ) interactions.
charged macroion. However three body attraction has been seen by some exper-

For other mechanism Allahyarov proposed the depletionments and some analyses in the some conditions[20, 21, 22,
force gained from the imbalance of the counterionic pressur@3]. The common behavior of three body interaction obtained
on the macroion[13]. They showed that the depletion forcen the past is that when the separation distaRélarge, thrre
changes from repulsive to attractive if the Coulomb couplingpody efect is weak and when the distarRes small, three body
is enhanced. We devide the force acting on the macroion intgffect is attractive except for the contact condition.
the Coulombic force and the LJ force to investigate the deple- In order to investigate the three bodﬁ@t' we carried out a
tion force because in our simulations LJ force corresponds tgimulation for a three-macroion system. As shown in Fig. 13,
the depletion force. From the divided force eadieetive po-  macroions are arranged in an equilateral triangle ofRiigiethe
tential is gained by the thermodynamic integration technique1 00 nm cubic box.Due to the stliciently bigness of the box
As showen Fig. 12 for the weak Coulombic caseqot +€,  the mean force on each macroion should be directed toward (or
the Coulombic repulsion is larger than the LJ repulsion. Fofrom) the triangle center, which can be decomposed into two-
the strong Coulombic case qf= +10e (not ionized state), the pody force. By a similar integration described in Sec. 4.1, the

Coulombic force and LJ force become attractive in the shortgective potential is obtained as a function of distaRcérhe
distanceR. The LJ attraction is Stronger than the Coulomic at'tota| potentia] of this System is expressed as follows:

traction. The LJ force behavior corresponds to the depletion
force proposed by Allahyarov et al. U(Rag, Rec, Rea)
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Figure 13: Schematic view of a system with three macroions arranged in an
equilateral triangle, the center of which is indicatedsa&ach mean forcEa,

Fg, or Fc is decomposed into a pair of two-body forces. 50
0

= UW(Rag) + Ux(Rac) + Uz(Rca)
+Us(Ras. Rec. Rea) (22) -0

whereus is two body potential ands is three body potential. -100

An example is shown in Fig. 14, where the potential for two- 2(R,+1) =32.16

Difference of Free energy A/kgT

macroion case with the samieis also shown for comparison -150

and the diference of &ective potential is also showedl'he 200 i
obtained potential is almost same the overlap of the two body J

interaction in the long distand® and less repulsive in the short -250 L L L L L
distanceR. So three body interaction is attractive in the short 20 25 30 35 40 45 50
distance beetween macroions as the past articles showing. R[nm]

6. Summary Figure 14:Upper graph shows theffective potential for a triangle arrangement

. . . . ci)f macroions withZ = —1000 in a 100 nm100 nmx100 nm cell(volume frac-
We carried out m0|e‘_3U|ar dynam"f:S S|mU|a“0f13 for chgrge ion is 0.013) compared with the féective potential for a two-macroion case
colloidal systems. With the position of colloidal particles with the samet and the lower graph shows theference of éective potential

(macroions) fixed, the equilibrium distribution of small ions

at room temperature was investigated afidaive mean force ) ) ) ) )
acting on each macroion was evaluated planning to do several approaches. One is a simulation with

In a single macroion system, the charge of the macroion igressure constant c_onditions; summing up the chemical poten-
screened by the counter ions as expected. The screening B! of each species is another.
comes more complete when the macroion charge increases, and
some quantitative deviatioln from the solution of the ImearizedAcknowledgement
Poisson-Boltzmann equation was found. Although the system
is highly inhomogeneous, the chemical potential of small ions
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was constant throughout the system, as expected from the th?férsity) Prof. J. Yamanaka (Nagoya City University) and
modynamic equilibrium conditions. '
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The dfective potential (Helmholtz free energy) between ( ) g
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two macroions was evaluated with the thermodynamic integral apan Space Forum
method. The interaction is repulsive in general, except for some '
extreme cases where counter ions have large charge. We also
found that many-bodyfeect isattractive in the short separation References
distance.
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