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Finite Type System of Partial
Differential Operators and
Decomposition of Solutions of

(*

Partial Differential Equations

by
Shigetake MATSUURA

§1. Introduction, ;)(D}~ponvexitz,
First we fix some notaions. Let ¢ be an open set in the

n~-dimensional Euclidean space R™ whose points shall be denoted

§

by their coordinates x = (xy,--+,x) . Let Q{Xl’ﬁ'°;xn} be
the polynomial ving in n variables X = (X1,=-~,Xn} over the
complex number field ¢

A partial differential operator with constant coefficients
P(D) is obtained from the polynomial PX) € C{Xy, -+, X 1 just

by replacing the variables X = (X, »»~,Xn} by the differenti-

l ¥
P 3 Ty o 4 R A n - 8 PR
ations D = (Dl,---,Dn} with Jj T (i = 1,2,.--,n) .
3

Now let SD(X) = (?ik{X}) be a matrix with q rows and p

- columns with coefficients in m{xj,..~,xn} . Xy = {ij(X))

be a relation matrix with v vrows and g columns for 3}{X) N
i.e. the row vectors {le(x},«-~,Qiq(X)} {(j = 1,.+¢,7r}) generat

the relation module

(*) The content of this article was partly spoken in a slightly

different form in S&minaire MALGRANGE {1964) # Orsay.
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. QT(X}PTREX) =0 (k = 1,+¢4,p)

j
Then we get the following differential complex

o

D 1P ERL (719 =2, o7y
Dy P (D) =0

DEFINITION. An open set o in R” is called P (D)-conves
if the above sequence is exact.

EXAMPLES.

1} For the case of a single operator P{D) (p = g = 1)

,

the exactness of (1.1} is reduced to the subjectivit

g

Y 3 S PN -
.23 P(DIC {2} = C{a) ,

Faa
frnd

since the rvelation module is © . Thus the concept of P (D)-
convexity is a generalization of that of the usual P{Dj-convexity
(see {3], [41).

; : e . s .
2} When jﬁ(n) = D;L‘i is the gradient operdtor, the exa:t-

\2,.

ness is just the vanishing of the first de Rham cohomology group

{(1.3) H (w, €y = 0

3} If we identify the complex space ™ with RY (n = 2m)

N

in the usual manner, then the pseudo-convexity of an open set 2

can be characterized by the exactness of the following sequence
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where C?U O denotes the space of all ¢ -forms of type [0,q)

defined on o {see [2}, [5]}. This tan be stated as the exact-

ness of the

e w ; / = - 2 T o= £
with F, Cro oy la) = 5 C,, ,,,i{_a; ., B, = {al.
L L gt ] q:: gvs\i_f e
Thise v ¢ D P n form [1.71)
nus 1t ¢ written in Form {1.4).

4} "When D(D) is quite general, we know only the following

1.1, {Ehrenpreis-Malgrange) I7 0 is convex, then
-~ 2o AR g s Ty o o Y -y T
8 is  P{Y)-conver any (D) {See [11, 121, [51).
§2. Finite type systems of partial differential operators.

In the preceeding section, we have explained the (D}~

CoOnvex ity

example ‘But, other than these, no general

results are known. Therefore it-will have some meaning to state

&

YT . o N . o ;o ) . . G .
THED! simply comrnectea, then [ 1sg jD{U}-

(%
typer )

conver Fer any

vroof of the above theorem, we should

explain some notions,

o

To a matrix

= Q?ik{y}} with q vrows and p columns
we associate the ideal & w‘ﬁﬁ})} generated by all the (p,p)-
minors of P(X). (If p > g, we only put g = 0.) Let V = V{

be the algebraic variety defined by #H(P) , i.e.

VP) = fceth  P(2) = 0 for all PegZ(P)} .

{"} See the definition below.

Q"



This is called the variety attached to the system of differential
operators 33(9}.

DEFINITION. A system of partial differential operators jD{D}
is called of finite type if the attached variety is of dimension

0, i.e. V{;)) consists of only a finite number of points.

Now consider the following homogeneous equation
(2.1) ;)(B}U = 0
s - ~% oy 1D
where U is an unknown element of [T (n)]°

Then, using Hilbert's Nullstellensatz, it is not di¥fficult to show

the following

N
[

LEMMA The vector space over & of the solutions of (2.1)

type. And then the solutions of (2.1) comnsist only of entire
funcetions, more precisely the exponential-polynomial scluiione of
(2.1).

To préye Theorem 2.1, first we fix a covering of o by its
convex opeh ‘subsets: 0 = S, and consider the equatidn

1

(2.2) POV = F
where F ié‘an arbitrary given element in {Cw(ﬁ)jq such that
(2.3) . ' O(MF = 0 .

In each convex open set 2, o, we can apply Theorem 1.1. and
we get a so}ution in Q- in the intersection FRART of two

such convex open sets, the difference of the solutions should
v I .

¥



satisty the homogeneous equation (2.1). Hence, according to the
above lemna, we get a sclution of (2.2} in the union @, Va4, by
adjusting ghmse splutions by a certain entire function. Now start-
ing at some fixed point we can proceed along curves repeating such
adjustiments in a manney similar to the usual analytic continuation
in function theory. The resulting solution U should be univalent

o~

ng to the assumption that €  be simply connected. This

shows that (1.1} is exact. This completes the proof.

3

" v

§3. Decomposition of solutions of partial differential equations.

Since partial differential operators with constant coefficients

operate on commutatively, we see cleariy that

(1) For any peir of polvnomials P., P, and for any pair of
J 3 5 ; i 2 ;¥
- ) & ¥ 4
functions wu,, u,€C {2} such that
(3.1) Pliﬂ}ul = 0, ?3(3§Uq =0

the sum

{3.23 U o= u, + 1.
satisfies the equation for the product cperator
(3.3) PR, (DIu = 0

(IT) For any polynomial P and for any multiindexed family

‘ o . . % - .
of solutions u €C (a) {lal = vwl)( ) of the equation

{(*) For a multiindex g = (aj,‘~~,& }  {& sequence of non-negative
integers) we set J|al| = 4+ esst g, If o= (X, e is
eg 3 5 la ay % If x (x5 ,xn}

- [+
. . o i n
variable point, we set Xx = X, eeeX .



(3.4} Py = 0
the sum

{3.5) u o=

is a solution of the equation for the

~~
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Our question is to ask when the converses of the above facts
are true, naturally assuming always that

(i) Py ond P, have no common factor
for the converse of {IY, and that

{iiy P <4s irredusible

for

b
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THEOREM 3.1. If o 4s g}(b}uesnvex with

»f 2
then amu aolasd s . -g‘”rp‘ of {3.3) can be de.
bnen gauy solution u g (8) of (3.3) can be de
Fform (3.2} with {3.1). LCenversely, if each U of (3.3%)
zan be written <n the form (3.2} with (3.1) and 4f o 4is Pi(L}PT

convex, then O isg P (D) -conves,
DEFINITION. We say that an open set @ is a decomposing

domain if the converses of (1) and (I1) are true for all Pi, p

Z
and P satisfying the conditions (i} and (ii).

Appiicatianlef ﬁhrehpreis—Malgrange’s theorem thus shows

THEOREM 3.2. 717 g is convewr, then Q dis g decomposing
demain.

In the plane R® » We Can prove a more precise result, using

TheOrem 2.1,

THEOREM 3.3, 4x cpen set § 4im R g a decomposing domain
if and only if o 4s simply connected.
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The "only if" part comes from the fact that, for an open set

2 in the plane §R2 , the vanishing of the first de Rham cohomology

group (1.3} is equivalent to the simple-connectedness of 2 gﬁ)

Theorem 3.3 is no longer true for n > 3.

1f we restrict ourselves to the polynomial or exponential
polynomial sclutions then we get, by a purely aigebrait argument,
the following

THEOREM 3.4. If we assume (i) and (ii), then any polyromial
(resp. ezponential-polynomial) solution of (3.3) or {(3.6) can be
decomposed into the form (3.2) or (3.5) with up, U or u

polynomials (resp. exponential-polynomials),

The content of the present article can be considered as a
completion of our previcus work [6]. The more detailed treatment

shall be published elsewhere.
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