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Abstract 

In this paper, we show some important properties of a resolvent with a 
general perturbation for convex functions on an admissible complete CAT(l) 
space. We further investigate an approximation theorem to a minimizer of a 
convex function by using the proximal point algorithm with a general pertur-
bation in an admissible complete CAT(l) space. 

1 Introduction 

The proximal point algorithm was started to study by Martinet, Rockafellar, and 
Brezis&Lions [3, 11, 13]. In 1976, Rockafellar [13] proposed this method in a Hilbert 
space. The sequence {xn} of a Hilbert space H which is generated by 

Xn+l = aryg~叩{f(y)+±lly -x』|2}
is weakly convergent to a minimizer of a proper lower semicontinuous convex function. 
In a complete CAT(O) space X, Ba砥k[1] showed that the sequence defined by 

Xn+l = ary~芯in{ J(y) +よd(y,Xn)2} 
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satisfies the following properties: 

• There exists a positive real number K such that 

K 
f (Xn+1) -inf J(X) ~ど[=1 心

• {xn} is△-convergent to an element of argmin x f; 

for more details, see also [12]. 
In 2017, Kimura and Kohsaka investigated the proximal point algorithm on an 
admissible complete CAT(l) space. Let X be an admissible complete CAT(l) space. 
They showed that the proximal mapping 

1 
如＝ aryg芸in{ J(y)+l tan d(y, x) sin d(y, x)} 

of a proper lower semicontinuous convex function f is well defined as a single-valued 
mapping, see [8]. They also showed that the sequence generated by Xn+l = Q心Xn
satisfies 

C 
f(xn+i) -inf f(X) ~ ~(1 -cosd(x1,P)) 

どk=1入K

for all p EX, where C is a positive real number. Moreover,｛卯｝is△-convergentto 
an element of argminx f, see also [9]. 
In this paper, we show some important properties of a resolvent for a convex func-
tion with a general perturbation on an admissible complete CAT(l) space. We further 
investigate the convergence theorem to a minimizer of a convex function by using a 
proximal point algorithm with a general perturbation. 

2 Preliminaries 

A mapping T on a metric space X is said to be quasi-nonexpansive if d(Tx, u) ~ 
d(x, u) for all x EX  and u E F(T), where F(T) is the set of all fixed points of T. For 
x,y EX, a mapping冗yfrom [O, £] into a metric space X is called a geodesic joining 
x and y if the following conditions hold: 

・況y(O)= x; 
・冨(£)= y; 
• dbxy(s), 1xy(t)) = Is -ti for alls, t E [O, £]. 

Let D E ]O, oo]. A metric space X is called a D-geodesic space if there exists a 
geodesic ixy for each x, y EX  with d(x, y) < D. In this paper, we always assume the 
uniqueness of ixy・ In this case, we can define a convex combination between x and y 
by tx① (l -t)y = ixy((l -t)d(x,y)) for each x,y EX  and t E [O, 1]. 
A 1r-geodesic space X is called a CAT(l) space if the inequality 

cosd(tx①(1-t)y,z)sind(x,y) 
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~ cos d(x, z) sin(td(x, y)) + cos d(y, z) sin((1 -t)d(x, y)) 

holds for all x, y, z EX  with d(x, y) + d(y, z) + d(z, x)く21rand t E [O, 1]. A CAT(l) 
space Xis said to be admissible if d(x, y)く 1r/2 for all x, y EX; for more details, see 
[2, 4, 14]. 
Let X be an admissible complete CAT(l) space. An asymptotic center A（｛卯｝） of
a sequence { Xn} of X is defined by the set 

A（｛卯｝） ＝ ｛U E X linm-+四pd(u，咋） ＝ ：gtlinm-+s:pd(y，孔）｝．
A sequence {xn} is△-convergent to an element x in X if A({ Xn; }) = { x} for all 
subsequences { XnJ of { Xn}-In this case, we call x a△-limit of { Xn}. The set of all 
△-limits of△-convergent subsequences of { Xn} is denoted by w△({xn}). A sequence 
{xn} of Xis said to be spherically bounded if 

inf, lim sup d(y，在） ＜1r/2. 
yEX n→00 

The following crucial properties are well known. 

Lemma 2.1 ([5, 10]). Let X be an admissible complete CAT(l) space and｛咋｝ a 
spherically bounded sequence of X. Then A({ Xn}) consists of one point and { Xn} has 
a △-convergent subsequence. 

Lemma 2.2 ([6, 7]). Let X be an admissible complete CAT(l) space and {xn} a 
spherically bounded sequence of X. If { d(z，Xn)} is strongly convergent for each z E 
唸（｛砂｝），then{xn} is△-convergent to an element of X. 

A function f from X into ]-oo, oo] is said to be 

• proper if f手 oo;
• lower semicontinuous if 

f(x) ~ liminf f（卯）
n→(X) 

whenever a sequence { xn} of X is strongly convergent to x; 
• convex if 

J(tx① (1 -t)y) ~ tf(x) + (1 -t)f(y) 

for all x,y EX  and t E ]O, l[. 

It is known that if f is a proper lower semicontinuous convex function, then 

f(x) ~ liminf f(xn) 
n→(X) 

whenever a sequence { xn} of X is△-convergent to x, see [8]. 



150

3 Properties of a resolvent of a convex function 
In this section, we discuss important properties of a resolvent with a general per-
turbation of convex functions. Through this paper, we always assume that X is an 
admissible complete CAT(l) space, f is a proper lower semicontinuous convex func-
tion and the resolvent 

如＝ ary~芸in{ J(y)+：叫cosd(y,x))}

off is a single-valued mapping, where入＞ 0andゃafunction from ]O, 1] into [O, oo[ 
satisfying the following conditions: 

•'P is strictly decreasing; 
•叫1) = O; 
•'P'is differentiable and'P'is continuous. 

It is well known that F (R刈＝ argminx f. For the sake of completeness, we give the 
proof. Let u E argmin x f and y E X. Then we have 

1 1 
f(u) + i'P(cosd(u,u)) = f(u) ~ f(y) ~ f(y) + i，っ(cosd(y, u)) 

and hence R四＝ u.Thus argminx f C F (R刈． Conversely,let u E F (R刈，yE 
X¥{u} and t E ]O, l[. Then we get 

and hence 

入f(u)=入f(u)+'P(cosd(u,u)) 

こ入f(R辺） ＋'P (cosd (R>.u, u)) 

三入f(ty① (1-t)u) +'P(cosd(ty① (1 -t)u, u) 

こ入tf(y)+入（1-t)f(u) +'P(cos(td(y, u))) 

f (u)~ J(y)+~-

Letting t↓0 and using l'Hospital's rule, we get J(u)~ J(y) and hence u E argminx f. 
Therefore we get argmin x Jコ F(R砂
We next show important inequalities to consider convergence theorems with the 
proximal point algorithm. 

Theorem 3.1. Let入 andμ be positive real numbers. Put C入，z= cosd(R入z,z) for 
each z EX. Then 

d(R泣，y)
入(f(R入x)-f(y))こ忍(C入，x)~(cosd(x, y)- C入，xcosd(R入x,y)) 

sind(R泣，y))
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for all x, y E X with R豆＃yand 

（犀(Cμ,u)Cμ,y＋匹＇（ O ）C入，x)cosD 
こ岸(Cμ,y)cosd(R>-x, y) +匹'(C入，x)cosd(x, Rμy) 

for all x, y EX, where D = d(R>-x, Rμy). 

Proof. Let x, y E X with R豆＃yand t E ]O, 1[, and put£= d(R.>-x, y). Then, by 
the convexity of f and the definition of R入， weget 

入f(R泣）十<p(C入，x)

こ入f(ty①(1-t)R泣）十<p(C氏(d(ty①(1-t)R入x,x))) 

;£ t入f(y)+(l-t)入f(R豆）十<p(cosd(x,y)sin(tf：：：入，xsin((1-t)f)) 

and hence 

入(f(R入x)-f(y)) ;£（ゃ（△（t)/sin£) -<p(C入，x))/t,

where△(t) = cos d(x, y) sin(t£) + C入xsin((l -t)C). Then we notice that 

△'(t) =£cosd(x,y)cos(t£)-CC入，xcos((l -t)C). 

Taking the limit as t tends to O and using l'Hospital's rule, we have 

£ 
入(f(R入x)-f(y));£ <p'(C入，x)~(cosd(x, y) -C入，XCOS£). 

sin£ 

This is the first inequality. 
We next show the second inequality. Let x, y E X with R泣＃恥y.From the first 
inequality, we obtain 

and 

D 
µ入(f(R豆）一f(Rµy))~ µ1.p'(C入，x)~(cosd(x,Rμy) -C入，xcosD) 

sinD 

μ入(f(Rμy)-f(R豆））こ犀(Cµ,y)~(cosd(R>.x, y)- Cμ,ycosD) 

Adding both sides of these inequalities, we get the desired result. If R点＝ Rμyit is 
clearly satisfied. ロ

We remark that凡isquasi-nonexpansive. In fact, we have 

(cp'(C入，p)+ cp'(C入，x))cos d(R泣，p)~ cp'(C入，p)cosd(R>.x,p) +屈(C入，x)cos(d(x,p)) 

for all x E X and p E F(R入）． Therefore,we get cosd(R>.x,p) ~ cosd(x,p) and thus 
d(R泣，p)~ d(x,p). Consequently, R入isquasi-nonexpansive. 
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4 The proximal point algorithm 
In this section, we show a convergence theorem to a minimizer of a convex function 
by using the proximal point algorithm. 

Theorem 4.1. Let｛入n}be a sequence of JO, oo[ with 江~=1 心＝ oo, x1 EX  and 
Xn+l = R.xn在forall n E N. Suppose that <p1 satisfies either strict increasingness 
or nonincreasingness. If argminx f is nonempty, then there exists a negative real 
number L such that 

1rL 

f (xn+1) -f(p)；；；；立；＝1入;(cosd(x1,P)-1) 

for all p E argmin x f. Moreover, { Xn} is△-convergent to a minimizer of f. 

Proof. Ifゃ’isnonincreasing, then 

凶C心，Xk)こinf<p'(C心，x,,,)=凶1)E ]-oo,O[. 
mEN 

Suppose that cp'is strictly increasing. Let p E argminx f. By Theorem 3.1, we have 

〇こ心(f(Xm+1)-f(p)) 

d(xm+1,P) 
~ l.f)'(C心，xrn)~(cosd(xm,P) -C心，xrncosd(xm+1,P)) 

sin d(xm+l, p) 

for all m E N. Since i.p is strictly decreasing, we obtain 

cosd(xm,P)-cosd(xm+1,xm)cosd(xm+1 ,P)~o 

and hence 

cosd(xm,P) ~ cosd(xm+1,xm)cosd(xm+1,P)~ cosd(xm+1,xm), 

Therefore, we get d(xm+1,Xm) ~ d(xm,P) ~ ・・・ ~ d(x1,P) since R入 is quasi-
nonexpansive. It implies that 

l.f)1(C>..k,Xk) ~畠］い'(C>..rn,xrn) = 1.()1 (cos(：：心d(Xm+1，知）））こ凶cosd(x1,P)).
Thus, there exists a negative real number L such that屈(C心，Xk)~ L. Further, we 
notice that t/ sin t ~ 1r /2. 
On the other hand, by the definition of Xn and R心 wehave 

f(p) ~ f(咋＋1)
1 

こf(xn+1)+ -r.p(cosd(xn+1，咋））
入n
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1 
~ J(xn) + -f--cp(cosd(xn,Xn)) = J(xn) 

入n

for all n EN. Moreover, by Theorem 3.1, we have 

d(xk+1,P) 
入k(j(xk+l)-f (p))~ cp'(C入K ぶk)~(cosd(xk,P)- cosd(xk+1,p)) 

sin d(xk+l, p) 
1rL 
こ了(cosd(xk,P)-cosd(xk+1,P)), 

and therefore 

n 
TL TL 

こいf(xk+1)-f(p))こ了(cosd(x1,P)-cosd(xn+1,P))~ T(cosd(x1,P) -1). 
k=l 

Since f(p)；；；f(xk十リ；；；f(xりforall k E {1, 2,..., n }, we obtain 

n 
1rL 

(f (xn+1) -f (p))と入k~ ~(cosd(x1,P) -1) 
k=l 

and thus we get the desired result. 
We next show that {xn} is△-convergent to p E argmin x f. By the inequality 
above, {f(xn)} is strongly convergent to f(p) as n tends to oo. Take a△-convergent 
subsequence { XnJ of { Xn}-Let z be the△-limit of { XnJ-Then, we know that 

f(z) ~ li!:Ilinf J(xnJ = J(p) 
t→OO 

and thus z E argminx f = F(R心）． SinceR入nis quasi-nonexpansive, we have O ~ 
d(xn+1,z) ~ d(xn,z). Therefore, {d(xn,z)} is strongly convergent. Consequently, by 
Lemma 2.2, {xn} is△-convergent to xo E X. From the argument above, xo is an 
element of argmin x f.ロ
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