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LOCALLY DEFINABLE C 00e APPROXIMATION OF LOCALLY 
DEFINABBLE ere MAPS 

TOMOHIRO KAWAKAMI 

ABSTRACT. Let G be a finite group. Consider an a-minimal expansion n = 
(JR.,<,+,•, ... ) of the field JR. of real numebrs and 0 ~ r < oo. If R admits 
the c= cell decomposition and is exponential, then we prove that every lo­
cally definable er G map between affine lcoally definable c= G manifolds is 
approaximated by locally definable c=c maps. Moreover we consider its 
applications. 

1. INTRODUCTION 

Let R = (IR,+,•,<, ex, ... ) be an exponential o-minimal expansion of the field 
IR of real numebrs with C 00 cell decomposition and let O :s; r < oo. Everything 
is considered in R, the term "definable" is used in the sense of "definable with 
parameters in R" . 

Locally definable er manaifolds are defined in [6]. General references on o­
minimal structures is [1]. 

Let e be a finite group. The definable version of definable C 00 approximation 
of definable er maps is studied in [2]. 

We prove a locally definable version of [2]. It is published in [5] without proof. 
The proof is presented in this paper. 

Theorem 1.1. Let e be a finite group and O;:;; r < oo. Let R = (IR,<,+,•, ex, ... ) 
be an exponential a-minimal expansion of the field IR of real numebrs with C 00 

cell decomposition and X, Y affine locally definable C 00e manifolds. Every locally 
definable ere map f : X --t Y is approximated by locally definable C 00e maps in 
the er Whitney topology. 

Definable er manifolds are studied in [3], [7]. 

2. LOCALLY DEFINABLE Cr MANIFOLDS 

We recall defnitions in [6]. 
A subset of X of !Rn is locally definable if for any x EX there exists a definable 

open neighborhood U of x in !Rn such that X n U is definable in !Rn. Note that 
every definable set is locally definable and any open set is locally definable. 

Let W C !Rn, V C !Rm be locally definable sets. A map f : W --t V is locally 
definable if the graph of f is locally definable. For example, if R = Ran,exp, then 
f: (0, 1] --t IR, f(x) =sin¾ is locally definable but not definable. 
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Note that for every locally definable continuous map f between locally definable 
sets X and Y, if Xis compact, then f(X) is a definable set and f : X--+ f(X) is 
a definable map. And that the field (Q) is not locally definable subset of R 

Let W c IR.n, V c IR.m be open sets. We call a er map f : W --+ V a locally 
definable er map if f is locally definable. A locally definable er map is a locally 
definable er dif feomorphism if there exists a locally definable er map h: V--+ W 
such that f o h = id and h o f = id. 

Definition 2.1 ([6]). Let 0 :S:: r :S:: oo. 
(1) A locally definable subset X of IR.n is a d-dimensional locally definable 

er submanif old of IR.n if for every x E X there exists a definable er diffeomor­
phism (a definable homeomorphism if r = 0) ¢ from some open definable neigh­
borhood U of the origin in IR.n onto some definable open neighborhood V of x 
in IR.n such that ¢(0) = 0,¢(JR.d n U) = X n V, where JR.d = {x E IR.nllast (n -
d) componets of x are 0}. 

(2) A locally definable er manifold X of dimension dis a Hausdorff space 
with a countable system of charts { ¢i : Ui --+ JR.d} such that for each i, j r/Ji (Ui n Uj) 
is a definable open subset of JR.d and the map rpj o ¢;1 : ¢i(Ui n Uj)--+ rpj(Ui n Uj) 
is a definable er diffeomorphism. These charts are called locally definable er. 

(3) Let h be a er map between locally definable er manifolds X, Y. The map 
h is a locally definable er map if for every x E M, there exist definable open er 
neighborhoods of U1 of x in M and U2 of f(x) in N such that f(U1 ) C U2 and 
flU1 : U1 --+ U2 is a definable er map. 

( 4) Let X, Y be locally definable er manifolds. We say that X and Y are locally 
definable er diffeomorphic if there exist locally definable er maps f : X --+ Y and 
h : Y --+ X such that f o h = id and h o f = id. 

(5) A locally definable er manifold is affine if it is locally definable er diffeo­
morphic to a locally definable er subamanifold of some IR.1. 

A representation map of a is a lcoally definable er group homomorphism from 
a to O(n). A representation of a is a representation space of a represetation map 
ofa. 

Definition 2.2 ([6]). Let 0 :S:: r :S:: oo. 
(1) A locally definable er submanifold of a representation n of a is a locally 

definable era submanifold of n if it is a invariant. 
(2) A locally definable era man if old is a pair (X, 0) consiting of a locally 

definable er manifold X and a group action 0 : a x X --+ X is a locally deifnable 
er map. For simplicity of notation, we write X instead of (X, 0). 

(3) Let X, Y be locally definable era manifolds. A locally definable er map is 
a locally definable era map if it is a a map. We say that X and Y are locally 
definable era dif feomorphic if there exist locally definable era maps f: X--+ Y 
and h : Y --+ X such that f o h = id and h o f = id. 

( 4) A locally definable era manifold is affine if it is locally definable era 
diffeomorphic to a locally definable era subamanifold of some representation of a. 

Recall existence of definable e00a tubular neighborhoods. 

Proposition 2.3 ([4]). Let a be a compact subgroup of aLn(IR). Let X be a 
definable e00a submanifold of a represetation of a. Then there exists adefinable 
e00a tubular neighborhood (U,p)of X inn. That is U is a a invariant definable 
open neiborhood of X and p : U --+ X with plX = idx. 
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3. PROOF OF OUR RESULT 

Proof of Theorem 1.1. Let X, Y be locally definable C 00e subamnifolds of 
representations n, B of e, respectively. By replacing n x ~,Bx~, we may assume 
thet X, Y are closed. 

For n EN, Nn = {x E Din -1 <::'. llxll <::'. n + 3}. 
Let Xn = XnNn. Since Xn is compact, XnN~ is a definable C 00e submanifold 

of n, where N~ denotes the interior of Nn. Thus there exists a polynomial map 
H : Xn -+ B is a definable er approximation of flXn. By averaging H, we may 
assume that H is a e map. Since Y n f(Xn) is compact, Yn := (Y n f(Xn)) 0 is 
a definable C 00e submanifold of 3. By Proposition 2.3, there exists a definable 
C 00e tubular neighborhood (U, 0) of Yn. If the approximation is suffiencetly close, 
H(Xn) CU and hn := 0 o HIXn is a definable C 00e approximation of flXn. We 
glue these hn. We can find a locally definable 0 00 function ¢ : ~-+~such that 
for each n E 4N + 1, ¢I ( n - l, n) = 1, ¢I ( n + l, n + 2) = 0, 0 «:::: ¢ «:::: 1 because n is 
exponential. Let 'lj)(x) = ¢(11xll)- Since we can glue hn using '!/J, we have a locally 
definable C 00e map F : X -+ Y. If the approximation is suffiencetly close, F is 
the required locally definable C 00e map. □ 

4. APPLICATIONS 

By a way similar to the proofs Theorem 1.1 and Theorem 1.2 [6], we have the 
following theorem. 

Theorem 4.1. Consider a finite group e and O < r < oo. 
(1) Every affine locally definable ere manifold is locally definable ere diffeo­

morphic to a locally definable C 00e manifold. 
(2) For two affine locally definable c00e manifold, they are C 1e diffeomorphic 

if and only if they are locally definable 0 00 e diff eomorphic. 
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