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TWO-DIMENSIONAL JACOBIAN CONJECTURE

Kyoto University MASAYOSHI NAGATA

This is a revised version of
Two-dimensional Jacobian Conjecture, Proc.
KIT Math. Workshop 1988, pp. 77-98, &
Some remarks on the two-dimensional Jacobian
Conjecture, Chin. J. Math. 17 (1989), 1-7.

The Jacobian Conjecture is formulated as follows:

Jacobian Conjecture. Let fy,..., fn be polynomials in z,,...,zn
over the complex number field C. If the Jacobian 0(fy,..., fa)/0(z:,
...,Zn) 1s a non-zero constant, then C[f,,..., fu] = Clz1,...,z,], or

equivalently, the mapping of C™ into itself defined by (z,,...,z,) —
(f1,-.-, fn) is biregular.

Once this is proved, one can replace C by any field of characteristic
zero.

If n = 1, then the conjecture is obviously true, and the case where
n > 2 has been a problem. '

The problem was formulated by Keller [K] in 1939. There are some
partial answers. Some of partial answers in the two-dimensional case
are based on convex polygons of f, g such that 9(f,¢)/9(z,y) is a
non-zero constant. Therefore, we shall discuss convex polygons of
polynomials, and, for the purpose, we begin with some remarks on
derivations of K|[z,y], where K is a field of characteristic zero.

Then we shall discuss how to apply our results on convex polygons
to some known partial answers. Then we try to generalize some results
of Abhyankar [A] and then some results of Appelgate-Onishi [AO] are
also generalized. :
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At the end of this article, we try to apply these generalized results
to the Conjecture. ‘ ’

Throughout this article, a ring means a commutative ring with iden-
tity. K denotes always an algebraically closed field of characteristic
zero. For a polynomial f in z, y, we denote by f;, f, its partial
derivatives. »

1. Some remarks on derivations of K[z, y].

First we recall the following theorem.

ZAKS THEOREM (ZAKS {Z]). If R is a Dedekind subring of a poly-

nomial ring over K and if K'C R, then there is a polynomial h such
that R = K[h]. |

From now on in this section, we restrict our observation to the
two-dimensional case.

For each polynomial ¢ € K{z,y}, we have a mapping f — 3I(f,
g)/9(z,y). This is a derivation of K{z,y], and we denote this deriva-
tion by dy. dg is obviously a K-derivation, i,e., d, is trivial on K.

THEOREM 1:1. Let d be a non-trivial K -derivation of K[z,y]. Then
the ring Cy of constants for d is either I or K[h] with an h ¢ K. In
this latter case, I[h] is integrally closed in K[z,y], and d = (g1/g2)dn
where g; € K[z,y] and g, divides both h, and h,.

'PROOF: Cy is integrally closed in K{z,y]. Therefore by Zaks the-
orem, we see that Cy is either K or K[h] (h ¢ K). Since d is a
derivation of K([z,y}, d = k;(8/8z) + k2(8/38y) (ki € K[z,y}), and in
the latter case, dh = 0, and k1 h- +k2hy = 0. Let g, be the GCM of k.,
hy and set g1 = g2k1/hy(= —g2k2/hz). Then we have d = (g1/g2)dn.

COROLLARY 1.2. For a polynomial h € K|z, y]|, there is a K-deri-

vation d of I{[z,y| such that its ring of constants coincides with K[h]
if and only if K[h] is integrally closed in K(z,y]. (Cf. [NNg|)

COROLLARY 1.3. If f, g (€ Klz,y]) satisfy 8(f,g)/d(z,y) = 0,
then there is a polynomial h so that f, g € K[h].



2. Convex polygons.

Let f € K|[z,y]. We denote by sup f the set of lattice points (1,])
on the plane R? such that the coefficient of z'y/ in f is not zero.
The least convex polygon containing sup f U {0} is called the convex
polygon of f.*)

By a direction, we understand a pair of rational integers p, q such
that (i) p > 0 or ¢ > 0 and (ii) p and ¢ are coprime.

We say that a polynomial f is a (p, ¢)-form of degree n if it is of
the form

> ayzy’ (e € K).
ip+jig=n

The degree n is denoted by dpg( f).

If f € K[z,y], then f has a decomposition to the sum of (p, g)-
forms: I

f=fau+-+fa, (d1 > +-->d,; each fy4, is

a non-zero (p, ¢)-form of degree d;)

We call fa, the leading (p, ¢)-form of f. Its degree d; is called the
(p, q)-degree of f and is denoted by dpe(f)-

For a (p,q)-form h, suph lies on a line. The least line segment
containing supk is denoted by Sup h (if suph consists of only one
point, then SGp h is a point). ;

REMARK. In the (p, q)-form decomposition of f above,

(i) if pg < 0, the fy, is the leading (—p, —¢)-form of f,

(ii) sup f is in between two lines pz + qy = d1 and pz + qy = d,,

and

(iii) the intersection of sup f and the line pz + qy = d; coincides

with sup f4, for each 1.

Consider two polynomials and their (p, ¢)-form decompositions:
f(z’}y)=fdl +’°'+fd.r g(z,y)=g¢l +---+ge-
Then 3(f,9)/(z,y) = ) _ 8 (fu;19¢;) /(<. y) and each

ij

*)This is often called the Newton polygon of f.
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a(fdnge,') /a(zvy)

is a (p, ¢)-form of degree d; + e; — p — ¢. Therefore we have (cf. [NB],
[NNK])

THEOREM 2.1.
(1) Ha(f’g)/a(zy y) = 07 then Z 3(fd.-,g¢,-) /a(I, y) =0 for

di+e;=k
each k and

(2) if 0(f,9)/0(z,y) is a non-zero constant, then the same equali-
ties hold except for the case k = p + q.

Now we have

THEOREM 2.2. ([AO], [NNk], [Nw]) If (f,9)/0(z,y) = 0, then
the convex polygon of f is similar to the one of g with origin as the
center of similarity and with ratio deg f : degg.

PROOF: First we consider the leading (1, 1)-forms fn, gn of f, g,
respectively. Then 9(fm,gn)/0(z,y) = 0, and there is a (1,1)-form
h such that fn = ah™, gp = bR™ (a, b € K). Therefore sup fm is
similar to SUp g, with origin as the center of similarity and with ratio
m : n. Take one end of each of 5Up fn, and 5GP ¢gn. They are (a,bd),
(¢,d) with n(a,b) = m(c,d). Take one direction (p, ¢) such that the
leading (p, q)-forms f', ¢’ of f, ¢ have terms z°y®, z°y? with non-
zero coeficients, respectively. Then, since 9(f',¢')/d(z,y) = 0, we
see that 5GP f' and SUp ¢’ are similar to each other with origin as the
center of similarity. Since the points (a,b) and (c,d) are on sup f’,
sup ¢', respectively, we see that the ratio is m : n. This can be applied
to any neighbouring edges successively, and we complete the proof.

3. 8(f,9)/9(z,y) = 1.
What we want to prove in this section is the following ;esult (cf.
[AO], [NNK]). ‘
THEOREM 3.1. IfO(f,9)/d(z,y) is a non-zero constant and if deg f

> 1, deg g > 1, then the convex polygon of f is similar to that of g,
with origin as the center of similarity and with ratio deg f : degg.

REMARK. The assumption on the degrees of f, g is important. For
instance, f =z,9=y+ z3 satisfy the Jacobian condition. But, the

convex polygon of f is a line segment and that of g is a triangle.
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From now on, in this section, f and g are in K[z, y] and 8(f, g)/9(=,

} y) =1.
Consider the following statement.

PROPOSITION 3.2. Ifdeg f > 1, degg > 1, then, for any direction
(p,9); dpg(f) +dpe(9) > P+ -

If this assertion is proved, in view of Theorem 2.1, (2), our proof of
Theorem 2.2 can be applied to prove Theorem 3.1. Thus, in proving -
Theorem 3.1, it suffices to prove Proposition 3.2. Main idea of our
proof of Proposition 3.2 is due to [NNKk].

LEmMMA 3.3. (1,0), (0,1) € sup f Usupg. Furthermore, if (0,1) ¢
sup f, then (1,0) € sup f.

LEMMA 3.4. Ifone of f, g, say f, is a polynomial in z only or in y
only, then deg f = 1. '

Proofs of these two lemmata are straightforward.

COROLLARY 3.5. Ifdeg f > 1, then the convex polygon of f is not
a line segment.

PROOF: Assume the contrary. By Lemma 3.3, sup f contains (1,0)
or (0,1). Then f is a polynomial in z only or y only. Then deg f =1
by Lemma 3.4.

For a polynomial h, we define t;(h) and t,(h) by:

ta(h) = max{s | (5,0) € sup hU{(0,0)}}
ty,(h) = max{s | (0,s) € sup h U {(0,0)}}

PROPOSITION 3.6. Ifdeg f > 1,degg > 1, thent.(f), t,(f), tz(9),
ty(g) are all positive. .

PROOF: It suffices to prove the assertion on t.(f) only. We may
assume that f has no constant term. Assume that t.(f) = 0. Then
we have a direction (p, q) such that (i) at least one point of sup f lies
on the line pz + qy = 0, (ii) p > 0, ¢ < 0, and (iii) no point of sup f
lies in the area pz + qy > 0. Lemma 3.3 shows that (1,0) € supg.
Let f', ¢’ be the leading (p, ¢)-forms of f, g, respectively. By our
choice of (p, q), we have d, (f') =0, dpq(¢') = p > p + q. Therefore,
by Theorem 2.1, (2), we have 3(f',¢')/8(z,y) = 0. Then there is a
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(p, g)-form h such that f', ¢' € K[h]. In view of the (p, q)-degrees,
dpqe(h) > 0, and therefore f' must be a constant; a contradiction.

PROOF OF PROPOSITION 3.2. We may assume that p > ¢q. Then
p > 0. dpo(f) 2 p-te(f) 2 ps dpg(9) 2 p- tz(9) 2 p. Therefore
dpe(f)+dpe(g) = 2p. Therefore, if p > g, then the assertion is proved.
Assume now that p = ¢q. Then p = 1. dpo(f) = deg f, dpg(g) = degyg
and dpg(f) + dpe(g) =deg f +degg 24 >2=p+gq.

4. Some of partial results.

- One nice and very difficult partial result is the one due to Moh
[Mo]. It says if 9(f,¢)/0(z,y) = 1 and if both deg f, deg g are less
than 100, then K[f, g] = K|z, y]-

It is too difficult to sketch the proof.

One of the partial results which are related to convex polygons is
the following theorem given by Magnus [Ma].

We maintain the meaning of f, g (8(f, 9)/0(z,y) = 1) also in this
section.

MAGNUs THEOREM. If deg f, degg are coprime, then K[f,g] =
K[z,y].

Let us see how Theorem 3.1 can be used in proving .this result.

PROOF OF MAGNUS THEOREM. If one of deg f, deg g is one, then we
see K|f,g] = K|z,y]. Therefore, assuming that both deg f, deg g are
bigger than 1, we shall see a contradiction. Let m = deg f, n = degg.
Consider the leading (1,1)-forms f', ¢’ of f, g. Then thereis a (1,1)-
form h such that f’, ¢' € K[h]. Since m and n are coprime, degh
must be one. Then we may assume that h = z. Consider ¢,(f), t,(g)
By Theorem 3.1, we have ty(f)n = ty(g)m, and ty(f) is divisible by
m, which contradicts 0 < ty(f) < m.

This result was generalized by Nakai-Baba [NB] to include the
following,.

NAKAI-BABA THEOREM. If the GCM of deg f, degg is 2, then
K(f, 9] = Klz,y].

There is one more generalization which is known. Namely,

APPELGATE-ONISHI THEOREM. Let f, g (€ K|z,y]) be such that

a(f7 g)/a(x, y) =1.



(1) If the GCM of deg f, degg is a prime number, then one of
deg f, deg g divides the other.

(2) If deg f is the product of two prime numbers, then K{f,g] =
Kz,y].

Their article [AO] contains some errors. But the proof can be
completed by our Theorem 3.1 and some results of Abhyankar [A].
We shall give a proof at the end of the article. |

There are several partial answers of different directions. For in-
stance, Abhyankar [A, (19.4)] states the following result.

ABHYANKAR THEOREM. Let f, g (€ K|z, y] ) be assumed that' a(f,
9)/8(z,y) is a non-zero constant. Then the following 4 statements are
_equivalent to each other.
(1) The assumption implies K{f,g] = K|z,y] (Jacobian Conjec-
ture).

(2) The assumption implies that f has only one point at infinity.

(3) The assumption implies that the convex polygon of f is a trian-
gle with vertices (0, 0), (m,0), (0,n) with non-negative integers
m, n. (Note that this include the case the polygon is a line seg-
ment.)

(4) The assumption implies that one of deg f, degg divides the
other. :

Abhyankar [A, (21, 11)] gives the following result also.

ABHYANKAR THEOREM. Under the same assumption as above, if
it follows that K(z,y) is a Galois extension of K(f,g), then we have

K(f, 9] = K[z,y]-
One can see some more partial results in [BCW].

In our study, we like to include the following partial result, which
is included in the Abhyankar theorem stated above.

THEOREM 4.1. If the assumption 8(f,g)/0(z,y)=1(f,g9 € K|[z,y])
implies that the convex polygon of f is a triangle (or a line segment),
then the two-dimensional Jacobian Conjecture is true.

The proof will be given later, because we need some preliminary
results.
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5. Leading (p, ¢)-forms.

In this section, we mean by a polynomial a polynomial in z, y over
K, unless the contrary is explicitly stated. '

Results in this section are based on Abhyankar [A] and we do not
give detailed references (some were generalized by Appelgate-Onishi

[AO]).
The following result is easily seen by our Corollaries 1.2, 1.3.
LEMMA 5.1. If f, ¢ are non-zero (p, q)-forms and if 3(f, g)/3(z,y)
= 0, then there is a (p,q)-form h such that (i) f, ¢ € KI[h], (ii)
K[h] is integrally closed in K[z,y]. In this case, if dps(f) # O, then

dpe(h) # 0 and there are ¢, ¢' € K and non-negative integers s, t such
that f = ch*, g =c'h". i

Two polynomials f, g are said to be (p, q)-related if the leading
(p, q)-forms of f, g satisfy the condition in Lemma 5.1.

LEMMA 5.2. Let f, g be non-zero (p, q)-forms of degree m, n, re-
spectively, then we have:

(1) mf = szz + qyfys ng = prg: + qygy
(2) pz-9(f,9)/0(z,y) =mfgy —ngfy
ay (f,9)/0(z,y) = hgf: —mfyg:

PROOF: (1) is easily seen by
pz(z'y’)z + qy(z'y’), = (pi + ¢j)z'y’.

As for (2), we have

pzd( £, 9)/8(z, y) = det (p"'f =/ )
PTGz Gy

— det (pzfz +ayfy fy)
pPTg: +qygy 9y

= det (T:; ';:) =mfg, —ngf,

The second equality is proved similarly.

For non-zero polynomials f, g, we define:

bpg(£19) = dpg(fg) — dpq(3(f,9)/8(z,y)) ~ P — ¢

LEMMA 5.3. Under the circumstances, we have (1) épq(f,g) 2 0



and (2) denoting by f', ¢' the leading (p,q)-forms of f, g, respec-
tively, we have 3(f',¢')/8(z,y) coincides with the leading (p, q)-form
of 8(f,9)/8(z,y) or 0 according to 8pe(f,g) is 0 or not.

PROOF: (1)is clear. (2) follows from the fact that dpe(f,9) —p—¢
~degree part of 3(f, ¢)/8(z,y) is 8(f',9")/8(=,y)-

LEMMA 5.4. Let f, g be polynomials such that dyq(f) # 0 and f
and 9(f,g)/8(z,y) are (p,q)-related. Then there is a polynomial h
such that f and 8(f, h)/d(z,y) are (p, q)-related and épq(f,h) =0

PROOF: If 6,4(f,¢) =0, then we may take g as h. Supposing that
6pq(f,g) > 0, it is enough to show that there is a polynomial h such
that f and 8(f,h)/3(z,y) are (p, g)-related and &p0(f, k) < &p4(f, 9)-

Let f', ¢’ be the leading (p, ¢)-forms of f, g, respectively. Lemma 5.3
shows that 9(f',¢')/8(z,y) = 0, and therefore f and g are (p,q)-
related, and there is a polynomial k such that f' = ck?’, ¢’ = ¢'k*
(Lemma 5.1). Then there is ¢’ € K such that ¢" # 0 and f*
and ¢’g* have the same leading (p,gq)-forms. Set h = f*' — g
Then 8(f, b)/3(z,y) =-3(f, "a°)[8(z,y) = ~c"sg*~13(£,9)/3(z,v).
Therefore f and 3(f,k)/d(z,y) are (p, g)-related.

dpq(O(f,h)/8(z,y)) = dpg(¢° ") + dpe((f, 9)/8(z,v))
= dpe(9°™") + dpy(f9) =P — ¢ = 6pg(£,9)
=dp(fg°) —p—q—bpe(f>9)
> dpq(fh) —pP—q~ 5pq(f;9)

This shows that §,4(f, k) < pe(f,9)-

COROLLARY 5.5. Let f be a polynomial such that dpq(f) #0. As-
sume that there is a polynomial g such that f and 9(f,g)/d(z,y) are
(p, q)-related. Then there are (p,q)-forms h, k such that the leading
(p,q)-form f' of f is ch® (c € K) and 3(h,k)/d(z,y) is c'h’ with

¢' € K and a non-negative integer t.

PROOF: By Lemma 5.4, we may assume that 8,4(f,9) =0. Let ¢’
be the leading (p, g)-form of g. Then by Lemma 5.3, 8(f',4")/8(z,v)
is the leading (p, ¢)-form of 8(f, 9)/8(z,y). Therefore, thereisa (p, ¢)-
form h such that leading (p, ¢)-forms of f, 3(f,9)/9(z,y) are ch’, c'h"
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(c, ¢ € K; s, u are non-negative integers). Since dpe(f) # 0, we have

s > 0. Now we have :

Ch* = 8(f', ¢')/(z,y) = B(ch*, ¢')/(z,y)
= csh*719(h,¢")/8(z,y).

Thus u > s — 1, and we have the assertion with t = u — s + 1.

The following lemma is due to [AO].

LEMMA 5.6. Let f be an irreducible (p, q)-form and g = h/k with
" (p,q)-forms h, k. Assume that

(1) dpe(g) = dpg(h) — dpq(k) is not zero and

(2) in the local ring R = K|(z,y](s), 0(f,9)/8(z,y) is divisible by

f-

Then g is divisible by f in R.

PRrOOF: By the assumption, we have

<qu ;ﬁy) (jy) = (nog)  (mod fR).

Multiplying matrix ( p:y ;") from the left, we have
- . \

(?:Z) = (3) (mod fR).

Since f is irreducible, we see that g € fR.

LEMMA 5.7. Let f, g be(p, q)-forms with d,4(g) # 0. If8(f,g)/8(z,
y) is divisible by f, then every irrducible factor of f divides g.

PROOF: Let h be an irreducible factor of f and let f = h'f; (fy
not divisible by k). Then 8(f,¢)/d(z,y) = ihi~1f; - 8(h,g)/0(z,y)
(mod h*). Thus 3(h,g)/8(z,y) =0 (mod h). Thus, by Lemma 5.6,
h divides g.

LEMMA 5.8. Let f, g be (p, g)-forms such that 8(f, g)/ (=, y) = fN
with a natural number N bigger than 1. If p+¢ > 0 and if dpe(f) 2 0,

then f divides g.
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PROOF: Let h be an irreducible factor of f and let f = hif;, g =
hig, with f;, g1 not divisible by k. If i < j, then k' divides g. Assume
that ¢ > j. :

N = 8(f,9)/8(z,y) = 8(R' f1, 1 91)/8(z,y)
= hi+ja(f1)gl)/a(:1 y) + ihi+j‘1f1 a(hv gl)/a(zy y)
— 7R q13(h, £1)/0(2,y)

Since ¢ > j, we see that ifla(h,g{)/a(z,y) — jq10(h, f1)/9(z,y) is
divisible by h. Consider k = g{/f] in the ring R = K [z, vl(n). We
have

a(h, k)/3(z,y)
=(o1~*/ fIT)(i/18(h, 91)/8(z, ) = §910(h, £1)/8(z, ¥))

and this is divisible by h. We shall show d,,(k) #0.

dpg(k) = i - dpe(g1) — 7 - dpg(f1) = 1dpe(g) — jdpe(f)-

On the other hand, Ndyo(f) = dpg(f) + dpe(9) — p — g, we have
dpg(g) = (N — 1)dp(f) + p+¢q. Since N > 1land p+4g > 0, we
have dpq(g) > dpg(f). Since i > j, we see that dyq(k) > 0. Now, by
Lemma 5.7, k is divisible by k, which is impossible. Thus ¢ < j. Since
this is true for every irreducible factor of f, we see that f divides g.

REMARK. As is stated in [A O], i < j for each h.

COROLLARY 5.9. Under the assumption in Corollary 5.5, if fur-
thermore dp,(f) > 0 and p + ¢ > 0, then the (p,q)-form k can be
chosen so that d(h,k)/0(z,y) = h® withs =0 or 1.

As a corollary to this, we have

PROPOSITION 5.10. Let f, g be polynomials such that 3(f, ¢)/d(z,
y) = 1. Let (p,q) be a direction such that p+q > 0 and dpg(f) >
0. Then there are (p,q)-forms h, k such that (1) the leading (p, q)-
forms f', ¢' of f, g are of the form ck®, c'k! (¢, ¢ € K) and (2)
d(h,k)/3(z,y) = h* with u = 0 or 1.

PROOF: By the definition, f and 8(f,¢)/8(z,y) are (p, g)-related.
Therefore, Corollary 5.9 shows our assertion.

.We shall pay attention to such a pair A, k in Proposition 5.10.
‘ — 163 —
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THEOREM 5.11. Let h, k be (p, q)-forms such that 8(h, k)/3(z,y) =
" 1. Then one of h, k is of degree 1. Consequently, K[h, k] = K|z, y].

ProOF: By the assumption, we have dpg(h) + dpe(k) = p + ¢q. We
may assume that the points (1,0), (0,1) are on the convex polygons
of h, k, respectively. Since h, k are (p, q)-forms, every term of h has
(p, q)-degree p. The similar is true for k.

(1) Assume first that p > ¢ > 0. Then k is of degree 1, or a
polynomial in y only, hence degk = 1 by Lemma 3.4.

(2) Assume now that p > 0, ¢ < 0. Then every term of k must
have negative (p,q)-degree. Then k is divisible by y. If degh > 1,
degk > 1, then by Theorem 3.1, we see that the convex polygons of
h, k are similar, hence both have vertices in the positive area of both
z-axis and y-axis, which is impossible. Therefore one of degh, degk
must be 1.

LEMMA 5.12. Let h, k be (p, q)-forms such that 8(h,k)/3(z,y) =
h. Then, (1) k must be reducible, provided that k has no constant
term, and (2) there is no irreducible polynomial f whose square di-
vides k.

PROOF: If k is irreducible, then h must be of the form ck* (c € K)
by Lemma 5.7. Then the Jacobian must vanish; a contradiction. Thus
(1) is proved. As for (2), assume that k = f'ky, h = fihy (i 2 2,

7 205 ky, hy not d.ivisiblebby f). Then the Jacobian must be divisible
by fi*1: a contradiction.

THEOREM 5.13. Let h, k be as in Lemma 5.12. Assume further-
more that pg > 0. Then k is the product of irreducible (p, q)-forms
ky, k2 and h is of the form ckikl (c € K; i, j are nonnegative integers

such that i #7).

PROOF: By the condition on the Jacobian, we have dyy(k) = p+q.
We may assume that p > ¢ > 0.

(1) If p = ¢, then degk = 2, and k is the product of two linear
forms kj, k2 by Lemma 5.12. Therefore, we see the assertion in this
case by Lemma 5.7.

(2) Assume that p > ¢ > 0. Let k = k;k; (by Lemma 5.12).
dpe(ki) 2> q, dpg(k1) + dpe(k2) = p + ¢ implies that one of dp,(k;) is

12



13

g. Thus we may assume that dpe(ky) = p and dyg(k2) = ¢. Then

“ky=cz+cyP1 (0#£c€ K; ¢ € K and if ¢ # 0, then ¢ = 1), and
k2 = "y with ¢’ € K. Therefore k; and k; are irreducible, and the
assertion is proved by Lemma 5.7.

COROLLARY 5.14. Under the circumstances, we have [k, k] =
K(z,y).

PROOF: Immediate from the proof above.

COROLLARY 5.15. Let f, g € K(z,y] be such that 3(f,g)/d(z,y) =
1. Then the convex polygon N¢ of f has no edge 5Gp f' such that f'
is the leading (p, ¢)-form of f with pq > 0 and the edges (a, b), (a',b")
of 5Up f' (a < a', b > b') are such that ab# 0, a’'b’ # 0.

PROOF: Assume that such an edge exists. By Corollary 5.9, there
are (p,q)-forms h, k such that d(h,k)/d(z,y) = 1 or h, and such
that f' = ch® with c € K. By Lemma 5.13, h can have at most two
different irreducible factors. By the assumption, h is divisible by =
and y. Thus f' = dz'y’ (¢' € K) and 5Gp f' is a point, not an edge.

Lemma 5.16. Let h, k be (1,0)-forms such that 3(h,k)/3(x,y) = h
and let xayb be the leading (1,1)~form of h. Then h, k can be
written as h = xah_l(y), k= xkli(y). ,

(1) If deg ky =1, then h, = (y-c)b with ¢ € K, disregarding
the constant factor, and b # a.

(2) Iy deg ky # 1, then b = a(deg kl). Furthermore, there is
a root ¢ of hy(y) whose multiplicity is at least a. However, no
root of hl(y) has multiplicity exactly a.

Proof. Set n= deg kl. By Lemma 5.7, n' cannot be 0. Assume
first that n = 1. Then % = :::aklb (disregarding the constant
factor). .If a =b, then the Jacobian of %, kvanishes, and a # b.

Asgume now that n # 1. Then (a+b)+(1l+n) - 2 > a+b . Therefore
(a+b+n-1)-degree part é(xayb,xy_n )/8(¢,y) must vanish, Thus
b =an. By Lemma 5.7, every root of hl(y) is a root of kl(y).
kl has »n roots and h1 has an roots. Therefore, some root, say c,
has multiplicity at least a. If the multiplicity is exactly a,
then by the transformation z-¢ =+ z, we may assume that ¢ = O.

Then the least degree parts of %,k are x’aya, zy . Then the Jaco-
- 165 —



14

bian of A,k has no term of degree 2 , a contradiction.

Deg k can be big, as one sees by the following example:

EXAMPLE 5.17. Let a, t, u be natural numbers such that u # a
and set v = ta + a — tu. Then e # v. With a nonzero element c of K,
we set k; = cy' +(a—v)"!, h = z°y”k? and k = zyk,.

In this case, b in Lemma 5.16 is v+tu = a(t+1). We can see easily
that 9(h,k)/9(z,y) = h.

Now we consider the case where p < 0. Let A,k be (p,q)-forms
such that 3(%,k)/3(x,y) = h. Set r = - p." Then (p,q)-forms of
degree 0 are poljmomials in T = a:qyr Therefore, h, k are written
as ki = 2% (T) (h(0) #0), k =ay k(7). Set m = deg hy(T),
n = deg ky(T). Then the leading (1,1)-form of & is <% witn
a =cmq, b = dtmr. Let al,"bl be natural numbers such that
a: b= ay : b1 and such that a,, b1 are coprime.

Lemma 5.18. Under the circumstances, assume.that p+q #0.

(1) If n = 0, then m =0."
(2) Assume that m # O. Then n # O and, by setting s = a1p+b1q,

(i) we have 1l+nq = aje, l-np = bje, p*q = se, a,-by = sn,

(i1) if furthermore p+q > O, then q >p+q 28 >0, ay > b,.

Proof. (1) follows from Lemma 5.7. Assume that m # O. Then
n #0by (1). Top ends of sup % and sup k are (a,b) and (1l4ng,
1l+nr), respectively. By the Jacobian condition, the Jacobian of
:cayb, x1+nqy1+nr must vanish. Thus l+nq = a,e, l+np = ble with
a natural number e. Therefore paje + qbje= p*q, aje-bje = n(p+q)
= nge. Therefore al—bl = ge. Now we have (ii).

Remark. Interchanging pand q, we can apply results above to
the case where q < 0. For instance, corresponding result to (ii)
above is: p > p*q 2 qlpfblq, b1 > ay.

8. Proof of Theorem 4.1.

Assume that the condition (£, ¢)/3(z,y) = 1 implies that the con-
vex polygon Ny of f is a triangle having vertices (a, 0), (0,3), (0,0)
with nonnegative integers a, 5. Under this assumption, we are to



prove the two-dimensional Jacobian Conjecture by double induction
on (m,n), where m and n are determined as follows. First choose one
of f, g, say f so that deg f < degg. Then take a, b as above for Ny.
Then m = max{a, b} and n = min{a, b}.
‘ We may assume that m = a. Since the polygon Ny is a triangle,
we have m = deg f. A

Take a direction (p, ¢) so that p: ¢ = b : a. Then the leading (p, q)-
form f' of f has its support on the edge of Ny (here, by the edge,
we mean an edge not on z- or y-axis). By Proposition 5.10, there are
(p, g)-forms h, k such that 8(k,k)/0(z,y) = h* with u =0 or 1 and
f' =ch’ withc € K.

(1) The case where u = 0, a = b. Then (p,q) =(1,1) and degh =
degk =1, K[h, k] = K[z,y]. Then, in terms of h, k, the degree of f
does not change and the triangle of f in terms of h, k¥ has only one

point (a,0) on the old edge of Ny. Therefore the other vertex of the
new triangle must be (0,4') with 5 < b.

(2) The case where u = 0, b < a. Since 5Gp A is parallel to the
edge of Ny, h is not linear, hence k is linear by Theorm 5.11, and
K[h,k] = K|[z,y]. If we express f in terms of h, k, then the degree
becomes s = a/(deg k). Hence the new m is smaller than the old m.

(3) The case where u = 1, a = b. Then (p,q) = (1,1) and k = k&,
with linear forms k; such that K[k, k;] = Klz,y]. Furthermore,
fl'=ch® h = c'ki'k{ (¢, ¢ € K). In terms of ki, k;, the highest
degree part of f is c"ki'ik;j (c" € K). Since the convex polygon must
be a triangle, one of ¢, ; must be 0. We may assume that 7 =0. The
original edge has ends (a,0), (0,a) and the new triangle has edges
(a,0), (0,") with ¥ < a.

(4) The remaining case, namely, u = 1 and b < a. OQur proof of
the case (3) can be adapted, because K[k, k;] = K|z,y] by Corol-
lary 5.14. '

7. An approach to the Jacobian Conjecture.

By our proof given above, it suffces to prove that the assumption
9(f,9)/6(z,y) = 1 implies that the convex polygon Ngof fisa
triangle having vertices (a,0), (0,5), (0,0) with nonnegative integers
a, b. .

Therefore we assume that there are polynomials f, g such that
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d(f,9)/3(z,y) =1 and the convex polygon Ny of f is not a triangle.
Then there is a direction (p, q) such that pg > 0 and the leading (p, q)-
form f' of f is such that SGp f' has an end (a,b) with ab # 0. By
Corollary 5.15, we may assume that the other end of 5ap f' is (a',0)
or (a,b). We apply Theorem 5.13 to f' and we obtain k and k = kyk,.
Since f' is divisible by z, we have k; = z, k; = y + cz?/9 in (d’,0)
case. If we express f in terms of ky, k,, then the new polygon has
(a,b) as a vertex, and the corresponding new edge has less value of @'
(as far as ¢ > 0). Considering the edge of the other direction, too, we
see that:

Keeping the vertex (a, b) to be a vertex, we can modify variables z,
y so that the convex polygon Ny is contained in the tetragon having
vertices (0,0), (a,0), (a,b), (0,).

By the symmetry of z, y, we may assume that a > b. Considering
the (1, 1)-leading form of f and applying Theorem 5.13, we see that
a # b. Therefore a > b. Then b is not a multiple of a, and we can
apply Lemma 5.16 to see that the situation is reduced to the case
where (a, b) is the unique point of N¢ lying on the line z = a.

Then we apply the remark to Lemma 5.18, and we see that there
is no edge of N, corresponding to a direction (p,q) such that

q < 0, ptq > 0, because a > b. Thus we reduced to the case ¥

f

is contained in the tetragon having vertices (0,0), (a — b,0), (a,b),
(0,b).

If a is not a multiple of b, then we can do the same to the edge of
the other side, and we can reduce to the case that the convex polygon
Ny is contained in a tetragon having vertices (0,0), (a — b,0), (a, d),
(0, ¢), where c is a positive rational number less than b.

If a is a multiple of b, then we can consider the leading (0, 1)-form
f", which is of the form y®F(z). Then, taking a ¢ in K such that

¢ is a root of F(z) with multiplicity @' bigger than b; the
existence is seen by applying Lemma 5.16 to (0,1)-direction.
Then we write f in terms of x-c, y. Then (a',b) is a vertex

of V..
f

Thus, our conclusion is the following:

THEOREM 7.1. If there is an f as above, then by a suitable choice
of ', y' such that K[z',y'] = K[z,y], the convex polygon of f in



terms of =', y' is as follows:

It has one vertex (a,b) such that a > b> 0 and a + b = (degree of
f in terms of z', y') and the polygon Ny is contained in the tetragon
having vertices (0,0), (a - b,0), (a,b), (0,b). Furthermore, (0,5) is
not a point of Ny. ,

If a is not a multiple of b, then (a,b) is the unique point of the
polygon lying on the line y = b.

If @ is a muiltiple of b, then N, may have another vertex

(a',b) (a>a' >b) on the line y = b.

Aiming to apply this result to some special cases considered by
Appelgate-Onishi [AO], we add a corollary to this. Namely, consider
f, g such that 3(f, ¢)/3(z,y) = 1 such that both deg f and deg g are
bigger than 1. Then Theorem 3.1 shows that the convex polygons Ny,
Ny are similar, and we see that there is a convex polygon W such that
Ny = mW, N, = nWW with natural numbers m, n (m : n = deg f :
deg g and m, n are coprime). Let us call this W the basic polygon for

[

COROLLARY 7.2. Under the circumstances, the vertex (a,b) in
Theorem 7.1 satisfies the condition that, setting a = ma,, b = mb,,
we have ay, by are natural numbers which are not coprime.

PROOF: Assume that ay, b; are coprime. First, consider the case
by = 1. Since (0, b) is not on Ny, W has no vertex on y-axis except for
(0,0), which contradicts Proposition 3.6. Assume now that b, # 1.
Then a is not a multiple of b. Take the edge of Ny having an end at
(a,b) and extending towards y-axis. Let (p,q) be the corresponding
direction to this edge (g > 0). By Theorem 7.1, p is negative. W
has an edge parallel to the edge and having (ay, ;) as an end. Since
W has a vertex lying on y-axis besides (0,0), a;jp + b;q > ¢q. Then,
Lemma 5.18 shows us a contradiction.

THEOREM 7.3. (APPELGATE-ONISI{I [AO]) Let f,g be polynomi-
als such that 8(f,g)/9(z,y) = 1.
(1) If GCM of deg f, deg g is a prime number, say p*, then K|f,g]

= Klz,y].
(2) If deg f is the product of two prime numbers p*, ¢* (p* may
be equal to q*), then K[f,g] = K[z, y].
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PROOF: (2) follows from (1) easily by induction on degg. Namely,
GCM of deg f, degg is one of 1, a prime factor of deg f, deg f. The
first case follows from Magnus theorem and the second case follows
from (1). As for the third case, since f, g are (1,1)-related, there are

¢ (€ K) and r (natural number) such that ¢ —cf" has degree less than
deg g. Thus the proof is completed by induction on deg g. Therefore,
it remains to prove (1). First, consider the leading (1,1)-form f' of
f. Let (a,b), (a',b') be two ends of 5Up f'.

(i) The case where b = a’ = 0: The convex polygon Ny of f is then
a triangle. Take (1,1) forms h, k given by Theorem 5.13, with respect
to f'. k = kyk, with linear forms ky, k2. If h = k}' kg with 15 # 0, then
in terms of k;, k;, we reduce to the case @’ =a # 0, b =b#0. In
the other case, we can reduce to the case @' =a=degf, b =b=0.

(ii) The case where @' = a # 0, ¥ = b # 0: a = ma,, b =

‘mb, with a; + b; = p*, where m = (deg f)/p*. Then a,, b; are
coprime. Applying the proof of Theorem 7.1 to this case, we have a
contradiction by Corollary 7.2.

(iii) The case where SUp f is not a point, but not the case (i): By
Corollary 5.15, either b = 0 or @’ = 0. By the symmetry on z, y,
we may assume that b = 0, a’ # 0. Take (1,1)-forms h, k given by
Theorem 5.13, with respect to f'. Then we can reduce to the case
(i1).

(iv) The remaining case: We may assume that a' = a = degf,
b' = b= 0. Let (a*,b*) be such that b* > 0 and such that the line
segment combining (a*,b*) and (a,0) is an edge of Ny. We can write
a* = ma,, b* = mby, a = ma,. Consider first the case where a* # 0.
Let (p,q) be the direction corresponding to this edge (p : ¢ = b* :
(a — a*) = by : (ay — az)). Consider the leading (p, ¢)-form f" of f,
and we take h, k given by Theorem 5.13. Then we can reduce to the
case where (a*,b*) is a vertex of the new polygon of f. a; + gb; = p*
because a = deg f = mp*. Therefore a;, b, are coprime. Therefore,
applying the proof of Theorem 7.1, we obtain a contradiction. Thus
a* =0, and Ny is a triangle. b* is a multiple of m. By Theorem 5.13
and its proof, we see that the corresponding direction (p, q) to the edge
is such that p = 1. Therefore b* is a factor of a = mp*. Therefore
b* = m. Now, we apply Theorem 5.13 to reduce deg f, keeping (0, b*)

to be a vertex. Since every coordinate of every vertex of Ny must be
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‘a multiple of m, any of other vertices must have 0 as its y-coprdinate.
Therefore, Ny is always a triangle, and we obtain the case where
deg f = m. Then degg is prime to deg f, and we have the assertion

by Magnus theorem.

As another application of our observation, we prove:

Theorem 7.4. Let f, g be polynomials such that 3 frg)a(x,y)
=1 and let D be the G.C.M. of deg f, deg g. on

(1) If none of deg f, deg g divides the other that D 2 9.
(2) IfD S8, then KIf,g] = Klz,y] and one of deg f, deg g
divides the other.

Proof. Since (2) follows from (1), it suffices to prove (1).
Let m, n be as in Theorem 7.1, In the reduction process of
the proof of Theorem 7.1, m : n does not change and deg f =
mD does not increase. Therefore we may assume that the polygon
Nf of f 1is as in the conclusion of Theorem 7.1.

Let KW be the basic polygon for f, g. By Theorem 7.1, w
has a vertex (a,b) (not the same as (a,b) in Theorem 7.1) such
that ¢ > b and such that there is an edge F of W such that (1)
the corresponding direction (p,g) is such that p <0 and (2)
(a,b) is an end of E. Since a > b, we have p+q > 0 by Propo-
sition 3.6. Now we apply Lemma 5.18 to this (a,b). Since E
is not a point, m in Lemma 5.18 is not 0. Thus we adapt the
gymbols used in Lemma 5.18.

(I) ae < a.

Indeed, the edge F is parallel to the line going through
(1,1) and (ale,ble). If a,e 2 a, then the line containing E
meets with y-axis at a point (0,y) with y <1 and ¥ cannot have
& proper vertex on y-axis.

(II) a,b are not coprime.

This follows from (I).
(III) b 2 3.

By (II), we have b > 1. Assume now that b = 2. Then, by
(I), we have by =e =1. Then l-np = bie=1, and p = 0Q,

which is not the case,
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Since (a,b) is a point of W, we have a+b £ D. If b24, then
a > b implies a+b 2 9. Assume that b = 3. Then by (II), a is
a multiple of 3. Since a > b, we have ¢ 2 6, and a+b 2 9.

Thus D 2 9.
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