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1 Introduction

7 < 13 Poincaré % Fuchs % &, #F T OEHTAZE & 4 2 BB 20 6 Wil 72 T #E
T SRS DWW TR T bt Tz, [10] 128V T, Kaneko-Zagier 12 & 2 fifh 2]
DH I k O slash FHITARZE L R 28I TR, bt “e2 27— IR
A ZER-BASINALIEITLD, EFE, Y 27 —HIBHM 7713 supersingular
j-polynomial %, fEEEBIECCTIRE S N3 %M & €Y 2 7 —#IEM Sy R D22 & DG
BIfR 2 O T OTREHBERBO N BIR &, A LURTBN 2R TH 5.

KL TlE, €Y 27 — MBI RNICBET 2 &2 IEL, 7, LEDOEY 27—
fopmor AERE, Y 2 7 —BIBEMAETH 5 Kaneko-Koike fEHF & Rankin-Cohen
RO THILTE 2 2 E2WE T 5. S 61, By Bl (modified derivative,
modified higher Serre derivative) JX X Z#1% H\>72 generalized Rankin-Cohen i %
ERTHIEICED, BV 27— TR AR L TE Aol L%
9 5.

AL DRIICEI L Thk 4 2 ZBIS 2 T E £ L 72, AKKIAIEAE, Don Zagier Ja/k, £ 7z,
HRERXTOFEICB L C TN TSRO EE Lt — 2 F 4 P —DERICOL & D&
HHL BT FET.

* AWFE RIS GRERS © JP18K03215, JP21K03138) D226 DTH 5,
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2 Basic definitions and preliminaries

k 2B, I C SLa(R) Z%8 1 fi Fuchs B & 92, Co L &, HE LBV H =
(r€CS(r) >0} BEOA AT (RU {ico} DEE T 12 &k % BERIEIAND) <IF M % B2
EXLT £, [(r) = F(1)™2 (for Yy € T) &7 ¥ & &, BIS f 13BE T ICBIT 21 &
DEI2F—HRTHZ L ). L, f| ] BES kD slash fEHETH D

bl = vty () ror = (0 g) e

CEEINDZLDOTHS, BlAlE, T =SLy(Z) LT, (IEHML) 74 ¥ v a1y
o

Ei(r) = Z (de 1) (k=4 8%, q=e*)

d|n

BRI kDEY 27 —BATH S, (By 13 kFBHDILX—AH)
E7, 9 TIEHIRO A 2 7005 T AR 2 7o T f, (0= 1,..., 7) ITX

LT
flb]) an ((’T—l—d)n

DORfRE R TR, f AT KT 2ES k, S (depth) r DEEY 2 F—FHKT
HHEVH, R, fo=fThHo. HlZE, ' = SLa(Z) I LT, Ex(r) = 1~
215, (Supnd) " BHE 2, EE 1OWEY 25 —BATH,

Bahbl(r) = a0+ 5y 7= (5 1) € 5a(@)

BT, 70, 9] Ik D AFEEAEE D C SLy(Z) ICBIT 2 (EHOES L, ES r #x
P27 feMEND) I

9i(T) + gr—2(T)Ea(7) + gea(T)Bo(T)? + -+ 4 gr—2r(T) E2(T)" (g € M, ()

ThHZoNS, 22T, Mp(D) 13, BT ICBT2EI koEY 27— %M,
MEIC) 2B T BT 2EE b, S r UFOMWEEY 2 7 —BROZM LT 5,

*1 B T 2% non-cocomapct G121 H A 7 DFIET 5. cocomapcet B AICIEE A 70,
*2 I k DIEEEE DA, multiplier system 2SETH 5.



3 Differential operators and Cohen-Kuznetsov series

Ioll, V27— clE T 2MaENEL2L525%,. 22T, D% D(f) =
(2771')*1% E9 %, i T 2% non-cocompact D E1cid, BIE o(7) & L TULT D4l
FEH 272 b DENE 2 LTSS

1 c a
Pla[v](T) = &(7) + omicr +d for v= (c Z) el
e Rankin-Cohen brackets [ , |
pat = () (1 o,

n—m m
m=0

e Kaneko-Koike operator ©

O (f) = D"(f) — (k +n— 1o, f15Y

n—1>

e the canonical higher Serre derivative (Villegas-Zagier) 8,[;] (f)
O (f) i = Ouan (O1(N)) +nn+ k= D)W (2 1),

o (f) = au(f) = D(f) — koS, OLN(f) = f, where ¥ = D(¢) — ¢2.

INnolE, Y27 —HRICRT 2 27 —MOFRHEZETH 203, fRICEY 27—
ERXZ W2 DT MadT2EY 27 —AEMEEFHNTLE). IhoMafEiEoE
PaT—AEWNEEEZT S5-I, Cohen-Kuznetsov fh#lz L T CERT 5.

(D) = D"(f) on
q)ﬁk‘(T? X) - ngon’(k)nX 5
772U, f3 9 FIEMZRBIE, kI3EEE, (o) =1, (@), = a(a+1) - (a+n—1) (n > 0).
Z D& E, Cohen-Kuznetsov AU HE T 1CBY 9 2 28 % i 72 3 -

(D) at +b X . k ﬁzim (D) _f(a b
‘I’f,k<cr+d’ (m+d)2> = (erdd)femrazmy ) k(1 X)) for oy ={ ) €l

Cohen-Kuznetsov % Hw% 2 & T

g e (D)
ZWX = @f,k(T7 _X)@g,Z(T'/ X)
n—0 n n
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oBEDS, [l glebl]e ) =1, 90| pinnld] (v ET) DD23. ThbB,
[ 150 0 ME(T) x Me(T) — Migryan(l)

<h 2. FkEIC, D, d, O 1cxid 3 Cohen-Kuznetsov f5i%

A D) o ) o = ”f .
n=0 n=0 n=0
(7L, Dy = D(f) — hsf) 32 & 0P X) = =T (7 x) =
e?X0?) (7, X), 80} (7, X) = e=3X L) (7, X) (L, d=¢— ) Th 5.
¥/, D 0:[5'51/(, ERBIE 1 € Mo(I') 1289 % Cohen-Kuznetsov fkiz E#&KT % :
D" 1(¢)

X?’L
nl(n —1)!

Dy o(1,X) = 14+ Xy o(1, X) _1+Z

ZoLE, Dromizids,

Proposition 1. (1) @1 o(7, X) [ZLAT OZHAR] 25 72

at +b X c X
o ) = et

et +d’ (er + d)? c
2) o = o) % q>(8)(7 X) = e %P, o(r,X) TEHET S, T L F,
(T’X)'—} (Z:is’ (c7’+d )TT&

ztuz gy, )1, X) = o) (r, X) 1 o(r,—X) 6N B, ThbL, UTFOEH
BiFoN B,

Theorem 1. #5r{E%E D, 0", 07 et LT, MU TFOBGEASAD 725

n

=3 (Z) (k+7)nr(=0)""D(f),
r=0

orn =3 (1) ("2 unol .

m=0

72120, wy WHETICHT2EHE mDEY 27 —TEA.
Remark 1. T = SLo(Z) DEGE, wp GUTOX I b DBW)IET 5 ¢

m|o 1 2 3 4 5 6 7
Ej 5F4Fsg 9E;+16E2 35E2 Fg

_Es  _Ee — — —
Wm ‘ 10 72 144 288 2592 20736 41472
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T ®(rX) = S mR (- X) 2EERT 2 L, UTOMBEA SN,

(D) ]
. (B X)] X
.G e
e 9X

o) o)

k, ) %
open

4 Modular linear differential operators and modular linear

differential equations
39, BV 27— B TERHEROEY 2 7 =IO R0 EEEZ U T T5 2 5,

Definition 1. o {EHZE L 2% T I2BIT 5 type (k, k+ K) DEY 2 7 — B2 1EH
FLld, UToEAZHiTIELETHD

(1) £z, $ ETIEH (22h A7 Z2R250121&, A A TEFH CHIAB S 2 il 7
T ) BB R R D, ARRBOBIGHMIERFETH 5.
2) L(fls[]) = LN, k] for v€T

Definition 2. L(f) =0 %73 & &, #E T ICBIT 2% type (k, k+ K) DEY 27—
(CSApiL s AT

€Y 2 7 =B ERER (JiRE) 132 — V38955 Rankin-Cohen §53IE 2 fl v 7 KBl
DECHOENTWED, ZITEBETD, X n, type (k, k+ K) DEBET

L= a(r)D"  (a(r) : H EIEHIZE)
r=0

DRIz OWTHK ). ZDEA, Theorem 1 XD a,.(7) IFES K—2r, RS n—r AT D
V27 BATHLI LWL E,. IS, L(f) =0 DEZEMRAND k] (y€T)
DIEANZ XY, BFDZ E3bh s,

Theorem 2. L(f) D3XH n, type (k,k+ K), H T IBIT 5 €Y 2 7 —FUEM R E (
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SRR ) T B 1 DTSy HAE I

(armml)m:g(ﬁs)(—%ﬁ)swm = (4 h)er

(0<r<n)TdHs.

ZHCED, ap (1) IKBIT 2 BRIN AR EDMEGRTE 228, 2D a, (1) DHEEY 27—k
ZHOAZEICED LICHTAS v PN BRBAELE A5 LBTE S,

Theorem 3. (1) £ =>""_ a,(7)D" (K > 2n) »# T, X¥ n, type (k,k + K) DE
a7 — B R () TH 2B

= (" s P o) 0 <mzw

PHETICETIEI K -2mDEY 27— X TH22LTHS, I5ICZDEE

aﬁzzﬁé(K_;“4>lmwa@%wo

DEUPGS NS,

(2) L= D"—&—ZZ:_OI ar(T)D" (K = 2n) %3 non-cocompact # T, X n, type (k,k+ K)
DEY 27 — MBI ENHE (TR ) Tb 2B SRME, by = 1L by =
ap—1+nk+n—1),

hm::§%<mjs)u<(;ings1%D%%”“ﬂ) (O<m<n-2)

PRET BT 2EE, 0, K—2, K—2mDEL 27— R THBLTHD, X561
ZDEZE
nl 2n—m—1 -1 (2n—2 k)
ey = e+ 3 (M) e

DEREDBFEN S,

2D X, EEDEY 2 7 — M F 1 Kaneko-Koike fEf5 £ Rankin-Cohen
il oMM ciliicE 2 2 EDEFETE /2. R E LT, Kaneko-Koike fEf MMk
2550, BI 2, RS 1 OHEEY 2 7 —BADBFET 254G ons. Thbt, #f
' 7% non-cocompact HCTH 2 HAICR SN 5.



5 Modified derivatives, and extended Rankin-Cohen brackets

22T, i 2Bl E L C modified derivative &9 v SNV FRETTE R E
#L, s ZHWiz extended Rankin-Cohen fHilETi % 5-2 3.

Definition 3. Modified derivative D 2PN F CERT 5.

(1) fBRES E>00EY 27 —BROELA, D" :=D(f) =
(2) f=1L,k=0(T/hbbt, EI0DEY 27K ) D&

1 (n=0)
D*(1) := {D”_1(¢)

- 7 >1
CE
COEHKREE 25 Itk D, Cohen-Kuznetsov #li% & ) <I>(D) 13
D” =
{7 (7, X) = Z Xt =X f
n= 0
(I’( TX 1+ZDn1 Z%Xn_eXD.l
- o -

n=0
DEWEES, 2D modified derivative % H\>T extended Rankin-Cohen i1 % & 3%
2572,
Definition 4. BI% f, g ICX L C, extended Rankin-Cohen FINE (f, g)n %

n

o= S -0 (1D (e o).

m=0

CEHET B,

chslx, o (rx) =0 (rX) LT a L s,

X’n
B0 (- X)0P (7. X) = Y. o) o —
n=0

DERBIB NS, ZoLE, UTomErfions,

Proposition 2. n ZIEEELL, B f, g ZTHE T KT A2HEIE>0,L>0DEY 27—
ERET 2, o, DU o,
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(1) {f, g)n BHTICHEHTAEI b+ +2n DEY 27— TH 5.

2 k>0, (>00L%, (f,ghn= "o _[f g
| T @
(3) f=1k=00LE (£ 9= 7-089).

CHICED, 4 ICTHEAREY 2 7 —BIBHITEMFE (J7#EA) 13 extended Rankin-
Cohen fHilifZ V2 2 Lick b, flRARHZERTE 2,

Theorem 4. n ZIEETEEL, f,, g ZBE T ICHT2HEI k, >0, 0> 0DEY 27— A
9%, (s=0,...,n). ZOLEgIZNT B, XHn, HTIKHTIEEOEY 27—
o R () 1k (fs, g) OFIERITH 26015,

SE R
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