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Some results on Bochner-type theorems

MBI AHH/T EHEM (Yasuji Takahashi)

g 1. Intfoduction

FBXTZEMTHSH TW3Bochner O EEBIZ. BB KX T
Z M (nuclear space)iT® L —Mit&xh 3.

Theorem 1.1. Let E be a nuclear space with the dual
E' . Then every continuous cylindxlicél measure g on
E' is o -additive ( o (E',E)-Radon.)

COEEIT. E  metrizable O & &£ X Minlos[7]iT & V.
Fh, —BOFBAIZ WK (UInemurall6]) WK &> THEHIO Iz,
¢ AT, E » o -Hilbert space @ & &, Bochner® i.
BRI TA2LOICE. nuclearity BV EBE L R 5., L
> T, E #» Hilbert space ® & ¥ . Bochner @ i & » X iL
TAH5OEAHEMBKTICHER S, Hilbert space £ ® cylindrical
measure K 2WTIE. ROBEREMBHS Hh TW S (Sazonov-

Minlos theorems [7],[13]) o

Theorem 1.2. A cylindrical measure o on a Hilbert
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space H is o -additive iff it is continuous with re-
spect to‘thé Hilbert;Schmidt topology.
Theorem 1.3. Let H and G be Hilbert spaces and T
.H — G be a continuous linear operator. Then T is of
Hilbert-Schmidt type iff for each continuous cylindr—
ical measure pu on H, the image T( n) is o -addit-
ive on G.
CNhS3>OEBEIEBERBEL TSN, MaTIH. C
NoDEBO—BIEL>NT, TTRASGATWAREL A

HT. 2OV 22ZHANAL., HEOREBELZDWTHEF X W,

§ 2. p-radonifying operators and p-summing operators

CC'C‘lbi\ FM1.3 ® Banach space N D — &L & L T.
Schwartzit & 3 "vp—radoriifying operator” OE@ZHE AL
ZORRZAVWT., EE1.] O—{EBLIUTEBELLEERIK
DTNWTRHANXDB, |

E, F % Banach space, E', F' % dual space & T %,
( E', F'Qi Banagh space TH >, ) E £ ® cylindrical
measure (c.m.) u X L. %@%‘ﬁﬁﬁiﬁ(éh.'f.) i |
w(x') = J° exp (i<x,x"'>)dpu (x), x'€ E'

E

TEBEESNhS. 2Op (x'")M E' ETHEBEOL X, pldERE
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7 ocom. WD, (D E' EDO c.m. D& EET. £OFME
BE¥u(x) I EETCEEENS. ) AT, c.m. nic
L. ®iE ¥ % random linear functional (r.1.f.)%
L:E=Llo(Q,P)&F2eE, u¥ERZDLCLY., r. 1.1
LPERZACLERAETHD. (r.l.f. KHETLIEHEMEI.
Dudley[YT\) ZEZM. ) Z:Z:‘C*; L(E')C Lo(Q,P), 0<p< @,
ThHhhid v i .weak p-th order& W5 ., EZ. L> : E' -
Lo( Q,P) BEBETHAE. com.uld type p &1 5,
(FE®H 4 com. pld type 0 WS T ERT S, )
Definition 2.1. Let T:E —» F Dbe a linear operator.
(1) T is p;radonifying, 0 < p < o, if for each c.m. u
on E of type p, the image T(wu ) 1is a Radon measure
on F.
(2) T is p-summing, 0 < p < o, if for each weakly p-
summable sequence {xa.} in E, the sequence {Txa} in F
is absolutely p-summable. In particular, we say
"absolutely summing" instead of "l-summing".
p-radonifying operator¥ p-summing operator® B {&iZ >
WT.,. RO¥BEP D S (Schwar‘cz[»14}),é |
Theorem 2.1. Let 1 ¢ p ¢ o©. Then T : E — F is

p-summing iff it is p-radonifying.
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COEBE. 0<p =1 TREBRILEZW. p=10¢& &
E' or F #% Radon-Nikodym propert® & CTIlE. EFE I L
T3, iz L. p-radonifying Z 6. ®IiZ p-summingT &
5, 0<p K1l OLEE. RKOBRP DS,

‘Theorem 2.2. Suppose that E' has the metric appro-
ximation property(m.a.p.). If. T : E —-F is p-summing,
then for each c.m.u on E of type p, T(wm) is Radon
on o (F",F'). (In this case, if F is-reflexive, then
T(w) is Radon on F.)

EHELI.3 O—filte LT, XOEREB .

Theorem 2.3. Suppose that E' has the m.a.p. and F
is reflyexive. Then T : E—» F is p-summing, 0 < p < 1,
iff for each continuous c.m.u on E, T(wm) is Radon
on F, that is, T is O-radonifying.

T : E —- F % p-summing, 0 < p < 1, 0)8%\&%@
r>0 kMU, T & r-summingé 2 3%. 2D &5% T &
completely summing & W 5 . O0-radonifying operator (&
W IZ completely summing TH 2D, Hix —MICTHMIL Z WV,
m.a.p. DR b D.b:type%ﬂiﬁﬂ’é:’_ EBHLH. BEH2EEOD
iE % (stable & Rademacher) 2 & %2 4. T Z Tld. stable

type OEBEWKTHE>. £E D Banach space . type p,



0 <p <1, THY. typel THhOhE. &% p>1 BdHo

T typep buB. (EERBLUCHMELLHREBRET S )
Theorem 2.4. Suppose that E' has type 1 . Then T
E— F is completely summing iff it is 0- radohifying.
2ZT. EE1.1 O—itEEX 5.

Theorem 2.5. Let E, F be locally convex Hausdorff

spaces, and T : F - E be a continuous linear operator.

Suppose that there is a fundamental family {1l lly}

of continuous seminorms on E such that each associated
Banach space Ey of (E, || lg ) has the m.a.p. Suppose
also that for each continuous seminorm || Il on E,
there is a continuous seminorm | ”(5 on F such that
T : F(_,_—> E,is dual completely summing. Then for each
continuous c¢.m. u on E', the image T'(w ) is Radon
on o (F',F).

Remark. E = F, T = I (identity map) & ¥ %. E #»
nuclear space D& ¥, EFMH2.5 OXHF WIS DT.
EEL.1 BREDS>. £, EE2.5 © E 5255?6%#'@\
ma.p ORHLDHIZ, & Ex » typel ZH DL L TH LW,

Okazaki-Takahashi [10JIC LKA KROKERIE. TEHEH2.5 &9

> LrLans, TOXTHRIAEMRAL Td 5.

125
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Corollary 2.6. Let T : F - E be a continuous 1li-
near operator. Suppose that E satisfies the same assu-
ption as in Theorem 2.5 and F is barrelled. Suppose
also that E admits é T(F)-accessible Borel probability
measure. Then for each continuous c¢.m. p on E', the
image T'(w ) is Radon on o (F',F).

CDHBRIX. abstract Wiener space ¥ Bochner's
theorem OB #E %X Okazaki [9], Sato [12] OBEE %
— ity s. FMIT. chooXWMEER AL WV,

T, EEH1.1 OFBE. D% D nuclearity O S EH I

DWT k. Okazaki-Takahashi [11] #ZBBxhW,

8 3. p-stable cylindrical measures and A p-operators
Schwartzd®d p-radonifying operator O MM L. type p
@ c.m. u® Radon extensioniCB T 3 b D TH > =5,
Z Z Tl&. p-stable cylindrical measure u @ Radon
extension K2O2WTHMNAT S. LUT. E & Banach space,
pid EED com. ¥ 5. n OBMEME (ch £ (x') i
E'ETE&RXN 2~ positive definite function T&H % .

Definition 3.1. Let 0 < p= 2.

(1) n is p-stable symmetric if there is a linear ope-



127

rator T from E' into some L, such that exp(-1Il Tx" | *),
x'"€E', is the ch.f. of . In particular, if p = 2,
then 4 is called Gaussian.

(2) T : E'- L, is a A g-operator if exp(- | Tx' | ®),
x'€E'", is the ch.f. of a Radon measure on E.

LIF. p-stable c.m. & LT, CTOLDIRHBDOEEZ X S,
(T 2bb. éymmetric DT E/D. ) p-stable
c.m. or A p-operatori > W T IL. 3F"%"bt§7< DHEERGHOS
hTWaH., ZOWVWLK 2P %2BNT 5. sFMid. Linde [4]
zZBanhizWnw., ( Q,P) % probability space, 0 < p
= 2 &9 5%, linear operator T : E'—= L, (Q,P) P HEE
O &, r.1.f. TRHILT S ELD c.m. Zv & T35, vik
type pT dH % |

Definition 3.2. T is decomposed if v 1is Radon on E.
Moreover, v 1is Radon of order p, that is,

fe lx I °dv (x) ¢
then T is called p-decomposed.

Definition 3.3. Let {xn} be any weakly p-summable
sequence in E and u be a p-stable c.m. on E with the
ch.f. exp(- X [<Xa,x'>|?), x'EE', where 0 < p = 2.

(1) E is said to be of (stable) type p if the conver-
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gence of X || xnll » is sufficient for pu to be Radon.
(2) E is said to be of (stable) cotype p if the conve-
rgence of T || xnll ® is necessary for u to be Radon.

Theorem 3.1. E is of type p iff every p-decomposed
operator T : E' = L,(Q,P) is a A p.-operator.

Remark.» If 0 < p < 2, then every A ps-operator is p-
decomposed. But for p = 2, this is false; this is true
for p = 2 iff E is of cotype 2.

Theorem 3.2. Let 1 < p < 2, and T : E — F be a
linear operator.

(1) If for each continuous p-stable c.m. u on E,
T(w) is Radon on F, then T is p-summing.

(2) Suppose that F is of type p. If T is p-summing,
then for each continuous p-stable c.m. o on E, T(u)
is Radon on F.

Remark. (1)i& £ & ® Banach space?d’ cotype p (p < 2)
WS o RrEINS, p =20, &iE. (1) BPHRILT
OOV E+DEMHIT. E Bcotype 2 B2 L ThHhdH. Mt F.
p = 2 D& X, Gaussian c.m.l& type 2 THA» 5, (2)
¥ L B ® Banach spacell ¥ U THIL T 2.

Corollary 3.3. If any continuous p-stable ¢c.m. on E
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is Radon, 0 < p < 2, then E is of finite dimension.

Remark. This is true for p = 2 (Linde-Pietsch [5]).

Thitck>T. B Kx Banach space L T, c.m. @
class % p-stable c.m. CHBELTH, TEIL.L O LDk
WREzH/L LI TCEHR W, £#2 T. p-stable c.m.Dclass
kx L, TE1.2 t HloFERZLALEVL. CORME. KO
§ TT>. m%IC. Aer-operator& 0-Radonifying operator
OERZDRXNS,

Theorem 3.4. Any A p,-operator from E' into L, is
T x-continuous and completely summing; where T x =
T« (E',E) is the Mackey-topology.

Remark. If T : E' — L, is a A p-operator, 1<p =2,
then T' is a continuous linear operator from (L)' into
E. 1In this case, w=T'( v ,) is a p-stable Radon mea-
sure on E. Here v , denotes the canonical p-stable c.m.
on (Lp)' with the ch.f. exp(- || £ || ®?), £ €Ly,. (For
p = 2, Y 2 is called a canonical Gaussian c.m.

Theorem 3.5. Any A z-operator from E' into a-Hilbert
space H is O0-radonifying.

Theorem 3.6. Suppose that E has the m.a.p. or type 1.

Then for 1 < p < 2, any A.p-operator_ffom E' into Lp
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is 0-radonifying.

Remark. EF 3.5 X. Gross[2], Okazaki[9], Sato[l2]i
EoT. AEHREHOINTWVWS. EEI.6 1F. FHE2.3,
EHE2.4,E®3.4 kOS>, 2T, E OFHE (m.a.p.
or type 1) DL EDPEDPLPIEIAHTH L. Ac-operatort
p-summing (or p-nuclear) operator OB E IR B W T. &KX
%% Banach spaceD B MM MB R IhTWE N, T TEIERT
50 ChoDOFEMIZ. Linde [4], Takahashi-Okazaki [15]

ZAHEBBIXNhU,

8 4. Saz}onov-type topologies

2T, EH¥1.2 # Banach space I —f{tL 2R
DWTEE¥T 55, LI F. E %# Banach space, E' # dual
space, Tk = T x(E',E) % Mackey-topology %#FXT D
4%, E' L® vector topology T ., T = WX L.
identity map : (E', T.)— (E', T 2) BEREDO L X,
T, 21Tz TET, T, BTt LODEBEREWEE, T, >
T2 TXT., E LDc.m.u & E' LD vector topology =
KHL., utbc-BHe. TORMBML S c - ERE 2
e TdHb.

Definition 4.1. Let T be a vector topology on E'.
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(1) T is said to be sufficient if every. T -continuous

c.m.u on E is Radon; that is, the < -continuity of
u is sufficient for u to be Radon.

(2) T 4is said to be necessary if every Radon probabi-
lity measure u on E is <t -continuous; that is, T -
continuity is necessary for u to be Radon.

(3) T is said to be an S-topology if it is necessary
and sufficient. E is said to be an S—space if there
is an S-topology on E'.

Remark. Hilbert space H (H = H')iZ S-spaceT & % .
EME., Taus (Hilbert-Schmidt topology) |t S-topology T
®» 5. Banach space ZD>2WTWE. E # S-spaceTdhn L.
E T Lo @%ﬁﬂ%fﬂﬁ&@@'@&)é (E¥m.a.p.zd TWE. &
b, ) I, S-space & cotype 2 T& % . S-space D
a2 & S- space THH. Lp, 1= p= 2, BLUT %
DB ZEM (Se-type) & S-spaceTH b. 2D & DR EM
WK 2O2WTOFEMIE. Mushtari[8] #&BXxh W,

Zh . —f& D Banach space £ ® sufficient topol-
0gy bC’Jb\T%/’Lf:l/\o?K&Ci%‘?étgs(li\ W T3
sufficientT & % .

Definition 4.2. Let H be a separable lHilbert space.
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(1) An operator T : (E', T x)— H is said to be of
Hilbert-Schmidt type if it is factorizable by a Hilbert-
Scmidt operator between Hilbert spaces.

(2) The Hilbert-Schmidt topology <t us on E' ‘is the
weakest vector topology making all Hilbert-Scmidt ope-
rators T : (E', T«x)— H continuous.

Remark. T : (E', T «x)— H %5 Hilbert-Schmidt type
THHILODOVHETHFMHEIFT. 2 2-sumnming operator
S:H—- E BEFEELT. T=S8" &t2s2tTds,
T, Tasld logally convex topology T & D . * O I
T x-continuous seminorms {|| T( )l u} @ familyTE & &
hsd. 5234, 2h SO seminormsid HilbertianT & 5 .
(seminorm %% Hilbertian & {& . associated Banach space
5 Hilbert spaced WH Z & TH5., ) —MIT. associated
Banach space #43. type p, cotype q, m.a.p.HE#® & D & & |
seminormB Z h S OMHEA2 b D2L&WVWW., 2O & > % seminorms
D family CTE&HE S = locally convex topology T i&.
type p, cotype q, mca.p.FZ LD EWVNDI T LIRT S,
Hilbert space H F ® sufficient topology T 5 Hilbertian
THNE. TS Tas LHB. KD BORRLOWTH.

UTFTTHRNXNB, > T. TuskKVDEICHEW HE O sufficient



fopology‘c’ﬁ:ﬁlx\féﬁ‘fc&)lid\ TOME2ZERTLILED
D RKRXEBT D ta . TusEWEIRD LW, |
Definition 4.3. Let H be a separable Hilbert space,
I | a continuous seminorm on H, and B the associatedb
Banach space.
(1) I I is said to be measurable (in the sense of
Gross) if i': B'— H is a A z-operator, where i': H -
B is the natural map. In this case, if i is one-to-one
(O H- is norm), then (i,H,B) is called an abstract
Wiener space.
(2) The topology <Twm on H is the weakest vector top-
ology making all measurable seminorms on H continuous.

Remark. ¥ X T ® measurable seminorms %% m.a.p. & &

Db T ZWA, Twn ld ma.p. % D measurable semi-

norms @ fundamental family W Lo TEEIND. # > T.
Twn & ma.p. b >, £/ . Hilbert-Schmidt typeT #Z W
A z-operatorMBFEET ADT. Tnun > Tus THD. Tna &

DB #\ sufficient topologylk M & N T WA W. KO &

BiE. sufficient topology TH A1 DOV EZHE%2E5 2 5,

Theorem 4.1. Let T be a locally convex topology on

H; T Vis defined by the family of continuous seminorms

133



{h Ix}. If < 1is sufficient, then for each i Iid, the
natural map : H — By is dual completely summing, whre
By is the associated Banach space.

Remark. TH ma.p. 2 D& X, B natural map
H - Boa %% dual completely summing #Z S iX. ETHE2.5
D, Tk sufficient topologyT dH 2. RBOERIE. <t
2 type ]l EREUVUTHBEAD. T2bb. TH ma.p.
(;r type 1 #IRE §T % & . sufficient TH2dRLDDODYVET
AEHEBBOALI LIRS,

Corollary 4.2. Let T be a sufficient topology on H.
If <t has type 2, then T = T n.

Remark. T 4% unconditional basis, local unconditi-
onal structure, 5 WIlE & > & —fiIT. G.L.P. b D&
A B AL, T d sufficient T finite cotype (cotype 2)
LT, t=ta (TStTws) 23, BT, ©h So-
type, 1 = p = 2, O& &F. tH sufficient 2 5.
TStTus &R5,

Hilbert spaée HEtO suffi'cient topologyb(’.’)b\f. '
Bm%&IC. Okazaki [9], Sato [12] WRI2HERZHENT 2.
(E, T ):locally convex Hausdorff space. HC E (dense).

inclusion map i : H —- (E, ) T EKEK L T 5 .. Hi@ﬁ—ﬂ—‘é@
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Gaussian c.m. v u WX L. i(ru)?d (E,T) £ ® Radon
measure T®» 5 & &, (i,H,E) T A.W.S. 2 \W>H, 2D & &,
T=E1Tn THH2D26., Tld sufficient TH 5.

Theorem 4.3. Let (i,H,E) be an abstract Wiener space.
Then for each continuous c¢.m. pn on E', the image
i'"( n) is a Radon measure on H.

KT . Banach space £ @ sufficient topologyil 2 W T
EX 5.

Theorem 4.4. Let T be a locally convex topology on
E' such that T = T «. Suppose that t Iis Hilbertiaﬁ.
(1) If <t 1is sufficient, then T = T us-

(2) If every .t -continuous p-stable c.m., 0 < p < 2,
on E is Radon, then T = T us.

(3) If E is of cotype 2, and if every T -continuous
Gaussian c.m. on E is Radon, then T = T us.

(4) If <t is an S-topology, then E is isomorphic to
a Hilbert space.

Remark. p = 2 O ¢ &, (2) I LAZW. 15, (4) &
Mushtari O R TH 3. (3) KHEL TIE. KBWIL.

Theorem 4.5. E is of cotype 2 iff every Gaussian

Radon probability measure on E is T ws-continuous.
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Theorem 4.6. Suppose that E is of type p, 0<p=2.
Then the following assertions are equivalent.

(1) For each p-stable ¢c.m.u on E, n is Radon iff it
is T us-continuous.
(2) E is isomorhic to a Hilbert space.

Remark. Every Banach space is of type p, 0<p<l.

Theorem 4.7. Let T be a locally convex topology on
E' such that T = t «x. Suppose that t- has type bp,

0 < p < 2. Then T 1is sufficient iff every <t -contin-
uous p-stable c.m.p on E is Radon; that is, the <t -
continuity is sufficient for u to be Radon.

Remark. p = 2 ® & &id. T4 Hilbertian TH ML L %
We 2O iZBEUL T, KRB,

Theorem 4.8. Let T be a locally convex topology on
E' such that TS T . Suppose that E is of cotype 2,
and T has type 2. Then <t 1is sufficient iff every
T -continuous Gaussian c.m. on E is Radon.

Z2ZT. Ap-operator T : E' = Ly, 0 < p= 2, TESH
XHh 3 E' L®D vector topology T, ZEE AT A, (Zh
ELU T, Mushtari (8] . Linde [4] & H., )

Definition 4. 4. Ty 18 the weakest vector topology
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dn E' making all A p-operators T : E'— Ly continuous;
T, 18 locally convex if p=1.

Remark. T =S Tsx « Top = T aq Tor 0<p,q<l . HFiTH S
X’L’Cv\éo B S »IZ, T ld type g (a0 < p < 2),T:2 i
HilbertianT ® %, T :-®E K 2 & D Gaussian c.m. X Radon
TohHdsePHMohhTWDB., RO# R & Mushtarill £ 5.

Theorem 4.9. E is of cotype 2 iff<t 2 is sufficient.

Definition 4.5. Let 0 < p, g = 2.

(1) E is said to be of M-cotyp.e p (in the sense of
Mushtari) ift , is sufficient.

(2) E is said to be of cotype (q,p) (in the sense of
Mathe) if every T p-continuous g-stable c.m. on E is
Radon.

Remark. B R o » 52 id. tse (p<l) & necessary.
# > T. EN S-spaceTHBHZ & &. M-cotype vp (p<1) T
bHct &ilﬁl'—ff’f&)éov EFA4.9. . cotype 2& M-cotype 2
WRETHHEWI I L THS, KOBREIMWMONTW S
(Linde[d]). E®W4.T S LH>.

Corollary 4.10. E is of M-cotype p iff it 1is of
cotype (gq,p) with q < p.

m#%IZ. p-stable c¢c.m. ® class K’_ﬁ'é“é S-topology
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% b > Banach space & X 5, ThiZOoWT., KMBWMIL.
Theorem 4.11. Let 0 < p= 2. Then the followig
assertions for E are equivalent.
(1) There exists a vector topology <t on E' such that
for each p-stable c.m.u on E, the T -continuity of
u is necessary and sufficient for u to be Radon.
(2) E is of cotype (p,p).
Remark. Every Banach space is of cotype (2,2).
M-cotype p, cotype(q,p) @ Banach space K>WT. %
COBREBHOSNhT WS, £, type p @ classik ¥ T 3

S-topologyd E 2o s, FhodiloELiITAh W,
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