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AROUND THE MANTOVAN FORMULA 

WANSU KIM 

Since we obtained the Hodge-type Mantovan formula in joint work with Hamacher [9], 
there have been many new developments. Axiom A in [9], which was known in some 
special cases, has been verified by Gleason-Lim-Xu [8]. The theory of integral models 
of global and local Shimura varieties has been reshaped in terms of Scholze's theory of 
p-adic shtukas [28], and integral models have been constructed in greater generalities than 
before (cf. [23], [18], [4], [24]). 
In the most recent joint work with Hamacher [10, §2], we constructed central leaves 
and Igusa covers for any Witt vector local shtuka over a perfect base (as well as their 
function field analogues). The construction can be applied to the perfect special fibre of 
an abelian-type Shimura variety provided that there is a "Witt vector 9c_shtuka" on it. 
Combining this with recent developments on integral models of global and local Shimura 
varieties, it seems that all the ingredients for the abelian-type Mantovan formula are in 
place. In this article, we attempt (perhaps unsuccessfully) to describe "upgrade patches" 
to [9] from recent developments. 
After discussing the modular curve case in §1, we review the Hodge-type Mantovan 
formula [9] (with "upgrade patches") in §2. We then sketch some of the new developments 
in the abelian-type case in §3. 
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1. WARM-UP: ALMOST PRODUCT STRUCTURE FOR MODULAR CURVES 

Let p be a prime, and fix another integer N coprime to p. (We assume N ~ 3 for 
simplicity.) For any r ~ 0 let Y(Np汀denotethe (open)1 modular curve over Spec玩
with full level Np r structure in the sense of Drinfeld. We set 

Y(Nprは：＝Y(Np門XspecZμ Spec弘 and Y(Np門：＝ （Y(Npr) XspecZμ Spec馬）red'

which are (disconnected) geometric generic and reduced special fibres at p. 

The bad reduction of Y(Np門indicatesthat ordinary and supersingular loci in Y(Np門
behave quite differently. We will now describe explicitly the limit as r→oo of the 
formal completion Y(Np汀7マ(Np門b for b E {ord, ss} (with Y(Np予 denotingthe ordinary 
or supersingular locus). 

Let us set up some notation. Let糾denotethe p-completed maximal unramified 
extension of勾 withふ：＝ Frac（嵩J).We define Z~t to be the p-adic completion of 

zp叫 oo],and write Q~四：＝か叩］~]. Let E, denote the universal elliptic curve over Y(N), 
p p 

and for any (formal) scheme S over Y(N) we let Es denote the pullback of E, over S. We 
may even write E, for Es if there is no risk of confusion. 

1.1. Perfect lgusa curves on the ordinary locus. The following definition of ordinary 
Jgusa variety is due to Caraiani-Scholze [1, §4.3]. (The definition below is a slight variant 
of it, following [9, §6.1].) 

Definition 1.1. We define Jg守：＝IsomY(NJ7/V(N)ord 叫 ooXふ／Z戸 [p00]),and let lg守：＝

perfect) ordinary Igusa variety. 零 XSpf乞vSpec恥． Wecall lg守the(perfect) 

To explain the terminology, lg守turnsout to be the perfection of the limit of the 
ordinary part of the Igusa curves in the sense of Harris-Taylor and Mantovan; cf. [1, 
Prop 4.3.8]. In particular, lg守isthe perfection of a pro-finite etale cover of Y(N)0rd, and 
3g守isits canonical p-adic lift. 
We will now construct a pro-finite etale covering of formal schemes 

(1) (Jg守XspfZμ Spf霊，yc)x S叫 (Zt,zp)---------加!rY(Np汀7マ(NpTJord,
which is a torsor under the action of Aut（馬ooX Q豆Zp)~ z; X z;. Here, Surj(Z~ら）

is the formal scheme attached to the profinite set of surjective maps Z~ →勾 Indeed,

we interpret Spf Zp as the moduli of infinite Drinfeld level structures on馬 oo,so a point 

of Spf糾xSurj (Z~ら） defines an infinite Drinfeld level on E, [p00]. Conversely, if E is 

an ordinary elliptic curve over a勾schemeS where p is locally nilpotent equipped with 
an infinite Drinfeld level structure a:認→亘翫］， thenthere is an isomorphism 
f3:馬 oo Xふ／Zp➔ E [p00], defining an 5-point of Jg炉．（Indeed,a mod pr defines a 
splitting of connected-etale sequence of E [p汀andforces E [p予 tobe constant.) Now, 

<X restricted to E[p00]こ恥oo defines a point of Spf Zp, and we also have a surjection 
6° 

z2 a p →皿 E[pr]→ TPE[p°°]6t ←-Zv・ As Aut（恥ooX Qp広）
防
p・ acts simply transitively on 

the choices of [3, we obtain the claim. 

1 In this note, we will not consider the questions related to the compactifications of Shimura varieties, so 
we will ignore compactified modular curves as well. 
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1.2. Supersingular (0-dimensional) Igusa variety. Let us briefly discuss the su-
persingular Igusa variety, which turns out to be 0-dimensional. We pick a point in 
x E Y(N)88 and let ex denote the corresponding supersingular elliptic curve over忍
Write D := End(E砂0Q and伽：＝ End(Ex),which are respectively the quaternion 
division algebra over Q ramified only at {p, oo} and its maximal order. Then the following 
description is well knownら

(2) Y(N)ssミ D八(D露 Aooド／（l+NCDド，

where the chosen point x corresponds to the trivial double coset on the right hand side. 
Write乙：＝ら[p00],which is independent of the choice of x E Y(N)88 up to isomorph-
ism. We define the (perfect) supersingular Igusa variety as follows 

(3) Ig(Np00)88 := Isomy(N)••(X88, E,[p00]|マ(N)ss)，

which is a right torsor over Y(N)88 for the action of Aut（乙）~ o~,P'where 伽，P is the 
p-adic completion of 00. One can even make it more explicit as follows: 

(4) Ig(Npoo)ss ~印＼（D 鉤 Aooド／（1+N厖）又

一―→―̀where D x is the closure of D x in (D RIQ! A 00) x. Finally, let Jg(Np00)88 denote its lift over 

Spf Zp. It should be warned that this 0-dimensional Igusa variety Ig(Np00)88 has nothing 
to do with the Igusa curve on the ordinary locus. 

1.3. Interpretation as the almost product structure. For b E {ord, ss}, setふ：＝
ら[p00]for some (equivalently, any) x E Y(N) b. For example, we may set X。rd = 
恥 oo Xふ／恥． LetRZ b denote the (special) formal scheme over Spf Zp parametrising 
deformations of翫 upto quasi-isogeny; see Rapoport-Zink [26, Def 2.15] for the precise 

definition. As翫 is1-dimensio叫， RZb turns out to be a countable disjoint union of the 
universal deformation space ofふ．（Theset of connected components is identified with 
Z via the degree of quasi-isogeny if b = ss, and Z x Z via the degree of the connected and 
etale parts of quasi-isogeny if b = ord.) Let RZ~ denote the finite cover of Rか givenby 
the Drinfeld level pr structure, and write R盆：＝匡認 (wherethe limit is as a formal 

scheme). Then we have a natural Hecke GL2 （国）—action on RZ心
The formal schemes RZ¥ RZ~ and Jg芯admitsa natural (right) action of the "self 
quasi-isogeny group" Qisg(Xb), constructed by Caraiani-Scholze [1, §4.2], which can be 

represented by a formal group scheme over Spf嵩with匹rfectspecial fibre. See Zoe. cit. 
for further details, where Qisg（恥） isdenoted by Aut（恥） instead. We now interpret 
the proceeding discussions as the following G 12 (Qp) -equivariant isomorphism, called the 
"almost product structure": 

(5) (Rz~ xspf糾3g図） /Qisg（ふ）二皿TY(Np汀7マ(Np予・
1.3.1. Almost product structure: supersingular locus. We have Qisg（乙） ＝D.:;, a constant 

ーエ'
locally profinite group, where Dμ is the p-adic completion of D as in §1.2. The profinite 

open subgroupか correspondsto the automorphism group of Xss, and the Frobenius D,p 
isogeny corresponds to a uniformiser in Dμ. This tells us how to extend the (right) t1~,v — 

action on the deformation space to the □;-action on RZ88. The natural right action of 
o; on Jg閃isvia the right multiplication on (4). 

2The Shimura curve case was obtained by Carayol [2, §11], and the same proof should work. 
3 
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Now, fix a "base point" x E Y(N)88 and identify Y(Nにwiththe neutral component of 
RZ88. Then one can deduce (5) for b = ss from (2). 

1.3.2. Almost product structure: ordinary locus. In the ordinary case, the main difference 
is the structure of Qisg(X。rd)(cf. [1, Rmk 4.2.12]); namely, we have Qisg(X。rd)ミ (Q靡）2区
μμoo, where正：＝把ら恥oo.Then the deformation space of X。rdwith "infinite Drinfeld 
level structure" turns out to be 

Spf勾[qP-oo-1] x Surj（認，Z砂

where q is the Serre-Tate local coordinate in the sense of [14, §3.1], and the p-power 
root of q comes from iterating the pullback by the canonical lift of Frobenius (cf. [14, 
Lemma 4.1.2]). In particular, the Serre-Tate local coordinate gives a canonical identific-
ation of the neutral component Spf勾[qP-00-1] with the neutral component（μμoo）ぢ
of Qisg(X。rd屡re,with the canonical lift corresponding to the identity section. 
Now, fixing a "base point" x E Y(N)ord and repeating the construction in 1.3.1 using 

(1), we deduce (5) for b = ord. 

l.3.3. Remark on the generalisation to the Siegel case. The above discussion can be dir-
ectly extended for Harris-Taylor Shimura varieties [12]. But for the Siegel case, some of 
the features do not generalise: we do not have nice integral models with arbitrary level at 
p so we only generalise the perfectoid generic fibre of (5), and the relevant Rapoport-Zink 
spaces and lgusa varieties are much less explicit. 

2. HODGE-TYPE CASE: REVIEW AND RECENT PROGRESS 

The main result of joint work with Hamacher [9] is to extend the construction of in-
tegral local Shimura varieties (or Rapopo廿—Zink spaces) and Igusa varieties in the tamely 
ramified Hodge-type setting, as well as the almost product structure of Newton strata. 
We also deduce the Mantovan formula expressing the cohomology of Hodge-type Shimura 
varieties in terms of local Shimura varieties and Igusa varieties. The unramified PEL case 
is due to Mantovan [20, 21], built upon the work of Harris-Taylor [12] and Oort [22]. For 
the Hodge-type case, we use the Siegel case as input. 
The construction of Hodge-type Rapoport-Zink spaces and Igusa varieties in [9] involves 
the auxiliary choice of an integral model of Shimura variety, whose construction (by Kisin-
Pappas [17]) also involves auxiliary choices. In this section, we first review the main result 
of [9] and try to describe "upgrade patches" via recent developments. 

2.1. Review of Kisin-Pappas integral models and Witt vector shtukas. Fix a 
prime p > 2, and let (G,f)) be a Hodge-type Shimura datum such that G(Qll'splits over a 
tame extension and we have pf lni(Gder)I. Let E := E(G, f)) denote the reflex field, and we 
fix a place vlp of E. The prototypical non-PEL Hodge-type example is the GSpin Shimura 
datum attached to a rational quadratic space (V, q) with signature (n, 2) that splits over a 
tame extension of Qv・ Then we get a Shimura datum by setting G := GSpin(V, q) and f) 
to be the space of oriented negative definite 2-planes in VJR. (Here, we have E(G, f)) = Q.) 
Let 9/Zv denote the Bruhat-Tits integral model of G(Qll'corresponding to the full 
stabiliser of some facet of the Bruhat-Tits building, and set Kv := 9(Z-p)・ Then for any 
small enough open compact subgroup KV C G(A-P00) (with K := K-PK砂 Kisin-Pappas[17] 
constructed a normal integral modelダKover tJE,(v) of ShK = Sh叫G,f)) with number of 



natural properties. The construction ofダKinvolves auxiliary choices, while it is believed 
to be independent of them. (We will discuss further at §2.3.) 
As a consequence of (the auxiliary choice made for) the construction, one gets a finite 

unramified morphismダK→ダ[,，佐，（vJ(inducing a closed immersion on the generic fibre), 

where ダ~,/Z(µJ is the integral canonical model of the Siegel modular variety with K'hy-
perspecial at p. In particular, we get a "universal abelian scheme"叫 overダK,equipped 
with a (group-theoretically produced) family of absolute Hodge tensors (tcx) over ShK. To 
say a word about tensors, the choice ofダK→グ'lsoind 

K'，佐，（v)also induces a closed immersion 

9 Y GSp29 C GL29 over Zμ where g = dimグK公， and(t叫comesfrom the choice of 
tensors (sex) C (Z紐）181whose pointwise stabiliser is 9. 
Furthermore, the absolute Hodge cycle (t砂 has"good reduction" in the following 
sense. We have Frobenius-invariant tensors (tいofthe (contravariant) Dieudonne module 

―perf. 
lD) （硝ぐ—perf) (where ダ~v.. is the perfection of the geometric special fibre ofダ1<)which 

ダ k

are "pointwise compatible" with the etale components (t閤） viathe crystalline comparison 
isomorphism; that is, given x EグK(R) for a mixed characteristic complete dvr R with 
residue field恥， thecrystalline comparison isomorphism takes the fibre of (tいatthe 
special point of x to the fibre of (t塁） atthe generic point of x. This property was 
obtained in [9, Cor 4.11] and [16, Prop 1.3.12, 1.3.7] by different methods. 
We can group-theoretically package the good reduction of tensors as follows. Let l +9 
and LG respectively denote the Witt vector positive loop group and the Witt vector 
loop group attached to 9, in the sense of [32, §1.1.1]. By Witt vector 9-shtuka3 over a 
perfect scheme S we mean a right l +9-torsor P over S equipped with an isomorphism of 

lG-torsors cp:(J＊ぶP ➔ ぷP, where(Jis the Fro beni us and砂：＝ Pxじ 9LG. 

p ―perf 
roposition 2.1. We have a Witt vector 9-shtuka定＝ （P, cp) overダ k,where 

P := Isom(［平 (s叫］W(Yterf), [ID) (JlfK ly;terr), (t訓）
and cp is induced by the crystalline Frobenius on ill)（叫—perf).

ダ k

Proof. This can be read off from the proof of Cor 4.12 in [9]; indeed, Pis an l +9-torsor 

as it trivialises over the perfection of the complete local ring of Y K at each closed point 
(cf. [17, §3.2]), and cp is well defined by Frobenius-invariance of (tいロ
Note that the pair (£P, cp) naturally gives rise to an "f-isocrystal with G-structure", 

―b -
so we get the Newton stratificationグ k ofグKindexed by the neutral acceptable set 
b E B(G(Qlv, μ); cf. [9, Cor 4.12], [16, Cor 1.3.13]. 

2.2. Hodge-type almost product structure. We fix an IF-p―point x of a Newton 
―b stratum グ~'and set恥：＝ JZIK,x[p00].4We next define QisgdXb), RZb and Jg心， and

show the following isomorphism of formal schemes over Spf Z-p depending on x (called the 

3A Witt vector 9-shtuka coincides with the p-adic case of local 9-shtuka [10, Def 2.2(1)], but we use this 
terminology to avoid potential confusions with other notions of local shtukas. 
4To be pedantic we should require some analogue of complete slope divisibility for the Witt vector 9-
shtuka広， butlet us ignore this subtle point. (Indeed, the construction of Igusa varieties lg如in[9] 
required complete slope divisibility, but such a condition is removed in the later collaboration [10, §2] as 
we explain in §3.2.) 
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level-K almost product structure): 

(6) (RZb Xspf乞p3g心）／ Qisg迅恥，）~（グk)7式·

Here, Rか isa certain Hodge-type Rapoport-Zink space, J此 isthe p-adic lift of a 
Hodge-type Igusa variety, and QisgG (恥） isthe group of tensor-preserving self quasi-
isogeny group of［翫，（t皿）~,x)l. 
In the unramified PEL case (such as in the Siegel case), the isomorphism (6) was ob-
tained in Caraiani-Scholze [1], built upon Rapoport-Zink [26], Mantovan [20] and Scholze-
Weinstein [27]. The strategy of [9], which was inspired by Howard-Pappas [13], is to "pull 
back" the Siegel case of (6) to obtain the general Hodge-type case. 

ー9b'b
Letダ;,,denote the Newton stratum in YしwhereY: maps to. We write喜 forthe 
underlying quasi-polarised p-divisible group of恥， andQisgG'（喜） forthe group of quasi-

polarised self quasi-isogenies. Finally, let Rzb'and Jgt',p denote the Siegel Rapoport-Zink 
space and the lift of Igusa varieties thus obtained. 
Firstly, a formal closed subgroup scheme QisgG(Xb) C QisgG,(X~) whose points are 
self quasi-i uasi-isogenies preserving (t Ill) ~,x) was constructed by the author [15] (which has a gap, 
corrected by D'Addezio-van Hoften [3, §4]). As in the PEL case, we have Qisg叫恥） ＝ 
J乱Qp)区 Qisg店(Xb)for some lift of perfect formal group Qisg店(X此 andthe structure 

―b of Qisgら（ふ） aswell as its action on the formal neighbourhood of a closed point inダK
is a叫 ysedin [15]. 

Next, in Def 5.9 (resp., Def/Lem 6.1) in [9] we defined Rか (resp.,Jg心） asthe closed 
ion of union of connected components of Rzb'x9K'ダK(resp., Jg此XyK'ダk)cut out by the 
condition that the tensors (t~) are preserved by the quasi-isogeny rigidification (resp., 
Igusa level structure); indeed, to show that the condition on tensors cuts out a closed 
union of connected components, we use a slight generalisation of Katz'result on "parallel 
transport by Frobenius" for morphisms of constant F-crystals over perfect schemes; see 
[9, Prop A.1] for the details. 
Sinceダkdoes not admit a nice moduli interpretation as the PEL case, it is non-trivial 
to show that Qisg司瓦） actson Rzb and Jgふviarestriction of QisgG, (Xb')-action on 
訟 'andJgt:P. The action of Qisgい（幻 onRZb and Jg心canbe deduced from its 

―b action on the formal neighbourhood of Y; at each closed point studied in [15], but 
the action of the "component group"］日如 issubtle, which roughly asserts that any 
tensor-preserving quasi-isogeny of p-divisible group［ふ，（t土）］ー→ [Y,(u罰 givesrise to 

a closed pointリEY~ with [Y, (u~)] ~（ふ，り [pool, (t畠）］； cf.Axiom A in [9, §1]. When 
[9] was written this property was known only in some special cases, but it is now proven 
in complete generality by Gleason-Lim-Xu [8]. Finally, the almost product structure (6) 
can be deduced from the Siegel case via considering the "almost product structure" on 

the formal completion（ア幻ateach closed point [15, §5.2]. 
：：：：：：： 

Set戟C:=（バ虜 Xspai)E,vSpa C and RZt := Rzb,ad Xspai)E,v Spa C, where C := Ev・
Let乳，cdenote the preimage of応 inthe perfectoid limit血K'cK(ShK, XspecESpec C)an, 
and RZ b ~,c the perfectoid limit of the coverings {RZ見c}邸cKpwith K~ —level structure. 

And lastly, set Jg恥，C:=皿K'PCKPJg~＇屈 XSpa 佐，v Spa C. Then Sふ，c,RZ応，cand J武，C
are perfectoid spaces equipped with a natural action of G (A 00), G（ふ） XQisg迅ふ）cand 
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QisgG (Xb)c, respectively. (Note that QisgdXb)c is a perfectoid group; that is, a group 
object in the category of perfectoid spaces over C.) 
Now from (6) we get a following G(A.00)-equivariant isomorphism 

(7) (RZ~,c XspaC Jgとc)I QisgG（恥）c-----=-認c,

which we call the infinite level almost product structure. (Compare with (5).) 

2.3. Remark on canonicity and p-adic shtukas. Our construction of Rzb a priori 
depends on the auxiliary choice of the integral model八 whoseconstruction a priori 
depends on yet another auxiliary choice of a carefully chosen embedding into some Siegel 
modular variety. There have been important progresses on making these constructions 
canonical via Scholze's theory of p-adic shtukas [28], which we briefly introduce. 
RegardingダK,Pappas-Rapoport [23, §4.2] defined the notion of canonical integral 
models of Shimura varieties defined in terms of the family of 9-shtukas when Kp is 
parahoric. This definition is extended to the case when Kp is quasi-parahoric in a recent 
preprint by P. Daniels-P. van hoften-D. Kim-M. Zhang; cf. [4, Def 4.1.2]. Furthermore, 
one can show that the Kisin-Pappas integral model in §2.1 is canonical, and the special 
fibre of the 9-shtuka recovers the Witt vector 9-shtuka翌inProp 2.1. (This claim can be 
extracted from the statement and the proof of [4, Th 4.1.12]. Note that p-adic 9-shtukas in 
characteristic p coincide with Witt vector 9-shtukas by [23, Th 1.1.3].) Furthermore, the 
main result of [4] shows that canonical integral models exist for any Hodge-type Shimura 
varieties with any level that is quasi-parahoric at p (even allowing p = 2). One may 
consider removing the assumptions on G for the Hodge-type almost product structure 
(i.e., (6) and (7)), but we will discuss this in the abelian-type setting in §3. 

Regarding RZ尺itcan be read off from Prop 1.3.1 and Th 1.3.3 in [23] that Rzb 
coincides with the integral local Shimura variety (constructed purely locally in [24] as the 
moduli of p-adic 9-shtukas). 

Lastly, the construction of Jg~l'implies 

(8) lg心：＝3gふxSpfZPSpec恥~ Isom墨公翌），

where翌isdefined in Prop 2.1 and the rightmost term is the isom-sheaf of Witt vector 
9-shtukas. In the unramified PEL case, the a叫 ogueof (8) for JgtP,C (in terms of p-

adic 9-shtukas on C) and the almost product structure (7) are incorporated in the "fibre 
product formula" of Caraiani-Scholze [1, §4.3] and the theory of lgusa stacks of M. Zhang 
[31]. The Hodge-type generalisation is expected to be available soon; cf. [5]. 

2.4. Cohomological consequence: Mantovan formula. From now on, fix a prime 
C -::J p as well as an isomorphism <C ~豆e- The (suitably defined) compact support 
cohomology Rfc (RZ~,c,如 admits a natural smooth action of G（ふ） XJ乱ふ） XWEv, 
induced by the action of G心） xQisgd恥）cand the Weil descent datum on RZ00,c [9, 
Lem 5.14]. 

Definition 2.2. For a locally profinite group H, let Groth(H) denote the Grothendieck 
group of admissible H-representations. Given'TE Groth(J叫ふ）） weset 

Mantb,μ('T）：＝f (-l)iExt八2(記 (Rrc(RZ~,c,Qe),'T）（-d) E Groth(G（ふ） xWEJ,
i=l 
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where d :=〈2p,μ〉isthe dimension of Shい
As RZ~,c is the infinite-level local Shimura variety, Mantb,μ is expected to "encode" 
the local Langlands correspondence and Jacquet-Langlands correspondence. The precise 
conjecture due to Kottwitz and Harris-Viehmann can be found in [25]. 

Let公 denotethe automorphic翫 localsystem onダK,and we pull it back to Jg心
(For example, one may choose公＝豆r-)Note that R「c(Ig:，公） ：＝迦KPR「c(Ig心，公）
is a bounded complex of smooth G (AP00) x J乱Qp)-representationswith admissible co-
homology, where lg心isthe special fibre of Jg心
We extend Mantb,μ to Groth(G(AP00) x J叫ふ）） →Groth(G(A00) x WEJ-We also 
abusively let R「c(Ig心公） EGroth(G (AP00) x J乱ふ）） denotethe alternating sum of the 
cohomology. We are now ready to state the Hodge-type Mantovan formula. 

Theorem 2.3. Suppose that the Hodge-type Shimura variety ShK is proper6 in addition 
to the assumptions in §2.1. Then the following equality holds 

R「~(Shoo,C 立在） ＝ L Mantb,μ (R「c(Igと，公））
bEB(GQp,μJ 

in Groth(G(A00) x WEJ, where the sum is over the index of the Newton stratification. 

This formula offers an extremely useful global tool for local results; indeed, one can 
study R「c(Igし，公） viatrace formula techniques, and use it to deduce interesting con-
sequences on Mantb,μ; cf. Harris-Taylor [12] and Shin [30]. 
Let us discuss a heuristic behind the proof. By excision, one is reduced to showing 

(9) R「c(8i,C戸災）~ RHomJ心） （R几 (RZ~,c,Qe), R「c(Ig:名))（-d)[-2d].

(Note that the RHS defines Mantb,μ-term in the Grothendieck group.) We want to in-
terpret it as the "Kunneth formula" for the infinite-level almost product structure (7), 

which asserts that RZ b ~,C XspaC J此，c→認，cis a torsor under the action of a perfect-
oid group Qisg迅恥）c-Employing "topological heuristics", one can regard Jg~,c (resp., 

Qisg迅広）c-torsor)as "deformation-retracting" to lg~ (resp., to a J叫ふ）—torsor). This 
heuristic was made precise for Jg~,c via formal nearby cycles [1, Lem 4.4.3], which seems 
plausible to generalise for perfectoid Qisg店（恥）—torsors.
Unfortunately, we failed to turn it into a proof then, so we had to work with auxiliary 
integral models at arbitrary deeper levels at pin [9, §7]. The main obstacle was that the 
cohomological tools that we had then (cf. [9, §2]) require the presence of special formal 
integral models. Fast forwarding to the present time, we now have tools to directly handle 
the "infinite-level cohomology" thanks to Fargues-Scholze [7]. Furthermore, the theory 
of Igusa stacks by M. Zhang [31] (at least in the unramified PEL case) has beautifully 
transformed the almost product structure (7) (and the aforementioned heuristic) so that 
the Fargues-Scholze machinery can be applied directly. This already has an application 
to the mod£ analogue of the Mantovan formula [11, §3], and it would not be so surprising 
if the £-adic Mantovan formula could be obtained similarly.7 Note that we are expected to 

5The admissibility of Mantb,μ,('T）follows as RZ~ satisfies the conditions for [25, Prop 6.1]. 
6In the proof, the only role of properness is the nearby cycle spectral sequence for Shimura varieties with 
automorphic coefficient sheaves. However, many non-compact Shimura varieties admits the nearby cycle 
spectral sequence with automorphic coefficient sheaves (cf. [19]), so in [9] we assumed "Axiom B" instead 
of properness. See [9, Rmk 7.9] for further discussions. 
7Note that one cannot trivially deduce the i-adic case from the torsion case, as the projective limit does 
not preserve smoothness of the group action. 
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have the Hodge-type generalisation of the theory of Igusa stacks and the mod£ analogue 
of the Mantovan formula in the forthcoming work of P. Daniels, P. van Hoften, D. Kim 
and M. Zhang [5]. 

3. ABELIAN-TYPE CASE: SKETCH 

Many interesting proper Shimura varieties are of abelian type but not of Hodge type 
(eg., non-PEL Shimura curves, type C examples). To give a GSpin example, choose a 
totally real number field F -/ Q, and an F-quadratic space (V, q) with signature (n, 2) at 
one infinite place and positive definite elsewhere. Then G = ResF/Q GSpin(V, q) admits a 
proper Shimura variety that is of abelian type, but not of Hodge type. This gives enough 
reason to desire for the abelian-type Mantovan formula. 
In this section, we sketch (very roughly) the ingredients needed to generalise the Hodge-
type almost product structure in [9] to the abelian-type case. 

3.1. Canonical integral models. Let us begin with an extremely brief review of recent 
progresses on integral models of abelian-type Shimura varieties (cf. [18], [6]). Fix a prime 
p > 2. Let (G,'.D) be an abelian-type Shimura datum, and 9／均 aparahoric integral 
model with Kp := 9 (Z砂 LetGe denote the quotient of G by the maximal Q-anisotropic 
良splitcentral torus. (Note that G = Ge in the Hodge-type case.) Then 9 determines 
the parahoric integral model炉 ofGe (resp. 9ad of Gad), which are obtained as a suitable 

quotient of 9. 
Finally, suppose that there exists a canonical integral modelダKof ShK = ShK(G,'.D) 
for K = K心 inthe sense of [23, Conj 4.2.2] and [4, Def 4.1.2]. In particular, we get a 
Witt vector 9c -shtuka翌onth 

―perf 
e perfected geometric special fibre ダ~"" (resp. 9ad_shtuka 

竺 onYは戸）． Thisassumption is known to be satisfied in the following cases: 
(1) (G,'.D) is of Hodge type; cf. P. Daniels-P. van Hoften-D. Kim-M. Zhang [4, Th I]. 
(2) p > 2 and Gad is essentially tame8; cf. Daniels-Youcis [6] built upon Kisin-Zhou 
[18, §5] and [4, Th I]. Note that at essential tameness is automatic if p ~ 5. (See 
§5.3, esp. Rmk 5.3.1, in [23].) 

Let us elaborate the latter case further. In this case, Kisin-Zhou [18] extended the 
construction of Kisin-Pappas integral models as follows. Choose a Hodge-type Shimura 
datum (G','.D') ad-isomorphic to (G，割 satisfyinga list of properties in [18, Prop 5.2.6]. 
Applying [18, Th 5.2.12]), we get an integral model of ShK for any small enough K = KPKp, 
as well as integral modelsダ',andグ晶 forthe Hodge-type and adjoint Shimura varieties 
(with suitable parahoric levels at p), equipped with the following finite maps 

(10) 名<1-グ晶←ーグK
corresponding to (G','.D'）→ (G叫か） ← （G,'.D), such that the map on the "geomet-
ric components"名⑰ →名gげfactorsthrough Yt. Furthermore, Daniels-Youcis [ 6] 
showed that these integral models are canonical in the sense of Pappas-Rapoport [23, 
Conj 4.2.2]. 

3.2. Central leaves and lgusa covers. Let沢 bean affine smooth scheme over Zp with 

connected fibres. Let _Q be a Witt vector J{ —shtuka on a perfect IFv-scheme S, and fix 
xES（恥）． Inrecent joint work with Hamacher [10, §2.14ff], we showed that the central 
leaf C(?lx -the locus where the geometric fibre of _Q is isomorphic to _Qx―is locally closed 

8The essential tameness condition is called acceptability of (G,'.D) in [18]. ， 

41 
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in S, and the "Igusa cover" Isom直喜） ispro-finite etale overい (Thisextends the 
classical results when _Q_ comes from a completely slope divisible p-divisible group over 

―perf 
S.) Applying this construction to翌overグ k and an 恥—point x, we get a (canonical) 
central leaf炉 andthe (perfect) Jgusa variety lgふoverit. We define an adjoint central 
leaf ~b,ad C ―perf 八 as a central leaf for the pull back of翌叫 orequivalently, the preimage 

.—ad,perf 
of a central leaf inダ炉． Wehave the following comparison between炉 and炉叫

p roposition 3.1. If the centre Z9c of 9c is a torus then we have炉b,ad=賛 Ingeneral, 
炉，adis a finite (open and closed) disjoint union of central leaves. 

Note that the centre of a split GSpinn+2 for n > 0 is a torus if n is odd; otherwise, the 
maximal central torus is of index 2 in the centre. So for GSpin Shimura varieties, adjoint 
central leaves may differ from canonical central leaves. 
Prop 3.1 was announced in Shen-Zhang [29, §5.4.5] in the good reduction case. The 
alternative proof in [10, Prop 2.20] uses the good reduction hypothesis only for construct-
ing翌， hencethe latter approach actually works and proves Prop 3.1. Note that the proof 
also describes the set of central leaves appearing in賛叫

3.3. Almost product structure: sketch of the idea. Pappas-Rapoport [24] gave a 

canonical (and local) construction of abelian-type integral local Shimura varieties Rzb as 
normal special formal schemes. Now repeating the proof of Th 1.3.3 in [23] one should be 
able to deduce the abelian-type Rapoport-Zink uniformisation, which enjoy some natural 
functorial properties between ad-isomorphic Shimura varieties. Likewise, the functorial-
ity for canonical integral models and p-adic shtukas on them should imply the similar 
functoriality for Igusa varieties. 
Applying this functoriality to the diagram (10) with Prop 3.1 in mind, one should 
be able to descend the Hodge-type almost product structure forバ (cf. (6), (7)) to 
the adjoint-type Shimura variety グは~a, and in turn "lift" it to the abelian-type Shimura 
varietyダK.In the last step, one should take care of the gap between ~b,ad and炉
if Z9c is not a torus, but this can be explicitly controlled. Finally, one can deduce the 
abelian-type Mantovan formula following the proof in the Hodge-type case [9, §7]. 
It should be noted that a more novel alternative approach to the abelian-type almost 
product structure and Mantovan's formula via Igusa stacks will be available in some 
near future as an application of the Hodge-type case in the forthcoming work [5]. The 
Igusa stack technique is expected to have more powerful applications, such as the mod i 
analogue of the Mantovan formula and torsion vanishing results. On the other hand, the 
idea outlined in this section is a straightforward extension of the proof in the Hodge-type 
case in the joint work with Hamacher [9], necessitating only a few new elements and 
circumventing extensive foundational efforts. The sketchy idea outlined in this section 
shall be written up in details in the near future. 
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