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1. INTRODUCTION 

This review is based on the published papers in collaboration with Masato Hoshino (Osaka 
University) and Takahisa Inui (Osaka University) [6, 7]. 

A stochastic force combined with a dissipation is used to model a temperature effect in the 
dynamics of partial/ordinal differential equations. In the paper [14], the authors study the 
U(l)-invariant relativistic complex field model in three dimensions, which, being added noise 
and dissipation, serves to describe, in various limits, properties at finite temperatures of super 
fluid systems, superconductors of type II, nematic liquid crystals, as well as relativistic bosons 
at finite chemical potential. The authors found a statistical universality among those models of 
different physical backgrounds. 
More precisely, the under damped Langevin equation derived from the Lagrangian density for 
relativistic bosons with finite chemical potential in [14] reads the following damped nonlinear 
wave equation on'_['d :=（恥／2五研 drivenby a complex-valued space-time white noise. 

］魯＋（µ-ir)知—△ゅー (v -I計）心＝拿，
<~(t,x)>=0, <C(t ,x)~(s, y)> =2r5(t -s)r5(x -y), 

and 

］叩＋μ邸ー△ゅー (v-1叩）心＝冨＜

(μ-i,)8心―△心ー (v-1計）ゆ＝冨＜

(1.1) 

with μ, 1 > 0, v 2 0 and c > 0. Here, T > 0 is the temperature. In the ultra relativistic and 
non relativistic limits, i.e. 1→0 and c→ +oo respectively, this Langevin equation approaches 
to 
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respectively. Eq.(1.2) and Eq.(1.3) are known as the Goldstone and the Gross-Pitaevskii models. 
The latter describes the dynamics of gaseous Bose-Einstein condensates ([8]). On the other hand, 
the former describes the dynamics of the Mott insulator phase with integer fillings ([2]). 
By the numerical simulations, it is observed that all these models have the same statistical 
quantities around the equilibrium. What they call in [14] the equilibrium, can be described by 
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the Gibbs measure p, which is written formally as: 

L-!!..(竿
p(d叡dcp)= r-1e― T d加dcp,

with 

H（似の）＝声［長＋V（心），

叫）＝if可dx-ifl計dx+if討dx,

where r is a normalizing constant. Note that if we insert the wave functionsゆ＝百 ofthose 
models which depend on the temperature T > 0, V（百） also.

V（百）＝ij 1Vi/Jrl2dx -i j厨麟＋if田14dx

and 

The following figures were given by M. Kobayashi, one of the authors of [14]. 
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The left simulation C1 observes the variance of V（巧）：

田（巧）〉一〈V（百）戸／T汽

and the right figure C2 shows the computation of the change rate, in terms of the temperature, 
of the average〈V（的）〉：

[〈V（心T＋△T)〉-〈V（心T-△T)〉]/2△T.

In the above figures,'rel'means Eq.(1.1),'ultrarel'means Eq.(1.2) and'nonrel'means Eq.(1.3). 
One can see clearly a similarity of those three models about the quantity at the object. 
The measure p depends on the parameter c, but in fact we will see that the equilibrium does 
not depend on the parameters except v, neither on the equations above, which, we believe, may 
explain the result of the numerical simulation. 
We consider this equilibrium in the case of d = 2, setting T = 2, in this note. Unfortunately, 
we modify (1.1) and replace the t erm —• by—• +1 and set v = 0 in order to keep the positive 
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definiteness of the linear part to define the corresponding Gaussian measure. Moreover, the p 
is a priori not well-defined, since L4 is not in the support of p, but at this point we may give a 
sense using a renormalization technique as has been widely used by now. 
Existence of solutions of all those models and the construction of the Gibbs measure have 
been established in [9, 10, 18, 12, 13, 19, 15]. Our interest is mainly in justifying the both limits 
7 →0 and c→ +oo. The convergence as c→十ooand the independence of Gaussian measure 
on c were already justified in [5] under the name of Smoluchowski-Kramers approximation in 
case of d = l with a space-time white noise, and for d 2: 2 with a colored noise under the 
Dirichlet boundary condition. See for example [3] and references therein for generalizations of 
this Smoluchowski-Kramers approximation issue. 

2. MAIN RESULTS 

In this section, we precisely mention our mathematical results on the equation explained in 
the previous section, setting c = ~ E (0, 1] in (1.1). As a damping coefficient we consider more 
generally a E (C such that Re(a) > 0, Im(a)ヂ0.For each c E (0, 1], we consider the damped 
Klein-Gordon equation with an exterior force f(t, x): 

｛疇Ue,a+ 2叫 Ue,a+ (1 —• )Ue,01 = f, t > 0, : : ;:: (2.l) 

(ue,01,喝 ue,a)lt=O=（のO,釘）， XE Td. 

The spatial dimension d can be any d 2'. 1 for the moment. To clarify the dependence on the 
parameter a in the estimates we will encounter, we use the following notation: 

C+ = {a EC; Re(a) > O}, C+ ¥ (0, oo) = {a EC+; Im(a) -/c O}. 

For any s E恥 wedenote the inhomogeneous Sobolev space by H8, and we defineザ＝
Hs  X Hs-l_ 

We will mainly focus on the non relativistic limit problem presenting the detailed analysis, 
and then we will mention our results briefly on the ultra relativistic limit which are similarly 
obtained. The first step is to derive the uniform energy estimate ins for (2.1). For that purpose, 
we write the solution of (2.1) in the mild form. 

Ue:,a(t) = et入年（▽）幻＋e叩（▽)¢ふ＋1'(e(t-t')心（▽）fふ(t')+ e(t-t')入；a（▽）に(tり） dt',

゜
where, 

-a士V心ー竺〈V〉2
迄(V)= 召

with the square root ✓ defined by ｀ ＝履， 0E (-1r,1r], 
and 

吠。＝干e芦 (V)如士尋1 応（t)=士 ~f(t). 
2J心ー翌〈V〉2 ’ 2✓心ー竺〈V〉2

(2.2) 
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Theorem 1. Let d 2: 1. For anyび E恥，

II (Uc:,a, E:OtUc:,a) IIL戸礼ば(11'勺乏°'IIのo||Hク(Td)+||か||H"―1('lrd)+ IIJII号H(I―1(11'ザ

where the implicit proportional constants are locally bounded function of a E C+ ¥ (0, oo). 

From now we restrict ourselves to the two dimensional case, and we pay attention to the 
equation in purpose, namely 

｛西汎，a＋ 2a8心＋ （ 1 —△)叱，a ＋ |叱,al2n飢，O!= 2y'lfe(孤w,t > 0, : : ::: (2.3) 
（叱，a，瑾叱，a)lt=O=（ゆ，の）， XE竺

where n E N and W is the cylindrical Wiener process as 

W(t,x)=ど（f3k,R(t)+ i(3k,r(t))繹(x),
k€Z2 

叩）＝上eik•四
21r 

(2.4) 

Here,（厖R(t))t：：：：oand ((3ぃ（t))t：：：：oare sequences of independent real-valued Brownian motions 
on the stochastic basis (n,互lP'，（石）t：：：：o).In all what follows, the notation lE stands for the 
expectation with respect to IP'. For a probability measure μ defined on H8, integration with 
respect to μ @ IP'denoted by lE炉

As was already proved in [9, 18], due to the space-time white noise, the solution of (2.3) have 
negative space regularity, and thus the nonlinear term lwl2nw is ill-defined. In order to make 
sense of this term, we will proceed as in [4, 9, 18], use the Wick product and renormalize the 
nonlinear term. 

｛竺冴叱，a＋ 2叫叱，a＋ (1 ―△)叱，a+: 的，!1~ : = 2y'Re(叫w,t > 0, : : ;:: (2.5) 
(we:,a'瑾叱，a)lt=D＝（心，¢), xE11'2. 

The notation: un+l初：isthe complex Wick product (For the definition see [6]). 
Writing the solution叱，a= Ue:,a + Ze:,。 withthe stationary solution Ze:,。forthe linear 
stochastic equation 

疇 Ze:,a+2叫 Ze:,a+ (1―△)Ze:,a = 2~8tW, (2.6) 

we find out the following random partial differential equation for U,玉

｛疇ue,a+ 2叫 U5,a+ (1 —• )Ue,a+ : (Ue,a + ze,a)n+1(Ue,a + ze，謬： ＝o, (2.7) 

(UC,a，瑾Ue:,a)lt=O = (u, V) 

with (u,v) = (1/;,¢) -(Ze:,E秘Ze:)lt=D・

Applying Theorem 1 to (2.7), we obtain the local existence of solution. 

Corollary 2.1. Fix any T > 0. Let u < 1 be sufficiently close to l and let 8 = 1 -u. For 
any compact subset K of CC+¥ (0,(X)),the equations (2. 7) parametrized by E > 0 and a EK  are 
uniformly well-posed: there exist a random time T*(w) > 0, and a unique solution 

Ue:,a E C([O, T*);『)nび([O,T*); Haー 1), a.s. 

Here, T* depends only on ll(u,v)llw and I:kH'.o2n+l II: z:,名，--;£:IIL戸w-o,cxo,
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Remark 2.1. As we will see just below, we will consider the limit E:→ 0 (non relativistic limit) 
or Im(a)→0 (ultra relativistic limit). Therefore, the statement of Corollary 2.1 is precisely as 
follows: for each E: > 0 and a E K, there exist a random maximal existence time T,ふ(w)> 0, 
and a unique solution 

U0,a E C([O, T,ふ）；H")n C1 ([O, T,ふ）；H"-1), a.s., 

and if we set T* := liminf0→oT贔 (orT** := liminfim(a)→OT贔）thenT*(w) > 0 (T**(w) > 0) 
a.s. and 

UE,a E C([O,T*(T**));H") nび([O,T*(T**)); H"-1), a.s. 

The Gibbs measure has been constructed in [18], and can be made sense, again with the help 
of the renormalization: 

P2n+2(d心dcp)= r-le-H（ゆゆ）dゆd¢

where, 

H（ゅ，¢)= ~ J閣dx+V（心），
and 

叫）＝~!賣dx+~ j責dx+ 2n+ 2 J匝12n+2:dx 
r is the normalizing constant. Using the Gaussian measures μo = N(O, (1 —• )-1) and μi = 
N(O, I) we may write 

P2n+2(d疇） ＝r-le-H匹）d心d</J= r-1e―2n1+2 f:|心|2n+2:dxμ(d疇）

= r-le―2n1+2 J:|心|2n+2:dxμo(d心）Rμ1(d¢). 

It is known that μo =.C(Zo) and supp P2n+2 =suppμ C 1iゴforany 8 > 0. Remark that the 
Gibbs measure does not depend on c > 0, nor on a EC. 

We make use of the Gibbs measure to globalize the solution obtained above. 

Proposition 1. There exists a measurable set 00,a C冗 15such that P2n+2(00,a) = l and for 
（ゆ，¢） E Oe,。thesolution of (2.5) exists globally a.s.. 

Finally we justify the non-relativistic limit. We may formally expect that when c goes to 0, 
¥JI 0,a converges to ¥JI。,whichis the solution of the stochastic complex Ginzburg-Landau equation: 

{”ふ＋（1 —△)此＋：屯：＋1亡： ＝2よ叫w,
並alt=O=心．

(2.8) 

Theorem 2. Let 6 > 0. Consider the solutions｛鯰）,ahENof (2.5) according to the sequence 
c(j) = j-1. There exists a measurable set A C 甘 8such that μ(A) = 1 and for（ゅ，¢)EA,
｛鯰），ahENconverges to the solution of (2.8) in L四戸('JI'りforany T < Thmax, almost surely, 
where Thrnax is the maximal existence time of the solution of (2.8). Moreover, this convergence 
holds globally in time for any（ゆ'¢)EAn njENOE(j)・
In a similar way, we may prove the ultra relativistic limit. We fix c = 1 and Re(a) = a1 > 0 
and let Im(a) go to 0. For the sake of simplicity, we write妬，a1+a2i = W a2・
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Corollary 2.2. Consider the solutions｛鯰（j)hENof (2.5) according to the sequence a2(j) = 
j―1. There exists a measurable set l3 C冗 6such that μ(B) = 1 and for（ゆ，¢)EB,｛鯰（J）}JEN
converges to the solution of (2.3) with a replaced by a1 in犀 H呵灼forany T < Twmax, 
almost surely, where Twmax is the maximal existence time of the solution of (2.3) with a replaced 
by a1. Moreover, this convergence holds globally in time for any（心，¢)E (3 n njEN Oa2(j)・

After this work has been published, we found that Zine [20] proved a same statement about 
the nonrelativistic limit, and that his result does not need a subsequence of the parameter. 
With his idea our results may be improved too, without taking a subsequence E(j) = j-1 and 
a2(j) = r1. 

We remark that in [16] the authors consider the damped nonlinear wave equation with a 
regularized noise (without renormalization), and study possible limiting behavior of solutions as 
they remove the regularization. Such a triviality result is known for stochastic nonlinear heat 
and wave equations (see [1, 11, 16]). 

3. OUTLINE OF THE PROOFS 

3.1. local existence. We solve (2.7) in the mild form, in the space 

C([O, Tl, Ha('lI'り）nC1([0, T], Ha-1(11'り）．

The proof of the local existence is quite similar to [18], but thanks to Theorem 1 we have the 
local existence uniformly in 

c E (0, l], a E K, 

for any fixed compact K C IC+ ¥ (0, oo). To prove Theorem 1, Proposition 3 below is the base to 
understand the behaviour of the linear part. Combining Proposition 2 and Lemma 3.1 below, 
we can prove Theorem 1. 

Proposition 2. For any(J" €恥， we have 

lie心 (V)u|1砕 Hg:S: llullHg, (3.1) 

1t e(t-s心('v)f(s)ds 乏。 sllfll号Hg+llfll叶H：：ー1．
0 IIL,;,>Hq 

(3.2) 

In the second inequality, the implicit proportional constant is a locally bounded function of a E 
C+・ 

Lemma 3.1. For anyび E屈 and0 E [O, 1], 

11¢ま。IIHa乏。 1|少ollHa+||釘||H"―1'

11ft』|H"乏°'c-011fllw-0,
where the implicit proportional constants are locally bounded function of a E C+ ¥ (0, oo). 

Proposition 3. Let a E (C such that Re(a) > 0 and Im(a) =J 0. 

(1) 0 < Reヽ 戸：：：：： Re(a)for any s ~ 0, and the function [O, oo)ぅs→Re、戸＝is
strictly decreasing. 
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(2)|、図□sl?: ✓21 Re(a) Im(a)I for any s?: 0. 
(3) For any s ?: 0, 

vs I - /,. lal2 
ごく (1+ 2|Re(a)Im(a)|. 

(4) There exists Ca > 0 such that Re(-a+、戸ー訂~ -Ca(s I¥ 1) for any s 2 0. Moreover, 
Ca is locally bounded from above and below in the region <C+ := { a E (['.; Re(a) > 0}. 
(5) For any s 2 0 we have 

{~::-よ＋ h（s,a), |h(s,a)| < 8s21|a|3 if s < |a|2/2, 
、戸二＝iヽ＋g(s,a), lg(s, a)I ~ 6lal2 /ふ ifs> 210:12. 

3.2. Wick polynomials of the stationary solution. We consider the linear stochastic equa— 

tion (2.6). Since the results in this section are independent of E and a, we write Z = Z0,a for 
simplicity. Setting Y =瑾Z,we have the system 

{ dZ(t)=e—:~~::;-1Y(t) -(1-b.)Z(t)} dt + 2c-1~dW(t). (3-3) dY(t) = E―l {-20:E―1Y(t) -(1 —△)Z(t)}dt +2E― l yTu冠ふiW(t).

We define the Gaussian measure on S'(11'叩 by

μ(dzdy) =―e-Vo(z,y)dzdy, 
r。

with Vo(z, y) = ½ J'll'2 lz(x)l2dx + ½ J'll'2 IV z(x) l2dx + ½ J'll'2 ly(x) l2dx and with a normalizing con-
stant r。.Precisely,by identifying an element ~ E S在） withthe sequence (i(k))kEZ2, the 
measure μ is defined by the product 

μ= Rぷ（0,2(1 + lkl2)―1謬Rぷ(0,2), 
kEZ2 fEZd 

whereぷ(0,r) denotes the complex normal distribution with mean zero and covariance r > 0. 
It is straightforward to see that μ is supported in 11-6 for any 6 > 0. Also we may see that the 
Gaussian measureμ is invariant under the Markov process (Z, Y). 

Let (Z, Y) be the stationary solution of (3.3) with the initial law (Z, Y)lt=O~μ. We consider 
the Wick polynomials of Z. Writing応 asthe projection IIN : z→ど肛N叫(k)ek,by the 
stationarity, 

2 
CN := JE[III豆(t,x)l2]= j IIINzl2μ(dzdy) = "~'i+lk12· 

lkl:c;N 

The same arguments as in [9, Proposition 2.1] imply the following result. 

Proposition 4. Let m, n EN, T > 0, p E [1, oo), and 6 > 0. The sequence{: (II豆）叫冗謬）n:
}NEN is Cauchy inび（r2;C([O, T]; w-6,00)), and converges lP'μ-almost surely. 

We can get Corollary 2.1, similarly to [9, Proposition 3.5] and [18, Proposition 4.1], by the 
standard PDE argument applying Theorem 1 with ¢。 =u,釘＝ v,and 

f=—ど凡(U)盃，
k:,;2n+l 
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where Pk(U) is a k-th homogeneous polynomial of U and『,and三kis an element of L'y?w-6,00, 
depends on the degree k. 
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Setting<I>N=瑾い wehave the system 

｛ ：口：口＿(2t：い）ー（1-亨（t)-IIN, (IINい］い）n・}dt 
+ 2s—1~dW(t). 

For any NE  N, we define the truncated measure 

PN(d崎）＝ r計e-HN（紐）d疇＝叩e―2n1+2如：（IINvNp+1(II豆りn+l:dxdμ。R匹

(3.4) 

(3.5) 

where, 

応（心,c/>)=~l21長＋応（ゆ），
and 

VN（心） ＝ ： J11'2 |V叩dx+~l2I長＋ 2n+ 2 111'2 : (II"N戸（II豆刈n+l:dx. 
We can apply Corollary 2.1 to Eq. (3.4) and prove the following result. The global well-
posedness of（炉凡炉刈followsfrom the energy estimate as in [18, Proposition 5.1]. 

Proposition 5. Let c5 > 0 and T > 0. Let（ゆ，¢)E冗 0. Then, there exists a unique global 
solution in C([O, T]直―0)denoted by（妍凡炉刈 of(3.4). Moreover, there exists a measurable 
set O C礼 0such thatμ(0) = 1 with the following prope仕ies:for any（心，の） EO,（前凡が「） → 
僅<I>)in C([O, T]濯―0)in probability as N→oo for any T < T*, where（い） ＝ （U叫 U)+
(Z,E砧Z),U being the solution of (2. 7) with zero initial values, given by Corollary 2.1 and T* 
being its maximal existence time. 

We define the Feller transition semigroup Pt f（心，¢)= JE(j(¥[IN, <I>N)(t,（心，¢)))for（心'¢)E 
0, and we can see easily that the measure PN is invariant for (Pt)t?:O・ 
The following lemma reflects some important properties of PN, which are remarked in [18, 
Lemma 3.2]. 

Lemma 3.2. (1) The normalizing constant rN is bounded below independent of N. 
(2) The sequence 

{e―2ふf']['2Hn+l,n+i(II匹；CN)dx}
NEN 

is Cauchy in LP(dμo) for p 2: 1, and we denote the limit by 

e―2n1+2 f']['2:|心|2n+2:(x)dx
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Lemma 3.3. Let any T > 0 be fixed, and letびく lbe sufficiently close to l and 5 = l -c, as 
in Corollary 2.1. There exists a constant Cr independent of N such that 

sup f lE [ sup||(U汽t），瑾臼(t))||礼a]PN(dゆdの） ＜ cT・
NEN J1{-6 I 0'.ot勺T

Proposition 1 follows from the next statement, using Proposition 5 and Fatou's lemma. 

Theorem 3. Fix any T > 0. Let c, and 5 be as in lemma above. Then there exists a constant 
巧＞ 0such that 

い［。こtsく繋~T* ll(U(t），喝U(t))ll1ta]p(d叫） ＜ cT・
Hence T* = T a.s. for p-a.e.（心，の） E礼 6.

Thus, we can define the transition semigroup Ptf（心，の） ＝JE(f(w, <I>)(t,（心，¢)))for（心，¢)E双
and t 2: 0, and the invariance of measure p follows straightforward: 

Corollary 3.4. The measure p is invariant for (P,如O・

3.4. non relativistic limit. In this section, we fix a and let c go to 0, so we omit the label a 
from underlined objects, e.g. we write 叱＝叱，a•

3.4.1. deterministic result. We can expect that, the limit of the solution of (2.1) as c→0 solves 
the linear heat equation 

｛加如＋ （1 -△）v = f, (t,x) E (0,oo~:;叫
vlt=O = 4>。,xE'll'色

(3.6) 

or equivalently, 

v(t) = e点（△-1）伽＋卓［しー1)f(t')dt'. 

Theorem 4. For any a-E良 and0 E [O, 1], 

lluE -vllLTH互乏。翌(|匝o||HC+o+||釘||H"-1十0+ 11!11舛H:-1+o),

where uE = uE,。isthe solution of (2.1), and the proportional constants are locally bounded 
functions of a E IC+¥ (0, oo). 

proof. We decompose 

妬一 V= l{E:〈▽区lal/v'2}(ue-v) + l{e〈V〉>|al/v'2}(u0-v). 

For the latter part, we have the required estimate as a consequence of the E-uniform estimates 
(Theorem 1), since 

lll{e〈V〉>|al/v'2}wllw乏ac゚1|切 ||Ha十0.

for any w EH"十°.
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We consider the former part. First let f = 0 and reorganize the term concerning initial values 
as follows. 

U0 -V  = e囚（V)（心ー伽） ＋etぷ(V)¢e―十 (e囚(v')-e点△)¢。

=: A1 + A2 + A3. 

As for A1 and A2, we can ignore e因(v')because of the estimate (3.1). We write 

勾ーのo=
(a-~叫▽戸）のo 十⑳1
2J心ー竺〈▽〉2 ' 

妬―=
(-a+~双▽戸）如ー弱1
2J心ー竺〈▽〉2 • 

By Proposition 3, we can estimate 

111{c:〈▽〉:S:lal/v'2}(¢f-¢o)llw + lll{c:〈▽):S:lal/v'2}のe_||Ho乏e町1¢ollw+2十e||釘||H",

where we have used the estimate J心ー翌〈K戸＝ a- 汀~ +0(c4〈K〉4)from Proposition 3-(5) 
for the term concerning ¢。,anduse J心ー竺〈K戸＝ 0(1)for the term concerning釘． Onthe 
other hand, we can estimate 

lll{c:〈▽〉:S: lal/✓勾(¢f -</Jo)IIH。+||l{c:〈▽〉:S:lal/v'2}¢;―||H"乏1|伽||H。+||¢l||H6-1,

by replacing ~<K>2by 1 or c〈K〉,fromProposition 3-(2) and (3). By the interpolation 
we have the required estimate for A1 and A2. As for A3, we have 

lll{c:〈▽〉:S:lal/v'2}A3llw乏11¢。||H"
by the c-uniform estimate (3.1). Since in the region c〈k〉s:laい厄 wecan estimate 

le心 (k)-e一点〈k〉21乏t|入f(k)+ ~<k>21 (le心 (k)IV le＿点〈K〉21)

乏tc2〈K〉4e-ct〈k〉2

乏c2〈K〉%-c't〈K〉2

for some constants c, c'> 0, so we have 

||1{e〈▽〉:S:lal/v'2}A3llw乏e町l</Jollw+2-

By the interpolation, we have the required estimate for A3. 
Next we consider the case伽＝釘＝ 0.We decompose 

Ue -V = Jt a-O三沢—匹（▽）f(s)ds
o 2ay心ーき〈▽〉2

-[ 2 :村-8)ぶ（▽）f(s)ds+ latよ（国（△-1)_ e(t-s)対（▽）)f(s)ds.
Then we can estimate each term by a similar way to above. 口
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3.4.2. probabilistic result. We consider the solutions｛鯰）｝jEN according to c (j) = r l. Theo-
rem 2 is a consequence of the following proposition and Proposition 1. 

Proposition 6. Let,5 > 0. Let (Z0(j), Y,,(j)) be the solution of (3.3) with (Z0(j), Y,,(j))lt=D = 
(z, y), and let Z be the solution of 

2叫 Z+ (l —• )Z=2~8t W 

with Zlt=D = z. Note that z and y are deterministic functions. Then there exists a measurable 
set AC礼―8such that μ(A) = 1 and for any (z, y) E A, m, n E N, T > 0, and p E [1, oo), 

-n  
the sequence of Wick products : Z閃戸恥： convergesto : Z万：inC([O, T]; w-8,00) almost 

surely. 

proof. We first note that the following (N, t, x)-uniform estimate can be shown: 

l-/i lE [1 〈V戸（：恥Z?IIN幻：—： IIN炉応%:)12] μ(dzdy)乏 c゚
for any 0 E (0, l]. In a similar way to [9], we have that, for any h E [-1, 1] and ao E [O, 1] such 
that a0 < 28, 

均［IJh{〈V〉―灯： IINZ門応乞：—： IIN炉冗a":)}12] ;S lhl°'唸°,

where {Jhf(t) := J(t + h) -J(t). Thus, Nelson estimate, Sobolev embedding, and Kolmogorov 
criterion imply the convergence 

均［II: IIご IIN幻：―:恥zmILvZ':I|らw-6,p]乏 E0p/2

for any p E [1, oo). Moreover, by Proposition 4, as N→ 00 

均[11:z心：―： Zデ： 1|らw-6,OO]乏e0p/2.

As for the almost sure convergence result, we use a similar argument to [17, Proposition 3.2]. 
For any k EN and E > 0, set 

砧＝｛（（z,y),w)E 1i―ox n; II: z？冗：―： zm万： 1|釘 w-o,oo< k―1}. 

By Markov inequality, 

μRlP'（国）C)= μ@lP'[II: z？乞：―： Zデ： llc,,w-0,002". k―1] 
乏kPJEμ,[ II : Z';'乞：―： zmz11:I似w-o,oo]
< k程0p/2.

We then have, taking a subsequence c(j) = j-1 and setting p to be 0p > 2, 
00 00 

どμ@lP'((.A贔）C)乏kPど］―0p/2< 00. 
j=l j=l 
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By Borel-Cantelli lemma, the event A_k := LJ乙n臼 A贔hasprobability one, and for any 
((z,y),w) Eび，

limsud: Z灯謬如：―： Z呵 n:II巧 w-o,oo:S k―1. 
J ● → OO 

Therefore, the event A:= nkENAk also has probability one, and for any ((z,y),w) EA, 

lim || : Z芯虚如：―： Z呵 n:II巧 w-o,oo= 0, 
J→OO 

i.e. {: Z灯屈如：｝jconverges in巧 w-8,00,almost surely, for almost every initial condition 
(z, y). 

ロ

Combining the deterministic result and the probabilistic result, the proof of Theorem 2 is 
completed. 
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