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Algebraic independence of the values
of a certain function invariant under
the action of the dihedral group

BERRNR AP T4 Hh 228 (Taka-aki Tanaka)
Faculty of Science and Technology, Keio Univ.

1 Introduction

Liouville series L(z) = >, ;2" is known to have the following property:

Theorem 1.1 (Nishioka [3]). Let qi,...,q. be algebraic numbers with 0 < |¢;| < 1 (1 <
i < r). Then the values L(q1),...,L(g.) are algebraically dependent if and only if there
exist 1,7 with 1 < i < j <r such that q;/q; is a root of unity.

In what follows, Q" denotes the set of nonzero algebraic numbers. Let D = {zeC||z| <
1} and let o, be the multiplicative group consisting of all the roots of unity. Theorem 1.1
means that the points of DNQ" at which L(z) takes algebraically dependent values lie on
the same orbit under the action of the group p, defined by e x D 3 ((,2) — (z € D.

Although i is an infinite group, in this paper we consider the functions of several
variables with the following property: The points at which such a function takes the
same value always lie on the identical orbit under the action of a finite group including
non-commutative one, except trivial cases such as f(X,Y) = g(X", Y") with the multi-
plicative action of the cyclic group G = (({n,(n)), where (y is a primitive N-th root of
unity. Let {Ry}xr>1 be a linear recurrence of positive integers satisfying

Rk+n = Cle-‘rn—l +ee A+ Can (k > 1)7 (1)

where n > 2 and ¢y, .. ., ¢, are nonnegative integers with ¢, # 0. In this paper we assume
that g.c.d.(Ry, Rks1, ..., Rgrn_1) = 1 for all k£ > 1 to exclude the trivial case above. The
author [8] studied the two-variable function E(x,q) defined by

b kgl tRa++ Ry

B q
ZHl_qu _Z(1—qu)(l—qu)-u(l—qu)’

k=1 1=1 k=1

which may be regarded as an analogue of g-exponential function

gl 2tk
=1
+Z I—q)(1—¢g?)---(1—¢"

(cf. Gasper and Rahman [1]), if we replace k in the exponent of ¢ in E,(z) with {Rj}x>1
defined by (1). Let

PX)=X"—c X"~ —q,.
The author proved the following:
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Theorem 1.2 (Corollary 4 of [8]). Let {Ry}r>1 be a linear recurrence satisfying (1).
Suppose that ®(£1) # 0 and that the ratio of any pair of distinct roots of ®(X) is not
a root of unity. Assume that g.c.d.(Ry, Ryi1, ..., Rkyn_1) = 1 for all k > 1. Then the
infinite set of the values

{E(Z‘,CJ) ‘ r,q€Q, gl < 1}
1s algebraically independent.

Remark 1.3. It is shown in Remark 2 of [5] that, if ®(£1) # 0 and if the ratio of any
pair of distinct roots of ®(X) is not a root of unity, then the {Ry},>1 defined by (1) is
expressed as Ry = cp* + o(p*) with ¢ > 0 and p > 1, which guarantees the convergence of
the series E(x,q).

Remark 1.4. The condition that g.c.d.(Rg, Rk+1, ..., Rktn—1) = 1 for all £ > 1 implies
that the sequence { Ry };>1 is not a geometric progression, which is a technically inevitable
condition for the values E(z,q) to be treated as special values of Mahler functions of
several variables similarly to our poof in Section 3.

Example 1.5. Let { F; }x>1 be the sequence of Fibonacci numbers defined by F; = Fy =1
and Fyio = Fyy1 + Fy, (k> 1). Since {Fy}x>1 satisfies all the conditions of Theorem 1.2,
the infinite set of the values

{i gk qFit Fat ot Fi Tl
— s HaeQ g <1
—(1—g¢")(1—q")---(1—q")

is algebraically independent.

Since Ry, = cp* + o(p*) with ¢ > 0 and p > 1 by Remak 1.3, the two-variable function
E(z,q) converges on the domain

(Cx{lal < HUlzl <1} x {lal > 1}) = {(z,q) € C* [ |q] <1V (jz] <1 Alql > D)},

whereas a ‘balanced’ analogue

i ﬁ wg i hqfat Rt Ry
@R ZPR)(1 = ?R2) ... (1 — g2
el Rk (1—g*)(1 —g?h2) .- (1 — g*r)

converges on the wider domain

Cx {lql #1} = {(z,q) € C* | |g| # 1}.

Indeed, if ¢ # 0, then ©(x, q) is invariant under the map

o1 ¢ (1,q) — (—2,q7Y),

namely

i )kq—R1 Ro—-—Ry,

0'1:17(] Z _ 2R _ 2R2\ ... _ —2R :@(x7Q)
- ]. q- 1 ]_ q- 2) (]_ q k)
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and so O(z,q) converges on C x {|q| # 1} by the similar reason to the convergence of
E(x,q) on C x {|q| < 1}.

Moreover, if { Ry }x>1 is a sequence of odd integers, then ©(z, ¢) is invariant also under
the maps

op ¢ (2,q) —> (~2,—q) and oy ¢ (2,9) — (v,—q7").
Since 01 0 01 = 03 0 03 = id and 0y 0 0y = 03 0 07 = 03, we see that G4 = {id, 01, 03, 03}
is Klein four-group. Therefore, ©(z, ¢) can be regarded as a map defined on the set of
orbits (C x {|q| # 0,1})/Gy4, where C x {|q| # 0,1} = {(x,q) € C* | |q| # 0,1}, namely
the map N
© : (Cx{lql #0,1})/Gs — O(C x {lq| #0,1})

given by

(x,q) — O(z,q),

where (z,q) denotes the orbit represented by (z,q), is a well-defined surjection. Hence
the restriction to algebraic points

~ i\ 2 N\ 2
6:((©xtul 200 (T)°) fer — 0 (1€ 0.0 (T)°).
or equivalently
6: (T @ \{la=1})) /61— 0 (T @ \{lal = 1)
is also a well-defined surjection. The author proved the following:

Theorem 1.6 (Theorem 1 of [9]). Let {Ry}x>1 be a linear recurrence satisfying (1).
Suppose that ®(—1) # 0, ®(2) < 0, and the ratio of any pair of distinct roots of (X)) is
not a root of unity. Assume that g.c.d.(Rg, Rxs1, ..., Rkrn—1) =1 for all k > 1. Assume
further that {Ry}r>1 is a sequence of odd integers. Then the infinite set of the values

6 ((@x@ \{lal=1n)/c)
1s algebraically independent.

Remark 1.7. It is easily seen that ®(2) < 0 implies that ®(1) # 0.
Corollary 1.8. Let {Ri}r>1 be as in Theorem 1.6. Then the infinite set of the values

o xqu1+R2+"'+Rk: .
;(1—q2R1)(1_quz)_..(l_quk> z,q€Q", [q| #1
=1

is a ‘4-fold’ algebraically independent set, namely in this set each value appears 4 times and
the infinite set consisting of all the distinct values of this set is algebraically independent.

Example 1.9. Let { P }r>1 be the sequence defined by P, = P, = 1 and Pyyo = 2F,1 +
P (k> 1). Since {P,}x>1 satisfies all the conditions of Theorem 1.6, the infinite set of

the values
o0 xkqP1+P2+-~~+Pk —
Z — 2P _ 2P ... _ 2P Iaq€Q>|Q|7é1
{kl (1 —=g*)(1 —g*2) - (1 —¢*Fx)

is a ‘4-fold’ algebraically independent set.
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2 Main results

The three-variable function

0 Rl +R2+ +Rk

_ atq
Fl@,09) ZH 1 —aq?Rl - ; (1 —ag*)(1 — ag??2)- - (1 — ag?) ®

k=1 [=1

converges on the domain

U :={(v,a,q) € C* | |q| <1, ag*™ # 1 for any k > 1}
U{(z,a,q) €C* | a#0, |q| > 1, ag*™ # 1 for any k > 1}.

If a,q # 0, then F(z,a,q) is invariant under the map

namely

Ri—Ro——Ry

(z,a,q)) Z ()aﬂ?q

—F .
2t 21—t ) (1t ) )

Here and hereafter, N denotes an integer greater than 1. Let (y be a primitive N-th
root of unity and let § € {1,..., N —1} be such that g.c.d.(0, N) = 1. If R, =0 (mod N)
for all k > 1, then F(z,a,q) is invariant also under the map

o (z,a,q) — (32, (v a. (v q), (4)

namely F(o(z,a,q)) = F(x,a,q). In what follows, we denote by o' and o7 the composi-
tions of maps go---o0¢ and o o 7, respectively. By (3) and (4) we have o = 72 = id,
—_———

o? (x,a,q) — (C&Qéx,cjf‘sa, Cjzvq), oo, o (x,a,q) — (CNT C a, CN q),

ot ¢ (z,a,q) — (= a z, (3P0 Cvg ),
o’r - (z,a,q) — (—(&%aflx.,(;,‘wa*l,@v cfl)7

and
N-1 . § 1. 26 1 1 -1
o Tr=710 : (x,a,q) — (—(ya 2, (Va Ly g ).
Hence {id, o, 02,...,0""1 7, 07, 021,...,0V 17} is isomorphic to the dihedral group

D,y of order 2N. Since the equation ag?* = 1 is invariant under o and 7, the dihedral
group Doy acts on the set

U* :={(z,a,q) € C* | ag®™ # 1 forany k > 1, a #0, |q| #0,1}.

Therefore, F(z,a,q) can be regarded as a map defined on the set of orbits U*/Day,
namely the map B
F : U*/Dyny — F(U¥)
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given by
(x’ a’ Q) ’_> ‘F(:'E’ a) q)7

where (z,a,q) denotes the orbit represented by (z,a,q), is a well-defined surjection. In
other words, the image of the function F(z,a, q) is a 2N-fold cover. Hence the restriction
to algebraic points N

F UA/DQN — f(UA>,

is also a well-defined surjection, where

.\ 3 —
U =00 (T) = {(.0.0) | 2.0, €T ag?™ # 1 for any k> 1, Jg| #1).

In this paper we prove the following:

Main Theorem 2.1. Let {Ry}r>1 be a linear recurrence satisfying (1) and let § €
{1,...,N — 1} be such that g.c.d.(6, N) = 1. Suppose that &(—1) # 0, ®(2) < 0,
and the ratio of any pair of distinct roots of ®(X) is not a root of unity. Assume that
g.c.d.(Rg, Ris1y -y Rkon1) = 1 and Ry, = 6 (mod N) for all k > 1. Then the infinite
set of the values ]?(UA/DQN) is algebraically dependent if and only if there exist distinct
orbits (x1,a1,q1), ..., (s, as,qs) € Ua/Day, algebraic numbers cy, . . ., cs, not all zero, and
a sufficiently large positive integer u such that, for any k > u,

S
ag™ = ag™ (2<i<s)  and e =0. (5)
i=1

Remark 2.2. The equations (5) depend only on the orbits (z;,a;,¢;) but not on the
choice of the representatives (z;, a;,q;), namely, under the action of the dihedral group
Dy, the equations (5) are invariant.

Main Theorem 2.3. Let {Ry}r>1 be a linear recurrence satisfying (1), let N be an
odd integer, and let 6 € {1,...,N — 1} be such that g.c.d.(0, N) = 1. Suppose
that R, = 0 (mod N) and g.c.d.(Rks1 — Rk, Rpio — Rps1,--s Rian — Riin1) =
N for all k > 1. Assume that ®(—1) # 0, ®(2) < 0, and the ratio of any
pair of distinct roots of ®(X) is not a root of unity. Then the infinite set of the
values ﬁ(UA/DQN) is algebraically dependent if and only if there exist distinct or-

bits (x1,a,q), ..., (s, 0,q), (Ts1,a,—q), ..., (Tsiy,a,—q) € Uyx/Day, algebraic numbers
C1, ..., Copt, Mot all zero, and a sufficiently large positive integer u such that, for any
k > u,
s s+t
ZCiCL‘f—uH + Z Ci(_l)Ru+~~+kaf—u+1 —0.
i=1 i=s+1

Remark 2.4. The condition of Main Theorem 2.3 that Ry = 0 (mod N) and
g.c.d.(Rks1 — Ry, Riyo2 — Rys1, .oy Rivn — Rein1) = N for all & > 1 implies that
g.C.d.(Rk7 Rk+17 ey Rk+n—1) =1 for all £ 2 1.

Example 2.5. Let {Ry}r>1 be the sequence defined by Ry = Ry = 1 and Rpio =
NRyi1 + Ry, (k> 1), where N > 3 is an odd integer. Then {Rj}r>1 satisfies all the
conditions of Main Theorem 2.3 and the infinite set consisting of the distinct values of
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Oo xqu1+R2+---+Rk — R

k
Z(1—aq2R1)(1—aq2R2)"'(1—anRk’) $7a7q€(@ 9 aq #1 (k21)7 |q|#l
k=1

is algebraically dependent. In fact, there exists the linear relation

F(z,a,q) — 26 F (G, a,q) — 26F (G, a,q) — 3F (x,a,—q) = 0

holds for F(z,a,q) of the form (2). Note that (z,a,q),((32,a,q),((3x,a,q), and
(x,a, —q) are the distinct orbits of Uy /Day, since F(x,a,q), F((3x,a,q), F((3z,a,q), and
F(x,a,—q) are distinct as series in z, a, and q. Moreover, by Main Theorem 2.3 we have

trans.degQQ<f(x,a, Q)v‘F(Cfixaav Q)af(chaaaQ)v‘F<xvaa 7q)> :37

or more precisely, any three of the numbers F(x,a,q),F((3,a,q), F((3z,a,q), and
F(x,a,—q) are algebraically independent.

3 Proof of the main theorems

Let Q = (w;;) be an n X n matrix with nonnegative integer entries, where n is as in (1).
We define a multiplicative transformation 2: C* — C" by

Oz = (ﬁz?”,ﬁzfzj,...,ﬁzf"j> (6)

for any z = (21,...,2,) € C". Then Q(Q*2) = Q"2 (k=0,1,2,...). Let {Ry}r>1 be a
linear recurrence satisfying (1) and define a monomial

M(z) =z 2l (7)
Let
C1 1 0 0
c 0 1 :
M = : 0 (®)
: 1
¢, O 0
It follows from (1), (6), and (7) that
M(QFz) = 2% B (k> 0). (9)
Sketch of the proof of Main Theorem 2.1. First we prove that, if there exist distinct
orbits (z1,a1,q1), - - ., (Ts, as, qs) € Usa/Dan, algebraic numbers ¢y, . . ., ¢, not all zero, and

a sufficiently large positive integer u such that the equations (5) hold for any k > w, then
the values F(x1,a1,q1),. .., F(xs,as,qs) are algebraically dependent, which means that
the infinite set of the values F(Uy/Day) is algebraically dependent. Indeed, using (5)
and letting aiqizR’“ =n (1 <i<s, k>u), we have

s u—1 2Ry, u—1 k R;
1 —aq; ks Z5q;
E Ci H T Re (i, i, ¢;) — H 1 2R,
=1 k=1 Ll =1 1=1 - @4
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s oo k R;
. c H T;q;
- § : l§ : 2R,
=1 k=u l=u aiq;

]C u+1 Ru+ -+ Ry
4q;

— Hlu qu — Zzl = 0.
DN C— ) > - !

k=u i=1 k=u

Next assume that the infinite set of the values F (Ux/Day) is algebraically dependent.

Then there exist distinct orbits (x1, ar, 1), (2, a2, q2), - - ., (Tr, ar, q,) € Ua/Dan such that

le .
0; == F (i, 04, qi) ZH a o (=1,...,7)

iyl S C1h

the values

are algebraically dependent. Then there exist multiplicatively independent algebraic num-
bers f31,..., 5 with 0 < |8;] <1 (1 < j <t) and a primitive N;-th root of unity ¢, which
may be different form the (v defined in Section 2, such that

¢
=[50 a<i<n, (10)

i—1
where my, ..., m, are integers with 0 < m; < Ny —lande; (1 <i<r, 1<j<t)are

nonnegative integers not all zero (cf. Loxton and van der Poorten [2], Nishioka [4]). We
can choose a positive integer x and a sufficiently large integer u such that Ry, = R
(mod Ny) for any k > u+ 1, where u will be determined later. Let p = kNj. If necessary,
we replace p with its multiple such that all the entries of QF are positive, where Q; is
the matrix defined by (8). In fact, we can choose such a p. (For the proof see [5].) Let
yin (1 < j < t, 1 < X < n) be variables and let y; = (yj1,...,ym) (1 < j < t),
y=(Yy,...,y,). Define

o k m; R, t l eii
¢t T M(Q4y e _
1 =311 MOy
k=ul=u | — a; (CmiRHl H]’:l M(Qlly])e”>

where M (z) is defined by (7). Letting 8= (1,...,1,0,...... 1., 1, B;), we see by (9)
~—— ~——

n—1 n—1

and (10) that

l’z% ZqZ
sz:L ll_{ L— afoRHl qu-:H ! 111 1= aig; o
and so
_ - ‘riquk zqz
b= (E 1- zQzQRk> + kz; H 1- azQZRl

Since 60y, ..., 0, are algebraically dependent, so are f;(3) (1 < <r). Let

Q) = diag(Q2, ..., QF).
N——
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Then, using the fact that Ry, = Ry (mod N;) for any k > u+ 1, we see that each f;(y)
satisfies the functional equation

P g T, M(Sy,)
2
=u 1 — a; (CmiRk+1 H;:I M(Q]fyj)eij)
ptu—1 k xiCmiRHl H;:1 M(Qlly])e”

w2 10

k=u l=u 1 — a; (CmiR“rl H;:l M(Qllyj)(;”)

where Qoy = (Qyy,...,Ry,). Let D = |det(y — E)|, where E is the identity matrix.
Put M(D(Q — E)"'QFz) = 250, By the condition that ®(—1) # 0, ®(2) < 0, and the
ratio of any pair of distinct roots of ®(X) is not a root of unity and by Remark 1.7, D
is a positive integer and there exists a sufficiently large integer u such that we have the
componentwise inequality among the vectors with integral components

fily) =

Ji(Qy)

2

D(Rusn, -, Rurs) > s(u) > 0. (11)

Changing the indices i if necessary, we may assume by Nishioka [4, p. 110, Theorem 3.5
and p. 115, Theorem 3.6.4], by [5, Lemma 4 and Proof of Theorem 2|, by [6, Theorem 2],
and by Remark 1.7 that there exist a positive integer s < r, nonzero algebraic num-

bers 1y, . .., Npru—1,&, and nonnegative integers ey, . .., e; such that for any i € {1,..., s}
we have q;¢*mifn = (u < k < p+u—1), (e1,...,eu) = (e1,...,6) # 0, and
aP¢miBunttRod) — ¢ and there exits a G(z) € Q(z1, ..., z,) satisfying the functional
equation
ptu—l k ,\2De
M(Q3z)
G(z) = ¢ - G(Q2z)
g 1 — mp M (Qkz)2Dt
pFu—1 s k
M(QLz)P*
—£8(u) k—u+1 mi(Ryq11++Rk41) 1
+z Cix: ,
(St et

where ( = 23:1 e;v? with v a sufficiently large positive integer, s(u) is as in (11), and
c1,...,cs are algebraic numbers not all zero. Letting G(z) = A(z)/B(z), where A(z) and

B(z) are coprime polynomials in Q[zy, ..., z,] with B # 0, we have
ptru—1
A(z)B(2z)2% T (1—mM(92fz)")
k=u
pt+u—1
= EA(Q2)B(2)z"5" T M(Qf2)*
k=u
ptu—1 s k
+ Y (Z <m<>) B(=)B(©%=) [ M(042)
k=u i=1 l=u

ptu—1

X H (1—77[, Ql’z)W). (12)

=k+1
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We can put the greatest common divisor of A(9}2z) and B(Q}2) as /P where I(p) is an
n-dimensional vector with nonnegative integer components, by [4, Lemma 3.2.3]. Then
B(Q%z) divides B(z)z!S@+®) TP~ M (04 2)?P! by (12). Therefore B(z) is a monomial
in z,...,2, by [6, Lemma 12] with Remark 1.7.

By (9) and (11) we see that 2 ---2,2"5® divides M(Qt2)P¢. Since p and u are
independent, the right-hand side of (12) is divisible by 2; - - - 2,25 B(QF 2) for sufficiently
1arge u and thus A(z) is divisible by z; - . Since A(z) and B(z) are coprime, B(z) €
Q". If A(2) ¢ Q, then by [7, Lemma 6] and the fact that all the entries of O} are positive,
deg, A(Q)z) > degy A(z), which is a contradiction by comparing the total degrees of
both sides of (12). Hence A(z) € Q and so A(z) = 0 by comparing the coefficients of

8(w) the term of the smallest degree among the terms appearing in (12). Then again by
(12), we see that >°°_, gkt ¢miRusit+fei) = (0 (u < k < p+u—1). Since Ry, = By
(mod Ny) for any k > u + 1, we have a;(*™ifk+1 = g, ?mBerr (k> o) for any 4,i' €
{1,...,s}. Noting that p = kN7 with Ry, = Ry (mod Ny) for any k > u+1, we see that

k+p 1 Ri1 =0 (mod Ny) for any k > wand so S35 Ry = 9P Ry (mod N) for
any k with u <k <p+wu—1 and for all ¥ > 0. Hence ) ;_, ¢;x f “+1sz(Ru+1+-~+Rk+1) =
0 (k> w). By (10) with (e;1,...,ei) = (e, .., en) we get aiqu’““ = ai/q?,Rk‘“ (k> wu)
for any 7,7' € {1,...,s} and Y ;_, ettt B — o (k> ). This completes the
proof of the theorem. O

Sketch of the proof of Main Theorem 2.3. Choosing a suitable complete set of repre-
sentatives of the orbits Uy /Dy, we can prove the theorem. O
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