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Sll!ilf1Jj("F:FJI!.I"Fff~ ffiq=r ~a}j (Taka-aki Tanaka) 
Faculty of Science and Technology, Keio Univ. 

1 Introduction 

Liouville series L(z) = L~o zk1 is known to have the following property: 

Theorem 1.1 (Nishioka [3]). Let q1, ... , qr be algebraic numbers with O < lqil < 1 (1 :S 
i :S r). Then the values L(q1), ... , L(qr) are algebraically dependent if and only if there 
exist i, j with 1 :S i < j :S r such that qi/ q1 is a root of unity. 

In what follows, (Q( denotes the set of nonzero algebraic numbers. Let D = { z E C I lzl < 
1} and let µ 00 be the multiplicative group consisting of all the roots of unity. Theorem 1.1 
means that the points of Dn(Q( at which L(z) takes algebraically dependent values lie on 
the same orbit under the action of the group µ 00 defined by µ 00 x D 3 ((, z)-+ (z ED. 

Although µ 00 is an infinite group, in this paper we consider the functions of several 
variables with the following property: The points at which such a function takes the 
same value always lie on the identical orbit under the action of a finite group including 
non-commutative one, except trivial cases such as f(X, Y) = g(XN, YN) with the multi­
plicative action of the cyclic group G = ( ( (N, (N)), where (N is a primitive N-th root of 
unity. Let { Rk }k21 be a linear recurrence of positive integers satisfying 

(1) 

where n 2 2 and c1, ... , Cn are nonnegative integers with Cn i= 0. In this paper we assume 
that g.c.d.(Rk, Rk+l, ... , Rk+n-1) = 1 for all k 2 1 to exclude the trivial case above. The 
author [8] studied the two-variable function E(x, q) defined by 

OO k xqRz OO xkqR1+R2+-·-+Rk 

E ( X' q) = L II 1 _ qRz = L (1 - qR1) ( 1 - qR2) ... ( 1 - qRk) ' 
k=l l=l k=l 

which may be regarded as an analogue of q-exponential function 

oo xkq1+2+-·-+k 
Eq(x) = 1 +" 2 8 (1 - q)(l - q) ••• (1 - qk) 

( cf. Gasper and Rahman [1]), if we replace k in the exponent of q in Eq ( x) with { Rh} k21 

defined by ( 1). Let 
<I>(X) = xn - c1xn-l - • • • - fn. 

The author proved the following: 
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Theorem 1.2 ( Corollary 4 of [8]). Let { Rkh21 be a linear recurrence satisfying (I). 
Suppose that <P(±l) i- 0 and that the ratio of any pair of distinct roots of <P(X) is not 
a root of unity. Assume that g.c.d.(Rk, Rk+l, ... , Rk+n-i) = I for all k 2: 1. Then the 
infinite set of the values 

{ E(x,q) I x,q E Q(, lql < 1} 

is algebraically independent. 

Remark 1.3. It is shown in Remark 2 of [5] that, if <P(±l) i- 0 and if the ratio of any 
pair of distinct roots of <P(X) is not a root of unity, then the { Rk}k>l defined by (I) is 
expressed as Rk = cpk + o(pk) with c > 0 and p > I, which guarantees the convergence of 
the series E(x, q). 

Remark 1.4. The condition that g.c.d.(Rk, Rk+l, ... , Rk+n-i) = I for all k 2: 1 implies 
that the sequence { Rkh>i is not a geometric progression, which is a technically inevitable 
condition for the values E(x, q) to be treated as special values of Mahler functions of 
several variables similarly to our poof in Section 3. 

Example 1.5. Let { Hh>i be the sequence of Fibonacci numbers defined by Fi = F2 = 1 
and H+2 = Fk+l + Fk (k 2: I). Since {Fk}k>l satisfies all the conditions of Theorem 1.2, 
the infinite set of the values 

is algebraically independent. 

Since Rk = cpk + o(pk) with c > 0 and p > I by Remak 1.3, the two-variable function 
E(x, q) converges on the domain 

(C X {lql < l})u({lxl < 1} X {lql >I}):= {(x,q) E c2 1 lql < 1 V(lxl < 1 /\ lql > I)}, 

whereas a 'balanced' analogue 

converges on the wider domain 

C x {lql i-1} := {(x,q) E C2 I lql i-1}. 

Indeed, if qi- 0, then 8(x, q) is invariant under the map 

namely 
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and so 8 ( x, q) converges on C x { I q I -1- 1} by the similar reason to the convergence of 
E(x,q) on C x {lql < 1}. 

Moreover, if { Rkh>i is a sequence of odd integers, then G(x, q) is invariant also under 
the maps 

a2 : (x, q) f-------t (-x, -q) and a3 : (x, q) f-------t (x, -q-1 ). 

Since a1 o a1 = a2 o a2 = id and a1 o a2 = a2 o a1 = a3, we see that G4 = {id, a1, a2, a3} 

is Klein four-group. Therefore, G(x, q) can be regarded as a map defined on the set of 
orbits (C x {lql -1- 0,l})/G4, where C x {lql -1- 0,1} = {(x,q) E C2 I lql -:/-0,1}, namely 
the map 

e : (c x {lql -1- o, 1})/G4-----+ e(c x {lql -1- o, 1}) 

given by 
(x, q) f-------t G(x, q), 

where (x, q) denotes the orbit represented by (x, q), is a well-defined surjection. Hence 
the restriction to algebraic points 

or equivalently 

e: ( <Q(x (<Q( \ {lql = 1})) / G4-----+ e ( Q(x (Q( \ {lql = 1})) 

is also a well-defined surjection. The author proved the following: 

Theorem 1.6 (Theorem 1 of [9]). Let {Rdk>l be a linear recu'f"'f"ence satisfying (1). 
Suppose that <I>(-1) -1- 0, <I>(2) < 0, and the ratio of any pair of distinct mots of <I>(X) is 

not a mot of unity. Assume that g.c.d.(Rk, Rk+l, ... , Rk+n-i) = 1 for all k 2: 1. Assume 

further that { Rkh>i is a sequence of odd integers. Then the infinite set of the values 

is algebraically independent. 

Remark 1. 7. It is easily seen that <I>(2) < 0 implies that <I>(l) -1- 0. 

Corollary 1.8. Let { Rk}k~l be as in Theorem 1.6. Then the infinite set of the values 

{ 
00 k R1+R2+-·-+Rk } 
~ (1 - q2R1 ~(lq - q2R2) ... (1 - q2Rk) x, q E <()(' lql -1- 1 

is a '4-fold' algebraically independent set, namely in this set each value appears 4 times and 

the infinite set consisting of all the distinct values of this set is algebraically independent. 

Example 1.9. Let {Ah~1 be the sequence defined by Pi= A= 1 and Pk+2 = 2Pk+l + 
A (k 2: 1). Since {Ah~1 satisfies all the conditions of Theorem 1.6, the infinite set of 
the values 

{ 
00 k Pi+P2+-·-+Pk 

~ (1 _ q2A ~/- q2P2) ... (1 _ q2Pk) 

is a '4-fold' algebraically independent set. 
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2 Main results 

The three-variable function 

OO k xqRl OO xkqR1 +R2+··+R. 

F(x, a, q) = "IJ 1 _ aq2R1 =" (1 2R )(1 2R ) (1 2R ) L..t L..t - aq i - aq 2 • • • - aq • 
k=l l=l k=l 

(2) 

converges on the domain 

U :={(x,a,q) E C3 I lql < 1, aq2R" i, 1 for any k 2'. 1} 

U {(x,a,q) E C3 I a i- 0, lql > 1, aq2R" i, l for any k 2". l}. 

If a, qi, 0, then F(x, a, q) is invariant under the map 

( ) ( -1 -1 -1) T : x,a,q f-----t -a x,a ,q , (3) 

namely 

Here and hereafter, N denotes an integer greater than 1. Let (N be a primitive N-th 
root of unity and let 8 E {1, ... , N - l} be such that g.c.d.(8, N) = l. If Rk = 8 (mod N) 

for all k 2". 1, then F(x, a, q) is invariant also under the map 

(4) 

namely F(a(x,a,q)) = F(x,a,q). In what follows, we denote by ai and aT the composi­
tions of maps a o • • • o a and a o T, respectively. By (3) and (4) we have aN = T2 = id, 

'---.,..--' 
i 

a2 : (x,a,q) f-----t ((';/o.'£,(i;4oa,(f,,q), ... , aN-l : (x,a,q) f-----t ((Jvx,(;Ja,(';/q), 

aT (x, a, q) f-----t (-(i;-oa-1x, (i/oa-1' (N q-1 ), 

a2T : (x,a,q) f-----t (-G;28a-1x,(;;4oa-1,(1q-1), 

and 

H {'d 2 N-l 2 N-l } • • h' t th d'h d 1 ence 1 , a, a , ... , a , T, aT, a T, ... , a T 1s 1somorp 1c o e 1 e ra group 
D 2N of order 2N. Since the equation aq2R• = 1 is invariant under a and T, the dihedral 
group D2N acts on the set 

U* := {(x,a,q) E C3 I aq2R" i, l for any k 2". 1, a i- 0, lql #- 0, l}. 

Therefore, F( x, a, q) can be regarded as a map defined on the set of orbits U* / D2N, 

namely the map 
F : U* / D2N --+ F(U*) 
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given by 
(x, a, q) f---------+ F(x, a, q), 

where (x, a, q) denotes the orbit represented by (x, a, q), is a well-defined surjection. In 
other words, the image of the function F(x, a, q) is a 2N-fold cover. Hence the restriction 
to algebraic points 

is also a well-defined surjection, where 

UA = U* n ( «:t)3 = {(x, a, q) Ix, a, q E «:t, aq2Rk -=I- 1 for any k 2: 1, lql -=I- l}. 

In this paper we prove the following: 

Main Theorem 2.1. Let {Rk}k~l be a linear recurrence satisfying (1) and let 8 E 

{1, ... ,N-1} be such thatg.c.d.(8,N) = l. Suppose that<l>(-l) -=I- 0, <1>(2) < 0, 
and the ratio of any pair of distinct roots of <l>(X) is not a root of unity. Assume that 
g.c.d.(Rk, Rk+l, ... , Rk+n-1) = 1 and Rk = 8 (mod N) for all k 2: 1. Then the infinite 
set of the values F(UA/ D2N) is algebraically dependent if and only if there exist distinct 
orbits (x1, a1, q1), ... , (xs, as, Qs) E UA/ D2N, algebraic numbers c1, ... , cs, not all zero, and 
a sufficiently large positive integer u such that, for any k 2: u, 

and (5) 
i=l 

Remark 2.2. The equations (5) depend only on the orbits (xi, ai, qi) but not on the 
choice of the representatives (xi, ai, qi), namely, under the action of the dihedral group 
D2N, the equations (5) are invariant. 

Main Theorem 2.3. Let {Rk}k~l be a linear recurrence satisfying (1), let N be an 
odd integer, and let 8 E { 1, ... , N - l} be such that g.c.d. ( 8, N) = 1. Suppose 

that Rk = 8 (mod N) and g.c.d.(Rk+l - Rk, Rk+2 - Rk+l, ... , Rk+n - Rk+n-1) = 
N for all k 2: 1. Assume that <1>(-1) -=I- 0, <1>(2) < 0, and the ratio of any 
pair of distinct roots of <l>(X) is not a root of unity. Then the infinite set of the 
values F(UA/ D2N) is algebraically dependent if and only if there exist distinct or­

bits (x1 , a, q), ... , (xs, a, q), (xs+l, a, -q), ... , (xs+t, a, -q) E UA/ D2N, algebraic numbers 
c1, ... , Cs+t, not all zero, and a sufficiently large positive integer u such that, for any 

k 2: u, 
s s+t 

Lcix7-u+1 + L ci(-l)Ru+-··+Rkx7-u+1 = 0. 
i=l i=s+l 

Remark 2.4. The condition of Main Theorem 2.3 that Rk = 8 (mod N) and 
g.c.d.(Rk+l - Rk, Rk+2 - Rk+l, ... , Rk+n - Rk+n-1) = N for all k 2: 1 implies that 
g.c.d.(Rk, Rk+l, ... , Rk+n-1) = 1 for all k 2: 1. 

Example 2.5. Let {Rkh~1 be the sequence defined by R1 = R2 = 1 and Rk+2 = 
NRk+l + Rk (k 2: 1), where N 2: 3 is an odd integer. Then {Rk}k>l satisfies all the 
conditions of Main Theorem 2.3 and the infinite set consisting of the distinct values of 
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x, a, q E Q , aq k-/- l (k 2". 1), lql -/- 1 -x 2R } 

is algebraically dependent. In fact, there exists the linear relation 

holds for F(x,a,q) of the form (2). Note that (x,a,q),((3x,a,q),((lx,a,q), and 
(x, a, -q) are the distinct orbits of UA/ D2N, since F(x, a, q), F((3x, a, q), F((lx, a, q), and 
F(x, a, -q) are distinct as series in x, a, and q. Moreover, by Main Theorem 2.3 we have 

trans. deglQ Q(F(x, a, q), F((3x, a, q), F((lx, a, q), F(x, a, -q)) = 3, 

or more precisely, any three of the numbers F(x,a,q),F((3x,a,q),F((§X,a,q), and 
F(x, a, -q) are algebraically independent. 

3 Proof of the main theorems 

Let O = (wi1) be an n x n matrix with nonnegative integer entries, where n is as in (1). 
We define a multiplicative transformation O: ccn --+ ccn by 

(6) 

for any z = (z1, ... 'Zn) E ccn. Then O(Okz) = [2k+lz (k = 0, 1, 2, ... ). Let {Rdk>l be a 
linear recurrence satisfying (1) and define a monomial 

M(z) = zfn • .. z;;-1 . (7) 

Let 
c1 1 0 0 

c2 0 1 

!11 0 (8) 

1 

Cn 0 0 

It follows from (1), (6), and (7) that 

M(O~z) = zfk+n ... z;;-k+l (k 2". 0). (9) 

Sketch of the proof of Main Theorem 2.1. First we prove that, if there exist distinct 
orbits (x1, a1, q1), ... , (xs, as, qs) E UA/ D2N, algebraic numbers c1, ... , Cs, not all zero, and 
a sufficiently large positive integer u such that the equations (5) hold for any k 2". u, then 
the values F(x1 , a1, q1), ... , F(xs, as, qs) are algebraically dependent, which means that 
the infinite set of the values F(UA/ D2N) is algebraically dependent. Indeed, using (5) 
and letting aiq;Rk = 'T/k (1 :Si :S s, k 2 u), we have 

s u-l l 2Rk L _ II - aiqi 
Ci R 

X·q. k 
i=l k=l i i 
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Next assume that the infinite set of the values F(UA/ D2N) is algebraically dependent. 
Then there exist distinct orbits (x1, a1, q1), (x2 , a2 , q2 ), ... , (xr, ar, q,.) E UA/ D2N such that 
the values 

oo k Rt 

ei := F(xi, ai, qi)= LIT Xiqi 2R1 

k=l l=l l - aiqi 
(i=l, ... ,r) 

are algebraically dependent. Then there exist multiplicatively independent algebraic num­
bers /31, ... , f3t with O < l/3j I < 1 (1 :S j '.S t) and a primitive Ni-th root of unity (, which 
may be different form the (N defined in Section 2, such that 

t 

qi= (m; ITf3Iii (1 :Si :Sr), (10) 
j=l 

where m 1 , ... , mr are integers with O :S mi :S N1 - 1 and eij (1 :S i :S r, 1 :S j '.S t) are 
nonnegative integers not all zero (cf. Loxton and van der Poorten [2], Nishioka [4]). We 
can choose a positive integer K, and a sufficiently large integer u such that Rk+" = Rk 
(mod Ni) for any k 2: u+ 1, where u will be determined later. Let p = K,N1 . If necessary, 
we replace p with its multiple such that all the entries of Of are positive, where 0 1 is 
the matrix defined by (8). In fact, we can choose such a p. (For the proof see [5].) Let 
Yi>, (1 :S j '.S t, 1 :S ,\ :S n) be variables and let Yj = (yj1, ... , Yjn) (1 :S j '.S t), 
y = (y1 , ... , Yt)· Define 

fz.(y) __ ~ Ilk Xi(m;Rt+i IJ~=l M(OiYjYij 
2 ~ (1 :Si :Sr), 

k=u l=u l - ai ( (m;R1+1 IJ~=l M(Oiyj)eij) 

where M(z) is defined by (7). Letting /3 = (1, ... , 1,/31, ...... , 1, ... , l,f3t), we see by (9) 
'--v--' '--v--' 

n-1 n-1 

and (10) that 

and so 

Since 01 , ... , 0r are algebraically dependent, so are fi(/3) (1 :Si :Sr). Let 

02 = diag(Of, ... , Of). ,,,.___,__.., 
t 
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Then, using the fact that Rk+p = Rk (mod N1) for any k 2: u + l, we see that each fi(Y) 
satisfies the functional equation 

(p-r.t xi(m;Rw rr~=l M(D}yj)Eij 2) fi(02y) 

k=u l - ai ( (m;Rk+l rr~=l M(O}yj)Eij) 

p+u-1 k xJm;Rz+i IJt. M(Ol y .)eij 
~ II i', J=l 1 J 

+ ~ 2' 
k=u l=u l - ai ( (m;Rz+1 rr~=l M(Oiyj)Eij) 

where 0 2y = (Ofy1 , ... , Ofyt)· Let D = I det(01 - E)I, where Eis the identity matrix. 
Put M(D(01 - E)-10}z) = zB(k)_ By the condition that <!}(-1)-=/- 0, <!)(2) < 0, and the 
ratio of any pair of distinct roots of <!)(X) is not a root of unity and by Remark 1.7, D 
is a positive integer and there exists a sufficiently large integer u such that we have the 
componentwise inequality among the vectors with integral components 

(11) 

Changing the indices i if necessary, we may assume by Nishioka [4, p. 110, Theorem 3.5 
and p. 115, Theorem 3.6.4], by [5, Lemma 4 and Proof of Theorem 2], by [6, Theorem 2], 
and by Remark 1. 7 that there exist a positive integer s :S r, nonzero algebraic num­
bers rJu, ... , T/p+u-l, (, and nonnegative integers e1 , ... , et such that for any i E {1, ... , s} 
we have ai(2m;Rk+1 = T/k (u :S k '.S p + u - l), (ei1, ... , eit) = (e1, ... , et) -=/- 0, and 
xf(m;(Ru+i+·+Ri,+u) = (, and there exits a G(z) E Ql(z1 , ... , Zn) satisfying the functional 
equation 

where£ = I::;=l ejvj with v a sufficiently large positive integer, s(u) is as in (11), and 
c1, ... , C8 are algebraic numbers not all zero. Letting G(z) = A(z)/ B(z), where A(z) and 
B(z) are coprime polynomials in Ql[z1 , ... , Zn] with B ¢. 0, we have 

p+u-1 
A(z)B(Ofz)zl'S(u) II (1 - rJkM(O~z) 2m) 

k=u 
p+u-1 

(A(Df z)B(z)zl'S(u) II M(D~z) 2D£ 

k=u 

+ ~~' (te;x/-•+'(=(R...,++R,.,)) B(z)B(ll'{z) D. M(fl\z)"' 

p+u-1 
x II ( 1 - ry1,M(Of z)2D1') . 

l'=k+l 
(12) 
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We can put the greatest common divisor of A(Ofz) and B(Ofz) as zI(p), where I(p) is an 
n-dimensional vector with nonnegative integer components, by [4, Lemma 3.2.3]. Then 
B(Of z) divides B(z)zPB(u)+I(p) IJf!:-1 M(O}z) 2m by (12). Therefore B(z) is a monomial 
in z1, ... , Zn by [6, Lemma 12] with Remark 1.7. 

By (9) and (11) we see that z1 • • • ZnzPB(u) divides M(01z)m. Since p and u are 
independent, the right-hand side of (12) is divisible by z1 • • • znzPB(u) B(Of z) for sufficiently 
large u and thus A(z) is divisible by z1 ···Zn- Since A(z) and B(z) are coprime, B(z) E 

«:t. If A(z) ¢:. (Ql, then by [7, Lemma 6] and the fact that all the entries of Of are positive, 
degz A(Of z) > degz A(z), which is a contradiction by comparing the total degrees of 
both sides of (12). Hence A(z) E (Ql and so A(z) = 0 by comparing the coefficients of 
zPB(u), the term of the smallest degree among the terms appearing in (12). Then again by 
(12), we see that E:=1 cix7-u+1cm;(Ru+i+··-+Rk+1) = 0 (u '.S k '.S p+u-l). Since Rk+p = Rk 
(mod Ni) for any k 2: u + l, we have ai(2m;Rk+1 = ai,(2m;,Rk+i (k 2: u) for any i, i' E 

{1, ... , s }. Noting that p = K,N1 with Rk+r;, = Rk (mod Ni) for any k 2: u+ 1, we see that 
E~~:-1 R1+1 = 0 (mod Ni) for any k 2: u and so E~=u R1+1 = E~~!k' R1+1 (mod Ni) for 
any k with u '.S k '.Sp+ u - l and for all k' 2: 0. Hence E:=1 cix7-u+1cm;(Ru+1+-·-+Rk+1) = 
0 (k 2: u). By (10) with (ei1, ... , eit) = (ei'l, ... , ei't) we get aiq;Rk+i = ai,qiRk+i (k 2: u) 
for any i, i' E {1, ... , s} and E;=l cix7-u+1lu+1+-·-+Rk+i = 0 (k 2: u). This completes the 
proof of the theorem. □ 

Sketch of the proof of Main Theorem 2.3. Choosing a suitable complete set of repre-
sentatives of the orbits UA/ D2N, we can prove the theorem. □ 
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