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Chaos in one-dimensional dynamical systems

Shigeru Tanaka ( Tsuda College )

In this note we would like to mention several results about the
chaos in one-dimensional dynamical systems obtained recently in
Japan. We will divide these results into the following three
classes, (1) chaos and Sarkovskii's theorem, (2) statistical
mechanics and chaos and (3) random systems. We will state the
results only in this note, so please refer to each paper for

futher particulars.

§1. Chaos and Sarkovskii's theorem

In [1], we obtain almost complete results for unimodal linear
transformations. Unimodal 1linear transformation is the continuous
map on [0,1] into itself with one extremum point and monotone. on
each side of’extremum point. Lxcept some trivial cases, this map

reduces to the function fa b(X) defined by
b4

-~ ax+ia£,b.:_a.'_b. O§X§1'l
/ b b

’fa bax) = 1
! —b(X—1> 1-~B<X§1

with parameter (a,b)€D = {(a,b); b>1, ab>1, a+rb2ab}.  And

according to this family of functions we have the following results.

(1) In the case of B§1)= {(a,b); a<1, 1+a'1+~-~+a‘(k'1><13§1+

+a'1+~‘—+a°k, akb§§1} , there exists a stable periodic orbit with
period k+1 and almost all orbit approaches this periodic orbit.
And so in this case fa b has no absolutely continuous invariant

measure. We call this case '"window".
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'(2) In the case of D£2)= {(a,b); a<:1, 1+a‘1+~-~+a'(k'1)<1>§1+

- - b
+a'1+~~-+a k, akb:>1, a+bZ§akb2 3, fa b has an absolutely continuous
]

invariant measure f* whose support is union of disjoint intervals
k o . . N
.L’JJi . And it satisfies that b(J )= =J 41 (mod(k+1)) and

(k+1){

a b is weakly mixing with respect to /ﬁlJi . We call this

Ii
K+1
s,

case "islands". Here, is equivalent to the case (3),

a+b-ab b
(3) Except the cases (1), (2) and D, {(a p); &rpmab > 0.1

( D, is the case of 2"xodd( > 1)-period case ), f_ y, has an absolu-
?

- Y

tely continuous invariant measure whose support is [O,1j, and fa b
: . 9

;g weak-Bernoulli with respect to this measure. In the cases (2)

and (3), the density function of invariant measure is given by
N(n) 1,n=N(n)
(x) = Z (= ) (- %) I (x)
a,b [a b(o) 1]

where N(n) = #{O§i§n~1; f;’b(o)ﬁ_m— -5}.

In YZ] , we define the type of periodic orbit of unimodal
transformation on an interval and extend Sarkovskii's theorem.
Let f be a continuous map on [0,1] into itself satisfying f(c)=1,
f(1)=0 for some 0<c<1 and being monotone increasing on [O,cj
and monotone decreasing on [c,1) . The type of periodic point
x of £ is (11,r1)(12,r2)—-—(1n,rn) if x is periocdic point of
period 1,+r,+-="+1 +r and satisfies that fi(x)€€[0;c] if and only
. < 3 < s < .- e : . t
if 05i<1y, 1+r, Si<1+r +1,,: » Ly+rg+ ,+1‘n-1+rn—’1§ i<

11+r1+‘~—+1n_1+rn_1+1n ’ In the set of all type of periodic orbit
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we introduce natural order which corresponds to the order of the
minimal point among the orbit, then we obtain the following
extension of Sarkovskii's theoremn. If f has a periodic point of
type t, then f has all periodic point of type greater than t.
Using this result, we can calculate the topological entropy of f.
In {3), we treat maps of the circle. Let f be a continuous
map of the circle into itself with mapping degree d. Then we
have the following results.
(1) 1In the case that d=0 or -1, assume that f has a periodic
point of period n, an odd integer 2%, then we have

h(f) Z log 6,
. 1
liminf ¢ log pk(f) Z logl,
where h(f) is the topological entropy of f, pk(f) is the number

of periodic points of f of period k and Crh is the unique positive

root of the equation -7l 20 .

(2) 1In the case that d=1, assume that f has both fixed point and
a periodic point of period n, an odd prime integer, then we have
the same inequalities as in (1).
(%) 1In the case that |d| 22, we have

h(f) = logld|

. 1 .
liminf ¢ log pk(f)gi'log\d\ .

(4) Making use of the formula n(f™) = m-h(f) and above results,
we can show that if f has a fixed point and h(f)=0, then the period
of any periodic point of f is a power of 2.

In [4} y we give the definition of pseudo-larkov transformations.

-3 -
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The map £ on an interval I into itself is pseudo-Markov if there
exists a family of intervals {:Iu; uéiw} which satisfies (1) W
is a set of words of some Markov subshift, (2) Iu is a closed

subinterval of I ( 4f¢ )y (3) f maps 181’32’_-~,an onto Ia2,\.-,an

and (4) I, ., CTI, for each m<n . And we can show
H
n

107 197708y

that pseudo-Markov transformation has an Markov invariant measure.
In [5] , we give the definition of formal chaos. We call that

f shows formal chaos if there exist disjoint closed intervals 11,

I, and a natural number n which satisfy

2
1, nf?zz >I,VI, .

This definition is equivalent tc the condition thaf f is pseudo-
Markov and its representation to a Markov subshift is mixing.
We can show that if f shows formal chaos then it also shows Li-
Yorke's chaos. ?

In [67] , we give the realization (Xf,ﬁf), in general sense, of
continuous map f on an interval into itself, and using this -
realization we obtain the rTelation .. |

n(f) = sup {h(fr); T=T(C), Cicycle of £} -

where f- is a map obtained by connecting points (xi,f(xi)); xiG,C
by straight line. We also obtain the relation
h(f) = limsup 5 log # {cycle of £ with period n} .

In [7] , we give the definition of the shift with orbit base.
Let (X, 0) be a subshift of (Aml,G”). We call X a shift with

orbit basis B (BCW(X)) if there exists VCBxB which satisfies

-4 -
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(1) each (W€X can be uniquely represented as
e S <j
W = 0 by by Dy (O:l<lbol)

N

for some by,b,,b,, -~~~ €38 with (b

LT b )€V and (2) each WEA

n-1’*
which is represented as in (1) is contained in X. We can show
that for any continuous map on an interval into itself, Xf is a

shift with orbit basis B for some B.

§2. Statistical mechanics and chaos

In [83 » we show the relation between one-dimensional dynamical
system and statistical mechanics, and show that the value of free
energy P determines the existence of chaos. The map £ on an
interval into itself shows observable chaos if f has an observable
invariant measure f&, that is,

-1— !\}\; § n —> for all x €A

5 S
for some set A with positive Lebesgue measure, and f is mix;ng
with respect to ﬁl. ~From our experiences we can conjecture that

this measure flis absolutely continuous with respect to the

Lebesgue measure, and its density SP(X) satisfies

P(x £f</<x>
Y(x) IF Ey}

It is known that the free energy P is given by

1]

Yéf

1
(z) T?;ESTFZFT » and we can state the

=]

where Qn = Tr;f}n =
z=1
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following results (some of them are conjecture). (1) P satisfies

the variational principle

P = sup ( th(f) - J‘log]f'}dfi ) .

f&:f-inv.

(2) If f has an attracting periodic orbit, that is, the case of
"window", then P >O0.
(3) If P< O, then f has no absolutely continuous invariant measure.
(4) If P=0, then f has an absolutely continuous invariant measure
and f shows observable chébs. |

In [97], we give mathematical proof of some of the above resulfs
precisely in the case of piecewiée ¢'-function £ with inf[fﬂ > 0.

(Also see [107] and [113)

§3. Random systems

In (121 and [13] , we treat the following system (introducing
randomness to the parameter of tranéformation). Let {fo(, de;A}
be a one parameter family of maps and let {Xn} be a sequence of
independent and identically distributed A-valued random variables.

And we define the orbit {xn, n;;O} starting from X5 by

xq=fy (xo)s Xp=Ty (xq)s === xp=Ty (3, q)s =0

In [12}we consider the case that f, is unimodal linearjtrans-

formation
| {ozx 0Sx<%
fo(x) =
o - ol (x-1) 1<x<,

A= fa,p} ( 0<agb€2 ) and P{x=a} = P {x =b} =% . We can
represent this system into skew product transformation T on

[O,@ X {a,b}m defined by



™(x,y) = (f‘y1(X>,'G‘y)

where y, is the first coordinate of y and & is the shift operator

in {a,b}nq . Then we obtain the following results.

(1) In the case that ab<1, T has no absolutely continuous invarian
probability measure.

(2) In the case that ab>1, T hasvan absolutely continuous invarian

probability measure with y-independent density function h(x) given

by ‘
- e ' S(y s~ "7 9 Y. ) ' :
1 57 2 E Z 71 n=1
h(x)= T 3;1 ;"ﬁ v y1“fyn IEO*fy f‘y (%)](X)
i ) y/‘v"‘ ’yn n 1 .
: <ifn-1: - 1 1
where S(y1,~~~,yn_1) = (.‘;)#{O—-—l—--"1 13 fyi 1y1(2)> §} ;

And so, for almost all W and almost all X5

.%;iié é;xn —_— é(X)é# .
(3) In the case that ab>1, T is ergodic with respect to this
measure. -  Moreover, T‘is‘gxact under some additional condition.
It is easily‘checked that T is exact if fb is exact, but_T,may be

exact even if fa and fb are not exact, for example, the case that

a=1 and 1< p<J2 .
In {13] ; we consider more general case of random system.
Let A, the set of parameter, be an interval and the distribution

of Xn be )/(with continuous density on A). We represent this

system into skew product transformation T on IXA’N

2%, W) = (£ (), OW).

defined by

Let'TT be a Farkov process with transition probability p(y]x)dy
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where the density function p(y|x) is given by

S?(y)p(yIX)dy = j‘f’(fa(X))dV(a) .

Then we obtain the following results.

(1) 1f )V is [] -invariant measure, then ) is absolutely continuous
measure.

(2) 1f V) is Tl -ergodic, then Vxlb is T-ergodic, where |b is the
product measure of } on AHQ. Moreover, in this case, V is
loosely exact, that is, there exist a natural number n‘and TYn-

(n)

exact measure Y/ which satisfy

n=1 _ 1x
v 4 P

where BD* is defined from p(y|x) .
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